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Ay, for twere absurd

To think that nature in the earth bred gold
Perfect i’ the instant: something went before.
There must be remote matter.

The Alchemist, 1610, Ben Jonson.
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I. INTRODUCTION

ODERN astrophysical data and nuclear physics

indicate an intimate connection between the
origin and the relative abundances of nuclear species,
and have within recent years provided the clues required
for attempting an explanation. Astrophysical studies
have shown, first of all, that one can attach a fairly
definite age to the universe as we know it, second,
that the relative abundances of nuclear species are, to a
good approximation, universal quantities, and, third,
that physical conditions near the “beginnings” of the
universe as we now know it, or in the interiors of certain
kinds of stars, may have been sufficiently severe to have
permitted the nuclear processes required for forming
all the nuclear species. In addition, nuclear physics
indicates that there should be a generic relation between

* This review was supported by the Bureau of Ordnance,
U. S. Navy, under Contract NOrd 7386.

nuclear species, because all nuclei are composed of
similar kinds of particles and there appear to be signifi-
cant correlations between relative abundances and the
systematic properties of nuclei. The problem of the
origin of the elements is by no means a new one, and
has almost always been considered an integral part of
the origin, structure, and evolution of the universe.}

As reasonably good data on the observed universal
relative abundance distribution of the elements have
become available, several different theories to explain
the origin of the distribution have been developed. In
one of these theories the relative abundance of the
elements is described as the result of a “frozen-in”
thermodynamic equilibrium between atomic nuclei.
The nature of this equilibrium distribution is principally
determined by nuclear binding energies. In a second
theory the abundances of the elements are considered
as resulting from non-equilibrium processes, involving
the formation of very light nuclei by thermonuclear
processes and of the remaining nuclei essentially by only
the successive capture of neutrons, with intervening
B-disintegrations. In a third theory the light elements
are pictured as formed by thermonuclear processes
while the heavy elements are formed as a result of the
fission of polyneutron complexes with subsequent 8-dis-
integration and neutron evaporation of the fragments.
Yet another theory involves the continuous creation of
matter at an essentially undetectable rate, uniformly
throughout the universe, or the sudden appearance in
the universe of ‘“‘drops” of nuclear material, of stellar
dimensions. Obviously each of these theories involves a
different type of cosmology.

Recently, discussions of several of the theories of the

t It is interesting to compare modern studies of this subject
with some of the early ideas. Until the time of Copernicus the
universe was believed to be small, closed, and conceptually
comfortable. The earth was the center of this universe, and all
material bodies in it were supposed to be compounded of the four
simple substances—air, earth, fire, and water. In very ancient
times matter was conceived as made up of one basic substance
such as water or wood. In this connection it may be noted that
the word kyle derives from the Greek /iylé meaning either wood
or matter, and the now obsolete word ylem, derived from Ayle, is
defined as the primordial substance from which the elements were
created. The word element was first used with its modern meaning
by Robert Boyle, while the first scientific listing of the elements
was made by Lavoisier in 1789.
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origin and relative abundance of the elements have been
given by Gamow [607],} Gamow and Critchfield [61],
and ter Haar [72, 73]]. These presentations are in
various ways limited in scope. A review by ter Haar
[73a] covering various topics including a section on
the abundance of elements is scheduled for publication
in this issue. The purpose of our review is to summarize
in some detail the present status of the several theories
and to discuss briefly their cosmological implications.
It will become evident that there is as yet no single
theory which does not suffer from some difficulties.
For some of the work to be described, the nature of the
basic assumptions must be questioned, while in other
work it would appear that the results are at variance
either with the abundance data or with generally
accepted views of the structure and evolution of the
universe.

Insofar as possible there has been included in this
review the work of all investigators dealing with the
origin and relative abundance of the elements from a
theoretical point of view. Any omissions that occur
arise solely from oversight rather than from a decision
to omit mention of the work. Reference to or discussion
of many of the papers concerned with the experimental
methods and results of determining the relative abun-
dances of the elements is not included, nor is there a
detailed description of the systematics of nuclear prop-
erties and abundance, since this is not the principal
purpose of this review. Differences between the notation
in this review and that of original papers will be found,
and arise because as uniform a notation as possible
has been used throughout.

II. THE OBSERVED RELATIVE ABUNDANCES OF
THE ELEMENTS

(a) The Data

The relative abundances of the elements in the
universe have been studied in a variety of locales,
including the atmospheres and interiors of stars, the
dust, gas clouds and nebulae in interstellar space, other
galaxies, and the various objects in the solar system.
The first adequate and complete tabulation of modern
universal relative abundances was that of Goldschmidt
[65]9 in 1938. His work also described in some detail
the sources and the probable accuracy of the relative
abundance data, the sources being principally analyses
of meteoritic composition and stellar spectra. Since
1938, improvement in stellar spectral data, improved
values for isotopic abundance ratios, and the great ad-
vances in the analysis and interpretation of meteoritic
composition due to Brown|| have warranted a new tabu-
lation. Such a tabulation has recently been made by

T Numbers enclosed in brackets signify references which will
be found in the Bibliography at the end of this paper.

9§ For a complete account of this subject through 1930, see the
book by von Kliiber [100].

(ll]For a list of papers by Brown and collaborators, see reference
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Brown [30, 31, 1027, while a discussion of the relative
abundance data and a detailed description of the meth-
ods of measurement is in preparation by Page [120].
Brown’s work includes new tables of stellar abundances
of the lighter elements, meteoritic abundances, cosmic
abundances of the elements, and cosmic abundances of
nuclear species. There are many differences in detail
from the earlier listings of Goldschmidt, but the major
features of the abundance data are not altered.

That the so-called cosmic abundances given by either
Brown or Goldschmidt are indeed cosmic is believed to
be firmly founded.** In general the agreement between
the relative abundances determined in various regions
of the universe is reasonably good. Of the few differ-
ences observed, most are explainable in terms of the
present or past physical conditions in the locale in-
volved. For example, meteoritic and terrestrial material
differ from stellar material in the relative scarcity of
the volatile elements, i.e., H, He, Ne, A, Kr, Xe, as
well as of those elements which probably were contained
in volatile compounds at the time of planet formation.
These disparities are undoubtedly associated with the
physical conditions accompanying the origin of the
solar system [70, 71, 1027]. Variations in the abundances
of Li, Be, B, C, N as well as H, D, and He in various
locales in the universe are almost certainly the result
of the participation of these elements in the thermo-
nuclear reactions responsible for energy production in
the great majority of stars [19, 227. Certain observed
peculiarities in C and N abundances in hot Wolf-Rayet
stars also arise from special features of the thermo-
nuclear reactions in these stars [56]. Variations in
isotopic abundance ratios have also been observed. The
ratio He?/He* differs with locale on the earth presum-
ably because of cosmic-ray neutrons. H/H? ratios are
different on earth than in the solar atmosphere, while
C* is excessively abundant in the atmospheres of some
cool stars. These last two deviations as yet are not
explained. Recently, Thode [154] has reviewed the
variations in terrestrial isotopic abundance ratios. In
general these variations amount to at most several
percent and would seem to be explained on the basis
of the effect of nuclear mass in chemical reactions during
the earth’s long history.

The universal relative abundances of the nuclear
species given by Brown are used throughout this review,
with several additions and alterations, as the basic
experimental data for comparison with theory. Since
Brown does not give the abundances of nuclear species
below oxygen, his elemental abundances were employed
for the lighter nuclei including those for Li, Be, and B.
Although there are uncertainties in isotopic abundance
ratios for these light elements in the universe due to
their participation in thermonuclear reactions, the
appropriate element abundances were converted to

** For example, Unsold (1617, in discussing abundances in the

atmosphere of the sun and r-Scorpii, has noted the remarkably
similar constitution of these two astronomically unrelated stars.
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Fi1G. 1. Relative abundance of nuclear species as a function of atomic weight according to the data of Brown
[30]. The relative abundances are taken with respect to 10,000 atoms of silicon. Isobaric abundances have
been added together. Below O'¢ elemental abundances given by Brown were converted to isotopic abundances
according to the isotopic abundance ratios given by Seaborg and Perlman [129]. Odd A4 and even 4 nuclei
are denoted by O and +, respectively. The positions of magic number nuclei are indicated on the abscissa.
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Fic. 2. Relative abundance of elements as a function of atomic
number according to the data of Brown [30]. The relative
abundances are taken with respect to 10,000 atoms of silicon.
0dd Z and even Z elements are denoted by O and +, respectively.

nuclear abundances by means of terrestrially observed
isotopic abundance ratios [1297]. Values of noble gas
abundances in the universe as interpolated by Brown
have been included while the radioactive nuclei have
not. All the available data discussed are shown in
Fig. 1, in which the logarithms of the relative abun-
dances of the nuclear species in the universe, stated as
the number of nuclei of a given atomic weight per
10,000 atoms of silicon, are plotted versus atomic weight.
In this plot isobaric abundances have been added
together. Since data are not available for a few nuclear
species, some plotted points may eventually be shifted
upward as new isobaric abundances are added. With
regard to the precision of the data, Brown has stated
that the relative abundance data are good to within a
factor of about four in general, a factor of two being
the more usual. In Fig. 2 the logarithms of the relative
abundances of the elements, normalized as previously,
have been plotted versus atomic number. In this case
isotopic abundances have been added. This manner of
presentation is included because some investigators
have presented the abundance data in this form.
However, most of the theories concerning relative
abundances deal with the distribution as a function of
atomic weight (i.e., the nucleon content) rather than
of atomic number. Recently, the relative abundance
data of Goldschmidt have been subjected to detailed
examination by Jensen [89, 907, Suess [151, 152], and
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Jensen and Suess [93]. They have correlated relative
abundances with mass number, isotopic number, atomic
number, and with the parity of the nucleon number.
The reader is referred to the original papers for discus-
sions of many of the detailed features of the data and
in particular for the correction factors which Suess has
estimated as required on the basis of reasonableness
and continuity to smooth the observed abundance data
[152a]. Recently, Sonder [1387] has also given an
interesting presentation of the relative abundance data.

The most outstanding general feature of the de-
pendence of relative abundance on atomic weight is
the very rapid decrease of abundance with increasing
atomic weight up to A=<2100 and the essential constancy
for atomic weights greater than 100. In fact, the
abundance data can be represented approximately by
two straight lines in the regions 4 <100 and 4> 100
[4]. This general behavior and the systematic details
of the abundance data provide definite evidence for
the close correlation between the properties of atomic
nuclei on an atomic weight basis and their abundances.
It seems reasonable to expect that a correct theory of
the relative abundance of elements will duplicate, in
first approximation, the approximately exponential
decrease in abundance with increasing atomic weight
up to 422100, and the essential constancy of abundance
for greater atomic weights. This principal feature of
the abundance data was also evident in the work of
Goldschmidt.tf Many investigators have plotted rela-
tive abundance data on such a contracted abundance
scale that the general dependence on atomic weight
described is made to appear unimportant. Frequently,
the practice of connecting plotted abundance points
with lines also tends to obscure the behavior of the
data since there are rather large fluctuations.

(b) Detailed Features of the Data

There are a number of detailed features of the relative
abundance data which merit discussion.}] In presenta-
tions of abundance data the many members of radio-
active families of nuclei between Pb and U are generally
not considered, for the reason that the abundances
observed for the parthenogenic progeny of the parent
elements of the several radioactive series are in excellent
agreement with the predictions of established statistical
laws of radioactive disintegration [1527]. Only the
observed abundances of the long-lived parent elements,
and, perhaps, the abundances of the progeny when
originally formed by processes other than the disinte-
gration of parent elements, require theoretical expla-
nation. However, it may be noted that in a statistical
approach to the problem of element formation in which

tt Compare Fig. 1 with Fig. 1 of reference [5] which presents
a similar plot of Goldschmidt’s data.

1t Harkins [76] and [78], and Oddo [118], appear to have
first pointed out that the features of the data on the relative
abundances of the elements indicate that the universal abundances
depend on nuclear rather than chemical properties.
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individual nuclear processes are not specified in detail,
the problem of explaining short-lived radioactive ele-
ments does not arise so long as it can be demonstrated
that the necessary reversible reactions exist.

An examination of the data in Fig. 1 reveals rather
large fluctuations in the relative abundances as com-
pared to the general trend of the data. This is particu-
larly noticeable among the very light elements. In the
latter case, at least, there seems to be good reason to
believe that the presently observed abundances may
differ somewhat from an original distribution, i.e., the
abundance distribution when the +elements were
formed. 9 For example, all of the nuclear species below
oxygen may participate strongly in thermonuclear
reactions at elevated temperatures either in ordinary
stars or in the prestellar state of the expanding universe.
In addition, the presently observed abundances of some
of the other light elements such as F'® may also be
affected by thermonuclear processes.

Perhaps the most striking irregularity in the abun-
dance data is the high peak in the vicinity of iron. On
the atomic weight plot, Fig. 1, it may be seen that this
abundance peak lies roughly in the range 4=353 to
A =63 and is above the general trend of relative abun-
dances in this vicinity by a factor of about 10 On the
plot of abundance versws atomic number this peak
contains only several elements. It should also be noted
that nuclei which might be regarded as having a
completed shell structure on an a-particle model
exhibit rather large abundances, e.g., He, C, and O.

There are several datum points in Fig. 1 in the
vicinity of 4=130 which lie well below the general
trend. These are the abundances of certain Xe and Ba
isobars; no abundance data have been given by Brown
for Te whose isotopes, when included with the former
isobars, would raise the datum points under discussion.
Several of the strikingly low abundance data points in
Goldschmidt’s tabulation, notably Te, Ba, Os, and Re
have been redetermined or removed from the tabulation
by Brown and the redetermined points are now more
nearly in line with the general behavior of the other
heavy elements.

In the region of the heavy elements there are several
abundance peaks on the atomic weight scale which
deviate from the trend by a factor of about 10. These
peaks are correlated in location with the atomic weights
of nuclei of the magic number variety.| || Magic num-
ber nuclei, i.e., those containing 50 or 82 protons, or,
50, 82, and 126 neutrons, have been shown to exhibit

€9 In some theories to be described later the elements are
pictured as being formed continually in special stellar models, so
that the anomalous abundances of some of the light elements
require special explanations.

{ﬁ || Atomic nuclei of this type have been discussed by a number
of investigators. See, for example, references [15, 21, 44, 47-49,
69, 112, 1177]. The following additional references deal with this
subject: E. Bagge, Naturwiss. 35, 375 (1948) ; Haxel, Jensen, and
Suess, Naturwiss. 35, 376 (1948) and Phys. Rev. 75, 1766 (1949);
K. Way, Phys. Rev. 75, 1488 (1949); A. H. W. Aten, Jr., Science
110, 260 (1949); and E. Feenberg, Phys. Rev. 77, 771 (1950).
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peculiar stability properties as the apparent result of
some kind of completed nuclear shell structure. The
regions of atomic weight in which the magic number
nuclei are situated are indicated on the abscissa of
Fig. 1. It may also be noticed that there are abundance
peaks in the observational data which correspond
quite closely to the two peaks in the mass yield curve
for the fission of uranium and other nuclei [5, 67, 93].

The analysis of relative abundance data in terms of
the systematic properties of atomic nuclei has led to a
number of abundance rules which are of interest.* As
a result of the shell rule (the Pauli principle applying
to neutrons and protons in the nuclear structure),
nuclei of the even Z-even 4 type are both more numer-
ous and more abundant than any of the other types.
Nuclei of the odd Z-even A or even Z-odd 4 types are
about equally numerous and abundant, while nuclei of
the odd Z-odd 4 type are rare in number and scarce in
nature. Consequently, odd Z nuclei have very few
isotopes, and even Z nuclei have much larger numbers
of isotopes. The small number of odd 4 isotopes among
even Z nuclei, and the considerable variation of this
number with Z, is illustrated in Table I [114].

The behavior with respect to shell completion is
nicely correlated with the features of the nuclear energy
surface, in which the minimal valley is occupied by
even Z-even A nuclei, the hills on either side are
populated by even Z-odd 4 and by odd Z-even 4
nuclei, while far up the hill is an occasional odd Z-odd
A nucleus. Insofar as the general elemental abundances
are concerned it is found that, on the average, even 4
elements are about ten times more abundant than
neighboring odd A4 elements [77].f The variation of
abundance with even and odd A4 is quite evident,
particularly among the elements in the vicinity of the
iron peak, in the large scale plot of the abundance data
shown in Fig. 6.

The relative abundances of the isotopes of a given
element show a much smaller spread among themselves
than do the relative abundances of the elements.
Among elements of even Z, one finds the relatively
small abundance, as well as the already mentioned
small number, of odd A4 isotopes. As a rule, for the
even Z elements above 3,Se the heaviest stable isotope
is quite abundant [114]. Below 3.Se, the trend is
reversed, if anything. If one plots for even Z elements,

TaBLE I. Percentage of odd 4 isotopes among even Z nuclei.

Range of Z 2 12 22 32 42 52 62 72
(even Z nuclei only) to to to to to to to to
10 20 30 40 50 60 70 80

Average percentage of
isotopes which have 20 4 6 9 25 19 33 27
odd 4

* For example see Mattauch and Fluegge, reference [111].

t This rule was first enunciated by Harkins on the basis of the
early] abundance data given by I. Noddack and W. Noddack
[116].
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the relative even A isotopic abundances, a bell-shaped
curve results which, as just pointed out, is skew toward
the heavy isotopes for the heavy elements.

The spread in atomic weight among the isotopes of
given elements decreases as the atomic number in-
creases. In general, the lightest isotopes of a given
element form a less regular sequence in abundance than
do the heavier isotopes. The foregoing indicates that
stable isotopes even lighter than those now known may
exist in nature in undetectable amounts [1137].

There are several indications of the possible existence
of neutrons in large amounts during the process of
element formation. Not only are neutron-rich isotopes
more abundant, but there appears to be an isobaric
abundance rule indicating a possible role for g-disinte-
grations in the processes leading to the observed element
distribution. An examination of the abundance data
shows that of 51 sets of stable isobars the isobar of
lowest charge is more abundant in 44 cases [5, 33, 52,
as would be expected if 3-decay played a role.

The recent discovery of heavy particles in the
primary cosmic radiation provides an interesting com-
parison with the universal relative abundance of the
elements [28, 29, 29a, 53, 54]. In experiments with
balloon-borne nuclear emulsions and cloud chambers,
particles having a charge up to about Z=4S5 have been
detected and the relative numbers of such particles
determined as a function of Z. The abundance of the
various heavy cosmic-ray particles as a function of Z is
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shown in Fig. 3.] The decrease in abundance with Z is
in general accord with the cosmic abundance data
already discussed, although it would appear that there
is an overabundance of the heavier elements. In this
cosmic-ray work the ratio of protons to a-particles is
perhaps the best determined quantity. The value of
four found for the H/He abundance ratio is in good
agreement with, for example, the values 4.5 observed
for the sun and 10 for universal elemental abundances.
It is interesting to note in the details of the study [29]
that the C, N, and O group of nuclei are quite abundant,
that the high abundance of Fe is reflected in the cosmic-
ray flux, and that Li, Be, and B have as yet been
undetected, as might be expected from their relative
scarcity in nature.

The fact that there appears to be an intimate rela-
tionship between some of the systematic features of
the abundance data and the stability properties of
atomic nuclei, and, in particular, the even-odd rules
discussed, has led many investigators to study the
possibility of element formation under equilibrium
conditions. However, properties other than nuclear
stability per se may also be correlated with the system-
atic features of the abundance data. Recently, a non-
equilibrium theory of element formation has been
developed which depends upon the behavior of the
radiative capture cross sections of nuclei for neutrons.
In any event, as pointed out by Gamow and Critchfield
[617], any theory of the abundance of nuclei should
reflect the stability properties of nuclei in the detailed
variation of relative abundances from species to species.

III. EQUILIBRIUM THEORY
(a) Introduction

The fact that there is a connection between the
relative abundances of the elements and the systematic
stability properties of atomic nuclei was apparently
first pointed out by Harkins [76] in 1917. Considera-
tions of this kind led many investigators to attempt an
explanation of the observed relative abundance data on
the basis of an equilibrium theory. These theories
depend primarily on the correlation between the abun-
dances and the binding energies of nuclei. In order to
illustrate this correlation, Fig. 4 has been prepared, in
which the abundance data of Brown [30] are plotted
versus binding energies tabulated by Rosenfeld [1257].
Apart from the few elements such as Li, Be, and B,
and the elements in the neighborhood of iron, a con-
sistent trend is evident in this correlation plot [91].

The problem of calculating the equilibrium concen-
trations of various kinds of nuclear species can be
treated by the well-known methods of thermodynamics
and statistical mechanics. In general, the concentrations
depend upon the temperature and density of the

1 In reference [53] it is stated that particles with Z values of
10-15 have been discriminated against by the method of data
analysis.
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assembly or system, as well as upon the nature of the
constituents and the binding energies of the nuclei.
Obviously it must be assumed that there exist all the
nuclear reacdons necessary to establish this equilibrium.
Since the binding energies of atomic nuclei attain
values of about 2000 Mev for the heaviest elements,
the temperature and density must be correspondingly
high in order that equilibrium be established in a
reasonable length of time. The question of where and
when the physical conditions necessary to explain the
abundance problem may have existed, what constitutes
a reasonable length of time for the establishment of
equilibrium, and also the way the nuclear equilibrium
might have been “frozen-in,” are essentially cosmolog-
ical problems. It has, in fact, been found that no single
set of physical conditions would simultaneously give
rise to the correct relative abundances of the elements
over the entire range of atomic weight, and as a result
it has been necessary to assume that the elements were
formed at two distinct epochs in the evolution of the
universe, or that they were formed in special stellar
models [see Section ITI(b)5].

It is proposed to give in this Section an historical
survey of the considerable amount of work done on
equilibrium theories and a detailed account of the
theories as they now shape up. This will involve a
discussion of the basic equilibrium theory, refinements
in the theory such as the inclusion of excited nuclear
states, gravitational and electrostatic effects, and,
finally, some of the cosmological questions which arise
in the equilibrium treatment of the relative abundance
problem.

(b) Development of the Equilibrium Theory
1. Early Work

As early as 1922 Tolman [156] studied the thermo-
dynamic equilibrium between hydrogen and helium and
concluded that it was not possible to understand the
observed H/He abundance ratio at temperatures less
than 10%°K. Some years later Suzuki [153] independ-
ently considered the H-He equilibrium in stellar
interiors and concluded that the H/He abundance ratio
might be understood only at temperatures of about
10°°K. He also studied the thermal dissociation of
nuclei into protons. electrons, and a-particles at high
temperatures. In 1931, Urey and Bradley [163] exam-
ined the possibility of equilibrium between the isotopes
of a given element (Li, B, O, N, and C) in order to
determine whether or not the observed relative abun-
dances of the isotopes correspond to thermodynamic
equilibrium under a single set of physical conditions.
They concluded that the observed relative abundances
of isotopes do not agree with the hypothesis of a
thermodynamic equilibrium at any single temperature,
a result which has not been changed by subsequent
studies. In none of these early studies was the general
problem of a thermodynamic equilibrium among all
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nuclear species formulated from the point of view of
obtaining theoretical relative abundances.

Perhaps the earliest formulations of an equilibrium
theory for the relative abundance of the elements were
those of Farkas and Harteck [45] and of Pokrowski
[123]. Farkas and Harteck suggested that the equi-
librium distribution of nuclei was established at a high
temperature (~10°°K) and at densities of about 10%
g/cm?, and was then frozen in by the cooling of the
“stellar body’’ in which it was supposed to have been
established. Under the assumption of the ideal gas laws
for protons, electrons, and nuclei, the equilibrium
concentrations were calculated using the law of mass
action, as

log[(Cp)4(Co)*2(Cj)™ ]= — (Am);c*(4.57T)!
+2.5(24—2—-1) logT+a;, (1)

where C,, C,, and Cj, are the concentrations of protons,
electrons, and nuclei, 4 and (4—Z) are the numbers
of protons and electrons which were considered at that
time to make up the jth nucleus, (Am);c? is the mass
defect of the jth nucleus, playing the role of the “heat
of formation,” and a; is a quantity involving the
entropy. They computed the equilibrium abundances
of some of the light elements and obtained at least the
same trend with increasing atomic weight as is shown
by the observational data.

In a somewhat different approach to this problem
Pokrowski showed by thermodynamic reasoning that
for a nucleus of atomic weight 4,

—(Am);/ A= (ad;)" InW;+ constant, 2)

where (Am); is the mass defect in mass units, W; is the
thermodynamic probability for the particular nucleus
under consideration, and ¢ is a constant. By analogy
with the classical Boltzmann probability law, S= % InW
+constant, and assuming that W;=a;A4;, where «; is



160 R. A. ALPHER

the abundance of the element of atomic weight A4;,
Pokrowski finally arrived at the formula
log(ejA;)=a1(Am);/ Aj+a24 7+ as, ©)

where the @’s are constants. An appropriate adjustment
of the constants could yield an approximate agreementy
for the light elements, since Eq. (3) is nearly of the form
derived by the standard methods of statistical thermo-
dynamics to be discussed. Pokrowski was apparently
the first to point out the very large discrepancy between
the observed relative abundances of the heavy elements
and those calculated by a simple equilibrium theory.
He therefore suggested that there must be some other
kind of process involved in the building-up of the
heavier elements, such as the possible breaking down of
“very heavy nuclei.”||

The early work described is mainly of historical
interest because the correct nuclear model was not
known, mass defect and relative abundance data were
inadequate, and the physical structure of a nuclear
equilibrium theory was not adequately examined.

2. Basic Theory

The detailed developments of equilibrium theories of
relative abundance are based on one statistical approach
or another, involving, for example, the classical Gibbs’
grand canonical ensemble [ 64 ]**, the method of Darwin
and Fowler [51], or, the analog of Saha’s ionization
equation [1277], all of which are necessarily equivalent.
In order to clarify the interpretation of some of the
quantities involved in the various statements of the
equilibrium theories, the Gibbs’ and also the Darwin-
Fowler methods are briefly sketched.

Consider a thermodynamic system made up of 4
independent kinds of substances or components, which
is “open” in the sense that the composition may be
altered by the introduction or withdrawal of material.
Any other substances in the system are regarded as
somehow formed from these independent components.
At equilibrium the particular methods of formation are
of no concern provided there exist reactions connecting
all the substances. One may characterize the system at
equilibrium by its energy E, by the external coordinates,
q1, g2, *°°, i, pertinent to the system, and by the
number of moles, Nj, Na, ---, Nj, of each of the %
different components contained in the system. If these
quantities are taken as independent variables, then one
may write for the change in entropy of the system,
corresponding to a change from one equilibrium state
to a neighboring state,

EN as aS
65 =—8E+T —bq+ L ——5Nj, @)
£y i 3¢, » AN}

4 We have not been able to reproduce the calculated abundances
using the a’s given by Pokrowski in reference [1237]. A rough
agreement with Pokrowski’s results is found if a;= —0.094 instead
of —94 as stated.

|| For an early comment on a possible reason for the low
abundance of the heavy elements see Stone, reference [1477].

** See also Tolman, reference [1587, and Klein, reference [98a].
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and from the second law of thermodynamics, for a
system of constant composition,

6S 16E+12 5 +zaSaN )
B AR

h

In Eq. (5), the Q; are generalized forces, conjugate to
the coordinates ¢;, and may be gravitational or other
types of forces. One may define

- ( aS ) ( oE ) ©
Mr=— = ’
N,/ EgiNn  \ON,/ 8.0:Ns

as the Gibbs’ intrinsic potential for the rth component.
For equilibrium with respect to the transfer of com-
ponents from one system to another the u, are constant
from system to system. In reactions among the sub-
stances s; there will be simultaneous changes in the
number of moles of the substances, AN, such that

ANllANz:"'=k1:k2:"'y (7)

where the %; are positive or negative integers. At
equilibrium one hastf

Xl:kz#z'—“ 0, (8)

and a condition of this type will hold for every equi-
librium reaction in the system.

It is convenient now to consider representative
ensembles, called grand canonical ensembles, whose
members can differ not only in state but also in the
amounts of substances of the different kinds which they
contain. Such an ensemble is required to treat equi-
librium with respect to the transfer of both energy and
matter between systems in the ensemble. A system in
this ensemble is regarded as made up of % independent
components or substances, and the number of such
components in any one of the systems is designated by
#1, M2, * -+, ny. The probability of finding a member of
the ensemble with a given composition, in an energy
state E;/, is given by

Pny,ng, - < Ejf = CXP[:(9+ Z#mr‘ Ej/)/kT], 9)
h

where exp(Q/kT) is the density-in-phase, and u, are the
intrinsic potentials per particle of the substance #.

Applying the grand canonical ensemble to the prob-
lem of nuclear equilibrium, one may write

P 2.5 = exp[[ @+ ualN+u,Z— E/)/RT],  (92)

in which each nucleus is considered as being made up
of Z protons and N neutrons, E;/ includes binding
energy as well as excitation energy, and u, and pu, are
the intrinsic potentials of neutron and proton, respec-
tively, referred to rest mass as zero-point energy. It

11 See reference [64], Vol. I, pp. 144 and 331, for Gibbs’ dis-
cussion of the effect of gravity and electrostatic forces on the
equilibrium of heterogeneous substances.
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can be shown, in the non-relativistic non-degenerate
case, that

Ci(N, Z)= (2rm;kT/h*)'®;(N, Z)
XeXp[(p.n]V—l—,u,pZ—E,')/kT], (10)

where the C; are the concentrations of particular nuclear
species of mass mj;, ®; is the partition sum for the
internal degrees of freedom, and E; is the binding
energy of this species, defined as

E;j=c(m;j— Nm,—Zm,). (10a)

If only the ground state is considered, then Eq. (10) can
be written as

CiN, Z)= (2i41) Qem kT /b))
X expl (unN+upZ— Ej)/kT], (1)

where 4; is the nuclear spin quantum number. At
equilibrium, for the proton-neutron-electron reaction,
neglecting neutrinos, one has, from Eq. (8)

(ntmac?) = (ﬂp+mp62)+ (I‘e'+mec2)y (12)

where .- is the electron intrinsic potential. Similarly,
the equilibrium condition for nuclei, neutrons, and
protons, is

(ujtm;c?)= N (untmac®)+ Z(uptmy?). (13)

This formalism for examining the equilibrium problem
has been employed and extended by Klein, Beskow,
and Treffenberg [17, 18, 98a, 997 whose work is dis-
cussed later in detail. At that point it will be seen that
a physically correct set of the C; must involve the
specification of electrical neutrality for the assembly
[98a].

