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I. INTRODUCTION

HE isotope effect, discovered independently by
E. Maxwell' of the National Bureau of Standards

and by Reynolds, Serin, Wright, and Nesbitt' of Rutgers
University, indicates that superconductivity arises from
interactions between electrons and vibrations of the
crystal lattice. Using separated isotopes, both groups
found that the temperature, T„of the transition be-
tween the normal and superconducting phases of mer-
cury depends markedly on the isotopic mass, M. The
Rutgers group' showed that T, varies approximately as
M: and this result has since been con6rmed from
measurements on separated isotopes of tin4 and thalium'.
These later measurements showed that the critical field,
H., varies in the same way with 3f as T,. Plots of B,
eersls T for diferent isotopes can be superimposed if
both 6eld and temperatures are multiplied by a factor
proportional to M&.

The vibrational frequencies and, thus, the mean
square amplitude of zero-point motion of the lattice also
varies as M'. Prior to his knowledge of the isotope e6ect,
Frohlich' developed a theory of superconductivity
based on the self-energy of the electrons arising from
interactions with the phonon field. He found an e6ective
interaction between electrons, called the S-interaction,
which comes from application of the exclusion principle.
This interaction is repulsive for small distances in
k-space and attractive for larger distances. H the inter-
action is sufFiciently strong, there is a state of lower free
energy at low temperatures which is formed by dis-
placing a shell of electrons with energies near the Fermi
surface outward a small distance in k-space. This modi-
fied distribution is identi6ed by Frohlich with the
superconducting phase. It is lower in energy than the
normal phase at T=O'K by an amount which is in-
versely proportional to M. Since this energy difference is
equal to H,s/Sw, for unit volume it follows that H„
and presumably also T„varies as M &, in agreement
with the isotope eGect.
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Independently, the writer~ has also proposed a theory
of superconductivity based on interactions between
electrons and lattice vibrations. We have used a model
based on energies of the individual electrons as aGected
by interactions with the vibrations. It was proposed
that in the superconducting phase electrons with ener-
gies within ~T, of the Fermi surface are lowered in
energy by an amount also ~T,. This energy decrease,
summed over all of the electrons, is of the order of

W„—W. 2n(xT, )'/Er,

where 2n is the concentration of conduction electrons
(n of each spin) and Ep is the Fermi energy. This ex-
pression gives values of the correct order of magnitude.

The calculations which we have made so far have
been very crude and have served mainly to estimate
orders of magnitude. The problem is complicated by
the fact that most of the electron-vibration interaction
energy occurs in the normal phase; only a small addi-
tional amount is involved in the transition to the super-
conducting phase. In the normal phase, there is a small
decrease in energy of the electrons which does not de-
pend strongly on the wave vector k nor on the distribu-
tion of electrons in k-space. The additional decrease in
the transition to the superconducting phase presumably
involves only those electrons with energies near the
Fermi surface and depends markedly on the distribu--
tion of electrons in k-space. This dependence on distri-
bution is equivalent to an effective interaction between
electrons in k-space, as in Frohlich's theory.

Both theories are subject to mathematical difficulties.
Frohlich uses an expression based on second-order per-
turbation theory in a range where its validity is un-
certain. In our theory, we have not distinguished sufFi-

ciently well between interactions which occur in the
normal state and those which are peculiar to super-
conductivity.

In view of these difFiculties, a discussion of various
approximate methods of calculation of the interaction

. energy appears to be warranted, even though none of
them has as yet been carried out in a satisfactory way.
The problem is introduced in Sec. II.The sections which
follow are concerned with Frohlich's method, with an
extension of the adiabatic method used by the author,
with an application of Tomonaga s one-dimensional
theory of plasma oscillations, which has been discussed

' J. Bardeen, (a) Phys. Rev. 79, 167 (1950); (b) 80, 567 (1950);
(c) 81, 829 (1951);{d) 82, 978 {1951).
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by Wentzel' and by Dresd. en, ' and. 6nally with the use of
a canonical transformation of the type used by Bloch
and Nordsieck to eliminate the interaction terms in
radiation theory.

We shall be concerned solely with the calculation of
the interaction energy and shall not discuss how the
typical superconducting properties —infinite conduc-
tivity and a perfect diamagnetism —follow from the
model. It is believed that the explanation is to be found
along the lines suggested by F. London:" A magnetic
6eld will not penetrate if the wave functions of the
electrons are only slightly modi6ed by the 6eld. We
have attempted to explain the superconducting proper-
ties in terms of a small eGective mass for the super-
conducting electrons which have energies near the Fermi
surface. ' When the effective mass is very small, the mag-
netic field is con6ned to a thin surface layer correspond-
ing to the penetration depth of the London theory and
this 6eld is insuf6cient to provide bound quantum states
corresponding to either the classical circular orbits of a
free electron in the interior or to the boundary orbits.
The conditions for the London theory are thus satisfied.

