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1. INTRODUCTORY REMARKS*

A MATHEMATICAL theory of mesons in
interaction with nuclear particles can today

be based only on the quantum theory of fields.
Classical theories may occasionally serve as an
illustration, but in the actual problems quantum
theory is, of course, indispensable: mesons must

, be described by quantized meson fields. This has
the grave consequence that meson theory shares
with quantum electrodynamics the we11-known

defects, and the search for remedies to these
defects is indeed a prevailing feature in recent
literature on meson theory. There are more
modest and more pretentious theories, regarding
the requirements of internal consistency and
relativistic invariance. The most unsophisticated
approach to the problems is to apply the ordinary
perturbation methods (expansion with respect to
an interaction parameter) and to omit higher
order terms although they may be large or even
infinite. General correspondence arguments, or
the hope of justification by future theories, may
be quoted in favor of this procedure, which
imitates the usual procedure in quantum electro-
dynamics where it seems to give correctresults.
However, the nuclear forces, which are supposed
to be caused by the interaction of the nucleons
with the meson field, are rather strong forces in
comparison with the electromagnetic forces,

* See the appendix for a summary of notation.

which means that the expansion parameter of
perturbational calculations in meson theory is
considerably larger than the corresponding pa-
rameter in quantum electrodynamics (Sommer-
feld's fine-structure constant). Therefore, it may
be thought that the conditions are, in meson
theory, more favorable to an expansion into
falling rather than rising powers of the coupling
parameter. This kind of expansion is character-
istic of the strong coupling theories. ' Here the
self-energy problems present themselves in a
somewhat different form: If the nucleon is as-
sumed to have a small but non-vanishing'radius
u, the convergence of the strong coupling ex-

' pansions is improved by choosing smaller values
of a; but in the limit of a point source, a—+0, the
inertia eA'ects of the meson field become infinite. '
No way to avoid this dilemma has been dis-
covered so far, and this has been obstructive to a
relativistic description of nucleons in the strong

'
coupling theories. On the other hand, several
attempts have been made recently to subtract the

infinities of the quantized field theories without
violating the relativistic requirements. We men-
tion here' the )-limiting procedure, eventually
.supplemented by Dirac's new method of field
quantization, Heitler's and Peng's theory of
radiation damping, and Stueckelberg's theory
which is based on Heisenberg's 5 matrix scheme.

' See Section 4.' Except in the case of the scalar field; cf. footnote 26.' For quotations see section 5.
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All
'

these subtraction theories are essentially
weak coupling theories, using expansions ac-
cording to rising powers of the interaction
parameters.

Even from this superficial survey of the present
situation it is clear that "meson theory" and
"meson theory" may be very different theories.
This should always be remembered in confronting
the theory with experimental results. Moreover,
a particular theory may be apparently adequate
in one respect and quite insufhcient in another.
If, for instance, certain theoretical cross sections
are found to be in agreement with experimental
data, such a statement will hardly prove very
much, whereas it might be much more valuable
to state a definite disagreement enabling us to
rule out particular theories. Therefore, in the
following report on recent theoretical work, such
items have been selected which are apt to reveal
the deficiencies and weaknesses of the various
theories rather than their positive achievements.
The balance of such a review is rather embar-
rassing: none of the theories worked out so far
proves to be entirely satisfactory. Does this mean
that meson theory should be rejected altogether?
One will certainly hesitate to do so today, con-
sidering the unsettled condition of the quantum
theory of fields. It should also be kept in mind
that the basic ideas of meson theory are sup-
ported, though only qualitatively, by several
striking facts: (1) the approximate equality of
the range of nuclear forces and the Compton
wave-length of cosmic-ray mesons, (2) the P-decay
of the meson which has been found more or less
in accordance with Yukawa's predictions, and
(3) the anomalies of the magnetic moments of the
proton and the neutron, which seem to indicate
the presence of a meson cloud around the nucleon.
All this may be encouraging for further theo-
retical work. But a definite judgment on meson
theory must be postponed until a very marked
progress in relativistic quantum theory is
accomplished.

2. CO, NCERNING THE CHOICE OF
THE HAMILTONIAN

Cosmic-ray experiments provide some informa-
tion about the fundamental properties of mesons,
but more complete and reliable evidence would
be highly desirable. Meson masses (rest masses)

ranging4 ' from about 20 to nearly 1000 electron
masses have been reported; but, unfortunately,
the accuracy of most measurements seems to be
rather poor, and the reality of the mass spectrum
may, therefore, be doubted. In meson-theory one
generally assumes one, or at most tmo, mass
values. In order to determine the sPin of cosmic-
ray mesons, the shower production by mesons'
has been compared with the theoretical predic-
tions the result is in favor of spin 0 or —,

' and
seems to preclude spin 1; but spin 1 mesons with
shorter lifetimes may be present in the higher
layers of the atmosphere. ' Spin —,'mesons are only
acceptable in meson pair theories, where the
elementary process assumed is the emission by
the nucleon of a meson pair (instead of a single
meson, as in the ordinary or Yukawa theory).
However, the pair theories fail to account for the
spin dependence of the nuclear forces, ' and we
want to disregard them here. So we are left'with
mesons of spin 0 (scalar or pseudoscalar fields)
and possibly spin 1 (vector or pseudovector
fields).

The existence of neutral mesons ("neutrettos")
will be diAicult to prove from cosmic-ray observa-
tions alone. It is well known that meson theory
has to assume neutral mesons in order to account
for the charge independence of nuclear forces
which has been inferred from the proton-neutron
and proton-proton scattering data (equality of
the 'S-potentials in both cases). There are two
kinds of theories which warrant automatically
the charge independence of the forces: Kemmer's
charge-symmetrical theory which introduces both
charged and neutral mesons in a symmetrical
manner, "and Bethe's "neutral theory" in which
only neutral mesons are supposed to have an
interaction with nuclear particles. "This neutral
theory, however, can hardly be said to conform to

H. Maier-Leibnitz, Zeits. f. Physik 112, 569 (1939).
See also J. A. Wheeler and R. Ladenburg, Phys. Rev. 60,
'754 (1941).

5L. Leprince-Ringuet, lecture to the Physical Society,
Zurich, 1945.

6 M. Schein and P. S. Gill, Rev. Mod. Phys. 11, 267
(1939); R. E. Lapp, Phys. Rev. 64, 255 (1943).

~ R. F. Christy and S. Kusaka, Phys. Rev. 59, 414
(1941);S. B. Batdorf and R. Thomas, Phys. Rev. 59, 621
(1941).

H. Snyder, Phys. Rev. 59, 1043 (1941).
W. Pauli and Ning Hu, Rev. Mod. Phys. 1V, 267

(1945);J. M. Blatt, Phys. Rev. 69, 285 (1946)."N. Kemmer, Proc. Camb. Phil. Soc. 34, 354 (1938)."H. A. Bethe, Phys. Rev. 55, 1261 (1939).
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the primary ideas of meson theory. In fact, the
range of nuclear forces and the P-lifetimes of
nuclei are in such a theory determined by the
mass and P-lifetime of a neutral meson, which is
entirely different from the charged mesons ob-
served in cosmic radiation. So just those features
which made Yukawa's theory so attractive, when
in 1937 the cosmic-ray meson was discovered, get
completely lost in the neutral theory. Moreover,
this theory fails to explain the magnetic anomalies
of the nucleon, since a neutral meson cloud gives
no contribution to the magnetic moment. The
neutral theory should, therefore, not be taken too
seriously. The following discussion is confined to
charge-symmetrical theories, except in cases
where general problems are more easily ex-
emplified by other theories.

If only one kind of meson field is admitted, the
scalar field can be discarded since it cannot
interact with the nucleon spin; hence, for in-'

stance, there would be no explanation for the
magnetic anomalies of the proton and rieutron,
apart from other deficiencies. Little attention has
been paid to the pseudovecfor theory, presumably
on account of the fact that it gives rise to re-
pulsive forces in both 5-states of two-body
problems according to the weak coupling ap-
proximations;" but it seems that this theory has
never been investigated by means of the strong
coupling approximation. As to tlie pseudoscalar
and vector theories, 'the difficulties are less obvi-
ous. It will be our main task to discuss the more
subtle problems in which these difficulties appear.

For reference purposes we list in the appendix
the Lagrangians of the pseudoscalar and vector
fields in interaction with a nucleon field."

3. THE TENSOR-FORCE. MglLLER-ROSENFELD
AND SCHWINGER MIXTURES

%e start with the discussion of the tensor-force
problem, because here we can simply make use of
the plain perturbation theory (usual second-
order approximation). In fact, since only argu-
ments concerning sign and'order of magnitude
are essential, both the strong coupling and the
subtraction theories lead to the same conclusions.

For the same reason we need only consider the
static forces (which are derived assuming the
nucleons to be at rest). Eventual close distance
forces (b-potentials) are always supposed to be
eliminated by virtue of suitable additional terms
in the Lagrangian.

