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1. INTRODUCTION

N his doctors dissertation of 1925, Ising't proposed a
simple model of ferromagnetism which has been the
subject of considerable investigation during the past
fifteen years. The model is based upon the view that
ferromagnetism is caused by an interaction between the

spins of certain electrons in the atoms making up a

crystal.

We must therefore associate with each particle of the
crystal, a spin coordinate o. We imagine the particles to
be rigidly fixed in the lattice, either neglecting the vi-
brations of the crystal or assuming that they act inde-
pendently of the spin configuration and can therefore
be considered separately. Instead of adopting the ac-
cepted model and considering ¢ as a vector spin,
we consider ¢ as a scalar quantity which can achieve
either of two values o= =+1. The value c=1 corresponds
to a spin state with the spin in some preassigned direc-
tion, and ¢=—1 corresponds to a spin in the opposite
direction. The spin is considered to be either “up or
down.” '

The interaction energy between two particles located
at the jth and kth lattice points and having spins o;
and oy, respectively, is postulated to be

—Jojo, if jand k are nearest neighbors
Eji= ' 1.1)
' 0 otherwise.

Thus, we postulate that only particles on nearest
neighbor lattice points interact; that the energy is —J
if the nearest neighbors have the same spin and +J if
they have unlike spins. The zero of energy has been
conveniently chosen as the average of these two. The
constant J, which appears as a parameter, is a measure

* This work was partially supported by the Office of Naval
Research. Part of this paper was presented at the Washington
Conference on Magnetism, September, 1952.

t References will be found under Bibliography at end of article.

of the strength of this coupling and must be determined
from the physical properties of the system. J will be
positive for a ferromagnetic system and negative for an
antiferromagnetic system.

In addition to this energy, we postulate that the
particles can interact with an external magnetic field.
A magnetic moment u is assigned to each lattice point,
and the energy of interaction of the jth particle with

the field is chosen to be
Ey=—uHo,. (1.2)

The thermodynamic and magnetic properties of a
crystal which contains N lattice points can be deter-
mined from the partition function

Z=3 -+ ¥ exp(3K T apoiontuD X o5}, (1.3)

o1=+1 oN=%1 7.k=1 =1

where
1 if j and % are nearest neighbors

Q= .
0 otherwise,

K=J/kT, $=H/ET. (1.5)

For example, the internal energy per particle is given by

E=N-%T?d logZ/dT 1.6)
and the magnetization per particle by
M=N"19logZ/d9. 1.7)

If the only reason for studying the Ising partition
function (1.3) is to advance the theory of ferromag-
netism, then undue attention has been paid to this
problem considering that the spin interaction used is a
scalar one and that the lattice distances are fixed and
do not depend on spin orientation. Actually the wide-
spread interest in the model is primarily derived from

353



354 G. F.

40
301 @)
Gk )
207 /
(3)
10t
o + —
o 1 3 5
KT/J

Fic. 1. The exact specific heat curve of the two-dimensional
Ising lattice (curve 1) is compared with approximate curves of
Kramer-Wannier (curve 2), and Bethe (curve 3) (see reference 3).

the fact that it is one of the simplest examples of a
system of interacting particles which still has some
features of physical reality in it. The model forms an
excellent test case for any new approximate method
of investigating systems of interacting particles. If a
proposed method cannot deal with the Ising model, it
can hardly be expected to be powerful enough to give
reliable results in more complicated cases.

Underlying the interest in this problem as a study of
some physical model, there rests the more fundamental
question. Does the formalism of statistical mechanics
predict phase transitions and, if so, how? We can hardly
give satisfactory answers to these questions without
examples. Even an artificial example is better than
none. So far only a few examples have been successfully
studied. One of these is the famous Einstein-Bose gas
condensation and another is Onsager’s brilliant analysis
of the two-dimensional Ising model. A third is the
spherical model of cooperative phenomena. The model
and not some mathematical approximation is in each
case the sole cause of the phase transition represented
mathematically by a singularity in some of the thermo-
dynamic quantities.

Even though the Ising model is not considered to be a
very realistic model of ferromagnetism, it is equivalent
to a very good model of a binary substitutional alloy and
an interesting model of a gas or liquid.

It can easily be shown (see Appendix 1) that the grand
partition function used to describe the order-disorder
phenomenon in binary alloys has exactly the same
mathematical form as that of an Ising ferromagnet in a
magnetic field. An alloy with equal numbers of two
atomic species is equivalent to the Ising model in the
absence of an external field. The coordinate ¢; no
longer represents a spin, but rather represents the two
possible states of the jth lattice point. o;=41 or —1
accordingly as the jth point is occupied by an atom of
type 1 or type 2.

The “lattice” model of a gas or liquid is formed by
dividing a given volume into a large number of cells of
equal size, with each cell being occupied by either one
or no molecules. An empty cell is represented by o= —1
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and a filled one by o=+ 1. It is shown in Appendix 1
that the specific volume of a lattice gas is related to the
magnetization of the Ising model.

The Ising model can also be related to a theory of
adsorption of gases on surfaces.

This paper is a review of the work done on the Ising
problem (and its equivalents) since the appearance of
the comprehensive review of order-disorder phenomenon
by Nix and Shockley.2 Much of the emphasis in this
period (and hence in this review) has been on the de-
velopment of exact analytical expressions for thermo-
dynamic quantities. It has been shown that critical
phenomenon are not always accurately described by
approximate theories.®> For example, the critical tem-
perature of the two-dimensional Ising problem is in-
correctly given by approximate theories, as is the na-
ture of the specific heat singularity. The exact specific
heat curve derived by Onsager* is compared with the
corresponding curves of various other theories in Fig. 1.
It is to be noted that the form of the approximate
curves at temperatures above the critical temperature
are especially poor.

The thermodynamic properties of two-dimensional
lattices of various sorts (with nearest neighbors inter-
action only) can now be derived by either of two
methods. In the first, that used by Onsager, the par-
tition function is expressed as the largest characteristic
value of a certain matrix. This characteristic value was
determined by Onsager using a complicated algebraic
development. Through the use of spinors and the theory
of Lie algebras, Kaufman®¢ and van der Waerden (in
an unpublished letter to Onsager, 1946) have simplified
the Onsager analysis considerably and have given more
motivation to the individual steps in his work. The
second method, which has been developed recently by
Kac and Ward? is based on the van der Waerden® com-
binational formulation of the partition function. The
partition function is expressed in terms of the number of
ways closed graphs with a given number of bonds can be
constructed on a lattice. Finally a determinant is con-
structed such that each term in its expansion (by the
definition of a determinant) corresponds to a closed
graph. We shall discuss both of these methods in parts
2 and 4 of this paper.

To date no one has found exact expressions for (a)
the partition function of a three-dimensional Ising
lattice; (b) that of a two-dimensional lattice in a mag-
netic field; or (c) a two-dimensional lattice with inter-
actions between next nearest neighbors as well as
nearest neighbors. The first few terms in high and low
temperature series for the partition functions of (a) and
(b) will be reviewed in Sec. 7.

2. MATHEMATICAL FORMULATION OF PROBLEM

In this section we express the partition function (1.3)
in several alternative forms so that we can proceed
with both the matrix and combinational analysis of the
two-dimensional lattices.
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2.1 Matrix Formulation

Here we relate the partition function of the Ising
model to the largest characteristic value of a certain
matrix whose elements are functions of 7 and the coup-
ling constants.®*? We first derive the required relations
for a more general class of system than the Ising model
and finally specialize to it.

We consider a lattice consisting of m ‘“layers” of
particles. We represent the possible states of the jth
layer by »;. For a one-dimensional nearest neighbor
system such as the Ising problem, the “layers” will be
individual particles and »; will be described by the
internal coordinates o; of these particles. For a two-
dimensional lattice the “layers” will be rows of particle
and »; will be given by the set of internal coordinates
o of all lattice points in the jth row. For a three-
dimensional lattice, the “layer” will be a layer in the
usual sense and »; will be given by the set of all internal
coordinates of that layer.

In general the word “layer” will be used to describe
any subdivision of the lattice into small (usually iden-
tical) parts but in such a way that the jth layer inter-
acts only with the j—1th and j4 1th layers. If there are
interactions between nearest and next nearest lattice
points, we choose a layer, in the one-dimensional case
for example, to be a pair of particles which interacts only
with a neighboring pair of particles. If the lattice has
forces of finite range, we can still consider it a type of
nearest neighbor system but with interacting units
containing more than one lattice points.

The energy of such a system we assume to be of the
form

v="§ V(s Vj+1>+$§ V), @.1)

where V(vj, ;1) is the interaction energy between the
jth and j+41th layers, and V(»;) is the internal energy
of the jth layer. '

It is mathematically convenient to assign periodic
boundary conditions by inserting an additional inter-
action V(vm, v1) between the mth and first layers.
Physically this is equivalent to bending the lattice into
a ring, but, as one takes a larger and larger system, such
surface effects become negligible.

The partition function of a system in which the mth
layer is connected to the first is

Z=5- L 11 Pl vis) (22)
where
P(vj, vir)=exp{—[V(vj, vj11) 5V (;)
+3V (i) J/RTY. (2.2a)

Notice that P is a function of a two-parameter set
of numbers »; and »;;;, which we shall assume to be
discrete. We may consider P as a matrix with matrix
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elements P(vj, vj;1) between the states v; and vj1.
Because of the particular choice of P with 3V (v;) and
1V (v;11), P is a symmetric matrix. It is sometimes con-
venient but not necessary to make P symmetric. We
could have defined a matrix

P'(vj, vim)=exp{—[V(vs, vis1)+V(v;)J/RT} (2.2b)

which would substitute for P in (2.2).

One recognizes that the sum over »; in (2.2) yields
simply the conventional matrix product. Indeed con-
sidering P as a matrix

Z=trace (P")=3_\m, (2.3)

where {\;} is the set of characteristic values of the
matrix P.

We are not usually interested in knowing Z exactly
for arbitrary m but only

lim m! logZ =logAmax
+ lim m! 10g[1+z ()\j/xmax)m]-
Mm—00 7=2

Here we have factored out the largest eigenvalue Amax
and numbered the A; so that Apnax i M. If Amax is non-
degenerate then A;/Amax<1 and (Aj/Amax)™0. Thus,
the second term above does not contribute. Even if
Amax 1S degenerate or asymptotically degenerate as
m— o, the second term will not contribute unless the
number of degenerate states or asymptotically de-
generate states increase exponentially with m. To our
knowledge such a situation has, however, not arisen in
any applications; thus

lim 7! logZ =logAmax- (2.4)

M

Let us now find explicitly the matrix P for the one-
and two-dimensional Ising lattice (without a magnetic
field).

In the one-dimensional case »; is simply ¢; and

V(e, o')=—Jagd’, V(e)=0.
Hence (since o?=1),

P(o, o’)=exp(Kod’)= (14uco’) coshK,

u=tanhK,
so that
K oK
P= ( ) = K14 KC, (2.5)
K oK
where I is the identity matrix and
01
C= ( ), C=1L
10
Another form for P is
P=(2 sinh2K)? exp(K*C), (2.6a)
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where K* is defined by
tanhK*=¢2K  sinh2K* sinh2K=1.

Since the characteristic vectors of C are

1 1
lh= 2—*( ) and 1!!22 2_§( ) ,
1 -1

and every vector is a characteristic vector of the iden-
tity matrix

(2.6b)

M=2coshK, \;=2sinhK,

Z=(2 coshK)™+ (2 sinhK)™~ (2 coshK)™. @7)

The thermodynamic and magnetic properties of a
one-dimensional Ising lattice are discussed in Ap-
pendix 2.

The matrix associated with. the two-dimensional
Ising lattice is much more complex. In the absence of a
magnetic field, the potential energy V(») is the potential
energy of interaction between neighboring particles in
the same row. If # is the number of particles per row,

Viv)=—=J"3 ojo41.
=1

This includes an interaction o,0,41. For the purposes
of obtaining greater symmetry, we impose periodic
boundary conditions also in the rows by defining
onp1=0;. Physically this means that the lattice is
wrapped on a torus; it is periodic along both the rows
and columns. We again anticipate that this device
should have a negligible effect upon the physical
properties of the system.

The potential energy between two neighboring rows is

V(V, V/)= -J Z O'jO'j,.

=1

We have introduced here two different coupling
constants J and J’. We thus consider the possibility
that the lattice will have stronger couplings in one
direction than the other. Wherever no additional com-
plications arise from such a generalization we shall
continue to consider J#J’ even though this generaliza-
tion leads to no very interesting physical effects that
J=J" does not show.

Using (2.2b), we obtain

P'(v,v)=exp(K X ojoit+K' X ojof); (2.8)

=1 7=1

P’ is a matrix of dimension 2”. A state » is described by
the values of ¢y, a2, - - -, 0, With o;==+£1.

P’ can be put into a more convenient form by fac-
toring it into the product of simpler matrices.® We first
make use of the following simple fact. If (V). is a
diagonal matrix with diagonal elements (V3),,

(VZ) ! = (V2) v‘svv”
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and (V1'),, any arbitrary matrix, then
(V‘ZVII)W' = Z (VZ) vaw”(Vll) yy = (V2)v( Vl’)vv“

Notice that P’ is of this form if we write

P,= V2V1’,

(V2)yy’ ={§0101/00209* * *Banon’ exp(K’ Z 0'j0'j+1), (2.9)

=1

(V)w=exp(K ¥ 0j0;)=]] exp(Kojoy).
i=1

=1

Each of these two matrices can also be simplified.
We notice that V; is simply the nth direct product of
the 2X2 matrices for the one-dimensional problem
[Eq. (2.5)]. For some remarks about direct products see
Appendix 3.

Vi = (eXI4+eEC) X (eKI4+-e7KC) X - - - X (eXI+e7%C)
= (2 sinh2K) " exp(K*C) X exp(K*C)
X - - - Xexp(K*C).

If we define
Ci=IXIX: - XIXCXIX---XI  (2.10)
with C in the jth factor, then
V.= (2 sinh2K)"*2 I exp(K*C;).
i1
To simplify V; we define a matrix
1 0
s= ( ) (2.11)
0 —1

and
s;=IXIX. - XIXsXIX:--.

s, is also a diagonal matrix with diagonal elements +1
if the state v has ¢;=+1 and —1 if ¢;=—1. In terms
of these matrices s;, we may write

Vo=exp(K’ é $;8;41)- (2.12)
If we define J
Vi=exp(K* anl C), (2.13)
then 7

P= (2 sthK) #2V,V,.

The symmetric matrix P of (2.2a) can be deduced in
the same manner to be

P=(2 sinh2K)"2V,}V,V,t.

This differs from P’ only by a similarity transforma-
tion by V.!. Since neither the eigenvalues nor Z=trace
P are altered by a similarity transformation to P, we
again confirm that we can use either P or P,
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It is easy to generalize the form of P’ to include an
interaction with a magnetic field. In this case

P’'= (2 sinh2K)"2V;V,V,,
(2.14)

Vi=exp(ud é 8j)-

We shall return to this matrix method again in Secs.
3.2 and 4.

By imposing slightly different boundary conditions,
Kramers and Wannier® showed that one could also
formulate this problem with a different matrix. Whereas
the matrix P represents the contribution to Z of an
entire row of the lattice, we can define a matrix M
which represents the contribution of only a single
particle. :

To do this we must choose “screw” boundary condi-
tions. Instead of imposing an interaction between the
nth and first particles of the same row (periodic bound-
ary conditions), we let the nth particle of one row inter-
act with the first particle of the next row. Thus the
rows are connected to each other as on a screw. To
eliminate any loose ends on the lattice, we connect the
nth particle of the last (mth) row to the first particle
of the first row. The rows of the lattice thus have the
geometry of a helix with its ends connected to form a
torus.

With this geometry, it is natural to number the par-
ticles consecutively from 1 to #Xm. The interaction
between particles in the same column appears then as

—Joi0iin
and that in the rows as
- J'a’,-o','+1.

The partition function for this system is

Z=3% - X exp[K'Y 001+ K X 0051a]

o1=+1 onm==l1 =1 =1
(2.15)

with
Tamt+j= 0 ;.

We wish to represent this as a matrix product in
such a way that the jth factor contributes the terms
depending upon o;. Since the contribution of ¢; de-
pends upon the state of the j—nth particle, it is still
necessary to have a matrix of dimension 2». The physical
significance of this matrix will be more apparent after
the discussions of Sec. 3.2.

The appropriate matrix is defined by

Mo, -- co1’,0p 01

n—1

=exp(K'o,/d.) exp(Ko,/o1) I 8(c/—041). (2.16)
=1

7=

The matrix connects the state oy, - - -, o, to the state
o/, -+, a’. Most of the matrix elements, however,
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are zero. They are nonzero only if oi/=0s, 0d'=03,
oy Opa1 =0y 0, is the only “free” index and may be
interpreted to be o,41. The matrix thus may be con-
sidered to connect the states oy, ---, o, to the state

o2 -+, onp1 and to produce a factor appropriate to
describe the energy of interaction between o,y and
o1, ***, 0, Since the indices are dummy indices, we

can also interpret it as connecting the state o1, -+,
oj+n to the states ojt9, * -+, Gjnt1.

Regardless of how one interprets the matrix M one
observes from (2.15) and (2.16) that

on
Z=traceM»m=3" \;mm,

=1

2.17)

One can also express the matrix M in terms of simpler
matrices. In addition to the matrices already defined by
Egs. (2.5), (2.10), and (2.11), we define a matrix

Ral' cerap/01 o= 5(0’1,— 0’2)6(0’2I— 0’3) e
X 6(0pa'—02)8(c,"— 01).

This matrix merely cyclically permutes the # particles
of one row. Thus, R*=1. One easily deduces that

M= (2 sinh2K)? exp(K's$.—1) exp(K*C,)R. (2.19)

Loosely speaking one can say that the operator R turns
the lattice from one point to the next, and the other
factors introduce the appropriate Boltzmann factor
for the new point.