II=II,+IIr.+IIr, (2.1)

where II, is that for the electrons with the ions in their
equilibrium positions, II~ is that for the lattice vibra-
tions, and Hl represents the interaction between them.
These terms are not completely independent. For ex-
ample, the frequencies of the lattice vibrations are de-
termined in part by energies which come from the inter-
action terms. Furthermore, to determine the interaction
terms one must consider the coulomb energy between
electrons which occurs in H, .

The hamiltonian H, includes the kinetic energy of the
electrons, the coulomb interaction between electrons
the interaction between electrons and ions, and the,
interaction terms, including the long-range coulomb
interactions, between the ions in their equilibrium posi-
tions. We need not give an explicit expression as we
shall be concerned mainly with the Bloch approxima-
tion in which correlation eGects are neglected and it is
assumed that each electron moves in the periodic field
of the ions and the average space charge of the valence
electrons. Then we may take

II,=Q,II„i=1, 2, 2n, (2.2)
8 G. Wentzel, Phys. Rev. SB, 168 (1951).

M. Dresden, report at the Low Temperature Conference of the
National Bureau of Standards, March 27-29 (1951).' F. London, Proc. Roy. Soc. (London) A152, 24 (1935);Phys.
Rev. 74, 562 (1948). See also, J. Bardeen, Phys. Rev. 81, 469
(1951).

"The formulation and notation are similar to those of the
author in reference 7a.

II. THE HAMILTONIAN AND
METHODS OF SOLUTION

The complete hamiltonian" for the system of elec-
trons plus lattice vibrations may be expressed in the
form:

where

II„=(h'/2') 6,+U(x,). (2.3)

IIr=g;, , V(x;)q„ (2.5)

the interaction potential U,q, has matrix elements con-
necting two states ir and lr' only if

as=k —k'+K, (2 6)

where K is a lattice vector of the reciprocal lattice space.
As in reference 3, we shall denote the matrix element
which connects the states ir and lr' by

~kk' ~kk'gkk') (2.7)

where qkk. is the amplitude of the vibration which con-
nects the states k and lr' and

ORaa = f~ *V~I, QIdr. (2 8)

It is the interaction terms which determine the eAect
of the conduction electrons on the motion of the ions
and vice versa. A longitudinal wave, for example, gives
a varying electrostatic potential. In a region of com-
pression, where the ions are closer together than normal,
the potential is more positive, giving a lower than
normal energy for the electrons. Where they are farther
apart, the potential is higher. There is a compensating
shift in the density of conduction electrons. The inter-
action potential acting on an electron is the sum of the
changes in the potential of the ions and the self-con-
sistent field of the electrons resulting from the lattice
vibrations. The second part tends to cancel the 6rst,
particularly for waves of long wavelength, and must be
taken into consideration. In a discussion of the theory
of conductivity of monovalent metals, " we have de-
termined the matrix elements of the interaction poten-
tial by such a self-consistent field method.

"J.Bardeen, Phys. Rev. 52, 688 (1937).

The wave functions of the individual electrons are the
Bloch functions, QI, (x,), with energy EI„specified by
the wave vector k.

The hamiltonian for the lattice, II~, can be expressed
in the form,

Hr. ——Q,L
—(A'/2p) (8'/BrI, ')+ ,'E.rl,-'] (2.4)

where p is proportional to the mass of the atoms. The
exact value of p depends on how the displacement
coordinate, q„ is de6ned. The sum is over the various
normal modes which may be specified by the wave
vector s and a polarization. The allowed values of s lie
on one side of a plane through the origin so that if s
is included —s is not. It is the longitudinal modes which
interact most strongly with the electrons.

The interaction terms are linear in the displacements
and may be taken to be of the form,
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The shift in density of the electrons must also be
taken into account in calculating the frequencies of the
normal modes. Such frequencies are usually determined
in the adiabatic approximation in which it is assumed
that the motion of the electrons is sufficiently rapid to
follow the motion of the ions. One 6rst supposes that
the ions are in fixed positions and calculates the wave
function and energy of the electrons. The coordinates
of the ions, which we shall take to be those of- the normal
modes, are treated as parameters.

(&'+&r) p(x, q) =E(q) &p(x, q). (2 9)

Here x stands for the coordinates of all of the electrons
and g for the coordinates of all of the normal modes.
The frequencies of the normal modes are then obtained
by solving

(&~+E(q))Q(q) =~Q(q) (2 1o)

The wave function for the complete system is of the
form:

c'(&, q) = ~(~, q)Q(q). (2.11)

In general, the energy E(q) depends so strongly on q
that it is not sufficiently accurate to determine the nor-
mal modes from Hr, alone and then average over E(q)
by use of 6rst-order perturbation theory. "

By far the largest part of the interaction energy occurs
in the normal phase, only a small additional amount
occurs in the transition to the superconducting phase.
To determine the latter, it should usually be sufficiently
accurate to determine the normal modes for the normal
state as above and then average the superconducting
energy over these. Similar considerations apply to the
calculation of the matrix elements of the interaction
potential. The shift in charge density associated with
the superconducting transition should generally have
a negligible eGect on the self-consistent 6eld. This point
is discussed at greater length in Sec. IV.

