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1. INTRODUCTION

HE purpose of the present paper is an
attempt to answer the question, whether

or not field concepts, introduced by classical
electrodynamics, are essential in order to de-
scribe the microstructure of matter and radiation.

It is well known that quantum theory has
made two independent attempts to describe
microscopic phenomena: one by modifying the
laws of electrodynamics by the intr'oduction of
the photon concept, the other by reformulating
the laws of mechanics. Bohr and Rosenfeld have
shown, thai both of these modifications of
classical theory can be derived from one single
principle, the uncertainty principle, which limits
the. simultaneous knowledge of canonic conjugate
quantities, indispensable for causal description.

Already a simple dimension consideration
shows, that there is room in non-relativistic
mechanics for the introduction of a third con-
stant k in addition to the two classical constants
m and e. Non-relativistic quantum mechanics
can be considered, today, to be a de6nitively
established scheme. Making use of the results
of a recent paper, ' we shall denote the physical
picture to be associated with non-relativistic
quantum mechanics by P(m, e, h).

There is neither any difficulty of principle to
introduce quantum concepts into the theory of
radiation. Classical electromagnetic radiation
theory corresponds to a very simple physical
picture, P(c), which, in quantum theory, becomes
P(c, h). We have, however, to lay emphasis on
the fact, that the pictures P(m, e, h) and P(c, lt)
use different fundamental concepts and cannot
be combined in a trivial way.

We have, finally, to mention a third well-
known physical picture, P(m, c, e), which corre-
sponds to relativistic mechanics of a point charge.

serious difficulties, as soon as we try to establish
an over-determined physical picture P(m, c, e, lt)
which, sometimes, has been denoted as "rela-
tivistic quantum theory. " These difficulties arise
as soon as we try to generalize either ordinary
quantum mechanics in agreement with the theory
of relativity, or if we want to introduce into the
theory of radiation the concept of a point charge.

We shall show in the next paragraph, that the
development of a more general physical picture
depends essentially on the choice of a set of
appropriate variables.

2. KINETIC, CANONICAL, AND FIELD VARIABLES

Let us, first, consider the variables which are
implied in classical and relativistic mechanics,
or in the physical pictures to be denoted as
P(m, e) and P(m, c, e). One realizes immediately,
that these variables are respectively

v and 4,

I;. and A, .

In the following, variables of the type v and n;
shall be called kinetic variables, while variables
of the type C and A; and the derived quantities

1&AE= —— +grad As, H=rot A
c

may be called field variables
The use of these two sets of variables is, how-

ever, not the only possible one. Indeed, Hamil-
ton's mechanics and its further development,
including the physical picture P(m, e, lt) of
quantum mechanics, use, in addition to the field
variables A; so-called canonical variables,

e
p, =m. u, ——A, .

C

While the three mentioned physical pictures
The most important difference between thecan be quantitatively formulated, we meet

physical pictures P m, c, e relativistic me-
chanics) and P(m, e, It) (non-relativistic quantum' G. Beck, "Physical picture and mathematical formal-

ism, " Phil. Sci. (to be published). mechanics) has to be seen in the fact, that the
i87
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A=O,

reduces to the simple connection

v =p/m.

(3)

(4)

In quantum mechanics, the essential difference
between the two pictures becomes much more
obvious and does not permit more than the use
of "correspondence pictures. "

We shal) show, now, that there exist important
arguments which throw doubts on the validity
of relations (3) and (4) even in the case of free
space.

Already quantum theory of the radiation field
leads to the unexpected result, that no field free
state of the vacuum can exist. The difficulties
which Row from this result for the description of
motion have been frequently discussed in litera-
ture. It has, however, never been mentioned,
that Dirac's theory leads, in an independent way,
to the same result.

If we write Dirac's equation under the form

Po+ny+Pmc =0, (5)

we meet a characteristic ambiguity of possible
interpretations. We may either accept p; to be
canonical variables and consider e and P as
formal means to express a linear system of
differential equations, which generalize Hamil-
ton's and Schrodinger's equations. In this case,
we have to introduce into Eq. (5) independent
field variables. This procedure requires, however,
the independent introduction of the concepts e
and h and leads to all the difficulties implied in
an over-determined physical picture P(m, c, e, h).

