
 

Symmetry and Topology in Non-Hermitian Physics

Kohei Kawabata,1,* Ken Shiozaki,2,† Masahito Ueda,1,3,‡ and Masatoshi Sato2,§
1Department of Physics, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
3RIKEN Center for Emergent Matter Science (CEMS), Wako, Saitama 351-0198, Japan

(Received 22 December 2018; revised manuscript received 15 May 2019; published 21 October 2019)

Non-Hermiticity enriches topological phases beyond the existing Hermitian framework. Whereas their
unusual features with no Hermitian counterparts were extensively explored, a full understanding about the
role of symmetry in non-Hermitian physics has still been elusive, and there remains an urgent need to
establish their topological classification in view of rapid theoretical and experimental progress. Here, we
develop a complete theory of symmetry and topology in non-Hermitian physics. We demonstrate that non-
Hermiticity ramifies the celebrated Altland-Zirnbauer symmetry classification for insulators and super-
conductors. In particular, charge conjugation is defined in terms of transposition rather than complex
conjugation due to the lack of Hermiticity, and hence chiral symmetry becomes distinct from sublattice
symmetry. It is also shown that non-Hermiticity enables a Hermitian-conjugate counterpart of the Altland-
Zirnbauer symmetry. Taking into account sublattice symmetry or pseudo-Hermiticity as an additional
symmetry, the total number of symmetry classes is 38 instead of 10, which describe intrinsic non-Hermitian
topological phases as well as non-Hermitian random matrices. Furthermore, due to the complex nature of
energy spectra, non-Hermitian systems feature two different types of complex-energy gaps, pointlike and
linelike vacant regions. On the basis of these concepts and K-theory, we complete classification of non-
Hermitian topological phases in arbitrary dimensions and symmetry classes. Remarkably, non-Hermitian
topology depends on the type of complex-energy gaps, and multiple topological structures appear for each
symmetry class and each spatial dimension, which are also illustrated in detail with concrete examples.
Moreover, the bulk-boundary correspondence in non-Hermitian systems is elucidated within our
framework, and symmetries preventing the non-Hermitian skin effect are identified. Our classification
not only categorizes recently observed lasing and transport topological phenomena, but also predicts a new
type of symmetry-protected topological lasers with lasing helical edge states and dissipative topological
superconductors with nonorthogonal Majorana edge states. Furthermore, our theory provides topological
classification of Hermitian and non-Hermitian free bosons. Our work establishes a theoretical framework
for the fundamental and comprehensive understanding of non-Hermitian topological phases and paves
the way toward uncovering unique phenomena and functionalities that emerge from the interplay of non-
Hermiticity and topology.
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I. INTRODUCTION

While Hermiticity is a common assumption that
underlies physics of isolated systems, non-Hermitian
Hamiltonians [1] have recently attracted growing attention.

In fact, non-Hermiticity is ubiquitous in nature: it appears
in nonequilibrium open systems with gain and/or loss [2–6]
and correlated electron systems as a result of finite-lifetime
quasiparticles [7–12]. Moreover, effective non-Hermitian
matrices are significant, for instance, in superconductors
that undergo the depinning transition accompanying the
localization transition [13–23], noninteracting bosonic
systems that can exhibit dynamical instability [24–32],
and mechanical metamaterials [33,34]. Non-Hermitian
matrices exhibit unconventional characteristics compared
with Hermitian ones [35]: eigenstates are, in general,
nonorthogonal [36], and a complex-energy spectrum can
possess exceptional points [37,38]. It has been shown that
these mathematical properties lead to a number of unique
phenomena and functionalities with no counterparts in
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Hermitian systems in both theory [39–70] and experiments
[71–99]. Examples include power oscillations [40,74],
unidirectional invisibility [48,74,75,77], high-performance
lasers [46,47,51,59,78–80,84], exceptional-point encircle-
ment [82,86,87,95], and enhanced sensitivity [50,58,67,
90,91].
Much research in recent years has focused on the

topological characterization of non-Hermitian systems
[100–157] beyond the existing Hermitian framework
for condensed matter such as insulators [158–173] and
superconductors [174–183], as well as photonic systems
[184–193] and ultracold atoms [194–204]. Remarkably,
certain topological phases survive even in the presence
of non-Hermiticity [100,102], including non-Hermitian
extensions of the Su-Schrieffer-Heeger model (i.e., one-
dimensional systemwith chiral or sublattice symmetry [158])
[29,102,105,108,114,116,118,119,121,148,150,154], the
Chern insulator (i.e., two-dimensional system without any
symmetry [159–161]) [10,11,117,119,121,124,151,155],
and the quantum spin Hall insulator (i.e., two-dimensional
systemwith time-reversal symmetry [162]) [126]. In spite of
their persistence, non-Hermiticity drastically changes the
properties of topological boundary states. For instance, non-
Hermiticity amplifies the edge states, which enables a novel
laser topologically protected against disorder and defects
[150,151,153–155]. It also makes the Majorana edge states
nonorthogonal, which leads to nonlocal particle transport
[120]. Moreover, the conventional bulk-boundary corre-
spondence breaks down in certain non-Hermitian lattice
models [108,116,124,133]. Nevertheless, recent researches
[119,121] establish the modified bulk-boundary correspon-
dence that works even in the presence of non-Hermiticity.
Symmetry plays a pivotal role in topological phases. The

most fundamental symmetry is internal (nonspatial) sym-
metry, which does not rely on any specific spatial structure.
In Hermitian systems, key internal symmetries culminate in
the Altland-Zirnbauer (AZ) symmetry [205]: time-reversal
symmetry, particle-hole symmetry, and chiral symmetry.
Whereas symmetry protects non-Hermitian topological
phases as well, non-Hermiticity can alter the nature
of symmetry in a fundamental manner. In particular,
Ref. [126] shows that the two antiunitary symmetries that
are disparate in Hermitian systems can be equivalent to
each other for non-Hermitian systems. This symmetry
unification results in emergent non-Hermitian topological
phases that are absent in Hermitian systems. However, it
has remained unclear whether the AZ symmetry fully
describes all internal symmetries in non-Hermitian physics.
Here, an essential distinction between Hermitian and

non-Hermitian systems is the degrees of freedom that we
have access to; nonunitary operations forbidden in
Hermitian systems can be performed in non-Hermitian
systems. In other words, a change in the spectrum from real
to complex increases the number of parameters that
describe the system. Since topology crucially depends

on the underlying manifold, non-Hermiticity is expected
to alter the topological classification of insulators and
superconductors [206–219]. In fact, the emergent non-
Hermitian topological phases [126] do imply such a change
in the topological classification. A recent work [122]
proposed classification of non-Hermitian topological sys-
tems on the basis of two antiunitary symmetries. Under this
classification, however, topological phases are absent in
two dimensions due to its strict definition of the complex-
energy gap, which seems to conflict with the recent
theoretical [10,11,102,117,119,121,124,126] and experi-
mental [151,155] works in two dimensions. More-
over, Ref. [122] does not take into account the so-called
pseudo-Hermiticity [220–222], which is a generalization of
Hermiticity and parity-time symmetry [1]. As pointed out in
Ref. [102], pseudo-Hermiticity is a possible constraint
unique to non-Hermitian systems and may provide a novel
topological feature. Therefore, how non-Hermiticity alters
topology of insulators and superconductors has still been
elusive. In view of the rapid theoretical and experimental
advances in non-Hermitian physics, there has been a great
interest and an urgent need for comprehensive topological
classification that provides a reference point for experiments
and predicts novel non-Hermitian topological phases.

A. Summary of the results

This work provides a complete theory of symmetry and
topology in non-Hermitian physics. Non-Hermiticity dra-
matically changes fundamental concepts such as symmetry
and energy gaps compared with the conventional ones in
Hermitian physics. We first organize the internal sym-
metries in Sec. II. It is shown that symmetry ramifies due to
the distinction between complex conjugation and trans-
position for non-Hermitian Hamiltonians, which culmi-
nates in the 38-fold symmetry in contrast to the 10-fold AZ
symmetry in Hermitian systems. In particular, we demon-
strate that particle-hole symmetry in non-Hermitian
Bogoliubov-de Gennes (BdG) Hamiltonians should be
defined with transposition as Eq. (13), rather than complex
conjugation. Similarly, chiral symmetry and sublattice
symmetry become distinct from each other in non-
Hermitian physics, although they are equivalent in the
presence of Hermiticity. Moreover, the 38-fold sym-
metry naturally includes pseudo-Hermiticity [220–222],
which provides a novel topological structure unique to
non-Hermitian systems [102]. We note that the Bernard-
LeClair symmetry classification [223], which was previo-
usly considered to describe non-Hermitian random matri-
ces [223,224] and non-Hermitian topological phases
[29,102,128], only partially reproduces our 38-fold sym-
metry classification. In fact, the previous symmetry classi-
fication overcounted some and overlooked others of our
non-Hermitian symmetry classes, as discussed in detail in
Sec. II F.Our 38-fold symmetry classification thus serves as a
non-Hermitian generalization of the renownedAZ symmetry
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classification for Hermitian Hamiltonians. We next show in
Sec. III that an extension of the energy gap for non-Hermitian
Hamiltonians is not unique due to the complex nature of the
energy spectrum. It can be either pointlike (zero dimensional)
or linelike (one dimensional) in the complex-energy plane
(Fig. 1). Importantly, the definition that should be adopted
depends on individual physical situations, and the two
definitions are independent of and complementary to each
other; non-Hermitian topology relies on the type of complex-
energy gaps.
On the basis of these symmetry and complex-energy

gaps in addition to K-theory [225], we provide in Sec. IV
complete topological classification of non-Hermitian
insulators and superconductors for all the 38 symmetry
classes and two types of the complex-energy gap. The

results are summarized as periodic tables III–IX. The
crucial idea behind this topological classification is that
the complex-spectral-flattening procedures differ according
to the type of the complex-energy gaps: a non-Hermitian
Hamiltonian can be flattened to a unitary matrix in the
presence of a point gap, whereas it can be flattened to a
Hermitian or an anti-Hermitian matrix in the presence of a
line gap (Fig. 2). The corresponding topological invariants
are systematically obtained in Sec. IV C. We also elucidate
the non-Hermitian bulk-boundary correspondence in terms
of our classification in Sec. V. Remarkably, whereas the
conventional bulk-boundary correspondence can break
down in generic non-Hermitian systems, we demonstrate
that it is restored by certain classes of symmetry including
parity-time symmetry and pseudo-Hermiticity. As a unique
non-Hermitian feature, there appear multiple topological
structures in each symmetry class and each spatial dimen-
sion, which is illustrated with an example in Sec. VI. As
discussed in Sec. VII, our classification describes the non-
Hermitian topological phases observed in recent experi-
ments [145,146,148–151,153–157], which are not fitted
into the previous classification scheme [122]. Furthermore,
our classification systematically predicts a new type of
symmetry-protected topological lasers that support lasing
helical edge states and dissipative topological supercon-
ductors that support nonorthogonal Majorana edge states.
As a crucial by-product, our non-Hermitian theory also
provides the topological classification of Hermitian and
non-Hermitian free bosons as shown in Sec. VIII. We
conclude this work in Sec. IX.

B. Distinction from the previous work

The general theory in the present work supersedes and
encompasses the results in the previous work [122]. In
particular, this work provides the following fundamental
insights into symmetry and topology in non-Hermitian
physics:

(i) Symmetry ramification.—We discover that non-
Hermiticity ramifies symmetry due to the distinction
between complex conjugation and transposition,
which are equivalent for Hermitian Hamiltonians,
as described in Sec. II. Consequently, we have a lot
of new non-Hermitian symmetries, culminating in
the 38-fold symmetry beyond the celebrated AZ
symmetry in Hermitian physics. In particular,
whereas a number of recent works including
Ref. [122] focused on symmetry in terms of complex
conjugation (such as parity-time symmetry), the
crucial significance of the transposition symmetry
has not been appreciated, and we have found its
special role, for instance, in symmetry-protected
topological lasers and dissipative superconductors.

(ii) Complex-energy gaps and non-Hermitian topol-
ogy.—The definition of an energy gap is nontrivial
in non-Hermitian systems and essential for the

FIG. 1. Definition of the energy gap for Hermitian and non-
Hermitian Hamiltonians. (a) Energy gap for a Hermitian
Hamiltonian. A Hermitian Hamiltonian is defined to be gapped
if and only if its energy bands do not cross the Fermi energy EF
(red dot), and gap closing associated with a topological phase
transition occurs between the trivial and topological phases.
(b) Point gap for a non-Hermitian Hamiltonian. A non-Hermitian
Hamiltonian is defined to have a point gap if and only if its
complex-energy bands do not cross a reference point E ¼ EP in
the complex-energy plane (red dot). (c) Line gap for a non-
Hermitian Hamiltonian. A non-Hermitian Hamiltonian is defined
to have a line gap if and only if its complex-energy bands do not
cross a reference line in the complex-energy plane (red line).
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nature of non-Hermitian topological phases. We
clarify this fundamental issue and find that the
complex nature of the energy spectrum leads to
the two types of complex-energy gaps, a point gap
and a line gap (Fig. 1), as described in Sec. III.
Whereas a point gap and the corresponding topo-
logical classification were considered in Ref. [122],
a line gap was not considered there, and the present
work has developed the unified understanding of
complex-energy gaps. Importantly, the two types of
complex-energy gaps enrich non-Hermitian topo-
logical phases in a fundamental manner that has no
analogs to the Hermitian ones; non-Hermitian top-
ology strongly depends on the type of complex-
energy gaps.

Our complete classification of non-Hermitian topological
phases relies on these fundamental insights in non-Hermitian
physics. Crucially, although the previous classification [122]
cannot correctly describe the recent experiments on non-
Hermitian topological systems, the present classification
encompasses them because of the above fundamental
insights into symmetry and energy gaps, as described in
Sec. VII A. Moreover, our work systematically predicts
novel non-Hermitian topological phases that enable richer
phenomena and functionalities due to the interplay of non-
Hermiticity and topology. For example, our theory predicts
novel symmetry-protected topological lasers and dissipative
topological superconductors, as described in Secs. VII B
and VII C.

II. SYMMETRY

For Hermitian Hamiltonians, internal (nonspatial) sym-
metries fall into the AZ symmetry class [205]: time-reversal
symmetry (TRS), particle-hole symmetry (PHS), and chiral
symmetry (CS), where TRS and PHS are antiunitary,
whereas CS is unitary. These symmetries lead to the
10-fold classification of Hermitian topological insulators
and superconductors [206–208]. On the other hand, it is
nontrivial whether the AZ symmetry fully describes all the
internal symmetries even in the presence of non-Hermiticity.
In fact, PHS is defined with transposition as Eq. (13) and
cannot be described in terms of complex conjugation any
longer for non-Hermitian BdG Hamiltonians due to the
distinction between complex conjugation and transposition.
Correspondingly, CS does not coincide with sublattice
symmetry (SLS), although they are equivalent in the
presence of Hermiticity. As a consequence, the total number
of symmetry classes is 38 as shown below, each of which
describes intrinsic non-Hermitian topological phases as well
as non-Hermitian random matrices.

A. Symmetry ramification and unification

Before describing our 38-fold symmetry in detail, we
summarize the changes in the nature of symmetry in non-
Hermitian physics. In fact, non-Hermiticity ramifies and
unifies symmetry in a fundamental manner. First, to see the
symmetry ramification, let us consider PHS as an example.
For Hermitian systems, PHS is defined by

FIG. 2. Flattening procedures of Hermitian and non-Hermitian Hamiltonians. (a) Flattening of a Hermitian Hamiltonian with an
energy gap. A Hermitian Hamiltonian can be flattened to another Hermitian Hamiltonian with H2 ¼ 1 without closing the energy gap.
(b) Unitary flattening of a non-Hermitian Hamiltonian with a point gap. A non-Hermitian Hamiltonian can be flattened to a unitary
Hamiltonian with H†H ¼ 1 without closing the point gap. (c) Hermitian flattening of a non-Hermitian Hamiltonian with a line gap.
A non-Hermitian Hamiltonian can be flattened to a Hermitian (an anti-Hermitian) Hamiltonian with H2 ¼ þ1 (H2 ¼ −1) in the
presence of a real (an imaginary) gap.
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CH�C−1 ¼ −H; ð1Þ

where C is a unitary matrix. Thus, PHS can be generalized
by Eq. (1) for non-Hermitian systems. However, we can
generalize PHS in another way. The key property is that
complex conjugation coincides with transposition for
Hermitian systems by definition: H� ¼ HT . As a result,
for Hermitian systems, Eq. (1) is equivalent to the follow-
ing equation defined with transposition:

CHTC−1 ¼ −H: ð2Þ

Importantly, Eqs. (1) and (2) are not equivalent for non-
Hermitian systems; thus, non-Hermiticity ramifies PHS.
Since non-Hermitian BdG Hamiltonians for superconduc-
tors and superfluids satisfy Eq. (2) as shown below, we
denote the symmetry in Eq. (2) [Eq. (1)] as PHS (PHS†) for
non-Hermitian systems.
Such symmetry ramification occurs also for all the other

symmetries. Another crucial example is CS (SLS), which is
defined for Hermitian systems by

ΓHΓ−1 ¼ −H; ð3Þ

where Γ is a unitary matrix. Equation (3) can be directly
generalized to non-Hermitian systems, but again, CS can be
generalized in a different manner. In fact, for Hermitian
systems, Eq. (3) is equivalent to

ΓH†Γ−1 ¼ −H; ð4Þ

due to H ¼ H†. Importantly, Eqs. (3) and (4) are not
equivalent to each other for non-Hermitian systems,
although they are equivalent in the presence of
Hermiticity. Since the physical CS, which is a combined
symmetry of TRS and PHS, is described by Eq. (4) as
shown below, we denote the symmetry in Eq. (4) [Eq. (3)]
as CS (CS†) for non-Hermitian systems. We also denote
CS† as SLS because bipartite lattice systems often realize
this symmetry even in the presence of non-Hermiticity.
Non-Hermiticity not only ramifies but also unifies

symmetry [126]. To see this symmetry unification, we
consider the following antiunitary symmetries:

T þH�T −1þ ¼ H; T −H�T −1
− ¼ −H; ð5Þ

where T � are unitary matrices. Here, T þ denotes TRS,
while T − denotes PHS†, which are clearly disparate from
each other for Hermitian systems. However, when a non-
Hermitian system H respects TRS, another non-Hermitian
system iH respects PHS†. Thus, a set of all the non-
Hermitian systems having TRS coincides with another set
of all the non-Hermitian systems having PHS†; non-
Hermiticity unifies TRS and PHS†. As a consequence of
the symmetry ramification and unification, the 10-fold AZ

symmetry class for Hermitian systems is replaced by our
38-fold symmetry class for non-Hermitian systems, as
demonstrated in the following.

B. AZ symmetry

We consider a generic noninteracting fermionic system
described by the following second-quantized non-
Hermitian Hamiltonian

Ĥ ¼
X
ij

ψ̂†
i Hijψ̂ j; ð6Þ

where the matrix H is a first-quantized (single-particle)
non-Hermitian Hamiltonian. In addition, ðψ̂ iÞi¼1;2;… is a set
of fermion annihilation operators for a normal system or
Nambu spinors for a superconductor. The time-reversal
operation is described by an antiunitary operator T̂ that acts
on the fermion operators as

T̂ ψ̂ iT̂
−1 ¼

X
j

ðT þÞijψ̂ j; T̂ iT̂ −1 ¼ −i; ð7Þ

where T þ is a unitary matrix (T þT
†
þ ¼ T †

þT þ ¼ 1). This
operation serves as time reversal even in non-Hermitian
systems. In fact, if an operator Ô is invariant under T̂ (i.e.,
T̂ ÔT̂ −1 ¼ Ô), T̂ ĤT̂ −1 ¼ Ĥ implies

T̂ ÔðtÞT̂ −1 ¼ T̂ ðeiĤ†tÔe−iĤtÞT̂ −1

¼ e−iĤ
†tÔeiĤt ¼ Ôð−tÞ; ð8Þ

where ÔðtÞ ≔ eiĤ
†tÔe−iĤt is the time-evolved operator

under the non-Hermitian Hamiltonian Ĥ [49,61].
Then, time-reversal invariance of the second-quantized
Hamiltonian (i.e., T̂ ĤT̂ −1 ¼ Ĥ) leads to

T −1þ H�T þ ¼ H; T þT �þ ¼ �1 ð9Þ

in real space, and

T þH�ðkÞT −1þ ¼ Hð−kÞ; T þT �þ ¼ �1 ð10Þ

in momentum space, where HðkÞ is a Bloch-BdG
Hamiltonian. This action on a single-particle non-
Hermitian Hamiltonian by TRS is the same as that on a
Hermitian one [205]. Our discussion can also be applied to
the generalized non-Bloch wave functions [121,137,143],
as long as the corresponding symmetry is respected with
complex wave numbers (see Sec. V for more details).
PHS is associated with charge conjugation that mixes

fermion creation and annihilation operators and generally
appears in superconductors and superfluids. It is described
by a unitary operator Ĉ that acts on the fermion operators as
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Ĉψ̂ iĈ
−1 ¼

X
j

ðC�−Þijψ̂†
j ; ð11Þ

where C− is a unitary matrix (C−C†− ¼ C†−C− ¼ 1). Then, the
presence of PHS for the second-quantized Hamiltonian
ĈĤĈ−1 ¼ Ĥ leads to

C−1− HTC− ¼ −H; C−C�− ¼ �1 ð12Þ

in real space, and

C−HTðkÞC−1− ¼ −Hð−kÞ; C−C�− ¼ �1 ð13Þ

in momentum space. Remarkably, in the presence of
Hermiticity (Ĥ† ¼ Ĥ), this PHS condition is equivalent
to C−H�ðkÞC−1− ¼ −Hð−kÞ [205]. For non-Hermitian
Hamiltonians, however, complex conjugation and
transposition do not coincide with each other, and thus
PHS is defined in terms of not complex conjugation but
transposition.
As a combination of TRS and PHS, CS is defined by an

antiunitary operator Γ̂ ≔ T̂ Ĉ. The invariance of the
Hamiltonian Ĥ under Γ̂ imposes the following condition
on a single-particle Hamiltonian:

Γ−1H†Γ ¼ −H; Γ2 ¼ 1 ð14Þ

in real space, and

ΓH†ðkÞΓ−1 ¼ −HðkÞ; Γ2 ¼ 1 ð15Þ

in momentum space. This CS condition is equivalent
to ΓHðkÞΓ−1 ¼ −HðkÞ in the presence of Hermiticity
(Ĥ† ¼ Ĥ) [205], but it is not equivalent for non-Hermitian
Hamiltonians. For instance, the graphene [102] and the Su-
Schrieffer-Heeger model [105,114,148,154] with balanced
gain and loss respect CS.
The three symmetries T þ, C−, and Γ constitute a natural

and physical extension of the AZ symmetry class for non-
Hermitian Hamiltonians (Table I), which respectively act
on a Bloch-BdG non-Hermitian Hamiltonian as Eqs. (10),
(13), and (15). The 10-fold AZ symmetry class is divided
into two complex classes that only involve CS and eight
real classes where TRS and PHS are relevant. We again
emphasize that PHS is defined in terms of not complex
conjugation but transposition for non-Hermitian
Hamiltonians, and that the definition of CS also changes
correspondingly.

C. AZ† symmetry

In contrast to the Hermitian case, internal symmetries
arise other than the AZ symmetry. In fact, as a result of the
distinction between complex conjugation and transposition

for non-Hermitian Hamiltonians (H� ≠ HT), a variant of
TRS can be defined with transposition by

CþHTðkÞC−1þ ¼ Hð−kÞ; CþC�þ ¼ �1; ð16Þ

where Cþ is a unitary matrix (CþC
†
þ ¼ C†þCþ ¼ 1).

Similarly, a variant of PHS can be defined with complex
conjugation by

T −H�ðkÞT −1
− ¼ −Hð−kÞ; T −T �

− ¼ �1; ð17Þ

where T − is a unitary matrix (T −T †
− ¼ T †

−T − ¼ 1). In the
following, we denote the symmetry described by Eq. (16) as
TRS† and the symmetry described byEq. (17) as PHS†, since
TRS† (PHS†) is defined by Hermitian conjugation of TRS
(PHS). For Hermitian Hamiltonians (H ¼ H†), TRS and
PHS, respectively, coincide with TRS† and PHS†; however,
this is not the case in the presence of non-Hermiticity. This
Hermitian-conjugate counterpart of the AZ symmetry also
appears naturally in non-Hermitian systems. For instance,

TABLE I. AZ and AZ† symmetry classes for non-Hermitian
Hamiltonians. Time-reversal symmetry (TRS) and particle-hole
symmetry (PHS) are defined by T þH�ðkÞT −1þ ¼ Hð−kÞ with
T þT �þ ¼ �1 and C−HTðkÞC−1− ¼ −Hð−kÞ with C−C�− ¼ �1,
respectively. Chiral symmetry (CS) is a combined symmetry of
TRS and PHS defined by ΓH†ðkÞΓ−1 ¼ −HðkÞ with Γ2 ¼ 1.
The 10-foldAZ symmetry class is divided into twocomplex classes
that only involve CS and eight real classes where TRS and PHS
are relevant. Moreover, TRS† and PHS† are, respectively, defined
by CþHTðkÞC−1þ ¼ Hð−kÞwith CþC�þ ¼ �1 and T −H�ðkÞT −1

− ¼
−Hð−kÞ with T −T �

− ¼ �1, which constitute the AZ† symmetry
classes. Class AI (AII) in the real AZ symmetry class and class D†

(C†) in the real AZ† symmetry class are equivalent to each other.