While the adiabatic procedure previously outlined
should be satisfactory for most of the interaction energy
occurring in the normal phase, one must go beyond it in
the discussion of superconductivity. There are several
approximate methods that can be used:

(a) Frohlich uses an expression for the interaction
energy, 8'z, based on second-order perturbation theory

(~~~ ('fs(1-f~)
AW=2 Q . (2.12)

k, k'

The factor of two accounts for the two possible values
of electron spin. Here f& represents the probability that
the state ir is occupied. The normal state at 2"=O'K is
that for which fq 1 for Eq&EF an——d fq ——0 for E~,)EF.
He finds that if the interaction is sufficiently strong
(and this is the criterion for superconductivity) there is
a state of lower energy for which fq 1 for Eq&E——r eq-
and for E~&E~&Er:+eq and fr=0 for Er e~&E~&Ep-

"In molecular theory, Hz, includes the terms from E(q) and so
takes into account the displacement of the electrons with the
motion of the ions.

Fxo. 1.Schematic diagram showing the occupied states in k-space
according to Frohlich's theory. In the normal phase, electrons
occupy regions 1 and 2 within the Fermi sphere of energy Ez.
In the superconducting phase, as a result of electron vibration
interactions, a lower energy at T=O'K is obtained by 6lling re-
gions 1 and 3, leaving 2 and 4 vacant. The thickness of the "shell, "
region 3, is greatly exaggerated.

and Eq) Er + eq, where ~q (h~qq )q, This . "shell"
distribution (see Fig. 1) is identified with the super-
conducting phase.

(b) We have used a wave function of the form (2.11)
in which q (x, q) is approximated by determinental wave
functions of the Slater-Fock type. In the calculation of
the kinetic energy corresponding to the normal modes,
it is necessary to take into account derivatives of
q (x, q) with respect to the q which do not appear in the
strict adiabatic approximation already given. The
application of this method to the calculation of the
interaction energy in an approximation corresponding
to second-order perturbation theory will be discussed in
Sec. III.

(c) WentzeP and Dresden' have suggested using an
approach based on use of collective coordinates for the
electrons corresponding to "plasma oscillations. "Both
have used the method of Tomonaga which is restricted
to the one-dimensional case. If an approximate expres-
sion can be used for the kinetic energy operator, an
exact solution can be obtained and it is even possible
to take into account the coulomb interactions between
electrons if so desired. Bohm and Pines have devel-
oped a theory of plasma oscillations for conduction
electrons in metals which can be used for the three-
dimensional case, at least for oscillations of sufficiently
long wavelengths, and have suggested that the theory
could be applied to superconductivity. We shall discuss
the Tomonaga theory in Sec. V.

(d) It has been suggested to the author in private
communications by Fierz and by Drell" that a trans-

"S.D. Drell, Phys. Rev. 83, 838 (1951).The author does not
agree with Drell's conclusions in regard to a lack of a critical de-
pendence of interaction energy on the distribution of electrons in
k-space.
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III. FROHLICH'S THEORY

We shall give here a simplified account of Frohlich's
theory in order to show the conditions under which one

may expect the shell distribution (identi6ed with the
superconducting state) to have lower energy than the
normal distribution. The shell distribution is shown
schematically in Fig. 1. Regions 1 and 3 are occupied;
2 and 4 are unoccupied. In the normal, distribution, 1

and 2 are occupied, 3 and 4 are unoccupied. The diQer-

ence in interaction energy for the two distributions is

(W BW.)r = 2 Z p' —2 2 2'.
1+3 2+4 1+2 3+4

(3.1)

The sums are overexpressions of the form (2.12); the
prime indicates the sum over the unoccupied states.
We shall assume that the interaction energy for the
con6gurations in which the inner regions are occupied,
the rest unoccupied, is approximately the same as that
for the normal distribution:

2 2 Z'=2K Z'=2K E'.
I, 2, 3 4 1+2 3+4 1 2+3+4

(3.2)

If (3.2) is used to simplify the summation in (3.1), we

6nd after expanding out the sums and canceling the
common terms that

(Ws —W )r=2+ Q'+2 + P'.
2 3 3

(3.3)

This is very nearly the same as Frohlich's expression
for the energy di6erence. It should be noted that the
only interactions which occur are those between the
inner and outer shells.

If we now introduce the summand (2.12) into (3.3),
we find

It~kk (~kk )'
(W,—W.),=4 g P . (3.4)

k in' k' in A (gk —gk~) —(hi0kk~)

"F.Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

formation such as that used by Bloch and Nordsieck" in
radiation theory might be useful. In this method one
attempts to 6nd a canonical transformation involving
coordinates of both the electrons and normal modes in
such a way as to eliminate the interaction terms. In
effect, one uses in place of (2.11) a wave function of the
form:

C (x, q) =P(x)Q(q, x), (2.13)

in which the coordinates of the electrons appear in the
wave function for the normal modes. We have been
successful in applying this method in the limiting case
in which the wavelengths of the lattice vibrations are
long compared with the electron waves, but the general
case appears to be dificult. We shall discuss this method
in Sec. VI and show how it is related to the other
methods.

