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INTRODUCTION

' "N the past few years numerous experiments have been
~ - performed showing the location of energy levels in
nuclei, and in many cases, the angular distributions of
particles resulting from and partaking in nuclear reac-
tions. With this new evidence, much of it very refined
compared to that of a decade or two ago, it is again
pro6table to investigate the possibility of the existence
of alpha-particle clusters in some light nuclei. The nu-
clei chosen were the beryllium and carbon isotopes,
for their simplicity among the alpha-particle nuclei.

Teller and Hafstad' investigated the approximate
position, angular momentum, and parity of the rota-
tional energy levels of Be', Be', C", and C", using a
rigid dumbbell model for the two alpha-clusters in Be'
and Be' and a rigid equilateral triangle model for those
of C" and C", a cluster at each vertex of the triangle.
Wheeler' had previously shown that for the low energy
levels of the beryllium and carbon nuclei the period of
existencq of an alpha-particle cluster was appreciable
compared with the period of the motion of the alpha-
particle model. Teller and Hafstad were unable to corre-
late their findings with experiment for lack of data.

During the 1930's numerous experiments were done
on the scattering of alpha-particles by helium nuclei. '
These experiments will be discussed in the next section.
In 1941, Wheeler4 analyzed these results in terms of the
phase shifts of the partial waves for L,=O, 2, and 4.
The partial wave for I.=O showed a rapid variation in
phase at about 6-Mev energy of the incident alpha-
particle, equivalent to 3 Mev in the center-of-mass
system, indicating a level in Be at about 3 Mev, of
even parity and zero angular momentum. Margenau'
investigated the interaction of two alpha-particles in
general, and then chose a simple model representing the
effects found to obtain the s-wave phase shift. By use of
an infinite repulsive potential for separations of the
centers of the- alpha-particles from 0 to r1, an attractive

* Part of a Ph. D. thesis submitted to the Graduate Faculty of
the University of Minnesota, 1951.This article arises from one of
the last projects sponsored by the Minnesota Technical Research
Fund under Dr. Tate's direction.

t Now at Argonne National Laboratory, E. I.duPont Company.
' L. R. Hafstad and E. Teller, Phys. Rev. 54, 681 (1938).
~ J A. Wheeler, Phys. Rev. 52, 1083 (1937).
3E. Rutherford and J. Chadwick, Phil. Mag. 4, 605 (1927).

J. Chadwick, Proc. Roy. Soc. (London) A128, 120 (1930). P.
Wright, Proc. Roy. Soc. (London) A137, 677 (1932). C. B. O.
Mohr and G. B. Pringle, Proc. Roy. Soc. (London) A160, 193
(1937).S. Devons, Proc. Roy. Soc. (London) A172, 564 (1939).' J. A. Wheeler, Phys. Rev. 59, 16 (1941).

5 H, Margenan, Phys. Rev. 59, 37 (1941).

square well from r1 to 4.5&10 "cm, and the coulomb
repulsion for separations greater than 4.5&(10 " cm,
the s-wave phase shifts were obtained as functions of the
energy of the incident alpha-particles for various values
of r&. At very low bombarding energies, the results were
in agreement with the phase shifts determined by
Wheeler, but did not show the resonance eRect at
higher energies. It was concluded that the two-body
interaction was incompatible with the scattering data.

In analyzing the experimental data on the Li' beta-
decay' and the alpha-particle spectrum from the
transmutation of B"by protons of 180 kev, 7 Wheeler'
was forced to the conclusion that the Li' data showed
an excited state of Be' at about 3 Mev having two units
of angular momentum, while the proton plus B" reac-
tion showed that Be' possessed an excited state at 2.8
Mev of a width compatible with the alpha-alpha scatter-
ing analysis. Since the Li' beta-decay does not proceed
to the ground state of Be', it would not go to a 2.8-Mev
state of zero angular momentum either.

It will be shown in the following that these results
can be explained by the two-alpha-particle model, the
excited state in question being a 'D2 state. Existing
data will also be examined to determine whether the
other beryllium isotopes and the carbon isotopes are
describable by an alpha-particle model.

Be'

There is experimental evidence that the ground state
and first excited state of Be' have different angular
momenta. In the Lis(e )Be' reaction, approximately 90
percent of the beta-rays leave the Be' nucleus in the
excited state of about 3 Mev, while less than 2 percent
leave the nucleus in the ground state 'In the B. »(p, era')-
Be' reaction at the 162-kev proton resonance, the num-
ber of transitions to the ground state are I/50, those to
the first excited state. "The fact that both states can
decay into two alpha-particles requires they both have
even parity and even angular momentum, owing to the
application of Bose statistics to an interaction involving
two alpha-particles.

6 W. A. Fowler and C. C. Lauritsen, Phys. Rev. 51, 1103 (1937).
Rumbaugh, Roberts, and Hafstad, Phys. Rev. 51, 1106 (1937);
54, 672 (1938).

7 Oliphant, Kempton, and Rutherford, Proc. Roy. Soc. (London)
A150, 251 (1935). P. I. Dee and C. W. Gilbert, Proc. Roy. Soc.
(London) A154, 291 (1936).

J. A. Wheeler, Phys. Rev. 59, 27 (1941).' W. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1950).
'0 H. A. Bethe, Revs. Modern Phys. 9, 216 (1937).
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The following interaction potential was chosen to de-
termine the properties of the Be' if it is describable by a
two-alpha system:

V(r) =
4e'/r, r&rp,

D+—q'k'/2pr', r &rp,

where r is the separation of centers of the alpha-clusters,
e is the electronic charge, D is a constant, the well
depth parameter, p, is the reduced mass of the two-
alpha system, k is Planck's constant divided by 2m. , and
q2 is a parameter, a proper choice of which allows con-
venient use of already tabulated values of wave func-
tions. Since this potential is chosen only to investigate
the Be' compound nucleus for low excitations, its par-
ticular shape can be considered characteristic of poten-
tials showing the following properties: a strongly re-
pulsive potential for very small values of r representing
the effect of the Pauli exclusion principle applied to
an individual constituent of an alpha-cluster with its
quantum-mechanical equivalent in the other cluster;
an attractive potential for intermediate ranges and the
coulomb potential beyond the range of nuclear forces.