In order to solve these difficulties along the
lines which have so successfully been followed in

former one contains explicitly the velocity concept,
while the latter does not use a fundamental
quantity of the dimension of a velocity and
accounts for the phenomenon of motion in a
more abstract way.

In Hamilton's mechanics, the essential differ-
ence between the two pictures does not show up
fully, because its formalism permits reference
fairly easily to the classical picture of motion by
the relation

BII//BP =j,
which, at least in the case of absence of magnetic
fields

non-relativistic quantum mechanics, we would
have to eliminate from the fundamental concepts
of the theory any reference to the velocity con-
cept, represented by the constant c. This would
mean, first of all, that we would have to abandon
Maxwell's picture of electromagnetic radiation,
P(c), and that we would have to replace it by a
much more abstract description P(e, h) before
combining it with the picture of quantum me-
chanics. No attempt in this direction has ever
been, made.

The attempts to solve the difficulties which we
find in literature are dominated by the tendency
to conserve the physical picture I'(c, h) of radia-
tion theory, rather than to maintain the picture
of quantum mechanics. This means, as long as
we want to refer explicitly to the constant h and
to the uncertainty principle, that we have to
eliminate the constant e, the charge concept,
and, therefore, any reference to field concepts.

In radiation theory the problem has been
solved. The characteristic feature of this theory
is the use of particle pictures, appropriate to
deal with phenomena showing up in experiments
with cosmic rays. Difficulties which have not yet
been overcome arise, however, as soon as we
want to eliminate field concepts from the de-
scription of problems which, usually, are ex-
pressed in terms of "static fields. "

If the development of the theory along these
lines is successful, the question of the role of
field concepts becomes a secondary one and we
may leave it for later to study what field concepts
become and how they degenerate as soon as we
leave the domain of applicability of classical
theory. Still, even in this case, the question is
of importance. Professor Bohr has frequently
pointed out that our language and our way of
thinking is essentially determined by the ac-
customed description of macroscopic phenomena
by classical theory. No understanding of phe-
nomena is possible unless we know when and
where classical field concepts can be used.

The present state of quantum theory does not
exclude, however, the possibility of developing
other physical pictures. If we find an independent
way to study characteristic features of. field con-
cepts in microphysics, this study may even
furnish new heuristic points of view to the
theory.
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3. DOES DIRAC'S THEORY CONTAIN THE
FIELD CONCEPTSP

Let us, now, admit the velocity concept and
the constant c explicitly in Dirac's Eq. (5),

QUANTUM THEORY
1

become intrinsic properties of space-time struc-
ture and, in particular, the spin phenomenon
becomes a directly observable evidence for the
existence of strong magnetic fields in vacuum.

1 8———+a grad+ —4' =0.
c 8t

(6)

In this case, we can consider the operators e and

P to be kinematical variables and, in particular
to be kinetic variables (velocities) which corre-
spond to the four vector I; of the theory of
relativity and which are measured in units c.

This point of view has been frequently dis-
cussed in literature. It leads, indeed, to the con-
cepts of spin and trembling movement of an
electron in free space. We have, however, to
note, that this point of view, once we decide to
accept it definitively as a basis for the develop-
ment of the theory, implies a very fundamental
change of description of physical phenomena.
Indeed, if we consider p; as canonical variables
and n, P as kinetic quantities, relation (I) shows
immediately, that K)irac's equation does not
permit any arbitrary introduction of field vari-
ables, but that it contains already implicitly the
existence of finite electromagnetic field quanti-
ties, even in the case of the vacuum. If we want
field variables to show up explicitly, we have
either to eliminate from the theory kinetic
variables n, P or the explicit use of canonical
variables. In the following we shall adopt the
second way.

Basing our considerations on expiession (6),
in which no explicit reference to canonical vari-
ables is made, we have to consider Dirac's
equation as a kinematical relation, describing a
space-time continuum, suitable for the descrip-
tion of motions and fields.