The application of the Darwin-Fowler method to the
statistical equilibrium among nuclei has been elegantly
presented by Sterne [143-1467.11 Consider an assembly
consisting of the independent particles neutrons, pro-
tons, and electrons, whose masses are #m,, m,, and m,,
respectively, and whose total number D,, D,, and D,
are constant, whether free or bound. The mean numbers
of particles, X, of the various kinds in the assembly is
given by

] e,

X.=2 =3 In[1+Nexp(—e;/kT)]=A—, (l4a)
O\ i N

9 o,

Xp=n—2 In[14y exp(— &/kT)]=n—, (14b)
dn * an

_ a @,

Xao=0—> In[14+¢ exp(—/kT)]=¢—, (14c)
a¢ ¢ a¢

and

_ i} 0®;
Xj=xi—2 {=In[1=£x; exp(—en/kT) ]} =x;—, (14d)
Ix;m i

1} Steinwedel and Jensen [1427] have also given some of the

formalism of the equilibrium problem in terms of the Darwin-
Fowler method.
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where j refers to a particular nuclear species, the €’s
refer to the energy states, and the ®’s are the complete
partition functions. The quantities A, 9, {, and x; appear
in applying the method of steepest descents and satisfy
the following relations:

xi=n%¢4~Z exp(— E;/kT),

§=Mn exp[ —*(mn—mp—m.)/(kT)],  (15b)

in which E; is the binding energy. Equations (15) must
be satisfied at equilibrium and, as will be seen, are
equivalent to Egs. (12) and (13). One can regard E; as
the potential energy of the jth nucleus, where the zero-
point energy is that of the state in which the nucleus
is completely dissociated into its constituent particles.
The parameters in Eqgs. (14) must be consistent with
the conservation of particles, charge and energy, so that:

(15a)
and

D.= Xe, (16&)
Dy=X,+2X:Z), (16b)
7
Dn=Xn+ZXJ']Vi7 (16C)
i
and
(16d)

ET=Erad+Ee+Ep+-E—n+ZEjv
7

where E,, E,, and E, are_the mean kinetic energies of
the elementary particles, E; is the energy of the nucleus
including its binding energy, E,.q is the total energy
contained in the radiation field, and Er is the total
energy not including rest mass. The condition for
electrical neutrality requires that D.=D,, since posi-
trons have not been considered. The density, p, of the
system is given by

pV=mX Am,X ptm. X,
+Z (muNi+mpZ)X i+ Er/ ¢, (16e)

where V is the volume of the system. In actual studies
that have been made of the equilibrium abundances,
the density of matter is usually so high that one may
neglect m.X, and replace the last two terms in Eq.
(16e) by 3; m;X; with sufficient approximation. In the
classical approximation where x;<1 and k7'<m,c?, the
partition function for both even and odd nuclei is
approximately

®;=x;(2rm;kT/ W)}V, an

where as before ®; is the partition sum for the internal
degrees of freedom. Thus, Eqgs. (14) become

X.=@.= (2 +1)\VQQumkT/H)}, (18a)
X, =0,=(2i,4+ 1)V Q2uemkT/)}, (18b)
X, =Cn= 2,41V 2umkT/H?)}, (18¢)
and i
X;=0; (18d)
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where the 7 are spin quantum numbers. These expres-
sions may be shown to be equivalent to those obtained
in the Gibbs’ method as follows. Equations (18) can be
rewritten with the aid of Eqgs. (15), setting X;/V=Cj, as

Cp=(2i,+1)2rm kT /h*)? exp(lny), (19a)
Cn= (21,4 1) 2am.kT/H*)? exp(Ing),  (19b)
and
Cj= (21rmjkT/h2)*<I>,-
Xexp[N Inf+Z Inn—E;/(kT)]. (19¢c)

Comparing Eqgs. (19) with the Gibbs’ formulation, one
finds that

kT Inn=pu,, (20a)
kT Ing=p.,, (20b)
N(kT Ing)+Z (kT Inn)=pj, (20c)
and
kT In\=p.-. (20d)

Writing Egs. (15) in logarithmic form, and using Eqgs.
(20), one finds Eqs. (12) and (13), defining equilibrium
in terms of the intrinsic potentials.

In this development one can also include the effect
of gravitational and electrostatic forces. All that is
involved is effectively a redefinition of the Gibbs’
potential to include, in addition to the intrinsic po-
tential, the gravitational and electrostatic potentials for
the particular kind of particle in question. Sterne [143]
has also discussed degeneracy and relativistic effects on
the formulation of the equilibrium problem. The parti-
tion functions are given by Sterne for non-degenerate
statistics, x;<1 (non-relativistic non-degenerate sta-
tistics, kT<<m;c?, and, relativistic non-degenerate sta-
tistics, kT>>m,c?) and degenerate statistics, x;=21 or
x;>1 (non-relativistic degenerate statistics, kT Inx;
<mjc?, and, relativistically degenerate statistics, £7" Iny;
>m;c?). For the case of non-relativistic non-degenerate
statistics Sterne considered an hypothetical assembly,| ||
in the absence of fields, in which the density of matter
is 10 g/cm® and in which there can exist radiation,
electrons, protons, and the nuclei He?, O'¢, Fe%, and
RaB. He found that at 7=2X10°°K the assembly
was composed almost entirely of Fe (the element in the
assembly with about the largest binding energy per
nucleon),* almost entirely of He* at T=3X10°°K, and
of H! at T=4X10°°K.

Equilibrium distributions calculated on the basis of
the analog to the Saha ionization equilibrium equation

99 The treatment of the equilibrium problem by Sterne [143]
did not include the neutron-proton-electron equilibrium explicitly,
and hence the equivalence of the conditions on the steepest
descent parameters and the Gibbs’ intrinsic potentials is not
immediately evident.

|l | Lacking adequate mass defect data Sterne considered the
proton-electron nuclear model rather than the proton-neutron
model because of the relative simplicity of the former calculation.

*M. Paul [121] suggested on the basis of oversimplified
considerations that stars generate energy by going to the state
where most of their mass is iron.
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have been considered by several investigators. The
formulation of the problem in this manner follows
directly from the discussion already presented. Con-
sider the equilibrium between neutrons, protons, and
nuclei. Then, the equilibrium concentrations C;(N, Z)
and C;(N+AN, Z+AZ) can be found from Eq. (10)
and written in the following form:

(Ci/Ci)(Ca)A¥(Cp)22
= (®;/®;/)[(2ig+1) Qrmok T/ B2 JAN+82)
X[(N+2)/(N+Z+AN+AZ) T
Xexp[— (E;j—Ej)/(kT)],

where 7, and m, are the spin of an elementary particle
and the unit of atomic mass, respectively. In this form
the Gibbs’ intrinsic potentials are replaced by the
concentrations of neutrons and protons. The equi-
librium concentration of a given nuclear species can be
written conveniently in terms of the neutron and proton
concentrations as follows [35, 797]:

InCj=Z InC+(4—Z) InC,,
+(4—1) In[#3/ (2xkT)%2]
+ | E;|/kT—(3/2)Z InC,
—3/2)(4—2) InCa+(3/2) Inm;, (22)

or, using 10°°K as the unit of 7, and mMU as the unit
of energy,

logCj=34.08+(3/2) logT
+(3/2) logA+(4.73/Ts) | E;|
+ A[logCn—34.08— (3/2) logTs]
—Z log(C,/Cp).

(21)

(23)

In all formulations of the equilibrium theory the
predominant boundary condition on the determination
of the distribution of abundances is the physical
requirement of electrical neutrality for the assembly.
For example, each specification of u, and u, for a given
temperature defines an equilibrium distribution. How-
ever, for a given u, (or u,) there is only one value of u,
(or un) which gives electrical neutrality. The procedure
involved in determining electrical neutrality is discussed
later in this section.

One of the earliest detailed studies of the relative
abundance of the elements was that of Chandrasekhar
and Henrich [35] who extended the earlier qualitative
considerations of von Weizsicker [176]. Independently
of Pokrowski [1237], von Weizsicker had pointed out
the difficulty of explaining both light and heavy element
equilibrium abundances under a single set of physical
conditions. Lacking sufficiently accurate binding energy
data, von Weizsicker made no detailed calculations.
He did, however, suggest that isotopic abundance ratios
should be most accurately known, and, if the necessary
binding energy data were available, should provide an
interesting test of the equilibrium theory. This approach
had already been made by Urey and Bradley [163]
some years earlier and appears to have been generally
overlooked. Such tests of the equilibrium theory by
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examination of isotopic abundance ratios also have been
made by Chandrasekhar and Henrich [35], Singwi and
Rai [133], van Albada [1], Jensen and Suess [92, 937,
and Ubbelohde [1607]. All of these investigators inde-
pendently have used essentially the formalism devel-
oped by Urey and Bradley and their results, involving
more modern nuclear masses, appear to confirm the
conclusions of Urey and Bradley.

Chandrasekhar and Henrich applied Eq. (21) to five
sets of isotopes (O, Ne, Mg, Si, and S), assuming that
the reactions maintaining equilibrium between isotopes
were those of neutron exchange. As indicated in Table
II they found that while a mean temperature of several
billion degrees was indicated for each set of isotopes in
equilibrium, the required neutron concentrations varied
over limits so wide as to preclude any conclusions
concerning the freezing-in of a nuclear equilibrium
under a single set of conditions. Nevertheless, they
suggested that one should consider the entire observed
abundance distribution of elements in determining the
physical conditions of equilibrium. Singwi and Rai
[133] have studied the isotope ratio problem in the
same manner as Chandrasekhar and Henrich.

In his test of the equilibrium theory, van Albada
used Eq. (21) in the following manner. Considering
isotopes differing by AN neutrons, one may write

(Cir/CH(CR)~2N=(1/2)AN (®; /®;) 2wmok T/ h2)~GDAN

X[(A+AN)/A " exp[— (Ey— E;)/(kT)], (24)
* logCn—(3/2) logT=X-Y/T, (25a)
where
X=(3/2) log(2wmok/h*)+log2
+ (AN){log(Cy/C;)—log(®,:/®;)
—(3/2) log[ (44-AN)/A]}, (25b)
d
o Y=0.434(— Ej+E;)/ k. (25¢)

1f one plots Y versus X for all pairs of isotopes for which
binding energies and isotopic abundance ratios are
known, then, if there is a single equilibrium condition
for all pairs, the points should lie on a straight line
whose slope gives the so-called freezing-in temperature
and whose intercept on the X axis defines the neutron
concentration. Such a plot was made by van Albada
and the data were compared with the line defined by
T=8x%10°K and logC,=29.30. In his opinion the
scatter of the data was sufficient to preclude drawing
the conclusion that the abundance distribution of nuclei
corresponds to a nuclear equilibrium frozen in under
one set of conditions. Singwi and Rai [133] as well as
Jensen and Suess [92, 93] have constructed equivalent
plots and arrived at the same conclusion.

Following a thermodynamic approach very similar
to that of Urey and Bradley, Ubbelohde [160] has
considered isotope equilibrium due to neutron absorp-
tion and emission only. One may relate the equilibrium
constants of the system to the energy evolution and
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obtain for nuclei differing by one neutron,
log[C;/(Z, A4+1)/Ci(Z, A)]=—4.7TX10%(M;,— M)/ T

+log(®;//®;)+ K., (26)
in which
K.=2.303 log[n]+2.303[ — 1.08 X 10M ,,/ T
+@3/2)—(3/2) nT]+a,, (26a)

the M; are true mass numbers, and [#] is the neutron
thermodynamic activity. In Eq. (26) the ratio of the
thermodynamic activities of the two nuclear species
has been taken with sufficient approximation as the
ratio of the concentrations. The constant ¢, depends
on the neutron entropy as well as on universal con-
stants. A plot of log(C;/C;) versus (M— M;) should
again yield a straight line if the nuclear equilibrium
corresponds to a single temperature. While Ubbelohde
states that a freezing-in temperature of about 10°K
is indicated, it is felt that the scatter of the data makes
questionable the existence of a single set of equilibrium
conditions and there does not seem to be any reason
why his conclusion should differ from those of the many
other investigators of this question.

In view of the difficulty of understanding the isotope
ratios, Chandrasekhar and Henrich examined the equi-
librium problem for two situations, namely, the equi-
librium between protons, neutrons, a-particles, elec-
trons, and positrons, and in addition, the equilibrium
between all kinds of nuclei, where abundances were
studied as a function of atomic weight.t They obtained
the physical conditions for an equilibrium calculation
by considering the first situation. Those conditions
under which protons and a-particles were most abun-
dant (thereby simplifying the problem of electrical
neutrality) were then used to determine the abundances
of the elements from O'® to A®. Their best agreement
was obtained with 7=8X10°°K, logC,=29.83, logC.
=29.3, and logC,=30.3, or p=107 g/cm? The general
trend of the data up to about sulfur was reproduced,
but beyond sulfur the agreement rapidly became poorer.
Calculations were not carried past 4=40 for lack of
adequate binding energy data.

A number of investigators have considered the prob-
lem of the formation of elements in studying the
systematic properties of nuclei or the sources of stellar

TasLE II.* Equilibrium conditions for the isotopes of a
given element.

Element T°K logCn
0(16, 17, 18) 4.2X10° 26.5
Ne(20, 21, 22) 2.9%10° 19.7
Mg(23, 25, 26) 10.0X10° 30.7
Si(28, 29, 30) 12.9X10° 31.2
S(32, 33, 34) 3.3X10° 19.1

& For the masses and abundances used by Chandrasekhar and Henrich
see reference [35].

t The former phase of their work is considered in some detail
in Section III(b)S.
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energy. Guggenheimer} suggested that since isotopic
ratios are seemingly independent of the locale of
observation, the elements must have been formed in
equilibrium and consequently one should be able to
compute nuclear binding energies from a knowledge of
relative abundances. This latter point is also mentioned
by Mattauch and Fluegge [1117]. Discussions of the
specific nuclear reactions of possible importance in the
generation of energy in stellar interiors, and the forma-
tion of elements have been given by, among others,
Atkinson [12], Atkinson and Houtermans [13], Bethe
[19], Bethe and Critchfield [22], Steensholt [1417,
Stromgren [1487, Walke [164-166], Wilson [180], and
von Weiszicker [176]. These and many other investi-
gators have touched on the problem of element forma-
tion, in more or less detail, in considering stellar energy
sources but a complete discussion of these studies would
take us too far afield. However, it may be mentioned
that Walke [164] suggested that in order to obtain
sufficient abundances for the heavier elements, one
must essentially abandon the equilibrium concept and
consider a process of successive neutron captures by
nuclei with intervening B-disintegrations to adjust the
nuclear charge. Von Weizsicker{ pointed the way for
much of the subsequent work on stellar energy sources
and element formation. Failing to explain the synthesis
of the elements beyond oxygen by proton reactions in
stellar interiors he suggested that among the light
element reactions there must exist one giving a con-
tinuing supply of neutrons for the synthesis of the
heavier elements. A suggestion of this kind was also
made by Dépel and Dopel [427]. The successful expla-
nation of energy generation in main-sequence stars
through the C—N cycle by Bethe, or the H—H
sequence of reactions by Bethe and Critchfield, demon-
strated that elements beyond helium could not be
continuously generated in anything like the observed
abundances and the reactions found to be important
did not include one providing a supply of neutrons.
Wataghin and his collaborators [104, 105, 155, 167-
1747] have discussed various aspects of the calculation
of the equilibrium abundances of the elements.| For
these calculations they have used an expression which
is readily shown to be equivalent to those already
discussed. One may rewrite Eq. (10) in logarithmic
form, neglecting ®;, and replacing E;, the binding
energy, by its equivalent in terms of mass differences, as

logC;=(3/2) log(2wkT/h?*)+ (3/2) logm;
+[(loge)/(RT) I (unt-mac) A+ [ (up—pn)
— (mp—mp)c*]Z—mc*}, (27)
t See Part II of reference [69].
[ For a discussion of von Weizsicker’s work see Chandrasekhar,
reference [34], Chapter XII.
|| We are indebted to Dr. Wataghin, University of Turin, for
a recent private communication which clarified portions of his
work. We regret that it has not been possible to discuss further
with Dr. Wataghin some of the questions raised in this review
prior to its completion.
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in which the m are in grams. If one sets

aw=—[(tp—tn)— (Mn— my)c* ][ (loge)/ (RT)],
Bw=moc"[ (loge)/(kT)],

and
DW = (ﬂ'n+ mnc2)[(loge)/(k T)]y
then one obtains

logCj= (3/2) log(2rmekT/h*)+-(3/2) logM ;

+DwA—awZ—BwM;, (292)
or
log(Cy/Cj)=(3/2) log(M j;— M;)+Dw(4'— A)
—aw(Z'—Z)—Bw(My—M;), (29b)

for absolute or relative concentrations, respectively.
The M; are true mass numbers (the mass numbers as
usually tabulated less Zm,, since measurements are
usually given for neutral atoms) and m;=m,M ;. Lattes
and Wataghin [105] have applied Eq. (29b) to the
detailed abundances between 4=16 and 4=40 and
obtained general agreement for 27'=¢0.77 Mev with
physically reasonable values of aw and Dw. In the
paper of de Toledo and Wataghin [155]** it is reported
that Eq. (29b) has been used successfully to represent
the observed abundances over the entire range of atomic
weights with sets of parameters such as (a), £7=20
Mev, aw=1.16, By=20, Dy=20.385, or (b) kT=40
Mev, aw=1.58, By=10, D= 10.56. Since these results
would seem to indicate that a simple equilibrium theory
does provide an adequate explanation of the abundance
data, they must be considered in more detail than has
been indicated in the note of de Toledo and Wataghin.
In particular the mass density and condition of elec-
trical neutrality corresponding to the values of aw, Bw,
and Dw used must be examined. The present authors
have calculated the absolute abundances of nuclei up
to atomic weight 6, using the constants aw, Bw, Dw
given by de Toledo and Wataghin in Eq. (29a), and
find that the densities of matter corresponding to the
sets (a) and (b) of constants are 10'® and 410" g/cm?,
respectively. With all abundances added in, the densities
would be even higher, perhaps by an order of magni-
tude, and would then be several orders of magnitude
greater than nuclear density (2X10% g/cm?).ff In
addition, calculation of the condition of electrical
neutrality in these cases, using p» and u, determined
from Eq. (28) in the manner previously described,
indicates that the electron concentrations fall below
those required for electrical neutrality by factors of 100
In case (a) and 40 in case (b), respectively. It is evident
from the densities computed that Egs. (29) are not
valid since they are based on classical statistics for

** Note that in reference [155] the coefficient of (Z—Z’) should
have a minus sign.

tf The densities stated by de Toledo and Wataghin [155]
would appear to be partial densities of protons; however, the
proton abundance is less than the peak nuclear abundance in
their distribution,
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F16. 5. Relative abundances as a function of atomic weight
calculated for the light elements according to equilibrium theory
with the parameters given by Klein, Beskow, and Treffenberg
[99]. There is a computed point for A =78 at —11.73 which is
not indicated. The neutron concentration has. not been included
in the point for 4=1. The observed data, normalized to 10,000
atoms of silicon, are those of Brown [30].

nucleons and nuclei. Finally, at temperatures of the
order of 20-40 Mev the effect of excited states, which
has been neglected, might be expected to seriously alter
the calculated equilibrium distribution.

Another treatment of the problem by Cherdyncev
[36, 37] deals with the equilibrium of nuclei with
a-particles. Finding poor agreement for the heavier
elements Cherdyncev considered an equilibrium be-
tween particles composed of four neutrons and nuclei
composed entirely of neutrons, in a very dense neutron
stellar core. In this case he obtained agreement with
the observed trend in abundance with atomic weight.{}
However, the possible existence of such particles must
be questioned on physical grounds [see Section IV(e)].

Studies have also been made by Jensen and Suess
[93] concerning the equilibrium abundances of the
elements as a function of atomic weight. Their calcula-
tions involve the use of Eq. (21) and, of course, lead
to the heavy element difficulty. The effect of excited
states as well as the freezing-in problem have been dis-
cussed by these authors, and their work on these points
is described later.

One of the most recent and complete calculations of
the relative abundances of the elements on the basis
of an equilibrium theory was made by Klein, Beskow,
and Treffenberg [997]. Using the binding energy data
tabulated by Mattauch and Fluegge [111] and ig-
noring the effects of spin multiplicity and excited nu-
clear states, they found the following values of the
parameters in Eq. (11) to give the best representation
of the observed abundances for the light elements:

0=kT=1 Mev,
pn=—7.6 Mev, (30)
and
up,=—11.6 Mev.

The equilibrium abundances have been recomputed for

11 See Part III of reference [36].
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the stable nuclei by the authors with binding energies
taken from Rosenfeld’s tabulation [1257] and with the
values of p,, pup, and 6 given in Eq. (30). The results for
the light elements are compared in Fig. 5 with the
observed abundances given by Brown [30]. The rela-
tive abundance of neutrons is not added to that com-
puted for protons, as was done in the various calcula-
tions of Klein and collaborators. The general agreement
with increasing atomic weight up to about 4=40 is
satisfactory. However, there appear to be significant
deviations between theory and observation with regard
to the detailed variations of abundance as a function
of atomic weight. This is particularly noticeable in
that the abundance peak near iron is not reproduced
by the theory. It is interesting to note that the com-
puted abundances of nuclei with very high or very low
values of the isotopic number A=N—Z are, respect-
ively, high or low. This might be expected at equi-
librium with a high neutron concentration when the
formation of neutron-rich nuclei would be favored.
Klein, Beskow, and Treffenberg suggest that these
nuclei in particular would undergo change in the
freezing-in of the equilibrium. It is difficult to see why
this should be the case, without a more detailed ex-
amination of the complex freezing-in problem [see
Section ITI(c)]. Beyond A=240 the theory predicts
much smaller abundances than are observed. In Fig. 6
theoretical abundances, computed as in Fig. 5, are
again compared with the observed abundances, but on
such a scale that the calculations for higher atomic
weight can be shown. In this graph the observed abun-
dances have been represented by two straight lines fit
by least squares for 1=4=100 and 100=4=238, in
order to prevent confusion of observed and computed
datum points. For the heavier elements, the computed
abundances are exfraordinarily small compared to the
observational data. This difficulty of the simple equi-
librium theory is well known, and has stimulated in-
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vestigators to consider various modifications in the
basic equilibrium theory. It should be pointed out that
this disagreement does not arise from the choice of
particular parameters, un, pp, and 6, but rather from
the fact that the theory in the simple form thus far
presented cannot simultaneously reproduce the ob-
served abundances of light and heavy elements under
physically reasonable conditions.

To illustrate qualitatively the nature of the simple
equilibrium theory, let Eq. (11) be rewritten in loga-
rithmic form, taking as a crude approximation for the
light elements Z=2a;4 and E,=~—a,A4, where ¢; and
a, are constants. Then one obtains

InC;=[A4/*T)L(1—a))pataw,+as ]+ (3/2) Inm;
+(3/2) In(kT)+constant. (31)

For a particular value of k7, say 1 Mev, one may fit
this relation to the observed abundances in the region
of low atomic weight and determine the values of u,
and p,. It may be noted that, since the second term,
(3/2) Inm;, is a slowly varying function of 4, to this
approximation

InC;jx 4. (31a)

This result, also indicated by Jensen and Suess [93],
demonstrates the essentially exponential decrease in
computed abundances [57] evident in Fig. 6. The use
of actual Z and E; values makes the decrease even more
rapid, particularly for the heavy elements. Clearly one
could find values of s, pp, and 6 which would best fit
the heavy elements, but the computed light element
abundances under these conditions would then be
scarce as compared to those observed. As already men-
tioned, the physical conditions required in fitting light
and heavy element abundances are quite different.
Beskow and Treffenberg [18] have pointed out that
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Fic. 7. Electron concentration, C,—, as a function of the electron
intrinsic potential, p.~, according to Fermi-Dirac statistics,
Eq. (35), reproduced from the work of Klein, Beskow, and
Treffenberg 58, 997. This graph can also be used for computing
positron concentrations.
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for every choice of p. only nuclei in a rather narrow
range of atomic weights will be important and that the
larger p., the larger the atomic weight of the pre-
dominant nuclei.

From the fit obtained to the light elements, Klein,
Beskow, and Treffenberg have computed the density
of matter as

p=EmC;, (32)

7

where the concentrations of protons, neutrons, and
nuclei are included in the summation. The density is
determined in this particular case by C,, C,, and C,,
all other concentrations being negligible by comparison,
and is found to be ~4X 108 g/cm?. For the pu,, u,, and 0
taken, these authors have found, using Eq. (11), that

C,/Cr=exp[— (un—up)/(kT)]==0.018.  (33)

In calculating the electron concentration as required
to check the validity of the un, pp, and 6 values insofar
as electrical neutrality of the assembly is concerned,
Klein, Beskow, and Treffenberg have considered the
neutrino. Assuming equality of the electron and neu-
trino intrinsic potentials one may write that{{

pe~ = (3) (untm0c?) — (3) (uptmpc?), (34)
where
(34a)

The electron concentration can be calculated using
Fermi-Dirac statistics from

® p*dp
Ce-=(87/h?
G/ )*L exp{6[E(p) —u"1}+1

o= = g M’

, (39)

where
E(p)=c(mic+p*)}, (352)

and p is the momentum of the electron. The evaluation
of Eq. (35) by Klein, Beskow, and Treffenberg [18, 99]
yields the plot of C.- versus p.-' for 6=1 Mev only,
reproduced in Fig. 7.|||| For the values of p,, pp, and 6
discussed, they found C,.-/C,=2.8, which indicates
approximate electrical neutrality because helium is by
far the most abundant element according to the theory
(see Fig. 5).

It is clear from the foregoing discussion that while
the simple equilibrium theory might be considered
satisfactory for the light or heavy elements separately,
it fails to yield a reasonable over-all explanation of the

€9 In the work of Klein, Beskow, and Treffenberg the electron
intrinsic potential has been defined to include the electron rest
mass. Note that their 4 and X\ are referred to rest mass as a zero
point while their s, and pp include the rest-mass energy.

Il | As pointed out in reference [997], if p.~’ is large compared
to E(p) the electrons are degenerate and Eq. (32) may be inte-
grated approximately to give

Ce-=[8r/(3hc*) JL1+76/ (ue')* Jse")*.

For a development of this result see reference [109], p. 213. If
e is small or negative, Eq. (35) must be integrated numerically.



ORIGIN AND ABUNDANCE OF THE ELEMENTS

observed relative abundance data.* However, Klein
and his collaborators have successfully modified the
simple equilibrium theory by taking into account de-
generacy where required as well as gravitational effects
in a special stellar model [see Section III(b)5], and
have computed abundances over the entire range of
atomic weights.

Steinwedel and Jensen [142] recently have examined
in considerable detail the complete equilibrium prob-
lem, including relativistically degenerate statistics for
the electron, electron-positron equilibrium, and the
effect of the neutrino, but not the effect of a gravita-
tional field.t They confirm, on the basis of their
analysis, the earlier conclusion of Jensen and Suess
[93] that the present element distribution must prin-
cipally reflect non-equilibrium processes in an expand-
ing and cooling universe rather than some initial equi-
librium distribution. Steinwedel and Jensen also point
out that the conditions required by an equilibrium
theory are not compatible with the presently observed
abundance distribution if one requires that the ele-
ments now are the result of freezing-in processes.

There have been suggested a variety of specific
modifications of the simple theory in order to repair
the difficulties noted and these are considered in the
following sections.

3. Effect of Excited Nuclear States

In the calculations of equilibrium abundances thus
far described, the effect of excited nuclear states has
been neglected, although the spin multiplicity of the
elementary particles has been included. Chandrasekhar
and Henrich [35] have pointed out that since the
density of excited nuclear levels is known to increase
with increasing atomic weight, one should expect an
increase in the relative abundances of the heavier
elements if the excited states are taken into ac-
count. Quantitative calculations of abundances with
excited states included have been made independently
by Unséld [162], Beskow and Treffenberg [17, 18],
and Géhéniau, Prigogine, and Demeur [63]. The effect
of excited states has also been discussed qualitatively

* Demeur [39] purports to show that increasing the temperature
of the equilibrium distribution will not sufficiently increase the
concentration of the heavy elements. His conclusions are not
understood since it is possible by a suitable choice of the density
and temperature to make either the light or heavy elements
predominantly abundant, see references [18, 79, and 143]. In fact,
for a given temperature the higher the density the more the
heavier elements are favored.

t In their paper, Steinwedel and Jensen present their results in
the form of graphs showing: (a) the neutron concentration as a
function of the neutron-proton concentration ratio at various
temperatures; (b) total concentration of nucleons, free and bound,
versus temperature for various neutron-proton concentration
ratios, for various ratios of free to bound nucleons, and for the
case where the a-particle abundance is half that of protons; and,
(c), the same as (b) except that the curves for various neutron-
proton ratios are replaced by curves of constant entropy. In these
graphs they have indicated the regions in which the heavier
nuclei are predominantly abundant. While these calculations
include neutrinos, they find neutrino effects to be small.
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by Jensen and Suess [93] who concluded that there is
Jittle gain in the agreement of theory and data due to
this factor.

In order to take into account the effect of excited
states of nuclei one should include in the equation for
the absolute concentration of a given kind of nucleus a
factor, ®;, representing the partition sum for all the
internal degrees of freedom. Thus, in Eq. (10), ®; is
interpreted according to the nuclear model used.
Unsold [162] considered the rotational energy states
for nuclei treated as rigid spheres, neglecting nuclear
spin multiplicity as well as the vibrational energy
states. The sum over the rotational states is

®,(rot) = S, exp(— e,/ T) = ;: Q1)

Xexp[ —J(J+ 1)/ (872 ;kT)], (36)
where the moment of inertia J; is given by
Ij= (2/5)m,R12 (36&)

If the spin multiplicity is neglected, this sum is ap-
proximately
®;(rot)=m? (872 ;k T/ 1%)3. 37)

Since m; = R? and R;x A3, it is clear that the partition
sum is proportional to 4%2. Unsold found no material
improvement in the agreement of computed and ob-
served abundances resulting from the inclusion of rota-
tional states.

In a continuation of their study of the equilibrium
theory, Beskow and Treffenberg have considered both
the vibrational and rotational energy states of nuclei.
In their approximation the partition sum is taken to be

‘I’j(N, Z) = <P,~(rot)<I>,-(vib)
=3 w, exp(—e,/kT)> w, exp(—e,/kT), (38)

where w, and w, are the statistical weights of the rota-
tional and vibrational states, respectively. Treating the
nucleus as a rigid sphere, the sum over rotational states
was taken to be the same as that used by Unsold. For
the higher vibrational energy states, Beskow and
Treffenberg have made use of the calculation of the
calculation of the distribution of vibrational energy
levels by Bohr and Kalckar [23], and by van Lier and
Uhlenbeck [1077]. The level density in this case is
given by [17]

pe, ade=(48¢)~F exp{w[2e4/(3¢o) J}} de, (39)
where ¢, the vibrational excitation energy, is given in
Mev. The application of this result leads to the follow-

ing approximate expression for the sum over the vibra-
tional energy states:

®;(vib) =3 w, exp(— e,/kT)

=1+46.93 f x ' exp[ —x+ (x8) ]dx, (39a)
z0
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TasLE III. Values of the vibrational partition function at 1 Mev
for various values of 4.

