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1. INTRODUCTION

S a competitor to the meson theory, in which the interaction energy with the heavy particles
(nucleons) is in analogy to electrodynamics assumed to be linear in the meson field, the so-called
pair theory has been developed! in which the interaction energy of the nucleons is bilinear in the
field variables and describes processes in which a pair of particles with opposite electric charges is
emitted or absorbed. The field was originally assumed to be that of electrons and positrons, while
later on heavier rest mass of the particles described by the field was also considered. Finally the pair
theory was even generalized for particles with spin 0 (scalar field) and spin 1 (vector field). While
a spin-independent interaction could be treated rigorously for arbitrary values of the coupling
constants, provided that a finite shape (radius a) of the sources is introduced, the spin-dependent
interactions have been treated until now only with perturbation methods (weak coupling). In the
spin-dependent case, which alone is of immediate physical interest, it turns out, both for spin £ and
for spin 0 or 1 of the field particles (mesons), that if the perturbation method (development in
powers of the coupling constant) is valid and if the radius a of the nucleon is supposed to be smaller
than the range of the resulting nuclear forces, the coupling constant must be so small that the
nuclear interaction becomes much smaller than the empirical one.?

It seems, therefore, interesting to investigate for pair theories the strong coupling case of spin-
dependent interactions, which cannot be treated rigorously. This is done in this paper for the scalar
theory and the vector theory. In the first case the interaction of one nucleon at rest in the origin
of the coordinate system with the meson field was assumed to be

Him=41rfc'i[f U(x)V<p*(x)dfoU(x)V<p(x)dx]+47rgf U(x)Vgo*(x)dx-f U(x)Ve(x)dx,

where U(x) is the source function, ¢(x) a complex scalar field describing charged particles with
spin 0, f and g coupling constants with the dimension of a volume (if units corresponding to A=c=1
are used), and e the spin of the nucleon. The second term was added because for strong coupling
it turns out that only for g>f reasonable results can be expected because, otherwise, the Hamiltonian
is not positive definite, and the eigenvalues of the energy are not all positive and do not any longer
have a lower bound. For g=0 the weak coupling case was treated by Jauch and Lopes. Their result
for the interaction between two nucleons 4, B at a distance = |X4—Xg| can be generalized for
g7#0 and can for distances 7 of the nucleons large in comparison with their radius @, be written in

1 Electron-pair theory: G. Gamow and E. Teller, Phys. Rev. 51, 289 (1937); G. Wentzel, Helv. Phys. Acta 10, 107
(1937). Meson-pair theory (spin 3, perturbation method): R. E. Marshak, Phys. Rev. 57, 1101 (1940); R. E. Marshak
and V. Weisskopf, Phys. Rev. 59, 130 (1941). Exact treatment of spin-independent interaction, one-body problem:
E. Wigner, C. L. Critchfield, and E. Teller, Phys. Rev. 56, 530 (1939). Interaction between nucleons: C. L. Critchfield
and W, E. Lamb, Jr., Phys. Rev. 58, 46 (1940); C. L. Critchfield, Phys. Rev. 59, 48 (1941). Exact treatment of spin-
independent coupling for spin } particles: J. M. Jauch, Helv. Phys. Acta 15, 175 (1942); A. Houriet, Helv. Phys. Acta
16, 529 (1943). Exact treatment of spin-independent interaction, scalar theory: G. Wentzel, Zeits. f. Physik 118, 277
(1941); Helv. Phys. Acta 15, 111 (1942) (quoted as ““I"’). Spin-dependent interaction, perturbation theory: (a) Spin 0
mesons: J. M. Jauch and J. Leite Lopes, Anais da Academia Brasileira de Ciencias 16, 281 (1944) (quoted as “II");
(b) Spin 1 mesons: O. Klein, Arkiv fé6r Matematik, Astronomi och Fysik 30A, No. 3 (1944) (quoted as “III").

2In the case of spin-dependent interactions, the criterion for weak coupling was assumed in analogy to cases which
can be treated rigorously (compare II).
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the form

Vas(r)= ~# {g°¢(2ur) +3f°F(2ur) (04 -08) +312f(2ur)San},

with u the rest mass of the mesons in units z=c¢=1 and
Sap= (O'A 'O‘B) "‘3(0’,4 -n) (O'B -n) ;, D= (XA ‘-'XB)/T.

The functions g(x), F(x), f(x) can be expressed by Henkel functions and behave as x™* for small x
and as x7%e~=, x%2% =, x%2%*, respectively, for large x.2 The function g(x) is given explicitly below
in Section 4, Eqgs. (84a) and (84b). Terms proportional to the product of the coupling constants
do not occur. The case f=0 (spin-independent coupling) can be treated rigorously (Section 5) and

gives for ©>a
v o)
== =g (2ur),
T A
where 4 is of the order a* and depends only on the source function of one nucleon.
The main result of this paper, derived in Section 4, is that the resulting interaction energy for
r>a is spin independent and given by

u 1
Vap= 5 r—sg(zw),
if the criterion for strong coupling
(g+fH)Ha>1 and (g—f)a*>1

is fulfilled, the spin-dependent part of 7 being at most of the relative order [(g+f)A T or [(g—f)A]?
in comparison with the spin-dependent part.

This result is not satisfactory in view of our empirical knowledge of the interaction of proton and
neutron in the deuteron. The high negative power r~7 for small distances (a<<r<<u™') which makes
the range of the forces not much larger than a is another argument against this theory.

The discussed result is derived with a method to split the Hamiltonian in three parts H,, H’,
and Q (Section 2) from which H, gives no interaction between nucleons for r>a (Section 3),* H’
gives the result mentioned, and @ can be treated as perturbation energy in the strong coupling case
and gives there a contribution to the interaction energy of smaller order of magnitude.

Very analogous to this scalar-pair theory is the vector theory for which the interaction-energy
with one nucleon at rest is given by

Hint=47rf'a[fU(x)¢*(x)dfoU(x)¢(x)dx]+41rg(fU(x)¢*(x)dx-fU(x)¢(x)dx),

where f and g have the dimensions of a length, fu~2, gu~? playing now a role similar to earlier f and g.
The interaction energy between two nucleons in the weak coupling case was calculated by Klein®

3 In the quoted paper “II" (Jau(;h and Lopes) the factor (2x)7% is missing in the final result; moreover, some errors are
contained in the numerical coefficients of their Eqgs. (11) and (13). In our notations (the coupling constant A, in II is
equal to our 4xf) the functions F(x), f(x) introduced in the expression for V4p(r) are given by

Fx)=— (204 (7/2)x*)K (%) — (10x+ 52%) Ko(x)
J®)=—3(35+5x)K (x) — 1(35x+a*)Ko(x).

