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New tables of coulomb functions are presented along with an introduction to their use. The ranges of
parameters covered by the tabulations are those required for the calculation of reactions of protons, deu-
terons, and alpha-particles with the lighter nuclei, from hydrogen to oxygen, in the energy range of a few
Mev. For alpha-particles the tables sufFice for treatment of reactions up to about 10 Mev for Z=9 {F)and
5 Mev for Z=2 (He), while for protons the energy range covered is about 4 times that for alpha-particles.
An indication of the principal applications of coulomb functions is given.

I. INTRODUCTION

A PAPER related to the material presented below
has been published' in the I'hysicu/ Reru. It

contains a description of special methods of approxima-
tion and computational short cuts as well as an oGer to
supply interested persons with numerical tables. The
demand for the latter exceeded expectation. A number
of comments concerning the usefulness of the tables and
the desirability of a printed edition led to the submission
of the appended material to the Editor of the Reeims
of Modern Physics. It appeared proper to precede the
tabulations by a brief description of the principal
applications.

Notation and Units

(a) Physi cat quantifies

Unit of mass=mass of neutral atom of the isotope
0"/16.

M(0")=unit of mass expressed in grams
=(mass of neutral atom of the isotope 0" in

grams)/16.
Unit of energy= 1 Mev.

3E;=mass of incident particle.
3f~= mass of bombarded particle.

Z, Z'= atomic numbers of colliding particles.
Z», Z2= atomic numbers of disintegration products for

disintegrations giving rise to two fragments.
M», 3f2——masses of disintegration products for disinte-

grations giving rise to two fragments.
rt=ZZ'e'/he, where tt is the relative velocity of

the colliding particles.
0= tzvlk, where tz is the reduced mass.
p= kr, where r is the interparticle separation.
a= h'/(ZZ'pe').

EM, =energy of the incident particle in Mev.
e= electronic charge.

*Now at Vanderbilt University, Nashville, Tennessee.
t Now at Los Alamos, New Mexico.
$ Assisted by the joint program of the ONR and ABC.
'Bloch, Hull, Broyles, Qourkius, Freeman, and Breit, Phys.

Rev. 80, 553 (1950).

m =electronic mass.
c=velocity of light.

t't = Planck's constant/(2').
I,k =angular momentum.
Q= energy evolved in a reaction.

0-1.——partial cross section for a reaction.
I',=disintegration constant for the ith mode of

disintegration.

(b) Functional symbols and mathematicat abbreviations

I'(x) =gamma-function of x.
az,=arg I'(L+1+irt) .
PL, =regular coulomb function, otherwise defined

by being a solution of

(~'Fz/~p')+[1 (2n/p) L—(L+1)l—p l~z=o
and having as its asymptotic form

Fz~sin(p —-,'Lw —
g in2p+oz)

at p=.
Gl.= irregular coulomb function satisfying the same

diGerential equation as FJ., otherwise defined

by its asymptotic form

Gz~cos(p ', Ls. g ln2p+—oz—). —

Cz ——{2z/(2L+1)! }

y {[Ls+psj[(L—1)s+ 7p1 ~ ~ ~ [1s+gs] }lCs

Cs ——[2s g/(e"& —1)jl.
Dz = 1/[(2L+1)Czj.

C z,, O~z ——quantities defined by Fz,=Czp 'C'z, ,
Gs.=Dzp 'Hr:

CL,*, 0~*=quantities de6ned by Ill.'=CI.p @I. ,
Gz' Dzp 'Oz*, where th——e prime signifies
diGerentiation with respect to p.