The contribution to the interaction energy is negative if

(&k —~k ) (Iikikk" (3 5)

Accordingly, we shall assume that energy difference, e&,

between the inner sphere and the shell is of the order of

kl (Rk Bk') Av (kkikk') Av. (3.6)

The number of states in the shell is &1'(k), where cV(e)
is the density. of states in energy at the Fermi surface.
The number of possible interactions is the square of this,
so that the net difference in interaction energies is of
the order of

(W, W„—),=2$(e)e1(ek ~k )Av ~2K(e) (hk1kk )A,
' (3..8)

The shell distribution will have a net lower energy if

4(X(e))'(i'Aa&kk)A, iMkk iA, '&2%(e)(kMkk)A„', (3.9)

&(A) l~kk IA,
' &,'( ~)lkk)Av,-v (3.10)

Except for a numerical factor which depends in part on
the particular assumptions made regarding the model,
this condition is the same as Frohlich's criterion for
superconductivity. The criterion is identical with the
one given in reference va.

The energy difference calculated in this way, of the
order of

W. W-e(Skulk—k )A 2/EI, (3.11)

is too large. Equation (3.11) is similar to Eq. (1.1) ex-
cept that (5&okk )A„replaces «T, and the former is gen-
erally considerably larger than the latter.

There is considerable doubt as to the validity of these
calculations because the criterion (3.10) for supercon-
ductivity is essentia1ly the same as the condition that
the second-order perturbation theory break down. Thus
(2.12) is used in a region where it is not expected to be
valid.

It is not believed, however, that the specific objections of
Wentzel' and of Kohn and Vachaspati" to Frohlich's theory are
valid. Wentzel calculates the self-energy of a phonon from inter-
action with the electrons, with use of second-order perturbation
theory, and finds a value which may be written

—~X,&»q~.

The total potential energy of the lattice vibration is then

—(x,—x.(»)~~, (3.13)

where X, comes from other terms. As Wentzel points out, the
criterion (3.10) is essentially equivalent to

E,(» &p,'o)P. (3.14)

"W. Kohn and Vachaspati, Phys. Rev. 83, 462 (19&1).

(W.—W )I —4(X(e))'(kkikk )Av~Mkk ~'Avv (3.7)

The difference in energies of the initial Sloch states
for the two distributions is of the order of
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Thus if E, is calculated from the observed frequency, and is set
equal to pPcoP, Eq. (3.13) indicates that the lattice becomes
unstable when the interaction is so large as to satisfy the criterion
for superconductivity. The objection of Kohn and Vachaspati is
similar, although reached from a somewhat different point of view.

According to the argument given in Sec. II it is E,—E'.(~)

rather than E, which is related to the observed frequency:

is then

W= P; I Q[se,*a,e,dxdq
4

+Q:, I
QI'+;*(x)V,(x)q,+,(x)dxdq

I.,~~p =E.,—Z,&». (3.15)

Since E,(» involves eo„Eq. (3.15) is to be regarded as an implicit
equation for cv, . Actually, E,(» does not depend strongly on eo,.
Rather than (3.14), the condition that the lattice be unstable is

X,(»&E,. {3.16)

If E, is suKciently large, the lattice is stable regardless of the
strength of the interaction. Second-order perturbation theory
might be satisfactory for the calculation of E(q) in Eq. (2.0) and
thus of E,(» even when the term has a large effect on the vibra-
tional frequency. It is not surprising that it may be necessary to
take the displacement of the electrons into account in a calculation

'

of the frequencies of the vibrational modes.
It is correct to take the interaction energy as

1+ (2)(q2)A

where the average is calculated for the observed frequency, and
one should not worry if this energy correction is comparable to
k~, . The energy involved in the transition from the normal to the
superconducting phase is only a small part of the total interaction
energy and should generally have only a small efkct on the vibra-
tional frequencies.

From a discussion of an application of a method due to Tomo-
naga to the corresponding one-dimentional problem, Wentzel con-
cludes that the hamiltonian (2.1) requires modification when there
is strong coupling between electrons and lattice vibrations. For
reasons given in Sec. V, where Tomonaga's method is treated in
detail, we do not agree with this conclusion.