A 50 100 150 200 250
log®; 2.6 6.1 9.6 13.1 16.5
log®;’ 2.2 2.6 29 3.2 3.5
where

Xo= 1l‘2/<35),
8= (2mART)/(3e0), (39b)

and where the energy difference between the lowest
states has been assumed to vary as e/A4. If kT=1
Mev, and ¢=10 Mev, then 6=~<24/3. Equation (39)
shows the sum over the vibrational energy states to be
an increasing function of atomic weight.

Taking the rotational and vibrational energy states
into account, as above, and using the same values of
Kny, Mp, and @ as in Eq. (30), Beskow and Treffenberg
have recomputed the equilibrium concentrations of the
elements. The region of agreement in general trend is
extended to somewhat higher atomic weights (perhaps
up to A=260). In the region A=<140 abundances are
increased by about 10 and for the heaviest elements
this factor would be considerably larger, perhaps 10%.
However, the abundances of the heavy elements are
still by no means explained, since the factor required
for the heavy elements is at least 10!, None of the
deviations in detail, such as are evident in Fig. 5, are
materially altered since the approximations taken for
®; increase smoothly with increasing atomic weight.

Recently, ter Haar [74] has reinvestigated the evalu-
ation of the nuclear vibrational partition function
®;(vib), on the basis of an evaluation of level densities
in nuclei by Wergeland. It is reported that Wergeland,
using the liquid drop model of the nucleus, obtained
for the level density, p., 4, the following expression,

pe ade= 11441757 exp(0.942 et de,  (40)

where ¢ is the excitation energy in Mev. D. ter Haar
states that Eq. (40) gives better agreement with ex-
perimental data on level spacing than do the results
of the work of Bohr and Kalckar, and van Lier and
Uhlenbeck, although no experimental data are pre-
sented for verification. The vibrational partition sum
is obtained, by use of Eq. (40), as
L
®/ =1+ pe 4 exp[ — ¢/ (BT) 1de,
(e0/2A)

1 D. ter Haar [74] gives as a reference for the work of Werge-
land, Fra Fysik. Verden, 223 (1945). Since we have not been
able to obtain this journal it is not possible to discuss in what
respects Wergeland’s results differ from those of other work also
based on a liquid drop model. However, we wish to point out

that Devons, reference [40], p. 139, gives for the level density
on the basis of a liquid drop model

pe, ade=1.244717¢75/7 exp(0.724%7¢!/7)de
where the units are as in Eq. (40) of the present paper. This

expression is very similar but not identical to that attributed to
Wergeland.

(41)
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where, as before, e,=10 Mev. In Table III, ®; is com-
pared with ®; from Eq. (39).] If &, is more nearly
correct than &;, then Beskow and Treffenberg have
indeed overestimated the influence of excited states.
Since the heavy element “catastrophe’ is by no means
repaired by the inclusion of excited states, this differ-
ence is unimportant in itself.* However, as will be dis-
cussed in Section ITI(c), this difference may be very
important both in considering an equilibrium in special
stellar models [74] and in the subsequent freezing-in
problem.

The factors required to repair the heavy element
difficulty are indeed enormous. In order to repair the
discrepancy Géhéniau, Prigogine, and Demeur [63]
have suggested that one take

;= (25;+1)(41)?, (42)

where A4 is the atomic weight. They suppose that (4 !)?
represents the number of ways of realizing the funda-
mental state of the nucleus for a given value of the pro-
jection of the spin along an axis. Aside from the fact
that the indistinguishability of individual particles in
the nucleus, according to quantum theory, would not
allow this interpretation of ®;, the inclusion of this fac-
tor does not remove the difficulty. In fact their fit of
calculated abundances to the heavy elements leads to a
great relative overabundance of the light elements.

4. Degeneracy and Electrostatic Effects

As has been seen, the inclusion of excited nuclear
states in the formulation of the equilibrium theory
does not in itself lead to the necessary improvement in
the calculated abundances of the heavy elements.
Various investigators have suggested that the heavy
elements require quite different physical conditions for
their formation, certainly a higher density, and perhaps
a higher temperature, than is required for the light
elements. A higher temperature implies a higher re-
action rate with charged particles and would favor
larger equilibrium abundances for the heavier elements.
Since the physical conditions required for light element
formation are already severe, it was suggested by
van Albada [ 1, 2] and by Hoyle [ 79, 80] that electron
degeneracy and electrostatic effects be taken into
account in discussing the formation of the heavy ele-
ments. Both investigators state that taking electron
degeneracy into account lowers the Z/4 and increases
the A of the most stable nucleus (that nucleus having
the maximum binding energy per nucleon), thereby
indicating the improvement of the equilibrium theory
for the heavy elements. Neither investigator has actu-
ally computed relative abundances according to these

4 D. ter Haar [74] has recomputed ®; and obtains good
agreement with Beskow and Treffenberg [17].

* In a private communication, G. Beskow has informed us of a
preliminary calculation which shows that a small change in the
neutron and proton chemical potentials will correct for an altered

vibrational partition function without upsetting such auxiliary
conditions as electrical neutrality.
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modified physical conditions. However, as already
mentioned, Beskow and Treffenberg [ 18] have perhaps
explained the existence of the heavy elements in special
stellar models by taking into account not only de-
generacy effects but also the effect of the gravitational
potential on the equilibrium. They have calculated
abundances and their work is discussed in detail in the
following section.

Let us consider that the electrons present in the
equilibrium assembly are relativistically degenerate.
The partition function for such electrons is given by

[143]
®,=[20VET/(313¢) JL(In\) '+ 272(InN)>+ - - - ], (43)

if 7 In\>m.c? and A>>1. In Eq. (43) the various quan-
tities are as defined previously in Section III(b)2. The
mean number of these electrons, X,, can be obtained
from X,=\(0®./d)\) and written in the form

Xo=[8xVEs7%/(3kc*) JL(InN P+ w2 (Inh) 4+ - - |, (44)
From Eq. (44) it follows that
Inn=[he/2kT)[3X./(xV) ]

—[27%T/(3he) [3X o/ (xV) M-+ (45)

The mean total energy E, of all the free relativistically
degenerate electrons is

E,=kT(06®,/0T)=[2xVET4/ (13c*) ][ (In\)*

+27%(InA\)>4- - -],  (46)
or in terms of X,,
BV = (ehe/9)[3X/ (V)]0
+ (k2T (3he) J[3X o/ (x V) B+, (46a)

If the electron concentration at a given temperature is
sufficiently high, the second term in Eq. (46a) can be
neglected.

According to Hoyle [79] electron degeneracy can be
introduced into the term Zlog(C./C,) in Eq. (23).
From Egs. (15) and (19), one obtains

Cn/Cp=N(mn/my)} exp[ —c2(mn—mp—m.)/(kT)]. (47)

Neglecting the second term on the right-hand side of
Eq. (45),

I\ he/ 2kT)[3X./(x V) ]}, (45a)

so that Eq. (47) becomes, with (3/2) In(m./m,) taken
equal to zero,

In(Cr/Cp)=[mec*/ (kT) Iy, (48)
where

y=x— (Mp—Mp—Me)/ M, (48a)
and

x=[(3KC.-)/ (Brmsc) ] (48b)

[n terms of 7 in units of 10° °K, Eq. (48) becomes
log(C,/Cp)=(4.73/T5)(0.543y). (48¢)
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Using this result in Eq. (23) one can solve for logC, as

logC = 34.08+ (3/2)logTs— (4.73/Ts) (| E;| / A
—0.543yZ/A)+ (1/4)[log(AC;) — 34.08
—(3/2)logTs—(5/2)log4], (49)

where E; is in units of mMU. For a given 4 one may
find the charge Z and the density at which the nucleus
(Z, A) will be the most stable. If the temperature were
sufficiently low this nuclear species would be the most
abundant in an equilibrium theory. The most stable
nucleus, according to Hoyle’s discussion, is that for
which
where

E*=(|E;| —0.543yZ)/A. (50a)

Physically this result is presumably equivalent to modi-
fying the binding energy per nucleon. Hoyle has em-
ployed the empirical binding energy formula given by
Weizsicker|| in the form:

|E;|/A=14.9—21[(4—22)/A P
—14.247Y3—0,62522443, (51)

in which E; is in mMU. From the conditions for an
extremum one may obtain

Zn=(Am/2)(1—6.46X 10-3y,,)
X (147.44X 10734, (52)

and
Ym=154.80—1043.54, (14 7.44X1034,.}), (52a)

where Z,, and 4, make E;* a maximum for a given y,,.
For a given A, one may compute from Eq. (52) the
corresponding ym. Since from Eq. (482) the correspond-
ing « may be found and since x determines the electron
concentration C.- from Eq. (48b), one may compute
the density of matter excluding neutrons, p, providing
again that the most stable nuclear species is also pre-
dominantly abundant. If this is the case, then,

Co-=(Znp)/ (Ammp), (83)

which fixes p. This procedure has been used in pre-
paring Table IV for various values of 4,.** As may
be seen from Table IV, the atomic weight of the most
stable nuclear species shifts to higher values as the
density increases. These nuclei are quite neutron-rich,

TaBLE IV,

Am Zm Ej*(max) logp

75 29.2 4.94 10.23
110 354 1.09 11.25
130 38.4 —0.16 11.52
160 42.6 —1.44 11.78
180 45.2 —2.06 11.91
240 52.2 -3.27 12.16

|l See reference [79].

** The values given in Table IV differ slightly from those given
by Hoyle in reference [797, Table XI, because the constant term
in the first of his Eqs. (48) should be 6.1 rather than 5.1.
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TABLE V.

Logp

A ZA VA logp corrected
60 271 26.9 6.69 6.69
80 35.3 32.0 10.00 9.98
100 433 36.6 10.67 10.63
120 51.1 40.8 11.03 10.91
140 58.6 449 11.26 11.07
160 65.8 48.6 11.45 11.20
180 73.0 52.3 11.57 11.28
200 80.0 55.8 11.68 11.34
220 86.8 59.1 11.77 11.37
240 93.6 62.5 11.84 11.39

as might be expected from the fact that at these densi-
ties the neutron concentration is high. The physical
interpretation of E;* is not clear. This is particularly
so when one attempts to determine whether or not the
neutrons present at the highest densities, where E;*
is negative, are degenerate. The application of the usual
criteriatt would indicate that, for all densities in
Table IV where E;* is negative, one has appreciable
neutron degeneracy. If this is the case, then it is neces-
sary to discuss the equilibrium problem with de-
generate neutrons as well as degenerate electrons.

A somewhat different approach to the problem of the
existence of the heavy elements is that of van Albada
[1, 2]. His approach is a more physical one, and is
given here with some modifications which it is hoped
will clarify the development. Let us consider the energy
per nucleon in an assembly consisting of one nuclear
species (Z, A) and of electrons. It is assumed that the
electrons are relativistically degenerate, that electrical
neutrality is maintained locally, and that the tempera-
ture is constant and extremely low. It is necessary to
consider the energy per nucleon because it is tacitly
assumed that the number of nucleons is conserved.
The mean energy per nucleon may be considered as
being made up of mass energy, thermal energy, energy
of the degenerate electrons, and energy associated with
electron interactions. The mass energy per nucleon
may be written, in mMU, as

where f is the packing fraction, in mMU, of the nucleus
(Z, A) under consideration. van Albada has obtained
an improved version of the semi-empirical packing
fraction formula of Bohr and Wheeler [24], developed
in their study of nuclear fission. The improved formula
for f is given, in mMU, by:

[=83[(4—22)/(24)+0.8[(4—2Z)/(24) ]

—6.65+0.63224—484154-18, (55)

which includes terms for nucleon interaction, Coulomb
energy of the nucleus, and surface tension. From Eq.
(46a), the energy per unit volume, &4, of the assembly

tt The criterion employed is that for weak degeneracy, such as
is given in reference [109]. The extent of the degeneracy is given
by pah3/[2¥mn(2xmnkT)¥] as compared to unity.
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of relativistically degenerate electrons is given for high
density and low temperature in mMU by

84'=(mhc/8) (3C.-/m) [ 10%/ (moc*) ], (56)

where C.- is the electron concentration and m, is the
unit of atomic mass. The energy of the degenerate
electrons, per nucleon, in mMU, is

Ea=[m;/(4p)164, (56a)

where p is the density of matter in the assembly, and
m; is the mass of the nucleus (Z, 4). If one assumes
local electrical neutrality, then,

Ce-=ZCi=Z(p/m;)=Zp[Amo(1+107/)T7,  (57)
so that, in mMU per nucleon,
8a= (whc/8)(10°/¢*) (3/m)*3(Z/ A)*3p!*my 413
X(14+1073f)=1  (58)
=qp'¥(Z/A)P(14-1073f)713, (58a)
where
g=(mhc/8)(103/c®) (3/m)*m¢43=4.15X 102, (58b)

If the electrons are uniformly distributed, then there
are Z electrons in a sphere of radius rz, where

(41/3)Cori=Z. (59)

Considering the nucleus to be a point charge, one finds
the energy per unit volume, 8./, due to nucleus-electron
attraction and mutual electron repulsion may be
written, in mMU, as

8/ =[10°/(moc*) JL - (32%)/(272)

+@32%)/(5r2) IC;.  (60)
Using Eq. (57), one may obtain
8/ =—(9/10)2*¢[ 10°/ (moc?) ]
X (41/3) 3 ma43pt3 A—43(14-10-31)43,  (60a)

Again per nucleon this energy can be written in mMU as

8e=[Amy(14+1073f)/(4p)]18. (61)
= .—Pp1/3Z2A—4I3(1+10—3f)—1/3’ (613.)

where
p=1(9/10)(10/c?)e*(4m/3)3mg43=1.91X107%. (61Db)

The inclusion of the term &, implies a sufficiently high
density such that the electrons are confined to a small
region surrounding the nuclei, and the attraction be-
tween nuclei and electrons may be regarded as essen-
tially reducing the electrostatic term in the packing
fraction formula. The ordinary binding between elec-
trons and nuclei is implicitly contained in the packing
fraction f. Energy due to the interaction between
nuclei as well as between nuclei and more than the sur-
rounding Z electrons is neglected.f} Combining all the

11 As pointed out to us by Professor O. Klein, it would seem
that the conditions here are more like those in a crystal than an
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various contributions, one finds that the total energy
per nucleon in this assembly, expressed in mMU, can
be given by the following expression, provided thermal
energy may be neglected : 99

8=10+83[(4—22)/(24)
+0.8[(A—22)/(24) ]~ 6.65+0.63224—4/3
+ 15A_l/3-Ppl/3Z2A_4/3(1+ 10—3]’)—1/3
+gotH(Z/ A)IH1075)15, (62)

If & and &, are sufficiently small, one may neglect
(10~3/3) f as compared to unity in Eq. (62).

Inspection of Eq. (62) indicates that & is a function
of Z, A, and the density p. From d§=0 one may deter-
mine the values of 4 and Z for the nucleus which
would lead to the lowest specific energy of the assembly
at a given density. From combinations of 88/6Z
=98/9A4 =0, the following equations can be derived:

A?/72=8.4X102B,A, (63a)
and
A/Z=198+41.52X10"2B,A}
+2.89X10-5(B,pA4)}, (63b)
where
B,=1—3.03X10-50% (63c)

These equations have been solved by van Albada and
his results are given in Table V, in which the first two
columns give the atomic weight and the ‘“normal”
charge Z 4. The latter quantity has been calculated from
the packing fraction formula given in Eq. (55) and
smoothed with respect to Z for a given A. The remain-
ing columns are interpreted as follows. A nuclear species
of atomic weight A will provide the lowest specific
energy content at a density p, when its charge is re-
duced to the value Z. It will be recalled that p refers
to the density of this particular nuclear species and
does not include neutrons, and that if thermal energies
are small compared to &, the most stable nuclear species
will also be the most abundant.

The question still remains as to whether it has been
a sufficient approximation in the foregoing develop-
ment to neglect the presence of neutrons. To examine
this point van Albada has considered the energy per
nucleon in an assembly consisting of one kind of nu-
cleus, degenerate electrons and free neutrons at 7=20
°K. Let ¢ be the fraction of nucleons bound in nuclei
and (1—¢o) the fraction of nucleons (neutrons) which

ionic solution, and it is difficult to see how to apply the considera-
tions of van Albada without a closer analysis of the statistics of
the medium along the lines of the Debye theory of the solid state.
Such an analysis is being considered at the present time by G.
Beskow.

99 It should be noted that the implication in van Albada’s
work that Eq. (62), apart from the term 103, is a modified packing
fraction is misleading in that the result is valid for 7=~0°K only,
where there would be only one nuclear species present. At higher
temperatures where thermal energy cannot be neglected this
result would not lead to the correct abundance distribution.
Note that at any finite temperature all nuclear species will be
present and it is not clear how one would divide the energy of
the assembly among the nuclei.
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are free. Then the energy per bound nucleon, in mMU,
will be

¢0[(103+f)+¢0}(8e+ gd)___') (64)

where the ¢o! arises from the conversion to partial
density in the expressions for &§; and &, which contain
pt. The additional energy due to free neutrons is, in
mMU,

(1—60)(10°+ 1), (65)
where f, is the packing fraction of the neutron. In this

mixed assembly the energy per nucleon can then be
written as

&' =¢of+do(¢*6atdo*Ee)+(1—¢o)fa.  (66)
Differentiation with respect to Z, 4, and ¢, yields
of d
do—+¢o**—(8a+E.)=0, (67a)
YA YA
of )
do—+ 0"/ *—(8418.)=0, (67b)
94 4
and
A (4/3)po} (84t 8.)— fr=0. (67¢)

Free neutrons will become important at densities above
a value which satisfies Eq. (67c) for ¢o=1. This critical
density, p., according to van Albada, is given by logp,
=11.70. Above this density free neutrons will be formed
rather than heavier nuclei. Hence from Table V one
finds that nuclei above A=2200 cannot be explained.
G. B. van Albada suggests circumvention of this difh-
culty by the addition of a nuclear volume correction to
the packing fraction of the form

Af=—166[(4—22)/(24)7
+[204713—0.42224—3][(A—2Z)/(24) . (68)
Physically this correction arises from the fact that, if
in a given nucleus the protons are converted to neu-
trons, the newly formed neutrons will have to occupy
higher quantum states which will cause an increase in
the nuclear volume in neutron-rich nuclei. The correc-
tion Af is so taken as to change each term in f which
contains nuclear volume and gives twice the nuclear
volume for an all-neutron nucleus. Incorporating Af
into the foregoing development does not materially
change the Z calculated for a given 4 but it does re-
duce the density at which the nucleus (Z, A) is most
stable. In fact, the tabulated values of the corrected
densities in Table V show that the density is reduced
below the critical value even for an 4=240. It has
been suggested by van Albada that one need not de-
pend entirely upon this correction because one can con-
sider the formation of the heaviest nuclei by fusion. As
one increases the density, the stability maximum with
respect to atomic weight shifts to higher atomic weight
and formation of heavy elements by fusion becomes
energetically possible. It is well known that it is ener-
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getically possible to form the most stable nuclei both by
fission of heavier nuclei and fusion of lighter nuclei.
However, the reaction rates are exceedingly low ex-
cept, under special circumstances, for the neutron-
induced fission of uranium and other very heavy nuclei,
and the synthesis of light elements from hydrogen [61].

The work of van Albada, in the opinion of the authors,
may not yet explain the possible existence of the heaviest
elements in an equilibrium assembly for the following
reasons. In order to form the elements in equilibrium
in any reasonable length of time one requires tempera-
tures in excess of ~10° °K, as shown by Hoyle [79].
Above this temperature nuclei will not be degenerate
even at the densities considered by van Albada. Elec-
tron degeneracy is present at these densities up to
T=210" °K and it appears that there will be a con-
siderable concentration of neutrons which are at least
partially degenerate. It seems to us again that one must
examine heavy element abundances according to an
equilibrium theory using appropriate statistics, and it
is interesting to note that Lacroute [103] has given
qualitative arguments that the inclusion of free neutrons
makes difficult the explanation of the existence of the
heavy elements unless neutron degeneracy is taken into
account. Finally, one would expect at high tempera-
tures that neutron-induced fission of the very heavy
elements would be as important as the fusion process
discussed by van Albada.

While neither Hoyle nor van Albada has attempted
to compute the relative abundances of the nuclei,
taking into account the effects of electron degeneracy,
they have considered the types of stars in which ele-
ment formation might take place. In this connection
they also consider the freezing-in of the equilibrium.
This phase of their work is described later.
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Fi16. 8. Equilibrium concentrations at various temperatures of
electrons, positrons, protons, and a-particles as a function of
neutron concentration in an assembly consisting of these particles
only, according to Chandrasekhar and Henrich [35].
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S. Gravitational Effects and Stellar Models

As mentioned earlier, it is difficult to understand how
both light and heavy elements can be explained as re-
sulting from a nuclear equilibrium at a given set of
values of density and temperature. The question there-
fore arises as to where and when the physical condi-
tions required for element formation in equilibrium
might have existed. The prestellar state of the universe
is generally pictured as consisting of some kind of hot,
dense material which expands and cools very rapidly
from some “initial” state. Chandrasekhar and Henrich
[35] have suggested the existence of nuclear equi-
librium in the prestellar state since current theories of
stellar interiors seem to preclude the formation of ele-
ments heavier than helium in the known types of stars.
Their picture of prestellar element formation is as
follows. At the early high p and T the heavy elements
might have been formed. The expansion and cooling
of the universe may have frozen in a few parts per
million of the heavy elements. In a subsequent equi-
librium the lighter elements may have been established
in their present relative abundances. When the tem-
perature fell below about 4X10° °K, the nuclear re-
actions supporting the equilibrium ceased. At still
lower temperatures the very light element abundances
adjusted according to the kinds of non-equilibrium re-
actions which now go on in stellar interiors. This quali-
tative picture must be questioned since it is difficult
to see how during the prestellar phase there would be
a sufficiently long time for equilibrium to be established
at any high p and 7. There have been no calculations
made along these lines, although Steinwedel and Jensen
[142] have considered the problem qualitatively.
Rather, various investigators have examined the pos-
sible formation of elements at equilibrium in special
kinds of stars. Both Hoyle [79] and van Albada [2]
have considered stars whose interior densities are
sufficiently high to introduce electron degeneracy,
which, as seen earlier, might help to explain the exist-
ence of the heavy elements. In addition to effects of
electron degeneracy it might be expected that the gravi-
tational potential would affect the nuclear equilibrium
in stars. This latter problem was recently considered
by Beskow and Treffenberg [187, Klein [97, 98b], and
Wataghin [174].

The problem of element formation is considered by
Beskow and Treffenberg to involve some kind of star
in which the proper equilibrium conditions for lighter
and heavier nuclei could be realized simultaneously in
different spherical shells. The star is assumed to be
isothermal and all of their calculations are made at
kET=1 Mev.||| This particular temperature was se-
lected because it was satisfactory for the formation of
the light elements, and it was hoped that gravitational

|| IWe have been informed by Professor Klein (private com-
munication) that these calculations are being repeated for other
values of £T.
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effects would be sufficient to correct the heavy element
difficulty. It was supposed that after a sufficient time
for equilibrium to have been established a very sudden
explosion or expansion mixed and froze in the various
elements. However, the latter problem has not been
examined quantitatively by Beskow and Treffenberg.

Their approach to the problem of nuclear equi-
librium in a stellar model involves the determination
of the chemical potentials for the neutron and proton
as a function of position in the model. A knowledge of
the local intrinsic potentials enables a calculation to be
made of the local abundance distribution of the ele-
ments according to the Gibbs’ formulation, in which
the intrinsic potentials must be modified for an equi-
librium system in a field.* If ¢, and ¢. are the gravita-
tional and electrostatic potentials, respectively, then
the condition for equilibrium may be written as

KntMadp,=constant, (69a)
for the neutron, and
wpt+myp,+ep.= constant, (69b)

for the proton. If one assumes spherical symmetry in
the star, he finds the gravitational potential, ¢,(r), is
related to the total mass density, p(r), i.e., the density
of all matter and radiation according to Poisson’s

equation
1d/ dé,
Vi, =— —(1’2——) =47Gp, (70)
rdr
where G is the gravitational constant. Substitution of
¢, from Eq. (69a) into Eq. (70) gives the following re-
lationship between u., p, and 7:t
Pun  2dun
+ - —+ 4rm.Gp=0.

drr v dr

(71)

An equivalent equation for u, is not obtained from
the Poisson equation for the electrostatic potential by
Beskow and Treffenberg, but rather it is assumed that
the condition of electrical neutrality is satisfied locally
[98a]. This condition leads to a relationship between
up and u, but, of course, does not take into account
automatically the electrostatic effects considered by

* The relativistic generalization of the Gibbs’ condition for
equilibrium in a gravitational field has been given recently by
0. Klein [98a, 98b].

t Wataghin [1747] suggests that gravitational fields cannot
influence the nuclear equilibrium. It is true that for a given
gravitational potential, ¢,, the equilibrium is essentially inde-
pendent of the value of ¢4 so long as ¢,/¢2<1 and ¢, is constant
over the system. However, the Gibbs’ condition for equilibrium
in a gravitational field, viz., u+me,=constant, implies that, for
an isothermal star in which there is nuclear equilibrium, as ¢,
varies with position in the star, the intrinsic potentials u must
vary accordingly. Now the distribution of abundances depends
strongly on the values of the u’s involved and hence the equi-
librium distribution will vary with position in the star. Depending
on the stellar model, and hence on the form of ¢,(r), one would
have various relative abundance distributions as functions of the
radial position and of the model.
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van Albada [1, 2]. In addition, one needs a relationship
between u, and the total mass density p in order to
determine each as a function of radial position.

In order to clarify some of the details involved in
finding p, as a function of u,, and in particular to il-
lustrate the behavior of the concentrations of electrons
and positrons, let us consider the equilibrium between
protons, neutrons, a-particles, electrons, and positrons,
following the treatment of Chandrasekhar and Hen-
rich [35].] The fundamental reactions maintaining
equilibrium in general are taken to be

Hi4-e=gnt (72a)
¢ +et—=photons, (72b)
and
2XA4+(AZ)GHY) - (AN) (on)=z' X4, (72¢)
where
A'=A+(AN)+(AZ), Z'=Z4(AZ). (72d)

It is assumed that the role of the neutrino may be
neglected. The condition that the assembly be elec-
trically neutral is

Ce'=ZIZJCJ'(A)Z)+CG+) (73)

where Y’ designates summation over all nuclei, and
C.- and C.+ are the electron and positron concentra-
tions, respectively. The examination of these reactions
for a given density and temperature involves a simul-
taneous system of equations of high order. However,
in the case under consideration, this problem is con-
siderably simplified. The equation governing neutron,
proton, and electron concentrations, if one assumes no
degeneracy, is

CyCo-Cot=2(2em kT) s exp[ — (myp—m.)/ (kT)],

(T=4X10°°K), (74a)
=16x[kT/ (hc) Pexp[ —c*(mp—m,)/(RT)],
(T=4X10°°K), (74b)

according to whether the electrons obey non-relativistic
or relativistic statistics. Similarly the electron and
positron concentrations must also satisfy

Co-Cor=42mwm kT)h=3 exp[ —2m.2/(kT)],

(T=4X10°°K), (75a)
=256n2 kT /(hc)]® exp[ —2m.c2/(kT)],
(T=4X10°°K), (75b)

again depending on the type of statistics. The con-
centration of a-particles is given by

(CPACR)A(Ca)1=2(2rmokT) 2k~ exp[ — c*(2m.,
+ zmp— ma)/(kT)],

Co-=CostCpt2Ca.

(76)
and, finally,
(a7

 Steinwedel and Jensen [1427 have examined this particular
equilibrium problem using relativistically degenerate statistics for
the electron, so that their results are applicable to higher densities.
Singwi and Rai [133] have also considered electron degeneracy
in this connection.
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Chandrasekhar and Henrich have solved Egs. (74)-
(77) simultaneously for various neutron concentrations
and temperatures by trial and error. These results are
given in Fig. 8 which shows that for low neutron con-
centrations the material density is almost entirely due
to electron-positron pairs. As the concentration of
protons and a-particles becomes appreciable, C,- begins
to increase so as to satisfy the condition of electrical
neutrality, while the positron concentration C.. de-
creases sharply. The extension of the curves for C, to
high values is physically incorrect because other nuclei
will form at high neutron concentrations, but the ex-
tensions are included to illustrate the form of the
solutions [142]].

The procedure followed by Beskow and Treffenberg
in finding u., as a function of u, is essentially that given,
except in that all nuclear species are taken into ac-
count in the condition of electrical neutrality. The rela-
tionships between the intrinsic potentials of the various
elementary particles corresponding to the equilibrium
reactions described by Egs. (72a) and (72b), may be
written as:

I‘nl =F’-p,+ﬂs', (783')

and
Ke-Fues’ =0, (78b)

where since particles are not conserved p,’ =pn+mnc?,
by =pptmy, and p./=p.+m. In Eq. (78a) the
intrinsic potential of the neutrino is neglected because,
as Beskow and Treffenberg point out, while the elec-
trons in the assembly are strongly affected by a gravi-
tational field, the neutrinos are not. If, as pointed out
by Klein [98a], the neutrino and antineutrino are
identical then it follows that the neutrino intrinsic
potential is zero. In Eq. (78b) the intrinsic potential for
photons is taken as zero since the photon concentration
at equilibrium is a function of temperature only and the
equilibrium is considered in an isothermal star. It fol-
lows from Egs. (78) that{

(78¢)

The values of u, and p, must simultaneously satisfy
Egs. (35), (73), and (78c). The electron and positron
concentrations can be determined as functions of their
intrinsic potentials by the appropriate solutions of
Eq. (35) which applies to either electrons or positrons
if the corresponding u. is used. This use of Eq. (35)
automatically accounts for possible electron degeneracy.
In order to carry out the calculation of u, as a function
of u, it is necessary to evaluate }_'Z;C; for particular
sets of values of u, and u, Beskow and Treffenberg,
using the semi-empirical formula for the binding energy
per nucleon of Mattauch and Fluegge [111] obtain the
following approximation, where Cj, in the form given by
Eq. (10), has been taken including the factors for spin

ﬂs-, = —Me*" =I-‘n,_ll'pl =Mn—ﬂy+ (mn_ mp)cz-

€ Compare this result with Eq. (34) in which case it was
assumed that the intrinsic potentials of electron and neutrino
are equal.
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multiplicity and excited states:||
Y./C;Z 22(3.20X 10~ 8mm) h—ha,

X f b=t 4% explyot (a/bo)A1dA, (79)
0

where
a0=41.05— (un—up,)/2 (79a)
bo=82.104+0.6024}% (79b)
and
o= (un—5.72) 4 —15.044%, (4=100), (79¢)
=344 (u,—5.68)4 —15.404% (4=100). (79d)

Equations (79) are valid only for 27=1 Mev. The
evaluation of Egs. (79) implies that one has taken into
account for a given value of 4 all values of Z consistent
with the empirical binding energy formula. The con-
tribution of the less stable nuclei to the sum is quite
small. The plot of u, versus u, obtained by Beskow and
Treffenberg is not reproduced here, since it is useful
only as a step in their calculations. Likewise, other
figures used only in the derivation of their final result
have not been included.

