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INTRODUCTION as to the origin of the discrepancy; (3) to indicate
what experimental work is needed to aid in
resolving the dif6culty.

The notable discrepancy between the three
most accurately known constants, namely the
electron charge e, the specific charge of the

~ ~HE object of this review is twofold: (1) to
ofI'er a revaluation of signi6cant experi-

mental data with the results based on a consistent
set of auxiliary constants; (2) to present what
evidence can be found in these experimental data

65
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electron e/rNO and the ratio of Planck's constant
to the charge of the electron h/e has been dis-
cussed for several years. ' ' Some light should be
thrown on the discrepancy by considering
properly other directly measured combinations of
constants io addition to the three accurately
known constants, namely the ruled grating e,
e/mo from both free electron and spectroscopic
measurements and k/e from the limit of the
continuous x-ray spectrum. In recent years, these
other combinations have either been omitted
from the discussion because of their 1esser
accuracy, or have been reduced to the form of
e/mo (by assumption of h/e); or to the form of
h/e (by assumption of e/mo). ' This reduction
tends to confuse the problem and to conceal
evidence which may exist as to the source of the
discrepancy. Eight additional types of experi-
ments, which possess sufhcient accuracy to be
significant, have been recalculated. These, to-
gether with the experiments giving the three
most accurately known constants, have been

analyzed as to the basic laws or equations
involved.

To compare the various experiments, the
results have first been plotted on a Birge-Bond
diagram. ' In general, an experiment gives
e=f(mo, h), but the electron mass mo can be
eliminated through use of the Rydberg formula

2x'e4mp

Hence the results of any experiment can be
reduced to the form e=Ah", where A is an
experimentally determined constant and n the

power to which h occurs. If a value of h which is
approximately correct is assumed (call it ho) and
a value of e computed (call it e„) by use of this ho

and the observed constant A, then it can be
shown that a substantially linear relationship
exists between this e„and the exponent n. A
Birge-Bond diagram merely consists of a plot of
the computed e„values as a function of n. The
slope of any line determines the value of h (zero
slope means h =ho, positive slope h &ho). The
value of e is given by the n=0 intercept.

Considerable time was spent in obtaining the
auxiliary constants used in this paper (see
Table I). A detailed study was made of the
electrical conversion units from both of the
international systems (standard cell system
designated by (v), and silver voltameter system
by (a)) to absolute units. A least squar-es solution
was made of all significant data. In the light of
the work that has been done since the earlier
study by Birge,"it is felt that distinction should
be made between the two systems, though
fortunately the diHerence is small. All measure-
ments involving a standard cell are in the (v)

system. The standard of resistance is common to
both systems.

A revaluation of the faraday was also made.
The best value of the chemical atomic weight of
silver gives for the faraday 96493.7&0.9 int.
(a) coulombs, while the work of Vinal and Bates'
with the iodine voltameter gives 96510.3~6.8
int. (a) coulombs. The weighted mean of these
was used.

The ratio of the mass spectrograph to chemical
atomic weights was calculated from the abun-
dances of the oxygen isotopes as given in the

TAar. E I. Auxiliary constants used in this work. 8 indicates value by Birge. D indicates value as recomputed by author.
References listed in, the table are found at the end of this paper.

SYMBOL

p
g

r/P
r

RH1
Ro
kg
kp,

DESCRrPT1OX

Faraday in international coulombs
Velocity of light in cm jsec.
Conversion factor from N.B.S. int. to absolute ohms
Conversion factor from N.B.S. int. (a) to absolute amperes
Conversion factor from N.B.S. int. (v) to absolute amperes
Conversion factor from N. B.S. int. (v} to absolute volts
Rydberg constant for H' in crn '
Gas constant in ergs/deg /mole
Ratio of mass spectrograph to chemical atomic wt.
Ratio of ruled grating to Siegbahn wave-lengths (Bearden'4)

Rydberg constant for inhnite mass in cm '
Arbitrarily adopted value of Planck's constant in erg sec.

(D)
($312 D)
(D)
(D)
(D)
(D)
(&")
(&13)
(D)

VALUE USED

96494.0+1.5('")
(2.99776&0.00015) X 1010
1.000485 ~0.000007
0.999970~0.000020
0.999926~0.000020
1.000411~0.000022
109677.76~0.05
(8.3136%0.0010}X 10'
1.000275 &0.000020
1.00203 +0.00002

109737.42 &0.06
6.610X10 "
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Report of the Committee on Atoms of the
International Union of Chemistry. "The sources
of the other constants are indicated in the table.
It is to be emphasized that all experimental work
discussed in this paper has been recalculated
with these auxiliary constants. In the case of
work done in other countries allowance has been
made for the di6'erence in the units of the country
in question. "

All uncertainties given are least-square proba-
ble errors, and the value given is always the
larger of the two kinds of error (internal and
external). "
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MORE ACCURATELY KNOWN COMBINATIONS

OF CONSTANTS

A. Rule&i grating e

This value is obtained in principle as follows:
the wave-length of a characteristic x-ray radi-
ation is measured through the use of a ruled
grating. The glancing angle of this same radiation
from a calcite crystal is then determined and
from this the grating space of the calcite is
calcula, ted with the Bragg equation (corrected for
refraction in the calcite). Finally, the electron
charge is calculated from the constants of
crystalline calcite (the grating space, the density,
the unit crystal volume factor, and the molecular
weight) and from the faraday and the velocity of
light. This calculation involves the important
assumption that the calcite is geometrically
perfect. '"

On the basis of a re-evaluation of all these
factors, the author obtains"

e = (4.8025~0.0004) X 10 "e.s.u.

This is plotted in the Birge-Bond diagram as
point (1) at n=0 in Fig. 1. The arrows indicate
the probable error.

B. Speci6c electron charge e/mo

A summary. of the various significant observa-
tions has been given by the author in an earlier
paper, '7 in which it was shown that there was a
disagreement between the free electron and the
spectroscopic values. Th ree new determina-
tions' " have been made, and the final results
of a fourth published. " The net result, as has
already been pointed out by Birge," is to

FIG. 1. Birge-Bond plot {i.e, , of e„=Ah+) of all known
significant experimental data. Based on ho=6.610X10
erg sec. and the assumption that the ruled grating wave-
lengths are correct. Probable error is indicated by the
diameter of the circle around point {10),and in other cases
by the arrows. A description of the points and their values
are given in Table VI.

electively remove the discrepancy between the
free electron and spectroscopic values. Thus,

Houston�'s"

more objective Fourier analysis
method of fine structure analysis has given a
higher value of e/mo and indicated that the
previous methods used are probably in error.
Also, the interesting determination by Bearden"
based on a measurement of the index of refraction
of x-rays in a diamond prism has given a high
value in good agreement with the other free
electron work.

These newer determinations are given along
with the earlier ones in Table II. The published
values have all been recalculated with the
auxiliary constants of Table I. Williams'" result
replaces that of Gibbs and Williams since it
represents a continuation of the same work.
Shane and Spedding's result'3 has been corrected
for reduction of wave-length to vacuum. '4 Shaw' s
value" has been corrected for the change from
international to absolute electrical units.

The weighted average of all ten e/mo determi-
nations is

e/mo ——(1.7591~0.0002) X 10' e.m. u.

In this, the external probable error is given. The
fact that R./R; (the ratio of external to internal
probable errors") = 1.39 shows that the mutual
consistency is now fairly good."

On substituting the free electron value of e/mo
in the Rydberg equation, and with hp=6. 610
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ExpFRIMIINTEEs DA Tz Mx THon

e/mo
X10 7

e.m.u.