Following the procedure above, one can also easily
construct matrices appropriate for the three-dimen-
sional lattice. One can in fact do this in at least three
ways. By appropriate choice of boundary conditions,
one can form matrices which represent the contribution
to Z of an entire layer, a single row or a single particle
in a manner analogous to that used in deducing P and M
for the two-dimensional lattice. The matrices will in
each case be of dimension 2! if the layers are / par-
ticles wide and m particles deep.

The reader may wish to try this as an exercise. Since
there has been little progress toward solution of these
matrices, we shall not discuss them in any detail.

(2.18)

2.2 Combinational Formulation

At high temperatures and zero magnetic field, an
expansion of the partition function in powers of tanh?K
can be constructed by counting the number of ways of
forming closed paths of given length along the bonds of
the lattice. This formulation of the problem was sug-
gested by van der Waerden® (Kirkwood gave the
first systematic approach to the order-disorder problem.)

We modify (1.3) slightly to read

Z=Y - ¥ I exp(Kojo).

g1==1 oN=%1 n.n.

The product over “n.n.”” denotes the product over
values of j and k corresponding to nearest neighbor
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F16. 2. An example of a graph connecting points of the
lattice with no bond repeated.

points of the lattice. We next write'

expKajo,= (14ucjor) coshK

2.20
u=tanhK ( )
to give
Z=(coshK)N* %= --- 3 I (14wuojon),
o1=+1 oN=+1 n.n.

where ¢ is the number of nearest neighbors of a given
particle and N¢/2 is the total number of interactions.
For the square lattice c=4. The formalism to this point,
however, is also applicable to other lattices. For three-
dimensional simple cubic lattices ¢=6.

We next expand the product

Z=(coshK)*N/2 > ... 3 {14u X o0

o1=+1 oN=x1

+ut 2 (i) 2 (oxo)+-- ).

n.n.

(2.21)

The coefficient of #! is the sum of products of 2/ ¢’s.
The o’s occur in pairs corresponding to nearest neigh-
bors, and no such pair is to occur twice in the same
product (by the simple rules of the expansion).

To obtain a convenient geometrical picture, we can
associate with a pair ¢;0j, a bond connecting the neigh-
bors 7 and j, and with the pair o0; another bond con-
necting & and I, etc. With each product of 2/ o’s, we
associate a “graph” or set of / bonds. Since pairs occur
at most once in a given product, no bond is to appear
more than once in the same graph. In Fig. 2 we have
drawn the graph associated with the term

(0102)(0304) (0105) (0206) (0307) (506) (T10011).

Since

> =0,

o=+1

Z o= 27

o=x1

(2.22)

the only terms of (2.21) which contribute to Z are those
in which each ¢; occurs to an even power. Since a bond
can appear only once in a term, o; can occur at most ¢
times or 4 times for the square lattice. This also means
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that the only graphs of interest are those in which each
lattice point is connected by an even number of bonds
(0, 2, or 4 for the square net). We conclude from this
that all contributing graphs must be the superposition
of simple closed polygons (polygons with no loops)
having no common sides. Also the converse is true;
there is a nonzero term in Z for each such superposition
of simple closed polygons. (Such polygons may have
common points however.) For simplicity we shall call
such graphs, “closed graphs” (Fig. 3).

®
p
L 4 [ J [
o [ 4 [ J [ 4
L J [ ] ® Y

F16. 3. An example of a closed graph in which each point
is connected by 0, 2, or 4 bonds.

Each closed graph of m bonds contributes to Z a
term 2¥y™ after summing over o1 to on. Hence, the
partition can be written as

Z=2% (coshK)¥<?y_ n(r) tanh’K, (2.23)

where #n(r) is the number of closed graphs of » bonds
which can be constructed on the lattice. #(0)=1 and
in a square or cubic lattice #(r)=0 unless 7 is even.
Equation (2.23) can be generalized to include more
complex interactions. If, for example, K represents the
interaction between lattice points of a square lattice
which lie in the same row and K’ that between pairs
in the same column, then
7= (coshK coshK")V2¥ %" u(r,s) tanh’K tanh*K’; (2.24)

r,s

where n(r, s) is the number of closed graphs with r-+s
bonds, 7 in the horizontal and s in the vertical direction.

Equation (2.24) is the starting point of the combina-
tional derivation of the two-dimensional Onsager
formulas by Kac and Ward.”

It is also possible to obtain a low temperature expan-
sion of Z which involves a somewhat different combina-
tional problem (except in the two-dimensional square
lattice in which, as we shall see in the next section, both
high and low temperature counting procedures are
equivalent).

For any given state of the system, let

Ni=number of ¢’s that are 4-1,

Ni2=number of unlike pairs of nearest neighbors.
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Since N¢/2 is the total number of nearest neighbor
pairs (as before, ¢ is the number of nearest neighbors for
one lattice point),

Z g.0;= (NC/Z—N12)(+ 1)+1V12(— 1) =1\’TC/2— 2.7\‘T12,

N
2 0i=Ni(+1)+N—-N)(=1)=N~-2N,.
=1

If g(N, N, N1s) is the number of ways a given N,
and N2 can be chosen on a lattice of N points, then

Z=exp(Nu) exp(NcK/2) > g(N, N1, N2

Ni,Ni2

Xexp(—2KN1—2DuN1). (2.25)
In the absence of a magnetic field
Z=eNKEY m(r)e (2.26)

where m(r) is the number of ways 7 pairs of unlike
neighbors can be arranged on a lattice.

T T T T ]
| ! i i |

po wm Q e s 1 O e e = O - s wm O e o () - o
| | ! 1 !
.—.—‘ 3 } Il 3
T T T 1
1 | | 1 )

e o O e e Qe e e O o e e ) e = O e o
| | | | 1
3 ' ] i i
d L 1 i v
! L | | I

e e O e e e O e e D o s e O o e e O e
] | ! | |
. 1 1 ] 1

Fi16. 4. A square lattice (above) hexagonal lattice (below) are
illustrated by solid lines along the bonds joining nearest neighbors.
The dual lattice, formed by bisecting the bonds of the original
lattice, is similarly illustrated by the broken lines.

High and low temperature expansions based upon
(2.24) and (2.25) will be discussed further in Sec. 7.

3. PHASE TRANSITIONS
3.1 Duality Theorems

Through certain symmetries in the matrix approach
to the Ising problem, Kramers and Wannier® derived
an interesting relation between the high and low tem-
perature expansions for the partition function of a
square lattice. Although this relation was not powerful
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enough to yield an analytic expression for the partition
function, it was sufficient to locate the Curie point if
we assume one existed. Onsager (see Wannier®) gen-
eralized this relation by a topological argument to a
wider class of two-dimensional lattices.

Onsager constructed a ‘“‘dual lattice” to a given lat-
tice by drawing a bond through each bond of the original
lattice and connecting these new bonds at points in the
center of each unit cell of the original lattice. In Fig. 4
is shown the square lattice (solid line) and its dual
(dotted lines) also a hexagonal lattice and its dual
which is a triangular lattice. Since the dual of the square
is also a square lattice, we describe it as self-dual.

To derive Wannier’s duality theorem between the
high and low temperature behavior by geometrical
arguments, we consider the square lattice of Fig. 5.
We represent lattice points with e=+1 by dots and
those with o= —1 by X. Each bond joining unlike spins
is bisected by a bond of the dual lattice. It is clear that
(except perhaps for points near the boundary of the
lattice) this set of bonds on the dual lattice forms a
closed graph of the type described in the preceeding
section and that the number of bonds of the dual lattice
is exactly the number of unlike pairs of the original
lattice. Indeed there is a one-to-one correspondence
between arrangements of bonds connecting unlike o’s
on the original lattice and closed graphs of the same
number of bonds on the dual lattice.

By comparing the definitions of #(7) (2.23) and m(r)
(2.26), we notice that

m(r)=np(r),

mo(r)=n(r), 3.1)

where the subscript D refers to functions on the dual
lattice. These relations hold for other two-dimensional
lattices as well as the square lattice used in the
illustration. In the case of the square lattice, we can
discard the subscript D because the dual lattice is the
same as the original lattice.

L 4
T |
F' 1 ® N | L
{ I '
L4 , L4-J
| {
] X | 7T
Ld—s-f-=d-1
* ¢ : —x% : *
I IR
O e o L L >~ >

Fic. 5. An example to show that each configuration of “up
spins” denoted by dots and “down spins” denoted by x can be
described by a closed graph on the dual lattice. The bonds of the
closed graph bisect bonds of the original lattice joining unlike
pairs of spins.
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Using the definition of K* given in (2.6b) and the
relations (3.1), we see that the expressions (2.26) and
(2.23) for Z are related as follows:

Z(K)E—NCKm:ZTm(y)e—ZKr
=3 up(r) tanh’K*
=ZD(K*>E2ND (coshK*)NDcDﬂ]—l.

Since there is a bond of the dual lattice to each bond
of the original lattice, Npcp/2=Nc¢/2. The above can
be simplified somewhat to read

Z(K)=Zp(K*)2-N¥D(2 sinh2K)Vet,  (3.2)

A large value of K* is associated with a small value
of K by (2.6b). Hence the partition function of one
lattice at a high temperature is related to the-partition
function of its dual at a low temperature and vice versa.

In a self-dual lattice such as the square lattice, (3.2)
implies that if a singularity exists at a temperature
T=J/kK, then another singularity exists at a tempera-
ture T*=J/kK*(K). If, however, as is intuitively ex-
pected, only one singularity exists, it must occur at
T=T*. From (2.6b) we see that this critical point is
given by

|sinh2K,| =1, K,=-£0.4407

(K. will be positive if J is positive, negative if J is
negative). Substituting =7, into (3.2), we see that
(3.2) is identically satisfied so that we know the singu-
larity is not a discontinuity of Z.

The above arguments cannot be directly applied to
either the triangular or hexagonal lattices since these
lattices are not self-dual. It is possible, however, to locate
the Curie point. Onsager (see Wannier®) found another
quite different relation between the triangular and hex-
agonal lattices, the so-called star-triangle transforma-
tion derived in Appendix 4. This relates the low tempera-
ture behavior of the triangular lattice to the low tem-
perature behavior of the hexagonal lattice. Using both
the star triangle and the dual transformations, one ob-
tains a relation between the low and high temperature
behaviors of the triangular lattice (also the hexagonal
lattice). Thus, we can use the same arguments as above

2 exp{—[V(vs, »)+V (»2) J/ET} p1(v)

P TV G L VG AT} i)

v2,v1

AND E. W.

MONTROLL

to deduce the Curie points of each of these lattices,
assuming that one such exists.

3.2 Long-Range Order

The Ising lattice has many very interesting proper-
ties that would not generally be classified as thermo-
dynamics. If, in the lattice, we should fix the spin con-
figuration of part of the system, we might ask what
effect this has upon the system as a whole. If when we
fix the spin of one particle, particles far away from the
fixed spin show a preference for some definite spin
direction, we say that the system has a long-range
order. We describe a system as ordered if the spins
show a strong tendency toward some organized pattern.
In a ferromagnet, for example, the spins of an ordered
state are predominantly in the same direction.

Ashkin and Lamb'® showed that long-range order in
a nearest neighbor system is associated with a degen-
eracy or asymptotic degeneracy of the largest eigen-
value of the matrix P defined in Sec. 2.1.

Imagine that we build a large crystal by starting with
a single layer and add new layers one at a time to the
existing configuration. Suppose we should fix the state
vo of the original layer or, to be more general, suppose
we assign a probability distribution po(vo) to the
states vo.

We next add to the zero layer, the first layer of par-
ticles. Let p1(v1) be the probability that the first layer
is in the state »; if the zero layer is distributed according
to po(ve). We see that the equilibrium distribution is
given by

2 exp{—[V(»y, vo)+V(»1) I/ kT } po(vo)

()= — . (3.32)
r 2. exp{—[V (v, vo)+V(»1) I/RT} po(vo) :

Y0,71

The denominator is a normalization factor chosen so
that Y npi(v1)=1. The numerator is the sum over all
vy of the Boltzmann factor of the state v, if the neigh-
boring state is vy times po(vo). In a similar manner, we
see that since po(vs) depends only upon the state vy,

> exp{—[V (s, v)+V(v1, v0)+V(v2)+V(v1) J/kT} po(0)

V1,70

In general, we find

Pm(”m) =

= . 4 )
> exp{—[V(vs, vi)+V(v1, vo))+ V(v2)+V(»1) J/kT} po(v0) :

% - X exp= L (VO G5 v VAT o)
m ! (3.5a)

Vi 44

% E el =1 VOV 03 20 VET) o)
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This procedure of adding one layer of particles at a
time describes a Markov process. The probability dis-
tribution of the mth layer depends only upon the state
of the m—1th layer. The usual theory of Markov
processes is ideally suited to the analysis of this type of
system.

We can simplify considerably the notation of Egs.
(3.3a) to (3.5a) by considering p; to be a vector with
components p;(v;), I a vector with unit component for
each state », and P’ the matrix defined in Eq. (2.2b).
The above equations can then be written in the usual
matrix notation

P’ p,

p1= b) (3'3b)
I.P-p,
P'p P)2p

p2= - ’ , (3.4b)
I.P-p, I-(P)2po
P’ . pm_ P')m.

. e (3.5b)

= I'P,‘ pmml_ I (P/)m. p0-

The matrix P’ is similar to the symmetric matrix P
and thus has a set of eigenvalues \; and complete set of
eigenfunctions ;. We can expand p, in a series of
these 1,

Po=2_ ¢ ;. (3.6)

By definition of the \; and ;,
Py=N;.
Therefore, (3.5b) becomes
Pu=[2 i\ ")/ [ ed T 4)] B.7)

We again order the eigenvalues so that A>N\;
>N;: -, so that if ¢;7#0,

Wt gz N/ N)™e /e

Pm (3.8)

AW (e )

If \; is neither degenerate nor asymptotically de-
generate as m— o0, (A\;/A)™—0 and

P/ (L) as m—eo.

This means that the distribution of layers far from the
original layer are independent of the coefficients ¢;
which describe the distribution of the zero layer. p, is
independent of po. If there is no degeneracy, there is
no long-range order.

If, on the other hand, the largest eigenvalue were
degenerate, for example if Ay=2A>As: -+, then

Pr—Lerlntcate]/Laa(I- ) +co(I- 42) 1.

The distribution of a layer arbitrarily far from the
original layer still depends upon ¢ and ¢; which in turn
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depend upon po. A degeneracy of the largest eigenvalue
therefore implies the existance of long-range order.

The question of what matrices have degenerate
largest eigenvalues becomes a significant one. There is
in some cases a definite answer to this question. Fro-
benius proved that if all the matrix elements of a finite
matrix are positive and nonzero, then the largest eigen-
value is nondegenerate.

The matrix elements of P’ are indeed positive and
nonzero. It follows then that if we are to have long-
range order, it is necessary that the number of states »
be infinite or become infinite as m—o. In a two-di-
mensional lattice such as the Ising lattice, we are
interested in the properties of lattices in which the num-
ber of particles per row is of the same order of mag-
nitude as the number of rows. If we let m— o, we must
also let the number of particles per row n— o, and the
A; will depend upon m in the sense that as we add new
layers (rows) we also wish to add new particles to the
layers. As m—, the number of states per row also
becomes infinite. Frobenius’ theorem thus does not
apply to a lattice infinite in two or more directions but
it does forbid long-range order in most (if not all)
systems of interest which are infinite in only one di-
rection.!:1”

Just as the matrix P describes a Markov process that
gives the distribution of the mth layer in terms of the
distribution of the m—1th layer, the matrix M dis-
cussed near the end of Sec. 2.1 described a Markov
process giving the distribution of the particles j+1
to j+# in terms of the distribution of the particles j to
j+n—1. Notice that the “screw” boundary conditions
make it possible to generate a lattice by iterating the
procedure of adding a single particle at a time. This is
not true of the periodic boundary conditions because
one must change this procedure of adding single par-
ticles when one has filled a row and starts a new row.
One can also build a three-dimensional lattice by an
iterative procedure of adding single particles.

Frobenius’ theorem does not directly apply to the
matrix M because not all matrix elements of M are
nonzero. There are equivalent theorems which do
apply, however.

4. THE TWO-DIMENSIONAL SQUARE LATTICE

The solution of the two-dimensional square Ising
lattice in zero magnetic field has been obtained in
several ways. No one has found a short cut to success.
All these methods are quite lengthy and very tricky.
It would hardly be appropriate to describe in detail
here all the various procedures. We shall discuss only
one combinational method and one algebraic method.

Although the original solution by Onsager* could be
easily followed from step to step, the motivations
and over-all plan were obscure. In Sec. 4.2, we shall
attempt to give some of the key steps in this original
formulation and to describe, as we see it, the motiva-
tions that lead from one step to the next. We have
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Z F16. 6. Polygons contain-
ing the above type of con-
necting bonds are not to

1 3 be counted.

chosen to discuss this method as the one example of an
algebraic procedure not because we consider it the best,
but because it affords an opportunity to present some
ideas about it that have circulated privately but have
never been published.

Interest in this problem reached a climax several
years after Onsager’s publication when Kaufman?® de-
scribed a simplified procedure based upon the theory of
spinor representations of the rotation group. Her
analysis was not only elegant but very clearly presented
even to those not disciplined in the mathematical tech-
niques employed. We shall have little to say about this
procedure here for we see no way to add to or improve
upon her analysis of the problem. For the details of this
method, which in many ways still seems the most
elegant despite more recent developments, we refer the
reader to her original presentation.

Nambu!®® also independently discovered a method
which was in principle very similar to Kaufman’s.

Following these papers came a rapid sequence of
minor refinements and applications. The method was

also applied!® to the matrix M discussed in Sec. 2 in- .

stead of the matrix P originally considered by Kaufman.
It was also applied to other lattice types than the square
lattice. Some of these supplementary calculations are
discussed in Secs. 5 and 6.

