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Abstract

A general form is derived for the so-called exchange potential. This potential gives a 
description of the influence of the exclusion principle on the Coulomb scattering. The 
diagonal elements of the potential give the well-known exchange splitting for stationary 
states.

WE consider the exchange interaction between a conduction electron and a bound electron of a metal ion. It 
will be shown that this interaction can be Jo-scribed in terms of an exchange potential. The form we derive 
for this potential differs from that given by Kasuya [l], which is
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( 1)

In (1) rx is the position vector of the conduction electron with respect to the ion. Sx and S2 are, respec-
tively, the spin of the conduction electron and that of the electron in the bound state.

The theoretical expression for the exchange splitting in a stationary state suggests the following form 
of the potential

(2)

which will be derived in the following lines. In (2) P\2 and P12s respectively denote the space-exchange and 
the spin-exchange operators for the electron pair (1, 2). We like to stress that the co-ordinate r2 of the 
bound electron appears in Vex. It cannot be replaced by an expectation value because of the special form of 
the potential, which includes a space-exchange operator. The potential Vex may be useful especially for the 
analysis of the s - f  scattering in rare-earth metals [2 -8 ].

The unperturbed motion of the s and /  electron (in general: conduction electron and bound electron) is 
respectively given by

in which V<$> is the (effective) potential for the /  electron. The effect of exchange interaction between dif-
ferent f electrons can be separated from the scattering we are discussing. We only consider bound states 
0 OT. The xjji are supposed to be discrete and normalized after the introduction of boundary conditions. In 
this way it is possible to determine a set of states ipi orthogonal to the^bound states cj>mt and asymptotically 
equal to the corresponding i/r*, apart from a normalization factor. The if/i are plane waves characterized by a 
wave vector k.

45



The antisymmetrized wave function for the electron pair in zero order including spin is given by
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The + and -  sign respectively correspond with singlet and triplet state. The total Hamiltonian of the 
electron pair is given by

which includes the interaction between the electrons J f"  and the perturbation of the conduction electron by 
the atomic potential. The matrix elements of 3#* for the wave functions 0  are

(3)

The indices j,n  etc. in the right-hand side of (3) refer to the single-electron states. We have for instance

Now we want to introduce an effective Hamiltonian JT, which gives the same matrix elements as those given 
in (3), for the unsymmetrized states

of a pair of distinguishable particles. The ± sign in the right-hand side of (3) may be represented by minus 
1 times the spin-exchange operator Pl2°

The space exchange operator comes in because of the reversed order of the indices (i, m) in the last matrix 
element. Summarizing, one arrives at the following form of the effective Hamiltonian

(4)

The effect of the operator Pl2r is given by

The first term in J t '  corresponds to scattering of the conduction electron by the atomic potential fWe



to a space-exchange potential when multiplied by P12r. The total exchange potential as given in (2) results 
in an interaction that is the parallel of the Heisenberg interaction in nuclear physics.

As stated before our result differs from that given by Kasuya [l] which was cited by different authors 
[2, 3, 5 -8 ]. We have the opinion that Kasuya’ s formula (6) /.c. should be replaced by
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and taking into account both terms one arrives at exactly the same interaction as given in our formula (4).
One cannot expect that the exchange interaction may be represented adequately by an interaction of the 

form introduced by Kasuya, /.c. formula (12), even if one drops the term Vi in Pi2s. We have tried to equate 
corresponding matrix elements in order to derive a functional form for the potential J(r). The troubles we 
run into strongly suggest an inconsistency in Kasuya’ s approach. His approximation, in which J(t, t ') or 
J(k, k ) is replaced by /(| k -  k! |) is not warranted, as follows from a detailed examination of formula (8) 
/.c. Evaluating matrix elements of J f7', given in formula (4), in order to compute scattering cross sections, 
one may use in first approximation plane waves for the states k and k .

Our result is quite general and may be used also for ions with more than one /  electron. For these ions 
the coupling between the different orbital momenta and spins, together with the spin-orbit coupling, have to 
be taken into account explicitly for a correct description of the scattering.

For a state with zero orbital momentum and total spin S one may derive another form of the potential on 
the basis of (2), if only elastic scattering is considered (AS = 0)

(5)

In this expression i numbers the different /  electrons and S is the total spin momentum operator. The value 
of the constant a (S), which depends on the spin quantum number, follows from the general theory of addition 
of angular momenta, as discussed, for instance, by Condon and Shortley [10]. The same form of Vex may be 
used for the case of a quenched orbital momentum, which does not apply to the rare-earth metals. Our 
formula (5) may be compared with the potential used in refs. [2, 3, 6, 7, 8].

For the other case, in which the orbital motion of the f electrons has to be taken into account explicitly, 
we do not expect that the exchange potential, as given by a sum of terms of the form (2), can be simplifiedJn 
an analogous way. It is most unlikely that a simple form in terms of t\f *it S and J can be found for (5), J 
being the operator of the total angular momentum of the ion.

So far we have not analyzed in detail the consequences of our result (2) for the value of the cross sec-
tion of the spin-dependent scattering in special cases. This will be the object of further studies, especially 
for the rare-earth metals.
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Editor’ s Note: Dr. Caspersy point is well taken. It is widely accepted and understood in band theory 
that the Fock exchange potential is non-local (see the discussion in P. W. Anderson, Concepts in Solids, 
p. 53ff, and references therein), although the Slater approximation is often used in actual calculations. Cor-
respondingly, the exchange potential in the Dirac-van Vleck vector model must be non-local, although it has 
hitherto always been treated as local. It will be interesting to see whether this result has measurable con-
sequences, and also to search for other formal expressions for the effect.

P. W. A.
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