If one uses spherical polar coordinates, the Schroe-
dinger equation for the probability function f(r, 8, qr)

of the radius vector separating the centers of the two
alpha-clusters is separable, and for the potential given
by (1) the resulting radial equation is as follows:

21zD q'+L(L+1)1 d2
——LrEz(r)]+ k'+
r dr' 52

Rz(r) = 0,

r (rp)

(2)
1

trEz(r) j+—k'—
Se'p L(L+1)

Rz(r) =0,
r252r

r) rp)

where Pz, oz(r, 8, q) =Ez(r)Oz, M(6, pp), Oz, oz(8, op) is
the spherical harmonic of order L and index M,
k= (2pE/k') *=0.30958*X10" crn ' and 8 is the total
energy of the system. For the choice of q2= 30, the func-
tion Rz(r), for values of L=O and 2, and for r&rp, is
found to be

Rp(r) =A pjp(kpr), r(rp,

Ro(r) =A ogp(kpr)/(kpr) ', r &rp,
(3)

where kp' ——k'+2pD/PP and jo(kpr) is the spherical bessel
function of order 5, defined also as (m/2kpr)Vo;(kpr),
the latter function being the bessel function of the
6rst kind of order 52. The solutions for r& r p are a linear
combination of functions fz(kr) and gz(kr), defined as
fz(kr) =F ( zr)k/ rkand gz, (kr) =Gz(kr)/kr, where , Fz(kr)
and Gz(kr) are the regular and irregular coulomb wave
functions, respectively, defined by Yost, Wheeler, and

Breit."The function I'z(r) for r) ro is written

Eo(r) =BpI fp(kr) coslp+gp(kr) sinbp}, r) rp,
(4)

E2(r) = B2 If2(kr) cosh&+go(kr) sinbo}, r) rp

where 8p and 82 are the phase shifts of the partial waves
of zero and two units of angular momentum, respec-
tively, owing to nuclear forces.

In order that the wave function have a 6nite prob-
ability and current at r=rp, we require the continuity
of the function and its first derivative for each of the
above partial waves when matching the wave functions
for r&rp to those for r(rp. This matching condition
enables one to determine the parameters 8z and Az/Bz
as a function of the energy.

It was found that the criterion for a virtual level of
angular momentum L is closely given by the maximum
of the ratio A z/Bz. If this maximum occurs for energies
where the irregular wave function is much larger than
the regular wave function for r = rp, it follows that
81. 90' at this maximum. This latter statement is
equivalent to a Breit-Wigner formulation where there is
no potential scattering; and the phase shift of the partial
wave is entirely given by the resonant term, giving a
value of 61,=90' at resonance.

It has been determined that the ground state of
Be', presumed to be a 'Sp state, is a virtual state at an
energy of approxima, tely 90 kev above that for an
infinite separation of two alpha-particles. " For this
energy gp(krp)»fp(krp) and the position of the ground
state of zero angular momentum is given by bp=90',
equivalent to the relation

koro jo'(koro)/ jp(korp) = krpgp (kro)/gp(kro)

evaluated at 8=90 kev. This relation determines D
as a function of rp. One can then determine the-maxi-
mum in the ratio Ao/Bo as a function of r, For va. lues
of rp from 4.0 to 5.0)&10 " cm, this maximum ranges
from 8~2.7—3.8 Mev. Since the irregular function
gp(kro) is of the same order of magnitude as fo(krp) in
this energy range, the ratio Ao/Bp must be used in de-
termining the position of the virtual state. For values
rp=4. 50—4.75X10 " cm, the maximum of this ratio
occurs in the neighborhood of 3 Mev. Consequently,
for values rp=4. 50 and 4.75&10 " cm, and for the
requirement that the 'Sp state be unbound by 90 kev,
the variation of Ao/Bo, 8p, 5o, and 8p were determined as
a function of the energy in the center-of-mass energy
range 1.5—4.5 Mev, in order that these parameters
might be checked by the experiments to be described.

In principle, the best method of procuring evidence
for the classi6cation of the first excited state of Be'
is the scattering of alpha-particles by He4 nuclei. A
measurement of the angular distribution of the
scattered particles as a function of energy can give in-
formation on the relative strength of the nuclear forces

"Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936).
"Tollestrup, Fowler, and Lauritsen, Phys. Rev. 76, 428 (1949).
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For the present case of identical particles, in the
center-of-mass system the total wave function is com-
posed of a wave representing the incident particles
described above, and the wave representing the target
particles traveling in the opposite direction. Because
Bose statistics are applicable here, the superposition is
such that in an angular momentum decomposition of
the total wave function, only waves of even angular
momentum occur. If the wave representing the incident
particles is normalized to unit current, and likewise for
the wave of the target nuclei, the center-of-mass cross
section per unit solid angle, 0, (6) will be the in-
tensity of the superposition of the scattered waves of
both the incident and target particles. This is given
by.'