Az, = ~!Fz,'+Gz, '~ &=amp1itude of the phase ampli-
tude method.

y~=phase of the phase amplitude method, dedned
by I'I,=HI. sing&, , GL, =A&cospl, with the additional

requirement p&=0 when p=o.
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and
5/[M(O")erse'j&=0. 904(3)X10 "cm (4)

pti =0.3113pZZ'r~ =0.0969(2)pZZ'(roc'/e )s(5)
where r~ is the internuclear distance measured in
k/[M(O") mc')&

If the reaction causes disintegration into two frag-
ments having masses M&, Ms with energy release Q,
then the value of g for the end products is

ti=0.1574ZrZs(p'/ZM, ')&, (6)
where

p'= MtMs/M

is the reduced mass of the second stage of the reaction
and

M= M;+Ms= Mt+Ms (8)

is the total mass. The quantity E' is the energy available
to the second stage of the reaction of the disintegration.
In terms of the energy release Q,

F.'= (MsF/M)+ Q. (9)

The numerical values used above are not significant
in the last digit on account of uncertainties in the funda-
mental physical constants. The object in supplying the
extra digit is to avoid undue accumulation of errors and
inconsistencies between diferent formulas.

2. Values of the Wave Functions at the
Nuclear Surface

For an assumed model of the 'nuclei one can obtain
values of wave functions at the nuclear boundary which
correspond to preassigned conditions for the collision.
The simplest case of absence of spin-orbit coupling will

be dealt with below. Formulas for the general case are
more involved. The modifications owing to the identity
of particles can be found in standard texts.

The wave function which represents the collision
between two charged particles interacting only through
their coulomb fields can be written' as

IL APPLICATIOHS

1. Values of the Coulomb Function Parameters

In the following formulas, the bombarded particles
will be supposed to be at rest:

t) =0.1574ZZ'EM. &M,&,

pr)=r/a=ZZ'pr/(2. 905X10 "cm), (2)

le=reduced mass=M;Ms/(M;+Mb) . (3)

The values of the fundamental constants used above
are such that

P= g i~(2L+1)Pr, (cos8) exp(irrr) 5r/p, '(11)

where
Fr, Fl+(Gr+'iF——r)e' r sinKr. . (12)

Here Gl. is the irregular coulomb function. Asymptoti-
cally for large r, one finds

$1~e'~r sin[p —(Ls/2) —
ri ln2p+or, +Kr]. (13)

The asymptotic behavior of lh at large distances is,
therefore,

P'+&s"[(2L+1)/plPr sinKI,

XexpIi[p ri 1n2p+2—ur+Kr)I, (13')

and the scattered wave is

P= —[q/k(r —s) $ exp [i[kr—g ink(r —s)+2oo] I

+Zs"[(25+1)/p/Pz, sinKr,

where Ill. is the regular coulomb function,

al, ar——gI'(L+1+irl)

and M is the conQuent hypergeometric series. Here the
direction of propagation is along the s axis, 8 is the angle
between the s axis and the line joining the point r=0
to the point at which P' is desired. The Pr, are Legendre
functions of order I.. This wave function contains only
the relative coordinates of the particles and is referred
to as the wave function for relative motion. It is normal-
ized so as to give unit density at infimty in the space
of the relative coordinates. This normalization corre-
sponds to one target nucleus being bombarded by a
stream of incident particles having unit density at
infinity. At large distances the function represented by
Eq. (10) has an asymptotic behavior very similar to a
plane wave of unit amplitude. It has furthermore been
shown by Gordon' that the asymptotic form of Eq. (10)
represents the limit approached by a wave function
inside a big sphere outside of which the coulomb field

is neutralized by a suitable volume distribution of
charge. As the radius of Gordon's screening sphere is
made to approach ~, the wave function outside the
sphere gives intensities approaching those predicted by
the dominant terms in the asymptotic form of Eq (10)..
In this sense, the coulomb fie1d solution of Mott and
Gordon' represents conditions for collisions between
neutral atoms.

Phase shifts E& in the coulomb functions Ill, modify
the Mott-Gordon solution so that it becomes

f'= Zs"i~(2L+ 1)Pr, (cose) exp(irr&) FI /p
(10)

Xexp I i[p—r) ln2p+2er. +Kr,f }. (14)

= e &~&'"+'"I'(1+i')M(srl; 1; ik(r —s)),
s The general theory is due to Lord Rayleigh (Theory of Sourld,

II, 323), H. Faxdn and J. Holtsmark, Z. Physik 45, 30/ (1927);