The physi"al consequences become immedi-
ately clear. We arrive at the concept of a space-
time continuum which depends on the quantities
n and P and the microstructure of which accounts
for the existence and for the behavior of electro-
magnetic fields in a way similar to that in which
the macrostructure of the space-time continuum
accounts for the existence and for the behavior of
gravitational fields in general relativity. No
simple inertial movement exists in this space-
time continuum. Spin and trembling movement

4. GENERAL FEATURES OF MICROKINEMATICS

Before entering into the detailed discussion of
the quantities with which we have to deal in a
kinematical scheme based upon relation (6), we
shall brieHy examine its general features and we
shall show that it has to deal with magnitudes
which are in two respects more general than the
ones used in ordinary kinematics.

The physical picture defined by relation (6) is
of the type P(c, A) where A denotes Compton's
wave-length. It means that we consider move-
ments which depend on a critical velocity and on
a critical distance. The physical sense of the
velocity c is well known from the theory of
relativity; the meaning of the distance A. is, as
we shall find below, that our kinematics implies
characteristic space-time fluctuations which show

up in distances smaller than A..
The fact, that the operators n and P can be

represented by matrices of four rows and columns
means, that even in the case when no electron is
present, we have to consider four possible states
of the space-time continuum and possible transi-
tions between them. In the ordinary treatment
of an electron, these four states are well known
and are attributed to two different signs of
charge and spin direction. We have, therefore,
to replace the ordinary space-time continuum of
the theory of relativity by the concept of a four-
fold space-time continuum.

Observable (diagonal) quantities, e.g. , the s
component of the spin or of the intrinsic mag-
netic field of the vacuum, correspond to one
single state of space-time. Our kinematical
scheme contains, however, beside these diagonal
quantities other, non-diagonal ones, which corre-
spond to fluctuating quantities and belong to
transitions between two different space-time
states.

The possibility of including in kinematics
transitions between different space-time states
represents the first qualitative generalization im-

plied in the new scheme. We shall see below,
that the field quantities to be attributed to the
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vacuum depend essentially on the possibility of
transitions between different space-time states.

A closer mathematical investigation, the bases
for which have been given by E.'Cartan's theory
of semi-vectors, shows that in a continuum with
non-positive definite metrics, not all of the
possible transitions between the considered states
are mathematically equivalent. In kinematics,
this means in current terminology, that transi-
tions between dift'erent spin states (spin pre-
cession) show a different kinematical behavior
under a Lorentz transformation than transitions
between different charge states (pair production
and annihilation). From the mathematical point
of view this fact corresponds to the formal
differences between a spatial rotation and a
Lorentz transformation in ordinary space-time. '
From the physical point of view, it means that
kinematical quantities obey, in our scheme,
transformation laws which are of a more general
type than the ones used in restricted relativity.

The second essential generalization which has
to be introduced is closely related with the be-
havior of a spin and of a static magnetic field.
Even diagonal quantities, such as the s com-
ponent of the spin and of a constant magnetic
field, can only be defined in one system of
reference. We cannot define, therefore, a mag-
netic field in space and time, which is responsible
for the spin phenomenon of an electron of
arbitrary momentum. As we shall see below,
our kinematical scheme leads, indeed, to Field

quantities which are defined not in space and
time, but in the seven-dimensional phase space
(~, x, s; t; P*, P., P.).

S. KINEMATICAL QUANTITIES

We shall call a solution of Eq. (6) a complete
and normalized set of orthogonal functions, de-
pending on space and time coordinates, on the
matrices n and p and on three parameters,
pl) p2& ppr

4'~(x, y, s, t, n, p).
The solution (7) represents a matrix of four rows
and columns. ' Comparing the solution in car-

'See A. J. Fernandes De Sa, "Sur le comportement
relativiste des grandeurs quantiques, " These, Porto, 1943.
G. Beck, "El espacio fisico, " Ciencia y Tecnica 102, No.
501 (1944).' Solutions of Dirac's equations depending explicitly on
0.'and P have been considered, for the first time, by F.