Having found u, as a function of u,, it is necessary to
find either p, or u, as a function of the total mass den-
sity, p. Rather than compute the density of nuclei, pn,
from p,=>'miCi=myy_'A;C; by methods similar to
those used to obtain u, and p,, Beskow and Treffenberg
have approximated pn as

pn2(mod /Z) 3/ CiZi=(md /Z)(C-—C.s), (80)

where A and Z refer to the predominantly abundant
nucleus for a given u.. They have found this most
abundant species by solving (C;/8Z)z=0 which, since

Ci=(3.2X 10 %rm,)h3A}
Xexp[yot2a0Z—bo(Z%/4)], (81)

gives

Z=(ao/bo)A
=[1-1.22X10"2(un—u,)] -
X(241.46X1024H)714.  (82)

These equations are also valid only for 27=1 Mev. In
their integration of Eq. (79), Beskow and Treffenberg
state that for a given value of u, only a rather narrow
range of A values contributes to the sum. Knowing
these predominant A(=A) values one may for a given
un fix Z and thus the density, pn. For the case where A

|i The product of summations over rotational and vibrational
states has been approximated by

&;=3,Z,=exp(0.144+0.364%), A=100,
=exp(3.4+0.1844), ~  A=100.

The evaluation of this product would require modification if, as
discussed in Section IIIFb)S, Wergeland’s result for the density of
nuclear vibrational states is a better approximation. There are
several typographical errors in sign in the detailed development
of 2'Z;C; in reference [187]. However, the final result given there
is correct.
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corresponds to the light nuclei, the known Z is used.**
In the calculation of the contribution of photons, elec-
trons, positrons, and neutrinos to the total mass den-
sity, the energy density plays the principal role, whereas
for neutrons, protons, and nuclei, only rest mass energy
is considered.***

The next step is to determine pn, up, and p as func-
tions of 7, the radial distance from the center of the
gravitating body. Kleint{ has pointed out that this
calculation may be described in the following manner.
Having the equilibrium condition u,4m.¢,= constant,
one may write instead of Poisson’s equation the fol-
lowing:

dg,(r)
~], (83a)
dr

du,(r) (}M(r)mn|’
=— =—im,
dr r [

and

dM (r)/dr=47mr*o(un). (83b)

Given initial values of u, and M(r) at a given r,, these
equations may be integrated to yield the values of
these quantities for r>r,. Beskow and Treffenberg
have assumed a model in which there is a central core
of radius 7o, mean total mass density 5o, and intrinsic
potential (u.)o. Fixing these quantities, they have taken
small increments in g, which yield corresponding new
values of p from the relationship between u, and p, and
of 7 as follows. A sphere of radius 7, slightly larger than
ro will have a mass

71
M1=Mo+f 4wripdr,
70

== (47/3)[70*(Po— Bo,1)+71*po. 1],

where fo, 1 is the mean mass density in the spherical shell
between 7, and r,. From Egs. (83) one can obtain,

(84)

** Although it is not stated in the papers of Beskow and
Treffenberg, Professor Klein has informed us that degenerate
statistics were employed for determining the neutron and proton
concentrations.

*** The contribution to the total mass density of the gravitating
mass of photons, electrons, positrons and neutrinos can be written
p=(u+3P)/c?, where u is the energy density and P is the partial
pressure [1577]. For photons and neutrinos the rest mass is taken
as zero, so that P=u/3 and p=2u/c. Since for radiation x=aT*,
kT=1 Mev gives p(radiation) =3.06X10° g/cm3 throughout the
stellar model. For neutrinos, the chemical potential is zero, and
Fermi-Dirac statistics give, with E=cp,
u(neutrinos) = (8x/h?) jm Ep[exp(E/kT)+1Tdp

=(7/8)u(photons),
so that p(neutrinos)=2.68X10% g/cm?. The same value would
result for antineutrinos. The factor 7/8 arises because photons

obey Bose-Einstein statistics. For electrons the energy density is
given by

u(electrons) = f E(dC.-/dp)dp,

where C.- is given by Eq. (35) in this paper. The electron partial
pressure is given by (1/3)/ 0 (p/E)(01/dp)(0E/dp)dp, where the
u is that for electrons. It will be recalled that C.- varies with .-
and therefore with u, and up,. Similar calculations are used for
positrons.

tt Private communication.
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making appropriate approximations,

(ri/r0)*+alr1/r0) —b=0, (83c)
where
a=2(po/po, 1) —[3/ 2rm.G) J{[(un)o
— (ua) 1)/ (repo. )} —3, (83d)
and
b=2[(po/po.1) —1]. (83e)

In these equations one picks a (u,): and finds the cor-
responding po1 from the previously discussed rela-

59— I l T T T
LEGEND log Cp [log Ca]
581 —[ (#n)o =3 58.7 | 56.2 |
57l ——-{ro= 3 x105¢m|58.7 | 56.4 ||
: —[ro=5x10%cm|58.7 | 56.5
561 ~=-|rs=5.5x105¢m| 58.7 | 56.7 |
Tl | ----|ro= 6x105¢m|58.7 | 51.9 | |
a3 [} [ R ro= 7x105¢m|58.3 | 56.4
254 fl, —[r.=10x105cm|55.3 | 50.8 |-
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Fic. 9. The total number of nuclei of various atomic weights
in the stellar models of Beskow and Treffenberg [187, compared
with the observed abundance distribution of Brown [307]. The
material inside the stellar core of radius 7, is not included but
neutrons exterior to the core are included as part of the proton
abundance. The observed data have been adjusted so as to yield
1M @, following Beskow and Treffenberg.

tionship between u, and p and then one computes r;.
Successive application of this procedure enabled Beskow
and Treffenberg to find both u, and p as functions of 7,
which then fixes the model.

An examination of Eq. (79) shows that for u,>5.68
the sum >_'Z,C; diverges and Beskow and Treffenberg
take the corresponding mean mass density of the close-
packed core to be nuclear density in the limiting case.
They have considered models with such cores of nuclear
density having various radii 7o, ranging from 105-10°
cm. They have, in addition, studied the case for a less
dense core, (un)o=3.0, with r=10° cm. Given the in-
trinsic potentials u, and p, as functions of 7, one may
calculate the relative abundances of the elements in
each spherical shell. Then, integration of the concentra-
tion of each species over the stellar model yields the
absolute abundances of the elements in this model. In
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TasBLE VI. Masses of cores and total masses for various models.

70X 1078 cm 1 3
Model Core o, g/cm? 5x1012 1.4X 10

Core (#n)o, Mev 3.0 5.68
Mass of core, in Mg 1.0X10°8 79X1073
Total mass, in M@ 39 39

S 5.5 6 7 10
1.4X104 1.4X104 1.4X104 1.4X10% 1.4X10
5.68 5.68 5.68 5.68 5.68
3.7X102 49X107? 6.3X1072 1.0X10™ 2.9X107!
39 39 39 15 0.31

the integration the core of radius 7, is not included,
the neutron and proton concentrations are added, and
the ‘“super-heavy” nuclei which the theory predicts
are also excluded. In Fig. 9 the total number of certain
nuclei in the various models are plotted versus atomic
weight and compared with the relative abundance
data of Brown [30]. Calculations were reported only
for A=1, 4, 12, 30, 60, 90, 120, 180, 240, and 300. In
order to make the plotted comparison in the same
manner as in the original paper of Beskow and Treffen-
berg, Brown’s data were multiplied by a factor such
that the abundance of hydrogen corresponds to a mass
of about 1.3X10% g, approximately the mass of the
sun. The results of Beskow and Treffenberg lie above
Brown’s data at least for the reason that most of the
models exceeded one sun mass. The masses of the cores
and total masses of the models are given in Table VI.
It is clear from Fig. 9 that if the computed abundances
are regarded as relative, the plots for the various models
with 7o<6X10° cm could be adjusted to yield fairly
good agreement with observation. However, whatever
adjustment is made there still remains a relative de-
ficiency in the abundance of the very light elements as
compared to the heavy elements.

Beskow and Treffenberg have not discussed the prob-
lem of the “explosion” of these stellar models or the
freezing-in of the equilibrium distribution in any detail.
They indicate that models with 7o=35 and 5.5X10°% cm,
which give the best agreement with observation, have
too much hydrogen and heavy nuclei in absolute
amounts, and suggest that heavy element fission as
well as the escape of protons in the explosion may re-
pair the supposed difficulty.}f Actually it would appear
that there is relatively a deficiency of the very light
elements, perhaps even including hydrogen. Further-
more, if in fact the observed abundance distribution
of Brown is universal, it is difficult to see how repairing
an abundance distribution in a local region can do any-
thing but spoil it elsewhere. Nevertheless, it should be
pointed out that the work of Beskow and Treffenberg
gives for the first time reasonable agreement between
the calculated equilibrium abundances and those
observed.

11 The implication of this discussion is that hydrogen should
be more abundant in interstellar space than in stars. According to
Strémgren [149] the assumption of a standard stellar composition
for interstellar matter leads to a not unreasonable density for this
matter. However, according to [150] and to Dr. L. Spitzer, Jr.,
private communication, the possibility that hydrogen is as much
as ten times more abundant in interstellar space than in stars
cannot be excluded at the present time.

In a discussion of the properties of their stellar
models, Beskow and Treffenberg indicate that it is
implied that matter was collected into stars embedded
in a sea of radiation corresponding to a temperature of
1 Mev while equilibrium was established. In a subse-
quent explosion large remnants may have been left
from which present stars might be derived. These
remnants would be distributed in size and possess
differing final constitutions.

These ideas are based on Klein’s [97] more recent
discussion of the cosmological implications of the star
models of Beskow and Treffenberg. One of the principal
astrophysical problems in this connection is how these
“prestellar stars” might tie in with a static universe
filled with matter and radiation of the densities re-
quired by Beskow and Treffenberg for their equilibrium
problem. Such a universe would be extremely small in
size and mass. Thus, a closed Einstein universe of
mean density p=<10% g/cm?(k7=21 Mev) has a radius
of 410" cm and a mass of 10® M/ . On the other hand,
a homogeneous expanding universe large enough to
include the observable regions would expand so rapidly
as to make thermal equilibrium untenable, and would
require the examination of non-equilibrium processes
for the formation of the elements. Klein has suggested
that in order to overcome these difficulties and retain
the successes of the equilibrium theory of the formation
of the elements in the situation examined by Beskow
and Treffenberg, one might assume that a radiation
field was originally concentrated around each star.
This radiation would consist of photons, electron-
positron pairs, and neutrinos. As Klein has pointed
out, such a radiation field, with dimensions large as
compared to those of the embedded star, is required in
order that an equilibrium be possible. Otherwise, the
escape of neutrinos from a star of reasonable size might
seriously affect the establishment of a nuclear equi-
librium. Klein has obtained a spherically symmetric
solution of the Einstein equations corresponding to a
mass of radiation held together by its own gravitation.
The solution yields the following relations for the radia-
tion density and temperature in this radiation star,
for large r:

pr=3(2kc®)r2=8X10%r"2 g/cm?, (85a)
and

T=3.16X10%} °K, (85b)

where r is the distance from the origin in cm, and
x=8mrG/c* is the Einstein gravitational constant. For
r=2.6)X 10" cm, one has £7=21 Mev (or p,=210% g/cm3).
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Thus, at a distance 7 of the order of the radii of the
Beskow-Treffenberg models, the temperature has the
1-Mev value required by these investigators. Near the
origin the solution for the temperature is

(T/To)*=(p/po)=1—25s+(13/5)s>
—(18/7)s%+(356/175)st— - - -, (86)

where p is the pressure, po and T, the values at r=0,
and
§= Kpofz.

(86a)

This result shows that the temperature is sensibly con-
stant over a region comparable in size to the size of the
kind of stars required by Beskow and Treffenberg.
Klein further points out that the inclusion of matter in
this body of radiation makes little difference in the
solution so long as the gravitational potential of the
matter within the distribution is small compared to ¢2.
This is the case in all the models considered by Beskow
and Treffenberg. Thus, a star of ~40M o, with a central
temperature of ~1 Mev, embedded in radiation will
be essentially isothermal and provide the locale for
establishing the equilibrium distribution of the ele-
ments. {9 Unfortunately, the solution obtained by
Klein gives a radiation star of infinite extent and an
infinite radiation mass, so that there would exist only one
material star of about 40M . Thus, there would be no
“outside” region into which the radiation might escape
and allow the rapid explosion of the embedded material
star. However, Klein suggests that it would be interest-
ing to consider static solutions of the Einstein equations
corresponding to many individual stars embedded in a
radiation field, i.e., a galactic system of stars, as well
as a further solution to the problem which may give a
suitable representation of a supergalactic system. It is
also pointed out that a static solution can be only an
approximation to the state of the universe when the
elements were formed, since conditions have changed
markedly since that time, and it is expected that non-
static solutions might provide the instability required.
An originally weak radiation current in this non-static
model should gradually increase as the gravitational
forces holding the field together decrease. The last
stage of this process would involve the sudden escape
of the radiation and lead to a violent explosion of the
embedded star. Such solutions might provide insight
into the “beginnings” of the expanding universe. It
should be emphasized that Klein and his collaborators
visualize the equilibrium formation of the elements
once and for all at a time in the ‘beginnings” of the
universe.|||| This point of view is quite different from
that of other investigators to be discussed who con-

99 One should take into account the fact that the embedded
stars are not strictly isothermal and that they must be in me-
chanical equilibrium for so long as is required to establish a
nuclear equilibrium.

Il | Jordan [957] suggests that the results of Klein and collabo-
rators provide confirmatory evidence for his theory of stellar

origin based on a cosmology in which the universal constants are
functions of time.
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struct special stars in which the equilibrium element
forming processes may take place even now.

Other types of stellar models have been considered
for the formation of the elements by Cherdyncev [36],
Hoyle [79], and van Albada [2]. It will be recalled
that the latter investigator found it necessary to as-
sume densities of the order of 2.5)X 10" g/cm? in order
to explain the existence of elements with A42=¢240.
G. B. van Albada has shown that the interior of ordi-
nary white dwarfs do not provide the conditions re-
quired to explain heavy elements. What apparently is
required is a kind of white dwarf in which there is a
non-uniform rotation whose velocity increases toward
the center. This proposed model provides a degenerate
core in which the heavy elements might exist and fur-
ther provides rotational instability as the star evolves.
Presumably some kind of explosion ensues which he
identifies with a supernova outburst. This mechanism
would distribute heavy elements in space in a non-
homogeneous manner depending on the nature of the
freezing-in of the equilibrium, and would leave a rem-
nant white dwarf. It is suggested that the light elements
might form in stars with hot, condensed, but non-
degenerate cores. These stars are tentatively identified
by van Albada as red giants. However, no mechanism
is provided for the distribution of the lighter elements
in space. It should be pointed out that if the elements
are formed in stars then one should expect differences
in the relative abundances of the nuclear species be-
tween parts of a galaxy and between galactic systems.

In connection with stellar models, it will be recalled
that Cherdyncev [36] considered the formation of the
elements as resulting from an equilibrium between
neutron nuclei and four-neutron particles. He sug-
gested that one would require a dense neutron-core star
whose temperature and density are about 4 Mev and
0.03 nuclear density, respectively, which explodes and
distributes this mixture of neutrons and neutron-
nuclei in space, Subsequent 8-decay is discussed as the
mechanism leading to the stable nuclei.

Perhaps the most detailed discussion of the kinds of
stars in which one might expect the equilibrium forma-
tion of the elements has been given by Hoyle [79, 80].
He has considered stars which have exhausted their
hydrogen so that radiation from nuclear energy pro-
duction no longer counterbalances gravitational forces.
Such stars will begin to contract and the central tem-
perature and density will rise. If these stars rotate,
then at some stage of the contraction the stars become
rotationally unstable. Hoyle has made a classical calcu-
lation of the values, at the onset of rotational insta-
bility, of the central temperature, density and of the
radius of a star which has collapsed through a series
of homologous configurations. In Table VII is shown
the effect of the initial rotational velocity on the char-
acteristics of the collapsing star. This calculation indi-
cates that in such a collapsing star the central tempera-
ture and density attain values suitable for nuclear
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Fic. 10. The evolutionary track, CDEFG, of the central
material of a contracting star of SM @ in the temperature-density
plane, according to Hoyle [79]. The (T, p) plane is divided by
the curve AEFB into regions in which the predominantly abun-
dant nuclei are those of helium or heavy elements.

reactions at appreciable rates prior to the onset of rota-
tional instability. As Hoyle points out, thermonuclear
reactions with protons at appreciable rates require
temperatures of the order of 10°-10% °K.{ These stars
presumably may be identified as O-, B-, and A-type
stars whose lifetime according to the Bethe energy
production cycle is a factor of ten less than the age of
the universe. Hoyle’s detailed study of such stars in-
volves the following procedure. It is assumed that the
temperature and density at the center of the collapsing
star are related through the equations of statistical
equilibrium between nuclei, neutrons, protons, and
electrons. The effect of electron degeneracy at high
densities can be taken into account in the manner dis-
cussed in Section IIT (b)4. The mass of the particular
star is introduced as a parameter through the neutron
concentration by considering the portion of the gravita-
tional energy released in the collapse which is absorbed
in the production of free neutrons. As the star con-
tracts, the composition of its interior will change but
will have a definite equilibrium distribution at each T
and p so long as the latter quantities vary sufficiently
slowly.

From the equations of statistical equilibrium Hoyle
has shown that the composition of an equilibrium mix-
ture consists of essentially all helium or of all heavy
elements (4>50) when the temperature is greater or
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less than Ty’ given by
| 18.92[E{(Z, A)/A~ Eu/4+0.543y(0.5—2/4)]
T 10.34(3/2) logTy'+(5/2) loga—logp

(87)

where Ty is in units 10° °K, the density p does not
include neutrons, and the other quantities are as de-
fined in Section III(b)4. For a given p and T one finds
Z and A by maximizing (E;—0.543yZ)/A as discussed
earlier, and these values of E;, Z, and 4 are used in
Eq. (87). According to this relationship, the (7, p)
plane shown in Fig. 10 is divided by the curve AEFB
into a heavy element region and a region in which the
material is composed almost entirely of helium. In
Fig. 10 is also shown the “track’ of a contracting star,
CDEFG, calculated by Hoyle for the interior of a star
of 5Mo. The star initially at C is composed almost
entirely of helium. When it reaches D the temperature
is high enough for nuclear reactions to begin and be-
tween D and E the element distribution is approxi-
mately as shown in Table VIII. Hoyle suggests that the
exothermic nature of the reactions along the track be-
tween the points D and E provides sufficient radiation
pressure to maintain the star for perhaps 10% years.
However, at E the situation changes and from E to
G the collapse is essentially one of free fall, requiring
perhaps a hundred seconds. As the density rises in the
heavy element zone, particular heavy elements will be
most abundant according to Table IV, Section III(b)4.
The point G represents the breakdown of the classical
equations of statistical equilibrium for this particular
star. The initial rotational velocity of the star is not
considered in obtaining the track but determines the
point on the track at which the star becomes rota-
tionally unstable. If the angular momentum is large,
instability sets in before the material at the center of
the star reaches the point E and one has essentially
only the elements in the first half of the periodic table.
On the other hand, if the angular momentum is small the
star will evolve into the heavy element zone. These
unstable stars explode and distribute their material in
space leaving a white dwarf remnant. Since the density
and temperature vary in the star with radial position,
the composition of the ejected material will be more
complicated than described. Hoyle identifies novae

TaBLE VII. Effects of initial rotational velocity.

Mass=10M ¢
Initial radius=3.5X10" cm
Initial rotational velocity (km/sec.) 1 5
Radius at onset of instability (cm) 9.16 X105 2.29 107
Central temperature (°K) >4X10° >4%10°
Central density (g/cm3) 1.67X 107 1.07 X101

Initial central density=3 g/cm?
Initial central temperature=3.5X10" °K

10 15 20 40 100
9.16X 107 2.06 108 3.68X108 1.47%x10°  9.16X10°
>4X10° >4X10¢ >4X10° >4X10° 1.34X10°
1.67 X101 1.47X10%° 2.59X10°  4.07X107 1.67 X108

1 It should be noted that in equilibrium processes very high densities favor the formation of heavier elements, while at tem-
peratures higher than those stated, competing process leading to nuclear evaporation would become important and favor lighter

elements.
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TaBLE VIII.
Element He (0] Si Fe Cu Kr Sn Pb
logC; 27.2 202 237 28 267 188 —33 —222

and supernovae with stars which become unstable be-
fore or after the point E, respectively, and suggests
that the rate of occurrence of novae and supernovae
may be sufficient to account for the various amounts
of elements in the universe at the present time.*

Qualitatively it would appear that Hoyle’s mechanism
of collapsing stars might account for the relative
abundances of the elements. However, there are a
number of points in Hoyle’s discussion which may re-
quire further examination. It does not seem to have
been shown that equilibrium might be established at
any values of p and T after the beginning of the rapid
collapse. Despite the detailed examination of the col-
lapsing model no calculation has been made of the
actual universal abundance distribution which might be
expected. It would probably prove necessary to take
into account gravitational effects in computing the
equilibrium distribution as did Beskow and Treffenberg
[187. A question raised by Johnsont concerns the exist-
ence of heavy elements in stars which still have large
amounts of hydrogen. Hoyle has answered this point
by suggesting that these stars acquire heavy elements
by sweeping them up from interstellar space once his
heavy element mechanism has started in other stars
in the universe. Presumably the necessary elements for
the C—N cycle would also be swept up. From the
available published material it seems to us that the
beginnings of Hoyle’s stellar mechanism need clarifica-
tion as does the effect of the freezing-in of the equi-
librium on the final composition.

(c) Discussion

From an historical point of view it was natural to
describe the origin and relative abundances of the ele-
ments as resulting from a frozen-in nuclear equilibrium.
In principle one need not know the detailed reactions
involved in such an equilibrium as long as it is reason-
able to assume that there existed reactions connecting
all elements and that there was available a sufficiently
long time for equilibrium to be established. Actually,
one need only know the binding energies of the various
nuclear species. It would seem to be desirable for a
theory to explain the building of elements in the early
prestellar state of the universe and have done with it.
Except possibly for a small percentage of special kinds
of stars there do not appear to have been places in the
universe where a prestellar distribution of elements
might have undergone appreciable change. If, in fact,
stars have been formed by the condensation of inter-

* Hoyle [80] suggests that the Crab Nebula, the supernova of
1054 A.D., had, prior to its outburst, a central temperature in

excess of that required for his theory.
1 See the discussion section of reference [80].
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stellar material according, say, to the Whipple-Spitzer
hypothesis [139, 177], then there should be an identity
of composition except for the very light elements in-
volved in reactions giving stellar energy. Nevertheless,
as has been seen the expanding prestellar state has been
rejected by most investigators as a locale for nuclear
equilibrium because of the rapid changes that occur in
the physical conditions according to current cosmo-
logical theories. The suggestion of Chandrasekhar and
Henrich [35] that an equilibrium might have been
established and in small part might have survived an
expansion and cooling of the universe seems difficult
to demonstrate and has also been rejected by most of
the proponents of equilibrium theories. One is then left
with the problem of explaining element synthesis in
the small percentage of stars which are unstable, or in
“prestellar” stars. If indeed there is element synthesis
in these stars one has to explain the source of the ex-
plosion in some models, the mechanism of the ejection
of central material in other models, as well as the
survival of the equilibrium during the outburst re-
quired for the distribution of the matter in the uni-
verse. This latter is still the principal problem, although
Beskow and Treffenberg, Cherdyncev, Hoyle, van Al-
bada and others assume that the outburst will be
sufficiently “violent” to freeze-in an established
equilibrium.

The assumption that an equilibrium distribution
can be frozen in without serious change requires a more
detailed examination. There are two extremes within
which the freezing-in problem must lie. One of these
extremes would be the expansion and cooling of the
stellar material through a series of quasi-equilibrium
states. In this case the equilibrium distribution would
continually readjust and it is important to note that
the heavy element concentrations would be most seri-
ously affected. It will be recalled that the inclusion of
excited states increased the equilibrium concentrations
of the heavier elements by a factor of at least 10® and
perhaps more than 10. This factor would disappear
rapidly with a decrease in temperature and would in
itself lead to a very different abundance distribution.
In the other extreme the expansion and cooling would
have to be so rapid as to stop all nuclear reactions
essentially instantaneously, since at the densities and
temperatures of the equilibrium considered reaction
rates are very high. The actual situation would lie be-
tween these extremes and it is difficult to see exactly
what changes would result in the initial distribution of
elements, since it would be necessary to consider in
detail all the reactions in this non-equilibrium process,
perhaps including reactions involving nuclei in excited
states. In particular, in all the exploding stellar models
considered there would be a very high concentration
of neutrons whose capture probabilities would increase
as the material cooled, so that the distribution of ele-
ments would be radically changed, certainly at the
densities involved. The radioactive decay of the neutron
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does not help in this connection since the neutron life-
time is too long, and as will be seen later, neutron-
capture reactions give important changes in element
abundances even at densities of the order of 10~8 g/cm?,
whereas here the densities initially are perhaps 10%
times as large. Furthermore, as has been seen, it is
necessary to consider extremely neutron-rich nuclei in
the equilibrium distribution in order to explain the
existence of the heavy elements. Subsequent to an ex-
plosion these nuclei will at least undergo B-decay as
suggested by all the authors discussed. In addition,
however, many of these nuclei will be unstable with
respect to particle emission.} This effect will also change
the distribution. It would appear that a complete
solution of the problem of the formation of elements
should involve serious consideration of non-equilibrium
processes either in the prestellar state or in exploding
stellar models.

Jensen and Suess [93] have also considered quali-
tatively the problem of the freezing-in of an equi-
librium distribution in some detail. They have expressed
the opinion that while the presently observed abundance
distribution of the elements seems to reflect in some
measure an original thermodynamic equilibrium, this
distribution must have suffered considerable change
both in its over-all features and in detail due to non-
equilibrium processes during the freezing-in. They sug-
gest that as the temperature drops in an expanding
medium, proton reactions quickly become unimportant,
the originally high neutron concentration will lead to
large numbers of neutron reactions, and the heavy
elements will be built up at the expense of the light ele-
ments. The present distribution should then reflect
such neutron reactions and the associated S-disintegra-
tions. This point of view raises the question of specify-
ing an original equilibrium distribution which, as the
result of non-equilibrium processes during the freezing-
in, would have evolved into the presently observed
distribution. This is indeed a difficult problem and, as
will be seen later, it is apparently not necessary to
consider non-equilibrium processes as developing from
an equilibrium state as the initial condition.

The equilibrium theory has represented the observed
relative abundances of the light elements principally
in trend and moderately well in detail. Certain devia-
tions such as the low abundances of Li, Be, and B re-
quire special explanation. If the elements were formed in
“prestellar” stars there would have been an oppor-
tunity for thermonuclear reactions to modify the “origi-
nal” distribution. On the other hand, the situation is
not so clear in theories of continual element formation
in special stars. The distribution of heavy elements has
been qualitatively explained by the introduction of
special stellar models. In particular, one approach to
this problem has been the introduction of the effect of
gravitation on the equilibrium, while other approaches

$ The work of Mayer and Teller [114] and of Smart [134, 136]
discussed later is pertinent to this point.
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have involved electrostatic effects and electron de-
generacy. Clearly a satisfactory theory of element syn-
thesis in stars should include all such effects, as well as
the possible degeneracy of matter other than electrons.
The physical conditions described by some investigators
would seem to imply neutron and proton degeneracy,
which has not always been taken into account. The
possibly important role of neutrinos in stars does not
seem to have been adequately covered either except
perhaps by Klein in his radiation star model where
neutrino equilibrium is implied.J For the physical
conditions in the interiors of the special models described
by some of these authors, one might expect a large
amount of energy to escape via neutrinos so that the
existence of thermodynamic equilibrium may perhaps
be questioned. The argument is given by Hoyle [79]
that this energy loss is small compared with the energy
involved in the nuclear reactions and may therefore be
neglected. However, Hoyle has also stated that the
assembly in his stellar models is not in thermodynamic
equilibrium because neutrinos escape and reactions in-
volving neutrinos therefore are not thermodynamically
reversible. In this connection he states that an equi-
librium calculation is an adequate approximation to
what is at best a steady-state problem. The validity of
this assumption is not clear to us from his work.

Difficulties of the kind mentioned and in particular
the freezing-in problem have led to the development of
non-equilibrium theories of element formation, un-
attractive as they may be in requiring the discussion
of specific nuclear reactions. A description of the non-
equilibrium theories that have been developed con-
stitutes the major portion of the remainder of this
review.

IV. NON-EQUILIBRIUM THEORY
(a) Introduction

The difficulties in explaining the origin and relative
abundances of the elements according to an equilibrium
theory have led to the examination of non-equilibrium
processes. In addition, there are a number of indications
that element formation probably took place in an early
prestellar state of the universe, in which it is difficult
to conceive of the existence for a sufficiently long time
of the physical conditions required for an equilibrium
among nuclei. There is a good deal of self-consistent
evidence that the age of the universe is of the order of
several billion years,|| including, among other things,
the abundance ratios in radioactive families of elements,
the dynamics of stellar clusters, and the expansion of
the universe [25, 110].

The very existence of radioactive nuclei implies that

9 See, for example, the discussion of the possible role of neu-
trinos in stellar interiors by Cernuschi [32] and by Gamow and
Schoenberg [62].

|| For Tolman’s very interesting discussion of this point see
reference [1597]. A paper by Saha and Nagchowdhury [128] is
also of interest in this connection.
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the elements have not existed in their present form for
all time [4, 617]. There is of course the possibility that
elements are formed continually, but this ignores the
interesting agreement obtained between the apparent
age of the elements and the universe as computed by a
variety of independent methods. The observed uranium-
lead abundance ratio and the measured half-life of
uranium are consistent with each other and with the
fact that the uranium half-life is of the order of the
age of the universe. If one assumes that radioactive
isotopes were equally abundant when formed, then from
their presently observed relative abundances one may
compute the epoch at which they were formed. For
those sets of radioactive isotopes having measurable
abundances now, this calculation consistently gives
several billion years for the epoch of formation. In
Table IX are listed several sets of naturally radioactive
isotopes together with their isotopic abundances and
half-lives. It is clear that elements whose half-lives are
of the order of 10° years or greater are still quite
abundant, while isotopes with short half-lives are scarce.
Using the law of radioactive decay, one finds that K*°
would have been as abundant as K3° about 1.0X10°
years ago while the time of formation computed from
U238 and U2 is about 4.2X 10° years. All of the evidence
seems to indicate that there was an “event” of some
kind several billion years ago which possibly included
the formation of elements in essentially their presently
observed relative abundances. Since, as already dis-
cussed in Section III, the conditions necessary for
element formation do not appear to exist generally now
nor do they appear to have existed in the known types
of stars, one must examine the prestellar state, “un-
pleasant” as it may be to consider, to determine
whether a non-equilibrium process can be satisfactorily
developed. The fact that there appears to be a remark-
able uniformity in the abundance of elements through-
out the universe also favors consideration of the concept
that the elements were formed in the prestellar state
at one time uniformly throughout the universe. If this
is the case then a non-equilibrium theory of element
formation would be intimately connected with cos-
mology.