In Sec. 4.1 we discuss one of the most recent tech-
niques based upon the combinational procedure de-
scribed in Sec. 2.2. This technique was discovered by
Kac and Ward.” Domb has also solved the problem by
obtaining recursion formulas for the n(r) of Eq. (2.23).
The method has not been published but has been de-
scribed as being very lengthy.

The thermodynamic properties of the square lattice,
based upon the results of Secs. 4.1 and 4.2, are sum-
marized in Sec. 4.3.

4.1 Combinatorial Method

In this section we shall obtain an expression for the
partition function of a two-dimensional square lattice
by employing a combinatorial method, recently de-
veloped by Kac and Ward. This method is “‘elementary”
in the sense that no spinors, Lie algebras, or other
specialized algebraic techniques of the type used in the
matrix method solution are required; however, it in-
troduces some problems in topology that have not been
rigorously solved. The starting point is the formula (2.24)

Z y,m=(2 coshK coshK")"" 3" n(r, s) tanh’K tanh*K’
(4.1)
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for the partition function of a square lattice of nm
lattice points. Here #(r,s) is the number of closed
graphs with #4-s bonds, 7 in the horizontal and s in the
vertical directions, which can be constructed on the
lattice. The aim is to construct a matrix A whose de-
terminant generates terms which are in a one-to-one
correspondence with closed graphs on the lattice. We
seek an A such that

Z ,m=(2 coshK coshK’)™» detA. (4.2)

To see that there is a relation between determinants
and closed graphs formed by connecting points on a
lattice, let us examine the defining equation of the de-
terminant of an Nth order matrix whose elements
are Aij

detA=Y" a4 A1k A 2ks- - - Anky. (4.3)

The set of indices &y, ks, - - -, by is some permutation of
the indices 1, 2, - - -, N : the sum extends over all permu-
tations, and the sign is + or — accordingly as the per-
mutation is odd or even (it is even if an even number of
interchanges of the indices &, ks, - - -, kx are required to
put them in the order 1, 2, ---, N).

It is well known in the theory of permutations that a
given permutation can be expressed as a product of
cyclic (see Carmichael, Theory of Finite Groups, Ginn
and Company, 1937, p. 6) permutations, no two of
which have a letter in common. Hence, the product of
the 4;x’s in any term of (4.3) can be rearranged in the
form

= (Auisdigty: - - Aisqyin) (AirieA soize - - Aiseysn) + - -
X (Aundig: - Aigmyn). (4.4)

The permutation 1, 2, 3---N—ky, ks, ---, ky is thus
described as a cyclic permutation of 4, 13, 13, - - -, s
times a cyclic permutation of ji, o, 73, * * +, Js(»),€tc. The
sign is + or — accordingly as the second indices

| le ]
o n >
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(a) (b)

Fi1c. 7. Diagram (a) illustrates a closed graph on an #X2m
lattice, whereas (b) illustrates the corresponding oriented closed
graph on an nXm lattice as described in the text.
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19, 13, ***y Tsqr)y 13 J2° * * Js(@, J1; * * * represent an even
or odd permutation of the first indices 1, 72, 151}
71, J2+++. The number of interchanges necessary to
bring 1.2, ig, sy 1'8(1), 1:1 into the order 1:1, 1:2, 'i3, vy, 7:3(1)
is s(1)—1 as one can easily see by interchanging suc-
cessively the last and next to last numbers, the next to
last and second from the last, etc. Thus, the sign is

(___ 1)8(1)~l(_ 1)3(2)—1(__ I)S(B)—l. .. (_ 1)8(r)~1_ (4‘5)

We now ask in what way are the terms (4.4) similar
to terms of the expansion of Z? First, we note that the
cycles of (4.4) can be pictured as simple closed polygons.
If the indices 74, 79, - - - represent points of a lattice and
the matrix element Aii; represents a connection (bond)
joining 4; and s, then (4.4) is associated with the
superposition of 7 simple closed polygons, one connect-
ing the points 4y, 42, -, 2,1 another connecting
jly j2) ) j«i(?)) etc.

This association is not quite what is required, for
these polygons are somewhat different from the closed
graphs of Z. The polygon iy, is, - - -, %51y has no point
in common with jy, - -+, 749 ; they are disjeint polygons.
As we saw in Sec. 2.2, the closed graphs of Z were not
restricted to be the superposition of disjoint simple
closed polygons but rather the superposition of simple
closed polygons with no common sides.

This restriction on the polygons which generate Z
suggests that perhaps we can establish a correspondence
between the sides of these polygons and the indices of
(4.4). Indeed, we can in this way come one step closer to
success because the bonds of the simple closed polygons
which generate the closed graphs are such that each
bond joins another bond in a sequence which forms a
cycle, but the same bond can appear in only one cycle.
These are just the properties of the indices of (4.4).

In (4.4) we see that each bond is so represented as
both a first and a last index of some 4 j, i.e., each bond
is part of some polygon. In Z, however, not all points
are parts of a graph. This can be remedied in a rather
trivial manner. We interpret a cycle of order 1, an
element A ;;, as indicating the absence of the jth bond
in any polygon; the jth bond does not connect with
anything except itself.

We have now established at least a one way corre-
spondence between closed graphs of Z and terms of
det A. There is for every closed graph a corresponding
term in det A. There are many terms of det A which
must be eliminated. The only nonzero matrix elements
of Ajj» would be those between two bonds j and j’
having an end point in common; thus, most of the
matrix elements would be zero.

There remain some very troublesome barriers to es-
tablishing a one-to-one correspondence between terms of
Z and the terms of det A. The cycles AiyioAgiz- - - Aisyin
and Aiqisry - - - Aisiadisi;, which are inverses of each
other, correspond to the same polygon. Also terms in
the expansion of the determinant which correspond to
cycles such as A1545; or A12423435; (see Fig. 6) are not
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Fic. 8. The closed graph illustrated above can be oriented in
many ways of which four examples are shown. Each is associated
with a superposition of simple clockwise oriented polygons. If we
first separate the space into two regions designated in (d) by +
and —, then one can assign the unique orientation (d) to the
closed graph by always choosing the bond orientation so that the
-+ region is to the right of this direction.

related to any closed graphs on our lattice. The diffi-
culty here seems to be rather fundamental. The terms
of the determinant expansion seems to be more closely
associated with oriented polygons, those traversed in a
given direction. We must be able to distinguish between
the two ends of a bond so that we can connect a new
bond only to the “loose end” of its predecessor.

Kac and Ward” overcame this hurdle by showing that
the expansion of the partition function of an #X2m
lattice could be discussed in terms of oriented polygons
on an nXm lattice. This correspondence is illustrated in
Fig. 7. In the nX2m lattice (a) upon which we draw
the closed graphs that generate Z, we disregard those
polygons which cross the center line. We are therefore
really considering an »nX2m lattice consisting of two
independent 7 Xm lattices so that

Zn, Zmzznmz-

For any closed graph on the #X2m lattice (7a), we
construct oriented graphs on the nXm lattice (7b) in
the following manner. We first adapt a rule for uniquely
orienting the bonds of all graphs in Fig. 7a, a rule which
is the same for both the upper and lower parts of Fig. 7a.
Those graphs or parts of graphs in-the upper half of
(a) are transcribed on to (b). Those in the lower half of
(a) are reflected across the center line and then tran-
scribed on to (b). Kac and Ward suggested that the
graphs in 7a be oriented ‘“clockwise.” This is a rule
which is unambiguous if the graphs are simple closed
polygons. It is also easily applied to the superposition
of disjoint simple closed polygons each of which would
be oriented clockwise.

Even though any closed graph is a superposition of
simply closed polygons with no common sides, each of
which would be oriented clockwise, the decomposition
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i”j — i,j'H

F1G. 9. An oriented polygon is not to contain this bond connection
in which a right bond follows a left bond (or vice versa).

of a complex graph into its component polygons is not
always unique (see, for example, Fig. 8). Since we want
to count different graphs and not all ways of decom-
posing them, we must adapt some rule for extracting a
unique decomposition.

Such a rule can be given for the graphs of interest by
recalling the basis of the dual theorem in Sec. 3.1. This
theorem is based upon the observation that the closed
graphs on the dual lattice uniquely separate the lattice
into two parts, one having spins in one direction (up or
down) and the other part having the opposite spin
(down or up). For any closed graph, it is possible to
separate the space into two such parts which we desig-
by + and — (see Fig. 8). One can then uniquely assign
a direction of the bonds to be such that a 4 region is
always to the right of the bond direction. The unique
decomposition into simple closed polygons is achieved
by choosing those polygons surrounding 4 regions and
orienting them clockwise.

The problem of calculating Z has been described now
as a problem of counting oriented closed graphs of the
above type. The plan to write

Zn,om=Zn,m?>=(2 coshK coshK’)*** det A (4.6)

has been aided by the fact that det A does count oriented
polygons, but we have achieved this goal at the expense
of complicating the type of oriented graphs to be
counted.

A bond in Fig. 7b can now appear at most twice,
which means that it can no longer be associated in a
one-to-one manner with the indices of (4.4). It will now
be necessary to establish a two-to-one correspondence.
Although the correspondence is not as elegant as one
might have hoped, the scheme that finally leads to
success is to associate directed bonds with the indices
of (4.4).

A directed bond can be characterized by its direction
and the lattice point toward which it is directed. In-
stead of numbering the bonds consecutively with a single
index as in (4.4), it is convenient to replace these indices
by a set of three parameters. The pair of variables
(2, ) will be used to represent the row and column
which locate the lattice point toward which the bond
of interest is directed. The letter I" will be used to repre-
sent the direction of the bond. I' will have one of four
values R, L, D, or U depending on whether the bond is
directed to the right, left, up or down. The symbol

AG, 4,054, 7, 1Y) 4.7)

will replace the matrix element A;; of (4.4). This
symbol will be associated with an ordered pair of bonds,
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the first of which is in the direction T', directed toward
the lattice point (¢, 7) and the second, which will be
interpreted to start at (, §), proceeds in the direction
I toward the lattice point (¢/, j*). The matrix (4.7) will
be of dimension 4 nm with 4 values of T' for each 6f the
nm lattice points.

Even though we have not yet completely established
the desired one-to-one correspondence between un-
oriented graphs of Fig. 7a and the terms of det A, let us
consider some properties that should be required of the
matrix A.

As was indicated earlier in this section, in order to
make the terms in the expansion of det A correspond
only to oriented polygons on our lattice, we must set all
matrix elements 4 (3, 7, I'; 7/, 7/, T') equal to zero unless
the point (7, 7) can be connected by a bond in the direc-
tion I' to the point (¢/, j/). (The only exceptions to this
are the diagonal elements which represent the bonds
that are absent.) Of these possibilities we also wish to
rule out those situations illustrated by Fig. 9 in which
one step on a directed polygon is followed by a retracing
of itself in the opposite direction. These rules can be
summarized by the condition A(3, 7, T'; ¢, 7/, T')=0
unless

i=1, j=7 and T'=TY, (4.8a)

i=i,  j=j41, I'=L, and TR, (4.8b)

i=1, j=7—1, I"=R, and 1L, (4.8c)

i=i'+1, j=4/, I"=D, and T=U, (4.8d)
or

i=i—1, j=7, I"=U, and T#D. (4.8¢)

To make these conditions also valid at the boundary,
we introduce periodic boundary conditions as in Sec. 2.1
by wrapping the lattice on a torus. We see then that the
above conditions are invariant to rotations of the torus
about either of its axes, i.e., to cyclic permutations of the
indices i—i+1(m—m+1=1) or j—j+1(n—n+1=1).
Indeed, we expect that the matrix elements themselves
must be invariant to such transformations since these
transformations leave the geometry of the lattice
invariant.

In order to take advantage of the periodicity of the
lattice, it is convenient to imagine the 4mXnth order
matrix as consisting 4X4 blocks or as an mXnth order
matrix, the matrix elements of which are themselves
44 matrices. We use the convention that A(s, 7;4/, §°)
is for each 7, 7,4’ and j’ a 4X4 matrix with matrix ele-
ments A(i, 7, T'; 4, 7/, I'). We realize that the matrices
A@, j; 7, 7/) should be invariant to the cyclic trans-
formations of the lattice, therefore

AG, 7;7, 7)=A(0, 0; ' —1, 7'— j). (4.9)
In view of the conditions (4.8), the only independent
matrices (4.9) that are not null matrices are A(0, 0; 0, 0),
A(Oy 0: Oy +1)) A(O’ 0) 07 _1)3 A(O7 0) +1; O)) and
A0, 0; —1, 0).
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According to (4.8), A(0, 0, 0, 0) is a diagonal matrix,
the diagonal elements of which correspond to the ab-
sence of a bond in a closed graph. All graphs are not
weighted equally as seen by (4.1). The weight is as-
signed according to the number of vertical and hori-
zontal bonds in the graph. Since the total number of
possible bonds of a graph is fixed at 4nm, this unequal
weighting can be introduced either into the off diagonal
matrices A(0, 0, 0; —1), etc., which in a certain sense
count the number of such bonds or into A(0, 0, 0, 0)
which counts the number of such bonds that are
missing:

Another way of describing this freedom is to recall
that multiplication of any row or column of a matrix
by some constant changes the determinant into this
constant times the original determinant. Thus, we can
always replace a determinant, by a known multiple
of another determinant all of whose diagonal elements
are one.

We may, without any loss of flexibility, set

A(0,0,0,0)=1,, (4.10a)

I, being the 4X4 identity matrix, and then choose the
other matrices so as to give the desired weights.

We know that for every horizontal bond that appears
in a graph, (4.4) must contain a factor x=tanhK. The
number of such bonds will be equal to the number of
times a matrix element from A(0, 0, 0, &=1) appears in
(4.4). To simplify notation we write

A(0,0,0, £1)=xA(0, 1), x=tanhK, (4.10b)

similarly
A(0,0, +1,0)=yA(£1,0), y=tanhK’. (4.10c)

A(0, =1) and A(=1, 0) will now be matrices indepen-
dent of x and y. They will depend only upon the
geometry of the lattice.

Most of the matrix elements of these matrices will
also vanish as a result of (4.8). A(0, 1) must in fact be
of the form

A, +1)= , (4.11a)

RO
SO OO
S OO O
SO OO

in which the matrix indices are taken in the order R, L,
U, and D and v, B8, and « are as yet unspecified. Thus,
v corresponds to an element with I'=R, I"=R; 3 corre-
sponds to the element I'=U, I'=R and « to the ele-
ment I'=D, I"=R.

From A(0, —1), one uniquely determines also
A(0, 4+1) and A(=1, 0). We ask that the matrix (4.7)
be invariant to the interchange of ¥ and y along with the
transformation which rotates the positive horizontal
direction into the positive vertical direction (a 90° rota-
tion if the lattice were on a flat surface). Such a trans-
formation preserves the topology of the graphs. Thus
A@, 7, T;4, 7/, T’) must remain invariant if we simul-
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taneously send i—j, j——i, i'—j, j/—>—1i, R-U,
U—L, L—D, D—R and x<>y. It follows from this that

0 0 « O

A(+1,0)= g g 5 8, (4.11b)
000 0
00 00
0 v 00

AQ, ~1)=|, Z 0 ol (4.11c)
0800
000 8

A-1,0= ] g g o (4.11d)
0 0 0 ¥

One might be tempted to also make A invariant to
reflections. Although it is true that Z is invariant to
reflections, the topology of the oriented polygons is not
invariant; a reflection takes a clockwise polygon into a
counterclockwise polygon. A will in fact not be invariant
to reflections. « corresponds to a counterclockwise turn
of w/2, B to a clockwise turn, and ¥ to no turn of
connecting bonds (see Fig. 10). °

The values of «, 8, and vy are now to be chosen so
that any term of the expansion of det A corresponding
to a superposition of simple closed polygons of the pre-
scribed type contributes 1Xtanh’K tanh*K’=x"y* in
accordance with (4.1). The substitution (4.10) assures
that a term of the expansion will have the correct power
of x and y but (4.5) indicates that we must choose «, 8,
and v to give a positive sign.

Each simple closed polygon on a square lattice has
an even number of bonds, therefore s(j)—1 in Eq. (4.5)
will be an odd number and the sign (4.5) will be (—1)".
To make the terms positive, a, 8, and v must be chosen
so that an additional factor of (—1) appears with each
cycle in the expansion. A simple closed polygon directed
in a clockwise direction has four more clockwise turns
then counterclockwise turns. Thus, in (4.4) there will
be 4 more powers of 3 than « for each clockwise cycle -
and 4 more powers of a than 8 for each counterclock-
wise cycle. There is for each cycle a factor of the form
(aB)"B* or (aB)at for some n. We can obtain the de-
sired factor (—1)” if we choose a= 871, a*= %= —1, and
v=1. Thus,

a=exp(ir/4), B=exp(—ir/4), v=1. (4.12)

R

F1c. 10. The three types of bonds connections illustrated above
correspond to the elements «, 8, and v in Eq. (4.11).
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Fic. 11. The unoriented closed graph (a) corresponds to many
oriented graphs. Among these are the unicursal paths (b) and (c)
in which both polygons of (a) are traversed in a single cycle.

The matrix A has been completely specified on the
basis of a few simple requirements which do, however,
guarantee that det A will count correctly at least the
simple closed polygons and superpositions of disjoint
polygons on the lattice of Fig. 7b. The terms in det A
which are associated with the bonds appearing in such
graphs, consist of one term for each possible combina-
tion of clockwise and counterclockwise orientation of
the disjoint polygons and each such combination does
appear once in a figure such as 7b.

Det A also correctly counts many other types of
graphs but there is as yet no proof that it correctly
counts all possible graphs. Actually we know that there
are some which are not counted correctly, namely those
which “loop” the torus. Such failures would not be con-
sidered serious however since one would attribute them
to the selection of periodic boundary conditions.