With these restrictions, the two-body potentials
resulting from the pseudoscalar and vector,
charge-symmetrical theories can be written

ci 1 tl exp( —p„r)
+g, 'Tr ——— , (1)

Br r Br 4mr

o', e", ~', ~" are the spin and isotopic spin vector
operators of the two nucleons, and T is the
tensor-force operator

I II 1.
(

I II)

(the suffix r, indicates the projection on the
relative coordinate vector). Introducing the total
spin vector s = z(e'+o"), we have

(e' e")= 2s' —3 T= 2 (s ' —-'s') (3)

The eigenvalues of the operator (e'.e") are —3
(spin-singlet, s'=0) and +1 (spin-triplet, ss = 2);
equally the eigenvalues of (~' ~") are —3
(charge-singlet) and +1 (charge-triplet).

In a qualitative discussion of the two-nucleon
problem it is convenient to consider the tensor
interactions as small perturbations. Neglecting
the tensor-force in a zero-order approximation,
the interaction W„, is attractive both in the S
state t

(e' e")=1, (~' ~")= —3] and in the 'S
state $(e' e")= —3, (~' ~")= 1],and the same is
true for W„provided that (g, /f, )' is chosen
sufficiently small. "In the next approximation, on
account of the coupling between spin and orbital

"Cf. N. Kemmer, Proc. Roy. Soc. 166, 127 (1938),
where "charged" theories, including the pseud ovector
theory, are investigated. In the charge-symmetrical theory,
only the isotopic spin factor in the potential has to be
altered in the well-known way (see reference 10).

"The term ~(g,p,)' in 8', arises from the interaction
of the longitudinal vector mesons with the nucleons. In
the strong coupling vector theory, no such term: appears in
W„ if (g„/f„)'&4/3; cf. G. Wentzel, Helv. Phys. Acta 16,
55i (1943).
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3 3p p+ +
r3 r2 r

exp( IJ,r). (4)—

Such a potential, with its strong singularity at the
origin (r =0), is inadmissible in wave mechanics
(there would be no lowest energy level). It is true
that at short distances the non-static forces are
no more negligible, but they do not improve the
situation. In the X-limiting theory (cf. Section Sa)
the potentials (1), (2) have been derived only for
distances r large compared with a certain critical
length, " and perhaps there may be some hope
that the subtraction theories will succeed in
eliminating those inadmissible singularities. But
for the time being, the only remedy (in the pure
pseudoscalar theory) is to cut off the potentials at
shorter distances, by adopting an extended source
model of the nucleon. This, of course, means
falling back on a non-relativistic description of
the nucleon.

According to (1) the isotropic potential in W~,
is the same for the 'S state as for the deuteron
ground state ('S+'D), since in both cases
(~' ~")(o' o")= —3; the difference of the two
energy eigenvalues (that is to say, practically the

'4 J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, and J. R.
Zacharias, Phys. Rev. 55, 318 (1939) and 5'7, 677 (1940).

"W. Pauli, Phys. Rev. 64, 332 (1943).

motion, the Schrodinger function of the. triplet
state (s'=2) loses its spherical symmetry and
becomes a 'S+'D mixture, and the corresponding
charge distribution of the deuteron gives rise to
an electrical quadrupole moment N.ow, for this
state, the factor of s„' (or T) is negative in W~„
positive in W„. Thus, the Pseudoscalar theory
favors larger values of (r s)', and, therefore, the
charge distribution in the deuteron ground state
will be stretched along the spin axis ("cigar
shape"), in accordance with the sign of the
quadrupole moment as it was determined experi-
mentally by Rabi and his co-workers. "On the
other hand, the pure vector theory gives the wrong
sign and can, therefore, be ruled out.

Unfortunately, the pseudoscalar. theory too
proves to be unsatisfactory, if a rigorous calcula-
tion is attempted. A first difficulty arises from the
r-dependence of the tensor-force potential,

8 1 cj exp( —yr)
r———
t9rr Bf r

whole binding energy of the ground state) must
be caused by the tensor-force. Now, if the po-
tentials are cut off at small distances only (cut-off
radius a((p '), the tensor-force is still quite
strong at small and intermediate distances, and
one will suspect that the energy difference of the
two states will turn out to be much too large
(&)2 Mev). In fact, Ferretti' has proved that, in
order to fit the two energies, the cut-off radius has
to be chosen unreasonably large (a&p '), no
matter what potential is assumed for r&a. In
this respect, even the subtraction devices, as for
instance the X-limiting device, can be of no help.
This seems to justify a final verdict on the pure
pseudoscalar (charge-symmetrical) theory.

There remains the possibility of mixing differ-
ent meson fields (by adding their Lagrangians, cf.
the appendix). In particular, mixtures of pseudo-
scalar and vector fields have been considered by
Mpller and Rosenfeld, '" and by Schwinger. "The
two-body forces are found to be plainly additive
(W;„=W„,+W„), both in weak and strong
coupling approximations. From (1) and (2) it is
readily seen that in the pseudoscalar-vector
mixture theory the inadmissible singularities of
the terisor-force can be removed without "cutting-
off." Manlier and Rosenfeld proposed to assume

p„,=p„,
~
g„,

~

=
~
f; in this case the tensor-force

terms in the static potential S'„;„cancel com-
pletely, and relativistic corrections must be made
responsible for the electrical quadrupole moment.
However, Ning Hu, " by a more rigorous in-
vestigation of the relativistic corrections, has
proved that, choosing the constants such that the
inadmissible singularities cancel, the quadrupole
moment vanishes in the same approximation. On
the other hand, Schwinger" has observed that for
eliminating the r ' and r ' singularities it is
sufficient to assume

~ g„, ~

=
~ f„~, but p, Wp„.

This is easily verified by expanding the expres-
sion (4) into rising powers of pr:

8 1 8 expL —yrj 3 u'
r——— ~ ~ ~

7

Brr 8r r r' 2r

"B.Ferretti, Rice'rca Scient. IQ, 993 (1941), appendix.
Another failure of the pure pseudoscalar theory, regarding
Yukawa's theory of the P-decay, has been pointed out by
E. C. Nelson, Phys. Rev. 60, 830 (1941).

'~ C. Mgller and L. Rosenfeld, Kgl. Danske Vid. Sels. ,
Math. -fys. Medd. 1'7, No. 8 (1940)."J.Schwinger, Phys. Rev. 61, 387 (1942).

"Ning Hu, Phys. Rev. 6'7, 339 (1945).



RECENT RESEARCH I N M ESON THEORY

inserting this expansion in (1) and (2) one finds
that in W,.+W. (with ~g„, )

= ~f„~) only the
admissible r ' singularities remain. The sign of
the tensor-force is now determined by the sign of
(p„.2 —p„'), and it is easily seen from what was
said above, that the correct sign of the deuteron
quadrupole moment is obtained by assuming
p,,&p,„,. Schwinger has pointed out that this
result is satisfactory in connection with cosmic-
ray evidence: Although pseudoscalar (spin 0) and
vector (spin 1) mesons will be produced simul-
taneously in the high atmosphere, a rapid decay
of the vector rnesons can be expected, and only
pseudoscalar mesons will be observed at low
altitudes; so there is no diAiculty in explaining
Schein's and Gill's results concerning the shower
production by mesons. '

It may be remarked here, that according to
Schw&nger's theory the vector meson must indeed
be highly unstable, even if an eventual P-decay is
disregarded. Consider for instance a negative
vector meson in the vacuum. Applying Dirac's
"theory of holes" to the proton, we have to
assume all negative energy levels of the proton to
be filled up in the vacuum state. Now the
following third-order transition (speaking in
terms of perturbation theory) can take place:
First the negative vector meson is absorbed by
any one of the negative energy protons, whereby
this proton is transformed into a neutron of
positive energy, leaving a hole in one of the nega-
tive energy proton levels. In a second step the
neutron, by emitting now a pseuifosculur negative
meson, becomes a proton again and drops back
into the hole. In order to restore the energy bal-
ance, a photon will have to be emitted by any one
of the charged particles involved. As a result,
ignoring the virtual intermediate states; we find
that the initial vector meson is decomposed into a
pseudoscalar meson and a photon; this process is
indeed compatible with momentum and energy
conservation, if the vector meson is heavier than
the pseudoscalar one, according to Schwinger's
assumption. The probability of this process has
not been calculated so far, but it is certainly large
enough to explain a very rapid decay of the vector
mesons in cosmic radiation. "Unfortunately, this

"J.Hamilton, W. Heitler, and H. W. Peng, in their
paper on the genesis of cosmic radiation (Phys. Rev. , 64,
78 (1943); cf. also W. Heitler and P. Walsh, Rev. Mod.

does not exempt us from the necessity of as-
suming an additional, independent instability of
the vector meson with respect to the P-decay. In
fact, it is well known that Yukawa's theory of the
nuclear P-decay requires a meson decay proba-
bility at least a hundred times larger than that of
the observed cosmic-ray mesons. "So, if the latter
are supposed to be pseudoscalar mesons, we must
assign the higher decay probability to the vector
mesons. Certainly, such a new assumption made
ad hot.- does not improve the internal con'sistency
of the theory; on the other hand, it may-

be granted that it fits remarkably well into
Schwinger's picture.