PROB-
hSLE

ERROR
r X104

WRIGHT
169

Houstonss
Kinsler and Houston'
Shane and Speddingsl
QTjiliarns"
Houston

Perry and Chaffee's
Kirchner»
Dunnington'7
Shaw»
Bearden»

1927 Fine structure Ht —He4
1934 Zeeman effect
1935 Fine structure H' —H'
1938 Fine structure H' —Hs
1938 Fine structure H1—H~

1930 Linear acceleration
1932 Linear acceleration
1937 Magnetic de8ection
1938 Crossed 6elds
1938 X-rsy refraction

1.7607
1.7571
1.7582
1.7580
1.7593

1.7610
1.7590
1.7597
1.7581
1.7600

10
7

4
5

10
9
4

13
3

1.69
3.45

10.57
10.57
6.76

1.69
2.09

10.57
1.00

18.79

%eighted Average: 1.7591+0.0002

&10 '7 erg sec. , there results:

eggy
——(4.7963+0.0002) )&10 "e.s.u.

This is plotted as point (10) at m= 5 in Fig. 1.
The size of the circle indicates the probable
error.

C. h/e from the limit of the continuous I-ray
spectrum

The experiment consists of the determination
of the minimum voltage at which electrons are
able to produce x-rays which can pass through a
spectrometer. The spectrometer is left fixed at a
position for transmission of an x-ray line, the
wave-length of which has been found with a ruled
grating. Since the voltage V and the wave-length
) are measured, the ratio h/e can be found from
the energy equation hc/) = Ve.

The most recent and probably the most
accurate work in the field is that of DuMond and
Bollman. "In the isochromats representing their
results (i.e., plot of x-ray intensity passed by
spectrometer versus electron voltage) they de-
tected a hitherto unknown knee located only a
few volts (they estimate 18) above the quantum
limit. The existence of another knee about 100
volts above the quantum limit had been known
for some time. For the present discussion, the
importance of the existence of a knee is its
possible e8ect on the accuracy of location of the
quantum limit. Ross and Kirkpatrick" have
shown that if the resolving power of the spec-
trometer used is not sufFiciently high, the
isochromat will be smeared to a straight line and

TABLE II. Summary of e/mc determinations. The jirst fwe
are bound electron ("spectroscopic" ) values, the last fme are
free electron values. ¹ important discrepancy is to be noted
now bede'een the boo groups.

In the eight types of experiments that follow,
the first four involve the electron mass mp, the
remaining four do not.

A. (h/e)(e/mo)& from electron diffraction meas-
urements of von Friesen'4

Electrons of known voltage were di6racted
at the surface of an etched galena crystal and the
angular deviations measured for several orders of
diffraction. The experiment therefore gives the de
Broglie wave-length of the electrons in terms of
the grating constant of galena. The latter was

TABLE I II. Determi nati ons of h/e from the limit of the
continuous x-ray spectrum.

EXPERIMENTERS

EXPERI- P.E.
MENTERS USED IN

Itje X 10» ESTIMATE AVER-
DA TE e.s.u. 0F p.E. AGING

Ross and Kirkpatrick3I 1934 1.3754 0.0001 0.0005
Schaitberger~ 1935 1.3773 0.0004 0.0007
Du Mond and Bollman30 1937 1.3765 0.0003 0.0003

Weighted average: (1.3763&0.0003) )(10 ' e.s.u.

the apparent value of the quantum limit will be
lower than the true value. Thus, the resolving
power of the spectrometer used is an important
factor in evaluating any determination.

The three results which will be considered here
are listed in Table III. One puzzling point is this:
Schaitberger" used a single-crystal spectrometer
with a resolving power an order of magnitude
smaller than that in the other two determinations.
On the above argument one would then expect.
his result to be lower. On the contrary, it is
higher.

The need is apparent for further work, both
experimental and theoretical, " before high
precision of the results can be established; but
certainly no large changes are likely. The
probable error of the weighted average given in
Table III will therefore be increased slightly, and
the continuous x-ray result be taken as"'

h/e = (1.3763&0.0004) X 10—"e.s.u.

Combination of this with h0 gives:

eq= (4.8026&0.0014) X10 "e.s.u.

This is plotted as point (3) at n = 1 in Fig. 1.

OTHER COMBINATIONS OF CONSTANTS
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determined by von Zeipel in the same laboratory
on a sample of the same crystal by the usual
x-ray method.

In expressing the results of this important
experiment, von Friesen assumed a value of c/mo
and combined his results with the Rydberg
formula to give e and h. His experiment, without
any such assumptions, yields upon recalculation:

(h/c) (c/mo) & = (1.00084+0.00058) X 10 ' e.s.u.

The probable error was completely recomputed
with von Friesen's estimates of his experimental
uncertainties and with the uncertainties in the
auxiliary constants as given in Table I. Most of
the uncertainty in the result originates in the
measurement of the angle of diffraction.

With the Rydberg equation and the assumed
ho, von Friesen's experiment gives:

c~~s
——(4.7964&0.0019)X 10 "e.s.u.

This is plotted as point (7) at n=-, in Fig. 1.
For purposes of comparison of this experiment

with other experiments there is an essential
difference between the above treatment and one
which involves the assumption of some combi-
nation of constants (for example e/recto as was
assumed by von Friesen). The above treatment
gives a point on the diagram which uniquely
represents the resul. ts. This is the case since
the relative position of the point neith respect to the

others is not depertdertt upon the assumed value of
any combination of cortstants. " The Rydberg
formula is of course involved in either treatment.
The following graphical picture will perhaps
clarify the situation: in Fig. j. a straight line
through the point (7) representing von Friesen's
work and the point (10) representing e/rrto will

give values of e and of h/e at its intersections
with the left and right sides of the figure,
respectively, (i.e. , at n =0, and n = 1).Except for
corrections introduced by the author, these
values wi11 be the same as those given by von
Friesen. Their dependence on e/mo is evident.

3. h/m& from electron diffraction measurements
Of Gnan36 and Of Meibon and Ruyy37

These are also measurements of the de Broglie
wave-length of electrons but differ in two re-
spects from von Friesen's work. First, instead of
measuring the electron voltages they measured

the electron velocities in terms of a distance and
an electrical frequency (Kirchner's method" ).
Second, they used films instead of crystals.

Gnan determined the grating space of his
bismuth film by direct comparison with NaC1,
the grating space of which is known from x-ray
work. Meibon and Rupp did not determine the
grating space of their gold films. They assumed'8
that it was the same as that of gold in sheets, in
which form the grating space has been found by
x-ray measurements.

Their experiments gave the following values:
Gnan: h/m, =7.258&0.022 erg sec./g.

Meibon and Rupp:

h/m p = 7.289+0.022 erg .sec./g.

The mean of these is

h/m = 7.274&0.016 erg sec./g.

When it is combined with the Rydberg formula
and ho one obtains

e~ = (4.7972+0.0026) X 10 "e.s.u.

This is plotted as point (8) at n = —', in Fig. 1.The
above internal probable error is 50 percent larger
than the external probable error which probably
indicates that the authors have been conservative
in their estimation of experimental uncertainties.