Kac and Ward considered a few simple cases of over-
lapping polygons and showed that they also are counted
correctly.

One class of configurations which they considered was
the graphs consisting of simple closed polygons on the
lattice 7b which touch each other at single points only
(no overlapping bonds). A simple example is given in
Fig. 11a. A troublesome feature of such graphs is that
det A includes terms corresponding to unicursal paths,
i.e., those which traverse more than one polygon in a
single cycle as illustrated in Figs. 11b and 1lc. One
readily sees that Fig. 11b has an excess of 4 clockwise
turns and therefore is counted as a positive term,
whereas 11c has an equal number of clockwise and
counterclockwise turns and therefore contributes a
negative term to det A. One can easily check that the
net contribution of all unicursal paths of Fig. 11a is
zero. Kac and Ward claim that this is true of the
entire class of graphs which are composed of more than
one polygon and in which each polygon has a point in
common with at least one other polygon.

It is apparent that after the elimination of the uni-
cursal paths, det A properly counts all possible graphs
at least for the simple cases such as in Fig. 11 or dis-
joint superpositions of these. One might still question
the count on a graph such as Fig. 8 which proved to be
an annoyance earlier. :

Perhaps even a more troublesome category of graphs
is that in which bonds from the upper and lower parts
of Fig. 7a overlap when transcribed onto Fig. 7b.
Because of the choice of clockwise orientations in Fig.

NEWELL AND E. W. MONTROLL

7a, these double bonds may consist of either two bonds
directed the same or two bonds directed oppositely.
Since indices in (4.4) are never repeated in the same
term, det A will not contain terms corresponding to
graphs having an identical pair of bonds such as in
Fig. 12a or Fig. 13a.

On the other hand, det A will count some super-
positions of clockwise oriented polygons which have
common sides forming a pair of oppositely directed
bonds such as Figs. 12b and 13b, and even single poly-
gons which loop back on themselves to form an op-
positely directed pair as also illustrated within Fig. 13b
and in Fig. 14. None of these graphs appear on the
lattice of Fig. 7b because the graphs of Fig. 7a do not
contain double bonds.

Kac and Ward did resolve the difficulties presented
by the cases illustrated by Figs. 12 and 14. The contri-
butions of Figs. 14a and 14b cancel as do all terms corre-
sponding to similar type graphs. Regarding the situa-
tion in Figs. 12a and 12b, they pointed out that thereis a
one-to-one correspondence between graphs of type 12a
and those of type 12b. Instead of counting the “‘allowed”
polygons 12a, the determinant counts the “forbidden”
polygons 12b.

L O

(a) (b)

F16. 12. (a) illustrates a superposition of simple closed polygons
forming an identical pair of bonds. (b) illustrates a superposition
of polygons forming an oppositely directed pair of bonds. Det A
counts only type (b), whereas Fig. 7b contains only graphs of

type (a).

A graph such as in Fig. 13 which contains both an
identical pair and an oppositely directed pair of bonds
was not considered. One cannot establish a one-to-one
correspondence between allowed and forbidden paths
by merely reversing the direction of one of the polygons
as in Fig. 12.

It is certain that det A does correctly count all closed
graphs since the partition function derived below checks
(at least for large lattices) with that obtained by other
methods. The manner in which some complicated
graphs are counted is still uncertain, however. Although
the analysis is as yet logically incomplete, the ideas
presented are very praiseworthy.

It is worth pointing out here that this method of
counting cannot be generalized in any obvious way to
the three-dimensional problem nor to the two-dimen-
sional problems with a magnetic field or longer-range
interactions. The magnetic field problem involves a
much more complicated counting procedure. One must
keep account not only of the number of bonds in the
polygon but also the area. The crossing of diagonal
bonds in the next nearest neighbor problem causes
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trouble, whereas in three dimensions, one encounters
polygons with knots. Perhaps even more serious is the
fact that a polygon in three dimensions does not divide
the space into an “inside and outside.” The solution
above, thus, rests heavily upon the peculiar topological
properties of this particular problem.

In view of the evidence presented above, we shall
accept as correct the postulate that det A correctly
counts closed graphs and proceed to obtain an explicit
expression for Z based upon (4.6).

There would be little advantage in expressing Z in
terms of det A if it were not for the fact that det A is
invariant to any similarity transformation of A. In
particular det A is equal to the product of the eigen-
values of A.

The matrix A is defined by Egs. (4.7), (4.9), (4.10),
(4.11), and (4.12), of which Eq. (4.10) represents the key
to the simplification of det A. This equation expresses
the cyclic character of A and immediately suggests that
one transform the matrix A by a double Fourier expan-
sion, thus transforming to a set of base vectors that are
eigenfunctions of the two cyclic permutation operators
(one for the vertical symmetry and one for the hori-
zontal symmetry) that leave the lattice invariant.

(*:-4\ = =
j_l W o 4
- - )’*
(a) (b)

F16. 13. A graphs such as (a) can appear as a graph in Fig. 7b
but will not by counted by det A because it contains an identical
pair of bonds. It also contains an oppositely directed pair. (b)
illustrates another orientation of the same graph with no identical
bond pairs.

We define a unitary matrix R of dimension 4nm with
matrix elements

R(E, 15 %, V)= (nm) 1, exp(2mikk! /m+2mill' /). (4.13)

The convention here is consistent with that used in
Eq. (4.10). L, is the 4X4 identity and R(%, I; ¥, I') is a
4% 4 matrix. If we define B

B=RAR-, (4.14)

then det A=detB. One easily finds by using the
orthogonality properties of the Fourier exponentials
that

Bk, ;& 1) =b8rbir 2 3 A0, 054, 5)

s=1 t=1

X exp(—2wikt/m—2mils/n). (4.15)

All elements of B vanish except those for which k=%’
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and /=/'. Substituting Eq. (4.10) into (4.15), we find

B(k, I; &, ))=B(k, I)=L+yA(1, 0)
Xexp(—2mik/m)+yA(—1, 0) exp(2wik/m)
+xA(0,1) exp(— 2wil/n)+xA(0, — 1) exp(2mil/n)

142t 0 yorla  yorat
0 1+x6{ y&k—la"l yaka
= , (4.16)
xei ot zega 1496kt 0
xel“a xeza“‘ 0 1+y5k

where

e=exp(2wil/n), d=exp(2wik/m), a=exp(in/4).

Since the eigenvalues of A are the eigenvalues of the
B(x,1)

m n

detA=T] II detB(%, 1)

k=1 l=1

- le:l {(14+2) (1492 —y(1—22) (er+ &)
—a(1=y) Gt}

m

k

Znym2=22"m TT TT {cosh2K cosh2K’

k=1 =1
—sinh2K’ cos(2nl/n)

—sinh2K cos(27k/m). (4.17)
The quantity of particular interest is
nligw (nm)~1logZ

=log2+1(mn)~1 Y. 3 log [cosh2K cosh2K

k=1 l=1

—sinh2K’ cos(2wl/n) —sinh2K cos(2wk/m)]
=log2+in~? f f log (cosh2K cosh2K’
0 0

—sinh2K cosw—sinh2K’ cosw’)dwdw’. (4.18)

An attempt has been made by F. J. Murray® to apply
a combinatorial approach to a three-dimensional lattice.
The calculations have not yet been developed far enough
to yield analytical results.

. J !’ f
“a) “~(b

F16. 14. Det A has terms corresponding to oriented polygons
that “loop back on themselves” as illustrated by the two examples
above. The terms corresponding to (a) and (b) cancel.
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4.2 Algebraic Method

We now consider an algebraic procedure for finding
the eigenvalue associated with the partition function
for the two-dimensional square Ising lattice in zero
magnetic field. We shall briefly outline Onsager’s
original solution with special emphasis on the method
and motivations rather than the detailed algebra. For a
more extensive discussion of the latter the reader is
referred to Onsager’s original presentation.*

As was shown in Sec. 2, the operator to be investi-
gated is V,V; [see Egs. (2.12) and (2.13) for definitions ].
It is convenient to express this in terms of two operators
A, and A, defined by

A== Cj, A=3 s;8;11

=1 7=1

(4.19)

with s,i;=s;. (In the following we shall also have
occasion to use the convention C,.;=C;.) The matrices
of interest are

Vi=eH*40 and Vy=eH'4, (4.20)

The general plan for solving this problem is to first
perform some algebraic transformations. Starting from
A, and A,, we generate a Lie algebra (see Appendix 5)
by forming the commutator [Ao, A1], then forming the
commutators of this with Ay and A;. We continue to
generate commutators of commutators until we obtain
a set of operators such that the commutator of any two
is a linear combination of operators already in the set.}

One can, of course, generate a Lie algebra starting
with any set of operators. Matrices of dimension 2*
will in many cases lead to a Lie algebra of 4” elements,
i.e., an algebra which contains as many independent
elements as there are matrix elements in the matrix of
dimension 2”. The first fortunate feature of the opera-
tors Ag and A, is that they generate a Lie algebra of only
3n—1 linearly independent elements.

We next notice certain very convenient symmetries
in the structure constants of the Lie algebra. Because of
these symmetries we can, by applying linear trans-
formations in the Lie algebra, decompose the Lie
algebra into subalgebras of very simple structure. By
expressing Ao and A; in terms of these subalgebras we
obtain a form of V.V, which is readily factored into
commuting matrices which can be diagonalized sepa-
rately.

Attempts to apply this procedure to the three-
dimensional problem or even the two-dimensional
problem with a magnetic field are seriously hindered at
an early stage because the operators of interest generate
a much larger Lie algebra, so large in fact that it would
seem to be of little value. All the various algebraic

} van der Waerden is credited with the observation that the
algebra so generated and the transformations that follow belong
to the theory of Lie algebras. The authors are indebted to Dr.
Bruria Kaufman for describing this connection.
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methods take advantage of very special properties of
the operators, and it has not been possible to generalize
them in any very interesting way.

The first step of the procedure is to generate a Lie
algebra from A, and A,. Rather than generate this
element by element, we shall anticipate the results and
write them in the most convenient form.

We define a set of operators

Pa, a= — Ca;
(4.21)
P. v=8.Cot1Coro- - - Coisp a0,

using the convention that s,.;=s; and C,;;=C;. Thus,

A0=Z Pu,a, A1= Z Pa.a+1-

a=l1 a=1

(4.22)

These are but two operators of a set A; which we de-
fine by

A=Y Py s

a=1

(4.23)

There are 2z linearly independent A;. From (4.21) we
see that
Pa. atk+n= — UPa, at+ky

(4.24)
UE C1C2 e Cn
(The minus sign appears because s; anticommutes with
C,, as one readily observes from the definitions [(2.6a),
(2.10), and (2.11)7].) Thus

Ak+n= bt UAL and Ak+2n=Ak. (425)
(Note that A commutes with U and U2=1.)
With the addition of a set of elements
Gk: i[Akr AO]: (426)

we can define a complete Lie algebra containing the
elements A, and G;. The commutation rules for this
algebra are (see reference 4, p. 127)

[A;, Ai]=4G;,,
[Ab Gj—k]= 2(A1+.1'-k—Al—i+k)’
[G;, Gx]=0.

(4.27)

We have defined 2n# operators G; but actually
only n—1 are linearly independent. Since [Aj, A;]
=—[A;, Ax], we see from (4.27) that G,=—G_,
= —Ganm. Go=[Aj, A;]=0Dbecause an operator always
commutes with itself. G,=[A;;,, Aj]=[—UA;, A;]=0
because U also commutes with A;. We, therefore, have
only Gy, G, - - -, G, as linearly independent operators.

We have seen so far that Ay and A, generate a Lie
algebra of only 3n—1 elements (2 Ay’sand n—1 G}’s).
We also observe that the structure of this Lie algebra
is rather unique. Notice that if in (4.27) we replace

i by Aj., the commutation relations remain un-
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changed. From (4.27) alone there is no “preferred”
A;; there is no way to single out one A; as being differ-
ent from all the others. The symmetry here is formally
very similar to the symmetry of the cyclic matrix in
Sec. 4.1, the cause of which could be traced to the fact
that the crystal has cyclic symmetry, i.e., all particles
in a row of the lattice are equivalent (with the periodic
boundary conditions). The cyclic symmetry in (4.27)
arises, however, from a different source. The periodicity
in the lattice has already been incorporated into the
A; and Gy which are themselves invariant to a cyclic
transformation of the lattice points. The cause of the
cyclic symmetry in (4.27) is not obvious physically.

The existence of this symmetry, however, suggests
the next step. From general properties of the group of
cyclic permutations, one is assured that a Fourier
transformation of the operators Ay, and G, will give an
even simpler description of the Lie algebra. Just as a
Fourier transformation of a cyclic matrix makes most
of the matrix elements vanish, so also does a Fourier
transformation to this cyclic Lie algebra make most of
the structure constants vanish.

The Fourier transformation is achieved by intro-
ducing the operators

2n
X,=(2n)t X A, cos(wrm/n),
m=1

2n
Y.=—@2n)t X A, sin(rmr/n), (4.28)
m=1
2n .
Z,=i(2n)1 Y. G, sin(mwr/n).
m=1
We notice that
Xr= X——'r= X2'n—~r,
Y=-Y_.=—Y,,._,, (4.29)
Zr= - Z—r= - Z2n—r~

A check on the number of independent operators shows
that there are »— 1 independent Y,, #—1 independent
Z., but n+1 independent X,.

The commutation rules for these operators are easily
calculated from (4.27) to be

[X,,Y,]=—2Z,
[Y,, Z,]= —2iX,
[Z,, X,]=—2Y..

1<r<n—1, (4.30)

All operators (including X, and X,) commute with any
other operator with a different subscript; thus, for
r#s, [X,, X;]=0, [X,, Y,]=0, etc. The three operators
X.,, Y., and Z, (for each ) themselves form a Lie algebra
which is a subalgebra of the complete set. We have, as
predicted, decomposed the original Lie algebra into
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small subalgebras of very simple structure. The sub-
algebras are in fact very similar to those associated with
the three-dimensional infinitesimal rotation group (see
Appendix 5).

Our aim now is to express V5V, in terms of this new
set of operators and to take advantage of the simple
structure (4.30). The relation (4.28) can be easily
inverted by the usual rules of Fourier transforms to
give A,, and G,, in terms of X,, Y,, and Z,. The result
of this is

A= % [X, cos(mar/n)—Y, sin(mwr/n)],

. (4.31)
Gn=—1Y Z,sin(mrr/n).
r=1
In particular,
2n
AO"_" Z Xr= XO+ 2X1+ 2X2+ s 2Xn——1+xn,
r=1
2n
A,=3 [X, cos(rm/n)—Y, sin(wr/n)]
r=]1
=Xo+2[X; cos(w/n)— Y, sin(w/n) ]+ - -
+2[Xs1 cos((n—1)7/n)
=Y, isin((n—1)7/n)]—X,. (4.32)

Substitution of (4.32) into (4.20) gives
2n

V.Vi=exp{K’' X [X, cos(wr/n)

r=1

=Y, sin(nr/n)]} exp{— K* j{ X,}. (4.33).

We can make valuable use of the commutation rules
(4.30) by noting that if two operators A and B commute,
then eA*B=¢A¢P=¢BeA, Tt is therefore possible to factor
(4.33) into the product of commuting matrices:

V.V.=1I U,
r=0

U,=exp{2K'[X, cos(xr/n)
=Y. sin(zr/n)]} exp{—2K*X,} 7540, n,

Us=exp{(K'— K*X,},
U,=exp{— (K'+K*X.,}.

(4.34)

The fact that the U, commute with each other also
implies that they can all be simultaneously diagonalized
and that the eigenvalues of V,V; are products of eigen-
values of the U,.

We can find the eigenvalues of the U, by a somewhat
indirect procedure. It is not wise to try to determine
explicitly the matrices X,, Y,, and Z, in the original
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representation. The multiplication table of the X,, Y,,
and Z, is independent of representation as are also the
eigenvalues. The latter are, with the help of a few rather
simple bits of knowledge such as the dimension of the
matrices, etc., determined by the former.

We have so far given only the commutation rules of
the X,, Y,, and Z,. To proceed further we must also
know X2 Y2, Z.2 X.Y,, etc., which can be found by
direct evaluation using the abstract properties of the
P, (see reference 4, p. 129). The complete multiplica-
tion table is given below (the operators R, are defined
by the expressions below):

X2=Y:=Z:=R,=R;,
X,=RX,=X,R,=iYV,Z, = —iZY,
Y,=RY,=Y.R,=iZX,=—iXZ,
Z,=R,Z,=ZR,=iX,Y,= —i¥,X,

X:=R,=R? )
X,=RX,=XR,[=""

From this table one can calculate any combination
of products of X,, Y,, and Z,. The important features
of the table are the following. The operators X,, Y,, and
Z, anticommute with each other and X,2, Y,2, and Z2
are all projection operators (R.2=R,), i.e., they have
eigenvalues either zero or one.

We can very easily establish that R, is not the unit
matrix and is truly a projection operator with some zero
eigenvalues. From (4.28) we notice that since A,in

my

X, = (20 [I—(—1)"U] S A, cos(mr/n).

m=1

Similarly Y, and Z, contain a factor [I—(—)"U].

The operator U defined in (4.24) plays a rather im-
portant role in this problem. U is the operator which
changes all spins ¢; to —o;.