N. F. Mott, Proc. Roy. Soc. (London) A118, 542 (1928);W. Gor-
don, Z. Physik 48, 180 (j.928); and a complete account of it is
found in N. F. Mott and H. S. W. Massey, The Theory of Atomic
Collisions I,'Oxford University Press, London, 19333.
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er.—ep ——Z, p tan —'(rf/s). (17)

Under some conditions the internal properties of the
nuclear system (compound nucleus) determine the shape
of the wave function inside a sufhciently large volume

in the space of the relative coordinates. The shape of
the wave function determines the ratio of the values of
the function at diferent points in the configuration

space of the composite system formed by the two collid-

ing nuclei. By referring to the knowledge of the shape
only it is customary to emphasize the fact that the
normalization is not known. A situation of this type is

obtained in the "one-body" model of the collision proc-
ess. Under such conditions the phase shifts EL, are
determined completely by regularity of the function
inside the nucleus. This circumstance may be seen

either by recalling that the radial functions can be
continued to an infinite distance and that the phase
shift is determined by the asymptotic behavior without
knowledge of the normalization; or else one can employ
formulas giving the phase shift in terms of logarithmic
derivatives. In the general case the shape of the wave

function is not known without further specification of
its behavior at large distances. In such cases as the
reactions represented by

Lir1H' He4+He4,

there exist relations' connected with the principle of
detailed balance which restrict the scattered amplitudes
and it has proved possible to discuss by means of con-

siderations in the configuration space of the whole sys--
tem typical conditions suggested by experiment5 and

3 N. F. Mott, Proc. Roy. Soc. (I ondon) M26, 259 (1930);J. R.
Oppenheimer, Phys. Rev. 32, 361 (1928); H. M. Taylor, Proc.
Roy. Soc. (London) A134, 103 (1931);A136, 605 (1932).' J. A. Wheeler, Phys. Rev. 52, 1107 (1937).' G. Breit and F. L. Yost, Phys. Rev. 47, 508 (1935); 48, 203
(1935); N. Bohr, Nature 137, 344 (1936); G. Breit and E. P.
Wigner, Phys. Rev. 49, 519 (1936); H. Bethe and G. Placzek,
Phys. Rev. 51, 450 (1937);H. Bethe, Revs. Modern Phys. 9, 69
(1937); Kalckar, Oppenheimer, and Serber, Phys. Rev. 52, 273
(1937); E. J. Konopinski and H. A. Bethe, Phys. Rev. 54, 130
(1938}.

The knowledge of the scattered wave suffices for the
determination of the phase shifts. Suitable symmetriza-
tion gives the necessary modifications for the treatment
of identical particles. '

In application to the calculation of intensities the

rrr, =argr(L+1+irf)

occur only in the combinations

~,—~&=argLr(L+1+s&)/r(A'+1+s~) j, (16)

and these quantities are obtainable in terms of elemen-

tary functions. Thus, e.g. ,

to study conditions for resonance' as well as general
expansions in terms of properties of wave functions at
the surface of a sphere of approximately the radius of
the compound nucleus. ~ It has also proved possible to
deal with some features of the problem by endowing the
nuclear matter with an absorption coefficient' for waves
representing relative motion of colliding particles. In
these formulations it is convenient and useful to have
available a mathematical connection between the phase
shifts and properties of the compound nucleus.

For an arbitrarily chosen point in configuration space
the wave function is many dimensional and in the
general case it cannot be reduced to a product of factors
involving smaller numbers of dimensions. For parts of
configuration space which correspond to the existence
of well-defined disintegration products in well-defined

stationary states the wave function can be represented,
however, as a product of four factors: the function

representing the motion of the center of mass, the two
functions representing the states of internal motion
within each fragment, and the function representing the
relative motion of the two fragments with respect to
each othe'. Such a part of configuration space is often
referred to as a "channel. " Within a channel the prob-
lem is essentially one-dimensional. The connection be-

tween phase shift and internal properties of the com-

pound nucleus may be stated, therefore, in terms of the

shape of the factor in the formula for the wave function

which has reference only to the relative motion of the

two fragments with respect to each other. This connec-

tion is the same as for the one-body problem. Conveni-

ent formulas essentially equivalent to

tanEL, ——(Sl &1.
'