IV. DETERMINENTAL VfAVE FUNCTIONS

%e shall discuss here wave functions of the form
(2.11) in which the wave function for the electrons

q(x, q) is approximated by Slater-Fock determinants
of one-electron functions. Since interaction with the
lattice does not change the spin, we may consider each
spin system separately. I et x& x represent the
coordinates of the half of the 2n electrons which have
parallel spins. %e want to And the best determinental
wave function of the form,

1 O, (x&, q) e&(x„, q)
~(x, q) =— Q(q) (4 1)

(~ )' +-(» q) +-(x-, q)

4',*(x, q)+, (x, q)dx= 8;.;. (4.2)

Here q represents the coordinates of all the normal
modes with wave function Q(q). It is supposed that the
electronic wave functions are normal and orthogonal
for all values of the q's:

w, /Bq. = P a, ,+,, (4.5)

in which the a;;, are functions of the q's. On introducing
(4.5) into (4.4), we get

n
~ IQI'Io;, .I'dq

j=1 e 2peL

+2* Q*E.
I

— —;+l&q
'

IQdq
2p, Bq,s )

( k 8
+E;. IQI'~'*I—

21, aq,si
h'

' "IQI L~.*(;)~;*(,)
2p, J

8+,(x~) 84';(x;)—e,*(x,)e,*(x,)j dqdx, dx, .
Bge Bge

The sums over i and j are over all occupied states.
The last two terms come from the derivatives of the

determinant with respect to the q's; the last is the ex-
change term. These terms can be simplified by using the
orthogonality relations if is assumed that if'+; is in
the determinant so is +,*. This will certainly be true
for the lowest state. The terms which come from the
derivatives of q(x, q) with respect to the q's, then be-
come

h,' Bp;'
I QI' dx;dq

2pe 8/8
h'

—&' ~ ~IQI' ' +'* dx dq. (4.4)'
aq.

The expression for the energy is similar to that used by
Vfigner and Seitz and by signer' in a calculation of the
correlation energy of an electron gas.

The two terms in (4.4) tend to cancel for the normally
occupied states. Let us consider a complete orthonormal
set of +,(i=1, 2, ~) of which m occur in the de-
terminant. One may expand 8+;

I Bq, in terms of the 4",.

n, e) h2

I QI'I"; I*dq «.6)
i 1 j=n+1 e 2pe~%e shall omit correlation eGects which arise from the

coulomb terms and take H, to be of the form (2.2). The
total energy corresponding to the wave function (4.1) Phys. Rev. 46, 1002 (1934).
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The sum is over the u,;, which connect occupied with
unoccupied states.

Although it is not difFicult to write out the equations
for the N;, the solution for the general case appears to
be dificult and has not been obtained. A solution can
be found for the limiting case for which the interaction
is small. The various states can be specified by the wave
vector k, and one need consider only the terms linear
in the q's:

The interaction terms which come from the states
O'I, and%'I, are

jk(&kk ~k k+&kk *~ak )qak
'

+jk (fk k3itkk+fk «*~k k)qkk'
= (j.-j') (4'~kk +4'*~kk )qkk . (4.»)

%e want to choose b» in such a way as to make the
total energy, the sum of (4.14) and (4.15), a minimum.
This gives

+a=Pa+pa 4k qkk 4a+
Orthogonality requires that

bar *=—ba x.

Inserting (4.7) into (4.5), we find

~I I '~= bI I ' for g~= gA;A. "

=O otherwise.

This gives for (4.6) the energy

(4.7) .

(4.8)

(4.9)

(jk—jk)~k k

bIA = (4.16)
(ja j~ )(~—k u) —&~kk —(jk+jk 2jkjk—)

If now we use (4.13) for jk, which is legitimate as long
as the interactions are not so large as to affect the
energies very much, we hand after some reduction that

~k'k
bkk' (4.17)

kk —ek +h(ukk coth((kk —ka )/2zT)

k occ. k' unocc. 2p, 8

The change in energy of an electron in the state k
(4 1o) resulting from'the interaction is"

I
~kk ~'qkk '

AWk ——Qk (4.18)
~k —kk +beak coth((kk —ek )/2kT)

This expression may be interpreted as follows. If
(qkk')k„represents an average over zero-point vibra-
tions, we have

(5'/2p) (qkk') A @~kk'(qkk' )A.,

and the total energy change, including electrons of both
(4.11) spins, is

so that (4.10) may be written AW =2+fkAWk. (4 19)

&~» t&kk I'(qkk')k, .
k occ. k' unocc.

(4.12)

This means that an energy kcokk (representing an ex-
cited phonon) is to be added to the energy associated
with the wave function qkk pk only if the state k' is
normally unoccupied. If both k and k' are occupied
there is no energy associated with the virtual phonon.
The reason for this is as follows. One may take linear
combinations of any of the functions included in the
determinant without changing its value, and this is
true even if the coeKcients depend on the qI, ~ . The de-
terminant itself is independent of the coefficients, and
thus of the qj, ~ which connect occupied states. There
can thus be no additional energy from derivatives with
respect to the qI, I, .

I et us now determine the value of the b~I, which
give a minimum free energy for a Fermi distribution
for which the probability that a state k is occupied is
the Fermi function:

jk 1/(1+exp((ek —Ek——)/xT)). (4.13)

We shall impose the condition (4.8) and write out the
total energy associated with bJ, I, and b~ ~, From H, and
the energy (4.12) we have

~
bkk ~'qkk'(jk(ek —ek)+ jk(1—jk )A&oak

+ja (~k e)+jk (1 jk)&~kk —). (4.14)—

The sum (4.18) is over-all k', including occupied as well
as unoccupied states. The denominator is odd for inter-
change of k and k' and has a minimum value of 5&oak

when ~~~eI, and T—&0. The energy change does not de-
pend markedly on the state k, and does not change
rapidly as one approaches the Fermi surface. In fact,
the Fermi level EF does not appear in (4.18). This
means that the density of states in energy, and thus the
entropy terms are not affected very much by the inter-
action. Thus the change in free energy is very nearly
equal to the energy change (4.19).