K(x), Ko(x) are Watson's functions connected with Hankel’s cylinder functions (compare their definition given below
in Section 4).

4 For 7 <a the contribution of Hy to the interaction energy is not zeroand proportional to the square root of the coupling
constants. The analogy to this ‘‘Ho-problem’” for mesons with spin § was discussed by J. R. Oppenheimer and E. Nelson,
Phys. Rev. A61, 202 (1942). (For spin % mesons the corresponding result for  <a is linear in the coupling constant.) For
r >>a where the contribution to-the interaction energy of Ho vanishes, these authors, however, do not consider the inter-
action-energy which springs from the part of the Hamiltonian analogous to our H’, which is independent of the coupling
constant.

5 Compare note (1), paper “II1.” In Klein’s notation ve?/puc? is identical with our 4f.
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for §=0 and can, analogous to the scalar theory, be written in the form

{929 Q2ur) +3 f*F (2ur) (04 -08) +5 2 f(2ur) San},

Vap=— 3,6
o wudr

where g(x), F(x), f(x) are again of the order x~! for small x and of the order x7/%¢~2 for large x. For
the spin-independent interaction given by f=0 the problem can also here be solved rigorously
again leading to the result, valid for ¥>a

m

e Yo,
(u*/g+A)* =

where A is a quantity similar to 4 and also of the order of magnitude and dimension of a~2.
In the strong coupling case, the criteria of which are here the conditions ‘

@+ Hu2A>1 and (g—fHu2A>1,

the interaction-energy is here, too, spin-independent as in the scalar theory and given by

Var=

7
Vap= ———gQ2ur),
AB 1rA2g(#)

as is derived in Section 6. All objections against the scalar theory also hold against the vector theory.
The condition §>Jf is necessary to make the Hamiltonian positive definite and the eigenvalues of
the energy discrete and positive.

The analogous treatment of the strong coupling case of .a spin-dependent interaction in the pair
theory for mesons with spin 1 will be given in a thesis by J. M. Blatt. This case is simpler than the
case of mesons with integer spin because, owing to the exclusion principle for the mesons with
spin %, there is no necessity to make the Hamiltonian positive, and a single coupling constant is
sufficient also for strong coupling. Moreover, the problem analogous to our H, can be treated rigor-
ously, and the magnetic moment of a nucleon according to this theory can be discussed.

2. SCALAR-PAIR THEORY. SPLITTING OF THE FIELD

As the simplest spin-dependent interaction of pairs of scalar (or pseudoscalar) mesons with nu-
cleons, we consider the Hamiltonian

H=f[1r1r*+V<p*V<p+u2¢*<p]dx+41rf Sa o,yi[f U(x——zA)Vgo*(x)dfoU(x—zA)Vga(x)dx]

g ZA( f Ul — 2.0 Vo* (x)dx f U(x-—zA)V<p(x)dx). 1

Here ¢(x) is the complex scalar field describing positively and negatively charged particles with
restmass p, its canonical conjugate satisfying the commutation rule,

ilm(x), Y(&) ]=dil7*(x), ¥*(&') ] = 6(x—x"). (2)

Capital Roman indices denote the different nucleons, the motion of which is neglected, z4 the co-
ordinates of their centers, ¢4 their spins, U(x) the source function, supposed to be spherical sym-
metrical and normalized according to

f Ulx)dx=1. | 3)

The reason for the assumption of the second spin-independent interaction term (proportional to g)
will be explained later. The factors 47 are only conventional to facilitate the comparison of later
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results with those of other theories. We are using the units Z=c=1 in which the dimension of H
is cm™, hence:

[r]=cm™, [y]=cm™, [f]=[g]=cm™ 4)
The electric charge of the nucleon never changes in the. pair theories; therefore, the total charge
of the meson field,

e=i f (¢¥n*— om)dx, )

is conserved. With two real fields ¢i, ¢2 instead of one complex field defined in the well-known
way by

1 1
= mtim), o= lei—ie), (©)
te L mminy), o*=(orhip) ™
=—(mr1— ’ = ’
TTg T e m e

the Hamiltonian acquires the form

H=1 % [7a2+ (Vou) 2+ uleu Jdx+4nf X4 uA[fU(x-—zA)Vga;dfoU(x—-zA)Vgozdx]

a=1,2

2
tirgd 2 ([Ue—zgvedx), ®
A, a
with the charge of the meson field :

e=f(¢17l'2—¢27l’1)di- - 9

It will be convenient to introduce the momentum space instead of the x-space, which is done in
the usual way by

(i) = (27) f gu(k) exp (ikx)dk, mo(x) = (2m)} f palk) exp (—ikx)dk, (10a)
gu(k) = (27)} f ou(x) exp (—ikx)dx, palk)=(2m)~} f ro() exp (XK, (10b)
Ulx)= (21r)“3f'u(k) exp (tkx)dk, wv(k)= f U(x) exp (—zkx)dx. (11)
v(0)=1, (12)

ga*(kB) =qa(—k), pa*(k)=pa(—k), v¥*(k)=v(—Fk); (13)

i[pa(k), gs(k') ]= bapd(k—k'), (14)

and with the usual abbreviation k¢*=k?-+u?,

H=}%. f Cha(B)pal— ) +o’a(k)ga( — B) 1k

+f3a aA(27r2)“1[fv(~k)ik exp (isz)ql(k)defv(k)ik exp (isz)qz(k)dk]