20
g exp[i' ln(2/1+cos6)]

+2 exp(i50) sin80
1+cos8

2.0 4,0 6.0 8.0 l 0.0
LAB. ENERGY IN MEV

FIG. 1. Phase shif ts for alpha-alpha scattering predicted by
the alpha-particle model and from Wheeler's analysis of experi-
mental data.

as a function of the angular momentum. In this par-
ticular case, since the incident alpha-particle and the
struck He4 nucleus are indistinguishable during and
after the collision, the sum of a@gular distributions of
the scattered and recoil particles is the only measurable
quantity. One theoretically reproduces the experimental
scattering conditions by postulating a plane wave repre-
senting the incident beam of particles. In the collision
this wave is then refracted in the force 6eld of the target
particle, the amount of refraction being, in general,
different for the various angular momentum compo-
nents comprising the incident plane wave. This refrac-
tion is represented by waves traveling outward from the
collision area. The intensity of these waves at a particu-
Iar place represents the probability of detecting a
scattered particle at this place.

The amount of refraction is expressed as a shift in
phase of the wave. If we assume the orbital electrons of
He4 afford complete screening of the nuclear charge at
distances greater than 10 ' cm, these shifts in phase
of the wave will be appreciably different from zero for
partial waves of L from zero to 104. However, it is
possible to separate these phase shifts into a coulomb
portion and a nuclear portion. The summation of cou-
lomb terms can be obtained in a closed form valid for
angles )10—4 radian. The remaining terms give the
effect of the nuclear forces in the presence of the cou-
lomb force, and the phase shifts in these terms are iden-
fied with those given in Eq. (4).

+5(3 cosV —1) exp[i(82+i 2)] sin82

+ (9/4) (35 cos'8 —30 cos'8+3)

Xexp[~(64+i 4)] sin84+. . . , (6)

where 8 is the center-of-mass angle with respect to the
incident beam, v is the relative velocity of the two
particles, bz, is the phase shift of the Lth partial wave,
k= pv/A=0. 3095[E. (Mev)]'X10" cm ' ri=4e'/hei
=0.8941/[E, .(Mev)]*', and

i-, =2 P tan —'(~/Ã).

The center-of-mass energy E, is one-half the labora-
tory energy. The first term in Eq. (6) represents the
scattered wave amplitude and phase for the incident
particle for pure coulomb scattering, the second that for
the target particle. The last three terms represent the
effect of the nuclear forces on the partial waves fo
angular momentum 0, 2, and 4, respectively.

If one includes the factor 1/k' in Kq. (6), he finds the
absolute square of the 6rst term is the Rutherford cross
section for the incident particle; the absolute square of
the second, is that for the target particle, for indis-
tinguishable particles. The sum of these two squared
terms is the classical scattering cross section. Since the
early alpha-alpha scattering experiments were done in
the infancy of wave mechanics, experimental data were
given as a ratio E of the actual cross section to the
classically expected cross section, simply to show wave
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ALPHA-PARTICLE SPECTRUM
FROST LI8 BETA-DECAY
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FIG. 4. Theoretical and experimental alpha-particle spectrum
from the Li' beta-decay.

property of the apparatus. These results are typical of
the general situation found. If the theoretical cross
section has a strong angular second derivative, the
results vary markedly from the experimental data; but
in such a direction the variation can be attributed to
the geometry of the apparatus. Where the second deriva-
tive is small, fair to good agreement with data is
obtained,

Further factors in doubting the experimental data
when used in a phase shift analysis are the energy spread
of the incident beam, the possibility of multiple scatter-
ing for the pressures used, and the assumption of
Rutherford scattering by argon for calibration purposes.
A de6nite attempt should be made to again perform this
scattering experiment in the laboratory energy range
4—7 Mev with reined geometry and a well-defined beam
energy. Such experiments could be performed by
presently operating Van de Graaff generators if some-
one could devise a source capable of doubly ionizing
helium particles in sufficient quantities, admittedly a
difficult undertaking. However, the importance of the
results gained therefrom would certainly justify the
eBort. Since the alpha-particles are spinless, the data
can be analyzed in an unambiguous mariner, and firm
conclusions regarding the validity of the alpha-particle
model can be gained.

In the bombardment of Li' by deuterons, Li', with a
half-life of 0.89 second, is formed. The beta-ray has a
maximum energy of approximately 16 Mev. The beta-
spectrum indicates 90 percent of the transitions leave

Be' in the 3-Mev excited state, with less than 2 percent
in the ground state. ' This is certainly suggestive if not
conclusive that the ground state and excited state at
3 Mev have diGerent angular momenta.

Bonner, ef a/. " have conducted an experiment in
which the energy spectrum of the alphas from the decay
of Be'* has been obtained. The probability of - an
alpha-particle of energy E should be proportional to
the transition probability of the beta-process leaving
the Be' nucleus in an excited state of energy 2E .
This probability is (Q—2E )9V(E ), where Q is the
total energy available in the Lis breakup and W(E ) is
the probability for the Be' nucleus to have the energy
2E . If there were no resonant interaction and the
alphas left in a d-wave, then we have the case that
W(E ) E s~', corresponding to the availability of
quantum states in phase space for the break-up with
two units of angular momentum. For the two-alpha
model, however, there does exist a resonant interaction;
and a measure of it is given by the square of A,/8, .
For E 0, i.e., in the nonresonant region, the square of
this ratio is proportional to E '. Therefore, the proba-
bility of an energy E should be proportional to the
square of the ratio As/Bs times the square root of the
alpha-energy, over the whole energy range considered.
The total probability function, giving the energy spec-
trum of the alphas, is given with the experimental data
in Fig. 4 for two values of the radius for the two-alpha
model. The agreement is seen to be quite good for the
lesser of the two radii.