Symmetry
class

TRS
(T þ)

PHS
(C−)

TRS†

(Cþ)
PHS†

(T −)
CS
(Γ)

Complex AZ A 0 0 0 0 0
AIII 0 0 0 0 1

Real AZ AI þ1 0 0 0 0
BDI þ1 þ1 0 0 1
D 0 þ1 0 0 0
DIII −1 þ1 0 0 1
AII −1 0 0 0 0
CII −1 −1 0 0 1
C 0 −1 0 0 0
CI þ1 −1 0 0 1

Real AZ† AI† 0 0 þ1 0 0
BDI† 0 0 þ1 þ1 1
D† 0 0 0 þ1 0
DIII† 0 0 −1 þ1 1
AII† 0 0 −1 0 0
CII† 0 0 −1 −1 1
C† 0 0 0 −1 0
CI† 0 0 þ1 −1 1
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onsite dissipation often breaks Hermiticity and TRS at the
same time, but their combination can be retained as TRS†.
Furthermore, effective non-Hermitian Hamiltonians in the
scattering theory support these symmetries [226]. We note
that PHS† is equivalent to “non-Hermitian particle-hole
symmetry” in Refs. [59,63,103,106,120,122,126], which
plays an important role in a single-mode laser [59] and a
flatband [63] in photonics.
An important consequence of TRS† with CþC�þ ¼ −1 is

the twofold degeneracy of the complex spectrum as a non-
Hermitian generalization of the Kramers theorem [102]. To
see this non-Hermitian Kramers degeneracy, we consider a
non-Hermitian Hamiltonian H that satisfies CþHTC−1þ ¼ H
with CþC�þ ¼ −1 and denote its complex eigenenergy and
the corresponding right (left) eigenstate as En ∈ C and juni
(jun⟫), respectively. We then have

HðCþju�n⟫Þ ¼ EðCþju�n⟫Þ; ð18Þ
which implies that Cþju�n⟫ is also an eigenstate that belongs
to the same eigenenergy E. Because of CTþ ¼ −Cþ, we also
have

⟪unjCþju�n⟫ ¼ ⟪unjCTþju�n⟫ ¼ −⟪unjCþju�n⟫; ð19Þ
which leads to ⟪unjCþju�n⟫ ¼ 0. This fact in turn indicates
that juni and Cþju�n⟫ are biorthogonal to each other [36]
and linearly independent of each other; all the eigenstates
are thus at least twofold degenerate. This non-Hermitian
Kramers degeneracy holds even for complex eigenenergies.
In the presence of TRS with T þT �þ ¼ −1, by contrast,
eigenenergies are twofold degenerate if and only if they are
real [126].
TRS† and PHS† in addition to CS also constitute the

10-fold symmetry class, which we call the AZ† symmetry
class (Table I). This AZ† symmetry class is again divided
into two complex classes that only involve CS and eight
real classes where TRS† and PHS† are relevant. Here, each
complex AZ† class coincides with the corresponding
complex AZ class. Moreover, class AI in the real AZ class
and class D† in the real AZ† class are equivalent due to the
topological unification of TRS and PHS† [126]: when a
non-Hermitian Hamiltonian H respects TRS, another non-
Hermitian Hamiltonian iH respects PHS†. Similarly, class
AII in the real AZ class and class C† in the real AZ† class
are equivalent.

D. Sublattice symmetry

Another important internal symmetry is SLS, which is
defined for a Bloch-BdG Hamiltonian by

SHðkÞS−1 ¼ −HðkÞ; S2 ¼ 1; ð20Þ
where S is a unitary matrix (SS† ¼ S†S ¼ 1). For in-
stance, SLS appears in a bipartite lattice where particle
hopping only connects sites on different sublattices, such as

the Su-Schrieffer-Heeger model [158] with asymmetric
hopping [108,114,116,118,119,121]. Remarkably, SLS
coincides with CS defined by Eq. (15) in the presence
of Hermiticity (H ¼ H†) [205], but this is not the case for
non-Hermitian Hamiltonians.
SLS can be considered as an additional symmetry to the

AZ symmetry [213] (see Tables XI and XII in the
Appendix A for details). There are 3 symmetry classes
for the complex AZ class with SLS (Table XI) and 19
symmetry classes for the real AZ class with SLS
(Table XII). Here, classes AI, BDI, and CII with SLS that
anticommutes with TRS are, respectively, equivalent to
classes AII, DIII, and CI with SLS that obeys the same
algebra. Moreover, each real AZ class with SLS is
equivalent to the corresponding real AZ† class with SLS
(see Table XIII in Appendix A for details).

E. Pseudo-Hermiticity

In non-Hermitian physics, pseudo-Hermiticity serves
as another key internal symmetry [220–222], which is
defined by

ηH†ðkÞη−1 ¼ HðkÞ; η2 ¼ 1; ð21Þ
with a unitary and Hermitian matrix η (ηη† ¼ η†η ¼ 1 and
η† ¼ η). Here, pseudo-Hermiticity is a generalization of
Hermiticity, in that it is trivially satisfied with η ¼ 1 in the
presence of Hermiticity. In addition, it has a similar role to
parity-time symmetry [1] because positivity of η is equiv-
alent to the real spectrum of a non-Hermitian Hamiltonian
[220]. Pseudo-Hermiticity can also be considered as an
additional symmetry to the AZ or AZ† symmetry class.
Moreover, the AZ or AZ† class with pseudo-Hermiticity is
equivalent to the AZ or AZ† class with SLS (see Table XIV
in Appendix B for details).

F. 38-fold classification

The symmetries discussed above constitute all the
internal symmetries in non-Hermitian physics, which gen-
eralize and extend the AZ symmetry classification [205] for
Hermitian Hamiltonians to that for non-Hermitian ones.
This symmetry classification is 38-fold: the 10 AZ sym-
metry classes with the additional 6 AZ† symmetry classes,
as well as the 22 AZ symmetry classes with SLS. Notably,
the 4 (i.e., A, AIII, D†, and C†) in the AZ† symmetry class
also appear in the AZ symmetry class, and each AZ
symmetry class with SLS is equivalent to the corresponding
AZ† symmetry class with SLS (see Appendix A for details)
or the AZ symmetry class with pseudo-Hermiticity (see
Appendix B for details). Our 38-fold symmetry classifi-
cation is applicable to a number of non-Hermitian systems,
as discussed in detail below.
We can confirm that the 38-fold symmetry exhausts all

the internal symmetries for non-Hermitian systems. We
first note that it is sufficient to consider a single symmetry
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for each type without loss of generality. For instance, if a
Hamiltonian respects two TRSs, T þ and T̃ þ, the combined
symmetry T þT̃

�
þ gives a unitary symmetry that commutes

with the Hamiltonian. In the block-diagonal form of
T þT̃

�
þ, T þ and T̃ þ are trivially related to each other in

each block, and it suffices to consider a single TRS. The 38
symmetry classes are divided according to the number N of
their generators TRS, PHS, TRS†, and PHS† as follows:

(i) N ¼ 0.—There are 5 classes: no symmetry, CS,
SLS, and both CS and SLS that commute or
anticommute with each other.

(ii) N ¼ 1.—Each symmetry has two different signs of
the square (e.g., T þT �þ ¼ þ1 or T þT �þ ¼ −1).
Moreover, TRS and PHS† are equivalent to each
other [126]. As a result, we have 2 × ð4 − 1Þ ¼ 6
classes.

(iii) N ¼ 2.—Whereas there are six combinations to
choose two from the four symmetries (i.e., TRS,
PHS, TRS†, and PHS†), the combinations TRS &
PHS and TRS& TRS† are equivalent to PHS&

PHS† and TRS† & PHS†, respectively, due to the
topological unification of TRS and PHS† [126].
Moreover, the combination TRS (T þT �þ ¼ þ1) &
PHS† (T −T �

− ¼ þ1) is equivalent to TRS
(T þT �þ ¼ −1) & PHS† (T −T �

− ¼ þ1). We thus
have 22 × ð6 − 2Þ − 1 ¼ 15 classes.

(iv) N ¼ 3.—Without loss of generality, we can consider
the generators to be TRS, PHS, and PHS†, and we
assume that TRS and PHS commute with each other.
There are three combinations of TRS and PHS†, in a
similar manner to the case with N ¼ 2. Furthermore,
PHS has two different signs of the square and can
commute or anticommute with PHS†. Consequently,
we have 3 × 2 × 2 ¼ 12 classes.

(v) N ¼ 4.—If we have independent TRS, PHS, TRS†,
and PHS†, the combination of all the symmetries
gives a unitary symmetry that commutes with the
Hamiltonian. In the block-diagonal form of the
unitary operator, this case reduces to N ≤ 3.

We have, in total, 5þ 6þ 15þ 12þ 0 ¼ 38 classes.
Our 38-fold classification is basically equivalent to the

Bernard-LeClair symmetry classification that describes
non-Hermitian random matrices [29,102,128,223,224]:

C sym∶ cHTc−1 ¼ ϵcH; cTc−1 ¼ �1; ð22Þ
P sym∶ pHp−1 ¼ −H; p2 ¼ 1; ð23Þ
Q sym∶ qH†q−1 ¼ H; q†q−1 ¼ 1; ð24Þ

K sym∶ kH�k−1 ¼ H; kk� ¼ �1; ð25Þ

with ϵc ¼ �1 and unitary operators c, p, q, and k. Table II
summarizes the relationship between the Bernard-LeClair
symmetry and ours. Whereas our classification is 38-fold,

the one of Bernard and LeClair is 43-fold. This disagree-
ment originates from overcounting and overlooking
non-Hermitian symmetry classes in their classification.
In particular, they distinguished the pseudo-Hermiticity
[Q symmetry defined by Eq. (24)] with positivity from
generic pseudo-Hermiticity without positivity. However,
it is known that the pseudo-Hermiticity with positivity is
equivalent to Hermiticity [220–222]. Thus, the former
pseudo-Hermiticity just gives the Hermitian symmetry
classes. Here, the following 5 pairs of symmetry classes
distinguished in the Bernard-LeClair classification are con-
sidered to be the same in our classification:

ðq¼1Þ&ðq¼σzÞ;
ðq¼1;c¼1Þϵc¼�1&ðq¼σz;c¼1Þϵc¼�1;

ðq¼1;c¼ iσyÞϵc¼�1
&ðq¼σz⊗1;c¼1⊗ iσyÞϵc¼�1

:

ð26Þ

We recall that the Hermitian symmetry class is the 10-fold
AZ symmetry class. Subtracting these Hermitian 10 classes
from their 43 classes, we only have 33 classes as intrinsic
non-Hermitian symmetry classes. However, they overlooked
the following 5 symmetry classes, which should be added
when the aforementioned distinction is made:

ðp ¼ σz ⊗ 1; q ¼ 1 ⊗ σxÞ;
ðp ¼ σz ⊗ 1; q ¼ 1 ⊗ σy; c ¼ 1 ⊗ 1Þ;
ðp ¼ σz ⊗ 1; q ¼ 1 ⊗ σy; c ¼ 1 ⊗ iσyÞ;
ðp ¼ σz ⊗ 1; q ¼ 1 ⊗ σx; c ¼ σx ⊗ 1Þϵc¼�1:

ð27Þ

Adding these 5 classes to 33 classes reproduces our 38-fold
symmetry class.
We complete the non-Hermitian 38-fold symmetry class,

in which the 5 classes in Eq. (27) were overlooked by
Bernard and LeClair. Remarkably, our 38 classes present
different classifying spaces and give different topological
phases, as shown in Sec. IV. Importantly, although their
symmetries are mathematically the same as ours after
correctly including the 5 classes in Eq. (27), the physical
insight into these symmetry classes has remained elusive
until the present work. Therefore, our symmetries give
a more fundamental framework in the study of non-
Hermitian physics.

TABLE II. Relationship between the Bernard-LeClair (BL)
symmetry and our 38-fold symmetry discussed in the present
work. Here, TRS, PHS, CS, and SLS, respectively, stand for time-
reversal symmetry, particle-hole symmetry, chiral symmetry, and
sublattice symmetry; TRS† (PHS†) denotes the symmetry defined
by Hermitian conjugation of TRS (PHS).

BL symmetry 38-fold symmetry

C sym. PHS, TRS†

P sym. SLS
Q sym. CS, pseudo-Hermiticity
K sym. TRS, PHS†
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III. COMPLEX-ENERGY GAPS

In the topological classification of Hermitian insulators
and superconductors, two Hermitian Hamiltonians are
defined to be topologically equivalent if and only if they
are continuously deformed into each other while retaining
symmetry and an energy gap. In the non-Hermitian case, on
the other hand, it is nontrivial how the energy gap is defined
since the spectrum is complex for a generic non-Hermitian
Hamiltonian.
Here, we recall that an energy gap means the energy

region where no states are present. In the Hermitian case,
such a vacant region in the spectrum should be contractible
to a zero-dimensional point E ¼ EF called the Fermi
energy since the spectrum is entirely real and one dimen-
sional. Thus, it is naturally and uniquely defined to have an
energy gap if and only if its energy bands do not cross the
Fermi energy E ¼ EF [Fig. 1(a)]. In the non-Hermitian
case, by contrast, the forbidden energy range where no
states exist is not necessarily contractible to a zero-
dimensional point since the complex spectrum of a generic
non-Hermitian Hamiltonian is two dimensional. As a
result, such a forbidden energy region can be either a
zero-dimensional point or a one-dimensional line, and
accordingly, the definition of the complex-energy gap in
a non-Hermitian Hamiltonian is not unique. It can be
defined to have a zero-dimensional point gap if and only if
its complex-energy bands do not cross a reference point
E ¼ EP in the complex-energy plane [Fig. 1(b)], and
independently, it can also be defined to have a one-
dimensional line gap if and only if its complex-energy
bands do not cross a reference line in the complex-energy
plane [Fig. 1(c)]. The precise definitions of these complex-
energy gaps are provided later in this section.
Importantly, two definitions are independent of each

other, and which one should be adopted depends on the
individual physical situations that we are interested in. For
instance, the localization (Anderson) transition in a one-
dimensional non-Hermitian system can be captured by
topology in terms of a point gap [13,18,122,138]. On
the other hand, the topologically protected edge states
experimentally observed in non-Hermitian optical and
photonic systems [145,146,148–151,153–155] can be
understood by a line gap. The two definitions of the

complex-energy gaps are thus complementary to each
other. Moreover, the topological classification drastically
changes according to the definition of the complex-energy
gap, as discussed in detail in the next section. In the absence
of symmetry, for example, a topological phase characte-
rized by a point gap is present only in odd spatial
dimensions, whereas a topological phase characterized
with a line gap is present only in even spatial dimensions
(see class A of Table III in Sec. IV). We note that
Refs. [102,117,126] explicitly adopt a line gap, whereas
Ref. [122] adopts a point gap.

A. Point gap

Although a complex-energy point E ¼ EP that serves as
an obstacle in the complex-energy plane is arbitrary in the
absence of symmetry, it is subject to restrictions in the
presence of symmetry. For instance, it should be taken as
ImEP ¼ 0 in the presence of TRS since eigenenergies come
in ðE;E�Þ pairs; it should be taken as EP ¼ 0 in the
presence of SLS since eigenenergies come in ðE;−EÞ pairs.
Thus, it is convenient to choose EP to be zero energy, which
leads to the precise definition of the point gap as follows:
Definition 1 (point gap).—A non-Hermitian Hamiltonian

HðkÞ is defined to have a point gap if and only if it is
invertible (i.e., ∀ k detHðkÞ ≠ 0) and all the eigenenergies
are nonzero (i.e., ∀ k EðkÞ ≠ 0).
Under this definition, a gapless system possesses a zero-

energy state for some k. A point gap helps understand the
localization-delocalization transition in non-Hermitian sys-
tems in one dimension [13,18,122,138] that occurs due to
the competition between disorder and non-Hermiticity.
Since one-dimensional Hermitian systems always show
the Anderson localization, the delocalization is unique to
non-Hermitian systems. Here, a topological invariant [i.e.,
the winding number in Eq. (42)] can be assigned to a
generic non-Hermitian system in one dimension. In the
Hatano-Nelson model (i.e., a non-Hermitian extension of
the one-dimensional Anderson model with asymmetric
hopping) [13], wave functions are delocalized (localized)
and the system is metallic (insulating) if the winding
number is nonzero (zero) [122]. Moreover, it has recently
been reported that localization (delocalization) of wave
functions corresponds to the nontrivial (trivial) topology

TABLE III. Topological classification table for non-Hermitian systems in the complex AZ symmetry class. Non-Hermitian topological
phases are classified according to the AZ symmetry class, the spatial dimension d, and the definition of complex-energy point (P) or line
(L) gaps. The subscript of L specifies the line gap for the real or imaginary part of the complex spectrum.

AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

A P C1 0 Z 0 Z 0 Z 0 Z
L C0 Z 0 Z 0 Z 0 Z 0

AIII P C0 Z 0 Z 0 Z 0 Z 0
Lr C1 0 Z 0 Z 0 Z 0 Z
Li C0 × C0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
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in a non-Hermitian quasicrystal (Aubry-André-Harper
model) [138].

B. Line gap

A complex-energy line that serves as an obstacle in the
complex-energy plane can also be subject to restrictions in
the presence of symmetry, whereas such a line is arbitrary
in the absence of symmetry. In particular, it should be either
the imaginary axis (ReE ¼ 0) or the real axis (ImE ¼ 0)
when symmetry imposes a real structure on the complex
spectrum. For instance, the real axis should be considered
when pairs of eigenenergies ðE;E�Þ appear with TRS; the
imaginary axis should be considered when pairs of eige-
nenergies ðE;−E�Þ appear with CS. In contrast to the point
gap, there are no restrictions in the presence of SLS since
SLS does not give the complex spectrum real structures
[eigenenergies just come in ðE;−EÞ pairs]. Thus, it is
convenient to choose the line that determines the complex
gap as the imaginary axis (real gap) or the real axis
(imaginary gap), which leads to the precise definition of
the line gap in the following:
Definition 2 (line gap).—A non-Hermitian Hamiltonian

HðkÞ is defined to have a line gap in the real (imaginary)
part of its complex spectrum [real (imaginary) gap] if and
only if it is invertible (i.e., ∀ k detHðkÞ ≠ 0) and the

real (imaginary) part of all the eigenenergies is nonzero
[i.e., ∀ k ReEðkÞ ≠ 0 (ImEðkÞ ≠ 0)].
Under this definition of a real (imaginary) gap, a

gapless system includes an eigenenergy with ReEðkÞ¼ 0
[ImEðkÞ ¼ 0] for some k. Line gaps are employed expli-
citly in Refs. [102,117,126] and implicitly in many other
pieces of work; they characterize topologically protected
boundary states, which were also observed in experiments
[145,146,148–151,153–155]. Remarkably, topologically
protected boundary states in Hermitian systems are immune
to non-Hermiticity as long as a real gap is open and relevant
symmetry is respected, which is generally ensured by the
nontrivial non-Hermitian topology in terms of line gaps.
Furthermore, the presence of an imaginary gap has a
significant influence on the nonequilibrium wave dynamics
[126], although it has no counterparts in the Hermitian band
theory.

IV. TOPOLOGICAL CLASSIFICATION

We provide topological classification of non-Hermitian
insulators and superconductors according to all the 38
symmetry classes discussed in Sec. II and the two types of
the complex-energy gaps discussed in Sec. III. Here, non-
Hermitian HamiltoniansH0ðkÞ andH1ðkÞ are defined to be

TABLE IV. Topological classification table for non-Hermitian systems in the real AZ symmetry class. Non-Hermitian topological
phases are classified according to the AZ symmetry class, the spatial dimension d, and the definition of complex-energy point (P) or
line (L) gaps. The subscript of L specifies the line gap for the real or imaginary part of the complex spectrum.

AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

AI P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr R0 Z 0 0 0 2Z 0 Z2 Z2

Li R2 Z2 Z2 Z 0 0 0 2Z 0

BDI P R2 Z2 Z2 Z 0 0 0 2Z 0
Lr R1 Z2 Z 0 0 0 2Z 0 Z2

Li R2 ×R2 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0

D P R3 0 Z2 Z2 Z 0 0 0 2Z
L R2 Z2 Z2 Z 0 0 0 2Z 0

DIII P R4 2Z 0 Z2 Z2 Z 0 0 0
Lr R3 0 Z2 Z2 Z 0 0 0 2Z
Li C0 Z 0 Z 0 Z 0 Z 0

AII P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr R4 2Z 0 Z2 Z2 Z 0 0 0
Li R6 0 0 2Z 0 Z2 Z2 Z 0

CII P R6 0 0 2Z 0 Z2 Z2 Z 0
Lr R5 0 2Z 0 Z2 Z2 Z 0 0
Li R6 ×R6 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0

C P R7 0 0 0 2Z 0 Z2 Z2 Z
L R6 0 0 2Z 0 Z2 Z2 Z 0

CI P R0 Z 0 0 0 2Z 0 Z2 Z2

Lr R7 0 0 0 2Z 0 Z2 Z2 Z
Li C0 Z 0 Z 0 Z 0 Z 0
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topologically equivalent if and only if there exists a family
of non-Hermitian Hamiltonians HλðkÞ (0 ≤ λ ≤ 1) that
interpolates between them, i.e.,

Hλ¼0ðkÞ ¼ H0ðkÞ; Hλ¼1ðkÞ ¼ H1ðkÞ ð28Þ
with certain symmetries and a complex-energy gap for all
λ ∈ ½0; 1�. Our strategy is to reduce this non-Hermitian
problem to the established topological classification of

Hermitian Hamiltonians in the AZ symmetry class without
[206–208] and with [213] additional symmetries. In par-
ticular, we demonstrate that a non-Hermitian Hamiltonian
can be continuously deformed into a unitary matrix and
hence a larger Hermitian matrix in the presence of a point
gap [Fig. 2(b); see also Theorem 1 below and its proof in
Appendix C for details] and a Hermitian or an anti-
Hermitian matrix in the presence of a line gap [Fig. 2(c);
see also Theorem 2 below and its proof in Appendix D for

TABLE V. Topological classification table for non-Hermitian systems in the real AZ† symmetry class. Non-Hermitian topological
phases are classified according to the AZ† symmetry class, the spatial dimension d, and the definition of complex-energy point (P) or
line (L) gaps. The subscript of L specifies the line gap for the real or imaginary part of the complex spectrum.

AZ† class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

AI† P R7 0 0 0 2Z 0 Z2 Z2 Z
L R0 Z 0 0 0 2Z 0 Z2 Z2

BDI† P R0 Z 0 0 0 2Z 0 Z2 Z2

Lr R1 Z2 Z 0 0 0 2Z 0 Z2

Li R0 ×R0 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2

D† P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr R2 Z2 Z2 Z 0 0 0 2Z 0
Li R0 Z 0 0 0 2Z 0 Z2 Z2

DIII† P R2 Z2 Z2 Z 0 0 0 2Z 0
Lr R3 0 Z2 Z2 Z 0 0 0 2Z
Li C0 Z 0 Z 0 Z 0 Z 0

AII† P R3 0 Z2 Z2 Z 0 0 0 2Z
L R4 2Z 0 Z2 Z2 Z 0 0 0

CII† P R4 2Z 0 Z2 Z2 Z 0 0 0
Lr R5 0 2Z 0 Z2 Z2 Z 0 0
Li R4 ×R4 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0

C† P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr R6 0 0 2Z 0 Z2 Z2 Z 0
Li R4 2Z 0 Z2 Z2 Z 0 0 0

CI† P R6 0 0 2Z 0 Z2 Z2 Z 0
Lr R7 0 0 0 2Z 0 Z2 Z2 Z
Li C0 Z 0 Z 0 Z 0 Z 0

TABLE VI. Topological classification table for non-Hermitian systems in the complex AZ symmetry class with sublattice symmetry
(SLS). Non-Hermitian topological phases are classified according to the AZ symmetry class with additional SLS, the spatial dimension
d, and the definition of complex-energy point (P) or line (L) gaps. The subscript of L specifies the line gap for the real or imaginary part
of the complex spectrum. The subscript of S� specifies the commutation (þ) or anticommutation (−) relation to chiral symmetry:
ΓS� ¼ �S�Γ.