C. h/mo from the Compton effect

Compton efFect experiments involve the meas-
urement of the change in wave-length 6) of an
x-ray radiation when scattered at an angle 8 by
atomic electrons of a gas or a solid. If the binding
of the electron to its nucleus is taken into
account, the ordinary Compton equation
AX=(h/moc)(1 —cos 8) must be modi6ed by the
addition of a negative correction term pro-
portional to )P. This was shown theoretically by
Ross and Kirkpatrick" and Bloch~ and demon-
strated experimentally by Ross and Kirkpatrick. "
The latter have made the only set of measure-
ments complete enough to be of use here. A series
of measurements of 6) at three wave-lengths was
made with carbon as the scatterer, and also with
beryllium. An extrapolation of these to zero
wave-length, at which point the correction is
zero, gave:

h/nto ——7.264&0.012 erg sec./g.
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This value has been converted to the ruled
grating wave-length scale.

Combining this value with the Rydberg
equation and ho, one obtains:

ei ——(4.7956&0.0020) X10 "e.s.u. ,

which is plotted as point (9) at n= —, in Fig. 1.

D. (e/mo)(e/h) from x-ray photoelectrons

Electrons are ejected from a thin 61m or target
by x-rays of known wave-length. The (Hp) values
(magnetic field times radius of curvature) are
measured for each of several groups of ejected
electrons. Then the energy of an ejected electron
should equal the energy of the incident photon
minus the energy to eject it. The latter energy is
obtained from the absorption limit wave-length
of the level from which the electrons originated.

In writing an energy equation as indicated
above„ there is a small but appreciable error due
to the fact that the energy to eject the photo-
electron is not correctly obtained from the
absorption limit wave number. The latter is
proportional to the energy to move the electron
from its initial inner level to the first possible
unoccupied level. '2 Hence, approximately the
ionization energy of the next element in the
periodic table should be added to the energy
corresponding to the series limit wave number.

The work of Robinson and his co-workers43 4'

is outstanding in this 6eld of x-ray photoelectrons
and has extended over a period of more than 15
years. To avoid the rather large uncertainties in
the absorption limit wave-lengths and the
corrections necessary to them, Robinson has
taken measurements with three diA'erent x-ray
radiations and then used energy differences.
That is, the diHerence in energy of photoelectrons
ejected by a hard radiation and by a soft radi-
ation should be equal to the di8'erence in energy
of the photons io the two radiations. Three pairs
of differences obtained from Mo Xn —Cu En&,
Mo Xn —Cr Xng, and Cu Eng —Cr Eng were used
for each initial level in each element. Measure-
ments of Hp were made on electrons from several
levels in each of the three elements Au, Pt and Ag.

The computations from the large amount of
data, when averaged yield:

(e/m, ) (e/7i) = (3.8220&0.0029) X10"e.s.u.

In this, as previously, the ratio of the ruled
grating to the Siegbahn scale wave-lengths has
been taken as 1.00203+0.00002. No correction
has been necessary for the geometry of the
magnetic spectrograph'" because the diameter
measurements were made from the head of a line
to the inner edge of the slit.

The above probable error has been con-
servatively taken as the limit of error given by
Robinson. (His observational probable error was
of the order of one-tenth of this. ) This has been
done to allow for any possible error that might
have been made in estimating the position of the
head of a line (the high energy edge). Measure-
ments are made to the head of a line because the
head is produced by electrons which have suAered
no energy loss in getting out of 61m.

The combination of the above value with the
Rydberg equation and ho gives:

e2~~
——(4.7953&0.0006) X10 "e.s.u.

This has been plotted as point (11) at n=-', in
Fig. 1.

Kretschmar4' has also made measurements of
photoelectron energies. He did not measure the
radius of curvature of the most energetic
electrons but rather measured that of the most
probable energy (corresponding to the peak of
a line). Hence an energy correction is needed for
his measurements. Alvarez" has suggested an
approximate correction of +0.23 to +0.47
percent based on thickness measurements of one
of Kretschmar's 61ms. ~ A geometrical correction
for slit width of +0.09 percent in the radius, or
+0.18 percent in the energy, " is also needed.

Thus a total correction (reduction) of the
order of 0.35+0.18=+0.53 percent is required.
The (e/mo) (e/li) value obtained from his work is
lowered by this same fraction to (e/mo)(e/h)
=3.806/X10'4 e.s.u. on the ruled grating scale.
The corresponding e„ is e2/3 4.7922X10 "e.s.u.

It is to be noted that this value of e2/3 is one
part in 1500 lower than that from Robinson's
work. It should also be mentioned that if only the
slit correction is made to Kretschmar's results,
then there results a value of e~/3 quite close to
Robinson's (about one part in 4400 higher).
Since the energy correction to Kretschmar's
work is so uncertain, his results have not been
plotted in Fig. i.
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TxaLE IV. Recent viscosity of air measurements. For comPari-
son, IIarrington's value was ()8ZZ.6&1.3) X10 ' c.g.s.

EXPERIMENTER

PUBL.
PROS. WEIGHT

METHon YE~a n. o)&107 KRRoR OmEN

Kellstrom»
Houston»
Bond and Rigden~
Banerjea and Pattanaikss

Rotating Cylinder 1937 1884.9
Rotating Cylinder 1987 1829.2
New Capillary 1988 1880.8
Capillary 1938 1833.3

2.7
4.5
0.7
2.1

Weighted mean: 1882.5&1.5 c.g.s.

More recently Backlin and Flemberg" have
given a preliminary report on a redetermination.
Work at atmospheric pressure, 260 velocity
observations on 9 drops gave:

ea ——(4.7941&0.0089) X10 ' e.s.u. ,

when the calculations are made with the "high"

E. Oil drop e

As is well known, this value of the electmn
charge is based on measurements of the velocity
of oil drops in a gravitational field, and in a
combined gravitational and electrical 6ield. The
density of the drop is assumed to be the same as
that of the oil in bulk. Stokes law is assumed to be
exactly true in the limit as the product of the
pressure and dmp radius approaches infinity.

Most of the probable error in the oil-drop value
arises in the uncertainty in the value of the
viscosity of air. The four recent viscosity determi-
nations given in Table IV"' indicate a value
slightly over half a percent higher than that of
Harrington, "which was used by Millikan. '7 The
calculated probable error of the weighted mean
was +0.9. This was increased to +1.5 to allow
for fundamental uncertainties.

It is dificult to understand the large increase
in the value given by recent measurements, for
none of the older measurements listed by
Millikan approached the new high value. How-
ever, the recent "high" value given in Table IV
will be adopted somewhat arbitrarily, although
modern equipment and technique provide partial
justification.

For the actual oil-drop experiments, there is
the classical work of Millikan'8 which, with the
"high" viscosity value, and the auxiliary con-
stants of Table I, gives:

e =(4.8059+0.0052) X10 "e.s.u.

viscosity value and the above auxiliary constants.
Ishida, Fukushima and Suetsugu" have reported
a determination in which over 1000 velocity
observations at atmospheric pressure were made
on 31 drops. This work, with the "high" viscosity
value, gives:

e = (4.8453 &0.0043) X 10 "e.s.u.

Which is about 0.9 percent higher than the
preceding two values and also the ruled grating
value. The work seems to have been carefully
executed and valuable supplementary work" has
been done on nonspherical drops. However, in
personal correspondence, Ishida has indicated
that there may be some uncertainty in the
voltage calibration and that this will soon be
checked. Their uncertainty should therefore be
considered much larger than that quoted.

Pending further work on this last determi-
nation, we shall take a least-square mean of the
results of Millikan and of Backlin and Flemberg,
thus:"

e = (4.8036+0.0048) X10 "e.s.u.

This value is plotted as point (2) at n=0 in
Fig. 1.