The expressions (4.18) and (4.19) reduce to Frohlichs'
in the limit T=0 but give a lower free energy at higher
temperatures. Not only is AR' lower, but the entropy
is higher since our expression gives a smaller spread in
energy for states near the Fermi level.

The aforementioned approximations break down
when the matrix elements of the interaction are so
large that

(4.20)

The large terms come for eA,—el, . The denominator is
small only if the temperature is low; otherwise the
hyperbolic cotangent term is large. At T=O'K, condi-
tion (4.20) is equivalent to the criterion (3.10) of
Frohlich's theory.

We have attempted~ to extend the theory to cover

"This result was given without proof in reference 7(d).
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large interactions by introducing a normalization factor
in (4.7):

+s=Ns(q)(A+Z4s ques Ps). (4.21)

The energy (4.18) is reduced by a factor (Nss)A„. The
normalization factor is larger and the energy lower if the
sum over k' runs only over the ueocclpi ed states rather
than over all states as in (4.18). This makes the energy
reduction depend markedly on k and gives a small
effective mass for electrons near the Fermi surface.
However, the normalization factor includes only a part
of the higher order terms, and it is not clear under what
conditions a small eGective mass will be obtained if all
higher order terms are included.

Presumably most of the interaction energy is of the
sort given by (4.18) which is characteristic of the normal
phase. The terms responsible for superconductivity are
those for which eI,—eI, and for which the matrix ele-
ments are large. We have previously assumed that inter-
actions for which ~es—es

~
(AE, where AE is the

energy reduction per electron at the Fermi surface,
occur only in the superconducting phase, not in the
normal phase. This assumption is too drastic. The
calculated energy diGerence is too large, and further-
more, the dynamic nature of the interaction, which is
undoubtedly important, does not play a role. Thus the
theory in this form is not satisfactory.

V. APPLICATION OF TOMONAGA'S THEORY

H, = (dE/de)P„ea„*a . (5.1)

Let ~„be the vibrational frequency for the lattice
vibration which connects levels separated by e. We may
take

(5.2)&~=Es(p-'+~-'q-')

a,=P„eiq.(m„a.+m.*a.*),
"S.Tomonaga, Prog. Theor. Phys. 5, 544 {'1950)."D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951l.

(5.3)

Tomonaga" has recently given a theory of a one-
dimensional Fermi-Dirac gas which takes into account
interactions between the particles provided they are of

sufficiently long range and provided that the excitations
are not too large. The coordinates used are those of
plasma oscillations of the gas rather than those of the
individual particles. A less rigorous theory which can
be applied to an actual three-dimensional gas has been
developed by Bohm and Pines."

Wentzel' and Dresden' have independently applied
the Tomonaga theory to the problem of superconduc-
tivity. The hamiltonian reduces to that of a system of
coupled oscillators so that the problem can be solved
exactly. Let dE/dm represent the spacing of the levels
of the individual electrons in the vicinity of the Fermi
level. Let a„*and a represent creation and destruction
operators for electron-hole pairs which are separated
by an n levels corresponding to an energy e(dE/de). "
The hamiltonian for the electrons alone is then

where BR„ is the matrix element for an individual
interaction as defined by (2.8).

For simplicity and without loss of any generality,
we shall suppose that 5K is real. Let

and let

Then,

AQ =e(dE/dm)

a„*=(2A) &(0 &Q„+iO„-&P ),
a„=(2A) '(Q„&Q —iQ„—&P„).

(5.4)

(5.5a)

(5.5b)

M '=9K„'(q„')A,——(5/2M„)aR„'. (5 8)

To transform to principal form, we need the roots of

(X'—0„')(X'—e)„')=C '. (5.9)

The solution is

X =2 '*(0 'joe„'&L(Q '—ei ')'+4C 'fl)i (5.10)

as first obtained by Wentzel. One root becomes im-
aginary when the interaction is suKciently large. The
condition for this is

or
C2gQ2~ 2

(nM„'/AQ ))Se~„/4. (5.11)

This equation may be written

N(E) M„')A,ei„/4. (5.12)

Except for a factor of two, this condition is the same as
the criterion for superconductivity given previously
(see Eq. (3.10)).

The lattice becomes unstable in this approximation if
&„(0„,as it is the root which is lowest to start with
which is pushed down by the interaction. On the other
hand, the electrons become unstable" if 0 &co„. This
latter corresponds to the condition (3.5) of Frohlich's
theory. The interactions important for superconduc-
tivity are those for which the difference's in energies of
the electron states are less than the phonon energy.
Presumably, this instability of the electrons is asso-
ciated with the onset of superconductivity, but without
going beyond the description in terms of plasma oscilla-
tions one cannot tell what will actually occur.