A third experiment from which evidence regarding
Be' has been obtained, and can be obtained in greater
detail, is the bombardment of B"by protons of energy

163 kev. The existence of an excited state of Be' at
approximately 3 Mev, as well as the ground state, is
clearly revealed in this experiment. "The energy spec-
trum of the alpha-particles produced in this reaction is
divided essentially into three portions, as shown first by
Bee and Gilbert:

(i) A sharp group at 8 —5.7 Mev, due to the reaction 3"(p, n)-
Be . The alpha-particles resulting from the breakup of Be in its
ground state in this reaction are in number and energy too small
to be experimentally identified, since the particles of reaction (iii)
to be described fall in the same energy region, but far outnumber
those from this reaction.

(ii) A broad group at E~=3.85 Mev, due to Bu(p, n)3e'*.
(iii) A continuous group resulting from Be'*~2He'. The con-

tinuous nature of this group is the result of the addition of the
recoil velocity of the Be'* nucleus from reaction (ii) to that of the
two alpha-particles in its breakup.

The data cannot give the angular momentum of the
excited state; but it can be inferred that its angular
momentum is not the same as that of the ground state,
since the number of particles leaving Be' in its excited

"Bonner, Evans, Malich, and Risser, Phys. Rev. 73, 885 (1948).,
'40liphant, Kempton, and Rutherford, Proc. Roy. Soc. (Lon-

don) A150, 251 (1935). P. I. Bee and C. %. Gilbert, Proc. Roy.
Soc. (London) A154, 291 (1936).McLean, Vound, Whitson, Plain,
and Ellett, Phys. Rev. 57, 1083 (1940).
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state is of the order 6fty times the number leaving it in
the ground state.

Theoretical calculations for the energy spectrum can
be made profitably if the angular momentum and
parity of the excited state of the compound nucleus C"
involved in this reaction were known. It is possible to
obtain this information if the angular distribution of the
alpha-particles obtained from the reaction (i) above
were known. Using a thick target, Williams, Haxby, and
Allen" determined this distribution to be of the form
1+2(E) cos'6. However, the function A(E) varied
with the-proton energy in the same manner as the
excitation function for the thick target, namely, the
actual resonance yield integrated over a large energy
interval. Therefore, the maximum value of A (E),
which is 0.7, is to be considered a lower limit of the
actual asymmetry. The angle of the alpha-particle with
respect to the beam direction is 8, and an energy of the
order 180 kev was used. Jacobs and Whitson, " using
BF3 at a few millimeters pressure found spherical sym-
metry for the long-range alphas of reaction (i) and in
addition also for the continuous group of particles.
An experiment should be undertaken to find which of
these experiments is in error. When consideration is
taken of the companion B'"(p, y)C""(y)C" reaction,
which also has a resonance at a proton energy of 163
kev, the results of Jacobs must be placed in doubt.
An asymmetry has definitely been shown for the first
gamma-ray in this reaction. ' If this gamma-ray and the
long-range alpha-particle from reaction (i) proceed
from the same resonant state, the long-range alpha-
particles would have spherical symmetry only acci-
dentally. ,

The fact that the excited state of the compound
nucleus C" can break up into two particles of intrinsic
spin zero, the alpha-particle and Be' in its ground state,
limits the possible values of total angular momentum
and parity for this excited state. For states of odd (even)
parity, only odd (even) total angular momentum can
occur. Using an L—S coupling scheme, one can calcu-
late the angular distributions of the possible reaction
products for a second-order transition process involving
a resonant state of the compound nucleus formed in the
reaction. Details of this type of calculation are given in
a paper by Chao. "For a spin of 3(2 and odd parity of
the ground state of B", there are two total spin states,
S=2 and S= 1, formed in the collision of a proton with
the B"nucleus. If it is assumed that only one state in
C"* is contributing appreciably to the reaction and
that only the lowest angular momentum in the forma-
tion and decomposition of the compound nucleus con-
sistent with a given total angular momentum and parity
of C"* need be considered, the angular distribution of
the alpha-particles from reaction (i) will have the form

"%williams, Haxby, and Allen, Phys. Rev. 55, 140 (1939)."J. A. Jacobs and W. L.Whitson, Phys. Rev. S9, 108(A) (1941).
'~ Kern, Moak, Good, and Robinson, Phys. Rev. 83, 211(A)

(1951).
C. Y. Chao, Phys. Rev. 80, 1035 (1950).

(1/3) (1—cosst)) for S=2 and (1j9)(1+3cos'6) for
S=1, for incident P-wave protons, and J=2+ for C"'.
(J is the total. angular momentum, all angular momenta
being given in units of k. The superscript + and —refer
to even and odd parity, respectively. ) The C"' property
J=0+ or J=1, with formation by p- and s-wave pro-
tons, respectively, leads to no asymmetry; and for
J=3, formed by d-wave protons, one obtains a greater
asymmetry that is observed experimentally. If the
transition is three times more probable for the spin
state S=1 than that for $=2, approximate agreement
with the data of Williams et a/. is obtained. The transi-
tion involving the S=2 state requires the turning over
of an intrinsic spin, since the final reaction products
have no spin. For a tentative choice of J=2+ for the
C"* compound nucleus, reaction (i), giving long-range
alpha-particles, will proceed with particles emitted in a
d-wave, while those of reaction (ii) will be emitted in an
s-wave, if the 3-Mev state of Be' is a 'D2 state as pre-
dicted by the alpha-particle model. This could be the
explanation of the intensity factor of fifty for reaction
(ii) over (i), since the long-range alphas will have their
wave amplitude reduced more by the barrier penetra-
tion than will the shorter range alphas having less
angular momentum. The assignment given must be
considered tentative, and further conclusions must
await results which clear up the contradiction in ex-
perimental data.

Agreement of the theoretical results, based on the
alpha-particle model, with experiment for Be', can be
found when account of the experimental conditions is
taken. However, conclusive evidence for the validity
of this model can only be obtained from the results of
the experiments suggested.