SLS AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

Sþ AIII P C1 0 Z 0 Z 0 Z 0 Z
Lr C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z
Li C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z

S A P C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z
L C1 0 Z 0 Z 0 Z 0 Z

S− AIII P C0 × C0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
Lr C0 Z 0 Z 0 Z 0 Z 0
Li C0 Z 0 Z 0 Z 0 Z 0
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TABLE VII. Topological classification table for non-Hermitian systems in the real AZ symmetry class with sublattice symmetry
(SLS). Non-Hermitian topological phases are classified according to the AZ symmetry class with additional SLS, the spatial dimension
d, and the definition of complex-energy point (P) or line (L) gaps. The subscript of L specifies the line gap for the real or imaginary part
of the complex spectrum. The subscript of S� specifies the commutation (þ) or anticommutation (−) relation to time-reversal symmetry
(TRS) and/or particle-hole symmetry (PHS). For the symmetry classes that involve both TRS and PHS (BDI, DIII, CII, and CI), the first
subscript specifies the relation to TRS and the second one to PHS.

SLS AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

Sþþ BDI P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

Li R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

S−− DIII P R3 0 Z2 Z2 Z 0 0 0 2Z
Lr R3 ×R3 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z
Li C1 0 Z 0 Z 0 Z 0 Z

Sþþ CII P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0
Li R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0

S−− CI P R7 0 0 0 2Z 0 Z2 Z2 Z
Lr R7 ×R7 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z
Li C1 0 Z 0 Z 0 Z 0 Z

S− AI P C1 0 Z 0 Z 0 Z 0 Z
Lr R7 0 0 0 2Z 0 Z2 Z2 Z
Li R3 0 Z2 Z2 Z 0 0 0 2Z

S−þ BDI P C0 Z 0 Z 0 Z 0 Z 0
Lr R0 Z 0 0 0 2Z 0 Z2 Z2

Li R2 Z2 Z2 Z 0 0 0 2Z 0

Sþ D P C1 0 Z 0 Z 0 Z 0 Z
L R1 Z2 Z 0 0 0 2Z 0 Z2

S−þ DIII P C0 Z 0 Z 0 Z 0 Z 0
Lr R2 Z2 Z2 Z 0 0 0 2Z 0
Li R0 Z 0 0 0 2Z 0 Z2 Z2

S− AII P C1 0 Z 0 Z 0 Z 0 Z
Lr R3 0 Z2 Z2 Z 0 0 0 2Z
Li R7 0 0 0 2Z 0 Z2 Z2 Z

S−þ CII P C0 Z 0 Z 0 Z 0 Z 0
Lr R4 2Z 0 Z2 Z2 Z 0 0 0
Li R6 0 0 2Z 0 Z2 Z2 Z 0

Sþ C P C1 0 Z 0 Z 0 Z 0 Z
L R5 0 2Z 0 Z2 Z2 Z 0 0

S−þ CI P C0 Z 0 Z 0 Z 0 Z 0
Lr R6 0 0 2Z 0 Z2 Z2 Z 0
Li R4 2Z 0 Z2 Z2 Z 0 0 0

S−− BDI P R3 0 Z2 Z2 Z 0 0 0 2Z
Lr C1 0 Z 0 Z 0 Z 0 Z
Li R3 ×R3 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z

Sþþ DIII P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr C1 0 Z 0 Z 0 Z 0 Z
Li C1 0 Z 0 Z 0 Z 0 Z

S−− CII P R7 0 0 0 2Z 0 Z2 Z2 Z
Lr C1 0 Z 0 Z 0 Z 0 Z
Li R7 ×R7 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z

(Table continued)

KAWABATA, SHIOZAKI, UEDA, and SATO PHYS. REV. X 9, 041015 (2019)

041015-12



details]. The K-theory classification for point gaps is also
discussed in Appendix E.
Our results are listed in the periodic tables for the

complex AZ symmetry class (Table III), the real AZ
symmetry class (Table IV), the real AZ† symmetry class

(Table V), the complex AZ symmetry class with SLS
(Table VI), and the real AZ symmetry class with SLS
(Table VII). In addition to this 38-fold topological classi-
fication, we provide the periodic tables for the AZ
symmetry class with pseudo-Hermiticity (Tables VIII

TABLE VII. (Continued)

SLS AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

Sþþ CI P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr C1 0 Z 0 Z 0 Z 0 Z
Li C1 0 Z 0 Z 0 Z 0 Z

Sþ AI P R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

Lr R1 Z2 Z 0 0 0 2Z 0 Z2

Li R1 Z2 Z 0 0 0 2Z 0 Z2

Sþ− BDI P R2 ×R2 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0
Lr R2 Z2 Z2 Z 0 0 0 2Z 0
Li R2 Z2 Z2 Z 0 0 0 2Z 0

S− D P R3 ×R3 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z
L R3 0 Z2 Z2 Z 0 0 0 2Z

Sþ− DIII P R4 ×R4 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0
Lr R4 2Z 0 Z2 Z2 Z 0 0 0
Li R4 2Z 0 Z2 Z2 Z 0 0 0

Sþ AII P R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0
Lr R5 0 2Z 0 Z2 Z2 Z 0 0
Li R5 0 2Z 0 Z2 Z2 Z 0 0

Sþ− CII P R6 ×R6 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0
Lr R6 0 0 2Z 0 Z2 Z2 Z 0
Li R6 0 0 2Z 0 Z2 Z2 Z 0

S− C P R7 ×R7 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z
L R7 0 0 0 2Z 0 Z2 Z2 Z

Sþ− CI P R0 ×R0 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2

Lr R0 Z 0 0 0 2Z 0 Z2 Z2

Li R0 Z 0 0 0 2Z 0 Z2 Z2

TABLE VIII. Topological classification table for non-Hermitian systems in the complex AZ symmetry class with pseudo-Hermiticity
(pH). Non-Hermitian topological phases are classified according to the AZ symmetry class with additional pH, the spatial dimension d,
and the definition of complex-energy point (P) or (L) gaps. The subscript of L specifies the line gap for the real or imaginary part of
the complex spectrum. The subscript of η� specifies the commutation (þ) or anticommutation (−) relation to chiral symmetry:
Γη� ¼ �η�Γ.

pH AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

η A P C0 Z 0 Z 0 Z 0 Z 0
Lr C0 × C0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
Li C1 0 Z 0 Z 0 Z 0 Z

ηþ AIII P C1 0 Z 0 Z 0 Z 0 Z
Lr C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z
Li C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z

η− AIII P C0 × C0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0
Lr C0 Z 0 Z 0 Z 0 Z 0
Li C0 Z 0 Z 0 Z 0 Z 0
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TABLE IX. Topological classification table for non-Hermitian systems in the real AZ symmetry class with pseudo-Hermiticity (pH).
Non-Hermitian topological phases are classified according to the AZ symmetry class with additional pH, the spatial dimension d, and
the definition of complex-energy point (P) or line (L) gaps. The subscript of L specifies the line gap for the real or imaginary part of the
complex spectrum. The subscript of η� specifies the commutation (þ) or anticommutation (−) relation to time-reversal symmetry (TRS)
and/or particle-hole symmetry (PHS). For the symmetry classes that involve both TRS and PHS (BDI, DIII, CII, and CI), the first
subscript specifies the relation to TRS and the second one to PHS.

pH AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

ηþ AI P R0 Z 0 0 0 2Z 0 Z2 Z2

Lr R0 ×R0 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2

Li R1 Z2 Z 0 0 0 2Z 0 Z2

ηþþ BDI P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

Li R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

ηþ D P R2 Z2 Z2 Z 0 0 0 2Z 0
Lr R2 ×R2 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0
Li R1 Z2 Z 0 0 0 2Z 0 Z2

ηþþ DIII P R3 0 Z2 Z2 Z 0 0 0 2Z
Lr R3 ×R3 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z
Li C1 0 Z 0 Z 0 Z 0 Z

ηþ AII P R4 2Z 0 Z2 Z2 Z 0 0 0
Lr R4 ×R4 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0
Li R5 0 2Z 0 Z2 Z2 Z 0 0

ηþþ CII P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0
Li R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0

ηþ C P R6 0 0 2Z 0 Z2 Z2 Z 0
Lr R6 ×R6 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0
Li R5 0 2Z 0 Z2 Z2 Z 0 0

ηþþ CI P R7 0 0 0 2Z 0 Z2 Z2 Z
Lr R7 ×R7 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z
Li C1 0 Z 0 Z 0 Z 0 Z

ηþ− BDI P C0 Z 0 Z 0 Z 0 Z 0
Lr R0 Z 0 0 0 2Z 0 Z2 Z2

Li R2 Z2 Z2 Z 0 0 0 2Z 0

η−þ DIII P C0 Z 0 Z 0 Z 0 Z 0
Lr R2 Z2 Z2 Z 0 0 0 2Z 0
Li R0 Z 0 0 0 2Z 0 Z2 Z2

ηþ− CII P C0 Z 0 Z 0 Z 0 Z 0
Lr R4 2Z 0 Z2 Z2 Z 0 0 0
Li R6 0 0 2Z 0 Z2 Z2 Z 0

η−þ CI P C0 Z 0 Z 0 Z 0 Z 0
Lr R6 0 0 2Z 0 Z2 Z2 Z 0
Li R4 2Z 0 Z2 Z2 Z 0 0 0

η− AI P R2 Z2 Z2 Z 0 0 0 2Z 0
Lr C0 Z 0 Z 0 Z 0 Z 0
Li R3 0 Z2 Z2 Z 0 0 0 2Z

η−− BDI P R3 0 Z2 Z2 Z 0 0 0 2Z
Lr C1 0 Z 0 Z 0 Z 0 Z
Li R3 ×R3 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z

(Table continued)
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and IX). The 7-fold periodic table based on two antiunitary

symmetries (T þ and T −) and unitary symmetry (S) is also
shown in Table XV in Appendix F.

A. Unitary flattening for point gaps

In the presence of a point gap, a non-Hermitian
Hamiltonian can be flattened into a unitary matrix without
point-gap closing. This property is guaranteed by the
following theorem (see Appendix C for a proof):
Theorem 1 (unitary flattening for point gaps)—If a non-

Hermitian Hamiltonian HðkÞ has a point gap, it can be
continuously deformed into a unitary matrix UðkÞ while
keeping the point gap and its symmetry [Fig. 2(b)].
Theorem 1 reduces the topological classification of a

non-Hermitian Hamiltonian to that of a unitary matrix.
Furthermore, with the flattened unitary matrix UðkÞ, we
have a flattened Hermitian matrix

H̃ðkÞ ≔
�

0 UðkÞ
U†ðkÞ 0

�
; H̃2ðkÞ ¼ 1: ð29Þ

Here, the presence of symmetry for the original non-
Hermitian Hamiltonian HðkÞ discussed in Sec. II imposes
the following constraints on the extended Hermitian
Hamiltonian H̃ðkÞ:

T̃ �H̃�ðkÞT̃ −1
� ¼ �H̃ð−kÞ; T̃ � ≔

�
T � 0

0 T �

�
;

ð30Þ
C̃�H̃�ðkÞC̃−1� ¼ �H̃ð−kÞ; C̃� ≔

�
0 C�
C� 0

�
; ð31Þ

Γ̃H̃ðkÞΓ̃−1 ¼ −H̃ðkÞ; Γ̃ ≔
�
0 Γ
Γ 0

�
; ð32Þ

TABLE IX. (Continued)

pH AZ class Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

η− D P R4 2Z 0 Z2 Z2 Z 0 0 0
Lr C0 Z 0 Z 0 Z 0 Z 0
Li R3 0 Z2 Z2 Z 0 0 0 2Z

η−− DIII P R5 0 2Z 0 Z2 Z2 Z 0 0
Lr C1 0 Z 0 Z 0 Z 0 Z
Li C1 0 Z 0 Z 0 Z 0 Z

η− AII P R6 0 0 2Z 0 Z2 Z2 Z 0
Lr C0 Z 0 Z 0 Z 0 Z 0
Li R7 0 0 0 2Z 0 Z2 Z2 Z

η−− CII P R7 0 0 0 2Z 0 Z2 Z2 Z
Lr C1 0 Z 0 Z 0 Z 0 Z
Li R7 ×R7 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z

η− C P R0 Z 0 0 0 2Z 0 Z2 Z2

Lr C0 Z 0 Z 0 Z 0 Z 0
Li R7 0 0 0 2Z 0 Z2 Z2 Z

η−− CI P R1 Z2 Z 0 0 0 2Z 0 Z2

Lr C1 0 Z 0 Z 0 Z 0 Z
Li C1 0 Z 0 Z 0 Z 0 Z

η−þ BDI P R2 ×R2 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0
Lr R2 Z2 Z2 Z 0 0 0 2Z 0
Li R2 Z2 Z2 Z 0 0 0 2Z 0

ηþ− DIII P R4 ×R4 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0 0
Lr R4 2Z 0 Z2 Z2 Z 0 0 0
Li R4 2Z 0 Z2 Z2 Z 0 0 0

η−þ CII P R6 ×R6 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0
Lr R6 0 0 2Z 0 Z2 Z2 Z 0
Li R6 0 0 2Z 0 Z2 Z2 Z 0

ηþ− CI P R0 ×R0 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2

Lr R0 Z 0 0 0 2Z 0 Z2 Z2

Li R0 Z 0 0 0 2Z 0 Z2 Z2
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S̃H̃ðkÞS̃−1 ¼ −H̃ðkÞ; S̃ ≔
�
S 0

0 S

�
; ð33Þ

η̃H̃ðkÞη̃−1 ¼ H̃ðkÞ; η̃ ≔
�
0 η

η 0

�
: ð34Þ

Moreover, H̃ðkÞ respects additional CS (SLS):

ΣH̃ðkÞΣ−1 ¼ −H̃ðkÞ; Σ ≔
�
1 0

0 −1

�
: ð35Þ

Importantly, there exists a one-to-one correspondence
between a unitary matrix UðkÞ and an extended Hermitian
matrix H̃ðkÞ that satisfies Eq. (35) [122,227], and hence
topology of HðkÞ can also be captured by the extended
Hermitian Hamiltonian H̃ðkÞ. Therefore, the topological
classification of a non-Hermitian Hamiltonian HðkÞ with a
point gap and symmetry reduces to that of a Hermitian
Hamiltonian that respects symmetry given byEqs. (30)–(35),
which was already obtained in Refs. [206–208,213]. In this
manner, the periodic tables under point gaps are obtained as
Tables III–IX. Notably, a similar theorem was proved in
Ref. [122]. However, it is not applicable in the presence of
C�, and Theorem 1 in the present work is a nontrivial
generalization of the theorem in Ref. [122].
Let us consider class DIII as an example (Table IV). The

original non-Hermitian Hamiltonian HðkÞ respects both
TRS and PHS:

T þH�ðkÞT −1þ ¼ Hð−kÞ; T þT �þ ¼ −1; ð36Þ

C−HTðkÞC−1− ¼ −Hð−kÞ; C−C�− ¼ þ1: ð37Þ

As a result, the extended and flattened Hermitian
Hamiltonian H̃ðkÞ respects TRS described by Eq. (30)
with T̃ þT̃

�
þ ¼ −1 and PHS described by Eq. (31) with

C̃−C̃
�
− ¼ þ1, as well as additional CS (SLS) described by

Eq. (35). Therefore, the topological classification of the
original non-Hermitian Hamiltonian reduces to that of the
Hermitian Hamiltonian in class DIII, with additional CS
that commutes with TRS and anticommutes with PHS. The
topology of such Hermitian Hamiltonians is characterized
by the classifying space R4 [213].

B. Hermitian flattening for line gaps

In contrast to the unitary flattening for point gaps, the
flattening procedure changes for line gaps. In fact, a non-
Hermitian Hamiltonian can be flattened into a Hermitian
matrix in the presence of a real gap and an anti-Hermitian
matrix in the presence of an imaginary gap. This property is
guaranteed by the following theorem (see Appendix D for
a proof):

Theorem 2 (Hermitian flattening for line gaps)—If a
non-Hermitian Hamiltonian HðkÞ has a line gap in the real
(imaginary) part of its complex spectrum [real (imaginary)
gap], it can be continuously deformed into a Hermitian (an
anti-Hermitian) matrix while keeping the line gap and its
symmetry [Fig. 2(c)].
Theorem 2 also reduces the topological classification of

a non-Hermitian Hamiltonian to that of a Hermitian matrix
[206–208,213]. Here, we note that topology of an anti-
Hermitian Hamiltonian HðkÞ [i.e., H†ðkÞ ¼ −HðkÞ] under
an imaginary gap is equivalent to that of a Hermitian
Hamiltonian iHðkÞ under a real gap [126]. The periodic
tables under line gaps are also obtained as Tables III–IX.
Let us again consider class DIII as an example

(Table IV). The original non-Hermitian Hamiltonian
HðkÞ respects both TRS and PHS as Eqs. (36) and (37),
respectively. In the presence of a real gap, HðkÞ can be
flattened to a Hermitian Hamiltonian H̄ðkÞ that belongs to
class DIII, which is characterized by the classifying space
R3 [206–208]. In the presence of an imaginary gap, on the
other hand, HðkÞ can be flattened to an anti-Hermitian
Hamiltonian H̄ðkÞ that respects Eqs. (36) and (37).
Importantly, the topology of H̄ðkÞ is equivalent to that
of ¯̄HðkÞ ≔ iH̄ðkÞ, which respects Hermiticity and

T þ ¯̄H�ðkÞT −1þ ¼ − ¯̄Hð−kÞ; T þT �þ ¼ −1; ð38Þ

C−
¯̄HTðkÞC−1− ¼ − ¯̄Hð−kÞ; C−C�− ¼ þ1: ð39Þ

Here, complex conjugation and transposition coincide with
each other due to the presence of Hermiticity, and Eq. (39)
reduces to the antiunitary constraint given by

C−
¯̄H�ðkÞC−1− ¼ − ¯̄Hð−kÞ; C−C�− ¼ þ1: ð40Þ

Thus, the non-Hermitian HamiltonianHðkÞ under an imagi-
nary gap reduces to the Hermitian Hamiltonian ¯̄HðkÞ that
respects the two antiunitary symmetries asEqs. (38) and (40).
The topology of such Hermitian Hamiltonians is character-
ized by the classifying space C0 [213].

C. Topological invariants

Based on our flattening procedures, the topological
invariants for Tables III–IX are obtained in a systematic
manner. For point gaps, the extendedHermitian Hamiltonian
H̃ðkÞ defined as Eq. (29) from a non-Hermitian Hamiltonian
HðkÞ is relevant. The topological invariant of HðkÞ reduces
to that of H̃ðkÞ, the latter of which is already obtained in the
literature [219]. For instance, let us consider a non-Hermitian
system HðkÞ with a point gap and no symmetry, which can
have topological phases in odd dimensions as shown in
Table III. Since the extendedHermitian system H̃ðkÞ respects
CS, the topological invariant that characterizesHðkÞ is given
as the winding number
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W2nþ1 ≔
n!

ð2πiÞnþ1ð2nþ 1Þ!
Z
BZd

trðH−1dHÞ2nþ1: ð41Þ

In one dimension, this formula reduces to [122]

W1 ¼
I
BZ

dk
2πi

tr

�
H−1 dH

dk

�
¼
I
BZ

dk
2πi

�
d
dk

log detH

�
:

ð42Þ

Similarly, the topological invariants for the other symmetry
classes are readily determined (see Appendix G for more
examples).
For line gaps, a non-Hermitian Hamiltonian HðkÞ can

always be continuously deformed into a Hermitian (or an
anti-Hermitian) Hamiltonian. As a result, the topological
invariant of a non-Hermitian Hamiltonian HðkÞ with a line
gap is obtained in a similar manner as in the Hermitian case.
Remarkably, right and left eigenstates are different from
each other, in sharp contrast to the Hermitian case.
Nevertheless, topological invariants are given by the
combination of both eigenstates [102,117]. For instance,
in even spatial dimensions d ¼ 2n, the nth Chern number
Cn can be defined as

Cn ≔
1

n!

�
i
2π

�
n
Z
BZd

trF n

¼ −
1

22nþ1n!

�
i
2π

�
n
Z
BZd

tr½QRðdQRÞ2n�

¼ n!
ð2πiÞnþ1ð2nþ 1Þ!

Z
Rω×BZd

trðGdG−1Þ2nþ1; ð43Þ

as long as a line gap is open. Here, F , QR, and G are non-
Hermitian extensions of the Berry curvature, the Q matrix,
and the Green function, respectively (see Appendix H 1 for
details). In addition, in odd spatial dimensions d ¼ 2nþ 1,
the winding number W2nþ1 can be defined in the presence
of CS defined by Eq. (15) with a unitary operator Γ as

W2nþ1 ≔ −
n!

2ð2πiÞnþ1ð2nþ 1Þ!
Z
BZd

tr½ΓðQ−1dQÞ2nþ1�;

ð44Þ

as long as a real gap is open. Here, Q is another non-
Hermitian extension of the Q matrix that respects CS.
Whereas QR is non-Hermitian but Q2

R ¼ 1, Q is Hermitian
but Q2 ≠ 1 (see Appendix H 2 for details). In this manner,
the topological invariants for the other symmetry classes
are readily obtained (see Appendix H for more examples).
Remarkably, it is shown that the single Chern number is
defined in two-dimensional non-Hermitian systems,
although we have four different Berry connections and
curvatures due to the distinction between right and left

eigenstates [117]. Our classification indeed corroborates
this fact, as well as generally demonstrates that the conven-
tional topological invariants in Hermitian systems are
uniquely generalized to non-Hermitian systems in the
presence of a line gap.
We note in passing that the classification is based on

homotopy over the sphere in momentum space and is thus
modified if the full Brillouin-zone torus of lattice systems is
considered. This modification is the same as that for
the Hermitian case because the topological classification
of non-Hermitian systems reduces to that of unitary,
Hermitian, and anti-Hermitian systems, all of which in
turn result in the topological classification of Hermitian
systems. In fact, the classification becomes finer, and we
have weak topological invariants as well as the strong
topological invariants shown in Tables III–IX. In three
dimensions, for instance, we may have three, three, and
one weak topological invariants corresponding to the
classification table for two, one, and zero dimensions,
respectively, in addition to one strong topological invari-
ant corresponding to the classification table for three
dimensions.

D. Dirac Hamiltonian

Hermitian topological insulators and superconductors
can be universally understood with continuum models that
have the massive Dirac Hamiltonian representation [219]:

HðkÞ ¼
Xd
i¼1

kiΓi þmΓ0; ð45Þ

where k ¼ ðk1;…; kdÞ is the momentum deviation from a
relevant momentum reference point, and Γ1;…;Γd are
Dirac matrices that satisfy the Clifford algebra (i.e.,
fΓi;Γjg ¼ 2δij). The mass term mΓ0 anticommutes with
all the Dirac matrices Γ1;…;Γd in the kinetic term and
determines the topology of the classifying space.
Our classification suggests that non-Hermitian topologi-

cal systems can also be described by a non-Hermitian
generalization of the Dirac Hamiltonians. However, the
complex-spectral-flattening procedures distinct from the
Hermitian case imply that non-Hermiticity can modify
the proper representation of Dirac matrices. In fact, in the
presence of a point gap, non-Hermitian Dirac matrices ΓP

i
(i ¼ 1;…; d) are defined so that their Hermitianized
matrices

Γ̃P
i ≔

�
0 ΓP

i

ðΓP
i Þ† 0

�
ð46Þ

obey the Clifford algebra (i.e., fΓ̃P
i ; Γ̃P

jg ¼ 2δij), which in
turn leads to the relations for ΓP

i ,

ΓP
i ðΓP

j Þ† þ ΓP
j ðΓP

i Þ† ¼ 2δij: ð47Þ
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This set of relations determines the proper non-Hermitian
Dirac matrices in the presence of a point gap. Table X
shows an example of the representations of ΓP

i ’s
(i ¼ 1;…; n) for small n, which is clearly distinct from
the conventional Dirac matrices. In the presence of a line
gap, on the other hand, Dirac matrices take the same
representation as the Hermitian case since a non-Hermitian
Hamiltonian can be flattened into a Hermitian one or an
anti-Hermitian one.
The non-Hermitian Dirac Hamiltonian provides a sys-

tematic way to have a model for the classification tables. In
1D class A in Table III, for instance, a non-Hermitian Dirac
Hamiltonian can be expressed as

HðkÞ ¼ kþ im ðm ∈ RÞ ð48Þ

in the presence of a point gap. With this continuum model,
the Z topological invariant (winding number) in Eq. (42)
can be readily obtained as

W ¼
Z∞
−∞

dk
2πi

d
dk

log ðkþ imÞ ¼ sgnðmÞ
2

: ð49Þ

Here, the fractional topological invariant W is common to
continuum models for both Hermitian and non-Hermitian
cases and should be complemented by the structure of wave
functions away from the relevant momentum point. It
becomes an integer W ¼ sgnðmÞ when we regularize the
mass m as m − k2.