The eigenvalues and eigenfunctions of U are very
simple. Since U?=1, the eigenvalues are ==1. U operat-
ing on any state given by »: (o1, o3, - -, ¢,) changes it
to a new state Uy: (— o1, — 09, - -+, —0,). For each pair
of states » and Uw as described above, there is an “even”
and an “odd” state given, respectively, by »+ Ur and
v—Uy. In the “even space” U=I" and in the “odd
space” U= —TI'. Each subspace is of dimension 27, In
this representation U has the form

where I’ is the 27! identity matrix and O is the 27!
dimensional null matrix. In this same representation
3(I+-U) and 3(I—7T) are, respectively, the projection
operators
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Vs, V1, and all the operators used in describing them,
including the {X,}, {Y,}, and {Z,}, commute with U.
This means that in the representation above, all these
matrices must be of the general type

where X denotes some 2*~! dimensional matrix. In par-
ticular, since X,, Y,, and Z, contain [I—(—1)"U] as a
factor, these operators must be of the type

X:0
...... ) for » odd
0:0
and
0:0
( ...... Teeenns for 7 even.
0:X

The nonsingular part of the projection operator R, is
at most of dimension 271,

Equipped with the multiplication table (4.35) and
some simple properties of the X,, Y,, and Z,, we return
again to the eigenvalue problem (4.34). Matrices such as
(4.35) have been. studied extensively, particularly in
connection with representations of the rotation group
and the Lie algebra discussed in Appendix 5. One need
not be an expert on such things, however, to solve this
problem.

Wefirst observe that a transformation with exp(iz,Z,),
with z, a constant, produces the following transforma-
tion of the X,, Y,, and Z, (r5£0, #):

exp(iz,L,) X, exp(—i2,Z,)= X, cos2z,+Y, sin2z,,

exp(12,Z,)Y, exp(—iz,Z,)
= —X, sin2z,+ Y, cos2z,,

€xXp (iZ,Zr)Z, CXP(—- 12.L,)=1..

(4.36)

If we imagine the X,, Y,, and Z, to be orthogonal vec-
tors, then the above similarity transformation also pro-
duces an orthogonal transformation of the vectors X,,
Y., and Z,. In general any orthogonal transformation of
the X,, Y,, and Z, can be produced by a similarity
transformation of the type

exp(z.L,+y.Y,+x.X,). (4.37)

This correspondence between orthogonal transforma-
tions and similarity transformations is the basis for the
theory of representations of the rotation group and
also underlies the Dirac theory of the electron. A
generalization of this is also the basis of Kaufman’s
scheme for solving the Ising problem.

If now we should expand the exponentials in (4.34)
using the rules (4.35), we can express U, as a constant
plus a linear combination in R,, X,, Y,, and Z,. Note
that any power of X,, for example, is either X, or R.,.
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By using a transformation of the type (4.37), which
leaves R, invariant, we can eliminate Z, and Y,. If we
considered the linear expression in X,, Y,, and Z, as a
vector, then this procedure is identical to the rotation
of coordinates so that the vector is along the “X axis.”

It will not be necessary to find this transformation
explicitly. We can easily show that U, is transformed
into the form

U.~(I-R,)+R, coshy,+ X, sinhy,=exp(v.X,) (4.38)

" (~ indicates similarity). We already have argued that
this expression will be linear in R, and X,. In addition,
we know from (4.34) that the projection 3(I—R,)U, is
a unit matrix (since X,, Y,, Z,, and R, all vanish in this
space) and is unaffected by the transformation (4.37).
Furthermore, we see that transformation of (4.34) by
exp(3miZ,) changes both factors of U, into their re-
ciprocals, X,—»—X, and Y,—»—Y,. U, and U, are
therefore similar and |det U,| =1. Since this property
also must be preserved by a similarity transformation,
the coefficients of R, and X, are restricted in the
manner indicated.

The problem of finding v, is very easy because the
similarity transformation affects only the coefficients
of X,, Y,, and Z, leaving the coefficient of R, unaltered.
coshy. is therefore the coefficient of R, in the original
expansion of U,:

coshy,=cosh2K’ cosh2K*

—sinh2K’ sinh2K* cos(rm/n). (4.39)
Since X,, Y., and Z, commute with operators of a differ-
ent index, we can apply the appropriate transformations
for each » to V,V; and bring all U, simultaneous into
the form (4.38).

We have thus established

V.Vi~exp[ —3(voXo+2v:1 X1+ - -

+27n—lxn—1+ 'Ynxn)]y (440)

where
vo=K*-K' and v,=K'+K* (4.41)
are also consistent with (4.39).

We have not as yet commented on the sign of the v;.
The signs of vo and v, are defined by (4.41) but except
for j=0 and #, only |v;| are defined by (4.39). This is
all that is necessary, however, because the transforma-
"tion exp (3inZ,) sends X, into —X, [Eq. (4.36)]. Equa-
tion (4.40) is thus valid if we replace X; by —X; or v, by
—9. (j%0,n). For convenience we shall hereafter
choose all v, (750, ) as the positive solution of (4.39).

Since the X, commute, they can all be simultaneously
diagonalized. The X, satisfy the equation

X, (X2—1)=0; (4.42)

therefore they have eigenvalues X,=0 or 1.
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All eigenvalues of V,V; must be of the type

A=elrr, et oor 1 for r=0,n, (4.43)

A=¢e¥, ¢ or 1 for r#0,n.
Unfortunately, the converse of this is not true; not all
A of the type (4.43) are eigenvalues of V.V, (there are
37+ possible combinations of (4.43) but only 2” eigen-
values). Even though the X, can be simultaneously
diagonalized, the subspace in which X, is 41 might be
a space in which, for example, X; could be only 4-1.
We are still confronted with the task of determining
which combinations in (4.43) are allowed.

We can very easily eliminate a large number of the
solutions of (4.43) by recalling that in the even space
(U=+7T), X,=0 for all odd 7, whereas in the odd
space (U=—1T"), X,=0 for all even . We therefore
know that either the A, with  odd are 1 (in the even
space) or A, with 7 even are 1 (in the odd space),

A= )\1)\3)\5‘ c or A= )\0)\2)\4' . (444)

Whereas the spinor analysis method automatically
gives all the eigenvalues and their degeneracies, the
problem of completely disentangling the proper combi-
nations of the above is at this state a rather tedious
operation (although not a difficult one). Fortunately,
we are interested only in the largest eigenvalue of V,V;
and perhaps also in any that are asymptotically de-
generate with the largest.

The problem is to determine the simultaneous eigen-
values of the X,. To find at least some of these we
consider

2n—

n 1
A[)"‘—"—Z C]': X,-.

=1 r=0

(4.45)

The C; all commute and are very easily diagonalized
simultaneously. Since C;?=1, the eigenvalues of C; are
+1 and since the C; are direct product matrices, the
eigenvalues of C; do not depend in any way on the eigen-
values of other C;. The 27 eigenvalues of A, are given by

—Ado=+1+£14+14-- 41, (4.46)

There are # terms in (4.46) and the 2* solutions are
obtained by selecting all possible combinations of the 4=
signs. If the C; are all diagonalized, then U=C,Cy- - -C,
is also diagonal and has the value =4=1 accordingly as
the right side of (4.46) has an even or odd number of
minus signs. In particular we note that the lowest
eigenvalue of A, is nondegenerate, belongs in the even

space, and has the value
Ao=—mn. (4.47)

The next lowest eigenvalue of A, is degenerate, belongs
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Fi16. 15. The specific heat of the two-dimensional Ising lattice
with (1) J=J"' (isotropic), (2) J=100J’, and (3) J'=0 (linear
chain) (see reference 4).

in the odd space, and has the value
A0= --n+ 2_ (4.48)

Returning to (4.45), we also recall that for U=+T1,
all X, for r even vanish. There is one eigenfunction of
the X, which gives

Ao= —71=X1+X3+ ° '+X2n—1
2X14+2X 3+ -+2X ot X, for z odd

Clax 42Xt 42X for # even.

Since the X, can be only =1 or 0, there is only one way
that this equation can be satisfied, namely for all X,
(r odd) to have the value X,= —1.

This simple argument tells us that V,V; has an
eigenvalue

exp[3(2vi+2vs+ - -+ 2yn2tvn) ]
for n odd
A= (4.49)
exp[3(2yi+2vst+ - - -+ 2vn1) ]
for n even

or by extending the definition (4.39) of v, for j>n

M=exp[3(vitvst -+ van1) ] (4.50)

By comparing this with other expressions in (4.44),
we see that this is certainly the largest eigenvalue in
the even space. The next largest in this space is smaller
by at least a factor ¢~7*. Comparison with the possible
eigenvalues of the odd space shows that this is also
larger than any of these but one of the possible eigen-
values of the odd space is asymptotically equal to the
above, namely the solution with all positive ex-
ponentials.

There is one final question to be answered. Is the
solution of (4.44)

A=exp[3(|vo| +votvet - +v2n2)]

really an eigenvalue of V,V,? To obtain a partial
answer to this question we notice again (4.48) and ob-
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serve that in the odd space, the smallest eigenvalue of
Ao is

Ao=—n+2=Xot+Xot -+ Xona
Xo+2Xo+2X4+ - -+2X o+ X, forneven
X 2X o 2X - 42X for # odd.

The X, cannot all simultaneously be —1 for this would
contradict the above being the lowest eigenvalue of A,.
The only possible solutions of the above are Xo=-1
and all other X;=—1, X,=+1 (for # even) and all.
other X;=—1 or some X ;=0 (50, ) and all other
X ;=—1. We shall not pursue further the question of
which of these possibilities are really solutions (it turns
out that they all are). The solution of particular in-
terest is the case Xo=-1 all other X;=—1, for this
leads to the largest eigenvalue of V.V, in the odd space:

A=exp[3(—votvatvat - Fvmro)]l (4.51)

If K*<K', yy=K*—K’ is negative and for large »
approaches the value of —v;. If K*<K’, A\_ and A\,
are asymptotically degenerate. At K¥*=K', v, changes
sign and for K*> K’ the degeneracy no longer exists.

The situation here illustrates very nicely the predic-
tions made in Sec. 3. There we predicted that if a phase
transition exists, at least in the case K'=K, it occurs at
K'=K*, the point where this degeneracy disappears.
We also saw that a degeneracy of the largest eigenvalue
is associated with long-range order, thus the critical
temperature truly represents a transition from an
ordered to a disordered state.

To complete the analysis of this section, we find an
asymptotic expression for Z. As shown by Eq. (2.4) a
degeneracy of the above nature has no effect upon the
thermodynamic properties derived from Z

lim (nm)™ logZ—3 log(2 sinh2K)

= 7111_13 @) (vitvst -+ vanr)

=lim (2#)~! Y cosh™'[ cosh2K’ cosh2K*

r=1

—sinh2K’ sinh2K* cos((2r—1)7/n)]

= (4r)1 f dwy(w), (4.52)

v(w)=cosh™ (cosh2K’ cosh2K*
—sinh2K’ sinh2K* cosw).

This expression does not show the symmetry in K
and K’. We can obtain a more symmetric form by con-
verting (4.52) into a double integral using the relation

27
f log(2 coshx—2 cosw)dw=2mx.
0
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This yields
lim (nm)logZ=1log2

n,Mm—>%0

+3 “2f dwf dw' log (cosh2K cosh2K’

—sinh2K cosw—sinh2K’ cosw’). (4.53)

4.3 Thermodynamic Properties

In Secs. 4.1 and 4.2, we have derived by two quite
different procedures the partition function of the two-
dimensional square Ising lattice. The result of this
calculation was

hm (nm)~! logZ =log2

+ir2 f f log (cosh2K cosh2K
0 0

—sinh2K cosw—sinh2K’ cosw’)dwdw’.  (4.18)

This expression shows the symmetry with respect to
interchange of K and K’. One of the integrals is easily
performed using the identity

f log(2 coshx—2 cosw)dw=mx
0

to give the less symmetric form

lim (nm)'logZ

—1 log(2 sinh2K)+ (27)~1 f o @)ds, (4.52)

where

coshy(w)=cosh2K’ cosh2K*
—sinh2K’ sinh2K* cosw.

Although the above integrals are not of a common
type, the thermodynamic functions involving deriva-
tives of these integrals can be expressed in terms of
elliptic functions. The analysis of these integrals for
arbitrary K and K’ is given in Onsager’s paper. This
analysis is considerably simplified if we let K=K’
as we shall do in the following: v(w) is then given by

coshy(w)=cosh2K ctnh2K — cosw.

XX
XXX

<><

Fic. 16. The Kagomé lattice.
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4] vz v

F16. 17. A square lattice with four independent coupling constants
denoted by Jy, J», J3, and J4.

The internal energy per particle is found from
E=kT29[ (nm)—logZ /0T

= —J3[ (nm)~'logZ]/0K

=—J coth2K[ 14 271(2 tanh22K— 1)K (k1) ], (4.54)

where

(1.6)

k1=2 sinh2K cosh—22K

and K(k,) is the complete elliptic integral of the first
kind,

/2
K(hy) = f (1— kg2 sin?)~Hdo.
0

The critical point for this system has already been
predicted in Sec. 3.1 as the point where [sinh2K,|=1.
For K=K, k=1 and 2tanh2K=1. Even though
K (k1) has a logarithmic singularity at k=1, the coeffi-
cient of K;(k;) vanishes linearly with the result that E
is continuous at T'.. There is no latent heat.

The specific heat is, however, given by

C=09E/oT.

Since one of the terms of E is proportional to | 7'— T
Xlog|T—T,| near T=T,, there is a term in C which is
proportional to log|T—7T,|. The specific heat has a
logarithmic singularity at T'=T,.

The more complicated analysis of the general case
K# K’ shows that the specific heat still has a logarithmic
singularity at a temperature given by

sinh2K sinh2K’'=1. (4.55)

If we fix J+J', the spin-spin internal energy at 0°
Kelvin, and let J’ become small. The critical tempera-
ture becomes smaller. If J'=0, the two-dimensional
lattice degenerates into a system of independent one-
dimensional chains which, as already seen, has no
critical temperature. As J'—0, the critical point tends
toward T=0 and finally disappears for J'=0. (See
Fig. 15.)

5. OTHER LATTICES

The detailed analysis in the previous sections has
been primarily restricted to properties of the square
lattice. Other lattice types have been considered by
several authors.?*=» However, when these types have
been successfully treated, the results have not differed
in any very interesting way from the properties of the
square net. We shall therefore only briefly summarize
the calculations that have been done.
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(a)

F1c. 18. (a) is obtained from Fig. 17 by setting J;=0, thus
eliminating the bond so designated. (a) can then be deformed into
the hexagonal lattice (b). The partition function depends only
upon the J’s and the topology of the lattice.

(b)

The triangular and hexagonal lattices which have
already been described in Sec. 3.1 can be solved ex-
actly by essentially the same technique used for the
square lattice. Another lattice that has been treated in
the same way is the Kagomé lattice,” a woven bamboo
pattern as shown in Fig. 16.

All these lattice types can be considered as special
cases of a generalized square lattice.?” In this gen-
eralized square lattice we introduce several interaction
constants. For example, we may use four different
constants, one for each of the four nearest neighbors as
shown in Fig. 17. Each bond is labeled with its coupling
constant.

The techniques used for solving the usual square net,
particularly the method of spinor analysis, can with
minor modifications solve this more complex lattice.
It is in fact possible to solve exactly a square net with
even more complex arrangements of coupling constants.
The details of such will however not be given here.

We shall notice that from the solution of this lattice
we obtain as special cases, the solution for both the
triangular and hexagonal lattices. If we set J;=0 we
eliminate the bonds so designated. The resulting lattice
shown in Fig. 18 is then deformable into the hexagonal
lattice.

If, on the other hand, we take the limit J—, the
spin pairs so coupled must take the same values. They
therefore act as a single particle. The lattice resulting
from bringing the particles joined by J; into a single
particle gives the triangular lattice.

The Kagomé lattice is a special case of a more com-
plex square lattice. The specialization is illustrated in
Fig. 19 where we have designated by « and 0 those
honds of the square lattice whose coupling constants
are « and 0, respectively.

With but a few special exceptions mentioned below,
the properties of these lattices are of the same general
type as the regular square lattice discussed in Sec.
4.3. They all exhibit a logarithmic singularity in the
specific heat corresponding to a transition from an
ordered to a disordered state. The critical temperature
depends upon the values of the various coupling con-
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stants, for example, the critical temperature of the
triangular lattice is given by the solution of

(cosh2K; cosh2K 3 cosh2K 4
~+sinh2K, sinh2K; sinh2K )2
= 2+sinh?2Ky+sinh?2K 3+ sinh?22K 4

K;=J;/kT. (5.1)

The exceptions to this type of behavior are furnished
by special antiferromagnetic lattices which have no
“perfectly ordered” state. An example of such is the
triangular lattice for which the three coupling constants
are all exactly equal and negative J;=J.=J;<0.
Each particle tries to have its spin opposite to that of
all its neighbors. One readily sees that it is not possible
to arrange positive and negative spins so that each spin
in the lattice is different than all its neighbors. There is
no ordered state as for example in the rectangular and
hexagonal lattices illustrated by Fig. 20.

This triangular lattice fails to have a transition if and
only if one or three J;’s are negative and the two
weakest |J;| are exactly equal. All these cases lack an
ordered state. It is interesting that, if one or three J;
are negative and we let the two weakest |J;| approach
equal values, the value of 7, becomes smaller and
smaller until it finally disappears at 7'.=0 much as the
singularity in the two-dimensional square lattice
vanished as we let one of the couplings go to zero.

Even in the general case J;#Jy#J;, it is possible
to obtain both a dual transformation and a star-
triangle transformation as in Sec. 2. These are obtained
in the same manner as before but the algebra becomes
more cumbersome. The fact that certain triangular
lattices have no transition does not imply, however,
that the hexagonal lattice has any such solutions of
physical interest. By applying the star-triangle trans-
formation to these special triangular lattices one finds
that they correspond to hexagonal lattices with imagi-
nary couplings. All hexagonal lattices with nonzero real
coupling constants have phase transitions.