C12

The angular momentum and parity of the levels of
C" described by an alpha-particle model can be ob-
tained from a rigid rotator model, with alpha-clusters
situated at the vertices of an equilateral triangle. This
model further gives a rough indication of the energy
level spacing. When used for low-lying energy levels,
this model is considered adequate to indicate properties
of C" which can be checked experimentally.

If the identical particle aspect of the model is neg-
lected, the rotational energy level spectrum and the
wave functions for this model are those of the symmetric
top rotator, with the moment of inertia about the figure
axis twice as large as that about either of the two
perpendicular axes in the plane of the alpha-particles. "
The figure axis is that axis perpendicular to the plane
of the alphas and passing through their center of mass.
For a given set of cartesian coordinates in space, the
total angular momentum is quantized to values of
$J(J+1)]')s for positive integral J, the s component of
this angular momentum is spatially quantized to Mk,
"G. Herzberg, Infrared and Rarnan Spectra (D. Van Nostrand

Company, Inc. , New York, 1945), p. 24.
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3/2+ 2+ 3/2+ s 7—6 cos'n Isotropic 1.6
3/2+ 2+ 5/2+ d 7—6 cos'n 1+1.6 cos'n

I

5/2+ 2+ 3/2+ d 1+2 cos'u 2+ cossu
5/2+ 2+ 5/2+ s 1+2 cos'n Isotropic 1.6

11.2

~ ~ ~

0.53

3/2+ 1 3/2 p 7—6 cos'n 1+1.4 cos'a 1.6 )1.7
3/2+ 1 1/2 P 7—6 cos'u 1—0.85 cos'a &26.9

5/2+ 1 1/2 f 1+2 cos'n 1+2 cos'a
5/2+ 1 3/2 p 1+2 cos'n 6+7 cos'u 1.6 2.0

3/2+ 1+ 1/2+ d 7 —6 cos'n 1—0.85 cos'n
3/2+ 1+ 3/2+ s 7—6 cossa Isotropic 1.6

~ ~ ~

11.2

5/2+ 1+ 1/2+ d 1+2 cos'n 1+2 cos'u 1,6 )0.8
5/2+ 1+ 3/2+ d 1+2 cos'n 2+ cos'n (1.6
3/2+ 2 3/2 P 7—6 cossa 1+1.4 cossu 1.6 )8.7
3/2+ 2 5/2 p 7—6 cos'u 9 2 Oc—os'n. &26.9

5/2+ 2 3/2 p 1+2 cos'u 6+7 cos'u 1.6 )0.14
5/2+ 2 5/2 p 1+2 cos'n 1—0.73 cos'n & 1.16

and the component of angular momentum about the
figure axis to Ek, with

~

M
~

and
~
E~ integral but less

than or equal J.
For the present model with three identical alpha-

clusters certain values of J and E cannot occur. When
the Bose statistics for the alpha-particles are used,
the wave function of the model must remain unchanged
when any two alpha-particles are interchanged. A
rotation of 120' about the figure axis is equivalent to
two interchanges of pairs of alpha-particles. The wave
function remains unchanged for this transformation
only when E=3m for integral e. Further, a rotation of
180' about an axis coincident with a radius vector from
the center of mass to any one of the particles inter-
changes the other two particles. For E=Q, the wave
functions are the usual spherical harmonics, and the
Bose statistics require J even, just as for Be, for this
interchange. For E=3e and e not zero, symmetric
wave functions are obtained for all J&

~

E
~

. As a result
of these limitations, the energy levels of the model are:

E= (h'/m r')
C J(J/1) —-'E'bergs

= (10.75/m~r')L J(J+1)——,'E'j&&10 "Mev (8)

where E=&3e, v=1, 2, 3, 4, . . . , J& iEi, ; E=O,
J=O, 2, 4, 6, . . . ; r is the separation of two alpha-
particles.

The ground state of C" then has J=0, E=0, the
6rst excited state 7= 2, E=O for this model. Since for
E=0 these first two levels are exactly similar to those
expected of Be' when a dumbbell rotator is assumed,
the separation of the ground and first excited states of
C' should be of the order of that found for Be How-
ever, the C" states are bound; and, further, this bind-
ing will decrease the alpha-particle separations com-

TABLE I. Results of the analysis of the Be (n, n) C" and
Be'(n, e)C"* reaction.

I

Spin Long-range Short-range
C»* C»* state L-wave neutrons neutrons R(90') R(0')

pared with that for Be. The C" first excited state
should then lie higher than that for Bes, both because of
the decreased separation of alpha-particles and because
of the fact that for a given interaction potential the
energy levels are farther apart when bound than when
virtual. The first excited state of C" for the alpha-
particle model is then tentatively identified with the
lowest experimentally observed state 4.47 Mev above
the ground state, corresponding to a value r=3.81
&(10 " cm. The ground and first excited states of the
model have even parity, the parity operation, 180'
rotation about the figure axis, showing states are even
or odd as E is even or odd.

The results can be checked by existing data of several
experiments. In the transmutation of Be' by 1.4-Mev
alpha-particles, long- and short-range neutrons are
produced, leaving C" in its ground and first excited
state, respectively. Bradford and Bennett" observed
the relative yields of the two above reactions at 0'
and 90' from the beam. At 90' they found the short-
range neutrons 1.6 times more intense than the long-
range neutrons. At 0' this ratio was 0.4. The 90' data
were based on two thousand tracks in the photographic
emulsion, while the 0' data were based on only 90
tracks.