Returning to the two-nucleon problem, we
recall that Schwinger's assumption p, )p, „,leads
to the correct sign of the tensor-force, However,
the theory does not stand the more stringent test
of a numerical evaluation. Jauch and Ning Hu'2

have carried out a numerical integration of the
wave-mechanical two-body problem with the
Schwinger mixture potential (W;„=W„,+W„,
g„, ~

= ~f„~, p„,(p,,) assumingg„=O (nocoupling
of longitudinal vector mesons). The mass of the
pseudoscalar meson is taken from cosmic-ray
measurements to be 177 electron masses. Then,
the mass ratio p„/y~, and the coupling parameter

~ g~, ~

can be determined from the binding energy
of the deuteron ground state and the energy of
the 'S state;" the mass ratio -is found to be 1.6.
Now the electrical quadrupole moment of the
ground state can be computed: the value found
is only one-third of the experimental value. The
discrepancy becomes even larger if a (g„p„)' term
is admitted in (2), since such a term would by
itself account for some fraction of the 'S—'5
energy difference; therefore, a weaker tensor-
force would be needed, and a smaller quadrupole

Phys. 17, 252 (1945)) do not mention the above process.
It is true that their work is based on Mpller's and. Rosen-
feld's mixture theory (p, =p»). But as soon as the two
mesons are supposed to have different masses, both P- and
p-dec@y of the heavier particle may occur in competition.
(Note added in proof: The p-decay is now being investigated
by M. Verde. )"H. A. Bethe and L. W. Nordheim, Phys. Rev. 5'7, 998
(1940);E. C. Nelson, Phys. Rev. 60, 830 (1941).The result
is essentially the same in the strong coupling or subtraction
theories."J.M. Jauch and Ning Hu, Phys. Rev. 65, 289 (1944).

"For the neutron-proton scattering cross section at low
energies Jauch and Ning Hu adopt the value 14.8)&10 '4
cm2 which is probably too small; but this has hardly any
effect on the numerical conclusions.
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moment mould result. Possibly non-static forces
and other corrections may improve the situation,
but it is hard to believe that they can account for
tHe larger part of the quadrupole moment.

Of course, other mixture ratios g~, /f„(with
cutting-off of the then reappearing r ' singu-
larities) might be tried, or even mixtures in-

volving other types of meson fields. But no
convincing' theory can be obtained by simply
increasing the number of arbitrary constants and
adapting them to the experimental requirements.

4. STRONG COUPLING THEORY

a. Spin-Inertia, Isobar States

In Section 1 it has been mentioned that the use
of an extended source model of the nucleon is
unavoidable in the strong coupling theory. Al-

though, therefore, only a non-relativistic theory
of nucleons can result, one outstanding advantage
of the extended source model theories is that they
afford a straightforward approach to the field-
inertia'problems. In fact, it is well known, that
Lorentz's electromagnetic theory of the electronic
mass is based on the conception of an extended
electron, whereas in point source theories the
electromagnetic mass turns out to be either infi-
nite (limit a~0) or zero (subtraction theories).
Of course, it is doubtful how much of the field-
inertia concepts will survive in the future, but
just because no definite prediction is possible it
may be considered worth while to study the
theoretical possibilities even- within the limited
scope of a non-relativistic theory.

In the electron theory it is customary to con-
sider only the inertia with respect to translational
accelerations. However, in the case of a nucleon
surrounded by a meson field, since the nuclear
forces are known to be spin-dependent, also
rotational accelerations become of importance.
Let us, for the moment, consider a classical
particle in interaction with a field. If the particle
is interpreted as an extended source of the field,
its self-energy can be calculated in a non-
relativistic approximation. In general, the self-
energy will comprise a translational term (p'/2m)
and a rotational term (for instance P'/2C, where
P=angular momentum). If no rotational forces

/

are active, the second term is constant and can be
ignored. This may be true for the electron, but

the situation is different in the nucleon case, on
account of the spin-dependence of nuclear forces.
At least from the standpoint of the extended
source model theory —disregarding arguments
taken from subtraction theories —there is no
reason why the rotational term should be insig-
nificant. In quantum theory, where the angular
momentum is quantized, the rotational energy
will give rise to excited states with higher spin
values. If the field is charged and coupled with
the charge coordinate ("isotopic spin") of the
nucleon —e.g. , in the charge-symmetrical theories—the charge degree of freedom also contributes
to the "rotational" self-energy, and the excited
states can belong to higher charge values too. Of
course, this result may be expressed by saying
that mesons can be bound by the "bare" nucleon,
thus giving rise to compound nucleon states with
higher spin and charge values. . These states are
usually called "isobar states. "

A rigorous quantum-mechanical derivation of
the rotational self-energy has been achieved only
by means of the strong coupling approximation.
As to the mathematical method, we must content
ourselves with a few hints. If a nucleon of infinite
mass is considered, the nucleon field density (p*p
in the notation of the appendix) can be replaced
by a given source function B,(x) (of spherical
symmetry, vanishing outside a sphere of radius
~a«p ', J'd&'&xb, = 1), and the Hamiltonian
reduces to H =const. +H'+H', H' describing the
free mesons and H' their interaction with the
nucleon,

H'=g d&3'xb. Q„o„p„

(f„=meson field components, O„=operators in-

volving nucleon spin and isotopic spin operators,
and g =coupling parameter, for instance, g =

~
g~, ~

=
~ f, ~

in the Rosenfeld-Manlier or Schwinger mix-
ture theory). Since g is supposed to be large, a
first requirement is to make the large interaction
term H' diagonal: a unitary operator S (matrix
with respect to the spin and isotopic spin indices)
is determined such as to make 5H'S ' diagonal.
The operator H', depending on the fields canonic-
ally conjugated to the P„'s, does not commute
with S, but successive canonical transformations
can be performed to diagonalize the total
Hamiltonian in the form of an expansion with
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respect to falling powers of the coupling parame-
ter g.'4 In the pseudoscalar and vector theories
(including pseudoscalar-vector mixtures) the con-
dition which warrants the rapid convergence of
this expansion is"

("strong coupling condition"). The highest order
term ( g') is the static self-energy of the nucleon.
The next following terms describe interactions of
the free mesons with the (compound) nucleon; for
instance, the scattering of mesons by nuclei is
determined by the terms g'. The rotational
self-energy appears among the terms g '. In the
charge-symmetrical pseudoscalar, vector, and
mixture theories, it is formally equal to the
kinetic energy of a spherical top

I N M ESON THEORY
I

excitation energy to be in the order of magnitude
of 50 Mev."

It goes without saying that the question,
whether such proton isobars really exist or not, -

is of greatest importance in connection with the
self-energy problems, and it is to be hoped that
experiments with high energy machines will soon
decide this question. A theor'etical estimate of
the excitation probability can be obtained from
the strong coupling theory. The excitation by
photo-dissociation of the deuter on has been
investigated. by Jauch s7 he finds that a few per-

.. cent of the photo-nucleons should appear in
excited states, if the p-ray energy is somewhat
above the excitation threshold. According to a
paper by Lopes, "a similar yield is to be expected
in high energy collisions of protons or neutrons.

a...=—[Pf'
2C

(C is the moment of inertia and P the angular
momentum of the spherical top). The "spin-
inertia" C depends on the nucleon radius a
and the coupling parameter g according to
C g'/a. ~P~ and the projections of P on a
space fixed and a body fixed axis (speaking in

terms of the spherical top picture) have half-
integer eigenvalues: j, nt, n ( ) m ), ~

n
~

—j).
With respect to the physical nucleon, j and m are
ordinary spin quantum numbers, and n+ s is the
charge of the nucleon state. The eigenvalues of
H„g are

j(j+&)—
2C

j= ts (m = & ts, n = &-',) corresponding to the ordi-
nary proton and neutron states, and j—-', to the
excited states or "isobars. "The excitation energy
of the lowest isobars is -', C '. Choosing appropriate
numerical values for a and g, one may expect the

24 Cf. G. Wentzel, Helv. Phys. Acta 13, 269 (1940) and
14, 633 (1941):charged scalar theory. R. Serber and S. M.
Dancoff, Phys. Rev. 63, 143 (1943): charged scalar and
neutral pseudoscalar theories. W. Pauli and S. M. DancoH,
Phys. Rev. 62, 85 (1942):symmetrical 'pseudoscalar theory.

Pauli and S. Kusaka, Phys. Rev. 63, 400 (1943):
pseudoscalar, vector, and mixture theories. G. Wentzel,
Helv. Phys. Acta 16, 551 (1943): symmetrical vector
theory with 2 coupling parameters.

2s We use natural units: h=c=1; then g (g„. or f„) has
the dimension of a length. a«p, ' is always assumed.

b. Magnetic Moments and Mass Difference of
Proton and Neutron

So far we have disregarded the interaction of
the charged particles with the electromagnetic
field. If we now consider a nucleon, for example,
in a homogeneous magnetic field H, the self-
energy will contain an additional term —M

~

H ~,

3f being the magnetic moment of the nucleon.
The calculation of 3f provides a very sever'e test
for every meson theory, since it is one of the
principal claims of the theory to explain the
magnetic anomalies of the proton and neutron
as being caused by the presence of the meson
cloud.