There has recently been developed a non-equilibrium
theory of the formation and relative abundance distri-
bution of the elements which involves neutron-capture
reactions primarily. The importance of neutron-capture
reactions has been recognized particularly for the heavy
elements by Walke [164 ], Gamow [55], von Weiszicker
[176], Jensen and Suess [93] and Frank [527]. All but
the last two of these investigators were concerned with
equilibrium reactions furnishing stellar energy. Walke,
for example, in order to explain the building-up of
heavy elements, suggested a series of successive neutron
captures by nuclei with intervening 8-decay to adjust
the charge. He pictured this as proceeding in a star
where some reaction furnished a neutron source. Gamow
[557 and von Weiszicker [176] independently sug-
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TasLE IX. Natural radioactive isotopes.

Isotopic abundance Half-life
Isotope in percent Activity in years
K3 93.38 None
K10 0.012 B8 2.4X108
K# 6.61 None
Sm# 3.16 None
Sm? 15.07 None
Sm8 11.27 a 1.4x101
Sm!? 13.84 None
Sm1s0 747 None
Sm!52 26.63 None
Sm!s 22.53 None
Rbss 72.8 None
Rbs? 27.2 B8 6.3X 1010
Thze — @ 8.3X10¢
Th22 100.0 a 1.39X 100
U=s 0.719 @ 7.07X108
U=s 99.274 @ 4.51X10°

gested nearly the same concept. Frank suggested that
the building of heavy elements by successive neutron
captures with intervening g-decay would be a natural
sequel to the thermodynamic equilibrium indicated for
the light elements, although it is not stated whether
heavy element formation would involve equilibrium or
non-equilibrium reactions, nor is a locale mentioned.
However, the possibly important role of neutron capture
in a non-equilibrium process in the prestellar epoch was
first suggested by Gamow [57], while Jensen and
Suess [93] discussed the same question in connection
with the freezing-in of a thermodynamic equilibrium.
Recognizing the difficulty of applying equilibrium con-
cepts to the prestellar state of the expanding universe,
Gamow suggested a non-equilibrium process of neutron
aggregation in which the final atomic species were
subsequently formed by B-emission. It was also sug-
gested that the longer time required to form the heavier
complexes might explain the decrease in relative abun-
dance with increasing atomic weight while the compe-
tition between neutron decay and radiative capture in
the coagulation process may have led to the present
high abundance of hydrogen.

These ideas have been developed into a non-equi-
librium theory of element origin and formation by
Alpher, Gamow, Herman, and Smart as well as by
Fermi and Turkevich, whose work is discussed in the
sections following.

(b) The Prestellar State of the Expanding Universe

The problem of element formation in the prestellar
state requires an estimate to be made of the physical
conditions during this epoch. Some information can be
obtained from our present knowledge of the universe as
interpreted with the aid of relativistic cosmology [9].
The portion of the universe which has been studied in
any detail is some 5X108 light years in extent. If one
accepts the observed red-shift of galaxies as indicating
a true expansion, and this at present appears to be the
only physically reasonable interpretation, the region
observed is a fair sample of the universe. There are
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three main features of this observed region, namely,
large-scale homogeneity and isotropy, a smeared-out
density of matter of the order of 107% g/cm?, and a
remarkably consistent relation between an apparent
recession velocity of the galaxies and their separation
[837]. The homogeneity and isotropy is large scale in
the sense that there appears to be no preferred direction
in space and the distribution of galaxies in space is
observed to be essentially random. At the present time
the mean density, 107%° g/cm?, results from averaging
the matter concentrated in galaxies alone, uniformly
through space. Stebbins and Whiftord [140] have re-
cently stated that intergalactic material may be present
in sufficient quantity to raise the mean density from
10730 g/cm? for galactic material alone to 1072 g/cm?
for all material. However, a change of this magnitude in
the mean density does not materially alter the picture
of the early state of the universe.* The apparent re-
cession velocity, v,, of the galaxies as revealed by the
Doppler shift is given by

v,=HI, (88)

where H, Hubble’s constant, is 1.8 X 1077 (cm/sec.)/cm,
and [ is proper distance. The interpretation of Eq. (88)
depends on accepting the concept that the red-shift
does indeed imply recession. One may note that if the
expansion of the universe has always been as described
by the foregoing equation the apparent age of the
universe would be about 0.56)X10'7 sec. (1.8X10°
years). It has not been conclusively demonstrated that
the assumption of homogeneity is correct. For example,
Omer [119] has recently developed a non-homogeneous
cosmological model which satisfactorily represents many
of the observed features of the universe. However, it
does not appear that this model can be extrapolated
back in time to the early prestellar epoch. The correct
cosmology may involve homogeneity in the early epoch
and inhomogeneity now. It would not appear to be too
unreasonable, in examining the prestellar state, to
extrapolate back in time with a homogeneous model.
In the following discussion the general non-static
homogeneous cosmological model, exhibiting spatial
isotropy, is considered.

As is well known [157], the line element for such a
model may be written as

dst= — e9O[ 1412/ (4R2) P(dr*+r*d6?
+7 sin?0d?)+de,  (89)

where 7, 0, ¢ are spherical polar coordinates, g(¢) is an
undetermined function of time, and R, is a constant
which determines the radius of curvature of the space.
The quantity R, may be real, imaginary, or infinite.
Equation (89) is in the usual relativistic units. Let it

* According to a more recent statement by A. E. Whitford [see
Astron. J. 54, 138 (1949) 7, the suggestion of intergalactic material
should perhaps now be abandoned. The possible presence of such
material was based on the reddening of the light from distant

elliptical galaxies, whereas spiral galaxies show little change of
color with distance.
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be supposed that the material in the universe consists
of a homogeneous and isotropic mixture of non-inter-
converting radiation and matter which behaves as a
perfect fluid. The relativistic energy equation may then
be written, in relativistic units, as

(d/di)ebo® = £[(87/3)pe® =Ry ]}, (90)

in which p is the density of mass, and the cosmological
constant, A, is taken equal to zero. The radius of
curvature, R, is given by

R/Ro=1/ly=e}®, (90a)

where [ is any proper distance, and /,, the unit of
length, together with Ry, the unit of radius of curvature,
must be determined from the boundary conditions for
Eq. (90). It should be noted that solutions of Eq. (90)
will involve (I/l;) and not ! alone. The density of mass,
p, which determines the geometry of the space includes
the density of matter, p,, and radiation, p,, as well as
density of kinetic energy. In the situations to be
discussed the density of kinetic energy may be neg-
lected. If matter is to be conserved,

pmi®= @ =constant. (91a)

If the universal expansion is adiabatic, so that the
temperature, 7', varies as /7!, then for blackbody
radiation,

p,l*=®=constant. (91b)

In models of this type, energy is not conserved. Equa-
tions (91a) and (91b) may also be written as

(91¢)

a condition which must hold throughout the expansion.
Substituting Egs. (91a) and (91b) in Eq. (90) and
converting to c.g.s. units, leads to

dl/di=+[(87G/3)(RI-*+®I)E— /R,  (92)

where the positive sign indicates expansion and ¢ and
G are the velocity of light and the gravitational con-
stant, respectively. Equation (92) can be integrated
and the result given in the following form [9], where
L=1/l, is the running variable:

1=K+ K5 (ypr 4y pmr L4 Ko L2)
—[vom/ 2K In[(ypr+vom L+ K,L[?)}

prpm4/¥=constant,

+ K LAypn/(2K:1) ], (93)
where
K1= [‘Ypm"/ (2K2§):| ln[(’)‘p,n) %+7pm”/(2K2*)j
- (‘Ypr"/Kf) %1
v=8nG/3, (93a)
and

Ky=c*/|Re|.

The quantities p,- and p, are the densities of matter
and radiation when L=1, and should not be confused
with running variables. In order to evaluate the inte-
gration constant one must specify the units Ry and /.
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Equation (90) indicates that R, can be determined if
[i~4(dl/dt)Ji=10, pm, and p, are specified at any given
time. The first of these quantities is the expansion rate
of space as determined by Hubble [83] and is equal to
1.8 10717 sec.”.. The quantity p. at the present epoch
is taken as p,=10"% g/cm? and if we assume p,-
>>p,+, then one may evaluate Ry and K. In doing this
one takes L=1, I=[,=10" cm, i.e., /o is the side of a
cube containing one gram of matter now, and finds
Ry=1.7X10(—1)* cm and K,=3.2X10"* sec.”2. For
convenience it has been assumed that L=0 at =0 but
Eq. (93) will be employed in such a manner that this
singularity is of no consequence. Clearly in utilizing
Eq. (93) one must choose p, and p,+, the densities at
an earlier epoch, together with a corresponding value
of L in such a way as to obtain the presently observed
densities.

Approximate forms of Eq. (93) valid for early ¢ will
be of particular interest in studying the non-equilibrium
problem in the prestellar state. For an expanding
universe containing both matter and radiation, Eq.
(93) may be written as [9]

I= (47Pr")W%L2+ [pm"/(m%pr”%)][’s

+ @ypr ) H3vpw/ (dpr) J— Ko} L+ -+, (94)
where the condition for early / may be written
L{(pw/pr)+LKL/ (vpr) J} <1. (94a)

There are two other approximate forms of interest,
namely, for the cases of a universe consisting of radia-
tion only or of matter only, which are as follows. For
radiation only,

t=(4ypr ) [1—Ky(dyp, )~ L2

K 2(dyp)Li— -]
= (47) %, (1 Kaldyprd) o,

+2K2(4ypr )20, =0 ], (95)
and for matter only,
(= (2/3)(ypuwr) LA 1= (3/10)Ks(ypmr) 'L
+(9/56)K *(ypmr)2L2— - - -]
= (2/3>'Y'%Pm‘—%[1— (3/10)K2(’)’pmui)—lpm_i
+ (9/56>K22('Ypm"§)~2pm_g_ e :], (96)

where p,.» and p,~ are as defined in Egs. (93). Clearly,
for sufhciently early ¢ one has for radiation only,

pr=(4y) 4 2=4.48X10%2 g/cm?, 97
while for a matter universe only,
pm=[4/(9y) J2=7.94X10%"2 g/cm?. (98)

In a radiation universe expanding adiabatically, the
temperature 7 « [~} so that from Eq. (91b)

T=(c/a.)tp 4, (99)

where the radiation density constant a,=7.57X107%
erg cm~3 deg.™, and for early ¢,

T=1.52X10"1°K. (100)
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In a universe in which the expansion is controlled by
radiation, i.e., p,>>pn, it can be shown that the matter
density will vary as follows for early ¢:

pm= (7)o T (101)

This involves the assumption of a temperature equi-
librium between matter and radiation.

The validity of the relationships p=p(f) is question-
able for very early times, i.e., in the vicinity of the
singularity at /=0, when the energy of light quanta
was comparable to the rest mass energy of elementary
particles.** Einstein [43] has pointed out that there is
a difficulty at very early times because of the separate
treatment of the metric field (gravitation) and electro-
magnetic fields and matter in the theory of relativity.
For large densities of field and of matter the field
equations and even the field variables which enter into
them will have no real significance. In the application
to be discussed the ‘beginning” does not enter the
problem and hence the difficulty is avoided.

In order to utilize the foregoing development, it is
necessary to specify p.» and p,-. While it appears that
one need specify the matter and radiation densities at
the present time only, because of Eq. (91c) this is
equivalent to specifying these densities at any other
epoch, and in particular at the epoch of element
formation.

(c) Neutron-Capture Cross Sections

There are several alternative explanations for the
apparent correlation of the relative abundances of
atomic nuclei with their systematic properties. As has
been seen, the correlation with nuclear binding energies
forms the principal basis of the equilibrium theory. On
the other hand, the non-equilibrium neutron-capture
theory of the relative abundance distribution of the
elements to be described is derived from a correlation
of the radiative-capture cross sections of nuclei for
neutrons with their relative abundances. The essence
of this relationship is that whereas the relative abun-
dances decrease approximately exponentially with in-
creasing atomic weight up to A=2100, the neutron-
capture cross sections increase exponentially up to
A22100. For atomic weights greater than 100 the rela-
tive abundances and cross sections remain about
constant.tf

The neutron-capture cross sections of atomic nuclei
vary with the incoming neutron energy. In formulating
a neutron-capture theory of element formation it is
necessary to take into account this energy variation
and to simplify the problem, select a mean energy
corresponding to the physical conditions during the
formation process. One is assisted in the latter choice

** For example, the production of electron-positron pairs would
have persisted perhaps until 27" dropped to about 1 Mev and
might alter the very early cosmological picture.

1t A theoretical discussion of this general behavior of the
capture cross sections of the elements has been given by Feshbach,
Peaslee, and Weisskopf [50].
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by the fact that the relative abundance data do not
reflect the enormous resonances which are observed in
the cross sections of certain nuclei up to neutron energies
of the order of 10°~10* ev. Furthermore, it is clear that
the average thermal energy of the nuclei being formed
could not have exceeded the mean binding energy per
nucleon without dissociation resulting. Thus one is led
to assume that the temperature during the element
forming process must have corresponded to mean
thermal energies for the nuclei of the order of 0.1 Mev.
The possibility cannot be excluded that the neutron-
rich unstable nuclei, which may have existed during the
formation process, led to peaks in the presently observed
abundance data because of resonances. However, as
will be seen, it is reasonable to suppose that the nuclear
species involved in the neutron-capture process were
not too different from the stable nuclei.

The most important evidence for the correlation of
relative abundances with neutron-capture cross sections
results from the recent work of Hughes and collabo-
rators [84-86, 1327.11 Capture cross sections were
measured for a number of nuclear species utilizing
unmoderated fission neutrons from a pile. The effective
energy of the neutrons was about 1 Mev. The cross
sections measured were actually an average over the
spectrum of fission neutron energies. The fact that cross
sections vary about as 1/E for all elements near 1 Mev
enabled the conversion of measured cross sections
corresponding to the known fission spectrum to capture
cross sections at 1 Mev. The data of Hughes, Spatz,
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the cross section. The very low points at 4>100 are near magic
number nuclei. Data for magic number nuclei are not included.
The straight lines were fitted to Hughes’ data [see Eq. (102)].
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1t We are grateful to Dr. Hughes for furnishing to us some
additional cross-section values measured since the publication of
reference [86].
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and Goldstein [86] and of Hughes and Sherman [85]
are given in Fig. 11 where the logarithm of capture
cross section at 1 Mev is plotted versus atomic weight.
It may be noted that the radiative-capture cross
sections at 1 Mev are almost negligible compared with
the total cross sections at the same energy. The latter
are of the order of 1-10 barns and are practically
independent of atomic weight [66].

The data of Hughes and collaborators appear to be
the most reliable in that the neutron energy was well
determined. However, several other investigators have
determined capture cross sections in experiments in
which neutron energies were not so well defined. The
relative cross sections measured for different nuclear
species at the particular neutron energies used in the
experiments, however, should be reliable. If the cross
sections measured in these experiments are multiplied
by a constant to bring them into agreement with the
known absolute cross section of a particular nuclear
species, then one can use these data together with those
of Hughes and collaborators. Adjusting to Au'®” as the
standard, as suggested by Hughes, Spatz, and Goldstein
[86], the datafq of Dementi and Timoshuk [38],
Griffiths [68], Halban and Kowarski [ 757, Meschery-
akov [115], and Los Alamos,|| || have been plotted
together with Hughes’ data in Fig. 11. Apart from the
magic number nuclei, which have been omitted in
plotting this collection of cross-section data, the capture
cross sections exhibit a remarkably regular dependence
on atomic weight. The main features of this dependence
are well represented by the two straight lines shown in
Fig. 11. These lines were adjusted to fit the cross-section
data of Hughes and collaborators separately for atomic
weight 4 <100 and 4> 100. On the basis of the cross-
section data, the division at 4=100 seemed most
reasonable. Thus, for neutron energies of 1 Mev the
capture cross sections of the elements are approximately
represented by [5]

logs=0.034—4.00, A <100, (102a)

and

loge=—1.00, A>100, (102b)

where o is in barns.
In view of the experimental difficulty of obtaining

99 In a recent paper by Allen, Bishop, Demers, and Halban
[3], ratios of cross sections at 220 and 950 kev are given for a
number of different nuclei. Since it was not possible to reduce
these data in the manner described, they are not included in
Fig. 11, The data of Fields, Russell, and Wattenberg [86] are
also not included because they do not give the cross section of
Aul? which was used as the fitting point. The neutron cross-
section data obtained at Los Alamos with a Van de Graaff
accelerator were not suitable for inclusion in this comparison
because the cross-section measurements for the various nuclear
species were made at the same energies in too few cases. Only
those data of Dementi and Timoshuk which were given in refer-
ence [86] have been included here.

|l Il The cross-section data from Los Alamos were read from
graphs kindly supplied by Dr. Hughes and adjusted according to
the procedure outlined. These data resulted from photo-neutron
measurements and appropriate credit to the investigators was
given by Hughes who reported their unpublished results.
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Fic. 12. Logarithm of observed neutron-capture cross section
at 1 Mev versus neutron content plotted according to the key
given in Fig. 11. Magic number nuclei, 50, 82, and 126 neutrons,
are included.

capture cross-section data, the scatter evident in Fig.
11 is quite small. In Hughes’ data, the most accurate
of those shown, the measured cross sections lie within
a factor of about two from the straight lines. The data
of other investigators scatter somewhat more but this
might have been expected since the neutron energy
and flux in these cases are not as well defined as in
Hughes’ measurements.

In the neutron-capture theory to be described, Egs.
(102) are taken as defining the neutron-capture cross
sections of the elements at 1 Mev. This approximation
ignores such detailed features as the variation of cross
section with even and odd A, the small cross sections
associated with the magic number nuclei, and the more
complicated behavior of the cross sections of the very
light elements. In addition, Hughes* has recently found
evidence that nuclei near the magic numbers have quite
small cross sections. Note in Fig. 11 the low cross
sections for Ce'*? (84 neutrons), T12% T2 TI?% (122,
123, and 124 neutrons, respectively).

The investigation of nuclear mass defects [21] indi-
cates that even numbers of neutrons and protons lead
to nuclei of higher net binding energy than do odd
numbers of either. As a result of the Pauli principle, a
pair of neutrons or protons plays much the same role in
nuclear structure as closed shells in atomic structure.
Thus, a third neutron would have to reside in a higher
state and consequently be less strongly bound than a
pair of neutrons. In his paper on the semi-empirical
theory of the nuclear energy surface, Feenberg [46]
deduced an expression for the excitation energies of
intermediate nuclei formed by the capture of neutrons
whose energies are small compared to the additional
binding energy. His computations indicate that, because
of the two-particle “shell” structure, and because of the
relative displacement of equivalent proton and neutron
levels arising from the electrostatic repulsion between
protons, nuclei of even charge and odd atomic weight

* Private communication,
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F16. 13. Correlation plot of observed neutron-capture cross
sections at 1 Mev and observed universal relative abundances.
The data are those of Hughes and collaborators [84-867, and
Brown [30]. The straight line shown was fitted by least squares.

should exhibit larger radiative-capture cross sections
than neighboring nuclei. For example, this behavior is
exhibited by the isotopes of mercury [87]. Unfortu-
nately, the even-odd variation is not apparent in the
available cross-section data because of their scatter and
because there are practically no instances of data for
nuclei of successive atomic weights. The question of
the even-odd variation and its specific interpretation in
a non-equilibrium theory has been discussed by Smart
[136] [see Section IV(d)3].

The available data on the cross sections of nuclei
having 50, 82, or 126 neutrons, or 50 or 82 protons,
were not included in Fig. 11. As first pointed out to
the authors by Wigner and Way,} the apparent exis-
tence of some type of completed shell structure in nuclei
of this type leads to abnormally small capture cross
sections compared to neighboring nuclei. Discussions of
these magic number nuclei have been given by a number
of investigators [see Section II(b)]. To demonstrate
this detail in the behavior of the capture cross sections
of the elements, cross-section data at neutron energies
of 1 Mev for all species} are plotted against the neutron
content of the nuclei in Fig. 12. A similar plot has not
been made against proton content because the only
available cross-section datum point is sPb%?® which
also contains 126 neutrons.

The general behavior of the neutron-capture cross
sections as a function of atomic weight as approximately
represented by Egs. (102) has been used by Alpher and
Herman [5, 8] in the formulation of a neutron-capture
theory of element formation. Detailed consideration
has been given to the formation of the very light
elements by Fermi and Turkevich who have taken
into account the actual cross-section variations and
reactions other than neutron-capture in a non-equi-

t Private communication.

1 It is pertinent to note that Hughes, Spatz, and Goldstein [86]
interpret the regular increase of cross section with atomic number
among the 82-neutron group of nuclei as arising from a decrease
in stability as protons are added.

9 Private communication.



186

librium process. This work is discussed in Section
1v(d)2.

The correlation between neutron-capture cross section
and relative abundance is illustrated in Fig. 13 where
the data of Hughes and collaborators at 1 Mev (ex-
cluding magic or near magic number nuclei) have been
plotted against the relative abundance of the particular
nuclei as given by Brown [30].] Thus, it is evident
that there is in general an inverse correlation between
capture cross section and relative abundance. This
correlation, considered together with the fact that
magic number nuclei are more abundant than neigh-
boring nuclei and that even A nuclei are more abundant
than odd A4 nuclei, suggests the possibility that the
elements were formed by a neutron-capture process. If
the various atomic nuclei were indeed formed by the
successive capture of neutrons, one might expect to
find evidence for the role of B-disintegrations in estab-
lishing the final distribution of stable nuclei from
neutron-rich isobars. Given an unstable neutron-rich
nucleus, 8-disintegrations should stop when a nucleus
is reached having the lowest possible charge consistent
with stability. Therefore, it is pertinent to note that
the observational data on relative abundance indicates
that the most abundant of a group of isobars is generally
the one with lowest charge [see Section II(b)]. This
result lends credence to the idea that the abundance
distribution with respect to atomic number was
established in final form by B-decay processes.

The principal assumption involved in the use of the
cross-section data presented above in a simple neutron-
capture theory is that the cross-section values are
strictly a function of the atomic weight and do not
vary appreciably with neutron content. This assump-
tion as well as several other points connected with the
use of these data are more fully discussed later.

(d) Development of the Non-Equilibrium Theory
1. Neutron-Capture Theory

As has been seen, there is considerable evidence that
the neutron-capture cross sections of the elements may
have played an important role in the process by which
the elements were formed. There is also evidence indi-
cating that the element-forming process may have taken
place in the “beginnings” of the evolution of the
expanding universe. While the rapid changes in physical
conditions with time vitiate the expanding universe as
a locale for the equilibrium formation of the elements,
the dilution of the material by the expansion would be
expected to act as one of the controlling mechanisms in
a non-equilibrium theory. The process of element for-
mation is conceived as an integral part of the early
stage of the expanding universe and the following

|| There are no cross-section data for the very light elements or
for the elements in the vicinity of the iron peak. Inclusion of these
data together with those of magic number nuclei would un-
doubtedly complicate the correlation.
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qualitative picture has been suggested. Very shortly
after the start of the universal expansion the material
in the universe consisted of neutrons only. It is assumed
that the matter density was sufficiently low to permit
the decay of neutrons. On the other hand, it is supposed
that for some time after the start of the expansion the
temperature was sufficiently high to prevent the build-
ing up of nuclei in appreciable quantities, because of
thermal dissociation and photo-disintegration processes.
After some time, when the universe had expanded and
cooled sufficiently, it is suggested that deuterons would
be formed by the capture of neutrons by protons, and
that successive neutron captures would build the
heavier nuclei. It is assumed throughout the develop-
ment of the neutron-capture theory that it is not
possible to have nuclei built of neutrons only. The time
between successive neutron captures is assumed to be
sufficiently long to allow adequate charge adjustment
by B-decay of the nuclei being formed. Consequently,
the density of matter must be sufficiently low so as to
provide for B-decay. Otherwise, 3-decay rates would be
the controlling factor and very neutron-rich nuclei
would have to be considered in computing capture
probabilities. Actually it would appear that the density
was such that B-decay and neutron capture were of
about equal importance. The neutron-capture rate
depends upon the capture cross sections of the elements
as well as upon the density and temperature of the
reacting material. The relative amounts of the various
nuclei formed will depend upon the density and temper-
ature assigned for the process, the rate of the dilution
of matter caused by the universal expansion, and the
rate at which the neutron concentration decreases by
virtue of neutron 8-decay. As will be seen, a neutron-
capture theory can be developed which requires only
the specification of the density of matter and of radia-
tion at a given epoch in the expanding universe. Quali-
tatively it may be seen that a very low matter density
will yield principally hydrogen as the end product,
whereas a very high density will lead to an overabun-
dance of the heaviest elements. The reduction of the
neutron concentration as a result of both capture and
decay, as well as the reduction of reaction rates as
matter dilutes in the expansion, would terminate the
element-building process in a time of the order of
several neutron lifetimes.

In the general formulation of the neutron-capture
theory [8] it is assumed that radiative capture of
neutrons is the only important particle reaction, and
that thermal dissociation and photo-disintegration may
be neglected. Except possibly for the very lightest
elements neutron-capture reactions would certainly
predominate by virtue of the lack of a Coulomb barrier.

Let V be any finite volume element in the universe,
N; the number of nuclei of species j in that volume,
where 7 is the number of nucleons, and let C; be given
by C;=9,;/V. Assuming that the composition of the
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universe was homogeneous, one may write

ac; 1dx; C;dv

(103)

AV odt

Tt has already been seen that in a universe consisting
of a homogeneous, isotropic, perfect fluid the density
of matter, p., varies during the early stages of the
universal expansion according to

(104)

If the universe contains matter only, the exponent
Y=2, according to Eq. (98), whereas if the matter is
but a trace in a universe whose expansion is controlled
by radiation, then according to Eq. (101), ¢=3/2.
Since pn=9M/V, where 9N is the mass of the matter in
the volume V, it follows that

pmo iV,

1do, 14V ¢
S AP (105)
pm dt Vdt ¢
Substitution of Eq. (105) into Eq. (103) yields
ac; 14y, yC;
a2 (106)

R

The rates of change of the total number of neutrons,
9,, protons, 9N;, and nuclei of species 7, 97;, in the
volume V, are given by

J
AN,/ dt= — AN, — 3 p;C.;, (107a)
=1
A9y /dt= 4N — p1CaI0,, (107b)
and, in general,
A/ di= p;1CIj—1— piCaI;, (107¢)

where X is the neutron decay constant, p; is the effective
neutron-capture volume swept out per second by nuclei
of species 7, and J is the total number of nuclear species
differing only in atomic weight A. If one sets 7=\,
substitutes Egs. (107) into Eq. (106), and normalizes
the particle concentrations C,, Cy, and C; with respect
to the nucleon concentration C, at time {={,, the
following expressions result:

J
dgn//d'fz _[1+(¢/T)]EH—ZIPJE"-£J" (1083)
dEI/dT“_‘Eﬂ_PlEnEI‘—(\051/7')) (logb)

and, for the remaining nuclear species,
d§;/dr=P;1Enki1— Pikaki— Wti/7), (108¢)

where
£=Ci/Co (108d)
and
Pi=$,Co/\. (108e)
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It is evident that Egs. (108) state that the neutron
concentration is decreased by decay and capture, the
proton concentration is increased by neutron decay and
decreased by the formation of deuterons, the concen-
tration of species j is increased as a result of neutron
capture by the species (j—1) and decreased as it
captures neutrons, and, finally, all concentrations
decrease according to the universal expansion.

Equations (108) may also be written in terms of
concentrations by weight, x;, given by

(109)

where m; is the mass in grams of the jth nuclear species.
In terms of the x;, Eqs. (108) become

x;=m,C;i/ pm,

J
dxn/d7= _xn_E[ijm,/(xmj)]xnxj) (1103)

=1

dxy/dr=xp—[prpm/(\my) Jra2y, (110b)
and, for the jth species, j>1,
dx;/dr=(m;/ma) { [ pi—1pm/ Am;1) J2a%;1
—[piom/(Nmj) Jaax;}, (110c)

where to a sufficient approximation one may take
m;/m,=3. It can be seen readily that the general
equation for the jth species, Eq. (110c), in terms of
particle concentration can be written as*

dn;/dz=P;_1n;_1— P;nj, (111)
where
gi=nrV (111a)
and
z=f £a.dT. (111b)
70

In terms of concentration by weight Eq. (110c) becomes

dx;/dy= (pj_1/mj_1)x;1— (pi/m;)x;, (112)
where

=G [ paitud. (1128)

The integrands in Egs. (111b) and (112a) are singular
at 7=0 so that one must take 7o>0. This, as already
mentioned, implies the choice of an initial time at
which a neutron-capture process would start. To be
sure, it is not physically correct to speak of a definite
starting time for the process. In the early stages of the
expansion there are competing processes, i.e., photo-
disintegration and thermal dissociation, whose effects
decrease approximately exponentially with time and
become unimportant so that the process of successive
neutron captures quickly becomes predominant. Clearly
the inclusion of all the competing processes in a single

*If all the reactions in Eq. (108) were of the same order it
would then be possible to completely eliminate the explicit de-

pendence on 7 and determine ratios of concentrations independ-
ently of the nature of the expansion. However, this is not the case.
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mathematical formulation imposes serious computa-
tional difficulties. This is so because it then becomes
necessary to solve the growth equations simultaneously
for all 5. However, as will be seen later it is possible
and quite reasonable to select a finite starting time
such that processes other than neutron capture need
not be considered, at least in a first approximation.