The Tomonaga theory is restricted to the case of one
dimension. It may be supposed, however, that the ac-

2'Mlentzel I',reference 8) did not take this possibility into ac-
count; he presumed that it is always the lattice which becomes
unstable. An instability of the electrons does not imply that the
initial hamiltonian (2.1) is inadequate, but that the excitations
are so large that (S.i) is not a good approximation.

~=K.L-:V:+~.'Q.')
—:~~-+-',(p-'+-:q:)+c.q.Q.&, (5.6)

where
C.'= (2nn„/h)m„'= (4e/5&)M „&n„~.. (5.7)

The latter follows from
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tual three-dimensional case would be similar. The
formulation of Bohm and Pines is valid for long wave-
lengths which may be the important ones for super-
conductivity. One would expect, however, that in any
case the three-dimensional model would behave qualita-
tively in the same way as the one-dimensional model of
Tomonaga.

The description in terms of plasma oscillations has
the advantage that one can include the coulomb inter-
action between electrons. However, some care must be
taken to include all of the coulomb interactions. One
must consider also the self-energy of the charge dis-
tribution of the positive ions, p+, and the interaction
between the electrons and ions. These two distributions
tend to compensate, particularly for waves of long
wavelength:

P +P~—0

In this case the energies also tend to compensate; the
negative interaction energy is almost equal in magni-
tude to the sum of the self-energies of the negative and
positive charge distributions. In the formulation given,
0„,co„,and C„would be large but nearly equal for waves
of long length. One root of (5.10) would be small and
would describe a lattice oscillation in which the dis-
placement of the ions is compensated by motion of the
electrons. While this method would presumably give the
correct frequency for the lattice vibrations, it would not
describe the excitations of the electrons.

Instead of following this procedure, we believe that
for a discussion of superconductivity it is better to
avoid an explicit introduction of the coulomb interac-
tions and to calculate the matrix elements for the normal
state by a self-consistent 6eld procedure. The transition
to the superconducting phase involves such a small
number of electrons that it has a negligible eGect on the
self-consistent field and thus on the matrix elements.

VI. BLOCH-NORDSIECK TRANSFORMATION

Bloch and Nordsieck" have shown that it is possible
to eliminate the interaction terms between electrons
and the radiation 6eld by a suitable canonical trans-
formation. The approximation made is essentially the
neglect of electron recoil during radiation. It is then
possible to replace the-kinetic energy operator, p'/2m,
by v y, where v is the average velocity of the electron.
The transformation requires that the kinetic energy
operator be linear in the momentum. It has been sug-
gested to the author in private communications from
M. Fierz and from S. D. Drell" that a transfo'rmation
of the Bloch-Xordsieck type might be useful for calcu-
lating the interaction energy of electrons and lattice
vibrations.

The approximation of neglecting electron recoil is
not a good one for our problem because interaction with
the lattice can cause real or virtual transitions in which
there are large changes in both the magnitude and

direction of the momentum or wave vector. It is satis-
factory only for lattice waves of such long wavelength
that their wave vectors are small compared with those
of the electrons. This will be true, for example, in the
one-dimensional case if the excitations are small com-
pared with the Fermi energy. Let V represent the ve-
locity vector for an electron with energy near the Fermi
surface and consider the interaction of a group of elec-
trons with velocities near V. One may measure the
momentum relative to niV and take

&.E.=-',mV'+V P.
(6.1)

The canonical transformation which eliminates the
interaction terms is obtained as follows. Let

f„=DR,e"*'jAR, *e "*' (6.3)

Introduce the new coordinates,

qs =qs+Q~nsfss,
(6.4)

and take the wave function for the system in the form,

4 (x, q) =expLiS(x', q')/l'i]C'(x', q'). (6.5)

The operators p, and P, acting on C give

p, sIs =exp(iS/5) { (85/Bq, ')+p, ']4'; (6.6)

P,4=exp(iS/fi)

X {Q.L(85/Bq. ')+p.']v,q, '+v;5+P, 'I 4'; (6.7)

Vsqs —nsV sfsi

We take 5 in the form,

5= Q;,q.'n, (V v~)f—„,
so that

BS/Bq, '= p,n, (V v, )f—„

(6.9)

Q, (V v;)S= p„n.q, '(V —v,)'f„
(Vn)'qs, 'Q,f.;. (6.10)

The coefficient u„chosen in such a way as to eliminate
the interaction terms, is

n. = 1/(~.'—(V s)'). (6.11)

We neglect the term in I".
With this approximation, the hamiltonian may be

expressed in the form:

H=QV P,+P;, ,q.(oz,e"*'+m *e-"*')

+el(p.'+ .'q.')
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The transformed hamiltonian operating on C' is

EP=QV P' ',g-„;-(n. (V v~f„)(V v~f.,)
+(2&s Ms &s )fssfsj)

+2 I(P )'+ '( ~ )'3 (612)
IOR, I'coss (x;—x,)

Ui(~) = —Z- (6.13)

use of (6.3) for f„, the second summation reduces to
the sum of two terms, one of which depends on x;—x;:

An interaction between electrons replaces the inter-
action between electrons and lattice vibrations. With and the other on x,+x;:

(o,2—(V s)'

sij

i~(3(V s)' —W,') {SE,2 expl is. (x;+x,)]+9K,*' expL —is (x;+x;)jI
(~'—(V s)')'

(6.14)

The erst of these interaction terms, (6.13), contributes
to the energy in the first order, the second (6.14), only
in higher orders.