Turning to this problem, we 'have to address
our attention to the electric currents located in
the meson cloud. In the strong coupling theory,
we here meet with a difficulty which is inherent
to the extended source model: As Pauli and
Dancoff29 have observed, one cannot define the
electric density functions in such a way that the
continuity equation, is satisfied inside the source
(where 5,(x) &0). Unfortunately, in these theo-
ries, the region inside the source gives a very

"In the limit a~0 the excitation energy would tend to
zero (C~ ~). This is why a point source is inadmissible in
the strong coupling theories, with the exception of the
scalar theory, which makes C independent of a. Cf. R.
Serber and S. M. Dancoff, Phys. Rev. 63, 143 (1943),
where the scalar theory is finally rejected on account of
the lacking saturation properties of the forces.

sr J. M. Jauch, Phys. Rev. 69, 275 (1946).
28 J; L. Lopes, Phys. Rev. 70, 5 (1946).
2' W. Pauli and S. M. Darico8', Phys. Rev. 62, 85 (1942)
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considerable contribution to the magnetic mo-
ments. However, it happens that for the station-
ary states of the compound nucleon the con-
tinuity equation is exactly fulfilled in the limit
of infinitely strong coupling (this remark is
attributed to Houriet"). So, if objection is raised
against using Pauli's and Dancoff's density func-
tions, the objection is less serious in the strong
coupling theory.

From the charge-symmetrical strong coupling
theory, Pauli and Dancoff have derived the
following expression for the magnetic moments
of the stationary states j, m, n

)cVp eCq mn

& 2 4 ) j(j+1)

(3Ep =magnetic moment of the bare nucleon,
e =unity charge, C = spin-inertia). " In particular
for the ground states j=—,', m=+ —2, n= &—', ,

one has

(3IIp eCq&=a]
E 6 12]

(7a)

the + and —signs applying to the proton and
neutron states, respectively. According to this
formula, the magnetic moments of the proton
and the neutron are equal and of opposite sign,
in contradiction to experience. The experimental
values are

physical proton = mixture
(a) bare proton+neutral meson cloud,
(b) bare neutron+positive meson cloud,

'0 A. Houriet, Helv. Phys. Acta 18, 473 (1945).
"Pauli's and Dancoff's paper deals with the pseudo-

scalar theory only, but the same formula (apart from an
eventual change in the numerical factor -„') results from the
vector and mixture theories. Cf. W. Pauli and S. Kusaka,
Phys. Rev. 03, 400 (1943)."S.Millman and P. Kusch, Phys. Rev. 60, 91 (1941)."L.W. Alvprez and F. Bloch, Phys. Rev. 57, 111 (1940).

proton: 3f„=+2.79 nuclear magnetons, "
neutron: 3f„=—1.9 nuclear magnetons. "
It is interesting to compare this result of the

strong coupling theory with the weak coupling
or perturbation theory. In either theory all
stationary states are mixtures of substates in
which the bare nucleon occurs both in the proton
and neutron states:

physical neutron =mixture
(a) bare neutron+neutral meson cloud,
(b) bare proton+negative meson cloud.

In the weak coupling case, the substates labelled
(b) are only small admixtures, and the contribu-
tion to the magnetic moment of the bare nucleon
amounts to nearly one nuclear magneton in the
physical proton state, and is practically zero in
the physical neutron state:

My —1+~meson| ~n — ~meson (8)

This is the theory of Frohlich, Heitler, and
Kemmer, '4 which cari be made to agree at least
approximately with the experimental data (diffi-
culties arising in the subtraction theories will be
discussed later). In the stro'ng coupling theory,
however, the situation is entirely changed by
the fact that the substates (a) and (b) occur with
equal probability amplitudes in either physical
state, in the limit of infinitely strong coupling.
This is the reason why in (7a) the contribution
to 3E of the bare proton turns out equal and of
opposite sign for the physical proton and neutron
states.

Of course, the cV-value given by Pauli and
Dancoff is only the leading term of an expansion
with respect to the small parameter a/g. The
next correction has been computed by Houriet. "
The sign of this correction makes M„~ )

~
M„~,

in agreement with the experimental values, but
its order of magnitude (3IIp(a/g)') is much too
small. This seems to confirm Pauli's and Kusaka's
conclusion that actually the coupling cannot be
strong. One must, however, bear in mind that
the use of Pauli's and Dancoff's electric density
functions may be objectionable in Houriet's cal-
culations, since these are not confined to the
limit of infinitely strong coupling. Nevertheless,
one has to admit that the strong coupling theory
has been unable to account for the experimental
facts in this field.

In connection herewith, there is another de-
ficiency of the theory to be mentioned. Since the
magnetic moment is determined by the self-
energy of the nucleon in a magnetic field, one
may with equal right inquire for other electro-
magnetic terms in the self-energy, even if there

'4 H. Frohlich, W. Heitler, and N, Kemmer, Proc- Roy,
Soc. 1666, 154 (1938).
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is no external field assumed. The most interesting
term here arises from the Coulomb interaction of
the meson cloud with, the bare nucleon. From the '

above mixture scheme it is obvious that the
corresponding self-energy term is zero in the
physical proton state and negative in the physical
neutron state. In the weak coupling version this
is of no importance, since the masses of the bare
proton and neutron can be chosen such as to
cancel this and other terms, and arbitrary values
of the masses of the physical proton and neutron
can be obtained. But in the strong coupling
theory, the bare proton and the bare neutron
are present each with 50 percent probability in
either of the two compound states, so their con-
tribution to the masses is the same in both cases,
and the mass difference of proton and neutron is
mainly determined by the above mentioned
Coulomb term. Accordingly, the proton should
be heavier 'than the neutron, very much in
contradiction with experience.

This argument has been worked out quantita-
tively by Houriet, "and he has also computed the
next correction term, developing into powers
of a/g. He finds that the wrong result cannot be
amended by these corrections, unless very arti-
ficia assumptions concerning the masses of the
bare nucleons are introduced. This again con-
firms the conclusion that the coupling cannot be
really "strong. " But here again, since Pauli's and
Dancoff's electric density functions had to be
applied, there remains a shade of doubt whether
the conclusion is quite unambiguous. In addition,
the bare nucleon was assumed to have infinite
mass in all these calculations, and this may aRect
the results to a certain extent. Finally it may be
argued that a non-relativistic theory is no reliable
basis for self-energy investigations. However,

'

further evidence, pointing in the same direction,
can be gathered from the two-body problems.

c. The Deuteron

If the strong coupling approximation method,
as outlined in section 4a, is applied fo two
nucleons, the static self-energy ( g') of the two-
body system is found to depend on the particle
co-ordinates, and by subtracting twice the static
self-energy of one particle, the static iriteraction
potential .is deduced. In the charge-symmetrical
theory this potential can be written as a matrix

with respect to the quantum numbers ji, mi, ni,
j2, m2, n& of the two particles. The submatrix
corresponding to the ground states (ji——j2 ——2) is
identical with the matrix 8 resulting from
per'turbation theory (cf. formulae (1), (2) in
section 3), apart from a numerical factor (1/9);
but there are additional matrix elements relating
to the isobar states. " In the limit of infinite
isobar excitation energy (spin-inertia C—+0); the
excited nucleon states can be ignored and the
strong coupling theory coincides with the weak
coupling theory discussed in section 3 (except for
a change in notation required by the factor 1/9) .

The most elaborate computations on the deu-
teron problem based on the strong coupling
theory have been made by Villars. " Imitating
Rarita's and Schwinger's well-known deuteron
theory" which is based on the weak coupling
meson theory, Villars replaces the Yukawa poten-
tial (exp( pr)/r) and —the tensor-force potential
(4) by square well potentials of arbitrary depths,
both with the same range ro. Since Villars's
theory in the limit C—+0 becomes identical with
the Rarita-Schwinger theory, it may be said to
generalize this theory by taking the nuclear
spin-inertia into account, The main new feature
in the wave-mechanical formalism is that, be-
cause of the isobar states, additional components
appear in the Schrodinger functions of the
stationary states. In the deuteron ground state,
for instance, which in the Rarita-Schwinger
theory is a 'S, 'D mixture, pew admixtures of
the type 'D, 'I', "I", - . appear; and the 'S state
becomes a mixture with 'D, 'll, - . -components.
Starting with arbitrary values of the spin-inertia
C and the range ro, Villars first calculates the
depths of the two potentials (isotropic and tensor
interaction) from the binding energy and the
electrical quadrupole moment of the ground
state, and with these results he can then deter-
mine the energy of the singlet state as a function
of C and ro. The result is, that the singlet state
turns out to be stable (owing to a rather large 'D

"For details see M. Fierz, Helv. Phys. Acta 1'7, 181
(1944) and 18, 158 (1945). In the charge-symmetrical
theory, the existence of the isobar states does not affect
the saturation character of the forces; cf. W. Pauli and
S. Kusaka, reference 31, and F. Coester, Helv. Phys. Acta
1'7, 35 (1944)."F.Villars, Helv. Phys. Acta 19, 323 (1946).