For an alpha-particle energy of 1.4 Mev, a broad
resonant state of C" is excited. In order that definite
calculations concerning the angular distributions of the
neutrons can be made, it is assumed that all neutrons
observed emanate from this excited state. Further, only
the lowest orbital angular momentum conserving parity
will be considered. Since only the ratios at two angles are
known, it is unprofitable to carry out the calculations
for large angular momenta of the Be' and alpha-
particle pair. Consequently, the analysis was made only
for a p-wave interaction of this pair. When data at more
angles and energies become available, more precise and
extensive calculations can be made. For the p-wave
interaction, the C" excited state will have even parity
and a J value of 1/2, 3/2, or 5/2, if odd parity and a
spin of 3/2 for Be' are assumed. The value 1/2 leads to
spherical symmetry of both groups of neutrons and
need not be further considered. Table I shows the results
of the analysis for J=3/2 and 5/2 of the C" compound
nucleus for four possible choices of angular momentum
and parity of the first excited state of C". The orbital
angular momentum for each spin state of the short-
range neutrons and C"* is indicated, as well as the
angular distribution of each group of neutrons. The
ratio of distributions is normalized to 1.6 at 90, and
the ratio at 0' determined with this normalization.
When the orbital angular momentum of the short-
range neutrons and C"*is the same for both spin states,
only a lower and upper limit of the 0' ratio can be de-
termined. As can be seen, only the C" compound
nucleus with angular momentum (5/2) 5 and J= 2, even

"C. E. Bradford and W. E. Bennett, Phys. Rev. 78, 302 (1950).
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or odd parity, for C"' are consistent with the experi-
mental data. All calculations were made for the center-
of-mass system, since the difference of laboratory and
center-of-mass systems is within the experimental
uncertainty.

Further information on the properties of the
6rst excited state of C" can be obtained from the
N"(p, rx)ci2"(7)ci2 reaction. In the bombardment of
N" by protons, resonant states of the 0"' compound
nucleus occur at proton energies of 0.9, 1.0, and 1.2
Mev." For the 0.9-Mev resonance, the reaction lead-
ing to the excited state of carbon has a cross section of
0.6 barn, while the reaction leading to the ground state
of carbon does not appear. The 1.0-Mev resonance is
associated with the breakup into an alpha-particle and
C" in the ground state with a cross section of 0.5 barn,
the reaction leading to the excited state only of the
order 2 millibarns. Thirteen-Mev gamma-rays can also
be produced in this reaction. For the resonance at
1.2 Mev, both states of C" can result, the cross section
being 0.6 and 0.2 barn for the reaction leading to the
ground and excited states of C", respectively.

The only information at present available concerning
these reactions, which can be of use in determining the
angular momentum and parity of the excited state of
C" is the angular distribution of the gamma-rays asso-
ciated with the 0.9-Mev resonance. Wilkinson found
this angular distribution to be of the order 1+0.3 cos'n.
This information was obtained by Hornyak and I.aurit-
sen for their review article on energy levels of light
nuclei, "and has not yet appeared in print elsewhere.

Again using a second-order transition process, "one
can determine the statistical weights of the magnetic
substates of the residual nuclei as well as the angular
distribution of the light particles given o6. The angular
distribution of the gamma-rays from the residual nuclei
will be determined by the weighting of the substates.
The distribution of gamma-quanta for a given change in
total angular momentum and a given change in mag-
netic quantum number has been tabulated by Arnold. "

Since there is zero cross section for the reaction lead-
ing to the ground state of carbon by alpha-emission at
the 0.9-Mev resonance, the 0"*state cannot have even
(odd) parity if its J value is even (odd). Thus, this
excited state must be one of the following: J=O, 1+,
2, 3+, , . . . The first of these would lead to no asym-
metry and the latter to an asymmetry of higher powers
of cosn than experimentally observed. The two inter-
mediate values were tested with four possibilities of
angular momentum and parity for the excited state of
C".The results are shown in Table II. Assuming a spin
of ~~ and odd parity for the ground state of N", one
6nds spin states of one or zero units of angular momen-
tum, S= 1 or S=0, may b|." responsible for the formation

L-wave
of Ang. dist. of

Ot6* S C»* alpha gamma-ray

1+ 1 2+ d 7+3 COS2a
1+ 0 2+ d 10 —6 cos'a

Ang. dist. of
A /B alpha-part1cles

10.0 1+0.67 cos2P

1+
1+

1+
1+

1+
1+

1 2:
0 2

1 1+
0 1+

1 1
0 1

9 —3 cos2A
6+6 COS2a

1 + COS2a
2 —2 cos2a

3 —cos2a
1 +COS2a

0.74 1 +0.11 cos2P

3.71 Iso tropic

0.74 1 —0.45 cos2P

2
2

2
2

1 2+
0 2+

2
0 2

p 3+15 cos2n —16 cos4a
P 6 —18 cos2n+24 cos4a 1.5 1 —0.78 cos P

s 1 —3 cos2n+4 cos4n
S 6 cos2n —6 cos4n None

2
2

1+
0, 1+

9 —3 cos2a
10 —6 cos2a None

of the 0" compound nucleus. If one uses the lowest
I;wave of a definite parity for the formation and
breakup of the compound nucleus, he finds the only
parameter left undetermined is the ratio of the amounts
of each spin state entering the reaction. S=1 corre-
sponds to a singlet combination of the intrinsic spins
of proton and the odd neutron of N", while S=O
corresponds to the triplet combination of these spins.
The column A/8 gives the ratio of the weight given to
the state S=1 to that for S=O necessary to give a
gamma ray distribution of 1+0.3 cos'n. A value of
A/8 ))1 indicates little spin-orbit coupling. The final
column of the table gives the angular distribution of the
alpha-particles in the reaction obtained by using the
value of A/8 in the previous column, where P is the
angle between the alpha-particle direction and that of
the incident beam.