V. BULK-BOUNDARY CORRESPONDENCE

A. Sensitivity to the boundary conditions

The hallmark of topological phases is the bulk-boundary
correspondence: topologically protected boundary states
emerge that correspond to the nontrivial topology of the
bulk states. Importantly, non-Hermiticity alters the nature of
the bulk-boundary correspondence [108,116,119,121,
124,130,132–134,136,137,139,143,144]. The essential dis-
tinction from the Hermitian case is that the bulk spectra of
non-Hermitian systems can dramatically change according

to the boundary conditions. Nevertheless, the modified bulk-
boundary correspondence has recently been established
[119,121] despite the sensitivity of the spectrum to the
boundary conditions.
Remarkably, our general classification depends not on

the boundary conditions but solely on symmetry and spatial
dimension and indeed predicts the emergence of topologi-
cally protected boundary states. As described above, the
bulk spectrum of a non-Hermitian Hamiltonian HPBC with
periodic boundaries can be different from that of the
corresponding Hamiltonian HOBC with open boundaries.
Whereas the topologically protected edge states may not be
described by the topological invariant determined by HPBC,
they are accompanied by the nontrivial topology of HOBC.
In particular, since a non-Hermitian Hamiltonian with a real
gap (line gap for the real part of the spectrum) can always
be continuously deformed into a Hermitian Hamiltonian as
described in Sec. IV B, the topologically protected edge
states in a certain Hermitian system survive as long as the
real gap is open. It is also noteworthy that the wave number
for HOBC can be complex due to HPBC ≠ HOBC, which
signals the localization of bulk states, i.e., the non-
Hermitian skin effect [121]. Despite the complex wave
number, our classification works because the bulk
Hamiltonian is still given as a map from the d-dimensional
torus as a generalized Brillouin zone to a non-Hermitian
system with certain symmetry.
To illustrate the above ideas, we consider a non-

Hermitian extension of the Su-Schrieffer-Heeger model
(see Appendix I for details) [108,114,116,118,119,121]:

Ĥ ¼
X
i

½ðv − gÞb̂†i âi þ ðvþ gÞâ†i b̂i

þwðb̂†i−1âi þ â†i b̂i−1Þ�; ð50Þ

where âi (â
†
i ) and b̂i (b̂

†
i ) annihilate (create) a particle on

site i in sublattices, respectively, v, w ∈ R denote the
hopping amplitudes, and g ∈ R denotes the asymmetry of
the intracell hopping v as a degree of non-Hermiticity.
Regardless of the boundary conditions, the system respects
SLS defined in Eq. (20) with S ≔ σz:

σzHðkÞσ−1z ¼ −HðkÞ; ð51Þ

where the bulk Hamiltonian HðkÞ is obtained for each
boundary condition. As a result of SLS, the Z topological
invariant is well defined in the presence of a line gap (see
Table VI), which is given as the winding number

W ≔
I

dk
4πi

tr

�
SH−1ðkÞ dHðkÞ

dk

�
: ð52Þ

As discussed above, the bulk spectrum EðkÞ crucially
depends on the boundary conditions. In fact, under the

TABLE X. Non-Hermitian Dirac matrices. A set of non-
Hermitian Dirac matrices Γ1;…;Γn is shown for both cases of
point gaps and line gaps for n ¼ 1;…; 5 with Pauli matrices σi
and τi (i ¼ x, y, z).

n Point gap Line gap

1 1 1
2 1, i σx, σy
3 i, σx, σy σx, σy, σz
4 i, σx, σy, σz σx, σy, σzτx, σzτy
5 i, σx, σy, σzτx, σzτy σx, σy, σzτx, σzτy, σzτz
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periodic boundary condition, the bulk Hamiltonian is
given as

HPBCðkÞ ¼
�

0 vþ gþ we−ik

v − gþ weik 0

�
ð53Þ

with a real wave number k ∈ ½0; 2πÞ. Under the open
boundary condition, on the other hand, the wave number
is complex and

jeikj ¼ e−Imk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� v − g
vþ g

����
s

: ð54Þ

Correspondingly, the bulk Hamiltonian with open boun-
daries is given as

HOBCðqÞ ¼
 

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

p
þ we−iqffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 − g2
p

þ weiq 0

!

ð55Þ

with a real wave number q ∈ ½0; 2πÞ. Whereas the topologi-
cally protected edge states are not described by the winding
number defined by HPBC, the bulk-edge correspondence
holds for HOBC; there emerges a pair of edge states that are
topologically protected to have zero energy for W ¼ 1
determined by HOBC (Fig. 3). In a similar manner, the
emergence of topologically protected boundary states can be
predicted on the basis of our classification. See also Sec. VII
for the bulk-edge correspondence in other examples.

B. Symmetry restoration

Whereas generic non-Hermitian Hamiltonians are sen-
sitive to the boundary conditions, certain non-Hermitian
Hamiltonians may not depend on them. For example, the
bulk wave functions are delocalized, and the non-Hermitian
skin effect does not occur in a different non-Hermitian
extension of the Su-Schrieffer-Heeger model with balanced
gain and loss [102,105,114,148,154] (see also Sec. VII A
for details). Furthermore, a couple of recent works
[137,143] show that bulk states are always delocalized
in Hermitian systems, indicating the absence of the skin
effect in the presence of Hermiticity.
Here, we show that symmetry plays a significant role in

the non-Hermitian bulk-boundary correspondence. In par-
ticular, we find that the bulk Hamiltonian is generally
insensitive to the boundary conditions in the presence of
pseudo-Hermiticity in Eq. (21) or parity-time symmetry if
the bulk spectrum is real. In one dimension, we also obtain
the same property in the presence of TRS† in Eq. (16) with
CþC�þ ¼ þ1 or parity (inversion) symmetry, where the bulk
spectrum can be complex. Parity symmetry is defined by

PHðkÞP−1 ¼ Hð−kÞ; P2 ¼ 1; ð56Þ
where P is a unitary matrix, and parity-time symmetry is
defined by

ðPT þÞH�ðkÞðPT þÞ−1¼HðkÞ; ðPT þÞðPT þÞ� ¼�1;

ð57Þ
where PT þ is a unitary matrix.
To demonstrate the insensitivity of the bulk Hamiltonian

to the boundary conditions, we begin with the characteristic
equation that determines the generalized Brillouin zone.
For clarity, we consider a generic one-dimensional system
with its length L. Suppose that the bulk Hamiltonian is
given as

HðkÞ ¼
Xl
n¼−l

Hneikn; k ∈ C; ð58Þ

where l is the range of the hopping and Hn is an N × N
matrix that describes the internal degrees of freedom. If the
non-Hermitian system is periodic and respects translational
symmetry, the wave number k is real due to Bloch’s theorem.
On the other hand, k can be complex under the open
boundary condition. The Schrödinger equation leads to

det

�Xl
n¼−l

Hneikn − E

�
¼ 0; ð59Þ

which is a 2lNth order algebraic equation for eik. Its solutions
are denoted as eik1 ;…; eik2lN (jeik1 j ≤ � � � ≤ jeik2lN j). It is
shown that the condition

jeiklN j ¼ jeiklNþ1 j ð60Þ

FIG. 3. Phase diagrams of the non-Hermitian Su-Schrieffer-
Heeger model with asymmetric hopping under (a) the periodic
boundary condition and (b) the open boundary condition. The
one-dimensional model is described by the intracell hopping v,
the intercell hopping w, and the asymmetry g of the intracell
hopping v as a degree of non-Hermiticity. Whereas the bulk
Hamiltonian dramatically depends on the boundary conditions,
the one-dimensional model respects sublattice symmetry, and the
winding number W is well defined regardless of the boundary
conditions. The emergence of the topologically protected edge
states is predicted by the phase diagram (b) under the open
boundary condition.
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is necessary so that the bulk spectrum is continuum for
L → ∞ and the generalized Brillouin zone is determined as
the trajectory of klN and klNþ1 [121,143].
We demonstrate that the wave numbers klN and klNþ1

should be real regardless of the boundary conditions if
pseudo-Hermiticity is present [i.e., ηH†ðkÞη−1 ¼ HðkÞ]
and the eigenenergy E is real. Under the periodic boundary
condition, k is real, and the presence of pseudo-Hermiticity
leads to

ηH†
−nη−1 ¼ Hn: ð61Þ

By contrast, the wave number k can generally be complex
under the open boundary condition. Nevertheless, from the
characteristic equation (59), we have

det

�Xl
n¼−l

Hneik
�n − E

�
¼ 0; ð62Þ

where the reality of E and pseudo-Hermiticity are used.
This equation implies that the solution comes in ðeik; eik� Þ
pairs, and we have eik2lNþ1−i ¼ eik

�
i due to jeik� j ¼ 1=jeikj

and jeik1 j ≤ � � � ≤ jeik2lN j. In particular, we have eiklNþ1 ¼
eik

�
lN , and Eq. (60) reduces to

jeiklN j ¼ jeiklNþ1 j ¼ 1; ð63Þ
which indicates klN , klNþ1 ∈ R, i.e., the reality of the
wave numbers even under the open boundary condition.
Similarly, in the presence of parity-time symmetry, we have
ðPT þÞH�

−nðPT þÞ−1 ¼ Hn and the pair structure ðeik; eik� Þ
for E ∈ R, leading to the reality of the wave numbers
regardless of the boundary conditions. The insensitivity of
bulk systems with real spectra to the boundary conditions
is consistent with recent experiments and relevant for
symmetry-protected topological lasers (see Sec. VII for
details). It is also notable that Ref. [137] obtains a similar
result for unbroken parity-time symmetry in a transfer-
matrix perspective.
In one dimension, parity symmetry or TRS† with

CþC�þ ¼ þ1 leads to the real wave numbers even for
complex spectra E ∈ C. In fact, we have

CþHT
−nC−1þ ¼ Hn ð64Þ

in the presence of TRS†, which then leads to

det

�Xl
n¼−l

Hne−ikn − E

�
¼ 0 ð65Þ

from the characteristic equation (59). We stress that the
reality of E is not used to derive these equations.
Consequently, the solution comes in ðeik; e−ikÞ pairs and
eik2lNþ1−i ¼ e−iki , resulting in Eq. (63). Similarly, in the
presence of parity symmetry, we have PH−nP−1 ¼ Hn and
the real wave numbers. Therefore, these types of sym-
metries restore the delocalization of bulk wave functions.
We note that the above argument may not work for TRS†

with CþC�þ ¼ −1 since the ðeik; e−ikÞ pairs form Kramers
pairs and thus cannot mix with each other.
Before closing this section, a couple of comments are in

order. First, in generic systems, we may have additional
unitary symmetry that commutes with the Hamiltonian. In
this case, the Hamiltonian is block diagonal in the eigen-
basis of the unitary symmetry, and we need one of the
above symmetries in each eigensector to avoid the non-
Hermitian skin effect. Second, similar symmetry protection
of the conventional bulk-boundary correspondence occurs
in the presence of other point group symmetry or magnetic
point group symmetry. For instance, if reflection symmetry
is respected, i.e.,

RHðkk; k⊥ÞR−1 ¼ Hðkk;−k⊥Þ; ð66Þ
where R is a unitary matrix, the non-Hermitian skin effect
does not occur for the boundaries parallel to the reflec-
tion plane.

VI. SIMPLE EXAMPLES

A. Real and imaginary gaps

For each symmetry class and each spatial dimension,
multiple topological structures appear in the classification
tables. For instance, since CS acts as an anti-Hermitian
conjugation for non-Hermitian Hamiltonians such as
Eq. (15), it distinguishes between real and imaginary
gaps, both of which give different topological structures
(Table III). To understand this unique non-Hermitian
feature in detail, we consider a 2 × 2 non-Hermitian
Hamiltonian in one dimension,

HðkÞ ¼ h0ðkÞσ0 þ hðkÞ · σ; ð67Þ

where σ0 is the 2 × 2 identity matrix and σ ¼ ðσx; σy; σzÞ is
a set of Pauli matrices. Imposing CS with Γ ≔ σz, we have
the following constraints on hiðkÞ (i ¼ 0, x, y, z):

h�0;zðkÞ ¼ −h0;zðkÞ; h�x;yðkÞ ¼ hx;yðkÞ; ð68Þ

which imply that h0ðkÞ and hzðkÞ [hxðkÞ and hyðkÞ] are
pure imaginary (real) for all k. Therefore, by redefining
h0ðkÞ and hzðkÞ as h0ðkÞ → ih0ðkÞ and hzðkÞ → ihzðkÞ, we
obtain the Hamiltonian with CS as

HðkÞ ¼ ih0ðkÞσ0 þ hxðkÞσx þ hyðkÞσy þ ihzðkÞσz; ð69Þ

where hiðkÞ’s (i ¼ 0; x; y; z) are real functions. The eige-
nenergies of HðkÞ are given as

EðkÞ ¼ ih0ðkÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2xðkÞ þ h2yðkÞ − h2zðkÞ

q
; ð70Þ

and thus the system supports a real (an imaginary) gap for
h2xðkÞ þ h2yðkÞ > h2zðkÞ [h2xðkÞ þ h2yðkÞ < h2zðkÞ].
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First we consider the case with a real gap. After the
Hermitian flattening with EðkÞ ¼ �1, hiðkÞ’s obey

h0ðkÞ ¼ 0; h2xðkÞ þ h2yðkÞ − h2zðkÞ ¼ 1: ð71Þ

These conditions define a surface in the parameter space
ðhx; hy; hzÞ of the Hamiltonian [Fig. 4(a)]. The surface is
open in the hz direction and circular in the other directions.
Each Hamiltonian with a real gap gives an image from the
one-dimensional Brillouin zone through hðkÞ, which draws
a circle on the surface. Obviously, a one-dimensional
winding number can be defined just by counting how
many times the circle winds the surface, which coincides
with W1 in Eq. (44).
By contrast, we cannot have such a winding number in

the case with an imaginary gap. After the anti-Hermitian
flattening with EðkÞ ¼ �i, we have

h0ðkÞ ¼ 0; h2xðkÞ þ h2yðkÞ − h2zðkÞ ¼ −1; ð72Þ
which gives a surface in Fig. 4(b). Since topologically
stable loops are absent on this surface, no one-dimensional
winding number is well defined. The above observation is
fully consistent with the periodic table III: for 1D class
AIII, the topological invariant is characterized by an integer
for a real gap [the winding numberW1 in Eq. (44)], while it
is trivial for an imaginary gap.

B. Pseudo-Hermiticity

Although there are topological phases characterized by
the Chern number in a two-dimensional system without
symmetry (Table III), these topological phases vanish
in the presence of TRS with T þT �þ ¼ þ1 under a
real gap (Table IV). However, in the presence of
pseudo-Hermiticity η− that anticommutes with TRS
(η−T þ ¼ −T þη�−), a different type of topological phases

emerges that is described by the time-reversal-invariant
Chern number [102], as shown in detail below. Therefore,
pseudo-Hermiticity provides a novel topological structure
as a unique non-Hermitian feature.
To see this unique property of pseudo-Hermiticity, we

start with the standard procedure for diagonalization of
non-Hermitian Hamiltonians. Let juni (jun⟫) be a right
(left) eigenstate of H,

Hjuni ¼ Enjuni; H†jun⟫ ¼ E�
njun⟫: ð73Þ

The eigenstates form the biorthonormal basis [36], which
obey

humjun⟫ ¼ ⟪umjuni ¼ δmn; ð74Þ
with the completeness conditionX

n

jun⟫hunj ¼
X
n

juni⟪unj ¼ 1: ð75Þ

We compactly express these biorthonormal relations as

R†L ¼ L†R ¼ RL† ¼ LR† ¼ 1 ð76Þ

by introducing 2N × 2N matrices

R ≔ ðju1i; ju2i;…Þ; L ≔ ðju1⟫; ju2⟫;…Þ; ð77Þ
which diagonalize H as

H ¼ R

0
BB@

E1

E2

. .
.

1
CCAR−1: ð78Þ

Now let us see how pseudo-Hermiticity imposes an
additional constraint. From pseudo-Hermiticity defined by
η−1H†η ¼ H, we have

H½ηjun⟫� ¼ E�
n½ηjun⟫�; ð79Þ

which implies that ηjun⟫ is a right eigenstate of H with
eigenenergy E�

n. Therefore, En, in general, has a complex-
conjugate partner E�

n in the spectrum of H. This simple
structure leads to significant consequences. In particular, an
isolated real eigenenergy of H remains real for any
continuous deformation of H unless it coalesces with other
eigenenergies. In fact, the above constraint implies that
eigenenergies should come in complex-conjugate pairs,
and thus an isolated real eigenenergy cannot become
complex by itself. Such reality of the spectrum is important
to obtain stable states in non-Hermitian systems. For
example, it is relevant for topological lasers as discussed
in Sec. VII B and for free bosons as discussed in Sec. VIII.
Pseudo-Hermiticity also gives a nontrivial topological

structure [102]. In the presence of a real gap at ReE ¼ EF,
for instance, we can define an “empty” (“occupied”) state
as a state with ReEn > EF (ReEn < EF). If juni is an
occupied (empty) state, so is ηjun⟫ since juni and ηjun⟫

FIG. 4. Topology of 2 × 2 non-Hermitian Hamiltonians in one
dimension that respect chiral symmetry (1D class AIII). The blue
curves delineate the surface determined by the complex-spectral
flattening. (a) Hermitian flattening with E ¼ �1 in the presence
of a real gap. A winding number can be defined over the surface
defined by h2x þ h2y − h2z ¼ 1. (b) Anti-Hermitian flattening with
E ¼ �i in the presence of an imaginary gap. Topologically stable
loops are absent on the surface defined by h2x þ h2y − h2z ¼ −1,
and hence no winding number is well defined.
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have eigenenergies with the same real part. From the
completeness of the basis, we can relate them as

ηjun⟫ ¼
X
m

jumicmn; ð80Þ

with cmn ≔ ⟪umjηjun⟫. Here, we have cmn ¼ 0 for
Em ≠ E�

n, and cmn is Hermitian with respect to the indices
m and n (i.e., cmn ¼ c�nm) since η is Hermitian. Thus, we
can diagonalize cmn by a unitary matrix G without mixing
between occupied and empty states,X

lk

G�
lmclkGkn ¼ λmδmn; ð81Þ

with real eigenvalues λm. Taking the new biorthogonal basis

jϕni ≔
X
m

jumiGmn

ffiffiffiffiffiffiffi
jλnj

p
; jϕn⟫ ≔

X
m

jum⟫
Gmnffiffiffiffiffiffiffijλnj
p ;

ð82Þ

with hϕmjϕn⟫ ¼ ⟪ϕmjϕni ¼ δmn, we have

ηjϕni ¼ sgnðλnÞjϕn⟫: ð83Þ

Therefore, both occupied states and empty states in the new
basis are divided into two subsectors, i.e., states with

ηjϕni ¼ þjϕn⟫ ð84Þ

and states with

ηjϕni ¼ −jϕn⟫: ð85Þ

We denote these states as jϕ�
n i. This is a non-Hermitian

generalization of the η eigensector. In fact, for HermitianH,
the right and left eigenstates coincide with each other, and
thus the above equations reduce to the eigenequations of η:
ηjϕ�

n i ¼ �jϕ�
n i. Importantly, the new basis fjϕ�

n ig is no
longer eigenstates of H unless En is real. Indeed, Gmn
mixes the eigenstate with En and that with E�

n. However,
sinceGmn does not mix occupied and empty states, the new
basis fjϕ�

n ig keeps the same topology as the original one
fjunig, while the subsector structure manifests itself only in
the new basis.
The presence of this subsector structure enables us to

introduce a topological invariant for each subsector. For
instance, in the case of class A with pseudo-Hermiticity in
two dimensions, the Chern number C�

1 in Eq. (43) is
defined for each subsector. As shown in Table VIII, these
two independent Chern numbers agree with two integer
topological invariants (Z ⊕ Z) in 2D class Awith pseudo-
Hermiticity in the presence of a real gap (see Appendix H 4
for another formula). This subsector structure also makes it
possible to define the nonzero Chern number even in time-
reversal-symmetric systems. From time-reversal symmetry,
the total Chern number vanishes (i.e., Cþ

n þ C−
n ¼ 0), but

their difference can be nonzero [i.e., ðCþ
n − C−

n Þ=2 ≠
0 ∈ Z], which is referred to as the time-reversal-invariant
Chern number in Ref. [102]. As shown in Table IX, our
classification correctly captures this integer invariant (Z) in
the presence of a real gap. It is also found that pseudo-
Hermiticity is naturally imposed on free bosonic systems,
which is discussed separately in Sec. VIII.

VII. EXPERIMENTAL RELEVANCE

A. Recent experiments

Our topological classification of non-Hermitian systems
based on internal symmetry is directly relevant to various
experiments in nonequilibrium open systems with gain and/
or loss [145,146,148–151,153–155]. In fact, the observed
topologically protected edge states are justified by the
periodic tables III–IX. For instance, topologically protected
bound states were observed in a passive dimerized photonic
crystal in one dimension [148]. Moreover, lasing topologi-
cal edge states were observed in an active (pumped) array
of microring resonators in one dimension [154]. Both
systems are essentially described by the Su-Schrieffer-
Heeger model [158] with balanced gain and loss
[102,105,114]:

Ĥ ¼
X
i

½vðb̂†i âi þ â†i b̂iÞ þ wðb̂†i−1âi þ â†i b̂i−1Þ

þiγðâ†i âi − b̂†i b̂iÞ�; ð86Þ

where âi (â
†
i ) and b̂i (b̂

†
i ) annihilate (create) a photon on site

i in sublattices, respectively, v, w ∈ R denote the hopping
amplitudes, and γ ∈ R denotes the balanced gain and loss
as a degree of non-Hermiticity. In momentum space, the
Bloch Hamiltonian is obtained as

HðkÞ ¼
�

iγ vþ we−ik

vþ weik −iγ

�
: ð87Þ

Although this system no longer respects SLS due to the
presence of gain and loss, it remains to respect CS defined
by Eq. (15) with Γ ≔ σz:

σzH†ðkÞσ−1z ¼ −HðkÞ: ð88Þ
This system thus belongs to AZ symmetry class AIII, and
our classification table III predicts the topological phase
characterized by integers under the definition of a real gap
(line gap in the real part of the complex spectrum). This Z
topological phase is characterized by the winding number
W1 in Eq. (44), where the Hermitian Q matrix is given
as [102]

QðkÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvþ we−ikj − γ2

p �
0 vþ we−ik

vþ weik 0

�
:

ð89Þ
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The nonzero winding number implies the emergence of
topologically protected bound states with ReE ¼ 0, which
are indeed observed in experiments [148,154]. In stark
contrast to Hermitian systems, these bound states can have
eigenenergies with positive imaginary parts, which leads to
their amplification (lasing) with time [154]. Notably, the
bulk real spectrum does not depend on the boundary
conditions, and the non-Hermitian skin effect does not
occur in this system. This insensitivity to the boundary
conditions originates from parity-time symmetry in
Eq. (57) with PT þ ≔ σx:

σxH�ðkÞσ−1x ¼ HðkÞ: ð90Þ
We also emphasize that the topological phase in this system
cannot be captured by the classification in Ref. [122],
which considers neither the line gap nor the CS that is
essential in this non-Hermitian topological phase.
Another prime example is topological lasers in two

dimensions [151,155], which are non-Hermitian extensions
of the Chern insulator such as the Haldane model [161]
with energy gain. In Ref. [151], magneto-optic effects
are used to break time-reversal symmetry, and a two-
dimensional photonic crystal subject to an external mag-
netic field and uniform gain is realized. In Ref. [155], on the
other hand, a two-dimensional topological cavity array with
optical gain is experimentally realized that does not require
magnetic elements and has a larger photonic band gap.
These topological lasers possess topologically protected
chiral edge states even in the presence of non-Hermiticity,
by which single-mode and high-efficiency lasers are
realized due to the topological immunity against defects
and disorder. The topological lasers do not rely on any
symmetry and hence belong to AZ symmetry class A in two
dimensions; the chiral edge states are attributed to the
topological invariant characterized by an integer (Table III).
This Z topological invariant is given by the Chern number
C1 in Eq. (43) [104,117,121,124]. Remarkably, only the
edge resonators are selectively pumped, and non-
Hermiticity is added only to the edges in Ref. [155]; the
bulk essentially remains the same as the Hermitian one.
Nevertheless, it is nontrivial whether the chiral edge states
in a Hermitian Chern insulator survive even in the presence
of non-Hermiticity, and it is possible that they can be
gapped out and disappear without closing a band gap, even
if non-Hermiticity is added only at the edges. Importantly,
our classification generally ensures that the topological
edge states are immune to non-Hermiticity as long as it
does not close a (real) line gap of the bulk. Here, again, the
topological phase of this non-Hermitian system cannot be
explained by the classification in Ref. [122], which only
considers point gaps.