3~ W. Rarita and J. Schwinger, Phys. Rev. 59, 436
(1941).
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admixture), unless very small C values are
assumed. To raise the energy of this state to the
zero level requires an isobar excitation energy
(3/2C) of at least 300 Mev. "On the other hand,
the strong coupling condition (5) puts an upper
limit to the excitation energy at about 100 Mev.
So we must again conclude that the coupling
cannot be really strong, or in other words, that
the spin-inertia of the nucleon cannot be very
large.

Unfortunately, if the strong coupling hypothe-
sis fails, there is little hope of arriving at a simple
and convincing description of spin-inertia effects
on the basis of the extended source theory. In
fact, this theory proves to be quite impracticable
in the intermediate and weak coupling cases.
It remains to be seen how the spin-inertia
problem presents itself in the point source or
subtraction theories.

5. SUBTRACTION THEOMES

a. 0-Limiting Process

The primary idea of the ) -limiting theory is
most easily explained by referring to the classical
problem of the interaction of an electron with
its own electromagnetic field. Here we consider
the electron as a point source, moving along a
given orbit xi(ti). The field, described by the
four-potential P, comprises the field Pi produced
by the electron considered, and the field from
other charges: /=Pi+f2. Here Pi is the well-
known retarded potential: pi ——lt"'. Now Dirac,
Fock, and Podolsky" have generalized Maxwell's
field equations such as to define P(x, t) for "field
times" t different from the "particle time" tb

' With this large value, Villars's theory comes very
close to the Rarita-Schwinger or weak coupling theory„ the
new admixtures being quite insignificant. This remark may
explain why in the discussion of the tensor-force in Section 3
it was unnecessary to distinguish between weak and strong
coupling theories. For some time Rarita's and Schwinger's
"symmetrical" theory seemed to be contradicted by
experiments on the angular distribution of neutron-proton
scattering at higher energies (E. Amaldi, D. Bocciarelli,
B.Ferretti, and G. C. Trabacchi, Naturiss. 30, 582 (1942)
and Ricerca Scient. 13, 502 (1942)), and it was hoped that
the strong coupling theory might improve the agreement
(G. Wentzel, Helv. Phys. Acta 18, 430 {1945);J.L. Lopes,
Phys. Rev. '70, 5 (1946)). This problem is now obsolete
since C. F. Powell has reported that the scattering of
14-Mev neutrons by protons is practically isotropic in
the center of gravity system (International Physics Con-
ference at Cambridge, July. 1946)."P.A. M. Dirac, V. A. Fock, and B. Podolsky, Physik.
Zeits. Sowjetunion 2, 468 (1932).

with the result that Pi f——"'(x, t) holds everywhere
outside the light-cone (~ t —ti

~
(

~

x xi(~1) ~),"
while Pi vanishes inside the forward light-cane
(t —ti) ~x —xi(ti) ~) and becomes equal to the
difference of retarded and advanced potentials '

(P"—f' ) inside the backward ligh t-cone
(&

—&i( —~x —xi(ti) ~)."The Lorentz force acting
on the electron F=e(E+Lxi)&H)) may be split
into the reaction force F~ and the external
force F2. The values of E and H in F have to be
taken at the point x =xi(ti), and it is well known
that in the ordinary theory, because of the
singularities of the retarded field at the point
source, Fi becomes infinite. (The extended source

'

model gives Fi = —mxi+-', e'(8'xi/Bti')+ in
the rest system, where m—the electromagnetic
mass —tends to 00 in the limit a~0.) However,
the field generalized for t gt~ enables us to define
the required limiting values of E and H in
a different way. Consider the world point
x=xi(ti)+X, t=i'i+ho, where 1, Xo is a time like-
four-vector (~XO~ ) ~X~), and let the length of
this vector tend to zero, while its direction is
kept constant (X/AD=const. ). Coming from the
forward cone (Xo)

~
X~), where Pi(x, t) vanishes,

we obviously get lim E&, H& ——0, F&=0; while in
the backward cone Pi ——P""—P ~ is WO. but
finite everywhere, since the singularities of the
retarded and advanced potentials cancel each
other, and accordingly a finite limiting value of
Fi results, itis. i'ie'(8'xi/Bti') in the rest system
((Bxi/Bti) =0). Since the numerical coefficient of
the radiation damping term ( (8'xi/Bti') ) is
uniquely determined by the requirement of energy
conservation, one necessarily has to define F& by
half the sum of both limiting values (from the
forward and backward cones), giving Fi =
-,'e'(8'xi/Bti') in the rest system. 4' This device for
forming limiting values of field quantities at the
world point of an electron can also be applied in
quantum electrodynamics, e.g. , to the four-poten-
tial in Dirac's wave equation of the electron. 4' The
relativistic invariance of the device is evident in
all cases where the limiting values are inde-
pendent of the directions of the X-four-vectors
chosen; otherwise an appropriate average over
these directions restores the invariance. Dirac

"We put again c=1.
4' G. Wentzel, Zeits. f. Physik 80, 479 (1933l.
42 G. Wentzel, Zeits. f. Physik 86, 635 (1933).
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has proposed a somewhat different formulation
where the )-vector appears in the commutation
relations of the field f;4' this formalism is easier
to haridle, but apparently the results are the
same. The extension to other quantized field
theories is then straightforward.

In the classical theory of point electrons the
X-procedure removes at/ infinities; in fact, all
classical infinities are directly correlated with
the electromagnetic mass which becomes exactly
zero in the X-theory (there is no inertia term in
the reaction force Fi). In quantum theory,
however, several independent infinities appear,
usually in the form of divergent momentum-
space integrals, with integrands varying asymp-
totically like

~

k
~

"(e=—3): n = —2 gives the
integral which determines the classical electro-
magnetic mass; the self-energy of a Dirac elec-
tron as &alculated by Waller4' involves an addi-
tional term with n = —1, and Dirac's "theory of
holes" combined with quantum electrodynamics
gives rise to logarithmic divergencies (n= —3).
Now, the X-limiting process proves to be an
efficient tool only with respect to those infinities
which belong to even n values; all other infinities
remain. In particular, the logarithmic diver-
gencies occurring in the hole theory are not at
all affected by the )-device. 4' Because of this
failure, Dirac deserted the hole theory and
proposed his very intricate new method of field
quantization which involves photons of negative
energy and "negative probabilities. "4' By this
formalism, combined with the X-limiting process,
Dirac actually succeeds in eliminating all in-

finities; but the problem of physical interpreta-
tion is rather puzzling. Recently" Dirac has
announced an improved form of his theory which
seems to avoid this difficulty.

This digression into quantum electrodynamics
was necessary to show what services the ) -device
can be expected to render and how the further

"P.A. M. Dirac, Ann. de 1'Institut H. Poincare 9, 13
('1939). Compare also Pauli's report in Rev. Mod. Phys.
15, 175 (1943), Section 6a.

I. Wailer, Zeits. f. Physik 62, 673 (1930).
4' Pauli, in his report quoted in footnote 43, stresses the

inconsistency of the basic. ideas of the hole theory and
the ) -device."P.A. M. Dirac, Proc. Roy. Soc. 180, 1 (1942). Cf. also
Pauli's report, reference 43.

4~ International Physics Conference at Cambridge, July,
1946.

prospects of a theory based on this device may
be valued.

Returning now to meson theory, we have to
deal with mesons and nucleons, instead of
photons and electrons. The "hole theory" form-
alism must be abolished for nucleons as well as
for electrons.

Pauli" has applied the )-formalism to the
charge-symmetrical Manlier-Rosenfeld mixture
theory, using the ordinary weak coupling ex-
pansions. Static self-energy and interaction terms
of the second and sixth orders in g were computed
and proved to be finite (terms g', which are
owing to the zero-point energy of the field
oscillators interacting with the nucleons, are
mentioned to be finite too in the static approxi-
mation). By comparing the second- and, sixth-
order terms in the two-nucleon interaction, Pauli
finds that the weak coupling expansion converges
rapidly except for short distances of the nucleons
(r~lig„,'), where the static approximation (nu-
cleons at rest) is insufficient at any rate.