F. h/e from ionization and excitation potentials

Lawrence" measured the ionization potential
of mercury by directing electrons into an
ionization chamber and determining the mini-
mum electron voltage at which ionization oc-
curred. A magnetic velocity filter limited the
electrons to a narrow band of energies and a
potential difference method of obtaining the
electron voltage eliminated error due to contact
potentials, at least to a first appmximation. The
ionization potential found was 10.40~0.02 int.
volts. Insertion of this in the photoelectric
equation, together with the spectroscopic term
value 84, 178.5 cm ' of the series limit of mercury
and the conversion factor r from international to
absolute volts gives:

h/e=(1. 3753&0.0027) X10 "erg sec./e. s.u.

Van Atta" measured the excitation potentials
of several lines io helium, neon and argon.
Electrons scattered in a forward direction
in a collision chamber were analyzed by an
electrostatic velocity selector. In most of the
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work the energy of the electrons entering the
collision chamber was fixed at a value several
times that required for ionization. The energy
loss was then found in terms of the difference in
deflecting potential required for electrons which
hed excited a given line.

Each measured excitation potential (converted
to absolute volts) together with the corresponding
wave number of the transition can be used to
obtain a value of h/e. The weighted mean calcu-
lated from the 6ve identi6ed transitions is:

h/e = (1.3753&0.0025) && 10 'r erg sec./e. s.u.

Van Atta's voltage uncertainties" were used in
the computation. The internal probable error of
+0.00I7 was chosen since it was larger than the
external probable error. The probable error has
been increased to &0.002S because of systematic
errors, such as errors due to surface charges on the
deflecting plates" and the fact that the central
path of the electrons was not at ground potential,
but at a negative potential of 2.25 percent of the
total deflecting potential.

Over a period of years, Khiddington and his
co-workers have measured excitation potentials
of the same gases as those used by Van Atta. The
apparatus" divers essentially from Van Atta's
only in the use of a j.80' magnetic velocity
selector. The electron spectrum was recorded on
an oil-sensitized photographic plate, on which the
full energy electrons and the groups of electrons
which have lost various discrete amounts of
energy appear as lines. An ingenious procedure
was used to avoid the necessity of calibration of
the magnetic field and of measurement of the
radii of curvature; without gas in the collision
chamber the electrons were retarded by known
voltages in such a manner as to give a series of
calibration lines on the plate. The voltage diHer-
ence between the full energy electrons and a
group of lower energy was measured by interpo-
lation between adjacent calibration lines.

The most recent results are those of %'hidding-
ton and Woodroofe. ' From their results, six
lines, "the precision of which was fairly good and
the spectroscopic classi6cation reasonably cer-
tain, give a weighted mean of

h/e= (1.3737&0.0018)X10 "erg sec./e. s.u.

Here again the internal probable error, ~0.0010,

was about twice the external. This probable error
has been increased to ~0.0018 because of possi-
ble errors from surface charges on the oiled
photographic plate. Whiddington and Koodroofe
state that there was no evidence of charging-up
of the 61m, but do not mention what tests were
made. Probably the building up of the equilib-
rium charge occurs quickly so that little change
with time of exposure mould be expected. But a
sufficiently long exposure with one-tenth the
current would offer one critical test as to the
existence of errors from surface charges. "

The weighted mean of the three values from
Lawrence, Van Atta, and Whiddington and
Woodroofe's work is:

h/e = (1.3745 &0.0013)X 10 '" erg sec./e. s.u.

Here again the internal probable error given is
twice the external, which probably means the
estimates of uncertainty have been conservative.
By combining with ho, there results:

TABLE V. S&fen-Boltsmoee consent 0 deQrns&suti ops.

EXPERIMENTER

Gerlach
Coblentz
Hoffman
Kussmann
Mendenhall
Muller

STATED
YEAR o' ACCURACY

1916 5.80 ~1 percent
1917 5.73 +1 percent
1923 5.764 ~1 percent
1924 5.795 ~1 percent
1929 5.79 &1 percent
1933 5.774 % & percent

WEIGHT
GIVEN

Weighted Average: (5.775 &0.022)
)&10 ' erg. cm ~-sec. 'deg. 4

e~ ——(4.8090&0.0045) X10-"e.s.u. ,

which is plotted as point (4) at n = 1 in Fig. 1.

G. Stefan-Soltzmann constant o

This constant comes from the measurement of
the net radiation per square centimeter of surface
from a heat source at a known temperature to a
receiver at a known temperature. There are
numerous experimental difficulties, so that really
accurate results are impossible. A large number of
determinations by diferent experimenters with a
variety of methods serves to partially o6'set the
inaccuracy of any one result.

Ladenberg" has given a summary and a value
based on a selection of seven results (out of
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TAsLs Vl. Summary of the eleven types of measurements und the experimental results obtained Th. ere is also shown (third
from the lust column) the dependence of these experimental values on the values of the ftrst ten auxiliary constants listed in
Table I A. represents the remainder of A ofter factoring ont the constants indicated T.he next to the last column gives the

formzdes for e„(e„is the valve of e which represents the given exPerirnent on the Birge-Bond diagram). The lest column gives
the tNIlles of e„.

POINT

1

2
3
4

5
6
7

8
9

10
11

DESCRIPTION

Ruled grating
Oil drop
Limit of cont. x-rays
Ionization and excitation
Radiation constant cg

Stefan-Boltzmann constant
Electron diffraction {V)
Electron diffraction (It)

Compton effect
Speci6c charge
X-ray photoelectrons

CoMBINA-
TION OF

CONSTANTS
MEASURED

e

h/e
h/e
h/e

e/h»4

(h/e) (e/yap)'"
h/yet p

h/~p
e/yap

(ejrn p}(e/h)

EXPERIMENTAL VALUE A

(4.8025 +0.0004) X10-«e.s,u.
(4.8036 +0.0048) X10» e.s.u.
(1.3763 &0.0004) X10» e.s.u.
(1.3745 &0.0013) X 10 '7 e.s.u.
(1.3730~0.0029) X10 '7 e.s.u.
(2.0778 &0.0020) X 101p e.s.u.
(1.00084 +0.00058) X 10-p e.s.u.
7.274+0.016 erg sec.jg
7.264+0.012 erg sec./g
(1.7591+0.0002}X 10'l e.m.u.
(3.8220 +0.0029) X 10P4 e.s.u.

DEPENDENCE OF
A ON CERTAIN

CONSTANTS.
FORMULA FOR A

(F qeky3) A'
(e/r)A'
{kgb/c~) A'gy

(r/t..g}A'

(Rp/cPFq) A'
(Fqrgfg/R p) A'

t(r/c) tfgkP, ) A'lp

(ky) A'

(k)W, e)A'

Depends on method
(e'0'/kyar') A"'

FoRMULA FoR
en

e
(1/A}hp
(1/A) hp

(1/A}hp
{A)h p3/4

(cR~Ag/2~2)»3hp»p

(CR A/2Ã)»4hp»&

{cRcoA/2yrP)»4h p»g

(cPRcoA/2m &}»hhpgf&

(cR~A /2yrP)»Ph p»3

ere
FOR 8IRGE»

BOND
DIAGRAM

E.S.U. X10»

4.8025 +0.0004
4.8036 &0.0048
4.8026 &0.0014
4.8090~0.0045
4.8145 &0.0101
4.8168+0.0046
4.7964 +0.0019
4.7972 &0.0026
4.7956+0.0020
4.7963+0.0002
4.7953~.0006

twenty-four which have been made). The basis of
selection was: (1) use of sufficiently perfect
blackbody radiators and receivers and (2) cor-
rection for absorption of radiation in the water
vapor and COB in the air. Muller'2 later made a
redetermination with increased care. Also, the
results of Hoare, " which Ladenberg included,
were apparently not corrected for absorption. "A
new summary has therefore been made as shown
in Table V. When combined with Planck's
radiation formula, the average value is:

e/h"4= (2.0/78&0. 0020) X10 "e.s.u.

