Physics Vol. 2, No. 3, pvu. 141-149, 1965. Physics Publishing Co. Printed in Great Britain.

DETERMINATION OF SEPARABLE POTENTIAL FROM PHASE SHIFT*

M. BOLSTERLI

School of Physics, University of Minnesota, Minneapolis,
Minnesota, and University of California, Los Alamos
Scientific Laboratory, Los Alamos, New Mexico.

and

J. MacKENZIE

School of Physics, University of Minnesota, Minneapolis,
Minnesota

(Received 17 August 1965)

Abstract

An explicit formula is given for the separable potential that fits a-given
phase shift. In addition, similar formulas are given for cases where there is a
bound state, where sin & changes sign, and where the phase shifts arise from
coupled equations.

1. Introduction

IN the last few years the advantages of separable potentials [1] in calculations of three-body
bound-state and scattering problems [2] and of the nuclear-matter binding energy [3] have led
to their widespread use. Generally, the shape of the separable potential has been taken to be
that used by Yamaguchi and Yamaguchi [1] with the addition of adjustable parameters. In this
paper we show that it is possible to determine the shape of the separable potential from the
two-body phase shift and binding energy. This is the analog for separable potentials of the
work of Jost and Kohn and Gel’ fand and Levitan [4], who showed that a local potential is deter-
mined by its two-body phase shift and bound states.

The inversion problem for local potentials requires the solution of an integral equation.
For separable potentials, however, the inversion problem is much simpler, and reduces essenti-
ally to the evaluation of the Jost function, which is just a principal-value integral of the
phase shift.

In Section 2 we solve the inversion problem for the simplest case. A possible bound state

* Work supported in part by the U.S. Atomic Energy Commission.

141



142 DETERMINATION OF SEPARABLE POTENTIAL Vol.2, No.3

is allowed for in Section 3. Section 4 extends the inversion to the case in which sin & changes
sign, and Section 5 gives a procedure that can be used for coupled states, as in the n - p
problem.

2. Prototype

We start with the equation for the two-body t matrix in units ﬁ = 2p =1, where p is the re-
duced mass:

1 d3k1
¢k, k', Ey = V(k, k') + - J/'v<k, k tki, k', E (1)
(2m) 3 D g gt )

with E complex. Here V(k, k') is the potential in momentum space. For spinless particles, con-
servation of angular momentum gives

Vik, k")

> Vit kD vah vt B0,

(2)
tk, k', E)

D tilk kB Yk vt (Y
and the equation for t becomes

ti(k, k', Ey = Vi(k, k') +

kyi2dk;
/[ Vitk, ky) ti(ky, k', E) (3)

(2m3 E - k,?

The assumption that the potential V;(k, k') is separable is that it has the form
Vl(k, k') = gl”l(k) vl(k') , (4)

with g; = + 1. Substitution into equation (3) gives an equation that is easily solved, with
the well known result (from here on the subscript !l is not written, but is understood to appear
with all quantities)

t(k, k', E) = gv(k) v(k')/D(E), (5)
= ‘ 1l ,ro1(e)

D(E)—1+“~/(; E——_—:d& (6)

T(k2) = —(4m) -2 kg v2(k). (7

The phase shift & is related to t by
eid sin & = —(4m)-2 kt (k, k. k2 + i0)

= 1(k2)/D*(k?), (8)
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where

Dt(k?) = lim - D(E) ; (9)
E-k2+¢ 40

In order to invert the integral equation (8) and find T(E), we note that D(E) is analytic
.in the cut E plane and that its discontinuity across the cut is

D*(E) - D™(E) = -2iTt(E), E > o0, (10)
so that equation'(s) can be writ;en ‘
eid sin § = —(D* - D7)/2iD*, (11)
and this gives

e2i8 = D7/D*. (12)

A zero of D(E) would correspond to a bound state in the potential. In this section we assume
there is no bound state. Then it is easy to see by considering log D(E) that the solution of
(12) is

D(E) = ed(E), (13)
where
x =1 © 8(e)
5(E) = = /_m P de '14)

is the Hilbert transform of the phase shift &, and &(e) has been defined to be zero for € < 0.
We assume throughout that both S(E) and &(E) go to zero as E goes to infinity.