1) cl

iT, Po (9)

with

T= pn o=—(nXn); r= ,'(o n). -
2i

We shall call

'M= '(M+p M-p) 'M= '(M pM-p)—
2lII = '3SI+'M, '

respectively, the parts of fi,rst and second kind of
the matrix M. 1, P, o, Po, are matrices of first
kind, r, Pr, n, y are matrices' of second kind.

We pretend, that the kinematical quantities
of our scheme are given by the bilinear forms

{3II =4,M+„, (10)

where 3E denotes any one of the 16 matrices (9)
and where + is the transposed conjugate of +.

The physical interpretation we can give to the
quantities (10) depends on their transformation
character and on the differential relations which
we may find them to obey.

Sauter. Their formal properties have been pointed out to
the author in some more detail by Mr. Bogdanovich in
Kiew.

tesian coordinates,

(kp+1) —ky
exp [i(plpct+kr) ], (8)

[L'2kp(kp+1)]:

with
kpP —k'= I/cV,

with the ordinary way of writing the solutions of
Dirac's equation, we find that each column of
the matrix (8) represents an ordinary four-
component spinor, corresponding respectively to
plane waves of different spin direction and
charge sign.

Dirac's matrices n and p represent a funda-
mental system which permits, in particular, one
to form a linear basis system of 16 independent
matrices and to express any given matrix of four
rows and columns by a linear combination of
them. We shall choose the following linear basis
system:
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'{1}

2 7 2 gl

'{ir}

rank 0,
Iallk 1,
rank 2,
rank 3,
rank 4,

(12)

and they are no longer exclusively of hermitian
type, part of them being anti-hermitian.

No unambiguous co- and contra-variant trans-
formation character can be attributed to the
tensors (11) and (12) unless we consider each of
their four parts

6. TRANSFORMATION LAWS

We refer in this paragraph to the results ob-
tained in a previous paper mentioned above. '

Under a spatial rotation the transformation
character of the bilinear forms belonging to (9)
is given by:

{1},{P} scalars,
{n},{iy} polar vectors,
{e},{Pe} axial vectors,

{7},{iPrj pseudoscalars

Under a Lorentz transformation, a simple
tensor character can be attributed to the parts
of first and second kind of bilinear forms only.
The parts of first kind, which include in par-
ticular the observable (diagonal) terms represent
anti-symmetrical tensors of the rank indicated
in (11)

rank 0 (scalar),
rank 1 (four vector),
rank 2 (tensor),
rank 3 (dual vector),
rank 4 (pseudoscalar).

The parts of second kind of our bilinear forms
have anti-symmetric tensor character too, but
according to the scheme (12)

rgv; (13)

they do not represent fundamental kinematical
quantities, but derived ones. Expression (13)
refers to an arbitrarily chosen point in space
which we may consider to be the origin of our
coordinate system. The relativistic generalization
of (13) is the expression

To touch at transformation properties of physi-
cal quantities is, indeed, a very serious matter.
We have, therefore, to appeal to experience itself,
before accepting a generalization of Lorentz'
hundred-fold confirmed transformation rules.
The exa.mples to be chosen have to refer both
to mechanics and to electrodynamics.

It is an experimental, rather than a theo-
retically derived fact, that the motion of a
macroscopic body can be characterized by an
energy-momentum four vector. Energy and mo-
mentum of the fields in the interior of the body
have to be included (mass defects), though ac-
cording to current theories energy and mo-
mentum of fields do not form, in general a four
vector. Only in the restricted case of a free
radiation field theory leads to a four vector and
permits the unambiguous use of a particle picture
(photons). Still, there can be no doubt, that
observable field quantities obey always Lorentz'
transformation rules.

The second point we want to mention con-
cerns the concepts of angular momentum and
magnetic moment. In electrodynamics there is
no difficulty in considering the density of mag-
netic moment as part of an anti-symmetric
tensor u;k which accounts simultaneously for the
density of electric dipole moment. Difficulties
arise, however, as soon as we want to interpret
these quantities by a particle model in restricted
relativity.