As to the spin inertia, it-is unfortunate .that
the weak coupling approximation does hot lend
itself easily to an investigation of this problem.
Pauli resorts to studying the classical problem of
a neutral pseudoscalar field interacting with the
spin of a nucleon. The spin vector e is classically
interpreted as a unit vector with full freedom of
orientation. The equations of motion can have
solutions corresponding to periodic motions in
which the nucleon spin gyrates freely around a
fixed axis:

o s ——const. , o i ——(1—o ss)' cosa&t,

os ——(1—os')& sinait;

at large distances from the nucleon, the meson
field P behaves either like a spherical wave (if
a~') ps), or it decreases exponentially (ai'(ia').
While the former case provides a classical de-
scription, of the scattering of mesons by nuclei,
the second alternative pictures the nucleon as
being surrounded by a cloud of bound mesons,
in close resemblance to the model of the com-
pound nucleon obtained from the strong coupling
theory. In fact, if the coupling is assumed to be
su%.ciently strong and i.f the nucleon is described
as an extended source, energy and angular

4' W. Pauli, Phys. Rev. 64, 332 (1943).
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momentum of the compound nucleon are again
found to be correlated according to formula (6)
of Section 4a," the spin-inertia C being always
of the order g'/a; of course, without quantization
of the angular momentum, the energy spectrum
is continuous, but it has an upper bound because
of the condition co'&p, '. The result is, however,
quite different if the point source model in con-
junction with the )-limiting process is applied.
In this case, the periodic solutions involving an
exponentially decreasing meson field (oP (p') are
possible only if the coupling is sufficiently strong

(~g„, ~

must be above a certain critical value
which is of the order p '). Actually, with the
coupling strength estimated numerically from
the nuclear forces, this condition is not fulfilled.
Translating this result into the quantum lan-

guage, Pauli concludes that no stationary isobar
states exist according to the )-theory. He also
shows that the constant, which according to
Bhabha's classical discussion" is to be termed
the mechanical spin-inertia, is exactly zero in

this theory.
. Although these results are rather preliminary

since they are only based on a classical discussion
of a neutral field theory, they seem to confirm
that all field-inertia effects are radically cut down

by the X-process. One may wonder whether this
tendency is really desirable in view of the re-

quirements of a future theory. Certainly it is an
improvement if the electromagnetic mass be-
comes zero instead of infinite; but should one
not rather prefer a finite value which might be
identified with the actual electron mass, doing
away with the concept of mechanical mass,
according to the ideas of Lorentz? Granted that
we do not know how to achieve this in a rela-
tivistic theory, it still seems that the ) -procedure
is a too radical amputation of the field theory,
at least with respect to the inertia effects, not to
mention its ine%ciency in other respects. From
the merely theoretical point of view it may,
therefore, be doubted whether the predictions of
the X-theory, for instance those regarding the
spin-inertia of the nucleon, are very trustworthy,
or whether the extended source theories are
perhaps a better approximation to reality.

"Cf. also J. R. Oppenheimer and J. Schwinger, Phys.
Rev. 6O, 150 (1941)."H. J. Bhabha, Proc. Roy. Soc. I'78, 314 (1941).

The only calculations going far enough to
allow comparison with experience are those of
Jauch" concerning the magnetic moments of
proton and neutron. Following Pauli, Jauch
assumes the coupling to be weak. The perturba-
tional calculations are thus very nearly the same
as in the theory of Frohlich, Heitler and Kemmer'4
and lead to the formulas explained in Section 4b:

~n—++meson' ~n: ~meson.

Both in the pseudoscalar and vector theory,
iV „,„ involves a momentum-space integral
which would be divergent (+ ~) in a plain point
source theory and which, in the older extended
source theory, was made finite by cutting off
the high energy part. The X-limiting process
secures the convergence of the integral, at least
in the static approximation (infinite nucleon
mass, no recoil). However, here again the sub-
traction proves to be too radical: the finite
limiting value of the integral becomes even
negative, such as to make the magnetic moment
of the neutron positive, in contradiction to
experience. The sign can only be altered by
introducing the ad hoc assumption that the vector
meson has an abnormal magnetic moment, even
with abnormal sign. Although this assumption,
as Jauch remarks, could in principle be checked
by independent experiments, it is too artificial
to be accepted as satisfactory. We may, there-
fore, conclude that, although the experimental
values of the magnetic moments are in favor of
a weak rather than a strong coupling theory
(as we saw in Section 4b), it is very unlikely that
a consistent and fitting weak coupling theory
can be achieved by means of the X-limiting
process. "

b. Heitler's and Stueckelberg's Theories

In a second group of subtraction theories, the
principal problem is the process of scattering,
e.g. , the scattering of mesons in collisions with

5' J. M. Jauch, Phys. Rev. 63, 334 (1943).
5' One may try to replace the X-process by other mathe-

matical artifices such as that proposed by Riesz which can
probably be incorporated in the quantum theory of fields.
Cf. M. Riesz, Comptes rendus du Congres International
de Mathematique Oslo 1936, II, 44; N. E. Fremberg,
Lunds Fysiografiska Forh. IS, No. 27 (1945);T. Gustafson,
Lunds Fysiografiska Forh. IS, No. 28 (1945) and 16, No. 2
(1946); N. E. Fremberg, Medd. fr. Lunds Univ. Mat.
Semin. , Vol. 7 (1946).
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nucleons. The usual perturbation theory (second-
order approximation) neglects the reaction of the
scattered meson wave and, therefore, gives a
cross section much too large at high energies.
Heisenberg" first substantiated the significance
of the reaction force in the scattering problem
by means of a classical extended source theory.
According to such classical theories both inertia
and radiation damping eRects result in a diminu-
tion of the scattering cross section. In the
)-limiting and other point source theories where
the spin-inertia effects are subtracted, only the
diminution due to radiation damping remains
which is much less pronounced. In quantum
theory, if the extended nucleon model is adopted,
the strong coupling approximation method auto-
matically includes all' reaction effects; accord-
ingly the cross section becomes very small

(~4~a' at all energies, except in the scalar
theory). In the subtraction theories to be dis-
cussed presently, there is probably a consider-
able amount of arbitrariness regarding the sub-

O

traction of the spin-inertia effects.
In this situation obviously experimental cross

section measurements could furnish valuable
guidance. Unfortunately, it is difficult to dis-
tinguish experimentally the large angle scattering
due to nuclear interactions from the multiple
Coulomb scattering which is habitually disre-
garded in meson theory. This is particularly
serious in the lower energy region (some 10' ev)
where the differences of the various theories are
most pronounced. From the work of Shutt" it
appears that the nuclear scattering cross section
is somewhat larger than was formerly believed.
If this result is correct, it provides another
argument against the strong coupling theory, but

, certainly the accuracy of the measurements is
not yet sufficient to distinguish between the
competing subtraction theories.

In order to characterize these theories, it is
convenient to start from IIeitler's integrcIt equa-
tion. '5 We here reproduce a short derivation of
this equation which is attributed to Pauli. " In

53 W. Heisenberg, Zeits. f. Physik 113, 61 (1939).
'4 R. P. Shutt, Phys. Rev. 69, 261 (1946}.' W. Heitler, Proc. Camb. Phil. Soc. 37, 291 (1941);

W. Heitler and H. W. Peng,"Proc. Camb. Phil. Soc. 38, 296
(1942).

5'W. Pauli, International Physics Conference at Cam-
bridge, Jul y 1946.See also W. Pauli, 3I/eson Theory of NNclear
Forces (Interscience Publishers, Inc. , New York, I946).

(qIH'41qo) = (Eo —E.) (ql 0 I qs). (9)

According to Dirac the solutions corresponding
to scattering processes are of the form

(ql4lqo) =(ql1lqo)+(qlRlqo)~+(E. —Eo), (»)
where

(in integrals of the form fdEf(E) (E—E') ', the
Cauchy principal value has to be taken at
E=E'). Inserting this expression of P into the
Schrodinger Eq. (9), one obtains the following
equation for R:

(qlH'lqo)+2« l (qlH'lq')

x (q'I R
I qo»+«' —E.) = .(qIR I q.)

2xi

(on the right-hand side (Es —E,)8(Es—E,) and
(Es —E,)(ql1lqs) vanish). Introducing the ma-
trices

(qlR I qo) = (qlR I qo) ~(E.—Eo),

(q IH'
I
q')

(ql Tlq') =-
jv,

(12)

the last equation can be written

H'+ ',H'8+ TR = R. -
2%i 2~i

Multiplying by T" and summing with respect

the Schr'odinger equation for stationary solutions

HP = (H—'+H') P =EP,

we treat the interaction FI' as a small perturba-
tion and use a representation of P which makes
II' diagonal

(q I

H'
I
q') =E.(q I

1I q')

(q = quantum numbers of the vacuum field oscil-
lators). In order to discern the various solutions
we write P as a matrix (q I P I qs) where qs stands
for the "initial values" of the variables q, so that
in the limit of zero interaction (q I P I qs) —+(q I

1
I qs) .

The Schrodinger equation may then be written



G. WENTZEL

to n, we get

Q T"H'(1+-,'8) = R,
n=o 27ri

More generally, for an arbitrary process go—&g,

only the first non-vanishing term in the power-
series (14), which is always finite, shall be
kept (i.e. ,

or with the definition

Q T"H'=E:
n=o

Z(1+-,'8) = R.
27ri

Multiplication with 5(E,—Zo) gives finally

(14)

(16)

if no mesons are present in the initial state and n
in the final state). With this new definition of X
and E (17), the integral Eq. (16) is supposed to
determine 8 exactly. The term —,'ER on the left-
hand side describes what is left of the reaction
force. The solution of (16) can be symbolically
written in the form

2miE

i —KATE

where

Equations (15) and (16) are integral equations
for the "scattered wave" R, since the matrix
multiplication (in EB) involves momentum-
space integrations. Equation (16) is Heitler's in
a form generalized to include higher order ap-
proximations.