This, with the usual ho, gives:

et~& ——(4.8168+0.0046) )&10 'e e.s.u.

and is plotted as point (6) at n = ge in Fig. 1.

H. Radiation constant t. ~

This constant occurs in the Wien displacement
law. No new work seems to have been done for
over fifteen years so that the value given by
Birge, 7~ namely:

c2 ——1.432+0.003 cm deg.

is still the best value. Again by using the related
part of Planck's radiation law, there results

h/e = (1.3730&0.0029) )(10-"e.s.u.

With ho, this gives:

e&
——(4.8145&0.0101))&10 'e e.s.u.

and is plotted as point (5) at n=1 in Fig. 1."

SUMMARY OF EXPERIMENTAL DATA

The eleven types of measurements which
have been described are summarized in Table VI.
The experimental values A depend on one or
more of the ten constants listed in the first
section of Table I. They have been computed
with the assumption of the correctness of the
ruled grating wave-lengths. The values of e„,
which represent the points in the Birge-Bond
diagram on Fig. 1, are collected in the last column
of Table VI. They are obtained from the A values
by the formulas in the next to the last column.
The two additional constants necessary for this
are given in the second section of Table I.

ANALYSIS AND DISCUSSION

The analysis will be made in two ways: first
from Birge-Bond diagrams, and second by
least-squares solutions.

A. Analysis from Birge-Bond diagrams

(1) Analysis as to cause of the discrepancy sohen

ruled grating zeal-lengths are assumed correct.—
Inspection of Fig. 1 reveals not only the well-
known discrepancy between e, h/e and e/me
(points 1, 3 and 10), but also a peculiar and per-
haps significant grouping of half of the points
(points 'I through 11).These points lying in the
center of the diagram (Group A) are uniformly
lower than points to the right and left on the
diagram (Group B).eo This lower group indi-
cates a value of e of the order of 4.796&10 ",
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while the upper group indicates a value of the
order 4.803&10 'p e. s. u.

The discrepancy between these two groups
seems to be well beyond experimental uncer-
tainties. If this is accepted, then the trouble
must of necessity be in one of the laws or equa-
tions used. Further, if there is only one such
erroneous theory, it should be possible to find a
theory which satisfies these criteria: (1) all the
points which involve it are mutually consistent;
(2) all the points which do not involve it are
mutually consistent; (3) these two groups are
mutually inconsisten t.

An analysis of the dependence of the eleven

types of measurements on seven of the more im-

portant laws or equations is given in Table VI I.
The consistency as to the first two criteria is
qualitatively indicated in the lower two lines
of the table. As to the third criterion, the two
groups are inconsistent in every case. It is seen

that the two groups as determined by Ryd-
berg's constant formula are the only groups
which satisfy the above criteria. Further, these
two groups are the same as those mentioned
above. The existing experimental data thus

strongly indicate that the Rydberg formula is the

cause of the discrepancy inthe f,undamental

atomic constants.
The only other possibility is the photoelectric

equation, but the indication is relatively weak
because the two radiation points are inconsistent
with the "other measurements" (i.e. , other than
the photoelectric). If, however, these relatively

uncertain radiation points are rejected until
better data are available, "or if they are included
with the photoelectric points, an analysis as in
Table VII indicates that the photoelectric equation
is also a possible source of the discrepancy

Most of the remainder of this paper will be
concerned with the question of which of these
two possibilities is the more likely seat of trouble.

(2) Effect of an arbitrary change in the Rydberg
formula. —Over two years ago, Birge' suggested
as one of three possible explanations of the dis-
crepancy between e, e/mo, and h that the Ryd-
berg formula was io error, but more recently'
came to the opinion that the trouble was in the
value of h/e. Still more recently DuMond'
suggested that the Rydberg formula might
require revision and pointed out that if a con-
stant multiplier (1 —a) is added to the present
Ryd berg formula the discrepancy vanishes.
(a = fine structure constant. ) The discussion in
DuMond's letter is based on the change in the
h/e computed from e/mo and e with the Rydberg
formula. As is evident from the last column of
Table VII, changing the Rydberg formula aR'ects

not only e/mo but four other determinations as
well. It is of considerable importance to de-
termine the eÃect of such a change on these other
measurements.

The change which will be tried in the Ryd-
berg formula is:

2m'e4mp 1
R„(= 109,737.42) =

ch' 1+o.

TABLE VII. Analysis of the eleven types of measurement as to the more important fundamental laws or equations involved.
The lenrs or equatzonsinvolved in any type of measurement areindicated by (X).How quell a straight line cen be drevlln through

A similar test for the points in any column which are not marked by (X) is indicated in the lest line.

PorNT DEscRrrnoN

RULED GRATING
WITR X-RAYS nX=

tf fcos8—cos {8+n)]

CRYSTAL
GRATING

BRAOG LAW
aX=2d srN 8

PHOTO-
DE BROGLIE ELECTRIC
EqUATION EqUATION
X=A/me he/X =$mtft= Ve

CALCITE CRYSTAL RYDBERG
PLANCK S PERFECT CONSTANT

RADIATION GEOMETRY FORMULA
EqrTATroN d = (Me/2pF(p)) & +=2Ãe4mp/ebs

I
2
3
4

6
7
8
9

10
11

Ruled grating e
Oil drop e
Limit of continuous x-rays
Ionization and excitation
Radiation constant ~ s2

Stefan-Boltsmann eonstantsa
Electron di8raetion (V)
Electron difraetion (e)
Compton efeet&
Speei6e charge e/mo
Xway photoelectrons

Mutual Consistency of Measure-
rnents Marked by (X)

Mutual Consistency of Other Meas-
urements

X

X

Extremely poor

Poor

X(x-rays)

X(electrons)»
X(electrons)
X(x-rays)

Good

Very poor

X
X

Only 2 pts.

Extr. poor

X(inverse)
X(inverse)84

X(direct)

Good Only 2 pts.

Extr. poor

X

Only 1 pt.

Very poor

Very good

Fairly good
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This is equivalent to saying that the combina-
tion of constants (2s'e'mo/chs) must be increased
in value by the fractional amount n."

The fine structure constant a was not given
with the eleven measurements of Table VI be-
cause of its large experimental uncertainty. The
three best measurements of 1/a gave: 139.9,
137 4~0 2 " 139.3." The mean of these is
138.9~0.6. If this value is used, then the 8„ in
the next to the last column of Table VI is in-
creased by 1/138.9=7.20X10 ' parts. If the
values of e„ in the last column are recomputed
with this increased 8, the results are those
shown in Fig. 2. The points are fairly consistent
and in particular e/mo (point 10) is in good
agreement with e (point 1) and h/e (point 3). '

Because of the varying power to which R„
occurs, " the central group of points (7 through
11) has not only been raised but also tilted ~'

clockwise so that points (7) and (11) are two or
three times their probable error from the dotted
line. (This line is the same as that labeled
Group 8 in Fig. 1.) This can be taken as an

argument against the Rydberg formula change
as a solution to the problem, or it can be taken
as an indication that the experimental values
are in error. Certainly the desirability of further
experimental work on these two points is strongly
indicated. If a functional change is found neces-
sary in the Rydberg formula, rather than mere
multiplication by a constant, then the resulting
picture might be quite difl'erent.