B. Symmetry-protected topological laser

Whereas the existing topological lasers in two dimen-
sions [151,155] do not rely on any symmetry, symmetry

protection is needed for their systematic design. In fact,
while a defining characteristic of topological lasers is the
entire real spectra of bulk states and the complex spectra of
topologically protected edge states, the entire reality is, in
general, unfeasible without symmetry protection. More-
over, whereas the observed lasing edge states are chiral,
certain symmetry is needed for a different type of lasing
edge states such as helical ones. Our theory provides a
general recipe for designing the symmetry-protected topo-
logical lasers. In particular, our framework incorporates
pseudo-Hermiticity in Eq. (21) [220], which leads to the
reality of spectra in non-Hermitian systems as discussed in
Sec. VI B. Furthermore, the presence of a real gap is
necessary for the real bulk spectrum, across which topo-
logically protected edge states appear. There are a number
of possible candidates for pseudo-Hermiticity-protected
topological lasers in Tables VIII and IX. It is also notable
that all the bulk states are delocalized, and no skin effects
occur in the symmetry-protected topological lasers due to
the real bulk spectrum ensured by pseudo-Hermiticity, as
demonstrated in Sec. V B.
To illustrate how our theory systematically predicts

symmetry-protected topological lasers, here we focus on
the case in the presence of TRS in Eq. (10) as well as pseudo-
Hermiticity. Although two-dimensional topological phases
are usually absent in the presence of TRSwithT þT �þ ¼ þ1,
they can appear if TRS anticommutes with pseudo-
Hermiticity as a unique feature of non-Hermitian symmetry
[102] (see also Sec. VI B). This situation corresponds to
symmetry class AI with pseudo-Hermiticity η− in Table IX,
which indeed hostsZ topological phases in two dimensions.
Their topological invariants are given as the Chern number
C1 in Eq. (43) with respect to ηHðkÞ, whereas the Chern
number of the original Hamiltonian HðkÞ always vanishes
due to the presence of TRS (see Appendix H 4 for details).
We also note that TRS† in Eq. (16) with CþC

†
þ ¼ −1 is

respected as a combination of TRS and pseudo-Hermiticity
(i.e., Cþ ≔ iηT þ). As a result, the complex spectrum is
twofold degenerate because of the Kramers theorem for non-
Hermitian systems (see Sec. II C), and thus lasing helical
edge states emerge as a signature of the nontrivial topology.
A typical example of the pseudo-Hermiticity-protected

topological lasers with TRS is given as

HðkÞ ¼ tðcos kx − cos kyÞτx þ tðsin kx sin kyÞσyτy
þ ðmþ t cos kx þ t cos kyÞτz þ iγσzτy; ð91Þ

with t; m; γ ∈ R. The system indeed respects both TRS and
pseudo-Hermiticity:

H�ðkÞ ¼ Hð−kÞ; σyH†ðkÞσ−1y ¼ HðkÞ: ð92Þ

As a combination of these symmetries, it also respects
TRS† with CþC

†
þ ¼ −1, i.e.,
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σyHTðkÞσy ¼ Hð−kÞ; σyσ
�
y ¼ −1: ð93Þ

The presence of TRS† leads to the Kramers degeneracy of
the spectrum at the time-reversal-invariant momenta.
Moreover, it respects parity (inversion) symmetry

HðkÞ ¼ Hð−kÞ; ð94Þ
and hence parity-time symmetry. The spectrum is
obtained as

EðkÞ ¼ �½t2ðcos kx − cos kyÞ2 þ t2 sin2 kx sin2 ky

ðmþ t cos kx þ t cos kyÞ2 − γ2�1=2: ð95Þ

If the non-Hermiticity γ is sufficiently weak, a real gap
remains open. In the real-gapped phase with the topologi-
cally nontrivial bulk, helical edge states emerge corre-
sponding to the nonzero Chern number C1 ≠ 0 for ηHðkÞ
[Figs. 5(a)–5(c)]. The bulk spectrum is entirely real and
hence stable due to the presence of pseudo-Hermiticity and
parity-time symmetry. Remarkably, the helical edge states
form pairs of exceptional points in the complex spectrum
and can have the nonzero imaginary parts of the eigene-
nergies, which leads to the amplification (lasing) of these

helical edge states with time. In the real-gapped phase with
the topologically trivial bulk, on the other hand, such lasing
helical edge states do not appear, and the entire spectrum is
real despite non-Hermiticity [Figs. 5(d)–5(f)]. Furthermore,
the real gap is closed for sufficiently strong non-
Hermiticity, and the bulk spectrum becomes complex
and unstable due to spontaneous breaking of pseudo-
Hermiticity and parity-time symmetry [Figs. 5(g)–5(i)].
It is also noteworthy that helical edge states are forbidden to
have complex eigenenergies and cannot be lasing for
jC1j ¼ 1. In fact, a pair of helical edge states may be
degenerate only at the time-reversal-invariant momenta,
and the formation of exceptional points is impossible due to
the Kramers theorem for jC1j ¼ 1. For Figs. 5(a)–5(c), on
the other hand, two pairs of them emerge due to jC1j ¼ 2,
which enables the degeneracy away from the time-reversal-
invariant momenta and the formation of exceptional points.
A clear signature of the lasing helical edge states

manifests itself in the dynamics. In particular, we consider
the dynamics of a wave packet whose initial state is
prepared to be a localized wave function. Since the lasing
helical edge states emerge in the topological phase, the
wave packet remains localized under the time evolution
[Fig. 6(a)]. Because of the helical nature of the lasing edge

FIG. 5. Complex spectrum of the symmetry-protected topological laser. In panels (a,b,d,e,g,h), the open boundary condition is
imposed for the y direction (30 sites), whereas the periodic boundary condition is imposed for the x direction, along which the wave
number kx is defined. For panels (c,f,i), the open boundary condition is imposed for both x and y directions (30 × 30 sites). The complex
spectrum is twofold degenerate as a result of the non-Hermitian Kramers theorem. (a–c) Real-gapped phase with nontrivial topology
(t ¼ 1.0, m ¼ −0.4, γ ¼ 0.5). Whereas the bulk states have entirely real eigenenergies due to pseudo-Hermiticity, lasing helical edge
states emerge with the nonzero imaginary part of the eigenenergies between the real-gapped bulk bands. The helical edge states form
pairs of exceptional points. (d–f) Real-gapped phase with trivial topology (t ¼ 1.0, m ¼ −3.0, γ ¼ 0.8). The spectrum is entirely real,
and no topologically protected edge states emerge. (g–i) Real-gapless phase (t ¼ 1.0,m ¼ −0.4, γ ¼ 1.0). The real gap is closed for the
sufficiently strong non-Hermiticity, and even the bulk states can have the nonzero imaginary part of the eigenenergies due to
spontaneous breaking of pseudo-Hermiticity.
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states, they move bidirectionally along the edges, which is
to be contrasted with the topological lasers that rely on no
symmetry protection and support the lasing chiral edge
states [151,155]. Notably, the group velocity ∇kðReEÞ of
the lasing edge states vanishes, and the wave packet moves
slowly because ReEðkÞ is flat for ImEðkÞ ≠ 0 in this model
[Figs. 5(a)–5(c)]. However, an arbitrary potential εðkÞ is
allowed in this symmetry class as long as it satisfies
εðkÞ ¼ εð−kÞ ¼ ε�ðkÞ, and hence the transport of the wave
packet can be controlled in a flexible manner. In the trivial
phase, on the other hand, the wave packet quickly diffuses
into the bulk because of the absence of the robust edge
states [Fig. 6(b)]. Therefore, these dynamical features serve
as a clear experimental signature of the lasing helical edge
states. Importantly, whereas the specific symmetry class is

considered here as an illustration, our classification
tables VIII and IX have the potential to bring about a
number of different types of symmetry-protected topologi-
cal lasers.

C. Dissipative topological superconductor

Non-Hermitian extensions of topological superconduc-
tors constitute another salient platform for our theoretical
framework. Remarkably, since the physical PHS defined
by Eq. (13) in terms of transposition has not been
identified, the previous classification [122] does not
encompass non-Hermitian superconductors. Here, we con-
sider non-Hermitian spinless superconductors, which
intrinsically possess PHS with C−C�− ¼ þ1 and belong to
class D (Table IV). Because of PHS in Eq. (13), eigene-
nergies, in general, come in ðE;−EÞ pairs, and a simulta-
neous eigenstate of the Hamiltonian and the PHS operator
possesses zero energy.
The salient feature of topological superconductors is the

emergence of Majorana fermions at their boundaries
[182,183]. Because of the nontrivial Z2 topology in one
dimension for a line gap, the Majorana zero modes are
robust even in the presence of non-Hermiticity as long as a
line gap is open [Fig. 7(a)]. The corresponding bulk
topological invariant ν ∈ f0; 1g is given by

FIG. 7. Complex spectra of non-Hermitian topological super-
conductors (class D). Complex eigenenergies (blue regions) come
in ðE;−EÞ pairs due to particle-hole symmetry. In one dimension,
the Majorana zero modes (red points) survive in the presence of
(a) a line gap and (b) a point gap, which originates from the Z2

topology of the bulk. In two dimensions, the chiral Majorana
edge states (red lines) survive in the presence of (c) a line gap due
to the Z topology (Chern number). Whereas their number is not
invariant if the line gap is closed, their parity is invariant in the
presence of (d) a point gap due to the Z2 topology.

FIG. 6. Dynamics of the symmetry-protected topological laser.
The system has open boundaries along both directions with
30 × 30 sites. An initial state is a localized wave function
jψ0i ∝

P
x;y e

−ðx−15.5Þ2=40−ðy−1Þ2=10, and the evolutions of the
normalized intensity jhx; yjψ tij2=hψ tjψ ti with jψ ti ≔ e−iHtjψ0i
are shown for t ¼ 0, 20, 40. (a) In the topological phase (t ¼ 1.0,
m ¼ −0.4, γ ¼ 0.5), the wave packet remains localized and
moves bidirectionally along the edges due to the presence of
the lasing helical edge states. (b) In the trivial phase (t ¼ 1.0,
m ¼ −3.0, γ ¼ 0.8), the wave packet quickly diffuses into the
bulk due to the absence of the robust edge states.
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ð−1Þν ≔ sgn

�
Pf½HðπÞC−�
Pf½Hð0ÞC−�

×exp

�
−
1

2

Zk¼π

k¼0

d log det½HðkÞC−�
�	

; ð96Þ

which is equivalent to the π-quantized Berry phase defined
over the entire Brillouin zone (see Appendix H 3 for
details). As with the Hermitian case [228], PHS ensures
that the Majorana zero modes possess zero energy even in
non-Hermitian systems. In fact, if a Majorana zero mode
Ψ̂zero localized at one edge is perturbed to have a nonzero
energy δE ≠ 0, there should exist the other mode ĈΨ̂zeroĈ

−1

localized at the same edge with energy −δE, which is
incompatible with the assumption that the number of
topologically protected edge modes is at most one per
one edge in the presence of a line gap. Furthermore, as a
direct result of the nontrivial Z2 topology for a point gap,
the Majorana zero modes survive even if the bulk complex
spectrum encircles zero energy [Fig. 7(b)]. This remarkable
immunity originates from the unique gap structure of non-
Hermitian systems. The corresponding Z2 topological
invariant is again given by Eq. (96) (see Appendix G 6
for details).
A prime example of the non-Hermitian topological

superconducting wire is a Kitaev chain [175] with the
complex chemical potential:

Ĥ ¼
XL−1
j¼1

ð−tψ̂†
j ψ̂ jþ1 þ Δψ̂ jψ̂ jþ1 þ H:c:Þ

− ðμþ iγÞ
XL
j¼1

�
ψ̂†
j ψ̂ j −

1

2

�
; ð97Þ

where ψ̂ j (ψ̂
†
j ) annihilates (creates) a fermion on site j, and

t, Δ, and μ are the hopping amplitude, the p-wave pairing
gap, and the chemical potential, respectively. Moreover, γ
describes a degree of non-Hermiticity, which is attributed to
the external gain and/or loss [120] or the finite lifetime of
quasiparticles [7]. In momentum space, the Hamiltonian
reads

Ĥ ¼ −
1

2

X
k

ð ψ̂†
k ψ̂−k ÞHðkÞ

�
ψ̂k

ψ̂†
−k

�
ð98Þ

with the BdG Hamiltonian

HðkÞ¼
�
μþ iγþ2tcosk 2iΔsink

−2iΔ� sink −ðμþ iγþ2tcoskÞ

�
: ð99Þ

The bulk spectrum is obtained as

EðkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμþ iγ þ 2t cos kÞ2 þ 4jΔj2 sin2 k

q
; ð100Þ

and both point and line gaps close for

�
μ

2t

�
2

þ
�

γ

2jΔj
�

2

¼ 1: ð101Þ

The bulk Hamiltonian does not depend on the boundary
conditions, and no skin effects occur in this system, which
originates from parity symmetry in Eq. (56) with P ≔ σz:

σzHðkÞσ−1z ¼ Hð−kÞ: ð102Þ

Remarkably, the non-Hermitian BdG Hamiltonian
(γ ≠ 0) indeed respects not PHS† but PHS with C− ≔ σx:

σxHTðkÞσx ¼ −Hð−kÞ;
σxH�ðkÞσx ≠ −Hð−kÞ:

ð103Þ

Because of PHS, the Z2 topological invariant ν in Eq. (96)
is well defined as long as complex-energy gaps are open;
we have ν ¼ 1 (ν ¼ 0) for ðμ=2tÞ2 þ ðγ=2jΔjÞ2 < 1

[ðμ=2tÞ2 þ ðγ=2jΔjÞ2 > 1]. Corresponding to this Z2 top-
ology of the bulk, a pair of Majorana edge states emerges,
which satisfies ½Ĥ; Ψ̂zero� ¼ 0 (L → ∞) and is given as

Ψ̂ð1Þ
zero ∝

XL
j¼1

�
−
μþ iγ
2t

�
j−1

âj;

Ψ̂ð2Þ
zero ∝

XL
j¼1

�
−
μþ iγ
2t

�
j−1

b̂Lþ1−j;

ð104Þ

where t ¼ Δ is assumed for simplicity, and âj ≔ ψ̂ j þ ψ̂†
j

and b̂j ≔ ðψ̂ j − ψ̂†
jÞ=i are Majorana operators. Despite the

persistence of the Majorana zero modes, non-Hermiticity
alters their statistics into Ψ̂†

zero ≠ Ψ̂zero and

fΨ̂zero; Ψ̂zerog ¼ 2

�
1 −

ð2iμ − γÞγ
4t2 − ðμþ iγÞ2

�
;

fΨ̂zero; Ψ̂†
zerog ¼ 2

�
1 −

γ2

4t2 − ðμ2 þ γ2Þ
�
;

ð105Þ

where the zero modes are normalized so that they satisfy
the canonical anticommutation relations in the Hermitian
limit (γ ¼ 0). These anomalous statistics contrast with the
conventional ones for Majorana fermions in the Hermitian
counterpart, which originates from the distinction between
right and left eigenstates in non-Hermitian systems [120].

In fact, the Majorana operators respect Ψ̂†
zero ¼ ˆ̃Ψzero

instead of Ψ̂†
zero ¼ Ψ̂zero with the Majorana zero modes

ˆ̃Ψzero for Ĥ†. Whereas a p-wave superconductor is con-
sidered here, similar Majorana zero modes can emerge also
in non-Hermitian s-wave superconductors. Recently,
Ref. [144] has explicitly constructed a model of a non-
Hermitian s-wave superconductor with a point gap that
indeed supports Majorana zero modes.
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In two dimensions, chiral Majorana modes emerge along
the edges. Because of the nontrivial Z topology for a line
gap, these chiral edge modes survive non-Hermiticity as
long as a line gap is open [Fig. 7(c)]. The corresponding
topological invariant is given as the Chern number C1 in
Eq. (43). On the other hand, if the line gap is closed and
only a point gap is open, C1 is not well defined, and
accordingly, the number of the chiral edge modes changes
without closing the point gap. Nevertheless, only a pair of
the chiral edge modes can be absorbed into the bulk,
and their parity is invariant as long as the point gap is
open [Fig. 7(d)] because eigenenergies are paired by
ðEðkÞ;−Eð−kÞÞ due to PHS. This parity conservation of
the chiral edge modes corresponds to the Z2 invariant
ν ∈ f0; 1g defined by

ð−1Þν ≔
Y
X¼I;II

sgn

�
Pf½HðkXþÞC−�
Pf½HðkX−ÞC−�

×exp

�
−
1

2

Zk¼kXþ

k¼kX−

d log det½HðkÞC−�
�	

; ð106Þ

where (kIþ, kI−) and (kIIþ, kII−) are two pairs of particle-
hole-symmetric momenta (see Appendix G 7 for details).
Notably, ν is equivalent to the parity of C1 [i.e.,C1 (mod 2)]
defined in the presence of the line gap.

VIII. FREE BOSON

A. Topological classification

Whereas the topological classification of Hermitian free
fermions was well established [206–208], its bosonic
counterpart has been absent even in Hermitian systems.
Our theory of non-Hermitian systems provides such topo-
logical classification of Hermitian and non-Hermitian free
bosons. We consider a generic noninteracting (quadratic)
bosonic system

Ĥ ¼ 1

2
ð â† â ÞHBdG

�
â

â†

�
; ð107Þ

with a set of bosonic annihilation (creation) operators â≔
ðâ1;…;âNÞ [â†≔ðâ†1;…;â†NÞ], which satisfies ½ai;a†j �¼δij,

½ai; aj� ¼ ½a†i ; a†j � ¼ 0. Here, the non-Hermitian BdG
Hamiltonian HBdG is described by

HBdG ¼
�

M Δþ
Δ− MT

�
; ð108Þ

where M and Δ� are N × N non-Hermitian matrices, and
Δ� are required to be symmetric (i.e., ΔT

� ¼ Δ�) because
of Bose statistics. In the presence of Hermiticity, M
becomes Hermitian and Δ� satisfies Δ†

þ ¼ Δ−.
In contrast to fermionic systems whose BdG

Hamiltonians are diagonalized with unitary matrices,

bosonic BdG Hamiltonians should be diagonalized with
paraunitary matrices so that their quasiparticles fulfill Bose
statistics [32]. In other words, we should diagonalize not
the original BdG HamiltonianHBdG but the effective matrix

HσBdG ≔ σzHBdG ¼
�

M Δþ
−Δ− −MT

�
: ð109Þ

Here, the effective matrixHσBdG is generally non-Hermitian
even if the original BdG Hamiltonian HBdG is Hermitian.
Importantly, the non-Hermiticity results fromBose statistics,
which may induce dynamical instability [32].
To consider the topological phases of free bosons,

symmetry imposed on the effective non-Hermitian matrix
HσBdG is relevant. In general, owing to ΔT

� ¼ Δ�, HσBdG
respects PHS,

C−1− HT
σBdGC− ¼ −HσBdG; ð110Þ

with C− ≔ σy, which reduces to Eq. (13) in momentum
space. Moreover, in the presence of Hermiticity for HBdG,
HσBdG respects pseudo-Hermiticity,

η−1H†
σBdGη ¼ HσBdG; ð111Þ

with η ≔ σz, which reduces to Eq. (21) in momentum
space. Therefore, the topological classification of
Hermitian and non-Hermitian free bosons reduces to that
of the non-Hermitian matrix HσBdG that respects Eqs. (110)
and/or (111) in addition to some other symmetries, which is
already obtained in the periodic tables.
PHS and pseudo-Hermiticity in Eqs. (110) and (111)

satisfy C−C�− ¼ −1 and fη; C−g ¼ 0. Therefore, in the
absence of TRS and other additional symmetries, a non-
interacting bosonic BdG system naturally belongs to class
C (class C with η−) for non-Hermitian (Hermitian) HBdG.
On the other hand, in the presence of TRS, which usually
obeys T þT �þ ¼ 1 for bosonic systems, the natural sym-
metry class is class CI (class CI with ηþ−). To apply our
classification to bosonic systems, however, a more careful
consideration for an energy gap is necessary. For Hermitian
fermionic systems with PHS, we usually assume a gap at
zero energy. In the case of Hermitian superconductors, for
instance, we take a superconducting gap at zero energy
since all states below the gap are fully occupied in the
ground state at zero temperature, and the lowest excited
state appears in the gap. For free bosons, on the other hand,
this assumption is not obvious since any states are not fully
occupied in the ground state because of Bose statistics.
Thus, we can consider an energy gap away from zero
energy. In this case, the choice does not respect PHS, and
hence the topological classification effectively neglects
PHS. Therefore, the relevant symmetry class is class A
(class Aþ η) or class AI (class AIþ ηþ) for non-Hermitian
(Hermitian) HBdG instead.
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Our topological classification describes topological phe-
nomena of free bosons [24–32]. In class A with η,
Table VIII predicts the topological phase characterized
by an integer in two dimensions in the presence of a real
gap, which corroborates the magnon Hall effect [24] as a
bosonic counterpart of the quantum Hall effect. It should be
noted here thatHBdG in Ref. [25] is positive definite as well
as Hermitian, so that the Z ⊕ Z invariant reduces to the
single Chern number (Z), as explained later. Recently, a
bosonic analogue of the Z2 topological insulator was also
proposed in Ref. [31]. In addition to Eqs. (110) and (111),
this system respects pseudo-time-reversal symmetry given
by Eq. (10) with T þT �þ ¼ −1, which leads to symmetry
class AII with pseudo-Hermiticity ηþ. Table IX predicts the
Z2 topological phase in two dimensions in the presence of a
real gap, which is consistent with the Z2 topological
invariant constructed in Ref. [31]. Again, we note that
the Z2 ⊕ Z2 invariant reduces to the single Z2 number
since HBdG is positive definite. Remarkably, our topologi-
cal classification not only justifies the known bosonic
topological phenomena but also may lead to novel topo-
logical phases of free bosons.

B. Pseudo-Hermiticity and paraunitary condition

Because of pseudo-Hermiticity, HσBdG may host real
eigenvalues despite non-Hermiticity, and additional topo-
logical structures appear, as explained in Sec. VI B.
Meanwhile, as mentioned above, HσBdG is diagonalized
by a paraunitary rather than unitary matrix. In fact, this
unique feature of bosonic systems is a consequence of the
real spectrum and pseudo-Hermiticity, as described in
detail below.
Let juni (jun⟫) be a right (left) eigenstate of HσBdG.

Using the same procedure as in Sec. VI B, we take the
biorthonormal basis ðjϕ�

n i; jϕ�
n ⟫Þ in which cmn ≔

⟪umjηjun⟫ is diagonal. When the eigenvalues of HσBdG
are real, this basis also diagonalizes HσBdG, and thus we
have

HσBdGjϕ�
n i ¼ E�

n jϕ�
n i; ηjϕ�

n ⟫ ¼ �jϕ�
n i: ð112Þ

Therefore, introducing the following matrices,

R ≔ ðjϕþ
1 i;…; jϕþ

Ni; jϕ−
1 i;…; jϕ−

NiÞ;
L ≔ ðjϕþ

1 ⟫;…; jϕþ
N⟫; jϕ−

1⟫;…; jϕ−
N⟫Þ;

ð113Þ

we have

HσBdG ¼ R

�
Eþ

E−

�
R−1; ηL ¼ Rσz; ð114Þ

with E� ≔ diagðE�
1 ;…; E�

NÞ. Recalling η ¼ σz and the
biorthonormal relation LR† ¼ 1, the latter equation in
Eq. (114) yields nothing but the paraunitary condition
given by

RσzR† ¼ σz: ð115Þ
The original bosonic BdG Hamiltonian HBdG is often

supposed to be positive definite as well as Hermitian. In this
case, we can construct R as follows [25]. From the
Cholesky decomposition [229], HBdG is recast into the
product of an invertible upper triangle matrix K and its
Hermitian conjugate K† as

HBdG ¼ KK†: ð116Þ
Then, we introduce the Hermitian matrix KσzK† and
diagonalize it by a unitary matrix U,

KσzK† ¼ U

�
ε 0

0 −ε

�
U†; ð117Þ

where ε ≔ diagðε1;…; εNÞ is a diagonal matrix consisting
of positive eigenvalues of KσzK†. From Sylvester’s law of
inertia [229], the numbers of positive and negative eigen-
values of KσzK† are the same, and thus KσzK† can be
diagonalized in the form of Eq. (117). Rewriting the right-
hand side of Eq. (117) as

U

�
ε1=2 0

0 ε1=2

��
ε 0

0 −ε

��
ε−1=2 0

0 ε−1=2

�
U†; ð118Þ

we obtain

HσBdG ¼ σzK†K ¼ R

�
ε 0

0 −ε

�
R−1; ð119Þ

where

R ≔ K−1U

�
ε1=2 0

0 ε1=2

�
ð120Þ

satisfies the paraunitary condition in Eq. (115).
From the above construction, we can see that the

positive-definite Hermitian condition for HBdG provides
a strong constraint. Comparing Eq. (114) with Eq. (119),
we have E� ¼ �ε. Therefore, a positive (negative)
energy state jui in Eq. (119) always satisfies ηju⟫ ¼ jui
(ηju⟫ ¼ −juiÞ. We can also show that positive-energy and
negative-energy eigenstates are related to each other by
PHS in Eq. (110). Thus, the sector with ηju⟫ ¼ jui and
that with ηju⟫ ¼ −jui are not independent of each other,
and thus they are characterized by the same topological
invariant. This constraint reduces possible independent
topological invariants.