YW (27r2)—1( f v(—k)ik exp (isz)ga(k)}ik) 2, (15)

o= [ Cas®p:0) ~ @, 1ok (16)
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For the following considerations we split the field into a ‘“‘zero field” which alone appears in the
interaction energy and a residual field p./(k), ¢.’(k). The latter can be chosen in such a way that
in the Hamiltonian, cross terms between the zero field and the residual field only appear for g.(k)
but not for p.(k). This is fulfilled if we put

f o(~E)k exp (ikz1)g.! (E)dk =0, (17)

f v(k)k exp (—ikza)pa’ (k)dk=0, ' (17a)

pa(k) =;lﬁi 24 v(—k) exp (ikZA)tk'PaA)+Pal(k)» (18)
Qs ——-;—1\51' f o(—E)k exp (1Kz4)qa(k)dK. (19)

From (17a) and (18) follows, with the abbreviation
G(k)=v(k)v(—k)= |v(k)|?, (20)

1 ) AU(x—324) AU (x—25)
NA,',BJ'=NBJ',A'L=‘2‘—2 fG(k)kth exp ('I'k(ZA'*ZB))dk=41rf - dx
™

1

dxt ax?
. (21)
—1
— fpa(k)il(k) exp (—"I:kZE)kjdk= Z -PaA,’iNA.z',Bj-
11'\/7 : A,
If M is the reciprocal matrix to N defined by
> Nai,eiM ¢y, 5i= 8488ij, .. (22)
¢l
one has therefore )
—1
ge(b)=— 2 v(Rk)k;exp (—tkz4) Ma; iQ8i+q. (k), (18a)
7™V2 4,84
—1
P‘,A'i=————(qu(k)v(k) exp (—isz)k,dk) Mpj ai. : (19a)
V2

The commutation rules are )
2[Pas, iy Qpp, )= 0ap04Bdij
o’ (B), ¢’ (k) commute with Pay,; and Qag,:; and in accordance with (18), (18a),

1
i[Pa'(k)»qﬁ’(k’)]=5aa[5(k—k')- z '2—-;’(—7?) exp (i(sz—k'zA))v(k')-k,-kz-’MA,',B,]. (23)

4,8,4, 7 4T

Inserting (18), (18a) in the Hamiltonian one obtains by taking into account (17), (17a)

H=H,+H'+Q, (24)
with .
Ho=%" Y [NiipiPos iPap, i+384i5iQas iQuan i+ f 2oa04[Q14XQoal+3g 2 QZA. i (25)
@4,B, 4] ad, i
where ! : 1
dAi,Bj=dBj,Ai= Z Mc,,,,A,'MDn,B,"Z—z fG(k)kozkmkn exp (ik(Zc—-ZD))dk, (26)
C,D,m,n ™ )
H'=} Ea [T Bp (~B)-+heter (). (k) ik, (27)
1
Q= Z MA,', BanB, i = f?)( et k)ik,, exp (ikZA)kozga,<k)dk. (28)
a4, B, i, ] V2
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For the electric charge one has without cross terms e=e¢o+¢’

e0=24 (Qua-Pss—Q24-P1s), (29)
¢ = f Lav' (k) e’ (&) — g (k) pr’ (k) Jdkk. (30)

These expressions simplify considerably if the different nucleons do not overlap; in other words,
if the distance 74ap=|24—28| between different nucleons is large in comparison with the dimension
of one nucleon, which in the usual way can be characterized by

1 1 2 re
~=—.fG(k)k‘2dk——-~f G(k)dk.
a 2n? TJo

In this case,

rap>a, (31)

the coefficients N4, 5; defined by (21) can be neglected for 47 B; moreover one has for 4 =B
because of the spherical symmetry of U(x),

’

Naia5=Nbij, (32)
with
2 re :
3N=" f Gk)ktdh =4 f (VU)dx. (33)
m™Jo
‘In this approximation one has therefore
: 1
My Bi= 5ij5AB'Ey B (34)

and for similar reasons for the coefficient d4, p; defined in (25)

A4 Bj=0480:d, (35)
=t f "Gk bid
T Nx J, 0 : (36)
Instead of (25), (28) we obtain then
Ho=% 2 {NPaa’+f04[Q14XQ24]+3(g+3d)Qus?}, (37)
ad
Q 1ZQ 1f(k)'k (1kz4)ko’q.’ (k)dk
N2, Gy v tki exp (ikz4)ko’q.’ (k)dk. (38)

Obviously the Egs. (32) to (38) are exactly true if there is only one nucleon present.

8

3. THE H+-PROBLEM

We consider now more in detail the problem defined by the Hamiltonian which is generally given
by (25). We shall first investigate the particular case of non-overlapping sources [see condition
(31)7, in which, according to (37), H, decomposes into separate parts Hys from which each contains
only variables connected with one nucleon. The eigenvalues of H, for nucleons at distances larger
than their sizes are therefore independent of these distances and of the orientations of their spins.
Therefore the part H, of the Hamiltonian does not give rise to nuclear forces in distances where
the forces do not overlap. C ‘
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In this region it is sufficient to consider only the part of H, which is connected with a single nucleon
and to omit the index A. Moreover we shall be interested in the strong coupling case in which d
is small in comparison with g and can be neglected. Indeed, according to (33), (36) one finds that
d is of the order @3, and the inequality,

£>ad, (39)

will turn out to be one of the strong coupling conditions. We have, therefore,

Ho=3N(P:2+P;) +3g(Q:*+Qs) + fo[ Q1 XQ: . (38)
Besides the charge
eoET=Q1'P2_Q2'Ph ' (29,)
there exists the angular momentum integral
J=L+30, ' (40)
with
L=[Q:XP:]+[Q:XP:]. (41)

We found it convenient to use coordinates introduced by Pauli and Dancoff® which describe the
two vectors Qi, Q2 by two positive scalars and four angles, one of which, denoted by 6 is canonically
conjugate to the charge 7. The three other angles define a system of three orthogonal unit vectors
n® (r=1, 2, 3) in such a way that
Q1=0; cos InM —Qy sin n®, Q,=CQ1sin InM+(Q, cos n?; (42)
hence,
[Q:XQ:]=0Q:Q:n® with n®= [ Xn®7]. (43)
In other words n® and n® are in the plane spanned by Qi, Q:, their direction being fixed by the
.. o4
condition
01D Q1@ 40,00, =0, (44)
where here and below the components of a vector X parallel to n” are denoted by X = (X-n().
In the paper referred to it was shown that
v 3 2 @) — T2 2))2 )2
(L®+T) ]L(L e L )%(L ).
2(01—Q2)% 2(01+0Q2)? Q1® Q2