The triangular lattice may be considered as a first
step toward the solution of a nearest and next nearest
neighbor square net problem. We can deform the tri-
angular lattice as shown in Fig. 21. It is then apparent

OJ]® o Jo®lol=

F16. 19. By eliminating those bonds designated by 0 and joining
points connected by the bonds «, one can deform the above lattice
into the Kagomé lattice of Fig. 16.
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that the triangular net is a square net with an additional
interaction along one of the diagonals. Unfortunately, it
has not been possible to solve the case of interactions
along both diagonals. Indeed none of the cases con-
sidered involve interactions that ‘““cross.” The difficulties
here are remindful of those in the three-dimensional
lattice where the topology of closed paths involve knots.
It would appear that this also may be a very difficult
problem.

The partition function per particle Zg, of a hexagonal
lattice is given by?¢

1 2T 27
log(3Zu)=—- f f logd{cosh2K, cosh2K
167"2 0 0

X cosh2K 3+ 1—sinh2K, sinh2K 3 cosw;
—sinh2K; sinh2K; cosws
—sinh2K; sinh2 K, cos(wi+ ws) }dwidws.

That of a triangular lattice Zr is given by

1 27 27
log(3Zr)= 8__ f f log{cosh2K, cosh2K,
1] 0

7'.2
X cosh2K 3+ sinh2K; sinh2 K, sinh2K 5
—sinh2K; cosw;—sinh2K s coswe
- smh2K3 Cos(w1+ w2) }dwlde.

6. SPECIAL PROPERTIES OF THE TWO-DIMENSIONAL
ISING LATTICE

6.1 Ferromagnetism

Perhaps the most interesting feature of the Ising
lattice is its spontaneous magnetization, a necessary
feature of any ferromagnet. Peierls?® was the first to
show that the Ising model was ferromagnetic and series
expansions for the spontaneous magnetization were
long ago given for low temperatures by van der Waerden?®
and Ashkin and Lamb.!

The magnetization per particle has already been
defined as

N
M=N""u3 ¢;=N"1910gZ/09.

=1

6.1)

Fi16. 20. For an antiferromagnetic square or hexagonal lattice, a
state of “perfect order” exists. This state is illustrated with circle
describing up (or down) spins and «x describing down (or up) spins.
Such a state does not exist for the triangular lattice.

ISING MODEL OF FERROMAGNETISM

375

F16. 21. A triangular lattice can be deformed into the above form
which can be interpreted as a square lattice with interactions
along one of the diagonal directions.

To be ferromagnetic, a system must have a discon-
tinuity in M(H, T) as a function of H at H=0 and T
less than some critical temperature 7. If we take the
limit M (H, T) as H—0 from positive values of H, then
M0y, T)>0. The ferromagnet retains its magnetiza-
tion in the direction of H even after the magnetic field is
turned off. If, on the other hand, we let H—0 from the
negative side, then M(0_, T)<0.
The energy levels of the Ising lattice are given by

N
~J L awi—sH ¥ o

=1

If we change the direction of the magnetic field (H—— H)
and all the spins (¢;—>—¢;), the energy remains un-
changed. Since Z involves the sum over all ¢;=4-1 or
—oj==%1,

Z(H)=Z(—H),

MH)=—M(—H).

For any finite lattice M(0)=0. This is apparent
since, for a finite lattice Z is a sum of a finite number of
functions each analytic in H. Z and M must therefore
be analytic in H, and M(H)=—M(—H) implies
M(0)=0. If, however, we allow the system to be in-
finite, Z becomes the limit of a sequence of analytic
functions which is not necessary analytic. To calculate a
spontaneous magnetization, it is necessary to first let
N—ow then let H—0. If we put H=0 first, we shall
always obtain M (0)=0.

Although we do not have a solution of the Ising prob-
lem for arbitrary H, the spontaneous magnetization
depends only upon the behavior of Z(H, T) for small H
to terms linear in H.

The existence of a spontaneous magnetization was
first proved on the basis of the low temperature expan-
sion of Z. Regarding Eq. (2.25), we note that because of
the symmetry with respect to changing o to — o,

g(]v) Zvl) ATI?) =g(Ny N_]VI, Z\Tlﬁ)y

where N, is the number of ¢’s that are 41 and N—N,
the number that are —1. We combine the terms of
(2.25) with N>N/2 and those with N=N/2 to obtain

Z=2eNEK2 % % g(N, Ny, Ni)

Ni2 Ni<N/2

Xexp(—2KNy,) cosh[ (N—2N1)ud].

(6.2)

(6.3)
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(The one term with N;=N/2 for N even is incorrect by -

a factor of 2 but this error is negligible for large N.)

For N is finite, (6.3) is a function only of £? and
therefore gives M(0)=0. For low temperatures and
positive K, the main contribution to Z comes from
terms with N12<&KN¢/2.

The existence or nonexistence of a spontaneous mag-
netization hinges on the dependence of N, on Ni.
These two are certainly not independent quantities for
example NV12=0 implies ;=0 or N.Ina one-dimensional
lattice, there is, however, very little correlation between
N, and N5 for N12>0 because each unfavorable bond
(joining unlike spins) gives a boundary between regions
of e=+41 and ¢=—1. One can shift these boundaries
almost at will. Such a shift leaves V12 unchanged but
N, depends upon the length of the regions with o=-1.
One can make all regions with ¢=-+1 small to give a
small N; or make them all large to give a large N;.

In two or three dimensions, the situation is quite

different. The correlation between N; and Ny, is much

stronger. The feature we will want to exploit is that
small N implies small Ny (or small N—Ny); if there
are few unlike pairs, then most particles must have the
same spin. This difference between the one-dimensional
lattice and those of higher dimension is the cause of
most of the marked dissimilarity of the thermodynamic
and magnetic properties of the one-dimensional lattice.

The dependence of Z on H is contained in the factor
cosh[(N—2N)u$] and the spontaneous magnetiza-
tion comes from first allowing NV to become infinite and
then letting u$9—0. The behavior of Z for small § de-
pends strongly on whether or not for most states
N—2N—o as N—o. Such is the case in two or three
dimensions at sufficiently low temperatures because a
low temperature implies that Nj, is small for most
states and therefore N;/N is also small. (In one dimen-
sion such is not true.)

If N;/N<1 for most states as N—o, then for any
nonzero u9,

cosh[(N—2N,) 9% exp[(N—2N1) [ nD| ]

for most states. Here lies the source of the spontaneous
magnetization, for if we now let |u$|—0. Z contains
terms linear in |u$| leading to a nonzero magnetiza-
tion for §—0 and a discontinuity. For very low tem-
perature and small 9,

Z(H)~Z(0) cosh(NuD)
M(H)~up lim tanh(Nu®)=

uw for H>O0
(6.4)
—u for H<O

(except in one dimension).

A closed expression for M(0) as a function of T has
not been derived by combinatorial methods although
rather lengthy series expansions have been calculated
(see Sec. 7). The spontaneous magnetization of the two-
dimensional Ising lattice has been derived, however,
using algebraic methods. This was done by Yang® (it
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was reported but never published by Onsager at the
Cornell Phase Transition Conference, 1948) using a
first-order perturbation of the solution of the Ising
problem in zero field. We shall only indicate here the
preliminary steps to this calculation. Although the basis
for the method is quite obvious, the detailed calculations
are both tricky and tedious.
In Eq. (2.14), the partition function is written as

Z= (2 sthK) nmi2 trace (VsVle) m
~ (2 sthK) m",‘z)\mm axy

where Amax is the largest eigenvalue of

V;V,Vi=V,V+ /.L\S:)(f_: s;) VoVt - .

=1

We write Amax= Almax+ #ON max With Aoy the largest
eigenvalue of V.V, and we determine Nax by the usual
first-order perturbation theory.

Perturbation theory is somewhat more elegant if the
matrices are symmetric because then the eigenfunction
are orthogonal. Instead of treating the matrix V;V,Vy,
Yang considers matrix V*V;V,V;? which is similar to
the above but also symmetric. This is not a generaliza-
tion of the symmetric matrix P of Sec. 2. Such a matrix
would be V2}V;tV,V3V,i All three of these matrices are
similar and therefore have the same eigenvalues. One
should be able to carry through all the analysis irrespec-
tive of representation but to avoid confusion we use
here the same matrix as Yang. We therefore write

VﬁV3V2V1%= V15V2V1%+ M@Vl% i SszVl%.

=1

Perturbation theory warns us that we must distin-
guish between cases where Ny.x is degenerate and cases
where it is nondegenerate. We therefore consider sepa-
rately the cases T>T,and T<T..

We have seen (Sec. 3.2) that for 7> T, the largest
eigenvalue of V;#V,V,? is nondegenerate and its eigen-
function {4 belongs to the space of even functions.
Each of the matrices V; and V; commutes with U,
thus they send even functions into even functions and
odd functions into odd functions. s;, however, anti-
commutes with U, it sends even functions into odd
functions and vice versa. The perturbing term above
therefore has no diagonal elements in the representation
in which V}V,V,? is diagonal and

A’mnx"= (lb+, Vl* Z SjV2V1%ll{+) = 0

=1

For T>T, there is no correction to A linear in §, thus
no spontaneous magnetization.

For T<T,, the situation is quite different. We have
seen that A%y.x is then twofold degenerate in the limit
n— ., There is an eigenfunction ¥ in the even space
and an eigenfunction v_ in the odd space. The perturba-
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tion “‘splits” the degeneracy, and we have a situation
quite analogous to the anomalous Zeeman effect in the
quantum theory of the hydrogen atom.

The first step in a perturbation procedure is to con-
sider separately those parts of the matrices correspond-
ing to the space in which A%, .x is degenerate. In this case
we consider the 2X2 section of the matrices correspond-
ing to the space ¥ and {¢_. We wish to choose a repre-
sentation in which the 2XX2 part of both the zero-order
and first-order matrices V,*V,V* and

Vid 3 s Ve Vi,

=1

respectively, are diagonal. This portion of the matrix
V1#V,V,# is simply AOy.x times the 2X2 identity matrix
and is invariant to any transformation of ;. and .
It will bediagonal in any representation including that in
which this part of the first-order matrix is diagonal.
The 2X2 portion of the first-order matrix is symmetric
and has zero diagonal elements in the representation
4+ and {¢_. The first-order eigenfunctions are therefore
24 (£ 1) and

Nomaw= (20 4, Vb T s, VaVii2 4 (et 4) .

=1

"Since V1%V2V1§(115++ d{—) = komax(‘l‘f++ ‘l’.’—))

)\’muxz%)\omax[(q»H'*_ lk—)9 Vl% i sivl—%(¢++ d!—)]

= )\omax(lh—a Vl% i SJ'VI_%']J-F)

=1

because s; has no matrix elements connecting {; to {4
or {_ to {_ but s; is symmetric.
Using (6.1), we see that to order 9,

M=% 10ghnax/ 0D =#"1uN max/Amax
=nu(l-, Vit 20 s;Vitidy).
=1

Since each point in the row is equivalent to any other
point, each of the » values of j give the same contribu-
tion ; therefore,

M=p(-, Vs, Vi),

The magnetization is thus described by a single
matrix element which formally looks quite simple. The
evaluation of it is, however, rather complicated even
though the answer is relatively simple. Yang®® found
for K=K'

| M(0) | =p(1+22) (1 — 2)~H(1— 622+ 2)®

z=¢ 2K,

(6.5)

Near the critical point z=z,=V2—1, M(0) has a
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Fi16. 22. The spontaneous magnetization of the two-dimensional
Ising lattice is plotted s the temperature (curve 1) (see refer-
ence 29). Curve (2) is an extrapolation of the low temperature
series expansion in powers of z=¢72X, including terms of order
212 [deduced by van der Waerden (see reference 8) and Ashkin
and Lamb (see reference 16)]. Curve (3) is the expansion to terms
of order 2!® as given by Domb (see reference 34), the longest series
known prior to Yang’s exact treatment.

branch point
M(0)~u[4(V2+42)(z,— 2) V8.
The magnetization M (0, T) is shown in Fig. 22.§

6.2 Correlations

Aside from the usual thermodynamic quantities, one
is also interested in the correlations between spins at
different lattice sites. Such correlations are observed
experimentally in x-ray diffraction effects.

A great deal of literature exists on approximate
theories of ferromagnetism and binary alloys based
upon short-range and long-range correlations. A review
of such work would carry us far away from our purpose
here. This voluminous literature has been reviewed
elsewhere. :

Exact expressions for correlations have been calcu-
lated only for the two-dimensional square Ising lattice.3
The correlation of the sth spin to the jth spin is defined
as the average of ¢, if 0;=-+1. We may re-express this
in many ways. It is also the average of ¢; if o;=-1, or
the negative of the average of o; if o;=—1. The most
convenient expression is the average of o;0; written
below as {o;0;). The equivalence of these definitions is
apparent since o;= 1 with equal a priori probabilities.

(o505 is calculated from
(ciop)=27"1 2 -+ ¥ oijexp(—E/kT). (6.6)
o=kl oN=%1

These averages are evaluated by again using matrix
expressions. For a two-dimensional lattice, let ¢j; be
the spin of the particle in the jth row and kth column.

§ Note added in proof: Formulas for the magnetization of the
asymmetric square and triangular lattices have been presented
by R. B. Potts [Phys. Rev. 88, 352 (1952)]. The formulas of the
f((irgn;g‘]were also given by C. H. Chang [Phys. Rev. 88, 1422
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F1c. 23. Correlation coefficients of the two-dimensional square
Ismg lattice as a function of temperature (see reference 30);
(a) 011612), (b) {o11022), () {(o11013), (d) (o11023), (&) (on1014), and
(f) M2. Since, as one observes from the figure, these averages are
monotone functions of the distance between the points, the long-
range correlations approach a limit M2 independent of direction
on the lattice.

If v, represents the state of the kth row as in Sec. 2.1,
then (6.6) can be written in the form

on

Vs Z Z Pulvgx

vi=1
X Prj19j(s8)vj»iPrjvigaX -+«
XPVq,._lva(Sb)vavanamH,.lx e XPl’m”l;

<‘7i/f"'ab>

vm=1

where P,,- is the matrix defined in Sec. 2.1. The above is
again expressible as the trace of a matrix product,

<0'jlc0'ab> =71 trace (P j—ISkPa_*iSme‘—'H'l)

=Z"1trace (s;Peis,Pm—oti), 6.7)

The right side depends upon @ and j only through the
combination of j—a as is to be expected physically as a
result of the periodic boundary conditions. Also it
depends upon & and ¢ only through k—a because the
matrix P is invariant to a cyclic permutation of the
particles in a row. One needs only consider (c1104s).
Also the correlations are independent of reflections
about vertical or horizontal lines, they depend only
upon ]a 1| and |b— 1[, thus we need only consider
1<e<im+1and 1<b<in+1.

Since the trace is invariant to a similarity transforma-
tion, we apply the transformation which diagonalizes P.
Let W be this transformation matrix,

(o110ap)= (E At Z Ao (O-lg Pols ) 5.

=1

(6.8)

Since a—1<m/2, m—a+1 will be large for m large and
we need only consider the values of / corresponding to
the largest eigenvalue. For T">T,, the largest eigen-
value is nondegenerate and we neglect all / but one:

(0110 65) > Nmax™ " (4, 1P 50). (6.8a)

For T'<T, the largest eigenvalue is doubly degenerate,
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in which case

(”lldab>§%)\max—a+l[('ll+; slPa_lsb‘lH)
+ (‘L’-) SIP"_ISbIL'_)].

The correlations between nearby point (¢ and b
small) in an infinite lattice (m and n—) are used to
describe “short-range order.” Long-range order already
discussed in Sec. 3.2 is described by the limit of {o11045)
as ¢ and b— o (after m and n— ).

The correlations have been calculated by Kaufman
and Onsager for several of the nearby pairs of points.
The detailed evaluation of the matrix elements (6.8a,b)
is again a rather tedious operation. The results of these
calculations are plotted in Fig. 23.

Long-range order and spontaneous magnetization
describe essentially the same thing as we shall see below.
One can very easily see from (6.8) and (6.8a) that no
long-range order exists for 7'>T'.. If we let =1 corre-
spond to the largest eigenvalue (it is nondegenerate),
then

(6.8b)

<0' 110q b>_>>\ 1——a+1 (wﬁls 1\IPIII._1PG_1‘IP\F—1 S b‘F) 11

as W—> 0

on
= \ot Z (\If'“sl\ll') 1Nt (‘I“”lsb\lf) i1

=1
— (P18 1 (W80 1
as a—>0

=(o1)o15)=0

because both ¢1; and o1, are zero. Thus, we again
prove that long—range order cannot exist unless the
largest eigenvalue is degenerate.

We might look at this from a slightly different pomt
of view. Suppose |M|=M 0., T)=—M(0_, T) is the
spontaneous magnetization per particle, V; the number
of “up” spins and N, the number of “down” spins, then

|M|=|N1—N,|/N==+(N:1—Ny)/N, N=N+N,.

The =+ is chosen accordingly as the magnetization is in
the positive or negative direction (up or down). This
gives :
Arz/Nl-:-‘%(l:F IMI).

Ny/N=5(1=x[M]),

We now ask what is the average magnetization if one
spin (call it oy1) is positive? We use the symbol Pr{a}
to denote the probability of the event a. We have just
deduced that

Pr{on>0 if M=-=£|M|}=31=x|M]|).

However,

Pf{0'11>0 and M=:th|}
=Pr{on>0 if M==|M|}Pr{M==x|M|}
=P1’{M=:EIM( if 0'11>0}P1’{0’11>0}
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In the absence of a magnetic field Pr{M == |M|} and
Pr{oyy==1} are all 1. Thus,

P?’{M=:f:!Mi lf 0'11>0}

We find that the average magnetization if ¢1;>0
to be

|M|Pr{iM=|M| if 1;>0}
=3M|(+ M) -3 M- [M])=M"

M? is the conditional average of all spins if ¢1;>0. It
can also be expressed in terms of the correlations above

?= lim (nm)™! f: Zn: (on10ar).

m, n—0 a=1 b=1

As n and m— =, no finite set of a, b contribute to this
sum. We obtain a nonzero M? if and only if {1104 is
nonzero for arbitrarily large ¢ and b. Thus, we see that
the existence of long-range order is equivalent to the
existence of a spontaneous magnetization.