The only other discrepancy indicated in both
Fig. 1 and Fig. 2 is that of point (6), the Stefan-
Boltzmann constant. A peculiar feature of this
point is that the elimination in recent years of the
error from absorption in the moisture and C02
of the air has raised the point from a position of
good consistency with the other points. Whether
there is another appreciable source of error as
yet unknown or whether there is need of revision
of Planck's radiation theory, remains to be
determined.

(3) Effect of a functional change in the Rydberg
formula. The possibility of a f—unctional rather
than a linear change in the Rydberg formula has
been mentioned. It should be emphosised that a
functional change can in no way alter the value
of tt/e found from any one of the measurements
represented by the point (7), (8), (9) or (11)

h ~ 65iO siO
A ~ R~(I+ 000720 j
AULD GRATING

O

O f52
i4

t/3 i/2 5/5 2/3 3/4
4 79

0 Ol 02 03 04 05 05 07 05 09 I 0
n (~POWER OS' &)

FIG. 2. Same as Fig. 1 except with the combination of
constants occurring in the Rydberg equation increased by
a(=1.20&10 ' parts). Under this assumption, the dis-
crepancy of Fig. 1 is largely, though not entirely, removed.

when combined with the value of e/m0. '0 Graph-
ically this means that the two points must
always determine a line which passes through
the value of tt/e at n=1. Hence no functional
change in the Rydberg formula can cause the
points (7) through (11) in Fig. 2 to all fall on or
near the dotted line. "

(4) Analysis as to cause of the discrepancy when

perfect calcite geometry is assumed In .a—ll that
precedes, the correctness of the ruled grating
wave-lengths has been assumed. An alternative
to this is the assumption of a perfect calcite
crystal geometry. This, together with the Bragg
law, enables wave-lengths X to be expressed in
terms of constants of the calcite crystal, of the
Bragg angle for the radiation in question, and
of the electron charge. Briefly: X= Ce&. A Birge-
Bond diagram made on this basis, without any
change in the Rydberg constant, is given in

Fig. 3. Comparison with Fig. 1 shows that the
points in Group A have been compressed to-
wards point (10) representing e/mo, the latter
remains fixed. In Group 8, point (3) has moved"
from @=1 to n=0.75. The division into the two
groups has therefore not changed.

An analysis of the points Fig. 3, made in the
same way as Table VII, gives exactly the same
indications as before, so that the perfect calcite
geometry concept is in complete accord with
that of wave-lengths obtained from ruled
gratings.

(5) Possibility of the discrepancy being experi
mental. —The preceding analysis and discussions
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8 8~0»0
R ~R
PERFEGT GRl% GEOM

0
O
0
1l

GROUP A )0
~l

S/li, ~ C1Py 3/4
479

0 Ot 02 03 04 05 OS 07 OS 09 10
n l~ POWER OF h)

FiG. 3. Birge-Bond diagram similar to Fig. 1 but with the
assumption of perfect calcite crystal geometry to obtain the
x-ray wave-lengths, instead of the use of ruled grating
wave-lengths. Exception: point (1) which involves both the
perfect calcite geometry assumption and the use of ruled
grating wave-lengths. The discrepancy seen in Fig. j. has
not appreciably changed in this 6gure.

of the discrepancy in Figs. 1 and 3 has been
based on the view that this discrepancy between
Groups A and 8 is beyond experimental un-

certainties. If this view is not accepted, the
situation can be summarized as follows: the
upper group of points, Group 8 in Figs. 1 and 3,
is structurally weak because it is scattered to
the left and right sides of the figures with no
points in between, On the other hand the lower

group of points, Group A, is structurally strong,
and there is also a surprisingly good consistency
among the points in spite of the wide range of
theory involved. Consequently, one is lead to
put much more confidence in the correctness of
the lower group than in the upper. If one then
considers the lower group to provide a fulcrum,
located approximately in the center of the figure,
about which the line representing the solution
must pivot, either points (1) and (2), or the
points (3) through (6), must be lowered.

In considering the first alternative, it is to be
noted that the present rather unsatisfactory
state of the oil-drop work makes it possible that
later work may lower point (2). But it seems
most improbable that the new experimental
work will appreciably change point (1), for this
point involves no experimental results which are
not also involved in several other points. "
Further, in the revaluation of the many constants
used in computing this point no indication was
seen of any uncertainty great enough to produce

the necessary lowering of the point. The first
alternative therefore seems most improbable.

The second alternative requires the lowering
of points (3) through (6). The experimental
correctness of point (3) is reasonably well es-
tablished by several determinations. The experi-
mental and perhaps theoretical uncertainty of
the two radiation constants (points 5 and 6)
makes their consideration secondary for the time
being. " Point (4), however, is not so well es-
tablished, and further work'~ is most desirable.

If the improbable should happen and later
work on points (3) and (4) indicates a "high"
value of h/e for both points (i.e. , so that they fall
on a line through (1) and (10)), then of course,
the major discrepancy will have vanished.
There will remain only the problem of bringing
the relatively inaccurate radiation points into
agreement.

On the other hand, if later work on points
(3) and (4) con6rms their present "low" value
of h/e, there seem to be three interpretations all
of which involve changes in theory: (a) the
results confirm the view that the Rydberg
formula is in error; (b) the photoelectric equa-
tion is in error in such a way as to indicate low
values of k/e; (c) the application of the photo-
electric equation to the inverse photoelectric
effect is in error in such a way as to indicate low

values of h/e. (b) involves a change in theory
which would not only lower the inverse photo-
electric points (3) and (4) but also would lower

the direct photoelectric point (11) by an amount
one-sixth as great. This would put point (11)
below the assumed solution line (1—10) but not
so far as to create another major discrepancy. In
contrast, interpretation (c) would not affect
point (11).However, it implies a basic difference
between the direct and inverse photoelectric
effects. The reason for this suggestion, rather
than (b), is that the direct effect point (11) is in
excellent agreement with all experimental points
other than the inverse points (3) and (4), and the
relatively uncertain radiation points (5) and (6).
But the difhculty of both interpretations (b) and

(c) is that in offering any change in theory
that will raise the h/e results of the inverse
photoelectric effect, conservation of energy is
violated. In brief: the photon leaves with f00
muck energy. '~'
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B. Analysis of the discrepancy by least-squares
solutions~

(1) TIts method. —The Birge-Bond diagram has
been used in the preceding analysis because it has
been the only way available of portraying the
complete situation graphically. But since the
validity of the Rydberg formula on which it is
based is in question, it is highly desirable that
the discrepancy be examined by other means.
The application" of least-squares methods to the
set of equations representing the experimental
data has been found to yield some additional
information as to the source of the discrepancy.

The least-squares method here used is in out-
line as follows. The existing body of experimental
information has been summarized in the eleven
equations (in three unknowns, e, mo and h) given
in the third and fourth columns of Table VI.
There is in addition the equation

e'mo/h'= (1.666564a0.000083) X 10", (12)

which comes from the Rydberg formula together
with values of R„and c in Table I. These twelve
observational equations can be reduced in
number to eight by using weighted mean values
of e, h/e and tt/mo. There results the observational
equations given in Table VI II. These equa-
tions were reduced to linear form by the usual
Taylor series expansions and then selected
groups solved simultaneously by standard least-
squares methods. "' The essential feature of the
present application is the choice of these groups
so as to obtain information as to the source of
the discrepancy. For this, a key solution was first
made, based on all the classes of observations

not in question. Then additional solutions were
found in each of which one doubtful class of
observation was added to those of the key
solution. Information is obtainable both by com-
parison of changes caused by the addition of
classes in doubt and also by comparison of the
results of the key solution with the directly
observed values.