The operator P, is hermitian conjugate to P, with respect to the density p=Q1Q:(Q1+Q2) (Q1—Qs) ;
that means ‘

P>+Py?=PtP1+P:tPy+ (45)

v 19
Poli= —i—) Pt¥=—i-—(p¥).
] @ P Qa

Hence we obtain finally

(46)

L+ T)H2 LG —T)2 L(2))2 L)2
He 4] Prpit Prpit P A O

2001—02)?  2(01+02)? Q2 | Q2

As was shown in the paper referred to,” it is also possible to make an S-transformation which brings
o™ to its normal form ¢, and at the same time L to J™ —¢™, where J as an operator applied
to the new wave function has the same form as L had before the transformation, so that (46)

6 W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942); compare especially, Section 8, Egs. (115), (116), (50c). For
the definition of three Euler angles d, ¢, ¢ compare Appendix, Eq. (1), the quantities 4,4 being identical with the com-
ponents of n®. The expressions of L™ = (L-n®) are given by Appendix, Eq. (7).

7W. Pauli and S. M. Dancoff, see reference 6, Section 8, Eqgs. (65a), (69).
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is equivalent to

(JO =303+ 1) (JO—}0o=T)* (JP—}0))? (JD—}o1)?
Hy=31N| PtP1+ PPy + : + | ]
0 2N[ 1L 2 Lo 2(01— 0y)? 2(014+0,)? 0:2 T 022
+32(0:+ Q)+ fosa0:,

or with

1 1
R=$(Q1+Qz), S=@(Q1—Q2),
; \ 47

1 1 .
PR=$(-P1+P2), Ps=&'(P1—'P2),

J® 1 )2 (J® —lg,—T)2 J® _1,.)2 T — 1502
Ho=%N[PR+PR+P5+PS+( sos+T) I ( 203 ) ( 302) ( 101) ]

452 4R? (R+S)? (R—S)?
+3(g+fos) R?+3(g— fo)S*].  (48)

If R, S, R+S, R—S (in other words Q1, Q2, Q1+Qs, Q1—Q.) are large, the terms with the denomi-
nators can be neglected and the eigenvalues of ¢; being 41, we obtain a system of oscillators with
the frequencies

n=[@g+HNI, r=[(g—fIN], (49)
each of them double-degenerated, provided that
g>f. (50)

In the opposite case the Hamiltonian is not definitely positive, and we obtain a system which partly
corresponds to repulsive forces and for which a continuous spectrum with any eigenvalues of H,
between — « and + « has to be expected. This conclusion seems to be confirmed by the discussion
of the behavior of the eigenfunctions for large values of R, S, R+.S, and R—.S. This result seems
to be in such a disagreement with the empirical properties of particles that we postulate the inequality
(50) as a necessary condition to be fulfilled by our Hamiltonian.

The actual discussion of the different eigenstates of H, can better be made with help of (46)
without the S-transformation than with (48). The ground state 7=0, j=% [where j is defined by

2=j(j+1)] for instance leads to two simultaneous differential equations of the second order for
two wave functions ¥ and ¢ which, however, do not have a simple analytic solution. We have not
carried through a detailed numerical discussion of this eigenvalue problem because it was not
necessary for our purpose.

Before concluding this section we discuss the case f=0, but for small distances where the sources
overlap, in order to prove that in this region the Ho-problem actually does give rise to interaction
forces. Neglecting the coefficients da; ; for the same reasons as before the d, we obtain for f=0
- from (25), :

2
Hy=% Y NuiiBiPas, iPan it+38 2= Qad,i-
@A, B, i, j a4,i

As there is complete separation of the variables for =1 and a=2 we can neglect in the following
the index « and write:

.

Hoy=% X NuaiiPa,iPpit+3g22 Q4
4,B,4,] 4i

The Hamiltonian being a quadratic form, this leads to a system of oscillators which can be obtained
by searching the classical periodical solutions, with the frequencies w to be determined. As we have

Paim =T 40in Q= o Nuwp
4,i= — = —gU4, 4 4, 0= = 44, BB, j;
9Q4, « OP4,; B, ’




STRONG COUPLING CASE FOR SPIN-DEPENDENT INTERACTIONS 275

hence, ..
—P4i=g > N4, BiPBj.
B,j

We obtain for the frequency the determinant condition
| — w844 Bit+Nai, 55| =0. (51)

This can be simplified for the case of two nucleons according to the definition (21) of Na; 5; and
the central symmetry of the source function. Using (32) for 4 =B and choosing a coordinate system
where the x; axis is parallel to the line joining the two nucleons, one easily finds for A#B, Na; ;=0

for i#j, N1 m ﬁNAz, B2 hence,
The roots for w? are, therefore,

w?=N=xNy3 53, N4=Nay, 1, N+ Nay, 51,

—w2+N, NAs,Ba

—w?+N, Naipi ”2
Nys s, —w?+N )

sanrNesnl=|
= w*0ass; aimil Ny, ——w?+N

and the zero-point energy
E=} ¥ o=3[(N+Nas5) + (N = Nas 5) T+ [N+ N sy P+ [N = Nor, . (52)
For infinite distances one has E=3(V)?; hence,
Vap=3[(N+Nas53) 4 (N = Nus, 53) = 2NV ]+ (N4 Nag, g) i+ (N = Nay 1)} —2N%),  (53)
which actually depends on the distance 74z as soon as the sources overlap. Because of the presence

of two real fields (a=1, 2), one has still the result given by (53) to multiply with two.

4. THE H'-PROBLEM

We have now to investigate the problem defined by the Hamiltonian H’ Eq. (27), and the extra
conditions (17), (17a). As there is complete separation between the two fields with =1 and a=2,
we omit the index « and write

1=} [ [ ®p' (= k) +hid () (— 1) ok, (54)
f’u( —k)k exp (1k-24)q (k)dk=0, (55)
f o(k)k exp (—ik-24)p' (k)dk=0. (s6)

Assuming that the sources do not overlap [inequality (31)] we can write the commutation rule
(23) according to (34) in the form

11 .
i p'(k), ¢'(K)]=o(k—K') N é—;v( —k)o(k') (k-K') 24 exp (i(k—k')-z4). (57

One can see immediately that neither the coupling constant nor the spin of the nucleons enter into

the formulation of the problem. ,
Applying the rule F=i[H’, F] for F=g¢'(k) and F=p'(—k) one obtains, with help of (56), (57),
the equations of motion

1
¢ (k)=p'(—k), —p' (—k)=—¢ (k)=koq (k) —;\/—jv(k) 2 aexp (—1k-24)kds, (58)
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with {1 ‘
3»11:?\7——\/_ v(—k)k02k exp (ik'ZA)q’(k)dk, (59)
or also according to (55)
11
3»,12-‘1\;;\72 7)(“‘k)k2k exp (1kZA)q'(k)dk (593)

The same result follows, of course, with the method of Lagrangian multiplicators.