7. THREE-DIMENSIONAL LATTICES

It has already been mentioned that the methods
used in finding exact expressions for properties of two-
dimensional lattices break down when they are applied
to the investigation of three-dimensional lattices. How-
ever, the first few terms have been calculated in certain
power series expansions for the partition function of
three-dimensional Ising lattices. Expansions exist which
are valid in the high and low temperature ranges. These
have been obtained by both the matrix and combina-

3
c/k

Fic. 24. Approximate specific heat curves for the three-dimen-
sional cubic Ising lattice (see references 2, 31). In order of their
apparent accuracy they are (1) Bragg-Williams approximation, (2)
Bethe second approximation, (3) Kirkwood approximation, and
(4) and extrapolation of high and low temperature expansions by
Wakefield known;/to be accurate everywhere except near the
critical point.
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Fi16. 25. Approximate spontaneous magnetization curves for the
cubic lattice corresponding to the curves of Fig. 24.

torial methods. Although it is impossible to base a
rigorous discussion of critical phenomenon on these
series, they give accurate results at temperatures not
too close to the critical point and are useful for the
estimation of the range of validity of approximate ex-
pressions for thermodynamic properties.

Since Rushbrook?® recently published a detailed re-
view of the status of these series, we shall merely state
the best available results for the simple, body-centered
and face-centered cubic lattices and present specific
heat and spontaneous magnetization curves (see Figs.
24 and 25) for the simple cubic lattice. These curves are
compared with those computed on the basis of the
Bragg-Williams and Bethe formulas.

A large number of articles have been written about
series expansions. Some of the more recent ones are
those of Rushbrook® and Wakefield ;** Domb ;* Trefftz ;%
Somers;* Ter Haar;?” Oguchi;*® Tanaka, Katsumori,
and Toshima ;*® and Kikuchi.?

We shall consider only the case in which the inter-
action parameters in all directions are equal. We let

x=tanhK. (7.1)

Then the high temperature expansions for the Nth
root of the partition function (in a lattice of N particles)
are

a. simple cubic lattice

ZYN =2 cosh®K (14 3x*+-22x54 19248

42070210424 943x124-- - -);  (7.2)
b. body-centered cubic
ZUN =2 cosh*K (14 124+ 14826418603+ - - -);  (7.3)
c. face-centered cubic
ZYN =2 cosh®K (148343344 1684°
+962x6+45928x74----). (7.4)

The low temperature series for N'log Z are expressed
in powers of z=exp(—2J/kT),
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F16. 26. Specific heat vs temperature for the spherical model in (a)
one dimension, (b) two dimensions, and (c) three dimensions.

a. simple cubic lattice

/ 7 313
z“*(z“—l—&z“’-— 5212+ 15514 — 33516 —318
3

561
—— 2201840522
2

ZZ4

7485480 45 069

228 ) ; (7.5)
b. body-centered cubic
9
gt (zs+4z“— —2164285%0— 6452
2

145
+7224+ 2042526 — 7865284-11642%

3691
+ 1 z32—8760234+~~-); (7.6)

c. face-centered cubic

13
z—s( 2124 672 — _5224+ 8530

217
+422%2— 120z34+?-z“+24z28+ 12324
+12622—16232%4-2418246+4-- - - ) (7.7

The formulas for spontaneous magnetization are
a. simple cubic!!

M/p=1—225—12514-1422— 90z 192516
—7925184-2148720— 771622423 2625 '

—79 512204252 054224 - - - ;

b. body-centered
M/ p=1-—228— 1651418515 — 1682204384222 — 3142%

Il Note added in proof: The coefficient of 32 is that given in
reference 39, Wakefield (reference 33), however, gives 79530.
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c. face-centered

M /=1~ 22— 2455+ 265% — 4879 — 25255+ 7205
— 438736 — 192736 — 98440 — 1008542 — - - -,

It has frequently been conjectured that the partition
function Z for a three-dimensional lattice is the simple
generalization of the Onsager formula

27
1
loghZi/¥ = f f f
& 22mJ J

Xlog(cbshZK 1 cosh2K s cosh2K 3—sinh2K; cosw;

—sinh2K, cosws— sinh2 K3 cosws)dwidwadws.

When the interaction constant in the z direction, Kj,
vanishes this expression reduces to the correct two-
dimensional formula (4.53). Unfortunately, if one sets
K,=K,=K;=K the high temperature power series in
x=tanhK is not the same as the exact series (7.2).

8. SPHERICAL MODEL

The partition function (1.3) of the Ising model (in
the absence of a magnetic field, §=0) is a multiple sum
whose summand is the exponential of a quadratic form
in the ¢’s. The infinite integral over an exponential of
a quadratic form whose real part is negative definite can
be evaluated much easier than the sum by employing
the formula

%, 7=1

N
f---fexp(~ Z aijoi0;)do1: - -doy

= N2 (det]a,'kl)—*. (8.1)
This suggests that if one could replace the summation
operation in (1.3) by an integration, it might be possible
to evaluate the resulting partition function rather
easily. .

With this motivation Kac proposed the spherical
model of cooperative phenomenon in which the spin
variables {o;} are considered to be continuous rather
than discrete. The ¢’s of the Ising model satisfy the
relations

j=1,2,---, N (8.2)

(8:3)

The spherical model is characterized by the relaxation
of the strong conditions (8.2) and the postulation that
the ¢’s can simultaneously have any real values which
lie on the hypersphere (8.3).

There are certain properties of the spherical model
which are physically unrealistic. For example, the fact
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that the o’s are continuous suggests that the thermo-
dynamic behavior should be classical at low tempera-
tures (for example, the specific heat does not approach
zero as T—0). On the other hand, the magnetic proper-
ties of the spherical model may resemble those of a real
ferromagnetic more closely than does the Ising model.
The two-dimensional spherical model has no transition
while the corresponding Ising does. There is consider-
able evidence* that a real two-dimensional ferromagnet
does not have a transition either; it has been suggested
that the magnetic anisotropy of the Ising model in-
duces the transition in two dimensions.

The attractive feature of the spherical model is that
all its thermodynamic and magnetic properties can be
calculated exactly in one, two, and three dimensions
for any common type of lattice. Also the interaction of a
particle with other than nearest neighbors can be intro-
duced into the spherical model without causing any
significant mathematical difficulties. In three dimen-
sions a phase transition exists with long-range order
below the critical temperature. The thermodynamic
properties have been calculated by Berlin and Kac®
and one of the authors.® Since the recent paper of
Berlin and Kac is quite complete in all the details,
we shall merely outline the methods used and sum-
marize the results.

The partition function (normalized to unity as 7—)
of the spherical model in the absence of a magnetic
field is

Z=Ayx" f . f day- - -doy exp(%KZa,—,-a,-o',-), (84)

N

2 o2=N

i=1
where

Aw= [ [ o dow=2mmio rGN). ©5)

N
2 oi2=N
i=1

All other symbols have the meaning given to them in
Sec. 1. One way of evaluating the partition function is to
introduce the §-function,

1 p N
(V-3 o) =— [ expliy=% oy 80
=1 2m J_o =1
N
into the integrands of (8.4) and (8.5). Since (N — 3" ¢ %)
i=1
vanishes, unless the sphericalization condition (8.3) is
satisfied, the integration over the ¢’s can be allowed to
extend over all real values, — o <g¢;< for all j.
The integration over the ¢’s is then easily carried out by
applying (8.1). The integration over the new variable y
is performed by the method of steepest descents.
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The final expression for the partition function of an
s dimensional-simple cubic lattice is

1
lim —logZ= —3—3 log2K—3 f(2.)+ Kz,

N—®0

(8.7
and the specific heat per particle is

k
C=~2-[1+2K2dz,,/d1<j (8.8)

when a real position solution 2z, exists for the equation

ws
f f . (89)
(27r) 2s— COSwW1— * * * — COSW;

The function f(z;) is defined by

f(z s)*-(—z:)—f fln[zs ;21_‘, cosw; Jdw; - -

When s=1 or 2, Eq. (8.9) has a solution z, for all
0< K< «;that is for all temperatures. Indeed, in these
two cases 2, is an analytic function of K, as is the specific
heat (8.8). No phase transitions occur.

In the three-dimensional case Eq. (8.9) has a real
positive root 2, (which is >3) only when

T>T.=3.95687/k. (8.11)

For T'<T.,, it can be shown that the specific heat per
particle is given by

C=%k, T<T. (8.12)

The function C/k is not analytic in this case. It has a
singularity at T=T,.. The specific heat is plotted in
Fig. 26. Notice that as 7—0 it has a finite limit rather
than zero, the corresponding limit in the Ising model.
Berlin and Kac showed that the long-range correlation
coefficient vanished at temperatures above T, while

(oi/ aiyn/{o PaXodmi—1—(T/T,), T<T. (8.13)

as |7;—r,|— . The spontaneous magnetization is pro-
portional to (1—7/T.)} for T<T..

One might argue that the critical phenomenon dis-
cussed above are caused by a small number of exces-
sively large spins [such are possible according to (8.3)7].
However, the statistical weight of such spins is very
small. It can be shown that

-daw,. (8.10)

T>T.
(0=

(8.14)
3-2(1—-T7/T.)? for TLT..

(Of course, o*=1 in the Ising model.) If on the aver-
age only one spin was abnormally large, say ~3N?%,
and the rest small and equal, we would have (o)
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~N(149N-1)/16 which is in contradiction to (8.14).
Hence, we can say that the existance of even one very
large spin is such an improbable event that it could
hardly be responsible for the critical properties of the
model.

The magnetic susceptibility of the spherical model in
the presence of a homogeneous magnetic field 9 is very
similar to that given by the Curie-Weiss phenomeno-
logical theory of ferromagnetism. In the Curie-Weiss
theory the susceptibility per particle is

x=T*/a*[T—T*],

where T.* is the transition temperature and o* an
empirical parameter. The spherical model with a simple
cubic lattice yields

x=Te/a[TH(T)—T.],

where 7' ~4J/k rather than the Curie-Weiss value
T.*=6J/k. The parameter a=6J/u? is to be identified
with a*. The quantity 4(7T) is defined by

]Z(T) = TCZ;;(S:D)/3T,

where z3(9) is a positive real root of

1 f}f dwidwadws
(27)3 g 23(8) — CoSw1 — COSws— COSW3
26
+ .
2T K [55(9)— 3]

2K=

Berlin and Kac have shown that if one sets 7. *=~T,,
x=(Te*/a)/[Tyh(T)—T.*]. (8.15)

The combination vyA(T) is, in the entire temperature
range 7. <T < oo, restricted by the inequality

3/2>yh(T)>1.

Hence, Eq. (8.15) differs very slightly from the phe-
nomenological Curie-Weiss law.

Interesting results have been obtained by Berlin
and Thomsen* and Lax* by applying the sphericaliza-
tion technique to the theory of electric dipole-dipole
interaction in crystals. It can also be applied to a classi-
cal vector spin model of a ferromagnet.

APPENDIX 1

We stated in Sec. 1 that a very satisfactory model of a
binary substitution alloy or a biilary mixture is mathe-
matically equivalent to the Ising model of a ferro-
magnet.?® Also the Ising model is equivalent to a sim-
plified model of a gas and liquid.* We shall here describe
these models in more detail and show their relation to
the Ising problem. ‘

Let us first consider a binary system of N molecules
of which on the average NV, are of type 1 and N, are of
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type 2. These particles are distributed on lattice sights
and the state of the system is described by giving the
type of particle on each lattice sight. The energy of the
system is chosen to be the sum of the energies of inter-
acting pairs of nearest neighbors. The energy between
pairs is written as E;;= Ej;, if one member of the pairs
is of the ith species and the other is of the jth species.
Furthermore, we let the chemical potential of the jth
species be u;. :

The grand partition function of our system is

Za= Y 2 exp[(umtpane—En)/kT].

nitne=N m

(A1.1)

n; has the significance of being the number of ¢ type
particles; m numbers the states of the system for fixed
ns; and E,, is the total energy of the system in the state
m. The chemical potentials must be chosen in such a
way that the system gives the preassigned composition.

2 Xm

nitna=N m

Xexp[ (uini+ pene—En)/kT]
=kT3 logZ/du:.

N;‘= (n,) =71

(A1.2)

We again represent the “state” of the jth lattice
point by o;==1. ¢;=+41if the jth lattice point is oc-
cupied by a particle of type 1, and ¢=—1 if it is occu-
pied by a particle of type 2. (14¢;)/2 is 1 if the jth
point has an atom of type 1 and zero if it has no atom
of type 1. Thus,

N
% Z (1+0’j),

=1

(51

(A1.3)
N

32 (1—0y).

=1

I

Ny

If 7and j are a pair of nearest neighborson the lattice,
the expression

v(0i, 05)=1Eu(1+0)(1+0;)
+%E22(1—0’,')(1—‘0'j)+%E12(1—0‘,;0‘,') (A1.4)

is Ey1, Ess, or Ejs accordingly as the 7 and j lattice
points are occupied by two particles of type 1, two
particles of type 2, or a mixed pair. v(o;, o;) thus repre-
sents the energy between the pairs ¢ and j. The total
energy is given by
N
En= 3 3a:(0;, 7)),

t,7=1

(A1.5)

where a;; is as defined in 1.4. If we rewrite (A1.1) in the
new notation of the o;, the sums over #;+#ns=N and m
is equivalent to the multiple sum over all o;==-1,

Za= Z e Z eXP[(M1”1+M2”2—Em)/kT]y
or=%1 aN=z%l1
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where in view of (A1.3) to (A1.5)

#1’”1‘*‘ MoTle— E,,
N .

=12 [m(l+0)+p(l—0,)]

=1

=3 2 ai[iEu(l+o)(1+0))

N
1

+iEn(1—0)(1—0;)+3E1(1—0i0) ]
= (N/8)[4m+4us— (Bt Eest+2E1) ]
N
32— 2us—c(Bui—E2)] X o;

=1

N
—(1/8)(EutEn—2Ew) X aijow0;. (AL6)

%,7=1

¢ designates the number of nearest neighbors for a given
particle

(Z ai]-=c).

=1

To finally transcribe this into the notation of the
Ising problem, we define

uH=3[2p1—2ps—c(E11— Ess) 1= uOkT
J=—3(Eut Epn—2Ep)=KkT
a=(1/8)[4p1t+4us—c(Ent Esxt2E15) ],
so that

Za=exp(Na/kET) > -+ 3

o1==%1 oN=+1

(A1.7)

N N
Xexp{K X jayo0+pd X o5} (ALS)

%,7=1 =1
=exp(No/kT)Z;.

Z 1 denotes the partition function for the Ising problem.
We have thus established a simple relation between the
Ising problem and the binary alloy.

The important thermodynamic functions of each are
also related. For example, in the alloy

Vo= (=1 (1o h= N/ 1+ o)

The constant « has no effect upon any average so that
(o)w is the same as in the Ising problem, where the
magnetization per particle is given by

M= o),
thus,

Ni=(N/2)(1+M/w), No=N/2)(1—M/p). (AL9)

If H=0, the Boltzmann factor is invariant to the trans-
formation o;= — o;. Therefore, M= — M =0. The Ising
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lattice with H=0 thus corresponds to a binary alloy
With N1=N2=N/2.

If J is positive, the Ising model is a model of a ferro-
magnet, if J is negative an antiferromagnet. In the
binary alloy, J positive corresponds to a binary mixture
which at low temperatures separates into two phases.
J negative corresponds to a substitutional alloy, and a
phase transition would be described as an order-dis-
order transition with the ordered state having type
1 and 2 particles on alternating lattice sites.

It will be shown in Sec. 6 that the Ising ferromagnet
in two dimensions has a spontaneous magnetization
(also in three dimensions), i.e., M as a function of H has
a discontinuity at H=0 from M= | M(0)| for H=0, to
M=—|M(0)| at H=0_. Knowing the value of M(0)
for H=0, one deduces the critical composition from
(A1.9).

The mathematicdl formulation of the “lattice gas”
model is very similar to the above. As a starting point we
choose the familiar expression for the grand partition
function of a gas enclosed in a volume V,

ZG(Vv My T): Z yNQN/N !7
N=1

y= 2amkT/h?)? exp(u/kT), (A1.10)

QN=f- . f dridry- - -dry exp(— Un/kT).

14

v is known as the fugacity, u is the chemical potential
and Uy is the potential energy of a system with IV
particles. The other symbols have their customary
meaning. ‘

From the evaluation of Z, one deduces the pressure
from

p=FT lim V- logZa(V), (A1.11)
and the density is given by
p= Illim a(V-1logZg)/d logy. (A1.12)

Since either p or $ in addition to ¥V and T is usually
known, one uses one of the above equations to select
the value of u which appears as a parameter in Z.

The lattice gas® is described by dividing V' into cells
of uniform size. For convenience we shall choose the
units of ¥ such that these cells are of unit size. Uy is
expressed as a sum of the potential energies » between
pairs of particles. # in turn is described in this model by

n=+ 0

if the two atoms occupy the same
lattice sight,

u=—4J if the two atoms are nearest neigh- (A1.13)
bors,
1=0 otherwise.
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Fic. 27. p—v diagram
for the two-dimensional
lattice gas (see reference
47). The solid curve is the
exact boundary of the two-
phase region. The dotted
curves are the isotherms.

This interaction has the desirable feature of being
very repulsive (infinitely so) at very short distances,
attractive at intermediate distances, and zero at larger
distances. It qualitatively represents the true inter-
action between gas molecules.