Now by comparing (10) and (13), and using the definition (7), we find

v2(k) = -(4m)2 (g/k) sin &(k?) ePg(kz’, (15)
where
= =1 ® B5(e)
PE(E) = 2P [ g de (16)

Equation (15) gives the potential v(k) in terms of the phase shift 5(F). An equivalent, but
more cumbersome solution has been given by Gasiorowicz and Ruderman [5]. Since the exponential
is positive, g must be chosen so that g sin & is negative; that is, for & > 0 (attractive
potential), g = -1; for & < 0 (repulsive potential), g = +1. Moreover, since g is constant,
sin & cannot change sign; as is well known a potential of the form (4) cannot give a phase
shift that goes through 0 or * m.

Thus, equation (15) can be used to determine a separable potential of the form (4) that will
fit a two-body phase shift 5(E), provided that there is no bound state in this partial wave
and that sin 5(E) does not change sign.

In the subsequent sections we show how to include a bound state (Section 3), allow sin §;
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to change sign (Section 4), and include the possibility that the particles have spin, so that
the t matrix equations for different l values are coupled (Section 5).

3. Bound state
From equation (6) and the reality of 7(E) it follows that D(E) can have zeros only for E

real. We are interested in zeros for E < 0. Clearly D(E) can have such a zero only if g = -1,
and it can have at most one. Let D(E) have a zero at E = -B. Consider then

Dg(E) = D(E)/(E + B). (17)

Dg(E) has no zero for E <0 and it follows from (12) that
Dg/Dg* = e2i8, (18)

Consider ¢9(E), This function has the appropriate discontinuity to be a solution of (18). How-
ever, since the phase shift & goes from w to 0 as E goes from 0 to ® (Levinson’s theorem holds
for this nonlocal potential, since D(E) has the analytic properties needed in the proof of the

theorem), the function e9(E) has a simple zero at E = 0 due to the jump of 7 at E = 0. Since

Dg can have no zero at E = 0, we must use e9E)/E for Dp and therefore the appropriate solution
of (12) is

D(E) = (E + Byed(E)/E. (19)

It is easy to see that this can also be written

D(Ey = B, | (20)
where
855(E) = 5(E) E>o0
=7 -B <EX<DO (21)
=0 E < -B

Then the potential is obtained from (7) and (10) (with g = -1)

v2(k) = (4m)2(k? + B) k-3 sin 5(k2) ePB(k2)

(22)

£ 2
(47)2 k-1 sin 5(k2?) cPOB(ET) ,

where the second form is more convenient for computation.
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4. sin 5§ changes sign

The nice feature of the separable potential of the two preceding sections is that an ex-
plicit formula can be given for computing the potential from the phase shift and the location
of the bound state. A certain amount of flexibility has had to be sacrificed, in that the range
of sin & and the number of bound states have had to be restricted. In this section we show how
to remove these restrictions in such a way as to retain the essential feature, namely, the ex-
plicit formula for the potential in terms of the phase shift.

Suppose that sin § changes sign at E = €o- Then it is easy to see that the phase shift can
be fitted with a separable potential of the form

V(k, k') = giv(k) v(k") k2 < g, k'2 < g,
= gzv(k) v(k') k2 > €0, k' > €0, (23)
= 0 otherwise.

However, this potential gives a t matrix which is zero in the regions where V vanishes, and
therefore seems very unlike the t matrix that would be obtained from a local potential.

We have preferred to use another separable potential, of the form

V(k, k') = gv(k) v(k') 1if k2 < ey or k'? < g,

(24)

vygv(k) v(k') if k%2 > ey and k'2 > ¢,

with g = 1 1 and y arbitrary.

Again the equation for t can be solved, and the on-the-energy-shell equations take the
forms (11) and (12), with D(E) now given by

D(E) =1 + y¥ (E) + T (E) - (1 - y) T (E) T _(E)
(25)
= (1 -y)-1 - (1 - y)(¥<(E) - ¥/ (1 = ¥)) (¥>(E) - (1 - y)-b,

T>(E) = T(E) 8(E - ey) ,
(26)

T<(E) = 1(E) 6(eqg - E) ,

and T(E) again given by (7). It follows as before that
D(E) = eg(E), (27)
We discuss only the case g = — 1 in the following. Then it follows from (25) that D(E) can

have at most one zero for E < 0. This can be included in (27) by using the methods of the

v
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previous section. Here we consider only the case that D(E) has no zero. Now let

F(E) = D) - (1 - y)-L.
(28)

If we choose y so that (1 - y)-1 < D(0), then F(E) also has no zeros for E <0. Therefore, if
we define § by

e2i® = Fm(E)/F*(E), (29)

it follows that
€(0) - &§(») =0 (30)

by the same methods as those used in proving Levinson’s theorem.