As the equations of motions are linear, it is sufficient to treat these equations classically by search-
ing its periodic solutions. It will turn out, however, that the problem is only uniquely defined if we
first make the k-space discrete, assuming for instance k;=en; (n; integers) and replacing f'dk by
€2 ni. Only at the end of the calculation shall we perform the limiting process e—0 again. For

instance, we have then:
11
t=———6 >, v,k K, exp (1K.Z4)q, . (59")
N 7v2

For a periodic solution with a frequency w which we may put equal

w=(P+p)t, (60)
we obtain from (58)
11
(—12+k, 2)Qn “Nod >4 exp (—1k,Za)k,2a=0. (61)
Hence, either
A=0, I2=F,2 (62a)
or
, 11
dn :_']\7‘”'7 ZA CXD ( lanA) l2+k 23\' . (62b)
From (55) we therefore obtain, using (20),
| ¥ G(ka) exp ik ) e (63)
n) €xp (1K, (z4—2 =0,
PR P Za = 28))

which leads to the determinant condition
kinkjn

esziz 2w G(ks) exp (1Kn(z4 —235))

If N denotes the number of nucleons present, the determinants (the elements of which are written
with the double-indices 47, Bj) have 3N rows and 3N columns.

While the values of the roots of this equation essentially depend on the exact discrete values of
the ki», symmetrical functions of its roots can be computed by an elegant method given by Wentzel,
which makes it possible to perform again the limiting process to the continuous k-space. We define
a function ¢(¢) in the complex ¢- plane by

ink jn
Zn G(k,) ex (1kn(zA—z ))
p B)) PR
The zeros of ¢(t) are just the eigenvalues of /,2=w,2—u? we are searching for. As the Hamiltonian
is positive definite, the eigenvalues of w? are certainly positive, and the eigenvalues of 12=w?— 2,
therefore, certainly larger than — u2 The poles of ¢(¢) are obviously ¢ = k.2 If now f(¢) is any function

o(t)= (65)

8] (see note 1); compare the figure on p. 115.
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which is regular on the real axis and its environment for ¢ > —pu? one has
d log <p(t)
A0 = En )= i) | (66)

On the left side the first sum has to be taken over all eigenvalues; on the right side the path of
integration is a loop in the positive sense around the real axis from - « -4-ie over fo+ie and to—7e
to 4 « —ie, where the choice of ¢y lets the point t= —u? to the left. By partial integration the ex-
pression (66) is transformed into

INIUDOEDY k?)—_l—fdt'tl 0) | 67
- f(:7) n flon®) = —— f'(1) log ¢(2). (67)

(It can be shown that the upper limits together do not give any contribution if G(k) decreases
sufficiently with increasing k.) For f(¢) = ({+u?)?, we obtain in this way just the change E of the
total zero-point energy of our oscillators owing to the nucleons and their coupling with the meson
field (where the existence of two mesons corresponding to a=1, 2 has been taken into account).

Hence we have
t 68
me o 010, C

It may be noted that the solutions satisfying (62a) automatically make no contribution to this
difference.
The remarkable fact is that it is possible to go to the limit of a continuous k-space in (65), namely

o(t)= (69)

— | G(k) ex (zk Z4—1Zp H
= [6® exp Gtz —2a) =2 a
The integrals are defined if ¢ is not on the positive real axis. There, however, one can still define
the two limiting values
pr(x)=lim p(x+1y), ¢-(x)=lim p(x—1y),
y->0 y—>0
which both exist for x, y real, ¥y positive, but turn out to be different from each other.

It is convenient now to separate the contribution of possible existing roots of ¢(f) for real ¢ in
the interval (—u?, 0) from the contribution to (68) from f-values with a positive real part. The
former, if present at all, remain discrete even if the k-space becomes continuous, and may be de-
noted by

b= (w2 =) <0, @(ta) =0, | (70)
Introducing I = (£,)* as variable of integration for the other part with positive real part of ¢t we obtain
E=Saon—sm § o o) @

2w (2 4p2)t o

Going with the part of integration near to the real axis from above and below, one obtains from
(71) immediately 1l '
© d 2 .
E=3 . wn+ log el )- (72)
2wt Jo  (I2+u?)i o_(1%)
We shall now compute the determinant (69) defining ¢(f) for the case of two nucleons present,
for which we are here mainly interested. There are first the elements corresponding to 4 =B which
we can write 1§;; with

=12 f il G(k)dk. (73)
3xde —ttE
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The elements for 4 % B are symmetrical in A and B and can first be written, if we use the abbreviation

z=24—12p, r=]|z|, - (74)
Jy= =2 (75)
v 62,192,’-
1 k 12 (oksink
_ Lo @ etk f M cyde. (76)
) e rrde Zitk

If we choose the 3-axis of our coordinate system as being parallel to the line j Jommg the two nucleons,
we easily obtain from these expressions

L. 1d7 | axj
Jij=0for i#j, Ju=Jp=——, Jau=——r0 (77)
r dr dr?

For the determinant in (69) one obtains now immediately

o CE) (2]

or
o(t) =Le1(t) PLe2(t) Pes(t), (78)
with
e1(t) =13, (781)
being the expression for ¢(¢) if only one nucleon is present and
=1 (lld.f)2 (78)
(2] - I ’ dr ’ 2
o=1-(331) (180
AR U2y | '
We can now compute the limiting values ¢, (x), ¢_(x). by using the formula
°° F(k F(k F(l
fim [ B e f ®) pint D (79)
g0 Jo  — (Ptiy)+k? p —12+k? 21

which holds for positive ¥ and every F(k) which is regular on the positive real axis and its environ-
ment. The symbol P under the integral sign denotes the principal value. Transforming the expression
for I into