&r,'Fl)/(Pr. 'G—r. &rGr, '), (19—)

with a prime indicating differentiation with respect to p,
can be found in the literature. ' Other convenient forms

for joining internal and external functions are obtained

from the application of %. E. Milne's phase-amplitude

method to the present problem made by John A.
Wheeler. '0

P G. Breit, Phys. Rev. 40, 127 (1932); 58, 506, 1068 (1940);
69, 472 (1946); P. L. Kapur and R. Peierls, Proc. Roy. Soc.
(London) 166, 277 (1938);R. Peierls, Proc. Cambridge Phil. Soc.
44, 242 (1947); A. J. F. Siegert, Phys. Rev. 56, 750 (1939);W.
Kahn, Phys. Rev. 74, 1763 (1948).

E. P. Wigner, Phys. Rev. 70, 15 (1946); 70, 606 (1946);
E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); T.
Teichmann, Phys. Rev. 77, 506 (1950); R. F. Christy -and R.
Latter, Revs. Modern Phys. 20, 185 (1948).

pOstrofsky, Breit, and Johnson, Phys. Rev. 49, 22 (1936);
Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947); H.
Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949).

First reference in footnote 3, 6rst reference in footnote 5,
various forms and discussion in the third reference in footnote 6.

' John A. Wheeler, Phys. Rev. 52, 1123 (1937). See also Sec.
VIII, reference 1, for several useful formulas in this connection.
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3. Connection with Resonance Theory

In the one-body case one has the relation"

E=u
I S,I2dr+

r kBE GJ.Br
(20)

in which the sum is taken over all disintegration con-
stants. In the case of sharp resonance, however, the
exact relations approach Eq. (21) as a limit.

4. Special Cases

between the half-value breadth 2F and the probability
of the distance between the two particles being smaller
than b Th. e part outside the integral in Eq. (20) can
be made relatively small by choosing b somewhat out-
side the repulsive barrier. In Eq. (20) the quantities are
supposed to be evaluated at resonance, and the desig-
nation of the half-value breadth as 2F is used because
in a convenient approximation —iF may be used as the
imaginary part of a complex energy which is a conveni-
ent generalization of the real energies of stationary
states to the quasi-stationary states of resonance theory.
The integral in Eq. (20) is written as a one-dimensional

integral so as not to complicate the notation. It is
replaced in general, however, by a many-dimensional

integral over the configuration space of the complete
problem. Within the approximation of small probability
of escape along the disintegration channels, other than
the particular channel considered for incidence, it is
consistent to cut off the integration at the opening of
the disintegration channels and to use for the internal
function the continuation of the function which contains

(Pz) resonance as the factor for relative motion in the
four-factor many-dimensional function of the channel

representing incidence.
If the effect of escape along the disintegration channels

cannot be neglected it becomes impossible to satisfy the
one-body resonance condition (Sz'/5'z) —Gz'/Gz=0 ex-

actly. At most, one can reduce this difference to a mini-

mum. The resonance width is in this case approximately
determined by the mean life of the resonance state,
taking into account escape along channels. The reso-
nance width is then approximately the sum of the widths
calculated for each channel separately, in accordance
with the interpretation of Eq. (20) in terms of the con-
tinuation of the one variable function which has just
been discussed. The application of the Heisenberg un-

certainty principle to time and energy implied in this
approximate view of the resonance width has its limita-
tions but its correctness can be substantiated by more

explicit considerations. It then turns out that level

widths and disintegration probabilities are related to
each other by formulas somewhat diferent from the
simple one

(21)

"G. Breit and F. L. Yost in reference 5, and G. Breit and E.
P. signer in reference 5.

The general usefulness of coulomb functions for con-
sideration of nuclear reactions in an elementary manner
can be illustrated by the construction of some simple
models and extreme cases. ' The partial cross section for
disintegration on the one-body model without spin and
without a phenomenological extinction coefficient of the
incident wave is"

(22)

where

and

~b
(zzz )= wzgg, df ' wz(f)(&= 1

0

8z ——(Fy,'/Fz) —Fz'/ Pz.

