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1. INTRODUCTION: “OBSERVERS”
AND “STATES”

T is usually convenient to treat space and time
unsymmetrically, not only in the formulation
either of ¢lassical or of quantum dynamics, but
also in the transition from one to the other. The
first part (kinematics) of a dynamical theory
usually defines a state of the system at a given
time by a description in terms of positions in
space at that time. Since simultaneity depends
on the motion of the observer the description is
relative to one or other of a set of observers at
relative rest whom we regard as existing at a
series of times.” The relations between these
observers may be visualized as between sets of
rectangular Cartesian axes in three dimensions
with the help of which they describe the state,
and the change of description of a state from
one to another is given explicitly. The second
part (dynamics) of the theory then tells, by
differential, or integro-differential, equations how
the state changes with time, the proper time of
any one of these observers.

To discuss the invariance of a theory over
observers in uniform relative motion, it is con-
venient to adopt a different point of view, treat-
ing space and time as far as possible symmetri-
cally, at any rate at first. We regard each
observer of the usual description as a series of
observers relatively displaced in time; the rela-
tions between these may be visualized as between
sets of rectangular axes and time in a three plus
one dimensional Minkowski space. We adopt
also another conception of state. Each observer
may prepare a state according to some specifica-
tion, and the state may be observed by the same
or by any other observer. The change with time
of the state of the system in the usual formulation
now becomes a change of the specification of the
state from an earlier to a later observer; on a par
with the change in description in the usual
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formulation from an observer to a simultaneous
observer with a different position or orientation
in space, which change is left unaltered; and we
shall talk in the same way about a change in the
specification of a state from one observer to
another in relative motion. Whenever that part
of our dynamical laws giving the change of
specification to neighboring observers at relative
rest at one time is so simple as to be immediately
integrable, we can return at will to the usual
unsymmetrical formulation.

In the general theory of relativity simultaneity
becomes arbitrary. The relations between our
observers may be visualized as between sets of
orthogonal axes of space and time at the points
of a four-dimensional continuum. There seems
to be no reason in principle to assume that sets
of observers at relative rest at one time exist
such that the change of specification from one to
another can be given explicitly. A literal interpre-
tation of the principle of relativity would lead
us to expect that the change of specification to
observers with different orientations and veloci-
ties at the same place and time could be given
immediately, while the change in specification
from an observer to others at different places
and times would be given by differential or
integro-differential equations. If this were not
the case we would have integro-differential equa-
tions for the change of specification from one
observer to another of a ten parameter family
of observers which might or might not fall
naturally into a four parameter set of six
parameter sub-families.

2. DISPLACEMENTS

It is convenient to describe the observers by a
set of values of ten arbitrary parameters o, 3, - - -
and to use the methods of the general theory of
relativity, later specializing for that theory and
again for the homoloidal Minkowskian case.

The observers “near’” a given observer 0 may
be specified as 0+ (dx, dy, dz; dt; dl, dm, dn;
du, dv, dw) with displacement from 0 with
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components dx, dy, dz, in space, df in time, dl,
dm, dn, in rotation, vy to 2, 2 to x, and x to y, and
du, dv, dw, in velocity in the x, v, and z directions,
relative to 0’s axes. These displacements dx,

- -, are to be treated as differentials correspond-
ing to quasi-coordinates, i.e.,

i (o (s

(2.11)
dy= ( )da+( )dﬂ+-~-,
solved by
Jda
da=( )dx+( )dy-{—---,
0x dy
(2.12)
o ()t ()i
ox ay 7 '
where

(o) G5)
(Tx) (66)

are functions of «, 8, - --
non-zero determinant, and

GG
(o) (5)

form the reciprocal matrix; but (9x/da)--- do
not in general satisfy the equations

d ax) d (ax)
B ~a\ag/’
so that Egs. (2.11) do not in general determine

true parameters x, vy, - - -
We define, however, for x, vy, z, ¢, I; m, n, u,

v, W,

af da\ of af

(e ()

ax ox B
with like definitions for other differential coeffi-
cients that we shall later introduce, viz.,

B\ df
dx ) (ax dﬂ+

forming a matrix of

2.2)

(2.3)

(2.31)
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D.f= ( oo+ () D+ 23)

so that, reversely,

and

?i (ax)af}( ) AR
da ( :z)g e (24D
D.f= (gz)D_zf+ (a—i’) Dyft---. (2.42)

The coefficients (dx/da), - - - may be regarded
as describing the topology of the ten-dimensional
observer space in a manner somewhat similar to
that in which the coefficients g, describe the
topology of Riemann space, or more nearly
similar to that in which functions defining an
orthogonal ennuple describe it. We regard 9/dx,

-+, as having an intrinsic meaning which 4/d«,

- -, relative to arbitrary changes of the arbitrary
parameters, do not have.