2 e , 2 > ' 2 = G(k)
3[(l2)=—f k2G(k)dk+lz-—f G(k)dk+l4-—f —dk,
mJo . ™ Jy mJdo ) _l?+k2

we obtain with the abbreviation

f GlRykdk, - f G(E)dk,

31=34+12 212 f )
)y Ty

Obviously the order of magnitude of A4 is a~3. For the following it will be sufficient to evaluate the
integral for

I<Kat. (80)
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In this case it is permitted to put G(k) =1 in the last integral and we obtain®
. v
3I+(1?) =34 +12 —1l5 (81)
- a
Under our assumption 7>>a [see (31)], and taking (80) into account we can puf G(k)=1 in the
definition (76) for J. In this way one easily gets!
J=(I2) =exitr/p, (82)

Inserting now (78) into (72) one sees that ¢:(f) gives rise to the zero-point energy and that for
the interaction energy we have

® o2+ () | @3, +(1%)
V,u;=-_ 2 IO og .
2miJo  (PP+p?)t 00, (19) ' 2mi (l2+u2)* @3, —(1%)
From (81) and (82) it follows that for 7>a, ¢, + and @3 + are “small in comparison with 1 (they
are therefore never zero and the discrete term in (72) can be omitted) and we can put

, 1 1dJ+\? 1 1dJ+\?
10g¢2,:t=10g[1— ——~___) ]=_(___

I+r dr I+7r dr
1 | [1 1 d?Ji)z] 1 d%Ji)2
08 ¢a==108 a0 ) 1T \1ian )

As in the analogous case of Wentzel only the region l<<a™! contributes appreciably to the Fourier
integral ;! therefore we can simply substitute 4 for I+ and get

: 1 1 p>  ld aJ, aJj_ 2T \? [fd2T_\?
v wwa (o) () *(G@) -G F e
2ri A2 Jy (124w r? dr? dr?

Inserting (82) we obtain the final result

i n21.lr 2 2,212
Van= 21["1/A21’6f (lz—i-;ﬂ)% [2( 144lr) 2+ (2 —24lr — lr) 7+conj. compl

- which can be written

VAB= -

ldl
[sin 2l - (6 — 10122 +144) +4 cos 2lr- (—3lr+1%3) 1. a4
rA?rﬂfo i 2 e lirt) +4 cos 20r-( 9] (84)

The result can be expressed by the function
® gsin zx

—gHﬁl)(ix):K(x): fo R— fo " exp [—2(s*+1)ids

9 For ¢ <0 one obtains, putting t=—1, 1
‘ 3I(—1)=34—P-=+B.
a

10 For ¢ <0 one obtains, putting again t=—1,
. J(—B)=e"/r.

1 In the usual way we use, in the following, for integrals with oscillating integrands f(x) which are not convergent in
the proper sense, the definition
= M —€X 3
’/; f(x)dx 151_?(} j; f(x)e *dx

[Compare W. Pauli, Rev. Mod. Phys. 15, 175 (1943), Eq. (190)].
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and its derivatives. We also notice the connection with

)

COS 2% d _f” exp [——z(s2+1)’5']d
0

in,, - K _ *
Py o (i) = O(x)—j; (14221 5= (s2+1)%

given by )
K(x)=—K¢(x), Kolx)=—K'(x)—-K(x).
x

From (84) one gets the expression
I

Vap=— 2ur 84a
with w4 276g( ) o
g(x) =6K(x) +§x2K” (x) +—1%x4Ki"(x) —6x K’ (x) ——%x:’K"’(x), (84b)
which can be transformed into ‘
g(x)= ilé-I-Es-x2+—1—x4)K (x)+ (gx—l—iﬁ) Ko(x). (84c)
‘ 2 16 16 4 8
Usiﬁg K(x)=1/x for x<1 and K (x) = (mw/2x)% = for x>>1, we obtain
43
Vap= T o for wr<1, (85a)
. 1

Vap= ———— e~ for ur>1. (85b)

23/m A? (ur)™*

5. RIGOROUS TREATMENT OF THE SPIN-INDEPENDENT CASE f=0. ESTIMATION OF THE
CONTRIBUTION OF Q IN THE SPIN-DEPENDENT CASE

To prepare the estimation of the part @ given by (28), to the interaction energy in the general
case, we first discuss briefly the rigorous treatment of the spin-independent Hamiltonian'? obtained
from (15) by putting f=0 and omitting the index «, namely

1=} [ o®p(~D+koaka(~ B k+3g Ta Qut (86)
where again, as in (19), Q4 is given by
Q4 =#i v(—k)k exp (1k-z4)q(k)dk. | (87)

From the canonical equations of motion one easily obtains
. ‘
§(k)+ko*q(k) +g72;u(k)k 2aexp (—ik-z4)Q4=0.
™

As these equations are linear it is sufficient to search their periodic solutions and if we put, as in
the last section, for the square of their frequency,

W=D+,
2 The analogous case, with the scalar -
1 ]
Qu=—3 f v(—k) exp (tkza)q(k)dk

instead of the vector Q4 in the Hamiltonian was treated by Wentzel, see reference 1 “I.”
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and introduce discrete k-values, we obtain the system of linear equations

1 .
(-—lz—{-knf")gn-{—gz—;e3 > v(kn)kni exp (—iKaZa) 2 v(—ky) exp ((RwZ4)qn =0. (88)
T 4A
Hence we have either 2=%,? and Q4 =0 or
1 3 v(kn) . .
6nn'+gﬁe %ZA mkm exp (—’LanA)v(—knl) exp (1kn'ZA) =0.

This determinant can be transformed with the help of the following algebraic theorem

’

N
e+ X (W)

_ H bisk S fi(m)gi(m)

the latter determinant having N rows and N columns, whatever the corresponding number for the
first determinant may be. The proof of the theorem is given in the appendix. In our case one has
to replace 4, j by the double indices A7, Bj, and N by 3N, if NV is the number of nucleons present.
The determinant condition then gets the form

G(kn)

1
04, Bj+g2—7r263 Zﬂ: kmkmm

exp [:’Lkn(ZA—ZB)]H =0. (89)
The subsequent calculations can be made in exactly the same way as in the last section, by replacing
in (68), (71), (72) the previously used function ¢(f) by the new one ¥(¢) defined by

kik;
—i+k?