(22')

(22")

"Ostrofsky, Breit, and Johnson, Phys. Rev. 49, 22 (1936).
Equation (12) of this reference became distorted through the
replacement of a proportionality sign by the sign of approximate
equality. The intention was to include on the right side of Eq. (12)
in OBJ only the more characteristic factors. Equations (23) and
(23') of the text above are somewhat simpler, however, and include
all constant factors. ,

The conventions and notation are as follows: b is the
radius of a sphere within which the presence of the
incident particle is essential for inducing the disintegra-
tion under consideration, (PI, is the probability per
second that if the incident particle is within a sphere of
radius b the disintegration will occur, wz(r)dr is the
relative intrinsic probability of inducing the disinte-
gration in dr at r, ~ is the relative velocity of the two
colliding particles, NI. is the wave function for relative
motion of the colliding particles in 0&r&b normalized

so as to be unity at r=b. The model leading to this
formula is decidedly oversimplified and takes no explicit
account of resonances having their origin in the coopera-
tive action of many nuclear particles. Such action can
be partially taken into consideration by allowing (P& to
be variable. In addition, Eq. (22) does not bring. in

eGects of diminution in the intensity of the incident
wave in the nuclear interior which are caused by the
formation of disintegration products and by excitation
of one or the other of the two colliding particles. For
very low energies the asymptotic behavior of the right
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side of Eq. (22) is

2P~'(21.+1)pr'

L(21.)!gP

6'~&'( /~)"(»)'/o~' n-e '~p (23)
L(I ~~'/~~) bG—~'/G~)l' ~=p~

At E=o, Oc may be expressed in terms of Epr+&, the
bessel function of imaginary argument of the second
kind. " When this expression is employed, Eq. (23)
becomes

~~&'(~~')l(r/~)
o.r, (2L+1)n'

L(p && / &&) (pG& /G&)]

becomes

,=2~A, (2I+1)/(F 'yG, '),
where

&p= (h/2y5'1. )& and A= h/(2IJE) &. (26')

The quantity (Pi, has the same meaning as in Eq. (22).
It has been supposed here that all of the damping is
caused by the disintegration in question. In the general
case of many sources of damping, the right side of Eq.
(26) should be multiplied by the ratio of the number of
reactions of a specified type to the total number of
reactions. The approximation of Eq. (26) is that of an
absorption so strong that the wave decays to a small
fraction of its value at the surface by the time it reaches
the center. In addition, it is supposed that ky ))kp . The
wave function then has the form

where
x'= Sr/a.

( /~)e
—pepX, (23')

L&pw~(&))'

(23//)

5=const exp t (p5'/h) l(1+i)r/2'*I

S, b=( 'k h/P$')/( G+ F'),= .b (27)

These relations show" that at sufficiently low energies
the main variation in cri, is given by the factor

(1/pP) e—2+P

independently of the value of I.. The conclusion holds

quite generally" also in cases of finite absorption in the
nucleus.

For L=O the consideration of the absorption of the
incident wave leads to

k'= kp'+ikg' (25)

is the complex wave number in the nuclear interior and

Ch = cosh2k~'b, Sh= sinh2k~'b,

c= cos2kp'b, s= sin2kp'b.
(25')

If all the absorption is caused by the disintegration
under consideration, then one may connect kp', k&' by

kp'+ikg' ——(2y/h') ALE—U+ ikey'/2)i

In the case of very strong damping of the incident
wave in the nuclear interior the partial cross section

"Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936),Eq. (36).
For an extension the expansion of O~l, in terms of E'2g+1(x) to
6nite energies, see G. Breit and M. H. Hull, Jr., Phys. Rev. 80,
392 and 561 (1950).

p = 2 pr(6'/v) L(Sh/kg') —/ks]Ip~
k'

I '(Ch+ c) (G'+F')

+k'(Ch c) (G"+F") —2ksfk p'(GG'+—FF')+kg' j
—2kShLk, '(GG'+FF') —kp'j I ', (24)

where

The form under discussion is very similar to that used

by R, F. Christy and R. Latter. " It is seen that the
consideration of this extreme case makes it reasonable
to consider 1/(Gr, '+Fr, ') at the nuclear surface as a
measure of barrier penetration effects. On the other
hand, it will be noted that relations (26), (27) are
approximate only and that in general Ii I. and GL, enter
also in other combinations.