Now since ?>(E) is real for E < g;, it follows that

(¥, - va - y)-l)

e2i8 = ., E < g, (31)
(Fe—va - °
and therefore
¥ 1 -1 = —y(1 -1 g5< | 32)
To-vy(l -yl =@ -y)-1 e, (
where
§<(E) = §(E) 8(ey - E). (33)
Similarly
T, - (1 —y)-1 = (1 - y)-1e¢ (34)
with
| E,(E) = E(E) O(E - e4). (35)
It follows that
P~
T(E) = -y(1 - y)-1 sin € e S E < gy,

(36)

~

P
-(1 - y)-! sin € e S E > g,

’

so that T will not change sign if only y is chosen to be negative. The only other condition on
vy for the case we have considered is

(1 - y-1 < D(0oy. v : (37)

Any negative y satisfying (37) can be used to obtain a £ from (28) and (29), and, hence, 7(E)
from (36).
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5. Coupled equations

We consider the case of spin-1/2 particles. Then in place of (2), we must use the resolu-
tions

vk, k') = D> VST (k, kD @S (R, o) g,SEUt (b oy,
JSLL'M
(38)
tk, k', By = > 1.8 (k, k', B) @Sl (k, o) @SLI" (R, o),

JSLL'M

where the QVMSLJ are the vector spherical harmonics for two spin-1/2 particles [6]. Then the
equation for t becomes

tLL'SJ(k; k', E) = VLL'SJ(k' k') +
(39)

1 k "2dk "
ey 25‘/.VLL"SJ(k, K" PR tLuL.SJ(k, k', E)
m " -

“For S =0, only L =L’ is allowed; there are no coupled equations and the previous sections
apply. Similarly, for S = 1 and parity (-)J, there is again a single equation. Only in the case
S =1 and parity (-)J*! are the equations for L =J + 1 and L =J - 1 coupled. In this case it
is well known that on the energy shell t takes the form

t;ST(k, k, k2 + i0) = :2 MpnST tqST oy ST, (40)
n=a,p

where the orthogonal matrix M is

y SJ _ cos & sin g5 (a1
Ln sin e cos €
and .
am)? ;5. J
t.SJ = - ( ¢ sin 5.7 . (42)
n k n

The t matrix is characterized by the two phase shifts 5, and 5@ and the mixing parameter ;.

It is therefore convenient to define
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taeSICk, kT, E) = > M STRD) ey STk, kY, E) M gST(k'D)

LL'
(43)
VnQSJ(k' ') = :S ﬁHLSJ(kZ) VLL'SJ(k' E') ML'§SJ(k'2)
LL'
so that the equation for t becomes
SJ ' - SJ !
tng (k, k', E) VnQ (k, k) +
(44)
1 /' Z V.eSI(k, k') K2R SJI(R'', k', E)
? -—-_——-_'l— t ’ ’ »
(27) 3 : n§ E_ g2 88
where it follows from (43) that tnESJ is diagonal on the energy shell:
SJ 2 4+ 10y = 4r’ idn o (45)
tn (k, k, k4 + 10) = - SngTe sin Sn . '

In order to have simple equations, we continue off the energy shell in the simplest possible
way, namely, we assume that tﬂg and Vﬁg are diagonal everywhere. This gives the uncoupled equa-
tions

SJ ’ - SJ '
tySV(k, k', E) =V STk, k') +

(46)

1 k”zdk”
V_SJ my S 2% ST R
(2“)3/,] (b, K7 e g8, k7, E)

which can be solved by the methods of the previous sections if the potential VhSJ(k, k') is
assumed to have the form postulated there. For example, if sin &, has no zero, we take

VGSJ(k,kj = gaSJ vaSJ(k) vaSJ(k') 47

and find
IJFP 5557 (&) J
- —5—— de¢
quJ vGSJ(k)2 = (4“)2(gaSJ/k) sin SGSJ e™ k2 - ¢ (48)

The mixing reappears when we transform back to the LL' representation:

Vip STk = > My STk VST k) By ST(k'2) (49)
n
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4. Summary

The preceding sections give formulas for finding a separable potential to fit a given phase
shift. Of course, in practice the phase shift is only available up to a certain energy, so that
beyond that energy the phase shift must be guessed. A subsequent paper will describe the
effects of different high-energy phase shifts on the form of the separable potential.
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