®=\o ot G(k)
Y(t) = Ai,B;+g21rzf

exp [7k- (z4 —zp) |dk

' ) ‘ (90)

instead of (69). Again this definition fails on the positive real axis, where y(f) has different values
if the approach is made from the upper or the lower half of the complex plane. From (78;) to (78;)
one gets the corresponding expressions for y(¢) by substituting 1+¢I and gJ for I and J, respectively.
Hence

1dJ\?

-=), H=1—
g 1+Irdr ¥ (

1 d?J\?
g+ 1 dr?

Yi(t) =1+4g°13, ¢2(t)=1—( (91)
For rag>>a the final result for the interaction energy Vap is therefore exactly the same as that for the
strong coupling case which was given by (84) if the factor 1/A? is replaced by g*/(1+gd4)%. While in
the strong coupling case the result holds if only the coupling constants fulfill certain inequalities
which will be derived, the generalized result for arbitrary coupling only holds for f=0. In this
particular case the relative error of the result (84) is obviously of the order of magnitude 1/g4.
We are now in a position to estimate the corresponding error in the general case, where both f
and g are different from zero. For r4z>>a, we can use the expression (38) which we can write, using

the notation 24 introduced in (59) . ‘
’ Q= ZQaA 'avvui- (38/)
a, A

In order to estimate the contribution of @ to the interaction energy (or self-energy) we use the
well-known formula of the perturbation theory

| Qor |2

AEy=— , : 92
0 Z,:ET—EO (92)

where 7 are the excited states, 0 the ground states, and E,, E, the corresponding energies. In our
cases the excited states are those where one of the oscillators of the H’-problem and one state of
the Hy-problem are excited, the former corresponding to the matrix element of A.4,; (which are
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independent of the coupling constant), the latter to those of the Qu4,:. In order to estimate the
order of magnitude of the matrix elements of the Q we can, according to (47), (48), (49) approxi-
mately replace H, by a system of oscillators with the frequencies (49), namely

n=L@E+ANDE, »=[(g—f)N]}
the order of magnitude of the corresponding matrix elements of Q. is, according to (47), (48)
(0] Qaa,il7)~(N/v)¥ and (N/wo)k

In the denominator of (92) the excitation energy »; or v, of H, will in the strong-coupling case
always be large in comparison with the excitation energy of H’ (the I's being cut off by a?); hence

1
)\2 Avy
gif< )

N
AEQ N_<)\2>Av ~
V2

where (A\?),, means some average, this second factor being certainly independent of the coupling
constant. -

The comparison with the above result for f=0 let us also expect in the general case errors of the
relative order

AE, 1 1
—~—— and ——. (93)
E, (gt+h)A (g—f4
The strong coupling conditions are therefore
(g+HA>1 and (g—f)A>1, (94)
or,as A~a3 ‘
(g+f)>a?, (g—f)>ad, (949

as was stated in the introduction. Moreover one sees again the importance of the inequality g>f
[stated in (50)] for the consistency of our approximation. Moreover, if (94) holds, the spin-dependent
part of the interaction energy will be smaller than the spin-independent part given by (84), by a
factor whose order of magnitude is at most that indicated in (93).

6. VECTOR-PAIR THEORY

In close analogy to the scalar-pair theory we discuss in the following the vector-pair theory, in
which a pair of mesons with spin 1 and opposite charge interacts with the nucleons. The charged
mesons with spin 1 are described in the usual way by a complex vector field ¢(x) or two real vector
fields ¢.(x) with =1, 2 and the simplest spin-dependent interaction of pair type (that means
quadratic in the meson field) with the nucleons is characterized by the following Hamiltonian!3
which is analogous to (1) and (8):

1
H=1%Y f{waZ—}-E(V-wa)z-f-[:VX¢a:]2+,u2¢a2]dx—l—41rfZ cA[f U(x—z4) ¢1(x)dx

><fU(x—211)9252(90)dx]—|—%‘4=1rgE1 (fU(x—zA)¢adx)2, (95)

with the canonical commutation relations
[ mai(x), pi(x")]=08agb:;0(x—X'). (96)
Transforming into momentum space as in Eqs. (10) to (14), and again putting k¢ =k2+u? we obtain

13 For the force-free part in which the fourth component of the four vector and its time derivative is eliminated, compare
N. Kemmer, Proc. Roy. Soc. A166, 127 (1938); H. J. Bhabha, Proc. Roy. Soc. A166, 501 (1938); and W. Pauli, Rev.
Mod. Phys. 13, 203 (1941), Section 2a. .
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as in (15),

1
H=3} 3% t (6i;‘+kik;’;‘2') Dai(R)Pai(—k)+ (ko?dij—kik ;) Qai(k)qai(— k) }dk

a,

+f2a GAE}r_z [fv(——k) exp ('ik~z,;)q1(k)dk><fv(—-k) exp (ik-zA)qg(k)dk]

2ng—( o= exp z4>qa(k>dk). o7

The coupling constants f and ¢ have now the dimensions of a length. The split of the field in a ‘‘zero
field” and a residual field analogous to (17) to (19), which av01ds cross terms between the PaA
and the p.4’ in the Hamiltonian is here given by

[o=w exp 200, Gk =0, (98)
1
£ [ o8 exp (=il pod () +—pibin ) =0, (982)
M
1
Pa(k) =—— 2.4 v(—F) exp (ik-24)Pasa+pd’ (%), (99)
V2
1
Qui=—- fv(—k) exp (1k-z4)qa(k)dk. (100)
Toav2
We restrict ourselves here to the case where the sources do not overlap; then it follows from it
11 1
Gai(k) =_]\—7 —(k) 2 exp (—1k-z4) (QaA. i+_2kikaaAj) +gai (%), (101)
1
Patim s T o0 exp (=i 2)| B+t (102)
where N is in analogy to (32), (33) given by , ,
_ 1 kik;
Fou=— [ 60 (542, (103)
22 u?
or
_ ® 1 k2
== f G(k)(1+— —)kde. (103)
wJo 3 u? ’ .