The matrix X is, by virtue of (13) and (14),
defined as a power-series in the coupling param-
eter g. In the case of the ordinary scattering
process (in both states go and g there is just one
meson present) the matrix H' has no element
corresponding directly to the transition go~a,
and the first non-vanishing term in the expansion
(14) is TH'( g'). Therefore, as is easily seen
from (15), the weak coupling expansion of

(g I
R

I go) equally starts with a second-order term,
namely:"

The relativistic invariance of this subtraction
method ensues from the simple fact that all
terms in the power-series (14) must have the
same transformation properties. 58

When applied to the scattering of low energy
photons by a free electron (v((p.&), Heitler's
theory gives exactly the same scattering in-
tensity as the classical theory with inclusion of
the Lorentz damping force (-', e'(8'x&/Bt')). Also
for the scattering of mesons by nucleons, the
Heitler cross sections calculated according to
the various meson theories" show a close re-
semblance to the cross sections derived from
classical theories which include radiation damp-
ing but omit inertia effects due to the fields.
As an example we give Heitler's cross-section
formula for longitudinal vector mesons (of mo-
mentum k) according to the "charged" vector
theory with f„=0 (see appendix) in the static
approximation (no recoil):

Dropping higher order terms in R would corre-
spond to a second-order perturbation theory and
neglect of the reaction forces. However, the next
non-vanishing term in (q I

X
I go), vis. (q I

T'H'
I go),

is infinite in the relativistic point-source theory.
Here is where HeNer's subfraction device sets in:
All diverging terms (gI T"H'Igo), m=3, 5,
are subtracted, leaving only

(14a)

5~ The first-order matrix elements in 8 vanish on account
of momentum and energy conservation.

g 4/4

4w (p'+k')
I

g 4/6

(47r) '(g'+k')

(19)

P. G. Gormley and %'. Heitler, Proc. Roy. Irish Acad.
SO, 29A, 39 (1944). See also E. C. G. Stueckelberg and
P. Bouvier, Comptes rendus Soc. de Physique Geneve 6j.,
162 (1944). +

5 For the charged and symmetrical Mgller-Rosenfeld
mixture theory the various cross sections have been de-
duced by W. Heitler and H. W. Peng, Proc. Roy. Irish
Acad. 49, 101A (1943).

The last factor describes the effect of radiation
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'1
' (z) =-;s(z)~

27riz
(21)

we can write instead of (10)

(alfie) =(el~le)~ (~,—~s)
+(~18I~o)~+(~.—~ ) (22)

where
8=6+A. (23)

The two terms on the right-hand side of (22)
describe the "incident" and "outgoing" wave,
respectively. On account ' of the energy con-
servation, only the matrix 8 defined by

(vl8le) =(al8le)~(~. —&o) =(al1+~lao) (24)

is actually significant. If. we adopt the relation
(16) or (18) as a result of wave-mechanical
reasoning, we obtain

damping. ss With increasing momentum this fac-
tor becomes important for k»lg„l '(4e)& an(1
causes the cross section 0 to decrease finally
like 4mb '

We want to turn now to the more general
theory which has been developed by Stueckelberg
in the framework of Heisenberg's 5 matrix
theory. "The S matrix is closely related to the 8
matrix defined by (10). Putting

(~Illy, ) =(gl~l g,) ~(z, —z,), (20)

where 6 represents a unity matrix with respect to
all variables but the total energy; and

'(~) =~ (~)+~-;(~)

difhculties of the present theory, wants to free the
S matrix from all ties which are imposed by the
Schrodinger equation, retaining though its general
properties, such as unitarity and relativistic be-
havior. Referring to the wave-mechanical theory
outlined above, this means that, although a
Hermitian matrix Z may still be defined by (16)
or (25),"this matrix can no longer be calculated
from a Hamiltonian according to (13), (14), and
(17).It goes without saying that such a theory, as
long as no other rules are added as a substitute
for the Schrodinger equation, is very incomplete;
it is like an empty frame for a picture yet to be
painted.

In order to 611 this frame at least partly,
Stueckelberg in the first place postulates corre-
spondence with u ctassicat theory of radiation
danzPing. ss A certain arbitrariness results from
the possibility of admitting, in the classical equa-
tion of motion, - beside the Lorentz damping
force, other reaction forces invoIving fourth and
higher time-derivatives of the particle coordi-
nates, such as appear in Lorentz's extended
electron theory. This arbitrariness of the classical
theory finds its counterpart in the quantum
theory. Suppose, for instance, that a finite K
matrix has been constructed by applying to the
expansion (14) a certain subtraction rule, e.g. ,
Heitler's rule, and that the 8 or 8 matrix be
defined by (16) or (25), 'thus maintaining a cer-
tain analogy with the wave-mechanical formal-
ism. On the other hand, Heisenberg's theory
would suggest to put

1+~iX8=1+8=
1 —7rzX

(25)
8=exp(iq), tg =xE—

X is a Hermitian matrix and therefore 8 a unitary
matrix. Under Lorentz transformations 8 must
transform like the unity matrix, since 8—+1 in the
limit of vanishing interaction. The probabilities
of all observable processes can be expressed in
terms of the matrix elements of 8.

Now Heisenberg, in view of the divergence

"The quantum theory of radiation damping has been
independently developed by E. Gora, Acta Phys. Pol'onica
7, 159 (1938) and 374 (1939), Zeits. f. Physik 120, 121
(1943); A. H. Wilson, Proc. Camb. Phil. Soc. 37, 301
(1941); D. Iwanenko and A. Sokolow, Phys. Rev. 60, 277
(1941).

s'W. Heisenberg, Zeits. f. Physik 120, 513 (1943).

and to apply the subtraction rule to g rather than
to E. This theory, which would equally be
Lorentz-invariant and free of divergencies, would
differ from the previous theory in the higher
order effects. Even other functions of Eor g could
be distinguished similarly. Once the wave-me-
chanical theory which leads. to Heitler's integral
equation is abandoned, one may doubt which
of these functions deserves preference. From
Stueckelberg's arguments it appears that this

"Instead of (25), Heisenberg puts 8 exp(is), wh=ere q
is a Hermitian matrix, and he discusses theories with simple
expressions chosen for g (Zeits. f. Physik 120, 673 (1943))."E.C. G. Stueckelberg, Helv. Phys. Acta 17, 3 (1944)
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variety of theories corresponds to a variety of
classical theories with different reaction forces; in

particular, Heitler's theory corresponds to the
simplest classical equation of motion which con-
tains third-order derivatives only.

However, the subtraction rule itself is subject
to another kind of arbitrariness. Heisenberg as
well as Stueckelberg adopt the following sub-
traction method. It is well known that the
infinities always arise from intermediate (virtual)
processes in which a certain quantum (photon or
meson) is emitted and afterwards re-absorbed;
the integral over the resulting intermediate
states diverges. The subtraction of these diver-
gent integrals can now be achieved in a rela-
tivistically invariant manner by changing the
order in succession of the emission and absorption
operators" (e.g. , in T"H'). If, for instance, all
emission operators are written to the left of the
absorption operators, a quantum once emitted
can never be re-absorbed, and accordingly no
divergent integrals appear. But other arrange-
ments of the factors are also possible, differing by
finite integrals only. "

In order to reduce the number of possibilities,
Stueckelberg" has introduced another "principle
of correspondence" saying that the ordinary mave-

mechanical theory shall result if radiation damping
and other reaction forces can be neglected. This
new principle enables him to express K as an
expansion with respect to the coupling parameter,
in which the leading term (chosen for instance
according to Heitler's theory) entails an infinite
sequence of higher order terms. " (Of course, one
might equally expand g=2tg '(n.E), but E is
much easier to work with, as is really not sur-
prising on account of Heitler's integral equation. )
However, this argument is certainly not sufficien
to remove al/ ambiguities in the arrangement of
the emission and absorption operators in the
higher order terms, not to mention the possibility

"This "change in order" device was first introduced by
P. Jordan and O. Klein, Zeits. f. Physik 45, 751 (1927).' I am indebted to Dr. F. Coester for a clarifying dis-
cussion on this and other questions i.elating to Stueckel-
berg's theory. A paper by F. Coester and A. Houriet dealing
with these questions is being prepared for publication in
Helv. Phys. Acta."F.. C. G. Stueckelberg, Comptes rendus Soc. de
Physique Geneve 61, 159 (1944), Helv. Phys. Acta 18, 195
(1945).' E. C. G. Stueckelberg, Helv. Phys, Acta 18, 211—213
(1945).

of introducing there arbitrarily new "leading
terms. "