3. THE DISPLACEMENT OPERATORS

A state may be designated by parameters
(#, v, +--), say, determining the independent
elements (a, b, ---) of its specification relative
to any observer.

a=alu, v, «--
b=b(u, v, --

vy B, )
'_;av By "')'

The various observers may set up apparatus
according to various specifications, and make
observations on the same state (or on states
prepared according to the same specifications
relative to some particular observer). The results
of these observations, one or more numbers,
“measures,” which may be statistical averages,
will be functions of a, b, - - - the specification of
the state relative to the observer, and also of
a, B, -, because the specification of the appa-
ratus for observation may vary from observer to
observer, and because the kinematics may vary
from observer to observer,

f(ayb, o a, B, )

For a given state (u, v, ---), the total rate of
change of the measure with the observer, df/da,

(3.1)
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is the sum of two terms:—the partial rate of
change 9f/da caused by the change in the meas-
ure observed for a fixed specification of the state
relative to the observer, @, b, ---; and the rate
of change which we shall denote by D,f caused
by the change in specification of the state from
observer to observer. Thus

Df_afda+afdb+ (3.2)
“ " dada 9bda '
and if I
—=D,f+—, etc., (3.3)
dx a
so that also
df /dx=D.f+af /ox. (3.31)

We may call D,fdx the change due to displace-
ment dx and D, the displacement operator.
(These operators all obey the law of differentia-
tion of a product in the form

D(fg) = (Df)g+g(Df). (3.21)
Here d/da, 8/3b, -+ -, d/da, « -+, are for a, b, - - -,
a, - - - as independent variables; d/de, - - - are for
%, v, -+, @, - as independent variables.

4. EQUIVALENCE

The functions

g(a'ibY o a, B, )

giving the measures observed with various set-
ups for states with various specifications com-
prise our kinematics, shrunken in this point of
view to the connections between the specifica-
tions and measures relative to the same observer.
If our observers are equivalent in the sense of
the principle of equivalence of general relativity
theory,** i.e., if the kinematics is independent of
the observer, these functions will be independent
of o, B, - -, and it has definite meaning to say
that g is the measure of a dynamical variable
explicitly independent of the observer (e.g.,
angular momentum relative to the observer's

** The principle of equivalence of gravitational fields to
those due to an acceleration of the frame of reference, used
in Einstein’s general theory of relativity, can be regarded
as a special case of the equivalence of observers in the sense
c«l'.)lnsidered here, that the kinematics is the same for them
all.
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frame), for which

dg/da=0, - -, (4.1)
ie., .
dg/da=D,g, ---; (4.2)
or
dg/dx=D,g, ---. (4.3)

In this case any sufficient number of the measures
g can be used to specify a state relative to an
observer, and the states specified in the same
way relative to different observers can justly be
called displaced states. We can then give an
intrinsic definition of the operator D,; it is just
the differential operator giving the change from
a state relative to one observer to the state with
the same specification relative to an observer
displaced in the x direction. If the principle of
equivalence does not hold, the operator D, will
depend on what measures were chosen to specify
states.

Our dynamical laws which give dg/dx etc., in
general or da/dx, db/dx, in particular in
terms of a, b, -+, @, B, -+ for changes to the
various observers neighboring a given observer
are expressed by the form of the operator D,
acting on a function of a, b, ---. The form of
expression of D, may vary considerably with the
nature of the aggregate of a, b, - - -.

This d/dx- - - for 9/0a=0, - - -, corresponds to
the rate of change with time of the dynamical
variables in classical mechanics or in the Heisen-
berg picture in quantum mechanics; and to the
rate of change with rotation in the coordinates
relative to fixed axes of a point moving with a
rotating body, when the fixed axes are those with
which the axes moving with the body momen-
tarily coincide.

5. INTEGRALS

Alternatively the dynamical laws may be re-
garded as determining functions A(a, b, ---;

a, B, -+ ) of variables a, b, - - -, specified relative
to the observer «, 8, - - -, such that

dh/da=0, - - -, (5.1)
and

Oh/da= —Dh; (5.2)
or

Oh/dx= —D,h (5.3)
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(e.g., h=ula, b, +-+; o, B, +++) etc., obtained
from (3.1)). Such-a function may be said to be
totally independent of the observer and to deter-
mine an integral of the dynamical equations.
Equations (5.3) instead of (4.3) now give our
dynamical laws when the form of the operator
D, acting on a function of a, b, - - -, is given, and
D, may be defined intrinsically as the negative
rate of change of the specification of a fixed state
relative to an observer, or to the limiting ratio
to dx of the change of specification of some
quantity from an observer 0 to an observer 0’
relative to whom 0 is displaced distance dx in
the x direction.

This 8k /dx for dh/da=0, -- -, corresponds to
the rates of change with time of the distribution
functions of classical statistical mechanics, or of
the Schrédinger functions and statistical matrices
in the Schrédinger picture in quantum mechanics.

6. THE CONSISTENCY CONDITIONS

In order that such a set of dynamical laws
should be consistent it is necessary and sufficient
that we should come back to the same values
after traversing a circuit of observers.}

The differential conditions of consistency may
be found either from the form (4) or from the
form (5). Using the latter, we must have

0 oh 0 Oh
————— =0; (6.1)
98 da da 9B
and since
d 9h a
= e (D)
dB da aB
a oh
= — (bDa)h D,—
B a8
=— (———Da)h—f-DaDgh,
we obtain

d -0
DoDg—DgD )h=—(Do)h——(Dpg)h.
(DaDg—DgD.) aﬂ(-) Ga(ﬂ)

1 A more exact statement would be ‘‘the same physical
values after traversing a circuit of observers;’ the phase
of ‘a Schrodinger function need not be the same, but we
do not regard it as physical.