In non-relativistic electron mechanics both
magnetic moment and angular momentum de-
pend on the expression

separately.
4 See Section 4. The origin of the quoted modifications

of relativistic transformation rules is found in the fact,
that the definition of kinetic variables e, P requires a
plane wave (8) to correspond to a velocity

v = —Pk/4,
instead of the usual value

V =k/k0.

x;uq —xt,u;

which does not refer to a point in space but to a
point-event in space-time. Expression (14) is,
in general, no integral of motion even if angular
momentum remains constant. Only the first
term oF the three components

x;uo —sou,
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{e}dr (16)

is no longer connected with quantities of the
type (15), to which no physical sense can be
attributed.

'7. FERNANDES DE SA'S RELATIONS

corresponds to known physical quantities: mass
moment and electric moment. Only in the re-
stricted case of stationary movement, u; =0,
i = 1, 2, 3, doe's (15) represent physical quantities.
In the general case, (15) not only depends on

.time, but even on the arbitrary zero point from
which we decide to count the variable xo. No
physical sense can, therefore, be attributed to
the components (15) of the tensor (14).

On the other hand, we know from quantum
theory and from experience, that angular mo-
mentum represents a very important charac-
teristic of a mechanical system of arbitrarily
rapid movement and is even related to the uni-

versal constant h. This raises the question,
whether (14) is the correct relativistic generaliza-
tion of the quantity (13) and whether the
kinematical scheme to which it belongs is suf6-
ciently general to account for the underlying
physical phenomena.

Both examples show, that Lorentz' transfor-
mation laws do not exclude the possibility of
generalization. In both of the mentioned prob-
lems the particular kinematics implied in Dirac's
theory opens new possibilities of interpretation.

While observable (diagonal) kinematical quan-
tities (10), including field quantities, obey well

accustomed tensor transformation laws, the con-
nection between the transformation character of
quantities in non-linear relations becomes more
complicated, because of the intervention of the
fluctuating parts of second kind of physical
quantities. This applies, in particular, to the
quadratic energy expressions of field theory.

On the other hand, (10) contains angular
momentum, {o},not as a derived quantity, but
already as a fundamental kinematical term. Ac-
cording to (11), the observable part of fe}
represents an angular momentum density and
angular momentum

Fernandes De Sa has obtained by adding and
subtracting the two equations arising from (6)

( 18% ip 'l

+M {
—— +n grad%'+ —4

~
=0,

c 8t j
( 1 8V — -iPI

+g.ad e ~—e—{.~+=0.
c 8t j j

(17)

83II 84M —8M%' 8 {M }4+4
8$ 8$ 8$ 8$

8+xV 8 {M}=2
8( 8$

8 {llew} - 8M@—2%

we obtain:

81 —fdiv n} =0,
C BI,

1 81 2—i{8iu n} =—{P}.cot A

18p——=i{biuiy},
c Bt

1 bey
{grad p} =i — +if por po}.

c B

1BQ 2
{grad 1}———= fiT}+if por e}, —

cent

A

2 1 80
{rot n} = ——{p(r} ifypcx"o r}+i ——

h. c 8t

2 18P
{div iy} =—{1} i ——, —

A. c bt

BZQ 2—frot pe} —— = ——fn}+i {gpss& p}.
C 9I, A

1 8ipr—{div po }= —i
C Ot

Letting M be each one of the 16 operators of
(9) and simplifying the resulting relations by
introducing two diAerentiations, respectively de-
noted by latin and greek symbols,

We have, now, to show that the 16 quanti-
ties (10) obey 32 differential relations which

1 8Po
{rot iy}——

C BI'
=i{ypabiPr}
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1 Bc
{grad r}———=i{por n},

cBt

1 80,
{rot e}= i{—ypnb 1}+i ——.

cbt

1 BiPr 2
{r} ${8Lv pe},

c Bt A

(VI I)

(VI I I)
2 15Pe

{gradiPr} =—{e} i —— +i{8oriy}.
A. c 8t

1 BT 2.———{div e}= {ip—r—},
c&t h.

IX)

|. 6r —i {b'av e}=0.
c St

(X)