The infinite repulsion between particles in the same
cell prohibits the occupation of a cell by more than one
particle. The energy of the system can be described by
giving for each cell the value of a set of coordinates
cj, 1<j<V. g;=+411if the jth cell is occupied and —1
if unoccupied. In terms of the o;, Uy becomes

v
UN= -J Z %dij(di+1)(6j+1).

i,7=1

(A1.14)

Since the integrand of Qx is a constant over-all cell,
we can replace it by a multiple sum. There will be a term
‘corresponding to each possible allocation of the N
particles among the cells. For any choice of the ¢; there
will be just V! equal terms of the sum corresponding to
the N! permutation of the particles among each other
which leave Uy invariant.

Since 3> (o;+1) is the number of particles in the
lattice, we write

Ov=NIS- -5 exp[ (J/2kT) il a1,

%, 7=

where the multiple sum is over all ¢;==21 with the
restriction 33 (¢j4+1)=N. When we substitute this
into Z, the summation over IV eliminates the restriction
on the above sum, and we write
Zg= Y - X y%Ea‘(-errl)

o1=%l oy==%l

’

Xexp[3K % aij(oit+1)(o;41)]

i,7=1

Z Z exp[%K é aij(fia'i:]

o1=+1 oy=%l i,7=1

It

14
Xexp[ (cK+3% logy) X o] exp[3(cK-+logy)V],
=1
K=J/kT,

where ¢ is again the number of nearest neighbors of a
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particle and V is not only the volume but also the num-
ber of cells.

The formal similarity between Z¢ and the partition
function for the Ising problem is quite apparent. If we
write

logy=2(uH—J¢)/kT=2(uH—cK),
then
Zo=exp[(uO—3cK)V] 2 -+ X

g1=+1 gy=x+l1

14 14
Xexp[3K 2 aijoi0;+pd 2 o]
=1

2,7=1

=expl (WD—3¢K)V]Zr.

From this, we can establish relationships between the
thermodynamic properties of the Ising lattice and of
the lattice gas. Since V is the number of lattice cells,
the free energy per particle F of the Ising problem is

(A1.15)

1or

o8t
"
061
041

021

0 0.4 08 12

Fi1G. 28. Magnetization of the one-dimensional Ising chain as a
function of the magnetic field u$=uH/kT for several values of
K=J/kT.

given by
Zi=exp(FV/kT),

and we find
p=kTV 'logZ g=pH—%Jc+F. (A1.16)

The density is given by

v
p=08V"1logZ/d logy=3V"1Y ((opnt+1)=3(1+M/p).

=1
The specific volume v is given by
v=p"'=2(1+M/p)".

As was pointed out by Lee and Yang,*” the p—v iso-
therms of the lattice gas are closely related to the M, H

(A1.17)

_isotherms of the Ising lattice. In particular a discon-

tinuity in M gives a discontinuity in v. As has already
been noted, the Ising lattice has a spontaneous mag-
netization or a discontinuity in M at H=0 for tempera-
tures below the ferromagnetic Curie temperature 7.
Although the two-dimensional Ising problem for
arbitrary fields has not been evaluated, it is indeed
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fortunate that the interesting part of the diagram for
the two-dimensional lattice gas, namely the condensa-
tion curve, corresponds to H=0 for which we know
all the necessary data. We know the magnetization has
a jump from |M| to —|M| at H=0. We know both
M and F as a function of 7. The Curie temperature
corresponds to the critical temperature above which no
condensation occurs. The two-phase boundary is ob-
tained by evaluating p and v for H=0 and is shown in
Fig. 27.

In conjunction with their study of the lattice gas
Yang and Lee have also proved many interesting
theorems regarding the general properties of gases.
They also announce the solution of the Ising problem
in a magnetic field O=14n/2 or H=17kT/2.

APPENDIX 2

Some of the properties of the one-dimensional Ising
lattice were derived in Sec. 2. One must be an optimist
to expect a one-dimensional system to behave like its
two- or three-dimensional analog. If one is hopeful that
techniques used to solve a one-dimensional problem
will help solve a two- or three-dimensional problem,
his optimism quickly subsides when he tries to apply
them to the Ising lattice.

Despite this, we shall summarize here a few other
properties of the one-dimensional Ising lattice. Although
they may be rather useless, they are at least simple.

There is no difficulty in extending the analysis of
Sec. 2 to include a magnetic field interaction. For such a

system :
K
eK"‘©) ’

eK+ted
p= (
M=eX coshuD+[2X sinh?uD+e 2575 (A2.2)

K
A; is analytic in T for 0<T'< w0, thus there is no transi-
tion (see Sec. 3.2). It has no spontaneous magnetization
since i

M=FT3 logh,/39D
= (u sinhu®)[sinh?ud+e 2K (A2.3)

goes to zero as H goes to zero. M as a function of £
is shown in Fig. 28.
We note that for §=0

A1=2 coshK,

(A2.1)

and

and for K=0
A1=2 coshu®;

thus, the usual thermodynamic properties (excluding of
course the magnetization) for a system of noninteract-
ing particles (/=0) in a magnetic field are similar to
those of a system of interacting particles with H=0.
(This is not true in higher dimensions.)

Even though the system is well behaved, the proper-
ties of the system are quite sensitive to small mag-
netiz fields. If H is small compared with K, the term
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€K sinh?u® in (A2.2) may not be small compared with
2%, We certainly anticipate even a small H to have a
considerable effect at sufficiently low temperatures
since it forces the spins to be all the same as 7—0, but
it turns out that H has an appreciable effect up to
temperatures of the order

T~2J[klog(J/uD) 17,

a temperature which is rather insensitive to H. Figure 29
shows the specific heat vs temperature for some small
values of H/J. In view of the spontaneous magnetiza-
tion for two- or three-dimensional systems, they are also
sensitive to small fields though in a quite different
manner.

As a final remark on this problem, we note that for
H=0, the partition function can be evaluated quite
simply without appeal to the matrix method of Sec. 2.1
or without imposing the periodic boundary conditions.

N—1
ZN)=3% - ¥ ]I exp(Kojoj41).
o1=+1 oN=%1 j=1

Only one of the above factors involves oy, so we can
first sum oy==1.

Z(N)= Z e ):, [ﬁz exp(Ko,~a,—+1)]2 COShKO’N_l.

g1=+1 oN-1=%1 j=1

on-1, however, has only values =1, and coshKoy_;
=coshK.

Z)=2coshK ¥ -+ ¥ [II exp(Koson)]

or=%1 oN—1=%1 j=1

. =2 (coshK)Z(N—-1).
By iterating this and noting that Z(1)=2, we obtain
Z(N)=2% cosh¥ K.

0671

04+
c/k Y

02+

o} 0.5 1'okT/(J+/u H) 15

Fi6. 29. Specific heat vs temperature for the one-dimensional
Ising chain for several values of y=uH/(J+uH). Temperature
is measured in units (J+4uH)/k so that all curves have the same
normalization.
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F16. 30. Star-triangle transformation. The hexagonal lattice is
shown by the solid line and its corresponding triangular lattice by
the broken lines.

APPENDIX 3

We present here a brief review of the properties of
direct product matrices used in Secs. 2.1 and 4.1.

Consider two matrices 4 and B of dimension # and
m, respectively, with matrix elements 4;; and By;. The
direct product 4 X B of A and B is defined as a matrix
of dimension mX#n with matrix elements,

(AXB)ix, 1= A:;B.

The first index of A X B is the pair of first indices 7 and
k of A and B usually considered to be ordered in dic-
tionary order. For example, let # and m both be two

A A By By
an (M), e |

A21 A22 B21 B2‘2

then :

AnBy AuBiiAdieBy A1Bys
A1Bo1r A1uBasiA1aBa  Ai12Bas
AXB= | ceeeeeeeniii b
AnB1y AuBiiAswBy AxBis
AnBor AnBaiABa  AgwBas

Direct product matrices are used extensively (dis-
guised perhaps) in physical problems particularly in
quantum mechanics. If x; represent vector components
in the » dimensional space in which 4 operates and y;
components in an m dimensional space in which B
operates, we can define an #Xm dimensional vector
with components x;y; ordered according to the index
pair (7, 7) upon which 4 X B can operate.

Since

2 (AXB)a, jxiyi=2 AijBrixiy
il nl
= (Z Asjxs) (; By,
7

the direct product operating on a vector xy carries xy
into the vector (4x) (By). AXB is thus the matrix
representation of the product of an operation 4 which

AND

(A3.1)‘
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affects only the x; components and an operation B
which effects only the y; components. In quantum
mechanics the direct matrix product could be used,
for example, to represent the product of an operation
that affects only particle one-wave functions and an
operator that affects only particle two-wave functions.
The most important property of direct product
matrices is the manner in which they multiply. Let
A1X By and A3,X Bs be two direct product matrices.
Then according to the usual rules of matrix multi-
plication,

[(41XB1) (42X Bs) Jir, i1
=3 (A1XB1)it, mn(A2X B2)mn, j1

=3 (A1) im(B)ka(A2)mi(Ba)ni

= (A142):j(B1B2) 1= (A142X B1By) ir, j1,
or

(AIXBI)(A2XB2)=A1A2><Ble. (A32)

This relation is the key to almost all the theorems
regarding direct products. We can immediately con-
clude that if 7" and T* are transformations which di-
agonalize 4 and B, respectively, then T'X T* diagonal-
izes AX B.

(TIXT*YAXB)(TXT*)=(TAT) X (T*'BT)

is the direct product of two diagonal matrices which is
also diagonal. If the eigenvalues of 4 are \; and those
of B, \;*, then A X B has eigenvalues A\ \;*.

APPENDIX 4

In Sec. 3.1, it was shown that one could locate the
Curie point of a self-dual lattice by using the dual trans-
formation (3.2). We stated that although the hexagonal
lattice is not self-dual, one could find the Curie point
by using the dual transformation in conjunction with
the star-triangle transformation to be derived here.?

To derive the star-triangle transformation, we first
divide the lattice into two sublattices with equal num-
bers of particles in the manner shown in Fig. 30. One
sublattice is represented by dots, the other by circles.
We shall represent the coordinates of the former by
o, 1<k<N/2 and the latter by ¢)'. It is important
to notice that a point of one lattice interacts only with
points of the other lattice.

We write Z in the form

Zp=% - T {Z - %

o1=%1 oN/2=%1 o1'=+1 o’/ Nja=%1

Xexp(Y, Knoisi)}, (Adl)

where Kg=Jpy/kT; Jg is the coupling constant for the
hexagonal lattice.
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Consider now only the quantity in braces, which we
shall denote by Z’(o1, - - -, ons2). A o does not inter-
act with other ¢}’ and for any set of values of o1, 7, - - -,
oN/2, the o behave as independent particles. The sum-
mation over ¢ are easily performed. If we let o, oy,
and o; be the three nearest neighbors of a point ¢/,
then

o, - on)= 5 «--
ay/=+t1 o/ Nj2=%1
Ny
Xexp[ X Ku(oi/oi+o/ortoior)]
i=1
N2
=]I{ X exp[Ku(c/oj+0oiort+0/01)]}
il oi'—tl
N/2
=II{ X (catolosu)(cutoiojsu)(catoiosm)}
=1 oy'=+1 )
N/2

=1 {2cu®*+2su’%cu(ojortojortoror)},
i=1

where
cn=coshKy, sp=sinhKg.
Thus,
) N/2
Zy=2N2cosh3V2Ky 3 - 3 ]I
or=+1 oN/je=F1 i=1

X[1+tanh®Ky (o o1+ 00+ oror) ] (A4.2)

The manner in which the o) appear in (A4.2) sug-
gests that we compare Zy with the partition function
for the triangular lattice represented in Fig. 30 by the
dashed lines. We again use the index 7 to number
the circles in Fig. 30 or the centers of alternating
triangles. The partition function for this lattice can be
written in the form

N/2
> II exp[Kr(ojortojoit+orar)].

Zp=Y ---
gr=*t1 ° oN/1=%l i=1
However,

expl K r(ojor+ojo1+ oror) ]
=(cr+ojorst)(crtojoist)(crtoroisT)
=cp’tsr¥tcrsr(crtsr)(ojortojotoror)

with
c¢r=coshKr, sr=sinhKr.
Thus,
N/2
Zp= (67'3+57-3)N/2 z Ce Z H
o1=+1 oN /=%l =1
X[1+(oj01+ 001+ 0r07)

Xersr(ep+sp)/(cr®+sp3)]  (A4.3)
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comparing (A4.2) and (A4.3), we see that Z, and Zy
will differ only by a known factor if we choose

CTST(CT+ST)/(CT3+ST3) =tanh?K y.
A somewhat neater version of this relation is
exp4K r=2 cosh2Ky—1. (A4.4)

Under condition (A4.4), the partition function (A4.2)
and (A4.3) are related by

ZH(KH) [2 sinhZKH]—NH/Z

=Zp(K7)[2 smh2K 7772, (A4.5)

where Ny=N is the number of particles on the hex-
agonal lattice and Ny=N/2 is the number of particles
on the triangular lattice.

Equations (A4.4) and (A4.5) give the results of the
star-triangle transformation. We see from (A4.4) that
a small K7 gives a small Ky and a large K r a large Ky.

To also apply the dual-transformation we write
(3.2) in the more symmetric form

Zu(K#)[2 sinh2K y |-Nul?

= ZT(KH*) [2 sinhZKH*]_NTﬂ. (A46)
Equations (A4.6) and (A4.5) together give
Zp(K7)[2 sinh2K g [-V7/2

=ZT(K1{*)[2 sinhZKH*]“NT/2. (A47)

If we use (2.6b) to eliminate K from (A4.4), we obtain
[exp(4Kr—1][exp(4Kx*)—1]=4. (A4.8)

Equations (A4.7) and (A4.8) describe a relation be-
tween the high and low temperature behavior of the
triangular lattice. If a Curie point exists, it must occur
KT= KH* or fOI’ 4KT= 10g3.

Similar relations for the hexagonal lattice give

Zy(Ky)[2 sinh2K y |-Vu/2
= Z[{(KT*) [2 SinhZKT*]—NH/z
with
sinhKy sinhK r*=1.

The Curie point is at sinh?’K z=13.

Tt is interesting to notice that in the triangular lattice
4K r=1og3 has a solution only for K >0. The antiferro-
magnetic triangular lattice (K <0) has no Curie point
(see Sec. 5). The properties of the hexagonal lattice are
however invariant to Ky—— K.

APPENDIX 5

A Lie algebra is a set of elements x;, x, %3, - - - (non-
denumerable, however) upon which the usual rules of
addition and multiplication by any complex number
apply. The algebra includes ax+-by if « and y are ele-
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ments, and ¢ and b are any complex numbers. There is
also defined another operation [x, y] which satisfies the
conditions

(@) [xy]H+[ya]=0;

(b) [[x7 y:la ZJ+ [[y) Z]’ x]+ [[Z; x]’ y]= 0;
(Lie-Jacobi equation) (AS.2)

(AS.1)

(c) if # and y are elements, then [x,y] is also an
element. The Lie algebra is in every respect the same
as the usual abstract algebra except that the multipli-
cation operation is replaced by the operation [x, y]
having the above properties. If x, v, and z are square
matrices, a Lie algebra can be defined with the usual
rules of addition of matrices and an operation [x, v]
=xy—yx the commutator of x and y. One readily
checks that the commutator satisfies conditions (a)
and (b).

A set of elements %1, %2, -, %, are said to form a
basis for a finite Lie algebra if there exists a set of
numbers {c;x*} which have the property

(A5.3)

.
[, 26 ]=2 can'e.
=1

These constants are called the structure constants of
the algebra. The abstract properties of the algebra are
completely described by the structure constants.

An important example of a Lie algebra is that asso-
ciated with the three-dimensional rotations. According
to Euler’s theorem, any rotation in three dimensions
can be decomposed into three successive rotations, one
about the z axis, followed by one about the rotated
« axis, and then one about the new z axis. A general
rotation can also be considered as a vector (really a
pseudovector) with components in the x, y, and =z
directions.

Let us consider an infinitesimal rotation through an
angle v about the z axis. The matrix for such a rotation is

cosy —siny O
siny  cosy O|~I:+~vZ+0(v?),
[0 0 1
where
0 —1 0
7= |1 0 0}.
0 00

I; is the identity matrix, and 0(y?) indicates order 2.
Note that

100
Zn={0 1 0|, ZovH=1Z;
0 0 0

G. F. NEWELL AND E. W. MONTROLL

hence, the direct expansion of expyZ yields

0 00 1 00
expyZ=|0 0 O|+1|0 1 Of cosy+Zsiny

0 01 0 0 O
cosy —siny 0
= |siny cosy O
0 0 1

which is a rotation through a finite angle v about the
2 axis.

In a similar way, we can show that an infinitesimal
rotation by an angle 8 about the y axis is given by

, 0o -1
L+8Y with Y=10 0 o,
, 1 o o

and a rotation through a finite angle 8 by exp(8Y). An
infinitesimal rotation « about the x axis is given by

00 0
00 —1i,

01 0

Is+ax Wlth X=

and a finite rotation by exp(aX).
Euler’s theorem implies that any general rotation
can be written as

exp(aZ) exp(BY) exp(vZ).
It can also be written in the form
exp[ (aX+B8Y++Z) ]

which is a rotation through an angle (a®+ >+ +%)%.
The operators X, Y, Z take vectors into new vectors

‘which are normal to the original one. For example,

7

If we let ;=Z, x,=Y, and x;=X, the commutators
of these operators generate a Lie algebra with the three
base elements x;, s, and x3;. We obtain

[xl, x2]= X3
[ws, #1]=12 (A5.4)
[xg, x3]= X1.

This structure constants of the algebra are
cax!=0 except crl=ca’=cel=1.

There is also another representation of the Lie algebra
defined by (AS5.4). Consider the Pauli spin matrices

01 1 0 0 1
C=( ), s=( ), and sC=( )
10 0 —1 -1 0

It is easy to see that the three operators x;=1s/2,
xo=—1C/2, and x3=sC/2 have the same commutation
rules as X,Y, and Z.
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