185

Thus
(DzDy—DyD:)h
da_ 0B B da
= ZaZﬂ(g“DaayDﬂ —E—D,gaDa) h

=[:—y(D,>—:—x<Du>]h

3 Z[Ga ) (62) a3 0 (az)]D 8
- Tloxoy\oa/ ayox\ag/ 1 =
aD, 4D,
D.D,—D,D,=——
dy Ox

ie.,

+3.Coy?D..  (6.2)

If the dynamical laws are independent of the
observer, dD./dy, ---, vanish and C,,* are con-
stants, so that

Dsz_DyDz—:Zz C:cyzDzy (6.3)

and D,, - - -, are the infinitesimal operators of a
group with C,,* for structure constants.tt

The terms 9D,/dy- - - enter in practice if we
wish to consider invariance in the presence of
given external fields the specification of which
varies in a given way from observer to observer,
without actually including in D, the operators
to carry out this variation.

For ordinary general relativity fifteen of the
forty-five relations (6.2) reduce to

DnDn—DuDp=D;, DpDy—DyDp=D,,
D,D,—-D,D,=D,, D{D,~D,D,;=0,
D.D;—DDp=D,, DuDy—DuD,=D,,
D,D;—DDy=D,, DnDy,—D,Dn=0,
DiDp—DpD=D,, DiD,—D,D;=D,,
D.Dyp—DpnDy=Dy, DpDy—DypDn=0;

1
Dva_DwD'u= *’_'-Dly
62

1
-le)u—'-Du-l)w= _""'Dmy
62

1
c

+1 The relations between the C,,* necessary for this will
follow from their expression in terms of da/dx and 9z/dc.
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and the observers fall into a four parameter set
of six parameter sub-families, each sub-family
being a realization of the homogeneous Lorentz
group, for which Dy, D,,, D, D, D,, Dy, form a
set of infinitesimal operators.

If one observer is picked from each sub-family
in a continuous manner, an orthogonal ennuple
in four parameter space-time is provided, and
the remaining operators D,, D,, D, and D,
provide the rates of change of the specification
of a state with changes of the observer along
the curves of the ennuple. It is this situation
that may be regarded as guaranteed by the
physical principles of relativity and equivalence.

For flat Minkowski space the remaining thirty
relations are :

Dsz_Dszsz, DyDn—DnDyzD:cy
DD,—D.D,=0, DD;—D.D;=0,
D.D.—-D.D,=D,, D.D,—DD,=D,,
DmDy_Dme=0, Dth_Dtszoy
DlDy*DyDl:Dzy Dan—-DnD:v::Dzy
D,D.—D.D,=0, D,D;—D:D,=0;
Dsz—Dzszoy -Dwa'—DwDy:Oy
1
Du-Dx_D:cDu:—ZDtr Dth-DtDu=D:Dy
C
Dtz—Dsz=0, DzDu_DuDzzoy
1
DvDy—Dysz_ZDt' Dth'—‘DtDv=Dy,
C
DuDy—DyDu:O, D:ch_Dva:Oy

1
Dtz‘_Dszz_ZDty Dth'—‘DtDw:Dz;
c

D,D,—D,D,=0, D,D,—D.D,=0,
D.D,~D,D,=0, D,D,—D,D,=0,
D,D,—D,D,=0, D,D.—D.D,=0. (6.5)

For changes to observers at rest at the same
time and place, differing only in orientation, the
invariance of our equations will follow at once
from their forms when expressed in ordinary
three-dimensional vector notation, which we,
therefore often use. It is then necessary to
verify only a selection of the relations (6.4), (6.5),
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for example

D.Di—D.D,=0;, D,D,—D,D,=0,
1

Dqu_D:vDuz’;'Dty DzDv_'DszZOs
C

Dth"’DtDuZDx;
and

1
D.D,—D.D,=—=0D,. (6.6)
C

Verification of invariance would be still simpler
if we made invariance over the homogeneous
Lorentz group obvious from the form; it would
be then only necessary to verify

but the connection with the usual unsymmetrical
formulation would be much less direct, involving
solution of the equations of motion. On the
other hand, this formulation would be much
better for introducing the general theory of
relativity.

SUMMARY

It is convenient and usual in the formulation
both of classical and of quantum dynamics and
especially in the transition from one to the other
to treat the time variable in a special manner so
that invariance for the Lorentz transformations
of the restricted theory of relativity is not at all
obvious. Further generalization to include gen-
eral relativity and a gravitational field then
becomes difficult.

An analysis of the situation sufficiently wide
to cover quantum dynamics as well as classical
dynamics from the point of view of a ten-
parameter family of observers “equivalent” in
the sense of general relativity unifies the whole
treatment and serves to show that ‘‘general
relativity’’ in which the ten parameter family .
falls into a four parameter set of six parameter
sub-families is by no means the most general case.
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