The wave function for the system is of the form,

4(x, q) = exp(iS/ft) q (x)Q(q,+Q„n f„) ., (6.1.5)

the matrix elements is

Furthermore,
el, —eI, =IV (k—k'). (6.21)

It should be noted that in (2.11) the vibrational coordi-
nates appear in the electron wave function while here
the electron coordinates appear in the vibrational wave-
function.

One may calculate the interaction energy in the first
order by using a determinental wave function for p(x)
in (6.15). The terms with i =j in (6.13) give

Imt, l' Iott, l'—Z Z —= —l Z Z (6 16)
co,2—(V s)' '+ co, (a),—(V s))

The sum on the left includes s values of only one sign
(lying in one hemisphere) while the sum on the right is
over both positive and negative values.

It is only the exchange terms which contribute when
i&j; the direct terms average to zero. The exchange
terms give

I5K, I' coss (xi—x2)
' +a (&s)+tg' (&i)

a).2 —(V s)'

O&(xi)+& (x2)dx, dx, .
(6.17)

The sum is over occupied states. The integral is equal to

kL I
~.I'/~. '—(V s)'j (6.18)

k'=kws (6.19)

and is equal to zero otherwise.
Suppose that the state k= ki is occupied. If k' =ki+ s

is also occupied, there are two terms in the sum over
k and k' which give (6.18) and the sum of these two just
cancels the corresponding terms in (6.16).If ki+ s is not
occupied, the. exchange terms vanish and the terms
remain in (6.16).

The expression for the interaction energy is identical
with Eq. (2.12) used by Frohlich and obtained from
second-order perturbation theory. The relation between

With k'=k+s, the right-hand side of (6.16) is there-
fore equivalent to

f~I~» I'

~a—~k —~~1 A,

(6.22)

The exchange terms may be expressed in the form,

f~f~ l~» I'2»»
2+a&~

(»~~ )'—(~s —~ ~
'

~I —~I ' —~&aI '
(6.23)

VII. CONCLUSIONS

The dependence of specific heat and conductivity of
the normal phase on temperature is given correctly by
the one-electron or Bloch model in which it is assumed
that the energies of the electrons are not greatly de-

The sum of (6.23) and (6.22) is just (2.12).
This procedure thus gives some justification for use

of Frohlich's expression beyond the limits set by second-
order perturbation theory. We have an explicit wave
function which gives (2.12) regardless of how large the
interaction may be. However, it is undoubtedly a poor
approximation when the interaction is so large as to give
superconductivity.

Unfortunately the proof as given is limited to inter-
actions with lattice waves of long wavelength. While the
situation is by no means certain, present theoretical
indications are that it is short rather than the long
wavelengths which predominate in giving the super-
conducting transitions. However, present theories give
energies for the transition which are much too large,
and it may be that the longer waves are actually the
important ones. Attempts to carry through the theory
without the restriction to long wavelengths have not
been successful.
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pendent on the distribution of electrons in k-space.
There must be some sort of a one-to-one correspondence
between the wave functions for the metal formed from
Sloch functions and the true many-particle wave func-
tions. Interactions between electrons and lattice vibra-
tions characteristic of the normal phase are included in
these functions.

There remains a degeneracy corresponding to elec-
trons of the same or nearly the same energy moving in
diGerent directions. Transitions between these states
via the lattice vibrations are possible. Presumably the
onset of superconductivity is associated with a resolu-
tion of this degeneracy. Condition (3.5) suggests that
the interactions responsible are such that ~eq —e~

~

&Ace» . Superconductivity occurs in metals for which
the matrix elements of the interaction are so large that
the criterion (3.10) is satisfied. This criterion does in

fact distinguish pretty well between superconductors
and non-superconductors. ' "

It is not as yet clear how best to characterize super-
conductivity. The various approaches we have de-
scribed indicate a marked change in the wave functions
and energies of the electrons when the criterion (3.10)
is satisfied. A really good description of superconduc-
tivity undoubtedly requires the use of many-electron
wave functions. Unfortunately coordinates representing
plasma oscillations of the electron gas are not suitable.
It is uncertain whether the best "one-electron" approxi-
mation is a shell distribution as Frohlich suggests or
gives simply a reduction in energy and small effective
mass of electrons in states near the Fermi surface.
The best wave functions of the form (4.1) may yield a
lower energy than (6.15) provided that q (x) in the latter
is approximated by determinental wave functions.