In any approximation the solutions of, say, Egs.
(108) requires the specification of the initial concentra-
tions of the various nuclear species as well as the
coefficients P;= p,Co/\. In order to calculate p;, assume
first that the medium may be treated as an ideal gas.
It will be seen that this is a sufficient approximation
since the density and temperature during the element-
forming process are found to be of the order of 10-6-10—%
g/cm?® and 10°°K, respectively. It shall also be assumed
that reaction rates are sufficiently high so that the
particles involved may be considered to be in thermal
equilibrium at any instant of time. The reasonableness
of this assumption may be seen from a comparison of
the process rate for a given nuclear species with the
rate of dilution due to the expansion. From the kinetic
theory of gases it follows that the number of neutrons
captured per second per unit volume by nuclei of
atomic weight A(=j) with collision energies in the
range dE at E may be written for a given temperature
as follows:

anicncj[(mnﬁ"mi)/(mnmj)]%'(j) E)E
X expl:— E/(kT)dE, (113)
where

B= [:8/(7rmn):|}(kT)~§’ (1 133’)

and o¢(j, E) is the neutron-capture cross section.
Approximating m;/m,=2j, the total number of trans-
mutations of nuclei from atomic weight j to (j+1) per
unit volume per second is given by

Nz(j)=BC.C,L(1+5)/5T
X f ”a(j, E)E exp[— E/(kT)JdE. (114)

From Eq. (114) it is clear that for a given T, since
Nr(7)=p;iC:C;, one has

py=BL(1+5)/i ] f o(j, E)E exp[— E/(kT)JE. (115)

0

An examination of the experimental data on capture
cross sections led to Egs. (102), relating the cross section
to the atomic weight at neutron energies of 1 Mev.
The energy dependence of capture cross sections [1797]
has been found to be ox E~* for low and medium
energies, and o« E! for high energies (up to Mev
energies). However, if kT in Eq. (115) is of the order
0.1 Mev, then the main contribution to the integral
from o will be in this region, and it should be a sufficient
approximation to use o « E~% Rewriting Eqgs. (102) to
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include the energy dependence as E~#, one obtains

log(c E})=>2—30.88640.037, <100, (116a)
and
log(s E%)=227.886, 5> 100, (116b)

if ¢ is in cm? and E is in ergs. Inserting these expressions
in Eq. (115), and integrating, it follows that

pi=1.4X10"9+0.63[ (147) /7 ]} sec.™, <100,

and

(117a)

2;=1.4X10718 sec.™!, 7> 100, (117b)

where in Eq. (117b) (147)/7 has been replaced by
unity with sufficient accuracy. Had the dependence
o« E7! been used, the values of p; given in Eqgs. (117)
would have differed by a multiplicative factor (wk7/4)}
where £T is in Mev. Let us examine the possible effect
of this multiplicative factor. If one assumes that the
capture process started at 27=20.1 Mev, and is essenti-
ally over when k7=20.03 Mev (this corresponds to a
time change from about 170 to 2000 sec., i.e., several
neutron half-lives), then the p; calculated using o < E~!
would vary from ~3% to ~3 of the values given by Eq.
(117). In view of the lack of precision of the cross-
section measurements, since the cross-section depend-
ence does not involve the same power of E for all E
below 1 Mev, and, further, since the energy dependence
of ¢ varies somewhat with j, the approximation repre-
sented by Eqs. (117) seems reasonable.

The neutron-capture process has been examined
quantitatively in several successively improved approx-
imations.** Perhaps the simplest of these [4-6 ] involved
the assumptions, first, that the effect of the universal
expansion could be neglected, and, second, that the
concentrations of neutrons and protons were constant
during the process. This implies a constant rate of
deuteron formation. With regard to the first of these
assumptions, examination of Eq. (101) shows that if
the process went on during the time between ~100 and
~1000 sec., the decrease in matter density was between
one and two orders of magnitude. The second assump-
tion is indeed a crude one, ignoring as it does the
decay of neutrons as well as the neutrons and protons
used in building the elements. The latter effect must
be relatively small since the preponderance of the final
material is hydrogen. As a result of the foregoing
discussion, Egs. (107) may be written approximately as

1 dC;
a -d7= pi1Cia— piCi,

j>1. (118)

** Tt is interesting to note (see reference [9]) that the correlation
between neutron-capture cross section, ¢, and relative abundance,
«, shown in Fig. 13 may be expressed as logo=a, loga+a,, where
the a’s are constants. Combining this result with Eq. (102), one
can derive relationships of the form loga=a3;4 +a4, A <100, and
loga=constant, 4>100, which give two straight lines approxi-
mately representing the observed abundances.
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TasLE X.
Range of - -
atomic weights i p(4) cm?/sec.
1- 20 10.5 0.16X1071¢
21- 40 30.5 0.63X1071®
41- 60 50.5 0.25X 10718
61- 80 70.5 0.98 10718
81-100 90.5 0.39X10718
101-120 110.5
121-140 130.5
141-160 150.5
161-180 170.5 0.70X 1077
181-200 190.5
201-220 210.5
221-240 230.5

According to Bateman [16],1t the solutions of Egs.
(118) subject to the conditions, C,=constant, C,=con-
stant, C;(t=0)=0, are given by

Co/Cr=(p1/p2)[1—exp(— poCit) ], (119a)

Cs/Cr=(p1/ps) {1—= paps[ (paps— p2) ! exp(— paCat)
+(paps—p)~  exp(—psCat) ]}, (119b)

etc., where there is obviously the restriction that no
two p’s may be equal. Since both C, and C, are taken
as constant and since one is interested only in relative
values of the Cj, one may replace C;/C; by C;/Cn.
Equations (119) prove difficult to evaluate with any
degree of accuracy in practice and are not valid for
7>100. Consequently, Egs. (118) were integrated
numerically. In order to reduce the number of equations
to be solved, and it is clear that equations of this type
can be solved successively, the nuclear species can be
grouped. In calculating the p; it has been found that,
since the ratio p;.1/p; is very nearly unity, one obtains
approximately the same value of a mean p(j) for a
group of as many as twenty species, whether one con-
siders the arithmetic, geometric, or harmonic mean.
The method of grouping may be described as follows.
Consider two adjacent groups containing ¢ and ¢’
species, respectively. The average p; for what is con-
sidered to be the representative element of the group ¢

is clearly
pi=(X)/4, (120)

where the sum is taken over the group ¢. However, it
requires (¢+¢’)/2 successive neutron captures, on the
average, to go from the representative element of the
group ¢ to that of the group ¢’. Hence, the effective
neutron-capture volume swept out per second by the
representative ‘‘species’ of the group ¢, going into the
group ¢, may be written

p()=p;/(¢+4¢)/2]. (121)

This is not the only way of looking at the average p
for a group. However, an examination of the several

1t A discussion of equations of this type has been given by
Rubinson [126], who has considered the problem of nuclei
subjected to neutron capture as well as to decay transformations
in a pile with constant neutron flux.
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ways indicates that the resulting p(j) is not very
critical to the procedure used, and in this kind of calcu-
lation differences of less than an order of magnitude
can be neglected.

In the approximation under discussion, the grouping
and the effective p(j) are shown in Table X.}} Solutions
obtained with the values of p(j) in Table X are shown
in Fig. 14, where log[C(7)/C.] is plotted versus log(Ct).
It is clear from Fig. 14 that one has in this case a
steady-state problem and the steady-state values of
C(j)/C, are inversely proportional to their respective
p(3), as may be seen from Egs. (119) for large C.i.
The calculated steady-state abundances are not partic-
ularly significant because physically one does not have
a steady state, the calculated abundances do not agree
with those observed, and processes such as fission,
which would completely modify the theory in a steady-
state approximation, have been ignored. The values of
C(j)/Cn at any C,t are the relative abundances of the
grouped species. In this approximation one must select
a value of C,t such that the abundances correspond to
those observed. Physically this implies termination of
the process by neutron decay and expansion, factors
not included in this approximation. The set of com-
puted relative abundances corresponding to log(C.f)
=17.91, ie., C,t=0.81X10' sec./cm?, was selected as
giving the best fit. A curve drawn through the grouped
abundances is compared in Fig. 15 with the universal
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Fic. 14. Relative concentrations as functions of time in the
neutron-capture theory approximation with no neutron decay or

universal expansion, according to Alpher [5]. The j denote the
atomic weights of the representative elements of the groups of
elements for which the calculations were made. The neutron
concentration, C,, was taken as constant for the process.

11 In reference [5], a p(7) is given for =1 which is incorrect.
However, the results in that reference are unaffected since this
quantity is not involved in the solutions.
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Fi16. 15. Comparison of relative abundances computed according
to the neutron-capture theory approximation with no neutron
decay or universal expansion, Alpher [5], with the observed
abundance data of Brown [30], normalized with respect to
10,000 atoms of silicon. The best fit is with curve II, Cn.¢=0.81
%1018 sec./cm3. The other curves, I, C,¢=1.3X10'8 sec./cm? and
III, Cat=0.51X1018 sec./cm? illustrate the sensitivity of the fit.
The steady-state curve represents the abundances resulting from
the neutron-capture process in this approximation having con-
tinued for an indefinite period.

200 250

relative abundance data. In Fig. 15 are also shown
computed abundances for other values of C.! to illus-
trate the sensitivity of the solutions to the cut-off value
(Cal)e. It is possible to interpret crudely the value at the
cut-off, (C.#).=0.81X10"8 sec./cm? in the following
manner. While C,=constant was used in the calcula-
tion, one may describe (C.f). as

(Ca)e f Cad, (122)

from which it is possible, as shown by Alpher [5], to
estimate an average density of matter during the
process as well as a starting time for the process. Even
though now superceded by better approximations to
the neutron-capture theory [87, the results in this
approximation indicate that the explicit inclusion of
the universal expansion should involve the behavior of
a radiation universe containing a relatively small
amount of matter.
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In the next approximation [8], the decay of the
neutron has been taken into account explicitly while
the universal expansion was again not considered. For
this case Egs. (108) can be written in the following
form:

dgn/d7'= _En_PlgnEJ_—
dEl/dT'—_En_’PlEnEl;

ds2/dT=Pl£n£1—P2£nE2,
dES/dT__—P?EnE?_P(!EnES:
d&s/dr= PstpEs— Pibnly,

szngz—Pafnﬁs—P‘tanb

(123)

d&i/dr=P; 1&nfi— Pikakiy, >4,

where it has been assumed that neglecting the summa-
tion term Y_ P;£,¢; for >4 in the neutron equation does
not materially affect the remainder of the computation
because of the almost exponential decrease in relative
abundance with increasing atomic weight. The first five
of Egs. (123) were solved simultaneously and the
remaining equations were grouped in a manner similar
to that described earlier and solved successively. In
Table X1 the group sizes are indicated, and the P, and
I1(j) given according to

Pi=pCo/N, j=4,

@) ="[q(g+q¢)/21X'P;, (124b)

where Y’ designates summation over the group of size
¢, and ¢’ is the number of nuclear species in the suc-
ceeding group. It was found by trial and error that
these values of the coefficients gave the best fit to the
relative abundance data and this choice corresponds to
a value of Co/A=2.36X10" sec./cm3. As initial condi-
tions for the integration it was assumed that the capture

(124a)
and

process started at 7=0, with £,=1 and £;=0 for all j.
TaBLE XI.®
j=J P, [£()/ E1]max
1 5.01 1.000
2 4.62 0.782
3 472 0.442
B s 488 0.204 ~
j () 1£(7)/£1] max j (@) [£G)/ &1l mas
17 1.16 3.56X1072 72 97.0 1.31X10™10
12 1.60 3.32X1073 77 137 7.35X1071
17 2.21 3.40X 10~ 82 193 4.38X10™1
22 3.11 3.94X1075 87 273 2.72X10 1
27 4.37 5.39X10¢ 92 385 1.76 X101
32 6.16 8.75X 1077 104.5 134 1.63X101t
37 8.70 1.69X 1077 124.5 134 1.20X 101
42 12.3 3.89X 1078 144.5 134 9.17X10712
47 17.3 1.06X1078 164.5 134 6.99 10712
52 24.4 3.41X107° 184.5 134 5.28 10712
57 344 1.27X107¢ 204.5 134
62 48.6 5.34 10710 224.5 134
67 68.7 2.53X 10710 244.5 134

» The index ; designates the center element of the group of five or twenty
species for which it is the representative element. Entries are not made
ft}r 7 >184.5 because linear extrapolation was possible on a semilogarithmic
plot.
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In this approximation 79=0 is considered as the starting
time of the process and is not the starting time of the
expansion. On the latter time scale 7o would have a
value of the order of 10°-10° sec. The results of the
integration have been plotted in Fig. 16 where the
logarithms of the relative abundances are given versus
r=\. It may be seen that the individual £(j) reach
limiting values [£(7) Jmax when 7 has reached a value of
~1.2. These limiting values are given with respect to
the limiting value of & in Table XI. The attainment of
a limiting value may be understood since the neutrons
are lost to decay and capture.|q As the atomic weight
increases the rate at which the limiting value is attained
becomes smaller. However, the error involved in taking
7=1.21 as the limiting value does not exceed several
percent even for the elements of highest j. Values of
[£(j) Jmex taken at 7=1.21 from Fig. 16 are, after
appropriate normalization, the relative particle concen-
trations or relative abundances per 10,000 atoms of
silicon as computed by the neutron-capture theory in
this approximation. These limiting values are plotted
against atomic weight, A=7, in Fig. 17 and compared
with Brown’s [30] abundance data. The individually
computed points lie on the smooth curve shown and
have not been indicated in order to avoid confusion
with the observational data. The agreement between
theory and observation is excellent in terms of the
principal trend of the abundance data. The reproduction
of any of the detailed features of the data should not
be expected because the capture cross-section data were
smoothed and none of the detailed stability properties
of specific nuclei were included in the formulation.
The quantity Co/A is the only arbitrary parameter in
this approximation of the neutron-capture theory.
Thus, it is possible to determine C,, the initial particle
concentration, and hence the density of matter at the
start of the process, by assigning a value for the neutron
decay constant \. The most recently reported measure-
ment of the neutron half-life by Robson [124] gave a
minimum of 9 and a maximum of 18 min. as compared
to the theoretical value according to the Fermi theory
of B-decay of ~15 min. [207]. Using A=210-3 sec.”!, one
obtains|| || Co=2.36X10'¢ cm3, which corresponds to
an average density of matter for the process of pn=4
X10~% g/cm?®. While it has not been necessary to specify
explicitly the temperature for the process, it is reason-

99 The tabulated values of [£(j)/£1]max differ slightly from
those previously reported, reference [8], because of a small
numerical error in the transition in group size from j=4 to j=7.
The effect of correcting this error was to displace upward the
computed abundances for j7=4 by 0.08 on a logarithmic scale.
This small shift has been made in Figs. 16 and 17 but is hardly
evident. Inclusion of the neutrons remaining at r=1.21 with the
protons in the normalization would also alter the limiting values
by a small factor.

Il Il In reference [8] the density in this approximation was
stated as being pm=5X 1079 g/cm3. However, in computing this
pm, N was taken as (1/1800) sec.™! (see reference [137]), and, in
addition, there was an error of a factor of four in the p; used in
computing Co. This accounts for the increase in pm reported here
by a factor of about 7.
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able, as has already been discussed, to suppose that a
temperature £7=20.1 Mev must have prevailed. The
value of p, obtained in this approximation should be
considered as a lower limit because, first, the introduc-
tion into the calculations of small cross sections for
certain nuclear species would depress the computed
abundances and require a higher value of Co, and
second, taking the universal expansion into account
would also require a higher value of Cy to overcome the
dilution of the ylem. It is the nature of the solutions
of Egs. (123) that too high a value of C, leads to
computed abundances for the heavy elements that are
too high with respect to hydrogen, and vice versa.

Had the universe in early times consisted of matter
only, then a p,=24X10% g/cm® would have been
attained, according to Eq. (98), at a time very long as
compared with the neutron lifetime. With this state of
affairs it would be difficult to suppose a sufficient
concentration of neutrons to carry on the neutron-
capture process. Thus, the starting time of the process
would have to be taken as less than the neutron lifetime.
Comparing p. with the density of radiation corre-
sponding to a k7T of about 0.1 Mev (~10°°K), one sees
that the early stages must have corresponded to a
radiation universe, p,>>pnm, including a trace of matter.
With this model, according to Eq. (97), a kT of 0.1 Mev
(p-=210 g/cm®) would be reached at about 200 sec., and,
of course, one would have essentially the initial supply
of neutrons at this time. This kind of information,
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Fic. 16. Logarithm of the relative abundances versus r=X\
(A=neutron decay constant) in the neutron-capture theory approx-
imation including neutron decay but not the universal expansion,
according to Alpher and Herman [8]. The numbers on the right-
hand side denote the nuclear species and the representative
elements of the groups of elements considered. The curve labeled
n shows the neutron concentration.
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namely, the specification of the densities of matter and
radiation at a specific and early epoch in the expanding
universe is precisely what is required for studying, in
any detail, the properties and consequences of this
cosmological model.

Some calculations have been made recently by Alpher
and Herman of the neutron-capture process including
the universal expansion, as described by Egs. (108).
Because of the singular nature of the term (£;/7), it is
necessary in this approximation to start the integration
at a finite time 7o. The boundary conditions for this
integration have been selected as follows. In accordance
with the discussion concerning the process temperature
given earlier, the time corresponding to a temperature
of 1.0X10°°K in a radiation universe has been selected
as the starting time for the formation process. This
time, £,=2230 sec., from Eq. (100), leads to a 70=20.128
if one takes A'=21800 sec.* Assuming neutrons only
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Fic. 17. Comparison of theoretical with observed relative
abundances versus atomic weight. The theoretical abundances
are calculated from the neutron-capture theory approximation
including neutron decay but not the universal expansion, accord-
ing to Alpher and Herman [8]. The observed data are those
given by Brown [30]. The theoretical curve corresponds to a
matter density of 4X1078 g/cm? at the start of the element-
forming process provided the neutron decay constant A=1073
sec.” .

* These calculations were made by the authors prior to the
publication of the result of Robeson, reference [1247, and this
value of A was believed reasonable. Had one used A\1=~108 sec.,
then 7o20.23 and the selected initial values of £, and £, would
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at =0, and also assuming free neutron decay there-
after, one has at 70=0.128, (£,.)p=0.88, and (£,)o=0.12.
The concentrations of all other species were taken to be
zero at the starting time.

It should be re-emphasized that this choice of a
specific starting time is arbitrary in the sense that
capture processes did not suddenly begin but rather
became progressively more important as competing
processes declined in the cooling material. In this
connection it is interesting to discuss the behavior of
one of these competing processes, namely, photo-
disintegration, following a treatment given by Smart.t
From Planck’s formula for blackbody radiation one
may write for the number of photons per unit volume,
N, having an energy greater than B,

Ni=13X10"kT By exp[— Bo/(T)],  (125)

if 2T and B, are given in Mev, and Bo/kT>>1. The
probability of a (y, #) reaction is

Ay=Nuno(y, n)c sec.™, (126)

where ¢ is the velocity of light and o(y, #) is the cross
section for the (v, #) reaction. The exponential factor
in Eq. (126) is so important that the variation of
o(y,n) with energy may be replaced by an average
value for an order of magnitude calculation. According
to Smart, one may take

only, M)Z3X 107742 cm?, (127)

In Eq. (127) A4 is the atomic weight and the nuclear
surface presented to a high energy photon is approxi-
mately proportional to A% Assuming that the temper-
ature varies in accordance with Eq. (100), for a radia-
tion universe, one may calculate the variation of A,
with time in the early stages of the expansion for a
nucleus of given A, where B, is the threshold energy
for photoemission of a neutron. The result of such a
calculation for 4 =125 and By=6, 8, and 10 Mev is
shown in Fig. 18, where for convenience of interpreta-
tion kT is also shown. This plot illustrates the extremely
rapid decline with time of this competing photo-
disintegration process. It is evident that after several
hundred seconds the probability for photoemission of
neutrons can be neglected by comparison to, say, the
capture probability for the nuclear species under dis-
cussion which is of the order of unity at 27=20.1 Mev.
Thus a starting time of several hundred seconds for the
neutron-capture process is reasonable at least in terms
of this one kind of competing process.

The integration of Eqs. (108) was carried out by
solving simultaneously the first five equations with
J=4, i.e., neutrons used in forming nuclei with atomic
weight greater than 4 were neglected in the growth
have been somewhat different. The principal result of this would
be to necessitate a slightly different initial density of matter in
order to achieve the desired fit to the abundance data.

t We are indebted to Dr. J. S. Smart for communicating these

results to us prior to publication and for his kindness in permitting
us to use the material in this review.
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F16. 18. Logarithm of the (v, n) reaction probability, A, versus
log ¢ for the nucleus of 4 =125 for various binding energies of the
last neutron, according to Smart (unpublished). The graph shows
the decrease in Ay as the temperature, T, decreases in an expanding
universe controlled by radiation [Eq. (100)].

equation for neutrons. Recognizing that this case in-
cluding the universal expansion would require a higher
initial density of matter than in the static case, five
starting densities were considered. The solution which
appears to be most promising is that for which the
coefficients P; in Eqgs. (108) were taken as 100 times
those given in Table XI. This corresponds to an initial
density p,=25X1077 or 4X10~% g/cm® depending on
whether one takes A'=1800 or 1000 sec., with corre-
sponding starting times 7622230 or 130 sec. The solutions
of these five simultaneous equations for five initial
densities were obtained on an IBM relay calculator in
the range 0.128=7=1.17. In Fig. 19 the results for the
case 100P; discussed are plotted as logé; versus logr.
A comparison of these solutions with those of the static
case given in Fig. 16 shows the marked effect of the
expansion in that the relative concentrations quickly go
through a peak and by r=<1.2 all the concentrations are
decreasing as 7% ie., the universal expansion is by
then the only term of any importance. It will be seen
that the curves for j=2—4 are essentially parallel by
this time and the relative concentrations cannot change
thereafter. The neutron concentration, on the other
hand, continues to decrease mainly according to both
decay and expansion and it is clear that the sum ¢,+£,
is approximately parallel to the other curves. The
relative concentrations of species j=1, 2, 3, and 4
calculated in this approximation, with coefficients in
Eq. (108) taken as 100 times those in Table XI, are in
good agreement with those obtained in the static case
which led to the fit over the entire range of atomic
weight shown in Fig. 17. Calculations are in progress
for species of higher atomic weights and it may be
expected that a satisfactory fit to the observed data
might result.

To be sure, calculating the relative abundances of
the very light elements in the manner described possibly
represents a poor approximation to the state of affairs
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for these light elements. The specific neutron-capture
cross sections have not been used for these very light
elements although the smoothed equation for ¢ is not
too far in general from the observed values. More im-
portant is the fact that there are reactions other than
neutron capture among the light elements which should
be taken into account. Recently, Fermi and Turkevich
have considered in detail all the nuclear reactions in-
volved in the formation of the elements through helium
in an expanding universe. This work is described in
detail in Section IV(d)2.

2. The Formation of Light Nuclei

A preliminary study of the non-equilibrium forma-
tion of light nuclei, taking into account specific re-
actions and the actual cross sections, was first carried
out by Gamow [[59, 617. He considered the building up
of deuterons by neutron-proton capture. This process
is described by Egs. (108a) and (108b), taking only
the first term in the summation in the former equation.
Replacing p; by 17, where o, is the absolute cross sec-
tion for deuteron formation [20], setting pn=po?
[see Eq. (101)7], and replacing all temperature de-
pendent quantities by their equivalent time-dependent
forms, one obtains for the concentrations by weight of
neutrons and protons [7, 9],

dx,/dr=—x,—acxnxn/7, (128a)
dxg/dr=~+%,—acx.xu/T, (128b)
where,
ae=[(29454G s, 4eh) / (3\smodi2c1 12k) ]
X (lun|+ua] )22+ €!'2) €%, (128c)

In Eq. (128c), G is the gravitational constant, a, the
radiation density constant, m, the unit of atomic mass,
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F1c. 19. Relative abundance as a function of time (r=\f) in
the neutron-capture theory approximation including neutron
decay and the universal expansion, according to Alpher and
Herman (unpublished). These curves are solutions of Eqgs. (108),
J=4, with the density of matter at the start of the element-
forming process pm=4X10"¢ g/cm?. The neutron decay constant
is taken as A=1073 sec.”.. The ordinate is actually log £;, where
according to Eq. (108d) the &; are concentrations normalized
with respect to the concentration of nucleons at the start of the
element-forming process. Hence the effect of the universal expan-
sion is evident in the solution.
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¢» and py the magnetic moments of neutron and pro-
ton in nuclear magnetons, and ¢ and ¢, are the binding
energies of the singlet and virtual triplet states of the
deuteron. Equations (128) have been integrated with
2,(r=0)=1, xx(r=0)=0, and with the condition that
the final concentration by weight of protons be 0.5,
since hydrogen constitutes about 50 percent by weight
of all matter. To obtain this final condition [ 7] one must
take ag=1. This integration yields for the density of
matter at 1 sec., 4.8X 10~ g/cm?, which is in moder-
ately good agreement with the matter densities ob-
tained in other non-equilibrium calculations.

The non-equilibrium formation of the very light
elements in an expanding universe has been examined
in greater detail by Fermi and Turkevich.} All thermo-
nuclear reactions which are less endothermic than the
disintegration of the deuteron and which can go on
between neutrons (N), protons (H), deuterons (D),
tritons (T), He?, and He* were considered, as well as
the radioactive decay of the neutron and triton. The
cosmological model chosen was that of a radiation
universe containing a relatively small quantity of
matter, for which the dependence of temperature on

time is given by Eq. (100), namely,
T=1.52X101%"%°K,

In this model, density or particle concentration varies
as 14 as shown by Eq. (101). Fermi and Turkevich
have assumed that the nucleon concentration was 102
cm™ at 1 sec,, so that the nucleon concentration at
any ¢t is

Cruwe=1024"4 cm™. (129)

This corresponds to an assumed matter density of
~1.7X1072 g/cm? at t=1 sec., or ~5X10~7 g/cm? at
t=230 sec. [Compare Section IV(d)1.]

The 28 reactions considered in detail are listed in
Table XII. Examination of the reaction rates for the
nuclear processes listed confirmed that until /22300 sec.
the only event of any importance was neutron decay.
The high temperature prevents the formation of an ap-
preciable concentration of deuterons, and the nuclei
past the deuteron must form through the deuteron,
since at the density and temperature under considera-
tion, many-body processes should not be important.
A starting time of 300 sec. was therefore selected for
the calculation. The initial relative concentrations of

TaBLE XII. Reaction rates. [The quantities a; and a; are defined in Eq. (130), T is the temperature in units of 108 °K,
Ts=152¢712 from Eq. (100), and go=10% sec.?’? cm™3.]

No. Reaction Specific reaction rates Term in rate equations, (R’ [See Eq. (132)]
1 N=H+e 1073 sec.™? 10-%xy
2 N+H=D-+hv 6.6X 1072 sec.™ 6.6X 10~29ggxNxgt =32
3 N+D=T+hv 2.0X 1072 sec.™t 2.0X 10~ Zgexnxpt 42
4 N+D=N+N+H Negligible (see reaction 18) 0
N N+-Hel=He'+hv 1072 sec.™! (estimated) 1072'goXNXmesl %2
6 N+Hel=T+H 1.5X 10718 sec.! 1.5X 10~ 18goxnxgest 32
7 H+H=D+e* a1=2X107%; a,=3.16 7~OX10—“qg(xn)’t“7/°10‘°““m
8 H+D=He+hy a1=8.6X107%; a,=3.48 3.0X 10~2goxpxpl~7/610~0-852¢!/8
9 H+D=H+H+N Negligible (see reaction 18) 0
10 H+T=He'+hv a=1.5X10"19; g,=3.62 5.3 X 10 21ggxgrxpt~7/6100-678¢/°
11 H+T=He*+N 1.5X 10716 10-36-8/Ts sec.™! 1.5X 107 15goxpxpt~3/210-0-22¢1
12 D+D=Het+hv a1=3.07X1071%; a,=3.99 1.08 X 10-290(xp)%~7/610-0-747¢/
13 D+D=He!+N a1=3.0X10715; a,=3.99 1.1 10 16gq(xp)2~7/610~0.1476/6
14 D+D=H+T 41=3.0X10715; g,=3.99 1.1X 10-18g4(xp)2~7/6100-747¢!/°
15 D+T=He!+N a1=5.0X10"13; a;=4.24 1.8 X 10~ H4goxpxt~7/610-0.794¢/
16 D+He'=Hel+H a1=1.5X10"2; 2,=6.72 5.3 107 4gX pXpreat~7/610~ 12598
17 D+Het=Lis+/» ar=1.4X10%; 2,=6.96 49X 10~ BgoXpXgod~7/610-1 30441/
182 D+m=H+N 5.9 1012T'¢¥210-110/Ts sec, ™} 1.1 10Hex 914100725612
19 T=He}+e 1.8X107° sec.™! 1.8X10xr
20 T+T=He'+N+N a1=2.6X1071; g,=4.57 9.1 10-15g4(xr)2 76100856t/
21 T+T=Het+hv a1=2.6X10"1%; g,=4.57 9.1X 10™21gq(xy) 2~ 7/610~0-856:!/°
22 T+He!=He!+N+H a1=1.5X10712; g,=7.24 53X 10‘“qox1-xu.,;t_7/°10‘1~35°‘”5
23 T+He*=He!+D a1=1.0X10"13; g,=7.24 3.5X 107 15ggx e ~7/610~1 356¢°
24 T+Hed=Lis+hy a1=3.1X10718; g,=7.24 1.1X 10719 oXTXgrest~7/610~1 356¢/®
25 T+He'=Li"+h» a1=5.5X1071%; g,=7.56 1.9X 10-20goxrxpred /81071 416/°
26 He*+He®=Beb+hv a=14X10717; gp=11.49 4.9X 107190 (Xgzes)2~ 7161021614/
27 He’+He*=He'+H-+H a=1.4X10"1; g,=11.49 4.9X 107 1gq(Xpres)2~7/610 21618
28 He?+Het=Be -+ v a,=1.7X1071%; a,=12.01 6.0X 1072 goXgesxpredt~7/510-2250¢/°

» The photon concentration is included in the constant.

1 We are indebted to Drs. E. Fermi and A. Turkevich for their cooperation and communication of unpublished results. The authors
take the responsibility for the correctness of this transcription and interpretation of their work.
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neutrons and protons selected, namely, 0.70 and 0.30,
respectively, correspond approximately to those re-
sulting from free neutron decay starting at ¢=0 sec.
One assumes neutrons only to begin with, and a neutron
decay constant A=107% sec.”%.

The specific rates taken for each of the reactions
are also listed in Table XII, and were obtained as
follows. The neutron and triton decay constants were
taken as 1073 sec.™ and 1.8X10~° sec.”™}, respectively,
in accordance with experiment. Of the three neutron-
capture reactions, (2), (3), and (S), specific reaction
rate constants consistent with experiment were as-
signed to reactions (2) and (3), while a constant was
estimated for reaction (5). In all three cases the rate
constants are independent of temperature and therefore
of time. Many of the reactions in Table XII are of the
form

X+X'—>Y+V'+energy,

where X and X’ are heavy charged particles, while ¥
and Y’ are either heavy charged particles or a gamma-
ray plus a heavy charged particle. The specific rate
constant for such thermonuclear reactions may be
obtained from the usual expression for thermonuclear
reaction rates [617, as

K =a,Tg 102275 ¥ c;m¥/sec., (130)

where T3 is the temperature in units of 10® °K, a,
which depends mainly on the reaction probability after
penetration, is given by

a = [(4hrfo2d22 1I1210)/ (35/27”1-822122) ]

Xexp(32m,e2rZ1Z,/h*)12,  (130a)

while as, which depends on the height of the potential
barrier for the reaction may be written

a;=3X10"%3(loge)[ (n*m.e*Z:2Z %)/ (2h2k) 3. (130Db)

In the above, 41, 4,, Z1, Z,, are the atomic weights
and numbers of the reacting nuclei, m,, the reduced
mass, is given by m,=mmq(m1+m.)~ g, the combined
radius 7¢=21.6X10%(4;+A4,)* cm, and T'/k is the
probability per second for the reaction after penetra-
tion of the barrier. Fermi and Turkevich have used for
T' the values given by Bethe [19, 61] or values ob-
tained by procedures consistent with those used by
Bethe. As is well known, in the absence of resonances,

TaBLE XIII. Relative abundances of the light nuclei.