It is perhaps well to point out the similarity
and diiTerence between such a least-squares
procedure and those that have been employed
previously. The procedure conceived by Bond"
and improved by Birge' consists in the reduction
of the three variables e, mo, and h to two, namely
e and h, by the use of the Rydberg formula.
The resulting observational equations are then
reduced to linear form by expansion in a Taylor's
series and retention of the first term. Birge in-
troduced a new parameter e„=—g„ho", where u„
is a numerical constant calculable from the A„
value of the experimental results (see next to
last column of Table VI), Ito is the assumed value
of h, and n, the power to which it occurs. This
made possible the expression of the results in a
form used in the Birge-Bond diagram, namely
as points approximately fitting the straight line

e„=e+bn,

where e is the value of the electron charge and b

is the slope of the line representing the least-
squares solution, and from which the value of h

can be found. The most important feature of this
method is that it makes possible a graphical
presentation of the experimental results9' and of
their least-squares solution (i.e., t.he straight
line best fitting the points). Birge also derived a

TABLE VIII. The eight observational equations and the types of experiments on urhich they are based. The weight given each
equation is competed by the usual least-squares formula: 8'= c/r'.

OBSERVATIONAL EQUATION
(ALL E.S.U.)

e = (4.8025~0.0004) X 10 "
h/e = (1.3761+0.0006) X10 "

e/h~ = (2.0778~0.0020) X 10'0
(h/e) (e/mo)» = (1 00084&0.00058) X 10 '

h/m0 = 7.268~0.010
e/m& ——(5.2734a0.0007) x 1017

(e/m0) (e/h) ~ (3.8220 ~0.0029) X 10~
An/h' = (1.666564+0.000083) X 1014

WEIGHT

252.8

1.9
5.2
1.0

96.0
3.1

698.0

TYPE OF EXPERIMENTS INVOLVED

Ruled grating
Oil drop
Inverse photoelectric
Radiation constant, c~
Stefan-Boltzmann constant
Electron diffraction (voltage)
Electron diffraction (velocity)
Compton effect
Specific charge
X-ray photoelectrons
Rydberg formula

POINT NO.
(As IN TABLE VI

AND ALL FIGS.)

1
2

3 and 4
5
6
7
8
9

10
11

(12)



F RANK G. DUN N I NGTOX

method for the computation of the probable error
in any function except mo and R (as calculated
from e, mo, and lt).

Shiba, '" independently, made a least-squares
solution which resembled the preceding in that
the unknown (in this case, lt) was eliminated by
use of the Ryd berg formula. The resulting
simultaneous equations in two unknowns e and
e/mo were solved by the usual least-squares
methods, and hence were not graphically pre-
sentable. Probable errors were not computed
from the observational equations, They were
merely estimated.

Recently Beth" has made a least-squares solu-
tion in three unknowns. He has emphasized
particularly the calculation of least-square errors
from the normal equations and the value of the
errors so computed in the light they might shed
on the discrepancy situation.

(2) Solution untb photoelectric equation and
Rydberg formula assumed in doubt The.—Ryd-
berg formula (Eq. H') and the photoelectric equa-
tion (involved in Eqs. B and G) are the two
possible sources of the discrepancy indicated by
the analysis of the Birge-Bond diagram. There is
also indicated the relatively less important dis-

crepancy of the radiation points (Eq. C and a
minor part of Eq. 8) Because th. ey seem in
fair agreement, the radiation parts have been
grouped with the photoelectric points. Perhaps
the argument that follows would be clearer if the
radiation points had been omitted entirely, but

their exclusion would have made a negligible
difference in the results of the solutions.

The results of the least-squares solutions are
tabulated in Table IX. Solution I is the key
solution since it contains no classes of experi-
ments that are in doubt. Solution II contains in
addition the Rydberg formula. Solution III has
all photoelectric and radiation points added.
Differences'" in the solutions (see last two col-
umns) are negligible for e, mo, and e/mo, and
are about equally large and of opposite sign for
lt, lt/e and R„. This indicates an equal dis-
crepancy between both the photoelectric equa-
tion and the Rydberg formula with the rest of
the classes of measurements.

Although it is not possible to fully present
graphically a least-squares solution, it is possible
to partially illustrate it graphically by use of the
familiar Birge-Bond diagram. The necessary
condition is that the value of R„used be that
found by calculation from the least-squares
solution, for then the least-squares values of all
combinations of constants lie in a straight line.
If further, as a convenience, the least-squares
value of h is used for ho, the straight line repre-
senting the solution will be horizontal. This has
been done in Fig. 4 for Solution III. The agree-
ment of any experimental point with the solution
is of course a function of the distance of the
corresponding circle from the dotted line, and
the discrepancy can be judged by the ratio of this
distance to the length of the arrow (i.e. , the

TAsLE IX. Results of least-squares solutionsI~ when the possible sources of the discrepancy are assumed to be the Rydberg

effect of adding the Rydberg equationis seen in II; the egect of adding all photoelectric work (plus radiation constants) is seen
in III. The uncertainties are probable errors computed from the observational equations. '~' See Table VIII for a list of the
observational equations A, 8, C, etc.
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(A, D, E, F) (A, D, E, F) +(H) (A, D, E, F)
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FIG. 4. Birge-Bond diagram adjusted to represent, in-
sofar as it is possible, the least-squares solution of all the
experimental data, except the Rydberg formula. 'O' This is
Solution III of Table IX, and III' of Table X. The dotted
line indicates the least-squares solution. The circles
represent the experimental results and the crosses the least-
square resu1ts for various values of the exponent n. The
value of R„ is that calculated from the least-squares
solution.

probable error). Points (7) and (11) are ob-
served to lie much nearer to the line than in

Fig. 2.
(3) Solulion with fhe inverse photoelectric egua

lion and the Rydberg formulo, assumed iu doubt
The objection to the analysis on the basis of the
preceding section is, as has already been pointed
out in Section A(5) of Analysis and Discussion
that the photoelectric experiments are of two
types: direct and indirect, and it is only the latter
that are in disagreement with the other work.

Hence in the second set of solutions, the possible
sources of error have been assumed to be the
inverse photoelectric equation (Eq. 8) and the
Rydberg equation (Eq. II). Here again the radia-
tion points have been included with the inverse
photoelectric work, but their entire omission
would not appreciably alter the results. The
difference, then, between the solutions of this
section and those of the preceding is simply the
shift of the direct photoelectric work from the
uncertain to the certain classihcation.

The results are given in Table X, and the
numbering of the solutions is the same as that in

Table IX, with primes added. Again differences
in the solutions are negligible for e, mo and e/mo.
But for b, b/e and R„ the differences are almost
three times as great when the inverse photoelec-
tric points are added (Solution III) than when
the Rydberg formula is added (Solution II).
Hence the indication is that the inverse photo
electric epee is the seat of the discrepancy, rather
than the Rydberg equation.

This view is considerably strengthened by the
comparison in Table XI of the results of the two
key solutions with the directly observed values.
In neither solution is the calculated value of 8
greater than the spectroscopic value by much
more than the uncertainty. But in both key
solutions the indicated value of b/e is greater
than the directly observed value by about three
times the uncertainty.