Quite apart from the extinction coeScient approxima-
tion, one can examine typical cases from the standpoint
of the many-dimensional wave equation. It is then
found" that under some conditions the damping con-
stant 1' depends mostly on E'/g' and under other condi-
tions mostly on f'/E&.

Here f, g are linear combinations of F, G chosen in

such a way as to have f=F cosK'+G sinE', g= G cosE'
—Ii sinE' outside the compound nucleus. The phase
shift E' is chosen in order to correspond to a one-body
approximation of the problem. This approximation is

made use of so as to secure more rapid convergence of
the calculation which is intended to take into account
the many-body character of the process. Subscripts I.
are dropped here, since they are irrelevant to the dis-

cussion. Typical of the second category is the case of an
interaction localized in a small region of configuration

space. The damping constant may then be represented
as the product of two factors, one of which has reference

only to the behavior of the interior of the compound
nucleus in releasing the disintegration products, the

"R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185
(l948)."Second and fourth references in footnote 6.
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other factor having the form f'/E'. The function f is

evaluated at the place where the interaction takes place
B,nd it is supposed in the calculation that the value of
the interfragment distance can be sufficiently well de-

6ned to make such an evaluation definite. A repulsive
interaction in a large region of configuration space leads,
on the other hand, to E~/g' as the typical dependence.

A very general treatment of the dispersion theory of
nuclear reactions has been given by Wigner" and by
Wigner and Eisenbud. ~ This theory pays special atten-
tion to the possibility of expanding the wave function
in terms of functions satisfying certain boundary condi-
tions at the nuclear surface and is not especially con-'
cerned with the separation of coulomb barrier effects
from the disintegration probability in the absence of a
barrier. The choice of the dividing surface between the
internal and external regions is immaterial within wide
limits. This circumstance is, of course, a great advan-
tage. It also implies a certain arbitrariness in the level
system for the representation of the results. The theory
involves a succession of approximations and it is shown
in the work of Wigner and of Wigner and Eisenbud that
there is good likelihood that the higher approximations
have a very small e8ect. In this theory it is Ii'+G' and
the derivative of this quantity with respect to distance
that are of primary importance. This fact is not in

disagreement with the discussion of special cases in

which it is sometimes F and sometimes G that is of
principal importance. In the special cases results are
expressed in terms of resonances of parts of the system
so that the coulomb functions enter in the region where
the resonating parts are located rather than at a surface
surrounding the compound nucleus. It would-be out of
place to discuss further differences between various
forms of the dispersion formulations of nuclear reac-
tions. It is clear that these differences are concerned
more with the choice of parameters used to describe the
compound nucleus than with joining the internal func-
tion to the wave function in the disintegration channels.
For the latter consideration the knowledge of coulomb
functions becomes indispensable.

III. ARRANGEMENT AND USE OF THE TABLES

The tables collected here have been made up with the'

general objective of providing values of the desired
quantities with an accuracy of one percent. In some
cases this accuracy may be obtained by means of linear
interpolation; in others parabolic interpolation is re-
quired. Free use is made of auxiliary quantities having
convenient interpolation properties. The independent
variables are p and log»g. These tables may be con-

sidered to be an extension of those published else-

In general, the functions are tabulated for L=O, 1, 2,
3, and 4 over a range of p and g suitable for discussing
reactions of protons, deuterons, and alpha-particles
with the lighter nuclei.

The regular coulomb function FI. occurs frequently in

applications and has been tabulated in Tables I to V.
For small p, especially for higher L, FI, varies too rapidly
for accurate interpolation and should be obtained as

FL, =CI,p +'41.) (28)

or with the aid of the phase amplitude variables from

(28')

Here Ci, is the coefficient defined in the section on
notation. It satisfies the recurrence relation

Ci.= t L'+q']'Ci, ,/[L(2L+1)].