From the mathematical point of view, rela-
tions (I)—(X) ha.ve a very remarkable property.
They have been grouped in order to show their
tensor character in first kind. This condition is,
however, according to (11) and (12), not sufFi-

cient. to prove their relativistic invariance. Rela-
tions (I)—(X) can, however, easily be regrouped
in order to form sets of tensor relations in second
kind too. Still, total invariance can no longer be
attributed to one single tensor relation, but only
to the complete set of our equations. We may
call a mathematical structure of the type (I)—(X)
an invariant cycle of tensor reLations Relativis. tic
invariance imposes, therefore, more restrictive
conditions upon kinematical quantities in Dirac s
theory, than ordinary Lorentz invariance.

8. INTERPRETATION OF KINEMATICAL
QUANTITIES

The interpretation of our kinematical quanti-
ties (10) has to be based on their transformation
character (Section 6) and on the differential
relations which they obey (Section 7).

We pretend, that Eqs. (V) and (VI) corre-
spond, in the restricted case of absence of matter
and radiation, to Maxwell's equations, i.e. , that
apart from a constant dimension factor we have
to put in vacuum

E={iT}, H= {Pe}. - (19)

The quantities (19) are de6ned in phase space-
tirne, as indicated above. For a point at rest,
k=0, H, is an observable, diagonal quantity,

suitable to account for the spin movement of an
electron, while E is a fluctuating quantity of
second kind and accounts for the unobservable
trembling movement.

Vacuum contains, according to (19) strong,
fluctuating (not observable) electric and mag-
netic current densities of second kind, but no
electric and magnetic charge densities, as can be
easily proved by introducing (8) into Eqs. (V)
and (VI). One . recognizes, that this picture
depends essentially on the new transformation
laws found in Section'6 and would be in contra-
diction with ordinary Lorentz invariance.

The right-hand terms of Eq. (V) remember
Dirac's subtraction terms in the hole theory.
Here, they appear, however, without any hy-
pothesis ad hoc. It can be easily shown, that
these terms lead to finite polarization values of
the vacuum in an appropriately introduced ex-
ternal field.

Equations (I) and (IV) describe the motion of
continuously distributed, conservative matter.
In particular (IV) represents an alternative form
of generalization of Euler's hydrodynamic equa-
tions and depends on the action of forces, in-
cluding electromagnetic forces. Still, in the
vacuum (8), these forces are essentially fluctu-
ating quantities of second kind (trembling move-
ment).

Relations (I), (IV) and (V), (VI) are indispen- .

sable for a kinematical scheme which intends to
serve for the description of conservative matter
and fields. We find, however, additional relations,
to which a physical meaning will have to be at-
tributed, since they are indispensable for the
mathematical consistency of our scheme.

We could try to interpret Eqs. (VII) and (IX)
by properties of angular momentum in space-
time. The formal analogy of (VII), (IX) and (I),
(IV) suggests, however, that {r},{e}describes
non-conservative matter, depending on the ac-
tion of forces. It is still more difficult, at present,
to interpret the quantities {p} and {ipr} It is.
not impossible that dynamics, built on the basis
of Dirac's kinematics, will be able to use these
quantities for the description of highly excited
states of space-time (mesotrons, neutrinos).

Let us finally observe, that the great number
of finite quantities which we have to attribute,
according to the present theory, to vacuum, does



not imply infinite energy and momentum values.
We can, indeed, derive from (l)—(X) vanishing
total energy and momentum expressions, corre-
sponding to dynamical equilibrium.

9. CONCLUSIONS

The present study does not intend more than
to show that Dirac's theory determines a well
defined kinematical scheme, as soon as we decide

to consider e and P as kinetic variables. This
scheme does not permit more than an unam-
biguous description of vacuum, but it contains
the necessary elements to deal with fields and
matter. From a general point of view one may
conclude, that it should not present more than
mathematical dif6culties to formulate well-known
dynamical laws of phenomena which take place
in a given space-time continuum.