The calculations for Table II were made in the center-
of-mass system, but here again the difference of
center-of-mass and laboratory systems is very small.
As seen in the column A/8, the values of the angular
momentum of the excited state of C" fitting the data
with the least amount of spin orbit coupling are J=2+
and J=1 . Although it is not conclusive, the analysis
of this reaction with that discussed immediately pre-
ceding it strongly suggest that the 4.47-Mev excited
state of C" has J=2+. The reaction can yield further
information or con6rmation if one is able to obtain the
angular distribution of the alpha-particles, which have
an energy approximately 1 Mev. The angular distribu-
tions of the products of the reaction at a proton energy
of 1.2 Mev could also prove useful in determining the J
values of the excited states concerned.

The existing data from the reactions discussed show
the properties described by the alpha-particle model for
C", but an analysis of the new data on the gamma-ray
distributions from the transmutation of 8" by 163-kev
protons'7 must still be made and found to be in agree-
ment before one can consider the model valid.

TABLE II.Results of the analysis of the N" (p, a)0" reaction.

~' Schardt, Fowler, and Lauritsen, Phys. Rev. 80, 136 (1950).
22Hornyak, I.auritsen, Morrison, and Fowler, Revs. Modern

Phys. 22, 291 (1950).
23 W. R. 'Arnold, Phys. Rev. 80, 34 (1950).

2
2

1 1
0 1

7+3 cos2n
6+6 cos'n

+ Best possible fit is 1+0.43 cos2A.

3 —6 cos'P+7 cos4P
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Be'

The position of the low energy levels of Be', based on
the alpha-particle model, can be obtained by analogy
with the vibration-rotation energy level scheme of the
carbon dioxide molecule and the use of the Pauli ex-
clusion principle. The carbon dioxide molecule was
found to be linear, the two oxygen atoms Ranking the
carbon atom. Of the possible normal vibrations of this
molecule, two are degenerate. Let the figure axis be
that axis passing through the three atoms when the
molecule is in its ground state. Then, in either of two
planes perpendicular to each other and passing through
the figure axis, there may be a vibration in the plane
consisting of the motion of the two oxygen atoms per-
pendicular to the 6gure axis, the carbon motion also
perpendicular to the figure axis, but in the opposite
direction to the motion of the oxygen atoms. Since the
energy level for this vibration is the same for motion in
either plane, the system is degenerate and the most
general motion of this type is a linear superposition of
the two degenerate vibrations, a motion which can be
regarded as a rotation about the figure axis. Further,
when, the rotation-vibration spectrum is considered,
rotations about an axis perpendicular to the figure axis
are possible. For Be' the two alpha-particles correspond
to the oxygen molecules, the neutron to the carbon
atom. If symmetry properties are neglected, the energy
levels for this model are given by 24

E= (h'/m r')LJ(J+1)—E'$. (9)

The notation described for C" is used. When applying
this model to Be', one must bring in the effect of the
Pauli exclusion principle, requiring the m.eutron outside
the two alpha-particles to be in a p-wave. This requires
that one use energy levels of Eq. (9) with

~
E~ =1. A

rotation of 180' about an axis perpendicular to the
6gure axis and passing through the center of mass inter-
changes the two alpha-particles. Wave functions sym-
metric under this operation can be found for all J
greater than or equal to one. All these functions have
odd parity, showing a sign change for the transforma-
tion in which all particles are reQected through the
origin, the center of mass.

If one omits for the'moment the intrinsic spin of the
neutron, he finds the ground state for this model has
J= 1,

~

E
~

= 1, and the first excited state has J= 2,
(E (

= 1, both states have odd parity. Since
~
E~ is the

same for both states, the separation of states is that
found for a simple dumbbell rotator. If the separation
of the two alpha-particles were the same as found for
Be', an excited state of Be' would appear at about 2.2
Mev above the ground state. If the intrinsic spin of the
neutron is included, the ground state of Be' is presumed
to have a spin of 3/2; and for the alpha-particle model,
the first excited state would. have a spin of 5/2.

A virtual state of Be' at 2.42 Mev was first found by
Davis and Hafner" in the inelastic scattering of protons

~4 D. M. Dennison, Revs. Modern Phys. 3, 280 (1931)."K. E. Davis and E. M. Hafner, Phys. Rev. 73, 1473 (1948).

by Be' at proton energies of 3.5 and 7.1 Mev. The data
are insufhcient to indicate the angular momentum and
parity of this state.

An analysis of the Be'(p, ri)Be' yield has been made
by Guth and Mullin, "who found no level at 2.42 Mev,
but rather a level at 1.5 Mev, just bound, to which their
analysis assigned the character '5; based on a ground
state 'I';. The experimental yield shows a maximum
immediately above threshold ( 1.6 Mev), a mini-
mum at 2.5 Mev, and a subsequent increase for
energies above that. The 2.42-Mev level could have
remained undetected, since the energy separation of
experimental data is large compared with the width of
the level.

However, the alpha-particle model can also explain
its nonappearance. On the assumption that the 2.42-
Mev state is the result of a rotational state of the alpha-
particles, as given by the model, the photodisintegration
would have to occur by a magnetic dipole or electric
quadrupole transition, if this state were to appear in
such a process. Guth and Mullin have calculated the
cross section for the magnetic dipole transition and
found it to be 0.01 that for the electric dipole. If the
electric quadrupole transition were as weak as that for
magnetic dipole, either of these transitions would not
be observable in the yield due to electric dipole transi-
tions.

One must conclude that the alpha-particle model for
Be' is in accord with the existing experimental data both
from energy considerations and from properties of the
levels such as angular momentum and parity.