Computed Observed
H! 1.00 1.00
H? 1.3X1072 2X10™*
He? 2.6X10™ 107
He* 1.5X107! 107!

_ 7 In reference [61], p. 266, the quantity N there is incorrectly
given insofar as stated dimensions are concerned. It is (g sec.)™!
rather than (cm3 sec.)™? as stated.
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F1c. 20. Relative abundance of the very light elements as a
function of time according to the non-equilibrium formulation of
Fermi and Turkevich (unpublished). The nucleon concentration
was taken to be 10% cm™ at f=1 sec. in an expanding universe
controlled by radiation. The relative abundances are the ratios
of the number of nuclei of a given species in a volume V to the
total number of nucleons in that volume. Since both quantities
vary with the universal expansion in the same way the effect of
the expansion is not evident.

T is about 10° times smaller for radiative-capture re-
actions than for reactions with particle emission only.
The specific reaction rates can be written in terms of
the time as variable instead of the temperature since,
from Eq. (100), Ts=152¢t"* In the last column in
Table XII terms are given corresponding to the specific
reactions as they would appear in rate equations in-
volving concentrations of nuclei by weight, x;. From
Egs. (110) it is clear that these terms have the form

R=Km;(m;m;") pnx;x; sec.”L, (131)
or, using Eq. (101),
R=Km;(m;m; ) \gemot dxjx; sec.™, (131a)

where m, is the mass of a nucleon, go=10% sec.} cm3,
and the X correspond to the p; previously discussed.
This form denotes the contribution to dx;/d¢ arising
from the reaction between species 7' and 5" leading to
species j. For example, in the case of reaction (10) in
Table XII, namely, H+ T'=He!+ kv,

K10=1.5X10"19T5"#03 .521'3—!,
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and the term denoted by Eq. (131a) is as given in the
third column of Table XTI for this reaction. Fermi and
Turkevich have found that many of the reactions listed
in Table XTI can be neglected to a sufficient approxima-
tion. The reactions retained are evident from the fol-
lowing set of equations whose simultaneous solutions
were obtained by Fermi and Turkevich through nu-
merical integration. Denoting the term in Table XII
corresponding to a given reaction by &', one has

dXN/dtz - (Rl’ - (Rz,+ (R15I,
dxg/dt=+®)/+ R+ Ris'— Ry,

(132a)
(132b)

dxp/di=—4 Ry’ — R1' — R’ — Rud —R1s’, (132¢)
dxrt/dt=4 R — R1s, (132d)

and
dxpet/dt=4 R, (132e)

where x;=2x;/7 and j is the atomic weight. The quan-
tities ®’ are related to the & in Eq. (131a) by

& =[j/('7")1&, (132f)

in which 7 is the atomic weight of the particular nuclear
species whose rate of change is being considered and
where j' and j” are the atomic weights of the two re-
acting species, respectively. An equation for He? is not
included for the reason that to a sufficient approxima-
tion the concentration Xg.* is maintained at a steady
state by the fast reactions (6) and (13), the other re-
actions involving this species being unimportant. From
dxge/dt=0, Fermi and Turkevich have found that to
within a factor of ~3,

XHeXp 2=22X 1072,

in which it is assumed that x, is constant. The factor
of 3 arises from the rather small time dependence of
the rates in the steady state equations. While tritium
balance is maintained almost as well yielding, xrxp~!
1072, the tritium reactions were considered in detail.
The results of the integration of Egs. (132), subject to
the initial conditions already discussed, are given in
Fig. 20 where the relative concentrations particle-wise
are plotted versus the time for the various nuclear
species. As can be seen in Table XIII, the computed
relative abundances (at #=2000 sec.) may be considered
as in agreement with those observed for these species,
in view of the fact that very light element abundances
are not well known and would vary in different locales
because of the participation of these species in thermo-
nuclear reactions after the element-forming epoch. The
computed relative abundances of H® and He® have
been added together because of the radioactivity of the
former. The observed relative abundances are ob-
tained from Brown (Table III of reference [30]) and
corrected for isotopic abundance ratios [129].

Fermi and Turkevich have also examined the prob-
lem of forming the light elements heavier than He?.
The only reactions involved are capture reactions

R. A. ALPHER AND R. C. HERMAN

since there are no exothermic reactions giving heavy
particles. Reactions (17), (21), and (25) are of this
kind, with (17) and (21) giving Li%, the latter by -
decay of HeS, while (25) yields Li’. Under the condi-
tions discussed, and assuming no resonances, these re-
actions are very slow and lead to an insufficient amount
of material, about 10~7 by weight, past He*. The exist-
ence of a resonance in reaction (25) might repair this
difficulty. In this case Fermi and Turkevich have con-
sidered how close a resonance would have to be in
order to get an appreciable conversion of He* and H?
to Li’. A detailed examination of this reaction under
the conditions discussed indicates that a resonance
would have to be at about 400 kev or closer in order to
convert any appreciable amount of the material into
Li". At the present time the first observed level is at
about 4 Mev. Turkevich has also considered this re-
action (25) under a different set of initial conditions,
namely, a nucleon concentration of 10% instead of 10*
cm~3, and a neutron-proton ratio of 6 to 1, both at
t=1 sec. Non-resonance processes with these initial
conditions lead to 3X10~* by weight of Li’, which is
much closer to what is required and it is concluded
that even a resonance closer than 1 Mev would be
interesting. To the best of the authors’ knowledge this
reaction has not been studied directly. Another possi-
bility first proposed by Wigner| for building appreciable
amounts of elements past He* involves the idea of a
“seed” nucleus. An example of an exothermic chain
reaction involving a seed nucleus, studied by Turke-
vich, is

¢C10+  H3—3Li%4 4Be’™+2 Mev.

If the two product nuclei would again build up to C?,
then one has a method of forming appreciable amounts
of nuclei past the gap. However, since C! is neutron
deficient it is difficult to see, in this particular case, how
it could be re-formed from the product nuclei. As
pointed out by Gamow [60] there may exist other
possible reactions of this type in which the “seed”
nucleus would have a neutron rather than a proton
excess. The difficulty of finding a scheme to bridge
the non-existent nuclei at 4 =35 and 8 is discussed again
later. In any event, neutron capture should be the pre-
dominant reaction at the temperatures considered and
should certainly be responsible for building the elements
past the first eight or ten.

Another question of interest in connection with the
non-equilibrium formation of elements is the possible
participation of some of the light elements in thermo-
nuclear reactions in the expanding universe after the
completion of the initial element forming process. As
has been seen in previous discussion, the temperature
after the element forming process was still quite high
so that thermonuclear reactions between light nuclei
and protons could go on. This problem has been studied

|| See reference [60].
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by Alpher, Herman, and Gamow [10] in the following
manner. An examination of the relative abundance
data suggests that the abundances of certain of the
light elements such as Li, Be, and B have been markedly
decreased since the ‘“original” formation process. It is
to be noted that these elements have relatively large
cross sections for proton reactions [19].

It can be shown that for certain of the light elements
the difference between the present relative abundance
and the abundance computed according to the neutron-
capture theory [107] is consistent with known thermo-
nuclear reaction rates and with cosmological informa-
tion furnished by the theory. Making use of Eq. (130)
one may write for the number of thermonuclear re-
actions per gram of matter per second,

(133)

where p,, is the density of matter, x; and x, the con-
centrations by weight of the reacting species j and
protons, of mass m; and m,, respectively. In a manner
analogous to that used in obtaining Eq. (110c) one
finds

7= Ka;2,(m,mp)pn(l),

d[lnx,-:l/dt= - rthmj/xj.

In this equation p, and T are taken to be defined as
functions of time according to Egs. (101) and (100).
Assuming the concentration by weight of protons to
be a constant, x,20.5, one obtains for the ratio, ag, of
the observed relative abundance to that computed
according to the neutron-capture theory,

lnozk= B1[1(’0) _I(tP)])

(134)

(135)
in which
B,= (152)‘3a1(mjmp)‘1po, (135&)

I(t)=1t71% exp(— Bat'/$)+ B, Ei(— Baf/%)  (135b)
and

B,=(152)"}(In10)a,. (135c¢)

The quantity po is the matter density at /=1 sec.
(pm=pot"?) and a, and a, are as given in Egs. (130).
One can find logar as the difference between the
logarithms of the observed and the computed relative
abundances directly from the datum points and curve
in Fig. 17. The time /, represents the time at which the
proton reactions became important while ¢p refers to
the present epoch. The reaction probabilities T' in a,
are tabulated by Bethe [197], and Gamow and Critch-
field [61] for the reactions of interest.

Applying Egs. (135) to the reactions of Li, Be, and
B with protons, one finds that if ¢, is of the order of
10® sec. then the present relative scarcity of these
elements can be explained. This value of ¢, is consistent
with the time estimated for the cessation of neutron-
capture processes. The same analysis applied to other
light elements such as F%°, which are now scarce, yields
similar results since these elements have high cross
sections for proton reactions. On the other hand, those
light elements which have relatively low cross sections
for proton reactions are now found to lie approximately
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on the computed abundance curve. For example, in
the cases of C and N there is no appreciable depletion.
In fact, taking £,=210° sec. for N leads to depletion
due to thermonuclear reactions of only one part per
million up to the present epoch. In the foregoing treat-
ment it has been assumed that the time dependences
of pm and T given by Egs. (101) and (100) are a suffi-
cient approximation for the problem since the main
part of the depletion occurs during the period when these
expressions are valid.

3. Effects of Nuclear Stability

In the theory of the neutron-capture process pre-
sented thus far, it has been assumed that the time be-
tween successive neutron captures was sufficiently long
to allow any necessary adjustment of charge by 8-decay.
Clearly the validity of this assumption depends upon
the density of the reacting material and upon the
B-decay rates of the nuclei participating in the process.
Smart [134, 136] has recently examined this problem
in detail. One may consider the effect of B-decay on
the neutron-capture process in three situations dif-
ferentiated according to the density of matter. In the
case of very low density, the time between successive
neutron captures will in general be long enough to
allow B-decay between captures for all species, and
the capture reaction rates will control the formation
processes. The nuclei involved will be stable or have
one excess neutron. For a very high density, on the
other hand, the reacting, nuclei would probably have
as high a neutron excess as is consistent with neutron
binding, and the rate of growth of particular species
would be principally determined by their 8-decay rates
in these neutron-rich states. Finally, at intermediate
densities one would expect a competition between
neutron capture and B-decay processes.

The case of low density can be dismissed readily.
Clearly it is meaningless to speak of a non-equilibrium
process of successive neutron captures if the mean time
between successive captures is appreciable as compared
with the neutron lifetime. It can be shown that the
upper limit to this low density case is of the order of
10~ g/cm?. If one equates the neutron lifetime, ~1000
sec., to the mean time between captures, then one has
1000=mg(p;0v)"%, where m, is the nucleon mass, p; the
limiting density, ¢ the neutron-capture cross section
for a particular species, and v the relative velocity,
~4X10® cm/sec. for 0.1 Mev. Taking ¢=10~2 cm?

TaBLE XIV. Decay constants for neutron-saturated nuclei.

A (TeIm Wg(in mec?) v(Z,Wg) Ag(sec.™)
50 10.8 17.3 1.37 6.9
64 133 16.5 1.55 74
100 19.9 16.3 1.93 13.5
125 24.5 14.7 2.32 11.8
180 34.5 11.6 3.48 7.6
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TABLE XV. Capture and B-decay probabilities for 4 <40.®

Nucleus ZTK- Wﬂ(Mev) ae Eg(Mev) g Ao
N6 2 74 1.1 7.2 444 —
Qo118 — —_ 1.1 5.1 —_ 38.0
o — — 1.2 89 — 670
O — — 1.3 5.2 — 42
(02 —_ —_ 1.4 8.6 — 657
0% 4 3.2 1.5 4.5 15.7 27.7
o 5 5.7 1.6 7.1 209 289
oz 6 5.3 1.6 3.5 251 —
F2 4 5.8 1.75 7.9 262 537
s 5 4.6 195 5.0 230 60.9
Ne® 3 4.6 1.95 9.4 — 1430
Ne* 4 2.0 2.1 54 —_ 97
Ne?s 5 3.8 2.25 7.3 — 466
Ne2® 6 34 24 5.0 27 75
Ne?? 7 5.6 2.6 6.9 386 405
Ne2® 8 3.7 2.85 4.0 55 29
Nazs 6 4.7 2.85 7.5 — 675
Na?® 7 5.1 3.1 4.6 242 —
Mg? 5 3.3 3.1 8.5 —_ 1376
Mg 6 2.6 34 5.7 — 205
Mgt 7 40 3.7 7.6 — 938
Mg® 8 4.0 4.0 3.3 82 —
Al 6 4.5 4.0 8.3 — 1576
AlB 7 5.0 4.3 43 218 63
Si% 5 2.3 4.3 9.0 — 2540
Si 6 2.0 4.6 5.1 — 160
Siss 7 4.2 5.1 6.7 —_ 688
Si3e 8 4.4 5.5 4.5 132 101
p¥ 7 39 6.0 5.2 — 228
pss 8 5.3 6.5 6.8 — 942

» The \'s are given in arbitrary units but fixed relative to each other to
give a best fit to the relative abundance data. Where Mg has not been

given, the values are negligible compared with A¢ and vice versa.

(heavy nuclei at 0.1 Mev), one obtains p,=210~11— 1012
g/cmd,

To examine the formation process at very high densi-
ties, it is necessary to determine the 8-decay rates of
nuclei having a limiting neutron excess, i.e., a nuclear
composition such that the next neutron will not be
bound. Smart, using a nuclear model based on the
Wigner theory of the symmetric Hamiltonian [61, 1787,
has computed the maximum isotopic spin (T¢)m
=(4—22)/2, ie., the isotopic spin for a nucleus of
maximum neutron content, as a function of atomic
weight. In order to accomplish this he has solved the
equation (3Ep/dA)z=0, where Eg, the binding energy
of the nucleus, is obtained by means of the Wigner
theory. The results are quite accurately approximated
by

(TY)m=0.1834+1.6,

which is approximately equivalent to the statement
that nuclei containing about 70 percent neutrons are
at the limit of stability against neutron emission. This
result has also been obtained by Mayer and Teller
[113, 1147, who have computed the maximum neutron
content by using the semi-empirical binding energy
formula due to Bohr and Wheeler, as modified by
van Albada [2] [see Section III(b)4]. The solution of
(8Ep/8A)z=0, where Eg is determined from the pack-
ing fraction, f, given by Eq. (55), yields a relationship
between (T';)m and A which is nearly the same as that

(136)
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obtained by Smart in Eq. (136). This result might have
been expected since both the Wigner and the Bohr-
Wheeler formulas use empirically determined con-
stants and for heavy nuclei contain essentially the
same terms.

It is next required to calculate the §-decay rate for
nuclei at the stability limit, i.e., for Tr=(T¢)m. If the
energy available for 8-decay, Wg (neglecting the dif-
ference in kinetic energy between initial and final
nuclei) is large compared with m.c?, then the B-decay
constant may be written [61, 101]

Ns= (30uo) | M|y (Z,W ) W, (137)

where W p is explicitly given as the sum of the change
in potential energy due to the mutual repulsion of
protons, the change in the potential energy due to
nuclear forces, the neutron-proton mass difference and
the electron rest mass. In Eq. (137), W5 is in units of
mqc?, v(Z,Wp) is a function depending on the effect of
the Coulomb field on the electron emission which has
been tabulated by Konopinski [101], %, is a constant
whose value is approximately 8800 sec., and |M] is
the matrix element for the S-transition. Equation (137)
must be summed over all excited levels of the final
nucleus to obtain the total decay constant. Smart has
assumed that there is always one final state for which
the matrix element |M]| is by far the largest, and for
this state he has taken the spin-isotopic spin part of
the matrix element to be 2(T)., while for the orbital
part he has taken 1/25. The final expression for the
decay probability of the (T'¢)» nuclei is obtained as

A= (375uo)_1(T;)m'y(Z,Wﬂ)Wﬂ5, W,g>>mecz. (138)

In Table XIV are given decay constants calculated
from Eq. (138) for neutron-saturated nuclei [136].
Smart’s calculation of Wj involves the nuclear model
based on Wigner’s theory of the symmetric Hamil-
tonian. Table XIV indicates the interesting result that
the mean B-lifetime for neutron-saturated nuclei is
about 0.1 sec. and is practically independent of atomic
weight, at least for 4>50. The results in Table XIV
have not been carried below 4=>50 for these neutron-
saturated nuclei because of uncertainties in the evalua-
tion of Eg from the Wigner theory.

In the high density case, the relative abundances
would be controlled by the 8-decay rates of the nuclei
involved, and one would expect that, after a sufficiently
long time (clearly this would have to be less than the
B-lifetime of the neutron), the relative abundances of
various nuclei would be inversely proportional to their
B-decay constants at the neutron stability limit. How-
ever, this gives essentially constant abundance at least
for A> 30, in contradiction to the universal relative
abundance data. If, on the other hand, the process
terminated before ‘radioactive saturation” was at-
tained, the elements with 4> 50 would show a rapid
decrease in abundance with increasing A, again in
contradiction to the observed abundance data. Hence,
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one must conclude that the element forming process
went on at a density such that g-decay rates did not in
themselves control the process.

It is possible to estimate the density above which
B-decay rates would be the controlling factor. For this
estimate it is required to know the neutron-capture
cross sections of neutron-rich nuclei. The capture cross-
section data discussed in Section IV(c) are for stable
nuclei, and will, of course, be smaller for nuclei in
which the binding energy of the captured neutron is
reduced. Smart has estimated the reduction in the
capture cross section in the following way. One may
write the cross section for radiative capture of a
neutron as

a(ny)= o*,,*f‘-,/(f,—i—f,,),

if the two competing processes are capture and scatter-
ing. The cross section for formation of the compound
nucleus is ¢,* while T, is the average radiation width
and T, the average neutron width of the excited state.
The quantities ¢,* and T, are averaged over different
angular momentum states. At 0.1 Mev inelastic scatter-
ing can be neglected so that the formation of the com-
pound nucleus and neutron emission are inverse proc-
esses. According to Weisskopf [1757], ¢,*« T, under
such conditions, and, if T',>>T,, then

(139)

0'(”17) « —I:r- (140)

Since, as indicated by Weisskopf, the radiation width
varies as Eg® for transitions to the ground state, and
Eg® if transitions to excited states are appreciable,
o(n,y) has about the same energy dependence as As.
The quantity Eg is, of course, the excitation energy,
i.e.,, the neutron kinetic energy plus the energy of
binding of the capture neutron. Smart has compared
capture cross-section values such as are discussed in
Section IV(c) with values based on the Eg® dependence
for neutron-rich nuclei, using the Wigner theory of the
symmetric Hamiltonian for Eg. He has found that for
heavy nuclei capture cross sections should be reduced
by about a factor of 1000, while for light nuclei a factor
of 10 to 100 is indicated. These factors may be under-
stood as follows. For heavy nuclei, the excitation energy
in the stable case is of the order of 8 Mev, while in the
neutron-rich case the excitation is of the order of 2
Mev, i.e., ~1 Mev neutron kinetic energy and ~1 Mev
binding energy. The factor 1000=<(8/2)5. Similar con-
siderations yield a factor of ~10 to ~100 for the light
elements.

A similar result has been indicated by Wigner.** As
already mentioned, the capture cross sections of neu-
tron-rich isotopes should be less than those of stable
isotopes of the same element because of the decreased
excitation energy in the neutron-rich case of the com-
pound nucleus formed by the addition of a neutron.

** We are indebted to Professor E. P. Wigner for these consid-
erations.
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This decreased excitation energy causes an increased
level spacing D. The average absorption cross section
can be written as follows [179]

on=1800E;}(fw'4+4.4X10DE;}/T,)!

X (14 A3E;}/3100)2 barns, (141)

in which fw==1, 4 is the atomic weight, E; is the kinetic
energy of the incident neutron in ev, and T, the radia-
tion width in ev. One is interested in nuclei whose life-
time for B-decay is of the order of 0.1 sec. For such
nuclei the B-decay energy is roughly 10-15 Mev. In a
region in which the 8-decay energy is W, the nuclear
excitation energy is decreased by about Ws/2. Making
use of the Weisskopf expression for the level spacing D,
namely [20],

D=10% exp(—2Eg})ev(light nuclei), (142a)
and

D=10° exp(—4Eg?)ev(heavy nuclei), (142b)

where the excitation energy Eg is in Mev, one can make
an estimate of the change in D between the stable
nucleus and its isobar having a B-lifetime of about 0.1
sec. For light and heavy nuclei, taking 8 Mev for the
excitation energy in the stable case, the factors of in-
crease in level spacing are roughly 25 and 600, re-
spectively. If 4.4X107DE,T, ! is large as compared
to fw, and if ', does not change with the neutron en-
richment, then oa < D7}, and the decreases in oy due to
neutron enrichment are also by factors of 25 and 600
for the light and heavy nuclei, respectively. It must be
emphasized that these considerations are quite approxi-
mate but nevertheless are interesting when compared
with Smart’s results, particularly in view of the different
assumptions concerning the variation with excitation
energy of the level spacing and the radiation width.
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F16. 21. Relative abundances of the light elements versus atomic
weight according to the steady-state formation chain of Smart
[134]. The observed data are those of Brown [307], normalized
to 10,000 atoms of silicon. Smart’s calculations are fitted at Si2s,
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In view of the foregoing one may compute the lower
limit to the high density case. Taking the 8-decay life-
time for neutron-saturated nuclei as 0.1 sec. and using
one-hundredth the observed cross sections for light
nuclei at 0.1 Mev, one finds the lower density limit to
be of the order of 1072 g/cm?.

In the case of intermediate densities, i.e., 1072—10~11
g/cm?®, there will be some degree of competition be-
tween neutron capture and S-decay in the control of
the formation process. It would appear to be necessary
to consider in detail the capture and B-decay proba-
bilities for individual nuclear species, and consider
various densities to find under which condition these
competing processes would lead to the observed rela-
tive abundances. Each of these probabilities depends
upon the energy differences between neighboring nuclei,
so that a detailed knowledge of the nuclear energy sur-
face is required. Smart has considered the building up
of successively heavier nuclei as represented by a path
traced along the floor and slopes of the Heisenberg
energy valley, in which the allowed moves are A4d=1,
AN =1 for neutron capture, and A4=0, AZ=1 for
B-decay. A reasonable picture involves nuclei which
capture neutrons successively, becoming less and less
stable to B-decay, and which reach a point where
As>Ac, so that they then decay and move down toward
the floor of the Heisenberg valley. As they move toward
the valley, the binding energy of the last neutron in-
creases, A¢ becomes larger than A\g and the nuclei again
move up the slope of the Heisenberg valley. The de-
tailed examination by Smart [134] of such formation
processes indicates that in general the formation path
is such that N(capture)=2\(3-decay).

As seen earlier, the capture cross section varies
approximately as Eg’, where Eg is the excitation en-
ergy, and Smart writes

)\c o« fsasEE"" (143)

The quantity as describes the variation of capture
cross section with atomic weight, and is taken to be,
within a constant factor, the smoothed capture cross-
section function of 4 given by Eq. (102), while the
factor fs depends on the matter density. The 8-decay
probabilities and energies can be determined as already
described. Smart [134] has made a chart of isotopes,
with W and Eg computed for each species, and has
traced a formation path for the light elements. He finds
that the path must go through N6, since there is no
reasonable detour. He has then examined in detail the
subsequent formation chain among the light nuclei.
The result of this work is shown in Table XV. The
values of W, Eg, and T; are given in Table XV for
the nuclei in the chain. The factor as in Eq. (143) is
also listed. The B-decay probability A\s has been com-
puted according to Eq. (138) and is listed in arbitrary
units. The capture probability A\¢ was computed ac-
cording to Eq. (143) with a factor of proportionality
(including fs) arbitrarily adjusted so as to yield best
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agreement between observed and computed relative
abundances. The relative abundances have been com-
puted in the following manner, which represents an
approximate solution to the extremely complicated
growth equations.

Smart [134] has assumed that the formation process
reached a steady state determined by the density of
matter and by the competition between $-decay and
the radiative capture of neutrons. Clearly the latter
process depends on density whereas the former does
not. In the event that for a given nuclear species A¢>\g
then in the steady state the relative abundance of this
species is inversely proportional to A¢. If, on the other
hand, for a given type of nucleus Ag>\¢, then these
nuclei will 8-decay on the average before capturing a
neutron. If for the resulting nucleus A¢’ >4/, the rela-
tive abundances of the original nuclei are taken pro-
portional to (1/Xg)+(1/A¢"), while if it takes more than
one (-decay to reach a nucleus with a higher capture
than B-decay probability, then the abundance of the
original nuclei is taken proportional to [1/Xs(1)]
+[1/As(2) - - -+ [1/Ns(i—1) 4 [1/Ac (i) ]. This pro-
cedure is very nearly equivalent to the statement that
each nuclear species has a probability (\s+A¢) sec.™?
of changing into some other species, so that its relative
abundance in the steady state is proportional to
(As+Ac)™'. Smart has computed relative abundances in
the former manner using the values of A\g and A¢ given
in Table XV and his results are compared with Browns’
data in Fig. 21. Isobaric abundances have been added
and theory and observation fitted at 4 =28. The agree-
ment in detail is better than that obtained by equi-
librium theory (see Fig. 5), in that not only is there
agreement in trend but also most of the computed
abundances follow the detailed variations in the ob-
served abundance data. The density of matter corre-
sponding to the adjustment of the A¢ relative to the
As to obtain a fit may be determined from the fact that
the average neutron-capture cross section for these
light elements is about 10~ barn according to the
average variation in the binding of the last neutron
between the Heisenberg valley and the formation path.
Assuming 27=20.1 Mev during the process, one obtains
a matter density of about 10¢ g/cm?®. It is interesting
to note that this value of the density is in agreement
with that obtained in the simple neutron-capture theory
discussed earlier. Since the formation path would ap-
pear to have been that in which A\g=2\¢, a theory in-
volving A¢ only should predict the general trend one
would obtain using both Ag and A¢.f1 It is reasonable
to suppose that the effect of ignoring 8-decay becomes
less important as one goes toward the heavy elements.
However, even here one should expect that Ag would

1} One can formulate a non-equilibrium theory which includes
not only neutron decay and the universal expansion but also the
competing B-decay process. This involves a growth equation for
each species (Z, A) including terms of the type Agf. Furthermore,

one should take into account the specific ac(%, v) and Ag for each
species (Z, 4).
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be involved in the detailed features of the computed
abundances.}]

An interesting result of Smart’s work [136] is that
it makes reasonable the observed even-odd variation
in abundance. Consider the behavior of the energy
available for 8-decay, Wjs, and the binding energy of
the last neutron, Ep.

A Ws
Odd Decreases monotonically with increasing Z
Even Decreases with increasing Z but is larger for
odd than for even Z
Z Eg

0Odd Decreases with increasing A, larger for odd 4
than even 4
Even Decreases with increasing A, larger for even 4

than odd 4

Since it would appear that formation goes on with
M=\ and that the respective probabilities for the
species (Z, A) depend on Ws(Z, A) and Eg(Z, A+1),
the favored processes for various kinds of nuclei should
be in general as follows:

A VA Most probable event
Odd Odd B-decay
Odd Even Capture
Even Odd No choice
Even Even No choice

Clearly the tendency is to form nuclei with even Z.
The tendency to form even A nuclei can be seen from
the variation of Eg with A for even Z nuclei. The magic
number nuclei are of particular interest here in that
these nuclei, which are quite abundant compared with
neighboring elements, should be theoretically favored
in abundance not only by their small neutron-capture
cross sections but also by the fact that less stable iso-
bars should decay to the magic numbers and ac-
cululate.

4. Special Problems

While the non-equilibrium theory of element forma-
tion described has been generally successful in explain-
ing the general trend of the relative abundance data as
well as some of the detailed features, there are never-
theless certain difficulties. Perhaps the most serious of
these is the fact that there do not appear to exist nuclei
of atomic weights 5 and 8. Under the physical condi-
tions which apply for non-equilibrium theory calcula-
tions one would not expect to find the many-body re-
actions which would provide the simplest mechanism
for bridging these gaps. It may be mentioned that in
equilibrium theories the high densities involved obviate
this problem. In addition to the gaps at A=35 and 8§,
there are difficulties at A=10 and 14 as discussed by

11 In this connection it should be noted that the calculation of
isotopic abundances in a non-equilibrium theory would require
knowledge of neutron capture and B-decay probabilities for all
nuclear species in the detailed formation chain. In addition, the
relative effect of such secondary processes as photoemission of

neutrons, etc., on the isotopes of a given element would have to
be considered.
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Smart [136]. The nuclei Be!® and C* both have half-
lives for B-decay in excess of 10° years so that neutron
capture would be expected to be important. However,
neutron capture by these nuclei leads to Be!* and C"
which are unstable with respect to neutron emission.
Smart has also determined that from 4=15 onward
there do not appear to be any breaks in the formation
chain which cannot be satisfactorily by-passed.

As already discussed, Fermi and Turkevich have
examined the gap at A=35 in particular and were not
able to find a forward-going reaction that would pro-
vide a sufficient quantity of the heavier nuclei. Thus,
if one begins a non-equilibrium element-forming process
at low densities with nucleons only, there does not
appear as yet any simple means of bridging the gap.
However, a small amount of material does leak through
the gap and if the density of matter for the process is
raised, this amount would be increased. It is suggested
that a density increase together with the introduction
of a “cycling” process might yield a sufficient quantity
of heavy elements. A cycling process of this kind might
involve the fission of very heavy nuclei which would
feed the formation process with nuclei past the trouble-
some gaps. These “seed” nuclei would build up the
quantity of heavy elements at the expense of neutrons
principally. There are as yet no quantitative calcula-
tions regarding this question. Such a calculation would
require the theoretical determination of the fission
yield of heavy neutron-rich nuclei, such as might be
formed in the neutron-capture process. A highly specu-
lative way of providing “‘seed” nuclei to bridge the gaps
is intimately connected with the nature of the ‘“explo-
sion” of the primordial material. It has been tacitly
assumed throughout that in this explosion the material
expanded into individual nucleons and that nuclei
formed of neutrons only could not exist. However, one
might consider the possibility that mixed with the
nucleon gas there were some aggregates of neutrons,
however short-lived they may be with respect to dis-
sociation. These ‘“‘droplets” would perhaps be dis-
tributed in size and because of neutron emission together
with rapid B-decay might have yielded some nuclei
suitable for a formation chain past the gaps.