Finally there is another condition to be im-

posed to the expansion of the S matrix. " It
is a characteristic feature of Heisenberg's and
Stueckelberg's theories that they want to estab-
lish a correlation between initial and final states
only, ithout giving a description in space and
time of the actual process which is supposed to be
unobservable. Now consider a multiple process
involving for instance two nucleons I, II having
a macroscopic distance r. According to the general
formalism outlined above it can happen that a
meson present in the initial state reappears in the
final state, but such that the localisation in space
and time would lead to the conclusion that the
secondary meson has been emitted by the nucleon
II before the primary meson was absorbed by the
nucleon I. For the time interval between the
emission and absorption processes, which can be
arbitrarily large (~r), the theor'y refuses to
describe the state of the system; nevertheless the
energy conservation would require the presence
of a particle of negative energy during that time
interval. Undoubtedly such predictions are
wrong. They can, however, be avoided by
choosing the higher order terms in the X expan-
sion appropriately. It is not quite clear yet to
what extent the conclusions drawn from this.
argument coincide with those obtained from the
"second correspondence principle. " But, gener-
ally speaking, it is to be expected that closest
correspondence with the wave-mechanical theory
will automatically do away with all "non-causal"
predictions, since in a rigorous wave-mechanical
theory based on the Schrodinger equation the
succession of events in time is necessarily
"causal. "

Until now, Stueckelberg and his co-workers
have studied mainly simplified theories allowing
no comparison with experimental data. In par-
ticular, it remains to be seen how the theory can
be generalized to include spin-inertia effects.
There must be some freedom in this respect ac-
cording to the freedom in the choice of the
corresponding classical and wave-mechanica1
theories.

Although Heitler's and Stueckelberg's theories

' E. C. G. Stueckelberg, Helv. Phys. Acta 19, 242
(1946).
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apply primarily to scattering and related phe-
nomena only, i.e. , to stationary states belonging
to the continuous energy spectrum, there is a
possibility indicated by Kramers and Heisenberg"
to determine the discrete energy spectrum too. To
exemplify, let us consider the scattering of. a
particle (meson) by a central field of force
(nucleon at rest). Assuming a pure 5-wave (i.e. ,

angular momentum I.=O), the asymptotic be-
havior of the wave function in ordinary space will

be given by

—5(k) expL+ikr]) (27. )

S(k) = expfiq(k) $ determines the shift in phase of
the scattered wave caused by the interaction of
the two particles. Now the P-function can also be
de6ned for complex values of k, by means of an
analytic continuation of the function S(k). Along
the negative imaginary axis of the k plane we get,
putting k= —i~k~:

—S(—i~k~) expL+ ~kjrg) (28)

(while Pi, (r~O) remains finite). If (28) is to be the
asymptotic expression of the eigenfunction of a
closed state ("meson bound to the nucleon" ), we
must obviously have 5(k) =5( i ~k~) =0. The-
discrete energy eigenvalues (belonging to S
states) will, therefore, be

E =(u'+k ')'=(p' —~k~~')'*

the k„being zeros of the analytic function 5(k) on
the negative imaginary axis. '-' Instead, one can
ask for the poles on the positive imaginary axis;
these are found at the points k=+i~k„~, ac-
cording to the general relation S(k)S(—k) =1 or
g(k)+g( —k) =0.

The connection with the S matrix theory is
established by the remark that 5(k) is the

eigenvalue of the 5 matrix belonging to the S
state (I-=0) with momentum k. Similarly, in
more complicated problems involving more par-
ticles or other interactions, the eigenvalues of the
S matrix as energy functions can by analytic
continuation serve to determine the energy of
stationary states in which several particles'are
bound to each other. "Within the framework of
wave mechanics this method is but an equivalent
of the more. customary methods to define the
discrete energy spectrum. In the S matrix theory
which abolishes the Schrodinger equation, it can
be introduced ad hoc to correlate the energies of
closed states with the scattering of the free
particles involved.

In this way, the S matrix describing the scat-
tering of mesons 'by nucleons according to
Heitler's or Stueckelberg's theories can be used to
determine "isobar states" in which mesons are
bound to a nucleon. "The zeros of S(k) are found
among the zeros of the denominator in the scat-
tering cross-section formula. For example, as-
surping Heitler's formula (19) (charged vector
theory with f.=0, static approximation), the
equation

(4m)'(p'+k') +g.4k' = 0

has one solution of the form

saying that a meson may be bound to the
nucleon" with a binding energy p —(p' —

~
k, ~')'.

The excitation energy of such a state, counted
from the ground state (mere nucleon), would be
(p' —

~ ki ~')'. lt is easily seen' that this excitation
energy is little less than p in the strong coupling
case ( ~

g,
~
p)) 1), while it tends to zero in the limit

of weak coupling ( ~
g„~ p~0). This dependence on

the coupling strength is quite at variance with
that obtained from the extended source theories
(cf. section 4a). The obvious explanation of the
discrepancy is that the spin-irtertia effects, which
are decisive for the formation of the isobar states
in the extended source theories, are subtracted in

"W. Heisenberg, conference at the Zurich Seminar for
theoretical physics, 1944, and two unpublished manuscripts
available in Switzerland. See also C. Mufller, lectures at
the University of Bristol, spring term 1946, and Kgl.
Danske Vid. Sels. Math. -fys. Medd. 23, No. 1 (1945).

7 However, not all of these zeros do necessarily give
rise to eigenfunctions; see S. T. Ma, Phys. Rev. 7'0, 668
(1946).

7' Heisenberg also shows how the probability of transi-
tions into these states can. be computed from the S matrix
elements of related multiple scattering processes.

~2 &. Heitler and Ning Hu, Proc. Roy. Irish Acad. , in
press; J. Pirenne, conference at the Zurich Seminar for
theoretical physics, summer, 1946.

~' Dr. Heitler has kindly informed me that the charge
of an isobar state is either +2 or —1 in this theory.
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Heitler's theory. Numerical/y, with the coupling
parameters taken from the weak coupling theory
of nuclear forces, one should expect the excitation
energy to be in the order of 20 Mev only.

From the S matrix of proton-neutron collisions
one may in the same way determine the binding
energy of the delteron. Here, however, no appreci-
able inHuence of the reaction forces is to be
expected, on account of the slow variation in

space of the deuteron wave-function.
As to the crucial problem of the magnetic

anomalies of the nucleon, we meet with the diffi-

culty that the electric charge and current distri-
bution of the "meson cloud" is not directly
defined in the S matrix theory, although it might
be determined indirectly for instance by studying
the scattering of a 'light eave by a nucleon.
However, the quantity that should be computed
is the energy of a nucleon in a magnetic field, the
nucleon being in one of the ground states. These
states cannot be associated with a continuous
spectr'um of meson waves by analytic continua-
tion. Instead one might try to study the behavior
of nucleons in oscillating or inhomogeneous mag-
netic fields such as have actually served to

. measure the magnetic moments. The Heitler-
Stueckelberg theories will have. to solve this
problem of the magnetic anomalies, before a fair
comparison with other theories can be made.

APPENDIX

Notations: Greek indices refer to space-time coordinates
(X4 =it).

y„=Dirac's matrices operating on the spin coordinates of
the nucleon field. y5 =p]p2p3p4.

i =isotopic spin index (running from 1 to 3 in the charge-
symmetrical theory).

v i = isotopic spin matrices =Pauli s matrices operating on
the charge coordinate of the nucleon field.

/=wave function of the nucleons (8 components, vis. 4
each for the proton and neutron states); p+ =itt *y4.

P;, itI';„=(real) wave functions of the. pseudoscalar and
vector meson fields, respectively.

pN, p„„p,=rest masses of the nucleon, pseudoscalar, and
vector meson.

g„„f„„g,; f„=(real) coupling parameters, all having the
dimension of a length.

Natural units are chosen such that k =c= 1.
The Lagrangian of a system of nucleons and mesons can

be represented by the space integral fd"&xL, where

L =IN+L»+L»' in the pseudoscalar theory,
L =LN+L, +L,' in the vector theory,
L =LN+L„,+L„+L„,'+L„' in the mixture theory,

8
LN =&@ ~v vv +AN tel's

Xv
2

L ——-p1 2 . .2 1
'bv Xv 8-2

x 2gp 2 xg
v . 2@v . sv 4 .

'bV 'trav Xv Xp

ap;
Lps =fpsIJps &i 4 &i7544'i+Cps ~ 4' &i7v&g

sv /XV

~4 'baal 4 fv
Le =gelJ e ~ 4 r rr v44iv + s f~ ~'4' r ~vsv v4

'bv %it V ~XV

Erratum

'HROUGH error, proper credit for permission to publish the article on
"Nuclei Formed in Fission: Decay Characteristics, Fission Yields, and

Chain Relationships, " by the Plutonium Project, was not given. This article
was published in the November issue of the Journal of the American Chemical

Society, and through the courtesy of the Editors of that Journal we were per-
mitted to use the type in its publication in the October issue of the Reviews of
Modern Physics.

Reprints of that article are available from the American Chemical Society,
Plutonium Project File, 1j.55 Sixteenth Street, N.W. , Washington 6, D. C. , at
the following prices:

Regular reprints in the usual format and paper, with cover . . ~. . . . .

Oversize, 16 pages, about 8.5&(14, on durable paper. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . 35$
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