IX. CONCLUSION

We have clarified symmetry and complex-energy gaps in
non-Hermitian physics and sorted out all the non-Hermitian
topological phases. Whereas symmetries are unified in non-
Hermitian physics [126], they can also ramify due to the
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distinction between complex conjugation and transposition
for non-Hermitian Hamiltonians. As a result, the non-
Hermitian symmetry class is 38-fold beyond the celebrated
10-fold AZ symmetry class [205], each of which describes
intrinsic non-Hermitian topological phases as well as non-
Hermitian random matrices. Moreover, a complex-energy
gap can be either pointlike (zero dimensional) or linelike
(one dimensional) due to the complex nature of the energy
spectrum, which enriches non-Hermitian topology. On the
basis of these fundamental insights in non-Hermitian
physics, we have classified all the non-Hermitian topo-
logical phases as summarized in the periodic tables III–IX.
This classification corroborates the unique lasing and
transport phenomena recently observed in experiments
[145,146,148–151,153–155]. Although these experiments
cannot be described by the previous classification
provided in Ref. [122], our work provides a more general
and comprehensive framework, so that the book on non-
Hermitian topological systems has now been closed.
The theoretical framework developed in the present work

opens up new applications in non-Hermitian physics. One
of the crucial ones is to find and design novel symmetry-
protected topological lasers. Whereas a two-dimensional
one has been discussed in this work, even three-dimen-
sional ones can be systematically explored on the basis of
our classification theory. Our framework can also be
applied to find topological phases in non-Hermitian super-
conductors, which has the potential to be of use in
topological quantum computation [230]. We hope that
our general theory of symmetry and topology in non-
Hermitian physics will lead to such novel phenomena and
functionalities that originate from the interplay of non-
Hermiticity and topology.
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Note added.—Recently, a related work by Zhou and Lee
appeared [231]. Although Ref. [231] initially counted the
number of symmetry classes as 42, Ref. [231] has corrected
it as 38 after learning about our 38-fold symmetry classi-
fication [232].

APPENDIX A: SUBLATTICE SYMMETRY AS AN
ADDITIONAL SYMMETRY

SLS can be considered an additional symmetry to the AZ
symmetry [213] as shown in Tables XI and XII. Moreover,
Table XIII shows the equivalence between the real AZ
symmetry class with SLS and the real AZ† symmetry class
with SLS. Let us take class DIII† as an example. In this
symmetry class, the Hamiltonian respects both TRS† and
PHS†:

CþHTðkÞC−1þ ¼ Hð−kÞ; CþC�þ ¼ −1;

T −H�ðkÞT −1
− ¼ −Hð−kÞ; T −T �

− ¼ þ1:
ðA1Þ

We consider adding SLS that satisfies

TABLE XI. Possible types [t ¼ 0, 1 (mod 2)] of sublattice
symmetry as an additional symmetry in the complex AZ
symmetry class [s ¼ 0, 1 (mod 2)]. The subscript of S� specifies
the commutation (þ) or anticommutation (−) relation to chiral
symmetry: ΓS� ¼ �S�Γ.

s AZ class t ¼ 0 t ¼ 1

0 A S
1 AIII Sþ S−

TABLE XII. Possible types [t ¼ 0, 1, 2, 3 (mod 4)] of sublattice
symmetry as an additional symmetry in the real AZ symmetry
class [s ¼ 0; 1;…; 7 (mod 8)]. The subscript of S� specifies the
commutation (þ) or anticommutation (−) relation between S�
and time-reversal symmetry (TRS) and/or particle-hole symmetry
(PHS). For the symmetry classes that involve both TRS and PHS
(BDI, DIII, CII, and CI), the first subscript specifies the relation to
TRS and the second one to PHS. Classes AI with S−, BDI with
S−þ or S−−, and CII with S−þ or S−− are equivalent to classes
AII with S−, DIII with S−þ or S−−, and CI with S−þ or S−−,
respectively.

s AZ class t ¼ 0 t ¼ 1 t ¼ 2 t ¼ 3

0 AI S− Sþ
1 BDI Sþþ S−þ S−− Sþ−
2 D Sþ S−
3 DIII S−− S−þ Sþþ Sþ−
4 AII S− Sþ
5 CII Sþþ S−þ S−− Sþ−
6 C Sþ S−
7 CI S−− S−þ Sþþ Sþ−
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SHðkÞS−1¼−HðkÞ; S2¼1;SCþ¼ ϵcCþS�;

ST −¼ ϵtT −S�;
ðA2Þ

with ϵc, ϵt ∈ f�1g. Then, TRS can be constructed by
combining PHS† and SLS as T þ ≔ ST −, which satisfies

T þH�ðkÞT −1þ ¼ Hð−kÞ; T þT �þ ¼ ϵt;

ST þ ¼ ϵtT þS�:
ðA3Þ

Similarly, PHS can be constructed by combining TRS†

and SLS as C− ≔ SCþ for ϵcϵt ¼ þ1 and C− ≔ iSCþ for
ϵcϵt ¼ −1, which satisfies

C−HTðkÞC−1− ¼ −Hð−kÞ; C−C�− ¼ −ϵc;

SC− ¼ ϵcC−S�:
ðA4Þ

Here, C− is chosen so that it commutes with T þ:

T þC�− ¼ C−T �þ: ðA5Þ

Thus, class DIII† with SLS is equivalent to one of the AZ
symmetry classes with SLS.

APPENDIX B: PSEUDO-HERMITICITY
AS AN ADDITIONAL SYMMETRY

Table XIV shows the equivalence between pseudo-
Hermiticity and SLS as an additional symmetry to the
AZ symmetry. Let us consider class DIII as an example.
In this symmetry class, the Hamiltonian respects both TRS
and PHS:

T þH�ðkÞT −1þ ¼ Hð−kÞ; T þT �þ ¼ −1;

C−HTðkÞC−1− ¼ −Hð−kÞ; C−C�− ¼ þ1:
ðB1Þ

TABLE XIV. Equivalence between pseudo-Hermiticity and sublattice symmetry as an additional symmetry in the
AZ symmetry class. For the complex classes, the subscript of η� and S� specifies the commutation (þ) or
anticommutation (−) relation to chiral symmetry. For the real classes, the subscript of η� and S� specifies the
commutation (þ) or anticommutation (−) relation to time-reversal symmetry (TRS) and/or particle-hole symmetry
(PHS). For the symmetry classes that involve both TRS and PHS (BDI, DIII, CII, and CI), the first subscript
specifies the relation to TRS and the second one to PHS.

AZ class η ηþ η− ηþþ ηþ− η−þ η−−

A AIII
AIII AIII þ Sþ AIIIþ S−

AI BDI† DIII†

BDI BDIþ Sþþ BDIþ S−þ BDIþ Sþ− BDIþ S−−
D BDI DIII
DIII DIIIþ S−− DIIIþ Sþ− DIII þ S−þ DIIIþ Sþþ
AII CII† CI†

CII CIIþ Sþþ CIIþ S−þ CIIþ Sþ− CIIþ S−−
C CII CI
CI CIþ S−− CIþ Sþ− CIþ S−þ CIþ Sþþ

TABLE XIII. Equivalence between the real AZ symmetry class with sublattice symmetry (SLS) and the real AZ†

symmetry class with SLS. The subscript of S� specifies the commutation (þ) or anticommutation (−) relation to
TRS=TRS† and/or PHS=PHS†. For the symmetry classes that involve both TRS=TRS† and PHS=PHS† (BDI, DIII,
CII, and CI; BDI†, DIII†, CII†, and CI†), the first subscript specifies the relation to TRS=TRS†, and the second one
specifies the relation to PHS=PHS†.

AZ† class Sþ S− Sþþ Sþ− S−þ S−−

AI† Dþ Sþ Cþ S−
BDI† BDIþ Sþþ DIII þ S−þ CIþ Sþ− CIIþ S−−
D† AI þ Sþ AIIþ S−
DIII† CIþ Sþþ CIIþ S−þ BDIþ Sþ− DIIIþ S−−
AII† Cþ Sþ Dþ S−
CII† CIIþ Sþþ CIþ S−þ DIII þ Sþ− BDIþ S−−
C† AII þ Sþ AIþ S−
CI† DIII þ Sþþ BDIþ S−þ CIIþ Sþ− CIþ S−−
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As a combination of TRS and PHS, the Hamiltonian also
respects CS:

ΓH†ðkÞΓ−1 ¼ −HðkÞ; Γ2 ¼ 1; ðB2Þ

with Γ ≔ iC−T �þ. Then, we consider adding pseudo-
Hermiticity that satisfies

ηH†ðkÞη−1 ¼ HðkÞ; η2 ¼ 1;

ηT þ ¼ ϵtT þη�; ηC− ¼ ϵcC−η�;
ðB3Þ

with ϵt, ϵc ∈ f�1g. Here, SLS can be constructed by
combining CS and pseudo-Hermiticity. In the case of
ϵtϵc ¼ þ1, SLS is defined as S ≔ ηΓ with S2 ¼ 1, which
satisfies ST þ ¼ −ϵtT þS� and SC− ¼ −ϵcC−S�; in the
case of ϵtϵc ¼ −1, SLS is defined as S ≔ iηΓ with S2 ¼ 1,
which satisfies ST þ ¼ ϵtT þS� and SC− ¼ ϵcC−S�.

APPENDIX C: PROOF OF THEOREM 1
(UNITARY FLATTENING FOR POINT GAPS)

To prove Theorem 1, we introduce the following
Hermitian Hamiltonian H̃0ðkÞ constructed from the non-
Hermitian Hamiltonian HðkÞ:

H̃0ðkÞ ≔
�

0 HðkÞ
H†ðkÞ 0

�
; ðC1Þ

which satisfies CS (SLS)

ΣH̃0ðkÞΣ ¼ −H̃0ðkÞ; Σ ≔
�
1 0

0 −1

�
: ðC2Þ

We note that H̃0ðkÞ is identical to H̃ðkÞ in Eq. (29), except
that the off-diagonal component HðkÞ is nonunitary
[H̃2

0ðkÞ ≠ 1]. For HðkÞ with certain symmetries, H̃0ðkÞ
has the corresponding symmetries defined by Eqs. (30)–
(34), where H̃ðkÞ is replaced by H̃0ðkÞ. Moreover, as long
as HðkÞ retains a point gap, H̃0ðkÞ also has an energy gap,
and vice versa [122,227]. Therefore, we can perform a
continuous deformation of HðkÞ while maintaining its
symmetries and point gap just by the corresponding
deformation of H̃0ðkÞ.
Now, we show that we can continuously deform H̃0ðkÞ

so that it satisfies H̃2
0ðkÞ ¼ 1, which immediately leads to

Theorem 1. Since H̃0ðkÞ is Hermitian, it can be diagon-
alized as

H̃0ðkÞ ¼ ΦðkÞ

0
BB@

ε1ðkÞ
ε2ðkÞ

. .
.

1
CCAΦ†ðkÞ; ðC3Þ

where ΦðkÞ is unitary and εiðkÞ’s are real. We also have
εiðkÞ ≠ 0 as H̃0ðkÞ is gapped. Using

Ω−1=2
H ðkÞ ≔ ½H̃†

0ðkÞH̃0ðkÞ�−1=4

¼ ΦðkÞ

0
BB@

jε1ðkÞj−1=2
jε2ðkÞj−1=2

. .
.

1
CCAΦ†ðkÞ;

ðC4Þ

we introduce a one-parameter family of Hamiltonians,

H̃λðkÞ ≔ ½Ω−1=2
H ðkÞλþ 1 − λ�H̃0ðkÞ½Ω−1=2

H ðkÞλþ 1 − λ�
ðC5Þ

with λ ∈ ½0; 1�. Here, H̃λðkÞ is Hermitian and it keeps a
gap because Ω−1=2

H ðkÞλþ 1 − λ is positive definite. From
H̃2

1ðkÞ ¼ 1, H̃λðkÞ provides an adiabatic path with
H̃2

0ðkÞ → H̃2
1ðkÞ ¼ 1. Therefore, if H̃λðkÞ has the same

symmetry as H̃0ðkÞ, we have Theorem 1.
In fact, H̃λðkÞ has the same symmetry. For instance,

consider H̃0ðkÞ with PHS,

C̃−H̃�
0ðkÞC̃−1− ¼ −H̃0ð−kÞ: ðC6Þ

In this case, we have

C̃−½H̃†
0ðkÞH̃0ðkÞ��C̃−1− ¼ H̃†

0ð−kÞH̃0ð−kÞ; ðC7Þ

which yields

C̃−½Ω−1=2
H ðkÞ��C̃−1− ¼ Ω−1=2

H ð−kÞ: ðC8Þ

As a result, we also have PHS for H̃λðkÞ,

C̃−H̃�
λðkÞC̃−1− ¼ −H̃λð−kÞ: ðC9Þ

In a similar manner, we can show that H̃λðkÞ has the same
symmetry as H̃0ðkÞ for all the other symmetries.

APPENDIX D: PROOF OF THEOREM 2
(HERMITIAN FLATTENING FOR LINE GAPS)

1. Spectral flattening for line gaps

Let us consider a non-Hermitian Hamiltonian HðkÞ with
a line gap and denote the right and left eigenstates as
junðkÞi and junðkÞ⟫, respectively:

HðkÞjunðkÞi ¼ EnðkÞjunðkÞi;
H†ðkÞjunðkÞ⟫ ¼ E�

nðkÞjunðkÞ⟫:
ðD1Þ

For our purpose, it is sufficient to consider the case without
exceptional points since they can be pair-annihilated with-
out closing a line gap. Then, junðkÞi and junðkÞ⟫ satisfy the
biorthonormal condition [36]
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⟪umðkÞjunðkÞi ¼ humðkÞjunðkÞ⟫ ¼ δmn ðD2Þ

and the completeness conditionX
n

junðkÞi⟪unðkÞj ¼
X
n

junðkÞ⟫hunðkÞj ¼ 1: ðD3Þ

For later convenience, we collect these eigenstates as row
vectors RðkÞ and LðkÞ:

RðkÞ ≔ ðju1ðkÞi; ju2ðkÞi; � � �Þ;
LðkÞ ≔ ðju1ðkÞ⟫; ju2ðkÞ⟫; � � �Þ:

ðD4Þ

The above biorthonormal and completeness conditions are
compactly written as

L†ðkÞRðkÞ ¼ R†ðkÞLðkÞ ¼ LðkÞR†ðkÞ ¼ RðkÞL†ðkÞ ¼ 1;

ðD5Þ

and the right eigenequations are put together as

HðkÞRðkÞ ¼ RðkÞ

0
BB@

E1ðkÞ
E2ðkÞ

. .
.

1
CCA; ðD6Þ

which is recast into

HðkÞ ¼ RðkÞ

0
BB@

E1ðkÞ
E2ðkÞ

. .
.

1
CCAR−1ðkÞ: ðD7Þ

Now, we flatten the complex spectrum of HðkÞ without
closing the line gap. As long as the system does not close
the gap, it keeps the same topological structures, and hence
this flattening procedure does not affect the classification of
topological phases.
Importantly, the flattening process depends on the

symmetry class. If any symmetry operation does not
include complex or Hermitian conjugation, a line gap
merely implies the presence of two disconnected parts of
the band energies in the complex-energy plane. While
keeping the line gap, we can continuously change one part
of the spectrum into þ1 and the other into −1 as

HðkÞ → RðkÞ
�þ1p×p 0

0 −1q×q

�
R−1ðkÞ

≕RðkÞER−1ðkÞ; ðD8Þ

where p (q) is the number of bands contained in one (the
other) part of the spectrum. After this flattening procedure,
we obtain a non-Hermitian Hamiltonian HðkÞ with
H2ðkÞ ¼ 1. On the other hand, if a symmetry operation

with complex or Hermitian conjugation is relevant, we have
a real structure in the complex-energy spectrum. The real
part of the spectrum can be distinguished from the
imaginary one, and thus we have two distinct types of
line gaps, i.e., a real gap and an imaginary gap, where a real
(an imaginary) gap implies a gap in the real (imaginary)
part of the complex spectrum. Correspondingly, there are
two different flattening processes as follows. (i) For a
system with a real gap, one can continuously change the
band energies with a larger (smaller) real part into þ1 (−1)
without closing the real gap. The resultant Hamiltonian has
the same form as Eq. (D8). (ii) For a system with an
imaginary gap, one can continuously change the band
energies with a larger (smaller) imaginary part into þi (−i)
without closing the imaginary gap,

HðkÞ → RðkÞ
�
i

�þ1p×p 0

0 −1q×q

��
R−1ðkÞ: ðD9Þ

Then, by multiplyingHðkÞ by −i, the Hamiltonian takes the
form of Eq. (D8) again [126]. However, this procedure
gives an additional minus sign to the symmetry operations
with complex or Hermitian conjugation. Therefore, after
the flattening procedure, TRS (CS) becomes PHS† (pseudo-
Hermiticity), and vice versa.
Thus, the classification problem reduces to the non-

Hermitian Hamiltonian with the form

HðkÞ ¼ RðkÞER−1ðkÞ; E2 ¼ 1 ðD10Þ

subject to proper symmetry constraints. Below, we show
that the above non-Hermitian Hamiltonian can be de-
formed into a Hermitian one while keeping the symmetry
constraints.

2. Symmetry constraints

To fulfill the above purpose, we solve the symmetry
constraints for HðkÞ in terms of RðkÞ and LðkÞ.

a. PHS and TRS†

First, we consider PHS in Eq. (13). Taking complex
conjugation of the Bloch-BdG equation, we have

H�ðkÞju�nðkÞi ¼ E�
nðkÞju�nðkÞi; ðD11Þ

so that the Hermitian conjugate of Eq. (13),

C−H�ðkÞC−1− ¼ −H†ð−kÞ; ðD12Þ

leads to

H†ðkÞ½C−ju�nð−kÞi� ¼ −E�
nð−kÞ½C−ju�nð−kÞi�: ðD13Þ
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Therefore, C−ju�nð−kÞi gives a left eigenstate of HðkÞ.
Since junðkÞ⟫ forms a complete basis of HðkÞ, we have

C−ju�nð−kÞi ¼
X
m

jumðkÞ⟫½C−�mn; ðD14Þ

with ½C−�mn ≔ humðkÞjC−ju�nð−kÞi. Here, we choose a
gauge of the biorthonormal basis such that C− is a unitary
matrix independent of k (such a gauge can be taken, at least
locally). In terms of RðkÞ and LðkÞ, the above relation is
compactly summarized as

C−R�ð−kÞ ¼ LðkÞC−: ðD15Þ
Multiplying Eq. (D15) by C†− andC†

− from the left and right,
respectively, we also have

R�ð−kÞC†
− ¼ C†−LðkÞ: ðD16Þ

Thus, Eq. (D15) is equivalent to

CT−L�ð−kÞ ¼ RðkÞCT
−: ðD17Þ

Using Eqs. (D15) and (D17), we can rewrite PHS as a
constraint on C− and E. It then follows from Eq. (D5) that

C− ¼ LðkÞC−LTð−kÞ;
CT− ¼ RðkÞCT

−RTð−kÞ:
ðD18Þ

The latter equation also implies

C�− ¼ R�ð−kÞC�
−R†ðkÞ; ðD19Þ

so that we have

C−C�− ¼ LðkÞC−LTð−kÞR�ð−kÞC�
−R†ðkÞ

¼ LðkÞC−C�
−R†ðkÞ: ðD20Þ

Thus, the relation C−C�− ¼ �1 of PHS reduces to

C−C�
− ¼ �1: ðD21Þ

In a similar manner, we can also show that PHS reduces to

C−ET ¼ −EC−: ðD22Þ

In the above, we derive the symmetry constraints on C−
and E [Eqs. (D21) and (D22)] from PHS for HðkÞ.
Conversely, we can also show that HðkÞ in the form of
Eq. (D10) has PHS with C−C�− ¼ �1 when RðkÞ, LðkÞ, C−,
and E satisfy Eqs. (D5), (D15), (D21), and (D22).
Therefore, when we keep a set of relations

C−ET ¼ −EC−; C−C�
− ¼ �1; C†

−C− ¼ 1;

C−R�ð−kÞ ¼ LðkÞC−; L†ðkÞRðkÞ ¼ 1; ðD23Þ

the Hamiltonian given by

HðkÞ ¼ RðkÞEL†ðkÞ; E2 ¼ 1; E ¼ E† ðD24Þ

retains PHS with C−C�− ¼ �1.
In a similar manner, we can obtain the following

relations:

CþET ¼ ECþ; CþC�þ ¼ �1; C†
þCþ ¼ 1;

CþR�ð−kÞ ¼ LðkÞCþ; L†ðkÞRðkÞ ¼ 1 ðD25Þ

from TRS† in Eq. (16). As long as we keep these relations,
we can also retain TRS† with CþC�þ ¼ �1 for HðkÞ
in Eq. (D24).

b. TRS and PHS†

In a manner similar to the above argument, it can be
shown that TRS in Eq. (10) and PHS† in Eq. (17) with
T �T �

� ¼ ϵt ∈ f�1g can be obtained, provided that the
following relations hold:

T�E� ¼ �ET�; T�T�
� ¼ ϵt; T †

�T� ¼ 1;

T �R�ð−kÞ ¼ RðkÞT�; L†ðkÞRðkÞ ¼ 1: ðD26Þ

c. CS

CS in Eq. (15) reduces to

GE† ¼ −EG; G†G−1 ¼ 1; G†G ¼ 1;

ΓRðkÞ ¼ LðkÞG; L†ðkÞRðkÞ ¼ 1: ðD27Þ

d. SLS

SLS in Eq. (20) reduces to

SE ¼ −ES; S2 ¼ 1; S†S ¼ 1;

SRðkÞ ¼ RðkÞS; L†ðkÞRðkÞ ¼ 1: ðD28Þ

e. Pseudo-Hermiticity

Pseudo-Hermiticity in Eq. (21) reduces to

HE† ¼ EH; H†H−1 ¼ 1; H†H ¼ 1;

ηRðkÞ ¼ LðkÞH; L†ðkÞRðkÞ ¼ 1: ðD29Þ

3. Relations between symmetries

When there are two or more symmetry operations, we
have commutation or anticommutation relations between
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them. By choosing phases of operators, TRS and PHS
(TRS† and PHS†) can always be commutative:

T �C�∓ ¼ C∓T �
�: ðD30Þ

For SLS and pseudo-Hermiticity, we have

ST þ ¼ ϵtT þS�; SC− ¼ ϵcC−S�; SΓ ¼ ϵΓΓS;

ðD31Þ

and

ηT þ ¼ ϵtT þη�; ηC− ¼ ϵcC−η�; ηΓ ¼ ϵΓΓη;

ðD32Þ

respectively. These relations can be satisfied when we have

T�C�∓¼C∓T �
�;

STþ ¼ ϵtTþS�; SC−¼ ϵcC−S�; SG¼ ϵΓGS;

HTþ ¼ ϵtTþH�; HC−¼ ϵcC−H�; HG¼ ϵΓGH:

ðD33Þ

4. Hermitianization

Now, we show that a non-Hermitian Hamiltonian in the
form of Eq. (D10) can be continuously deformed into a
Hermitian Hamiltonian while keeping symmetry con-
straints. For this purpose, we perform the polar decom-
position of RðkÞ:

RðkÞ ¼ ΛRðkÞURðkÞ: ðD34Þ

Here, ΛRðkÞ is given as

ΛRðkÞ ≔ ½RðkÞR†ðkÞ�1=2; ðD35Þ

where the root ofRðkÞR†ðkÞ is defined as follows. SinceRðkÞ
is invertible, RðkÞR†ðkÞ is a positive-definite Hermitian
matrix, and thus RðkÞR†ðkÞ can be diagonalized as

RðkÞR†ðkÞ ¼ VðkÞ

0
BB@

λ21ðkÞ
λ22ðkÞ

. .
.

1
CCAV†ðkÞ; ðD36Þ

whereVðkÞ is a unitarymatrix and λiðkÞ is a positive number.
Then, ΛRðkÞ ≔ ½RðkÞR†ðkÞ�1=2 is defined as

½RðkÞR†ðkÞ�1=2 ¼ VðkÞ

0
BB@

λ1ðkÞ
λ2ðkÞ

. .
.