TABLE X. Results of least-squares solutions'~ vuhen the possiMe sources of the discrepancy are assumed to be the Rydberg
formula and the inverse photoelectric egect. The key or base solution, I, does not contain any experimental zoork in doubt.
The egect of adding the Rydberg equation is seen in II'; the effect of adding the inverse photoelectric work (plus radiation
constants) is seen in III'. As in, TaMe IX, the uncertainties are probaMe errors computed from the observational equations. I~'
See TaMe VIII for a list of the observational equations A, 8, C, etc.
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RESULTS OF LEAST-SQUARE SOLUTIONS
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TABI.E XI. Comparison of the least-squares key solutioes,
I and I', which are based on, results got ie question, veith the
directly observed values Q. Solution, I' involves the direct
photoelectric results vehich are omitted from I.

QUANTITIES

DIFFERENCES

ejmp
hje

0~ 4
0~ 4

+21&
+270+177

0+ 4
0+ 4

+26+ 7
+151+142

Hence there seems to be good evidence for
holding the inverse photoelectric effect as the
probable source of the discrepancy. And since the
experimental uncertainty of this work (in
particular that of point (3)) is far too high to
expect newer work to remove the discrepancy,
the situation seems to require either a new inter-
pretation of the experimental results, or a change
in the theory of the inverse photoelectric effect.
The former seems more likely.

This paper has presented the resuIts of all
known significant measurements of the atomic
constants e, mo and h, made either separately or
in combination. For this the experimental results
of the various authors have been recomputed
with two changes: (1) all assumptions as to
values of combinations of constants have been
eliminated, so that the results given represent
what the experiments actually yield; (2) auxiliary
constants (such as the faraday, the electrical
conversion factors from international to absolute
units, etc.) have been revaluated and used in the
recomputation. These experimental results are
summarized in Table VI and presented graphi-
cally in Figs. 1 and 2.

The experimental results of all types have been
analyzed as to the fundamental laws or equa-
tions involved (see Table VII). Comparisons of
the mutual consistency of experiments involving
any given law with the mutual consistency of
those which do not involve it indicate strongly
that the Rydberg formula is the source of the
discrepancy in the atomic constants. However,
if the relatively inaccurate radiation measure-
ments which involve Planck's equation are
either rejected, or are included with the photo-

electric results, there is an equally strong indica-
tion that the photoelectric equation is the source
of the discrepancy.

The introduction into the Rydberg formula of
an arbitrary factor 1/(1+a) greatly reduces the
discrepancy but does not entirely remove it.

A least-squares analysis of the experimental
results, made on the assumption that the possible
sources of error are the Rydberg equation and
the photoelectric equation, does not offer
evidence to decide between them. Rather, it
seems to indicate both are in error, for results
involving them disagree (with opposite tenden-
cies) with all the remaining experiments.

However, a least-squares solution made on the
assumption that the Rydberg equation and the
theory, or interpretation, of the inverse photo-
electric efFect are the possible sources of error
gives fairly strong evidence that the inverse
photoelectric effect is the source of the dis-
crepancy. The justification of this distinction
between direct and inverse efFects is that the
results of the former are in good agreement with
the remaining experimental points while the
latter are not. Further support of the view that
the inverse photoelectric is the source of the
discrepancy is found in the fact that a least-
squares solution based on all experimental results
not in question gives a value of R„(calculated)
in fair agreement with the spectroscopic value,
but gives a value of h/e differing from the ob-
served value by about three times the un-
certainty. ~'

This study has shown the need for further
experimental work along several lines: (1) h/e by
any method, but in particular by methods other
than from the limit of the continuous x-ray spec-
trum since the precision of measurements of that
method is already fairly high; (2) (s/m)(e/k) by
x-ray photoelectrons; (3) (h/e)(e/m)& by elec-
tron diffraction with voltage measurement; (4)
e/hm through determination of the Stefan-Boltz-
mann constant.
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Professor R. T. Birge of the University of
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of Technology, Professor R. A. Beth of the
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colleagues in the Department of Physics at
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ruled grating wave-lengths, and points (7), (8) and
(9) also involve the Bragg law. In Fig. 3, points (3),
(7), (8), (9) and (11) also involve the Bragg law and
the perfect calcite geometry assumption.

94. It seems probable that a second discrepancy (that of
points (5) and (6} which involve- Planck's radiation
formula) will remain after the other points have been
brought into agreement. Previously, Shiba (see
second paper in reference 100) has expressed doubt
as to the correctness of the Planck radiation
formula. However, see new work mentioned in refer-
ence 76.

95. The author has started such a redetermination.
95a. This was emphasized by J. %. M. DuMond and V.

Bollman, Phys. Rev. 51, 400 (1937).
96. In the writing of the least-squares sections, the

suggestion has been followed of Dr. J. W. M.
DuMond that any hint be avoided of the finality
that is usually associated with least-squares solu-
tions and "best" values.

97. A conversation with Dr. R. A. Beth in February, 1937
indicated that both Beth and the author had come
to the conclusion that a solution made without
involving the Rydberg formula was needed. Such a
solution, using provisional values of the experi-

mental results, has been made by Beth {see Phys.
Rev. 54, 865 (1938)).

97a. See for example A. F. Palmer, Theory of Measurernenf
I'1912), Chapters VII and IX.The probable errors of
functions of e, mp and k were obtained following

Chauvenet, Treatise on the Method of Least
Squares (1868), pp. 541—3. Actually, the bracket
term ( ) of his Eq. (83) is the square of the reciprocal
of the weight of the desired function. Hence multipli-
cation of the square root of this bracket by the
probable error of an observation of unit weight gives
the internal probable error of the function, while
multiplication of the same quantity by the probable
error of an unknown of unit weight gives the ex-
ternal probable error of the function. See R.T. Birge,
Phys. Rev. 40, 217—8 (1932), Eqs. {17)and {18).

98. %. N. Bond, Phil. Mag. 10, 994 (1930); 12, 632
(1931}.

99. Fig. 1 is an illustration.
100. H. Shiba, Inst. of Phys. and Chem. Research,

Tokyo, Sci. Papers 19, 97 (1932); 21, 128 (1933).
101. The uncertainty given is the larger of the two

probable errors involved. The probable error in any
quantity in Solution II or III contains all of the
uncertainty in the same quantity in Solution I.
Hence, the probable errors should not be added, as is
done with independent errors.

102. It should be pointed out that the e of Solution I (also
of Solution I' in Table X) is not a "least-squares"
value. By this it is meant that the value of e is not
inAuenced by the values of any experiments other
than those in Eq. A. The author's understanding
of this has been greatly clarified by an ingenious
diagram given by Dr. J. W. M. DuMond in personal
correspondence. The value of e is only influenced by
Eqs. C and H and hence in the other solutions the
resulting e is a least-squares value if one, or both, of
these equations are used.

102a. It is to be emphasized that the probable error of a
function of e, tnp and k can not be found from the
probable errors in e, tnp and h because the latter are
not independent. It is necessary to go back to
quantities occurring in the least-squares solution
{see %. Chauvenet, reference 97a. The ratio of the
external to internal probable error in the three
solutions in Table IX is respectively: 0.004, 0.73 and
1.66; and in Table X:0.62, 0.61 and 1.66. The larger
error is always given.

103. It should be kept in mind that in a Birge-Bond
diagram so modified, a change in the experimental
value of any point will change to some extent the
position of every other point, except those at n =0.
The reason for this is the changes that result in R„
and hp.