In any event, if there is a neutron-capture formation
chain, fission of the heaviest elements will serve to
terminate the increase in atomic weight and the fission
fragments would be distributed over the mass yield
spectrum. Fission may not become important until one
reaches nuclei beyond 4 =238 for the reason that the
nuclei formed must have been, in general, deficient in
proton content. These extremely heavy nuclei would
undergo spontaneous or neutron-induced fission after
sufficient B-decay. Another possibility for terminating
the formation of heavy nuclei would be the (#,a) re-
action, which again because of the reduced charge of
these nuclei would be expected to become important
for nuclei well past 4=238. It is interesting to note
that the mass yield curves [61, 67] for the fission of
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nuclei such as U®® and U®? have peaks near A=295
and 140, which may be compared with peaks in the
abundance data observed in these regions of atomic
weight.

Another of the difficulties in the neutron-capture
theory is the existence of “shielded” isobars. If nuclei
are formed with a neutron excess, then in general for a
given atomic weight one would perhaps expect to find
only those nuclei with the lowest Z necessary for sta-
bility. However, one does find in nature isobars which
cannot be formed from elements containing 2, 4, - - - less
protons. Most sets of isobars are of the form zX4 and
z+2X4, and it is the latter or shielded isobar which
apparently cannot be reached by B-decay. Smart
[135] has suggested that the shielded isobars result
from (v, #) reactions. He has examined 55 sets of even
Z-even A isobars of which in 41 cases a (v, #) reaction
with a stable odd nucleus could have yielded the shielded
isobar. In the remaining 14 cases the shielded isobar
could have resulted from two successive (v, #) reactions.
In support of this suggestion Smart has examined the
abundances of shielded isobars and of parent nuclei
for the (y, ) reaction. Let a; and a, be the abundances
of the parent element and shielded isobar, respectively.
Then (ai+as) would have been the abundance of the
parent element as formed by neutron capture only.
The quantity as/(ai+as) would be the fraction con-
verted into the shielded isobar. Computing this frac-
tion for the 41 cases mentioned, one finds the average
value to be about 40 times larger in the situation where
the initial nucleus has an odd neutron content than for
an even neutron content. This is in line with the fact
that the binding of the last neutron is weaker in odd N
nuclei and consequently at a given temperature the
(v, n) reaction probability would be higher. It is sig-
nificant that the (v, ») mechanism does not predict any
shielded isobars which are not observed. Smart [135]
has examined the (y, #) reaction quantitatively and finds
that at 27'=20.1 Mev its probability is somewhat less
than the probabilities of 3-decay or neutron capture,
but is sufficiently large to yield the desired effects.
This question of shielded isobars is of particular in-
terest in the work of Mayer and Teller [114] to be
discussed.*

In connection with (v, n) reactions it is interesting
to compare the proportionality, recently pointed out
by Jensen [94], between the (y, n) cross section and
isotopic number for Z<40 with the observation that
for Z<40 in most cases the lightest stable isotope for
a given element is predominantly abundant. The
striking proportionality between o(y,n) and T is no
longer evident for Z>40, and it should be noted that
among the heavier elements the predominantly abund-
ant isotopes are skewed toward higher atomic weight.
Mayer and Teller [114] also point out that among the

*In a paper being prepared for publication Dr. J. S. Smart
discusses the probably greater effect of capture y-rays than the
y-rays in the blackbody distribution in forming shielded isobars.
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light elements the lightest isotopes are predominantly
abundant. They explain this behavior as arising from
a building up process consisting of the addition of pro-
tons to already existing nuclei. This implies that for a
given Z the most proton-rich isotope will, of course,
be the lightest and in a process of proton captures,
the most abundant.

An outstanding feature of the relative abundance
data is the existence of a large peak in the vicinity of
iron. The existence of this peak has yet to be explained
by any of the theories of element formation. The fact
that the elements near iron are most stable makes the
explanation of this peak according to some kind of
equilibrium theory quite attractive. However, this
explanation has not as yet been satisfactorily made al-
though one should carefully examine the apparent
abundance peak at 4=60 in several of the stellar-
model solutions of Beskow and Treffenberg [18] (see
Fig. 9). In a non-equilibrium theory it would seem
reasonable to suppose that thermal dissociation might
reduce the abundances for the elements below iron since
the rate of thermal dissociation is an exponential func-
tion of the binding energy per nucleon, which energy
falls off rapidly with decreasing A below A=256 [11].
While thermal dissociation has been assumed to be
negligible in the non-equilibrium theory discussed,
whatever dissociation there was would have tended to
emphasize in abundance the elements near iron. On the
heavy element side of the iron peak whatever photo-
disintegration processes there were would also have
tended toward emphasis of this peak since cross sections
for (v, n) reactions are observed to rise rather sharply
for atomic weights greater than about 60 [27,122].
Perlman and Friedlander [1227 have recently found
that the yields of (v, #) reactions appear to be about
an order of magnitude larger for Z=29 than for lower
Z. The transition is quite abrupt and corresponds very
closely to the position of the transition between the
iron abundance peak and the rest of the abundance
curve (see Fig. 2). This effect is related to that reported
by Jensen [94] since there is definite jump in the iso-
topic spin at Z=29 for the nuclei considered by these
investigators. However, these correspondences must be
examined in light of the fact that the vy-ray energies
used by Perlman and Friedlander were 50 and 100 Mev.

Finally, the question of abundance peaks in the
neighborhood of the magic number nuclei should be
mentioned again. Qualitatively the neutron-capture
theory would seem to predict high abundance for these
nuclei of low capture cross section. Some rough calcula-
tions indicate that an element of small (%, vy) does
indeed pile up but the abundances of the succeeding
elements are greatly depressed [8]. The depression in
relative abundance is so large that the picture is un-
doubtedly not this simple. It has been suggested that
[8] while certain elements with small neutron-capture
cross sections may have piled up, the succeeding ele-
ments may have resulted mostly from neutron capture
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by isobaric nuclei of more normal cross section. A more
accurate description of the reasons for the correspond-
ence between the observed abundance peaks and the
regions of magic number nuclei, particularly since the
reacting nuclei may be neutron-rich, would appear to
require consideration of detailed formation chains.

The special problems discussed have at best re-
ceived qualitative consideration here. Unfortunately,
in the present state of the neutron-capture theory,
there are as yet no quantitative discussions to decide
these questions unequivocally.

(e) The Polyneutron Fission Theory

The work of Cherdyncev [36] on the origin of the
elements is, strictly speaking, an equilibrium theory
(see Section IIT). However, his work is particularly
interesting in that it described for the first time the
properties of a “nucleus” of stellar dimensions, and it
should perhaps be considered together with the work of
Mayer and Teller [113, 1147. These nuclei are con-
sidered to be made up essentially of neutrons. Cher-
dyncev arrives at the result that such nuclei would be
unstable against fission, and that the nuclear forces are
strongly modified by gravitation. As mentioned earlier,
he has examined the equilibrium distribution in such a
“stellar” nucleus of pure neutron-nuclei in the range of
ordinary atomic weights. To obtain the required equi-
librium distribution, Cherdyncev uses a temperature
of about 4 Mev and a density of 0.03 times nuclear
density. One must question the validity of an analysis
based on the existence and individuality of such neu-
tron-nuclei in what is essentially a large body of nuclear
fluid. Cherdyncev supposes that “stellar” nuclei whose
“atomic weight” exceeds ~1075-10"M o should ex-
plode quite rapidly, that the equilibrium distribution
of abundances with respect to atomic weight will be
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preserved, and that the common nuclei result from the
B-decay of the purely neutron fragment-nuclei. While
Cherdyncev recognizes the very approximate nature of
his freezing-in considerations, it is difficult to see why
the distribution in atomic weight would be preserved
at all, particularly in view of the work of Smart and
of Mayer and Teller. While 8-decay would tend to stabi-
lize such nuclei, the neutron-nuclei will certainly evapo-
rate neutrons, and the distribution in atomic weight will
be altered at least in this regard. In addition, the freez-
ing-in problems already discussed in Section I1I must be
even more carefully examined in this picture.

A very different approach to the problem of the
origin of the elements is that taken by Mayer and
Teller [113, 114]]. Noting the differences between light
and heavy elements in over-all abundance and in iso-
topic abundance ratios, they suggest that the light
elements were built up by thermonuclear processes,
involving principally protons. They emphasize, on the
other hand, that the heavy elements, Z> 34, must have
formed under conditions involving high neutron con-
centrations. This conclusion results from the observa-
tion that for the heavy elements the heavy isotopes are
much more abundant than the lightest isotopes. If
neutrons are not involved one must resort to charged
particle reactions and quite high temperatures, and it
would be difficult to understand the observed char-
acteristics of heavy nuclei.

Mayer and Teller have examined the hypothesis that
the heavy nuclei are fragments resulting from the
break-up of a “cold” nuclear fluid consisting primarily
of neutrons. The break-up of the primordial nuclear
fluid is assumed to be similar to fission processes, except
that the source nuclei may be much heavier than those
now known. Because of their high charge these nuclei
break up, yielding highly excited fragments with large
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neutron excess. These fragments in turn should undergo
neutron evaporation and eventually B-decay, and be-
come, in this theory, the present heavy nuclei. The
difference between “cold” nuclear fluid and a com-
pressed hot nucleon gas, the latter being involved in
the non-equilibrium theory previously discussed, lies
in the specification, according to Gamow and Critch-
field [61], of a so-called critical temperature of the
nuclear fluid. Mayer and Teller have assumed that the
temperature was sufficiently low so that the nuclear
fluid was essentially a liquid.

Without considering at this point a polyneutron
model to serve as the source for the break-up process,
one can examine the possible consequences of such a
break-up in terms of the isotopic abundance ratios
which might result. The neutron content of a frag-
ment of charge Z is not fixed, but the-average value of
N should depend on the properties of the polyneutron
prior to the break-up. Mayer and Teller assume that
the ratio N/Z does not vary widely, and that in the
break-up process the probability of finding a fragment
with various internal energies can be represented by a
Gaussian distribution. These fragments will lose neu-
trons successively by evaporation until finally there
will not be sufficient excitation energy to evaporate
another neutron and the process terminates. The
probability of the process terminating at a definite
isotope with neutron number N is taken to be

—Ep(No, Z)1/s7*,

where Ep(N,Z) is the binding energy of an isotope
containing N neutrons, Eg(No, Z) is the binding energy
of the nucleus for which the probability is a maximum,
sp=s7(Z) is the isotope spread for a given Z, and F(Z)
is a normalization factor. The factor [Ez(V, Z)
—Eg(N—1, Z)] is, of course, the binding energy of the
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last neutron. Mayer and Teller have examined Egq.
(144) for several sets of isotopes, using for the mass of
an atom the semi-empirical formula [2, 24, 114]

M=A4—0.00081Z—0.00611440.0144*
+0.083[(4/2)— ZPA~+0.00062722A—+5, (145)

where =0 for odd 4, and §=F0.0364"% for even A-
even Z and even 4-odd Z, respectively. This expression
for M does not take into account stability fluctuations
such as occur for the magic number nuclei. Conse-
quently, Mayer and Teller restricted their attention to
the region 62=Z=78 in which the influence of shell
structure is not important. From Eq. (145) one may
calculate the value of Z for a given A for which the
binding energy is a minimum. The points (Z, 4) so
determined define a stability line, and the observed
asymmetric isotopic abundance distributions require
that the maximum of the Gaussian distribution lies at
higher N then that on the stability line for a given Z.
In making their calculations they have assumed that
if (N,Z) lies on the stability line, the quantity
[Ep(N,Z)—Egp(No,Z)] is a constant whose value
they have taken as 0.03569 mass unit. The spread
s7=0.02415 mass unit was so chosen that the abundance
of the lightest isotopes best fit the observed values.
The results of their calculations are shown in Fig. 22
where they are compared with observed isotopic abund-
ances as tabulated by Seaborg and Perlman [1297].
The agreement is quite good. This calculation appears
to give and even exaggerate the variations of abun-
dance with A4 which have been attributed to the
“shielded” elements. Mayer and Teller suggest that
these abundance calculations can be improved in several
respects. First, one should take into account, in deter-
mining Ep, the nuclear shell structure. Second, one
should include the effect of the observation, in studies
of nuclear fission, that in some cases $-decay can be
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followed by further neutron evaporation when this
evaporation leads to a “magic number” nucleus.
Finally, one should account for the possibility of the
recapture of evaporated neutrons. Such neutron cap-
ture would affect the final abundance distribution ac-
cording to the neutron-capture cross sections.

According to Mayer and Teller, the even-odd abun-
dance variation may be understood as resulting from
the fact that for large neutron excess in the original
nuclear fluid, structural units similar to a-particles
would be favored over the much less stable triton con-
figurations. This would be reflected in a predominance
of even Z fragments in the break-up process.

The polyneutron model considered by Mayer and
Teller as a starting point for the break-up process is
assumed to be a configuration of nuclear fluid, which
cannot spontaneously disintegrate into free nucleons
and whose mass is less than that of a star. The latter
qualification avoids the necessity of discussing the
effects of gravitation and general relativity. However,
B-decay can go on, with two results. The product pro-
tons will combine and form principally e-particle con-
figurations, while the electrons, whose escape would
soon make B-decay impossible, can remain in so large
a “nucleus” and neutralize the positive charges. Con-
siderations of the stability of tritons and a-particles
indicate that when the electron density reaches a value
such that the zero-point energy of the electrons is the
same as the energy release in triton formation, 8-decay
will cease. One then has a thin atmosphere of electrons,
whose thickness is about 6X10™' cm. This electron
atmosphere is shown to reduce, and, in fact, render
negative the surface tension forces of the polyneutron,
because electrostatic repulsion between the electrons
will exceed the surface tension due to nuclear forces.
Examination of the surface stability properties of the
polyneutron indicates that droplets of fluid will break
off and their dimensions will be of the order of the
thickness of the electron atmosphere. Teller and Mayer
have shown that the charges of these droplets should
spread over the whole range of known atomic numbers
and well beyond. In the present state of this theory,
no estimate has been made of the relative abundances
of nuclear species to be expected. However, the pro-
posed polyneutron model leads to a break-up process
and is apparently consistent with the proposed scheme
for predicting isotopic abundance ratios.

An interesting application of the work of Mayer and
Teller might be to the freezing-in problem confronting
equilibrium theories of element formation. If in the
“explosion” of configurations in which there is an equi-
librium distribution of nuclei, there appear fragments
of very neutron-rich material one might apply these
ideas in examining the behavior and final form of these
fragments. As a theory of element formation per se the
work of Mayer and Teller involves certain difficulties
[61]. The role of a “cold” primordial nuclear fluid
either in the initial stages of the expanding universe or
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in any kind of stellar structure is not clear. Further-
more, it would appear that completely different mecha-
nisms would be required for the formation of light and
heavy nuclei. These mechanisms would have to be ex-
amined to see if they are consistent with one another
and if they lead to the observed abundance distribution
of elements. In any event the break-up hypothesis
should be examined further if only for the reason that
it predicts quite successfully the observed isotopic
abundance distributions among the heavy elements.

(f) Element Formation and Cosmology

The explanation of the observed relative abundance
distribution of the elements is of interest not only in
understanding the nature of the distribution in terms
of nuclear properties but also because in this way one
can examine the physical conditions which must have
prevailed in the locale of element origin. The latter
information provides a link between the element form-
ing process and cosmology or stellar structure. In the
case of equilibrium theories of element abundance it
has been seen that there are essentially two points of
view, namely, formation in some kind of prestellar body
or continuously in special types of stars [see Section
III(b)5]. In the former case Klein [97] has considered
the cosmological implications of prestellar bodies but
as yet no conclusions can be drawn as to the nature of
the non-static solutions. With regard to element forma-
tion in special types of stars the cosmological model is
involved insofar as these stars must fit into any general
theory of stellar structure and evolution.

In the case of the neutron-capture theory it has been
seen that the calculation of theoretical abundances
involves the specification of a particular cosmological
model. It is of interest to consider the possible informa-
tion that results from the specification in this theory of
physical conditions at a given epoch. It will be recalled
that each of the several attacks on the non-equilibrium
capture theory of element formation has yielded values
of the temperature and matter density during the period
of element formation. In general the physical conditions
obtained are consistent with one another.

Alpher and Herman [9] have examined the time
dependence of the temperature, of the densities of
matter and radiation, and of the proper distance in the
expanding universe under the following conditions. On
the basis of the neutron-capture theory in the expanding
universe it appears reasonable to take at (=670 sec.
after the start of the expansion

pm=210"% g/cm?,

=21 g/cm¥(T=20.6 X 10°°K).
In order to examine the behavior of the various quan-
tities up to the present epoch it is necessary to specify,

say, the density of matter now, pn, and for this the
following value has been taken

pmr» =103 g/cm?.

(146a)

(146b)
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From Eq. (91c) one can then calculate p,, the present
density of radiation (the residual radiation density
from the expansion alone), as

prr=10"% g/cm?. (146¢)

This value of p,» corresponds to a temperature now of
about 5°K. Using the proper distance ! and /, as already
defined [see Section IV(b)], one may determine the
constants @ and ® in Eq. (91). With the densities
given in Eq. (146), @=1 g and ®=10% g cm. These
values of @ and ® fix the dependence of p, and p, on
time through L(=1/l,). The time dependence of L may
be found from Eq. (93) while the time dependences of
pmy pr, and T may be found from Egs. (91) and (99).
The result of this calculation is given in Fig. 23 where
it may be noted that all the quantities plotted bear
simple relationships with time to within one or two
orders of magnitude of the time when the universal
expansion changed from one controlled by gravitation
to one of free escape. This transition, which depends
on the relative magnitude of the two terms in Eq. (92),
occurs in this case in the region 10¥-10" sec. Further-
more, this transition is such that earlier than the
transition, p,> pn, while later p,,> p,. After this transi-
tion the plotted quantities again become simple func-
tions of the time and it may be shown, on the basis of
the discussion in Section IV(b), that one has for large ¢
the following approximate relationships:

L=K2§t,
Pm= (PM"/K2*)F37
pr=(py/ K™,

T=[(p,)/(a. KN,

where the notation is that of Section IV(b). These
results are somewhat altered if one takes the cosmo-
logical constant A as being different from zero. In
particular, it can be shownY{ that with the physical
conditions already discussed, one obtains A=8.6X10"%
sec.”? if the present epoch is taken as fp= 10" sec. The
corresponding unit of radius of curvature, and therefore
the radius of curvature at the present epoch [see Eq.
(90a)], is found to be 5X10*(—1)} cm. In any event
the physical conditions discussed appear to indicate
that the universe is in a freely expanding state and is
of the open hyperbolic type. In order to study the
sensitivity of the time dependences of L, pm, pr, and T
with respect to the choice of physical conditions at a
given epoch, the following additional set of density
values have been considered:

om=21.78 X 10~ g/cm?,

pr=1 g/cm’,
pm=2107% g/cm?,

(147)

and

(148)

and
02210738 g/cm?(Thow=21°K).

99 The authors’ calculations concerning the cosmological
constant are given by Gamow [60].
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The results of the calculations using Eq. (148) are
shown in Fig. 24. The significant difference between
this and the previous case considered is that the
transition from a controlled to a free universal expansion
occurs at about ¢=10' sec.

The specification of the physical conditions in the
expanding universe as functions of time should make
it possible to examine a variety of cosmological prob-
lems, including, for example, the origin of cosmic
radiation, the formation of molecules, and the conden-
sation of galaxies. If it should prove that cosmic radia-
tion is a universal phenomenon then its characteristics
should perhaps be connected with the original element-
forming process.|| | It seems feasible also to examine
the possible origin and abundance distribution of mole-
cules and perhaps grains in the prestellar phase, since
one now has information concerning the temperature,
density, and abundance distribution of nuclei in the
expanding universe. This study should prove in some
respects to be formally similar to the non-equilibrium
theory of element formation. As the temperature in the
universe drops below the dissociation energies of mole-
cules, nuclei which have previously captured some elec-
trons would form the various kinds of molecular species.
Their relative abundances should be related to the
original nuclear distribution and to the probability for
formation of the particular molecular species. Qualita-
tively, at least, the most abundant molecules might be
expected,to be simple combinations of H, C, N, O, and
Fe. Clearly, calculations of this kind compared with
observed molecular abundances in the solar system
would have an interesting bearing on the nature of the
formation of the planets [102].f

While it is not feasible in this review to give anything
in the way of a survey of cosmological consequences, it
is of interest to discuss briefly an example of the kind
of study that one can make using the cosmological
model whose constants are based on the neutron-capture
theory of element formation. Recently, Gamow [58]
suggested that the galaxies may have condensed at the
transition time, i.e., the time when p, became equal to
pm- At this time, ¢,, when matter begins to take over
the principal role, the previously homogeneous material
might break-up into separate bodies which subsequently
separate due to the expansion. As a rough approxima-
tion to a condition for condensation, Gamow [59-61]]
has applied the Jeans’ principle of gravitational insta-
bility [88, 1307]. This criterion which gives the diameter,
Deg, of a condensation may be written in the following
form

Dg= (57kT.)/(3Gmopm,.), (149a)

|| || For example, see Lemaitre [106] for some interesting views
in this connection. However, with the cosmological model con-
sidered in the present paper it seems unlikely that primordial
cosmic radiation could have survived through the early epoch of
the expanding universe when mass density was quite high.

t The problem of molecular formation and the physics of cosmic
grains in interstellar space recently has received much attention
[See, for example, F. Cernuschi, Astrophys. J. 105, 241 (1947)].
A discussion of these problems would take us too far afield.
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where T, and p., . are taken at the time of transition,
tc, when pm .= p- .. Then the mass of the condensation
is

Me=pm, Dé. (149b)

With the set of density conditions as given in Eq. (146)
one obtains for D¢ and M¢ the values 2X 103 light years
and 4X10"Mo, respectively, which are in moderate
agreement with the observed average values [9]. At
the transition time, /22107 years, pm, 2107 g/cm?
and T.226X10*°K. If the Jeans’ criterion was satisfied,
the separation between condensations of diameter Dg
would also have been of the order of D¢. This separation
distance would then have increased because of the
expansion, whereas the condensations themselves would
not have expanded. From the time variation of proper
distance one may compute the present separation of
condensations to be about 108 light years in agreement
with observed separations. For the set of densities
given in Eq. (148), on the other hand, one obtains
Dg=1 light year, M=3X10%Mo, t=26X10? years,
Pm, 21071 g/cm?, and T, =210%°K. Clearly the calcu-
lation is very sensitive to the choice of densities. It
may be pointed out that one should not use for these
calculations extrapolations of the approximate equa-
tions for T, pn, and p, as functions of time which are
valid only for early ¢ [7, 9, 597. This would lead to a
I, greater than the present age of the universe.

The classical Jeans’ stability criterion is not actually
valid [9, 60, 131] here, since it does not take into ac-
count the possible effects of the universal expansion,
the presence of radiation, the low matter density, and
relativistic effects due to the large-scale phenomena
involved. Lifshitz [1087] has recently investigated
gravitational instability in non-static isotropic models
of the universe and has shown that arbitrarily small
perturbations of the field and of the distribution of
matter either decrease or grow so slowly as to be
unimportant in the formation of condensations. This
problem has also been examined by Gamow, Metropolis,
Teller, and Ulam [60] who arrived at the same conclu-
sion. However, the effects of radiation were not con-
sidered in either case nor were finite perturbations.
The latter authors have recently modified this conden-
sation problem by taking into account the effects of
radiation [60]. They have shown that in the expansion
of the universe the difference in the specific heats of
radiation and of matter would result in the temperature
of matter lagging the temperature of radiation according
to

(T,—Tw)/T»=10"24(years). (150)

At the time /=107 years, when galaxies are presumed
to have formed, the lag is about 0.01°K. This small
temperature difference nevertheless gives rise to a
strong interaction between particles which may be
described as a ‘“‘shadow-casting” effect in analogy to
radiation pressure phenomena. These forces vary with
distance in the same way as gravitational forces and
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should assist in overcoming the expansion in the forma-
tion of condensations. Quantitative calculations are in
progress concerning the possibility of galactic formation
involving these ‘“‘mock-gravity” forces.* It would
appear from their work that an increase in the value
found for the density of matter in the universe at the
time of element formation would help to understand
the possibility of forming condensations. This required
density increase is consistent with the apparent need
for a higher density to bridge the gaps at A=35 and 8
in the non-equilibrium theory of element formation
[see Section IV(d)2].

Certain recent developments in cosmological theory
are perhaps intimately connected with the problem of
the origin and relative abundances of the elements
since they involve the intriguing possibility of matter
creation [109a]. Perhaps the earliest suggestion of this
kind was that of Jeans [887] who conjectured that in the
centers of galaxies there might be singular points
through which matter entered the universe. More
recently Dirac [41] hypothesized the time variation of
many of the universal constants and in particular
pointed out that a decrease in the constant of gravita-
tion with time would require an increase in the amount
of matter throughout the universe. Jordan [96] has
developed a cosmological theory involving time-de-
pendent universal constants and has suggested that not
only does matter somehow enter the universe continu-
ously with time but that the matter enters as “drops”
containing about the same number of elementary
particles as in presently observed giant stars (S0Mo).
In Jordan’s theory the conservation of energy is pre-
served. Bondi and Gold [26], and Hoyle [81, 82]
consider stationary universes showing expansion prop-
erties associated with the continuous creation of matter
everywhere at small rates. Hoyle suggests that this
matter may enter the universe in the form of neutrons
which decay into protons and yield the predominant
abundance observed for hydrogen. All of these ideas
obviously are pertinent to the question of the origin
and relative abundances of the elements and their
further development should prove quite interesting.

(g) Discussion

The neutron-capture theory of element formation
predicts the general trend of the observed relative
abundance data. This degree of success has been ob-
tained with a theory which involves the specification of
essentially only one free parameter, namely, the density
of matter during the formation process. However, the
non-equilibrium theory is seen to be intimately con-
nected with the choice of a particular cosmological
model. Failing the successful demonstration of the
survival of an equilibrium distribution of elements
through a freezing-in process, it seems to us at present

* Gamow (private communication) informs us that these addi-

tional forces are apparently not yet sufficient to provide a mecha-
nism for condensation.
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more reasonable to suppose that the elements were
formed in the prestellar state of the universe. This
would seem to require a non-equilibrium theory of
element formation.

The inclusion of the stability properties of atomic
nuclei would appear to explain moderately well some
of the detailed features of the abundance data. The
detailed nature of the formation processes for the very
light elements has been examined and found to be
consistent with the picture proposed but this study
leads to the principal difficulty in this theory which is
as yet unresolved. This difficulty concerns the non-
existence of nuclei of atomic weights 5 and 8. A some-
what similar difficulty exists in connection with the
magic number nuclei in that the formation process must
by-pass these nuclei of abnormally low neutron-capture
cross section. The quantitative demonstration that the
shielded elements are indeed the result of (y,n) pro-
cesses has yet to be made. The theory in general is in
a quite approximate state at the present time and it
remains to be seen whether detailed calculations, which
would appear to be extremely difficult, will satisfactorily
explain the detailed features of the abundance data.

V. SUMMARY

The following brief summary is presented in order to
emphasize what the authors believe to be the successes
and the major difficulties of the several theories of the
origin and relative abundance distribution of the
elements which have been discussed.

Equilibrium theory applied to an assembly at a single
density and temperature does not reproduce the ob-
served relative abundance distribution. However, gen-
eral agreement with the observed distribution can be
obtained by considering an equilibrium assembly in a
spatial configuration in which the density and perhaps
the temperature vary with position. The specification
of these physical conditions then defines the nature of
the configuration or stellar model. Such an approach
has led to the concept of element formation in an
isothermal material prestellar body embedded in a sea
of radiation. In another approach it is considered that
the elements are formed in dehydrogenized, collapsing,
rotating stars, where it is supposed that the conditions
attained in the stellar interior give rise principally to
elements in a certain narrow range of atomic weights.
The entire abundance distribution is then presumed to
be the consequence of the existence of a variety of such
collapsing stars with differing initial physical conditions.
Such stars have been identified with novae and super-
novae. One of the principal difficulties with an equi-
librium theory lies in the fact that no mechanism has
yet been proposed for the explosion of the “prestellar”
radiation stars, while in the case of novae it is generally
believed that chiefly surface material is ejected in the
outburst. In this latter case, therefore, it is not clear
how the elements formed in the interior would be dis-
tributed throughout space. Circulation in the collapsing
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novae would not appear to improve the situation since
the equilibrium distribution would shift with radial
position in the star. In the case of supernovae, which
have been suggested as the source for the heaviest ele-
ments, the explosion may be of such nature as to disrupt
the entire star and perhaps leave no remnant. In general,
however, it is as yet not possible to understand how any
nuclear equilibrium that might have been established
could survive in anything like its original form through
the changing physical conditions associated with an
explosion required to distribute material homogeneously
throughout the universe. A specific difficulty in an
equilibrium theory lies in the lack of a significant
correlation between the computed and observed detailed
variations in abundance from element to element.
Finally, the observed isotopic abundance ratios do not
seem to be compatible with an original nuclear equi-
librium.

A non-equilibrium theory of element formation
requires the specification of detailed nuclear processes,
principally successive radiative capture of neutrons
with intervening B-disintegration. Since there appears
to be good reason to suppose that the elements were
formed in the prestellar state of the universe, it is also
necessary to specify a cosmological model. The general
trend of the observed relative abundance distribution
has been successfully reproduced by a non-equilibrium
theory. The details of the abundance distribution in
most respects appear to be understandable at least
qualitatively and in some cases semi-quantitatively.
The major difficulty faced by this theory is the non-
existence of nuclei at atomic weights 5 and 8 with the
consequence that a formation chain through the lightest
elements has not yet been constructed. There is at
present no quantitative demonstration that such de-
tailed features as the iron peak, the magic number
peaks, the shielded isobars, and isotopic abundances
are consistent with the non-equilibrium theory that
has been formulated. However, this theory is flexible
in the sense that the many secondary phenomena not
yet included in the theory are of such nature as to
indicate the successful prediction of the detailed features
of the data which now lack quantitative explanation.
It appears to us that another attractive feature of the
non-equilibrium theory is that it fits in with the gen-
erally accepted picture of the early stages and present
structure of a homogeneous, isotropic, expanding
universe.

The polyneutron fission theory has had considerable
success in predicting relative isotopic abundances.
However, with this theory and with theories of “matter
creation” the supposed initial conditions seem improb-
able to us at the present time. It is not yet possible to
say whether these approaches can lead to a consistent
theory of the origin and relative abundance distribution
of the elements.

The authors have attempted in this review to bring
together the rather large amount of work that has been
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done on the problem of the origin and relative abun-
dance distribution of the elements. It should be clear
from the discussions given that this subject is far from
being in a settled state and it is hoped that this study
will serve to point up many of the interesting problems
that remain.
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