1
CCAV†ðkÞ

≕VðkÞλðkÞV†ðkÞ; ðD37Þ

with λðkÞ ≔ diag½λ1ðkÞ; λ2ðkÞ;…�. From this equation, we
also have

Λ−1
R ðkÞ ¼ VðkÞλ−1ðkÞV†ðkÞ: ðD38Þ

Therefore, URðkÞ is uniquely determined as URðkÞ ¼
Λ−1
R ðkÞRðkÞ, which is unitary:

URðkÞU†
RðkÞ ¼ Λ−1

R ðkÞRðkÞR†ðkÞΛ−1
R ðkÞ ¼ 1: ðD39Þ

As easily seen, we can make a non-Hermitian
Hamiltonian in the form of Eq. (D10) Hermitian by just
deforming ΛRðkÞ as ΛRðkÞ → 1. This process also retains
the line gap. However, we need to check whether this
process can be done while keeping symmetry.
From the symmetry constraints for RðkÞ in Eqs. (D23)

and (D25)–(D29), we have the following constraints on
RðkÞR†ðkÞ:

RðkÞR†ðkÞC∓½Rð−kÞR†ð−kÞ�� ¼ C∓ ðD40Þ

for PHS=TRS†,

RðkÞR†ðkÞT �f½Rð−kÞR†ð−kÞ�Tg−1 ¼ T � ðD41Þ

for TRS=PHS†,

RðkÞR†ðkÞΓRðkÞR†ðkÞ ¼ Γ ðD42Þ

for CS,

RðkÞR†ðkÞS½RðkÞR†ðkÞ�−1 ¼ S ðD43Þ

for SLS, and

RðkÞR†ðkÞηRðkÞR†ðkÞ ¼ η ðD44Þ

for pseudo-Hermiticity. It can also be shown that these
constraints are equivalent to the following ones:

ΛRðkÞC∓Λ�
Rð−kÞ ¼ C∓; ΛRðkÞT �½ΛT

Rð−kÞ�−1 ¼ T �;

ΛRðkÞΓΛRðkÞ ¼ Γ; ΛRðkÞSΛ−1
R ðkÞ ¼ S;

ΛRðkÞηΛRðkÞ ¼ η: ðD45Þ

For instance, the first equation in the above is derived as
follows. We first rewrite Eq. (D40) as
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VðkÞλ2ðkÞV†ðkÞC∓V�ð−kÞλ2ð−kÞVTð−kÞ ¼ C∓; ðD46Þ

which leads to

λ2ðkÞV†ðkÞC∓V�ð−kÞλ2ð−kÞ ¼ V†ðkÞC∓V�ð−kÞ: ðD47Þ

This equation is equivalent to

λnðkÞλmð−kÞ ¼ 1 ðD48Þ

for ½V†ðkÞC∓V�ð−kÞ�mn ≠ 0, which yields the first equation
in Eq. (D45). From Eq. (D45), we also have

C∓U�
Rð−kÞ ¼ U†

RðkÞC∓; T �U�
Rð−kÞ ¼ URðkÞT�;

ΓURðkÞ ¼ U†
RðkÞG; SURðkÞ ¼ URðkÞS;

ηURðkÞ ¼ U†
RðkÞH: ðD49Þ

Here, it should be noted that λnðkÞ can be continuously
deformed into 1 while keeping Eq. (D48), and thus we can
retain the first equation in Eq. (D45) during the process of
ΛRðkÞ → 1. Combining it with the first equation in
Eq. (D49), we obtain the correct symmetry constraint on
RðkÞ in Eq. (D23) for PHS=TRS†. This means that we can
deform a non-Hermitian Hamiltonian to a Hermitian one
while keeping PHS=TRS†. In a similar manner, we can
make a non-Hermitian Hamiltonian Hermitian while keep-
ing any other symmetry.

5. Patching different momentum regions

To derive Eq. (D15), we have taken a special gauge in
which C− is independent of k (we have also chosen similar
gauges for the other symmetries). Generally, such a gauge
can be taken not globally but locally; if we take such a
gauge globally, there arises a singularity in RðkÞ and LðkÞ.
To avoid this singularity, we divide the whole momentum
space into several subregions and take a proper gauge in
each region. Whereas the matrix C− can take the same form
in all regions, RðkÞ and LðkÞ are given locally so that they
can be different in different regions. From the arguments in
Appendix D 4, we can deform in each region a non-
Hermitian Hamiltonian into a Hermitian one while keeping
the line gap and relevant symmetries. Now, we show that
this Hermitianization process can be performed globally.
For definiteness, we focus on the case with PHS below, but
the generalization to the other cases is straightforward.
First, let us consider two regions I and II in momentum

space and denote RðkÞ in region I (II) as RIðkÞ [RIIðkÞ].
Since both RIðkÞ and RIIðkÞ are well defined on the
boundary between regions I and II, they are related to
each other by a gauge transformation

RIðkÞ ¼ RIIðkÞGðkÞ; ðD50Þ

with an invertible matrix GðkÞ. Here, GðkÞ is unitary for
Hermitian systems, but this is not necessarily so for non-
Hermitian systems. Since both RIðkÞ and RIIðkÞ obey
Eqs. (D10) and (D15) on the boundary, GðkÞ is found to
satisfy

GðkÞEG−1ðkÞ ¼ E; G†ðkÞC−G�ð−kÞ ¼ C−: ðD51Þ
We then perform the polar decomposition of GðkÞ,

GðkÞ ¼ UGðkÞΩGðkÞ;ΩGðkÞ ≔ ½G†ðkÞGðkÞ�1=2 ðD52Þ

with a unitary matrix UGðkÞ. Here, ΛGðkÞ is defined as
follows. Since G†ðkÞGðkÞ is a positive-definite Hermitian
matrix, it is diagonalized as

G†ðkÞGðkÞ¼WðkÞ

0
BB@
ω2
1ðkÞ

ω2
2ðkÞ

. .
.

1
CCAW†ðkÞ ðD53Þ

with a unitary matrix WðkÞ and positive real numbers
ω2
i ðkÞ’s. Then, ΩGðkÞ is defined as

ΩGðkÞ ≔ WðkÞ

0
BB@

ω1ðkÞ
ω2ðkÞ

. .
.

1
CCAW†ðkÞ ðD54Þ

withωiðkÞ > 0. Using the polar decomposition ofGðkÞ, we
recast Eq. (D51) into

ΩGðkÞEΩ−1
G ðkÞ¼E; ΩGðkÞC−ΩT

Gð−kÞ¼C−; ðD55Þ

UGðkÞEU†
GðkÞ¼E; UGðkÞC−UT

Gð−kÞ¼C−: ðD56Þ

Here, it should be noted that ΩGðkÞ can be extended to the
whole region I without crossing a singularity. In fact, ωiðkÞ
can be rewritten as ωiðkÞ ¼ e−ρiðkÞ because of the positivity
of ωiðkÞ, and we can extrapolate ρiðkÞ as ρiðkÞ → 0 from
the boundary to the center of region I while keeping
Eq. (D55). As a result, we have a well-defined ΩGðkÞ in
the whole region I.
Using this ΩGðkÞ, we can construct another well-defined

RðkÞ in region I, i.e., R0
IðkÞ ≔ RIðkÞΩ−1

G ðkÞ. Although the
new matrix R0

IðkÞ satisfies Eqs. (D10) and (D15) again,
there is an important modification. Now, the gauge trans-
formation between regions I and II becomes unitary,

R0
IðkÞ ¼ RIIðkÞUGðkÞ; ðD57Þ

which yields

R0
IðkÞR0

I
†ðkÞ ¼ RIIðkÞR†

IIðkÞ: ðD58Þ
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Therefore,

ΛRðkÞ ≔
(
ðR0

IðkÞR0
I
†ðkÞÞ1=2 for region I

ðRIIðkÞR†
IIðkÞÞ1=2 for region II

ðD59Þ

defines a continuous single-valued matrix function in the
union of regions I and II. In a similar manner, all the gauge
transformations between the different regions can be made
unitary, indicating that ΛRðkÞ can be defined continuously
in the whole momentum space. This means that the
Hermitianization process in Appendix D 4 can be per-
formed globally.

APPENDIX E: K-THEORY CLASSIFICATION
BASED ON UNITARY FLATTENING

FOR POINT GAPS

We provide the K-theory classification of non-Hermitian
Hamiltonians HðkÞ defined over the d-dimensional
Brillouin-zone (BZ) torus Td based on unitary flattening
for point gaps. In particular, we show that this classification

is given by the twisted equivariant K-group ϕKðτ;cÞ−n−1
G ðTdÞ

[214,233,234] with a shift of an integer degree, which
coincides with the classification of adiabatic time evolu-
tions with a certain period.
We first formulate possible symmetries of non-Hermitian

fermionic systems in the many-body Hilbert space. Let G
be a symmetry group and ϕ̂∶G → Z=2 ¼ f�1g be a
homomorphism specifying whether g ∈ G is unitary or
antiunitary: g ∈ G acts on the imaginary unit as

gig−1 ¼ ϕ̂gi: ðE1Þ

In addition, let ĉ∶G → Z=2 ¼ f�1g be a homomorphism
specifying whether or not g ∈ G is a particle-hole type:
g ∈ G acts on complex fermion operators as

gψ̂†
kg

−1 ðĉg ¼ þ1Þ
gψ̂kg−1 ðĉg ¼ −1Þ

	
¼ ψ̂†

gkUgðkÞ; ðE2Þ

where ψ̂k (ψ̂
†
k) is a complex fermion annihilation (creation)

operator in the BZ, and UgðkÞ is a unitary matrix. Based on
ϕ̂ and ĉ, there are four types of symmetries:
(1) Unitary symmetry Û: ϕ̂g ¼ þ1 and ĉg ¼ þ1.
(2) Time-reversal symmetry T̂ : ϕ̂g ¼ −1 and ĉg ¼ þ1.
(3) Particle-hole symmetry Ĉ: ϕ̂g ¼ þ1 and ĉg ¼ −1.
(4) Chiral symmetry Γ̂: ϕ̂g ¼ −1 and ĉg ¼ −1.

It is notable that particle-hole symmetry Ĉ is unitary in the
many-body Hilbert space. Furthermore, we fix the factor
system of the symmetry G that indicates a Uð1Þ phase
among two symmetry actions gh ∈ G and hg ∈ G as

UgðhkÞUhðkÞ ðϕ̂gĉg ¼ þ1Þ
UgðhkÞU�

hðkÞ ðϕ̂gĉg ¼ −1Þ

	
¼ eiτg;hðghkÞUghðkÞ; ðE3Þ

where the twist τ ¼ τg;hðkÞ specifies the projective repre-
sentation for internal degrees of freedom and nonprimitive
lattice translations of space group symmetry [233]. For a
free fermion Hamiltonian Ĥ ¼Pk ψ̂

†
kHðkÞψ̂k, the sym-

metry gĤg−1 ¼ Ĥ is recast as

Û∶ U−1
g ðkÞHðkÞUgðkÞ

T̂ ∶ U−1
g ðkÞH�ðkÞUgðkÞ

Ĉ∶ −U−1
g ðkÞHTðkÞUgðkÞ

Γ̂∶ −U−1
g ðkÞH†ðkÞUgðkÞ

9>>>>>>=
>>>>>>;

¼ HðgkÞ ðE4Þ

for the single-particle Hamiltonian HðkÞ. Here, we
assume tr½HðkÞ� ¼ 0.
We now develop the K-theory classification of HðkÞ

based on the unitary flattening for point gaps [i.e.,
detHðkÞ ≠ 0 for all k]. Since HðkÞ can be assumed to
be a unitary matrix due to Theorem 1 in Sec. IVA, HðkÞ is
identified with an adiabatic time evolution of a Hermitian
system with a certain period, which implies that the
classification of non-Hermitian Hamiltonians HðkÞ under
the unitary flattening is the same as that for unit adiabatic
time evolutions. Here, the unit adiabatic time evolutions are
described by the K-group with a shift of the integer degree
n by þ1 [214]. We thus expect that the non-Hermitian
Hamiltonians HðkÞ under the unitary flattening are clas-

sified by the K-group ϕKðτ;cÞ−1
G ðTdÞ with ϕ ≔ ϕ̂ĉ and

c ≔ ĉ. In fact, for the extended Hermitian Hamiltonian
H̃ðkÞ with CS (SLS) Σ [Eqs. (29) and (35) in Sec. IVA],
symmetry g ∈ G is represented as

ŨgðkÞ ≔

8>>>><
>>>>:

�
UgðkÞ 0

0 UgðkÞ
�

ðĉg ¼ þ1Þ
�

0 UgðkÞ
UgðkÞ 0

�
ðĉg ¼ −1Þ;

ðE5Þ

so that the Hamiltonian satisfies

Ũ−1
g ðkÞH̃ðkÞŨgðkÞ ðϕ̂gĉg ¼ þ1Þ

Ũ−1
g ðkÞH̃�ðkÞŨgðkÞ ðϕ̂gĉg ¼ −1Þ

)
¼ ĉgH̃ðkÞ; ðE6Þ

ŨgðhkÞŨhðkÞ ðϕ̂gĉg ¼ þ1Þ
ŨgðhkÞŨ�

hðkÞ ðϕ̂gĉg ¼ −1Þ

)
¼ eiτg;hðghkÞŨghðkÞ; ðE7Þ

Ũ−1
g ðkÞΣŨgðkÞ ¼ ĉgΣ: ðE8Þ
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These conditions determine nothing but the symmetry
class for Hermitian Hamiltonians with the integer grading
n ¼ 1 [214]. Therefore, we conclude that non-Hermitian
Hamiltonians HðkÞ under the unitary flattening are clas-

sified by the K-group ϕKðτ;cÞ−1
G ðTdÞ. As a consequence, the

periodic table for the AZ symmetry class is obtained as
Tables III and IV.
Using the non-Hermitian Dirac matrices developed in

Sec. IV D, we can also define the symmetry class
ðG;ϕ; c; τ; nÞ with the integer grading n > 0 [214] for
non-Hermitian Hamiltonians as follows. As in the
Hermitian case, the shift of the integer grading is defined
by adding CS for γi’s (i ¼ 1;…; n) satisfying

γih†ðkÞγ†i ¼ −hðkÞ; γiγ
†
j þ γjγ

†
i ¼ 2δij; ðE9Þ

ugðkÞγiu†gðkÞ ðϕ̂gĉg ¼ 1Þ
ugðkÞγ�i u†gðkÞ ðϕ̂gĉg ¼ −1Þ

)
¼ ĉgγi: ðE10Þ

From the Hermitianization given by Eq. (29), the classi-
fication of non-Hermitian Hamiltonians with the symmetry

class ðG;ϕ; c; τ; nÞ is given by ϕKðτ;cÞ−n−1
G ðTdÞ, with ϕ ¼

ϕ̂ĉ and c ¼ ĉ.

APPENDIX F: TOPOLOGICAL CLASSIFICATION
BASED ON TWO ANTIUNITARY SYMMETRIES

Topological classification based on two antiunitary
symmetries T þ, T − and one unitary symmetry S is
considered in Ref. [122]. This classification assumes point
gaps, and the corresponding classification table for both
complex-energy gaps is shown in Table XV. Notably, two
antiunitary symmetries T þ and T − are topologically
equivalent to each other for non-Hermitian Hamiltonians
[126], whereas they are clearly distinct for Hermitian
Hamiltonians. As a result, some symmetry classes are
equivalent to others in non-Hermitian physics. In fact, the
symmetry class only having T þ with T þT �þ ¼ þ1
(T þT �þ ¼ −1) [i.e., class AI (AII)] is equivalent to that
only having T − with T −T �

− ¼ þ1 (T −T �
− ¼ −1) [i.e.,

class D† (C†)], and the symmetry class having T þ with
T þT �þ ¼ þ1 and T − with T −T �

− ¼ −1 is equivalent to that
having T þ with T þT �þ ¼ −1 and T − with T −T �

− ¼ þ1.

APPENDIX G: TOPOLOGICAL INVARIANTS
FOR POINT GAPS

We explicitly present topological invariants of non-
Hermitian systems with point gaps. In particular, we focus
onbasic symmetry classes such as theAZandAZ† symmetry
classes for spatial dimensions d ≤ 3 (Table XVI).

TABLE XV. Topological classification table for non-Hermitian systems based on two antiunitary symmetries T þ, T − and unitary
symmetry S. Non-Hermitian topological phases are classified according to the symmetry, the spatial dimension d, and the definition of
complex-energy point (P) or line (L) gaps.

ðT þ; T −Þ S Gap Classifying space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 d ¼ 6 d ¼ 7

0 0 P C1 0 Z 0 Z 0 Z 0 Z
L C0 Z 0 Z 0 Z 0 Z 0

0 1 P C1 × C1 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z 0 Z ⊕ Z
L C1 0 Z 0 Z 0 Z 0 Z

ðþ1;þ1Þ 1 P R1 ×R1 Z2 ⊕ Z2 Z ⊕ Z 0 0 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2

L R2 Z2 Z2 Z 0 0 0 2Z 0
R2 Z2 Z2 Z 0 0 0 2Z 0

þ1 0 P R1 Z2 Z 0 0 0 2Z 0 Z2

L R0 Z 0 0 0 2Z 0 Z2 Z2

R2 Z2 Z2 Z 0 0 0 2Z 0

ðþ1;−1Þ 1 P C1 0 Z 0 Z 0 Z 0 Z
L R7 0 0 0 2Z 0 Z2 Z2 Z

R3 0 Z2 Z2 Z 0 0 0 2Z

−1 0 P R5 0 2Z 0 Z2 Z2 Z 0 0
L R4 2Z 0 Z2 Z2 Z 0 0 0

R6 0 0 2Z 0 Z2 Z2 Z 0

ð−1;−1Þ 1 P R5 ×R5 0 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z 0 0
L R5 0 2Z 0 Z2 Z2 Z 0 0

R5 0 2Z 0 Z2 Z2 Z 0 0
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1. Z invariants in even dimensions

In the presence of CS defined by Eq. (15), we can define
the nth Chern number Cn of the Hermitian Hamiltonian
iHðkÞΓ for even spatial dimensions d ¼ 2n. Introducing
the Green function by

G−1ðω; kÞ ≔ iω − iHðkÞΓ; ðG1Þ

we can define the nth Chern number for d ¼ 2n dimensions
as [235,236]

Cn ¼
n!

ð2πiÞnþ1ð2nþ 1Þ!
Z
Rω×BZd

trðGdG−1Þ2nþ1: ðG2Þ

See also Appendix H 1 for various expressions of the
Chern number in Hermitian and non-Hermitian systems.

2. Z invariants in odd dimensions

The Z (and 2Z) topological invariants in odd spatial
dimensions d ¼ 2nþ 1 are given as the winding number
W2nþ1 of the map H ¼ HðkÞ∶BZd → GLNðCÞ, where BZd

denotes the d-dimensional Brillouin zone and GLNðCÞ
the general linear group of N × N invertible matrices
(i.e., detH ≠ 0). The winding number W2nþ1 is explicitly
given as

W2nþ1 ≔
n!

ð2πiÞnþ1ð2nþ 1Þ!
Z
BZd

trðH−1dHÞ2nþ1: ðG3Þ

3. Class AI in zero dimension

In class AI, we have TRS defined by Eq. (10) with
T þT �þ ¼ þ1, which leads to the reality of detH. Thus, the
Z2 topological invariant ν ∈ f0; 1g is given as

ð−1Þν ≔ sgn detH: ðG4Þ

4. Class BDI in zero dimension

Because of the presence of TRS with T þT �þ ¼ þ1 and
CS with Γ ¼ C−T �þ which commutes with TRS (i.e.,
T þΓ� ¼ ΓT þ) in class BDI, we have

T þðiHΓÞ�T −1þ ¼ −iHΓ: ðG5Þ

Hence, the Hermitian matrix iHΓ belongs to class D with
the particle-symmetry operator T þ. The Z2 topological
invariant for the non-Hermitian matrix H is thus given as
the Z2 invariant for the Hermitian matrix iHΓ in class D.
In particular, a matrix HC− is antisymmetric, i.e.,

ðHC−ÞT ¼ −HC−; ðG6Þ

TABLE XVI. Topological invariants for point gaps in the AZ and AZ† symmetry classes for the spatial dimension d ≤ 3. The equation
numbers or the section numbers of the corresponding topological invariants are shown for each topological phase.

Symmetry
class

Classifying
space d ¼ 0 d ¼ 1 d ¼ 2 d ¼ 3

A C1 0 Z [Eq. (G3)] 0 Z [Eq. (G3)]
AIII C0 Z [Eq. (G2)] 0 Z [Eq. (G2)] 0

AI R1 Z2 [Eq. (G4)] Z [Eq. (G3)] 0 0
BDI R2 Z2 [Eq. (G8)] Z2 [Eq. (G9)] Z [Eq. (G2)] 0
D R3 0 Z2 [Eq. (G11)] Z2 [Eq. (G12)] Z [Eq. (G3)]
DIII R4 2Z [Eq. (G2)] 0 Z2 (Appendix G 8) Z2 (Appendix G 9)
AII R5 0 2Z [Eq. (G3)] 0 Z2 (Appendix G 10)
CII R6 0 0 2Z [Eq. (G2)] 0
C R7 0 0 0 2Z [Eq. (G3)]
CI R0 Z [Eq. (G2)] 0 0 0

AI† R7 0 0 0 2Z [Eq. (G3)]
BDI† R0 Z [Eq. (G2)] 0 0 0
D† R1 Z2 [Eq. (G14)] Z [Eq. (G3)] 0 0
DIII† R2 Z2 [Eq. (G17)] Z2 [Eq. (G18)] Z [Eq. (G2)] 0
AII† R3 0 Z2 [Eq. (G20)] Z2 [Eq. (G21)] Z [Eq. (G3)]
CII† R4 2Z [Eq. (G2)] 0 Z2 (Appendix G 16) Z2 (Appendix G 17)
C† R5 0 2Z [Eq. (G3)] 0 Z2 (Appendix G 18)
CI† R6 0 0 2Z [Eq. (G2)] 0

Aþ S (AIII†) C1 × C1 0 Z ⊕ Z (Appendix G 19) 0 Z ⊕ Z (Appendix G 19)
AIIIþ Sþ C1 0 Z [Eq. (G25)] 0 Z [Eq. (G25)]
AIIIþ S− C0 × C0 Z ⊕ Z (Appendix G 21) 0 Z ⊕ Z (Appendix G 21) 0
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and hence its Pfaffian is well defined. In addition, we have

½PfðHC−Þ�� ¼ detðT †
þÞPfðHC−Þ; ðG7Þ

which leads to the reality of PfðHC−Þ in an appropriate
basis satisfying detðT †

þÞ ¼ 1. In this basis, HC− is a real
antisymmetric matrix and thus the Z2 topological invariant
ν ∈ f0; 1g is given as

ð−1Þν ≔ sgn½PfðHC−Þ�: ðG8Þ

5. Class BDI in one dimension

Since we have T þ½iHðkÞΓ��T −1þ ¼ −iHð−kÞΓ similarly
to the zero-dimensional case, the matrix Hðk0ÞC− is
antisymmetric and satisfies Eq. (G7) at a particle-hole-
symmetric momentum k0 ∈ f0; πg. The Z2 topological
invariant ν ∈ f0; 1g is thus given as

ð−1Þν ≔ sgn

�
PfðHðπÞC−Þ
PfðHð0ÞC−Þ

�
: ðG9Þ

6. Class D in one dimension

In class D, we have PHS defined by Eq. (13) with
C−C�− ¼ þ1, leading to

½HðkÞC−�T ¼ −Hð−kÞC−: ðG10Þ

Hence, HðkÞC− is antisymmetric, and its Pfaffian is
well defined at a particle-hole-symmetric momentum
k0 ∈ f0; πg. In a similar manner to 1D class DIII for the
Hermitian case [237–239], the Z2 invariant ν ∈ f0; 1g is
given as

ð−1Þν ≔ sgn
�
Pf½HðπÞC−�
Pf½Hð0ÞC−�

×exp

�
−
1

2

Zk¼π

k¼0

d log det ½HðkÞC−�
�	

: ðG11Þ

7. Class D in two dimensions

Since we have ½HðkÞC−�T ¼ −Hð−kÞC− similarly to
the one-dimensional case, the Z2 invariant ν ∈ f0; 1g is
given as

ð−1Þν ≔
Y
X¼I;II

sgn

�
Pf½HðkXþÞC−�
Pf½HðkX−ÞC−�

×exp

�
−
1

2

Zk¼kXþ

k¼kX−

d log det ½HðkÞC−�
�	

; ðG12Þ

where (kIþ, kI−) and (kIIþ, kII−) are two pairs of particle-
hole-symmetric momenta [238].

8. Class DIII in two dimensions

Because of the presence of TRS with T þT �þ ¼ −1 and
CS with Γ ¼ iC−T �þ which anticommutes with TRS (i.e.,
T þΓ� ¼ −ΓT þ) in class DIII, we have

T þ½iHðkÞΓ��T −1þ ¼ iHð−kÞΓ: ðG13Þ

Hence, the Hermitian matrix iHðkÞΓ belongs to class AII.
The Z2 topological invariant for the non-Hermitian
Hamiltonian H is thus given by the Kane-Mele [162] or
Fu-Kane [163] invariant for the Hermitian matrix iHðkÞΓ in
class AII.

9. Class DIII in three dimensions

Since we have T þ½iHðkÞΓ��T −1þ ¼ iHð−kÞΓ similarly
to the two-dimensional case, the Fu-Kane-Mele invariant
[165] is defined for the Hermitian matrix iHðkÞΓ in
class AII. Alternatively, the integral of the Chern-
Simons three-form provides the same Z2 topological
invariant [240].

10. Class AII in three dimensions

In class AII, we have TRS with T þT �þ ¼ −1. The Z2

topological invariant of a non-Hermitian Hamiltonian in
class AII thus reduces to that of a Hermitian Hamiltonian in
class CII [219].