The quantity CL, is given in Tables VI to X, Ai, in

Tables XXXV to XXXIX, and- yL, in Tables XXX to
XXXIV.

Since the irregular function Gi. is rarely needed

directly, it has not been tabulated. It may be obtained

by means of the formula

where

Gg Dgp 0+g)

Di, 1/L(2L+ 1)CL,]——
(3o)

(31)

and 0& may be calculated as (4».01,)/O'I, . Values of
C L, OL, are listed in Tables XXV to XXIX.One may also
use the phase amplitude variables and obtain Gi„ from

Gi =A I cospI ~ (32)

In many applications, however, CI,O~I, is more useful,

since it occurs in the form

(33)

For large L and small p the quantity CI.OI. has con-
venient interpolation properties, while for larger values
of p it is more convenient to deal with AL, and pi. .

Since Gz,
' is connected with Fi,', FI,, Gi. through the

' Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936), and J.
.Terr. Mag. and At. El. 40, 443 (1936);Breit, Condon, and Present,
Phys. Rev. 50, 825 (1936); Breit, Thaxton, and Eisenbud, Phys.
Rev. 55, 1018 (1939);E. R. Wicher, J.Terr. Mag. Atmos. Elec. 41,
389 (1936); J. A. Wheeler, Phys. Rev. 52, 1123 (1937); P. P.
Pavinsky, J. Exp. Theoret. Phys. 9, 411 (1939) (in Russian).
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Wronskian
F1.'GI, —Gz'F I.——1, (34)

FI.'=Ci.p 41.*, (35)

where values of Cz,* are given in Tables XVI to XIX.
The quantity

PFL /FL @L /@L (35')

occurs frequently in applications and is available in
Tables XX to XXIV.

The interpolation properties of

it is not needed in the applications and no tabulations
of this quantity have been made. It is necessary, how-

ever, to have the equivalent of either Ill, ' or Gl.' in all
applications involving the joining of coulomb functions
to internal nuclear functions. In this connection IiL'

may be obtained as log] Qg
—log iQg~

)
log yp g g

—log jQ'g y (37)

28,= (P P—i)/(—P2 pi), —

where q~ and q2 are the tabular values of g immediately
below and immediately above the value of p for which
the functions are desired. The quantities p& and p~ have
similar meanings.

Example 1

in the lower left-hand corner of each page. Reference is
made in these notes to the position of entries with
respect to dashed lines drawn in the body of the tables.
The "check values" mentioned in the notes on accuracy
have usually been obtained by an independent method.

For use in the following examples the following
"interpolation fractions" are defined:

[ri(' "L &'j' expL —(9pri)'$4L (36)

are better than those of 41, for some portions of the
region covered. In Tables XI to XV the values of this
quantity are listed. Parabolic interpolation may often
be avoided by utilizing these tables. The symbol 6z, Q

stands for 1 when I.=O and 0 otherwise.
For arbitrarily chosen values of p and p the applica-

tion of the tables requires bivariate interpolation. It is

frequently possible-, however, to arrange calculations so
that only a less time consuming interpolation against
one independent variable is required. Thus, for example,
an investigation of the expected value of a, nuclear colli-
sion cross section between two energy values does not
usually require accurate values of the cross section at
preassigned energy values. It frequently suffices to
make the calculations for the values of g which are used
in the tables. The values of p corresponding to the
nuclear radius and the tabular values of q are then
computed and interpolations against the one variable

p suffice. The roles of p and g may be interchanged.
In deciding on a detailed plan of a calculation it is

convenient to have a simple criterion for estimating the
accuracy of linear interpolation of a tabulated quantity
against either p or logypg. The rule stating that the error
in linear interpolation is seldom greater than one-eighth
of the absolute value of the second difference is helpful.

In the lower right-hand corner of most pages contain-
ing tables there is a note concerning interpolability of
the tabulated quantity. These notes refer to single or
double full lines drawn in the body of the tables. Notes
concerning accuracy of the tabulated values are inserted

1.5869+0.5 0.7563—0.6—=0.869, I =—
P

0.1 0.2
=0.782,

and employing tabulated values of C» in

C'2(vi, p) = (1—~.)C'2('6» P&)+~ C'2('9& P2)

one has

42(gs p) =0.218X1.03831+0.782X1.0398=1.0395

and

C'2(q2 p) =0 218X 1 05517+0.782 X 1.0626= 1.0610.