We remark that for ua<<1 the difference of N and N/u? is small, of the relative order (ua)?. The

commutation relations are )
1[Paa,i» Qsp, i]=0as045d:j

as before, the peai’(k), ¢ui’ (k) commute with P4, ; and Qa4,: and in accordance with (98), (98a)
one has !

1
iCbad (9, 00/ ()1 =8 (k= )o1y— 5 —— T exp [ilk—K) ]
w(—E)(k)- (a.-,~+-1—2k,-'k,-') ] (104)
u

The Hamiltonian splits again into
H=H,+H'+Q.
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Here H, is again given by (37) with a slightly different meaning of d, which coefficient however
can also here be neglected in the strong coupling case. H” has the same form as the force-free function

1
H=3 3% f{ (6ij+'_2kikj)pail(k)Paj,(’_k)+(k026ij—'kikj)qai,(k)qaj,(_k) dk, (105)
a, 1] 122

but with the subsidiary conditions (98), (98a). Using

ki ki
Zl(azl'— k02) (5la'+? =04,

one obtains finally for @ the expression

1

-1
“F .,,ZA:.@- Qas 2 fﬂ(—k) exp (ik-z4)ko’qa’ (k)dk. (106)

In view of (98) in the integral k¢ can be replaced by k2, hence putting in analogy to (59)

11
T f"(“k)k2 exp (1k*Z4)qo'(k)dk, (107)

we have as in (38')

Q=Z Q,,A-D»,,A. (38")

The H’-problem can be treated as in Section 4. Instead of (58) we obtain from (105), using (104),
(98), (98a) and omitting the index a,

1
4. (k)= Zi(aij+Ekikj)Pf’( —k),
1 .
—pi(—k) =2 1(ko* j1— kjk1) G (k) ‘“—V?U(k) 24 exp (—1k-z4)A4;,
™
where 24 is defined by (107). For 'g'i'(k) one obtains

—g, (k) ko q,’(k) —b—v(k) Z exp (“'lkZA) (5”“}-%]3118]) )\Aj. (108)
N

4,3

The only changes necessary in the computations of Section 4 for vector mesons are therefore the
replacements of k.;k; by 6.;+(1/u?)k.k; from Eq. (63) on. Instead of I we get

2 e k(b 2
= f ——£+—ﬁ—)G(k)dk=~f
™ Jo —l2+k2 ™Jo

G(k)dk I 109
Wkt (109)
and instead of J;;
- 1
J,‘j=J5@'j+—2]ij, (110)
"
where J;; and J were defined by (75), (76). As

2 e R 1 2 G
z f GR)dh=—+12-= f ik,
T Jo —Z2+k2 a T Jy —lz+k2

we have for I>>a™!

1 1
Te=—Tat-til, S
u? a
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or according to (81) with
2

A= A+—— (112)
3a

3;.;2I;t=3fi+(lz+3y2)—:}:il(l2+3u2). (111a)
a

We notice that for na<1 the difference between A and A4 is negligible.
The computation of Vap for the vector theory follows the same line as for the pseudoscalar
theory. According to (110) one obtains for #>>a instead of (83)

e o) (1)
BT i A (zz+u2) rdr O rdr VT

axJj, 2 axj- 2
}+( +M2J+> -—( Fw +u21_> ], (113)

)"'““[2( 144y — u2r?)24- (2 = 24lr — 127 — p%?)? ]+ conj. compl (114)

or

Vap=—

2mi A f P4p?
One finds by comparison with (84) -

A 1 e e
Van="5Van——1— f g S 20 Qa3 (115)

With the help of the function K(x) already used, we obtain

Vap=— (115a)
with \
1) =g+ (3 ) [-2K" () +3K@)] (115b)
which can be transformed into
glx) = i"f ~5—9x2+—x4)K(x)+ (—x+—x3)K0(x) (115¢)

The evaluation for ur<1 shows that there the second term in (115) is small compared to the first
by the relative order (ur)?; hence in view of (85a)
_ A? 43

1
AAB:EVABz—EE fOI‘ p,7<<1. (1163)

For ur>1, the second term turning out to be equal to the first; hence,

Van=2mv L 1 116b
AB= Z— AB——:/:E(Tr)me or ur>1. (116 )
Finally, in analogy to the development of Section §, the spin-independent case F=0 can be treated
rigorously and leads to the result that for I there has to be substituted 1/g+1. Thus for 74s>>a, Vas
is again given by (115) if the factor 1/A42 is replaced by [(;ﬁ/g)j—A]—?. The relative error of the
result (115) for strong coupling is here therefore of the order u?/gA. In the general case this relative
error will therefore be

w[@+HAT?, and wl[@-HAT, (117)
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and the strong coupling condition
G+DA>, (g—HA>w, (118)
~or for pakl, '
@+NHa>p?, (§—Fa>>p (118')

One has to remember that for vector mesons, § and f have the dimension of a length and not of
a volume as in the scalar theory.

APPENDIX
Transformation of a Determinant

In Section 5 we had to evaluate a determinant of the form

llpnns|| =

N
Onn’ + ; ft(n)gt(n')

On the number of rows or columns we only suppose that it is larger or equal to N (it may even be
infinite, if the functions fi(#), g:(n) are decreasing with increasing #» with a sufficient degree). We
now make an S-transformation

¢'=5"14S,
which certainly does not change the determinant:
lle’ll=llgll,

by choosing S in the following way:
= fu(n) form=1,2, ---, N

is undetermined for m > N.

(nls1m)|
Then we obtain

N
o= b (01572 )| . (r]S1i0gs) [o51 )
and because of " =

> a(m| S n) (1] S|2) = bmi,

N
bt = O+ 2 3 Smags(n') (0| S|m").

n' i=1
i =0i+ 2 0 gi(n)fi(n) for i=N, j=N,
¢ is undetermined for i=N , m'>N,

¢1’nm’=6mm' for m> N and all w'.

Hence,

The determinant has therefore the form

N
N 8:i+ 2 n gi(n) fi(n) undetermined
0 1

where 1 means the unit matrix. Hence it is equal to the smaller determinant with N rows and N

columns: .
[18:54+ 25 gi(n) fi(m) || = |[6:54+ 2 fi(m)gi(m)]l,

as was stated in the text.