11. Class D† in zero dimension

In class D†, we have PHS† defined by Eq. (17), which
leads to the reality of det ðiHÞ. Thus, the Z2 topological
invariant ν ∈ f0; 1g is given as

ð−1Þν ≔ sgn det ðiHÞ: ðG14Þ

12. Class DIII† in zero dimension

Because of the presence of PHS† defined by Eq. (17)
with T −T �

− ¼ þ1 and CS which anticommutes with PHS†

(i.e., T −Γ� ¼ −ΓT −) in class DIII†, we have

T −ðiHΓÞ�T −1
− ¼ −iHΓ: ðG15Þ

Hence, the Hermitian matrix iHΓ belongs to class D with
the particle-symmetry operator T −. Similarly to class BDI,
the Z2 topological invariant for the non-Hermitian matrix
H in class DIII† is given as the Z2 invariant for the
Hermitian matrix iHΓ in class D. In particular, the anti-
symmetric matrix HCþ satisfies

½PfðHCþÞ�� ¼ detðT †
−ÞPfðHCþÞ; ðG16Þ
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and thus the Z2 topological invariant ν ∈ f0; 1g is given as

ð−1Þν ≔ sgn½PfðHCþÞ� ðG17Þ

with an appropriate basis satisfying detðT †
−Þ ¼ 1.

13. Class DIII† in one dimension

Since we have T −½iHðkÞΓ��T −1
− ¼ −iHð−kÞΓ similarly

to the zero-dimensional case, the matrix Hðk0ÞT − is
antisymmetric and satisfies Eq. (G16) at a particle-hole-
symmetric momentum k0 ∈ f0; πg. The Z2 topological
invariant ν ∈ f0; 1g is thus given as

ð−1Þν ≔ sgn

�
PfðHðπÞCþÞ
PfðHð0ÞCþÞ

�
: ðG18Þ

14. Class AII† in one dimension

In class AII†, we have TRS† with CþC�þ ¼ −1, leading to

½HðkÞCþ�T ¼ −Hð−kÞCþ: ðG19Þ

Hence, HðkÞCþ is antisymmetric, and its Pfaffian is well
defined at a time-reversal-invariant momentum k0 ∈ f0; πg.
In similar to 1D class DIII for the Hermitian case [237–239],
the Z2 invariant ν ∈ f0; 1g is thus given as

ð−1Þν ≔ sgn
�
Pf½HðπÞCþ�
Pf½Hð0ÞCþ�

×exp

�
−
1

2

Zk¼π

k¼0

d log det ½HðkÞCþ�
�	

: ðG20Þ

15. Class AII† in two dimensions

Since we have ½HðkÞCþ�T ¼ −Hð−kÞCþ similarly to
the one-dimensional case, the Z2 invariant ν ∈ f0; 1g is
given as

ð−1Þν ≔
Y
X¼I;II

sgn

�
Pf½HðkXþÞCþ�
Pf½HðkX−ÞCþ�

×exp

�
−
1

2

Zk¼kXþ

k¼kX−

d log det ½HðkÞCþ�
�	

; ðG21Þ

where (kIþ; kI−) and (kIIþ, kII−) are two pairs of time-
reversal-invariant momenta [238].

16. Class CII† in two dimensions

Because of the presence of PHS† with T −T �
− ¼ þ1 and

CS which commutes with PHS† (i.e., T −Γ� ¼ ΓT −) in
class CII†, we have

T −½iHðkÞΓ��T −1
− ¼ iHð−kÞΓ: ðG22Þ

Hence, the Hermitian matrix iHðkÞΓ belongs to class AII.
TheZ2 topological invariant is thus given as the Kane-Mele
[162] or Fu-Kane [163] invariant for this Hermitian matrix
iHðkÞΓ in class AII.

17. Class CII† in three dimensions

Since we have T −½iHðkÞΓ��T −1
− ¼ iHð−kÞΓ similarly to

the two-dimensional case, the Fu-Kane-Mele [165] or the
Chern-Simons invariant is defined for the Hermitian matrix
iHðkÞΓ in class AII [240].

18. Class C† in three dimensions

In class C†, we have PHS† with T −T �
− ¼ −1. The Z2

topological invariant of a non-Hermitian Hamiltonian in
class C† thus reduces to that of a Hermitian Hamiltonian in
class CII [219].

19. Class A with sublattice symmetry S (class AIII†)

For gapped systems with SLS in Eq. (20), any state juni
is independent of Sjuni, from which we can construct two
independent eigenstates of S with the opposite eigenvalues
�1. Thus, S can be chosen as a Pauli matrix S ¼ σz
without loss of generality. With this choice of S, the
Hamiltonian HðkÞ becomes

H ¼
�

0 HþðkÞ
H−ðkÞ 0

�
ðG23Þ

in this basis. Notably,HþðkÞ andH−ðkÞ are independent of
each other for generic non-Hermitian Hamiltonians,
whereas H†

þðkÞ ¼ H−ðkÞ is respected for Hermitian
Hamiltonians. Moreover, we have detHþðkÞ ≠ 0 and
detH−ðkÞ ≠ 0 in the presence of a point gap [i.e.,
detHðkÞ ≠ 0]. Therefore, in odd dimensions d ¼ 2nþ 1,
the two independent winding numbersW�

2nþ1 that are given
by Eq. (G3) for H�ðkÞ constitute the Z ⊕ Z topological
invariant.

20. Class AIII with sublattice symmetry S +

Because of the commutation relation between the CS
operator and the SLS operator (i.e., ΓS ¼ SΓ), we have

S½iHðkÞΓ�S−1 ¼ −iHðkÞΓ; ðG24Þ
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which implies that the Hermitian matrix iHðkÞΓ respects
CS and belongs to class AIII. Thus, in odd spatial
dimensions d ¼ 2nþ 1, the Z winding number is given as

W2nþ1 ≔
Nn

2

Z
BZd

trfS½ðiHΓÞ−1dðiHΓÞ�2nþ1g ðG25Þ

with the coefficient Nn ≔ n!=ð2πiÞnþ1ð2nþ 1Þ!. This for-
mula reduces to

W2nþ1 ¼ −
Nn

2

Z
BZd

tr½SðH−1dHÞ2nþ1�

¼ Wþ
2nþ1 −W−

2nþ1

2
; ðG26Þ

where W�
2nþ1 is the winding number for H�ðkÞ

in Eq. (G23).

21. Class AIII with sublattice symmetry S −
Because of the anticommutation relation between the CS

operator and the SLS operator (i.e., ΓS ¼ −SΓ), we have

S½iHðkÞΓ�S−1 ¼ iHðkÞΓ; S2 ¼ 1; ðG27Þ

which implies that the Hermitian matrix iHðkÞΓ respects the
Z2 unitary symmetry. Thus, iHðkÞΓ can be block diagon-
alized into the two Hermitian matrices (iHðkÞΓ)S¼þ1 and
(iHðkÞΓ)S¼−1 in the subspaces where the eigenvalues of S
are þ1 and −1, respectively. Therefore, in even spatial
dimensionsd ¼ 2n, the two independentnth Chern numbers
C�
n can be defined as the Z ⊕ Z topological invariant, each

of which is given by Eq. (G2) for (iHðkÞΓ)S¼�1.

APPENDIX H: TOPOLOGICAL INVARIANTS
FOR LINE GAPS

We present topological invariants of non-Hermitian
systems with line gaps. We diagonalize the Hamiltonian as

HðkÞ ¼
X
n

EnðkÞjunðkÞi⟪unðkÞj; ðH1Þ

where EnðkÞ ∈ C is an eigenenergy and junðkÞi and
⟪unðkÞj are the corresponding right and left eigenstates,

HðkÞjunðkÞi ¼ EnðkÞjunðkÞi;
H†ðkÞjunðkÞ⟫ ¼ E�

nðkÞjunðkÞ⟫;
ðH2Þ

both of which are biorthogonal [36],

humðkÞjunðkÞ⟫ ¼ ⟪umðkÞjunðkÞi ¼ δmn; ðH3Þ

and satisfy the completeness condition

X
n

junðkÞi⟪unðkÞj ¼
X
n

junðkÞ⟫hunðkÞj ¼ 1: ðH4Þ

Here, we assume the presence of a real gap, i.e.,
ReEnðkÞ ≠ 0 for all n and k, and an eigenstate with a
positive (negative) n is chosen to satisfy ReEnðkÞ > 0
[ReEnðkÞ < 0].

1. Z invariants in even dimensions

The Z topological invariants in even spatial dimensions
d ¼ 2n are given as the nth Chern number Cn. In non-
Hermitian systems, a non-Abelian Berry connection is
defined as

Alm ≔ ⟪uljdumi ¼ ⟪ulj∂kumi · dk; ðH5Þ
and a Berry curvature is defined as

F ≔ dAþA2: ðH6Þ
Using ⟪duljumi þ ⟪uljdumi ¼ d⟪uljumi ¼ 0, we have

F lm ¼ ⟪dulj
�
1 −

X
n<0

juni⟪unj
�
jdumi: ðH7Þ

The nth Chern number Cn is then given as

Cn ≔
1

n!

�
i
2π

�
n
Z
BZd

trF n; ðH8Þ

where the trace is taken over the occupied bands (complex
bands with n < 0).
The Chern numberCn can be expressed in terms of theQ

function. Here, we introduce the projector PR by

PR ≔
X
n<0

juni⟪unj; ðH9Þ

satisfying P2
R ¼ PR. Then, the Berry curvature reduces to

F lm ¼⟪duljð1−PRÞjdumi¼⟪uljPRðdPRÞ2jumi: ðH10Þ

Defining the Q matrix as

QR ≔ 1 − 2PR; ðH11Þ

which is non-Hermitian but satisfies Q2
R ¼ 1 and hence

QRdQR þ dQRQR ¼ 0, we have

Cn ¼
1

n!

�
i
2π

�
n
Z
BZd

tr½PRðdPRÞ2�n

¼ −
1

22nþ1n!

�
i
2π

�
n
Z
BZd

tr½QRðdQRÞ2n�: ðH12Þ

The Chern number can also be expressed in terms of the
Green function defined by
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G−1ðω; kÞ ≔ iω −HðkÞ: ðH13Þ

Since a real gap is assumed to be open, Gðω; kÞ is
invertible. The Green function is thus identified with a map,

Rω × BZd → GLNðCÞ; ðH14Þ

where GLNðCÞ is the general linear group of N × N
invertible matrices. With this Green function, the nth
Chern number Cn can be expressed as

Cn ¼
n!

ð2πiÞnþ1ð2nþ 1Þ!
Z
Rω×BZd

trðGdG−1Þ2nþ1: ðH15Þ

To derive this expression, we first show its topological
invariance. In fact, a variation G → Gþ δG gives

δ½trðGdG−1Þ2nþ1�
¼ −ð2nþ 1Þdftr½G−1δGðdG−1GÞ2n�g; ðH16Þ

which just gives a boundary term and vanishes after the
integration. Since the right-hand side of Eq. (H15) is
topologically invariant, the Hamiltonian HðkÞ can be
continuously deformed into the Q function QRðkÞ. We
denote G̃−1ðω; kÞ ≔ iω −QRðkÞ as the Green function of
the Q function. Noticing

G̃ðdkG̃−1ÞG̃ðdkG̃−1Þ ¼ −
ðdQRÞ2
1þ ω2

ðH17Þ

because of QRdQR þ dQRQR ¼ 0, we have

trðG̃dG̃−1Þ2nþ1

¼ dω
ið2nþ 1Þð−1Þnþ1

ð1þ ω2Þnþ1
tr½ðiωþQRÞðdQRÞ2n�: ðH18Þ

Integrating it with respect to ω ∈ R, we haveZ
Rω

trðG̃dG̃−1Þ2nþ1

¼ πið−1Þnþ1ð2nþ 1Þ!
22nðn!Þ2 tr½QRðdQRÞ2n�; ðH19Þ

which leads to the equivalence between Eqs. (H12)
and (H15).

2. Z invariants in odd dimensions (real gap)

In the presence of a real gap and CS defined by Eq. (15),
we can define the winding number W2nþ1 in odd spatial
dimensions d ¼ 2nþ 1. When juni is a right eigenstate
with En, Γjuni is a left eigenstate with −E�

n due to
CS. Therefore, eigenstates and eigenenergies can be
expressed as

ju−n⟫ ¼ Γjuni; E−n ¼ −E�
n; ðH20Þ

where an eigenstate with a positive (negative) n is chosen to
satisfy ReEn > 0 (ReEn < 0). Here, we introduce the
following projectors:

PR ≔
X
n<0

juni⟪unj; PL ≔
X
n<0

jun⟫hunj; ðH21Þ

which satisfy P2
R=L ¼ PR=L and P†

R ¼ PL. Because of CS,
we also have

ΓPRΓ ¼ 1 − PL; ðH22Þ

where Eq. (H20) and the completeness condition are used.
We then define the Q matrix by

Q ≔ 1 − ðPR þ PLÞ; ðH23Þ

which is Hermitian but Q2 ≠ 1, and respects CS. The
winding number W2nþ1 is thus defined as

W2nþ1 ≔ −
n!

2ð2πiÞnþ1ð2nþ 1Þ!
×
Z
BZd

tr½ΓðQ−1dQÞ2nþ1�: ðH24Þ

Moreover, when the chiral-symmetry operator Γ is diagonal
(i.e., Γ ≔ σz), the Q matrix can be expressed as

Q ¼
�

0 q

q† 0

�
; ðH25Þ

where the off-diagonal part q is an invertible matrix. Here,
q is not necessarily unitary in contrast to the Hermitian
case due to Q2 ≠ 1. Nevertheless, q is invertible, and the
winding number W2nþ1 is given as

W2nþ1 ¼
n!

ð2πiÞnþ1ð2nþ 1Þ!
Z
BZd

trðq−1dqÞ2nþ1: ðH26Þ

Remarkably, the winding number W1 is constructed in a
one-dimensional non-Hermitian system with CS in
Ref. [102].

3. Class D in one dimension

TheZ2 topological invariant in 1D class D is given as the
quantized Berry phase. When junðkÞi is a right eigenstate
with eigenenergy EnðkÞ, we have

H†ðkÞ½C−ju�nð−kÞi� ¼ −E�
nð−kÞ½C−ju�nð−kÞi� ðH27Þ

due to PHS defined by Eq. (13), which implies that
C−ju�nð−kÞi is a left eigenstate ofHðkÞ with its eigenenergy
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−Enð−kÞ. Therefore, eigenstates and eigenenergies can be
expressed as

ju−nðkÞ⟫ ¼ C−ju�nð−kÞi; E−nðkÞ ¼ −Enð−kÞ; ðH28Þ

where an eigenstate with a positive (negative) n is chosen to
satisfy ReEn > 0 (ReEn < 0). As a result, the Berry
connections for n > 0 and n < 0 are related to each
other by

A−nðkÞ ≔ i⟪u−nðkÞj∂ku−nðkÞi ¼ Anð−kÞ: ðH29Þ

Thus, the Berry phase φ of all the occupied bands with
n < 0 accumulated over the entire Brillouin zone is
given as

φ ≔
I
BZ

X
n<0

AnðkÞdk

¼ 1

2

I
BZ

X
all n

AnðkÞdk

¼ i
2

I
BZ

tr½L†ðkÞ∂kRðkÞ�dk; ðH30Þ

where R and L are given by collecting right and left
eigenstates, respectively:

RðkÞ ≔ ðju1ðkÞi; ju2ðkÞi; � � �Þ;
LðkÞ ≔ ðju1ðkÞ⟫; ju2ðkÞ⟫; � � �Þ:

ðH31Þ

Although R and L are nonunitary in the presence of
non-Hermiticity, both of them are invertible and satisfy
R†L ¼ L†R ¼ 1 as long as a line gap is open.
Consequently, we have φ≡ −πW1 (mod 2π) with the
phase winding W1 of detRðkÞ ≠ 0:

W1 ≔
I
BZ

dk
2πi

trðR−1∂kRÞ ¼
I
BZ

dk
2πi

∂k log detR: ðH32Þ

The Z2 topological invariant is thus given as the
π-quantized Berry phase φ, i.e., W1 (mod 2). Remarkably,
a point gap is always open if a line gap is open. Consequently,
the Z2 topological invariant for a point gap in Eq. (G11) is
also well defined, which is equivalent to the quantized Berry
phase φ.

4. Z invariants in pseudo-Hermitian systems

In the presence of pseudo-Hermiticity defined by
Eq. (21), the matrix ηHðkÞ is Hermitian:

½ηHðkÞ�† ¼ ηHðkÞ: ðH33Þ

Moreover, eigenvalues of ηHðkÞ coincide with singular
values of HðkÞ due to

½ηHðkÞ�†½ηHðkÞ� ¼ H†ðkÞHðkÞ; ðH34Þ

which implies that an energy gap of ηHðkÞ is equivalent to a
point gap of HðkÞ. Consequently, in the presence of a real
gap, we have the two independent Chern numbers Cn in
even spatial dimensions d ¼ 2n, one of which is defined for
HðkÞ and the other of which is defined for ηHðkÞ.
In the presence of additional TRS with T þT �þ ¼ þ1,
the Chern number for HðkÞ vanishes. Furthermore, if
the TRS commutes with pseudo-Hermiticity (i.e.,
T þη�þ ¼ η�þT þ), ηHðkÞ respects TRS, and hence its
Chern number also vanishes. If the TRS anticommutes
with pseudo-Hermiticity (i.e., T þη�− ¼ −η�−T þ), on the
other hand, the Chern number for ηHðkÞ does not neces-
sarily vanish and serves as the time-reversal-invariant
Chern number in Sec. VI B [102]. Whereas the time-
reversal-invariant Chern number defined in Sec. VI B
[102] requires a real gap, the present one only requires a
point gap.

APPENDIX I: EXACT SOLUTION TO THE
NON-HERMITIAN SU-SCHRIEFFER-HEEGER

MODEL WITH ASYMMETRIC HOPPING

We provide an exact solution to the non-Hermitian Su-
Schrieffer-Heeger model defined by Eq. (50) with open
boundaries. We assume v ≥ g ≥ 0, w ≥ 0 for the sake of
simplicity, but the discussion can be generalized straight-
forwardly. Our calculations are based on a systematic
method of diagonalizing free fermions with generic boun-
daries described in Refs. [120,241,242], which is readily
applied to generic non-Hermitian lattice models.
We denote an eigenenergy as E ∈ C and the correspond-

ing right eigenstate as φ̂ ¼PL
i¼1ðAiâi þ Bib̂iÞ with coef-

ficients Ai, Bi ∈ C. The Schrödinger equation ½Ĥ; φ̂� ¼ Eφ̂
reads

wBi−1 þ ðvþ gÞBi ¼ EAi ði ¼ 2; 3;…; LÞ;
ðv − gÞAi þ wAiþ1 ¼ EBi ði ¼ 1; 2;…; L − 1Þ

ðI1Þ

in the bulk, and

ðvþ gÞB1 ¼ EA1; ðv − gÞAL ¼ EBL ðI2Þ

at the edges. Defining ALþ1 and B0 with Eq. (I1), the
boundary equations (I2) reduce to

ALþ1 ¼ B0 ¼ 0: ðI3Þ

Here, we take a plane-wave ansatz Aj∼Aeikj; Bj∼Beikj
(k ∈ C). Whereas the wave number is real (k ∈ R) for the
bulk states in Hermitian systems, it can be complex in non-
Hermitian systems. The bulk equation (I1) reduces to
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0 ðvþ gÞ þ we−ik

ðv − gÞ þ weik 0

!�
A

B

�
¼ E

�
A

B

�
:

ðI4Þ

For a nontrivial solution, we have

EðkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ w2 − g2 þ ðvþ gÞweik þ ðv − gÞwe−ik

q
:

ðI5Þ

In the absence of the non-Hermiticity (g ¼ 0), if an
eigenstate with wave number k ∈ R belongs to an eige-
nenergy E ∈ R, another eigenstate with wave number −k
has the same eigenenergy E. In the presence of non-
Hermiticity (g ≠ 0), however, this fact breaks down; if
two eigenstates with wave numbers k and k0 (k ≠ k0) belong
to the same eigenenergy E, Eqs. (I4) and (I5) lead to
ðvþ gÞeik þ ðv − gÞe−ik ¼ ðvþ gÞeik0 þ ðv − gÞe−ik0 , i.e.,

eik
0 ¼ v − g

vþ g
e−ik; ðI6Þ

which implies that the eigenstates are localized at either
edge for g ≠ 0 (non-Hermitian skin effect [121]). This
equation naturally leads to the redefinition of the wave
number as

eik ≕
ffiffiffiffiffiffiffiffiffiffiffi
v − g
vþ g

r
eiq; ðI7Þ

where q should be real for the bulk eigenmodes. Using this
redefined wave number q ∈ R, the bulk equation (I4)
reduces to

 
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

p
þwe−iqffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 − g2
p

þweiq 0

!�
A

B̃

�
¼ E

�
A

B̃

�

ðI8Þ

with B̃ ≔ B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðvþ gÞ=ðv − gÞp

, and the eigenenergy in
Eq. (I5) reduces to

EðqÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ w2 − g2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

q
w cos q

r
: ðI9Þ

With the real wave number q, the bulk Hamiltonian under
the open boundary condition is obtained as Eq. (55).
Now, a generic eigenstate is described by

Aj ¼AþeiqjþA−e−iqj; Bj ¼BþeiqjþB−e−iqj ðI10Þ

with Aþ, A−, Bþ, B− ∈ C. The bulk eigenequation (I8)
leads to

Bþ
Aþ

¼
ffiffiffiffiffiffiffiffiffiffiffi
v − g
vþ g

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

p
þ weiq

EðqÞ ≕CðqÞ; ðI11Þ

and B−=A− ¼ Cð−qÞ. The boundary equation (I3) leads to
the quantization of the wave number q. In fact, Eq. (I3)
leads to

�
eiqðLþ1Þ e−iqðLþ1Þ

CðqÞ Cð−qÞ

��
Aþ
A−

�
¼ 0; ðI12Þ

which has a nontrivial solution if and only if the determi-
nant of the coefficient matrix vanishes. After some calcu-
lations, we obtain

sin qðLþ 1Þ
sin qL

¼ −
wffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 − g2
p ðI13Þ

which quantizes q. In the trivial phase (w <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

p
), all

the wave numbers q are real, and thus all the eigenstates are
localized at an edge with the same localization length for
L → ∞. In the topological phase (w >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 − g2

p
), on the

other hand, some of the wave numbers q are complex even
for L → ∞, and those eigenmodes are topologically pro-
tected to have zero energy [241]. Therefore, the winding
number defined as Eq. (52) for HOBC (Fig. 3) indeed
predicts the emergence of the topologically protected edge
states.
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1901.08060.

[143] K. Yokomizo and S. Murakami, Bloch Band Theory for
Non-Hermitian Systems, Phys. Rev. Lett. 123, 066404
(2019).

[144] N. Okuma and M. Sato, Topological Phase Transition
Driven by Infinitesimal Instability: Majorana Fermions in
Non-Hermitian Spintronics, Phys. Rev. Lett. 123, 097701
(2019).

[145] C. Poli, M. Bellec, U. Kuhl, F. Mortessagne, and H.
Schomerus, Selective Enhancement of Topologically In-
duced Interface States in a Dielectric Resonator Chain,
Nat. Commun. 6, 6710 (2015).

[146] J. M. Zeuner, M. C. Rechtsman, Y. Plotnik, Y. Lumer, S.
Nolte, M. S. Rudner, M. Segev, and A. Szameit, Obser-
vation of a Topological Transition in the Bulk of a Non-
Hermitian System, Phys. Rev. Lett. 115, 040402 (2015).

[147] B. Zhen, C. W. Hsu, Y. Igarashi, L. Lu, I. Kaminer, A.
Pick, S.-L. Chua, J. D. Joannopoulos, and M. Soljačić,
Spawning Rings of Exceptional Points out of Dirac Cones,
Nature (London) 525, 354 (2015).

[148] S. Weimann, M. Kremer, Y. Plotnik, Y. Lumer, S. Nolte,
K. G. Makris, M. Segev, M. C. Rechtsman, and A.
Szameit, Topologically Protected Bound States in Pho-
tonic Parity-Time-Symmetric Crystals, Nat. Mater. 16, 433
(2017).

[149] D. Kim, K. Mochizuki, N. Kawakami, and H. Obuse,
Floquet Topological Phases Driven by PT Symmetric
Nonunitary Time Evolution, arXiv:1609.09650; L. Xiao,
X. Zhan, Z. H. Bian, K. K. Wang, X. Zhang, X. P. Wang, J.
Li, K. Mochizuki, D. Kim, N. Kawakami, W. Yi, H. Obuse,
B. C. Sanders, and P. Xue, Observation of Topological
Edge States in Parity-Time-Symmetric Quantum Walks,
Nat. Phys. 13, 1117 (2017).

[150] P. St-Jean, V. Goblot, E. Galopin, A. Lemaître, T. Ozawa,
L. Le Gratiet, I. Sagnes, J. Bloch, and A. Amo, Lasing in
Topological Edge States of a One-Dimensional Lattice,
Nat. Photon. 11, 651 (2017).

[151] B. Bahari, A. Ndao, F. Vallini, A. El Amili, Y. Fainman,
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