The alpha-particle model for the C" nucleus has the
three alpha-particles situated at the vertices of an
equilateral triangle, as with C", with the additional
neutron having a p-wave function with a node in the
plane of the alpha-particles. In so far as rotational mo-
tion of the model as a whole is concerned, the properties
of the symmetrical top described this motion. Aside
from symmetry properties and the change in moment
of inertia caused by the additional neutron, C" is
similar to C" in its rotational properties.

In determining the symmetry properties for this
model, rotations about the figure axis have the same
symmetry as that for C", since the neutron lies on the
figure axis. The wave function describing the complete
system is to a first approximation a product of the eigen-
function of the neutron and the rotational eigenfunction
of the complete system. A rotation of 120' about the
figure axis is equivalent to interchanging pairs of alpha-
particles twice, and must therefore leave the wave
function symmetric. This can be obtained for E=3e
for integral n. A rotation of 180' about an axis in the
plane of the three alpha-particles and passing through
the center of mass and one of the alpha-particles, fol-
lowed by a reRection of the neutron in the plane of the
alpha-particles, will interchange two of the alpha-

26 E. Guth and C. 7. Mullin, Phys. Rev. 76, 234 (1949).
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particles. Since the neutron reRection will always pro-
duce a change of sign in its wave function, only states
in which the rotational eigenfunction changes sign for
the 180' rotation described will be allowed by the Bose
statistics. For e integral and non-zero, rotational
eigenfunctions odd under this rotation can be found for
all J& ~K~. However, for E=O, only rotational eigen-
functions for odd J will be odd for the rotation de-
scribed, since these eigenfunctions are the spherical
harmonics. ,

The parity operator is equivalent to 180' rotation
about the figure axis, followed by a reQection of the
neutron wave in the plane of the alpha-particles. The
latter always produces a change in sign, the former being
even or odd as E is even or odd. Therefore, the parity
of a state is odd for even K and even for odd E.

With these symmetry restrictions, the ground state
has J= 1, E=O, the first excited state J=3, ~E~ =3,
if the neutron intrinsic spin is neglected. Neglecting the
inertial e6ect of the neutron, and assuming the same
separation of alpha-particles as used for C", one places
the 6rst excited state of the model at 4.2 Mev. Since an
alpha-particle is more tightly bound in C" than C", the
separation of the alphas of the former might be smaller
than for the latter nucleus. However, the neutron will
tend to increase the moment of inertia, so the total
e6ect is dificult to estimate. A search of the available
data on the excited states of C" brought forth no evi-
dence concerning the parity or angular momentum of
any of these states, with the exception of the level at
3.1 Mev.

The level at 3.1 Mev has been shown by Thomas" to
emit electric dipole radiation to the ground state. On
this account alone the level is not identi6ed with the
first excited state of the alpha-particle model. Further,
on the basis of the C" data, the e6ect of the added
neutron on the moment of inertia, and the necessary
increase of separation of the alpha-particles over .that
for C" seem a bit out of reason in order to have the first
excited state of the model at 3.1 Mev. It is this excited
state that is concerned in an anomaly of the reaction
products in the bombardment of C" by deuterons. "It
had been hoped that a large angular momentum for this
state might explain the predominance of short-range
protons and gamma-rays produced over the production
of neutrons and long-range protons. A large angular
momentum for this state would allow the short-range
protons to be emitted with less angular momentum than
the other products and with a consequently greater
yield owing to less barrier penetration. During the in-
vestigation, a possible factor in explaining the anomaly
was found. For the reaction products C" plus long-
range proton or for N" plus neutron, spin states of 0
or 1 unit of angular momentum are formed, 5=0 or
S=1,with odd parity. If the N"* compound nucleus
has the following angular momentum and. parity, 0+, 1,
2, 3, . . . , it is impossible to have the reaction proceed

'7 R. G. Thomas, Phys. Rev. 80, 138 (1950).
"Bonner, Evans, Harris, and Phillips, Phys. Rev. 75, 1401

(1949}.

to the spin state 5=0 . In this state the intrinsic spins
of C" and the proton are aligned and opposite the 1
unit of orbital angular momentum of C". For the bom-
bardment of C" by deuterons then, the S=O spin
state is reached with conservation of intrinsic spin.
The reaction leading to the spin state 5= 1 requires a
spin-orbit effect and may consequently be less intense
than a reaction leading to an excited state of C",
for which the above selection rule would not appear.
An analysis of all data available for these transmuta-
tions. of C" by deuterons, taking account of the eHects
just described, is planned in the near future.

An association of the first excited state of the alpha-
particle model is made with the C" excited state at 3.9
Mev, found by Gove, "since it appears most reasonable
from the moment of inertia expected. However, noth-
ing more de6nite can be said at present.

Be" AND C'4

The ground-state spin of Be" is presumed to be zero,
and that for C" is known to be zero. The alpha-particle
model then has the angular momentum of each of the
external neutrons in opposite directions. The charac-
teristics of Be" and C" then are the same as found for
Be' and C", the ground and first excited states of both
having zero and two units of angular momentum, re-
spectively, with even parity.

Little experimental information other than position
of excited states is known for either Be" or C". The
first excited state of the alpha-particle model for Be"
is tentatively assigned to the experimentally observed
level at 3.37 Mev from the Be'(iE, P)Be"* reaction. "
Since an alpha-particle is more tightly bound in Be"
than in Be', the value 3.37 Mev for the first excited
state is reasonable when comparison is made with Be'.

The lowest experimentally observed excited state of
C" is 5.7 Mev above its ground state. "The constants
necessary for the 6tting of the model to this level,
while not completely unreasonable, are somewhat out
of line with those of the other carbon isotopes. No
de6nite conclusions concerning the applicability of the
alpha-particle model can be reached for this nucleus.
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