Interpolation in logiQg gives

C'2(n, p)=(1 ~,)@2(n» p)+28,@2(n2, p)

=0.131X 1.0395+0.869X 1.0610= 1.0582.

Employing Eq. (25), one has

1 t'4. 1492X1 1492X22rXO 3863) '

i
=o.o3529.

30 l . 82mX0. 8888
1 )

Find F, G, and pF'/F for L=2, g=0.3863, p=0.7563.
Since neither p nor g are tabular values, bivariate
interpolation will be necessary. The point &=0.3863,
p =0.7563 is above the double line on Table VIII, so that
4» may be obtained by linear interpolation &n log&Q&

and p from this table. Thus
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Then Eq. (24) gives C'& (p, p) =0.7515. Then using Eq. (31), one has

F2(p g) =0.03529X(0 7563)'X1.0592=0.01615.
so that

pFI.'/Fr, =Cl,p 'C'r, /Fr. ,

The values of p, q are within the range of Table XXVII,
so C»0~2 can be obtained by linear interpolation from this
table in the same manner. Here u„ is the same as before, (0.07868) X (4.461)'X (0.7515)
but N, =0.391 in this case, since p~ ——1.0 rather than 0.8 = 1.056,
as before. Then 1.114

C'202(gq, p) = 1.0215) 4202(g2, p) = 1.0107)

and 6nally
C'20'(g, p) = 1.0121.

From Eq. (29) one has
I

0.7563&&1.0121
Fkg =— =0.15309

and
0.15309

G2 —— =9.48.
0.01615

The values of p and g are above the double line of
Table XXII, so that linear interpolation may again be
used to obtain C'~*/C'~. The values of u„and u, are the
same as for the C,O2 interpolation, so that

where C~=0.07868 is calculated as in example 1.

Example 3

Find Il for I.=O, g=2.842, and p=2.714. This pair of
q, p-values corresponds to a tabular value below the
double line and to the right of the single line in Table VI
which gives Co. According to the interpolability note
such a value should be obtained with the aid of the
auxiliary function gl exp[—(9pg)'jC o of Table XI. This
suggestion is conirmed when it is noted that although
interpolation in p gives accuracy better than the stand-
ard one percent, the second difference rule indicates that
Table VI may not be interpolated linearly in p in this
region to this accuracy. Linear bivariate interpolation
in Table XI gives

q*'exp[ —(9pri)']C'o(g, p) =2.1317X10 ',

C 2 (Itl, p)/C 2(pip) = 2.9922&

C g*(g2, p)/C 2(gg, p) =3.0130,

~ ~ (~, ~)/F2(n, ~) = C.*(~, ~)/C. (~, ~) =3.010.

Example 2

Find F, G, and pF'/F for 1.=1, g=0.7944, and
p= 4.461.The functions are tabulated for this value of g,
so that interpolation in p only is necessary. The point
g= 0.7944, p=4.461 lies below the double line and to the
left of the single line of Table VII, which gives 4~, so
that F~ and G~ are best obtained from A~ (Table
XXXVI) and rpq (Table XXXI).Interpolating linearly
in p, one obtains A& ——1.1506 and y~= 1.8223. Thus,

F~ 1.1506Xsin(1.8223) = 1.1——14,

Gi = 1.1506Xcos(1.8223) = —0.2863.

Since the point g, p of this example falls below the solid
line of Table XXI which gives C ~ /C ~, it is preferable to
obtain C l* from Table XVII. Linear interpolation gives

so that

0.021317 exp[(9 X2.714X2.842)1]
C'o(n, ~) = =—52.526.

(2.842) '*

Then from Eq. (24),

Fo(v, p) = (5.602 X 10 4) X (2.714)X (52.526) =0.07986,

since C, (g) =5.602X10-'.
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