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We investigate the influence of Landau quantization on the superconducting instability for a pure layered
superconductor in the magnetic field directed perpendicular to the layers. We demonstrate that the
quantization corrections to the Cooper-pairing kernel with finite Zeeman spin splitting promote
the formation of the nonuniform state in which the order parameter is periodically modulated along
the magnetic field, i.e., between the layers (Fulde-Ferrell-Larkin-Ovchinnikov [FFLO] state). The
conventional uniform state experiences such a quantization-induced FFLO instability at low temperatures
even in a common case of predominantly orbital suppression of superconductivity when the Zeeman spin
splitting is expected to have a relatively weak effect. The maximum relative FFLO temperature is given by
the ratio of the superconducting transition temperature and the Fermi energy. This maximum is realized
when the ratio of the spin-spitting energy and the Landau-level separation is half-integer. These results
imply that the FFLO states may exist not only in the Pauli-limited superconductors but also in very clean
materials with small Zeeman spin-splitting energy. We expect that the described quantization-promoted
FFLO instability is a general phenomenon, which may be found in materials with different electronic

spectra and order-parameter symmetries.
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I. INTRODUCTION

Superconductors exhibit a rich set of phenomena in a
magnetic field due to the interplay of the electron orbital
and spin degrees of freedoms. One of the most intriguing
phenomena due to the strong Zeeman spin-splitting effect
is the emergence of Fulde-Ferrel-Larkin-Ovchinnikov
(FFLO) states [1,2], in which the Cooper pairing occurs
with nonzero total momentum. In the resulted state, the
order parameter is modulated along the total momentum
direction. This modulation allows the system to regain a
part of the Zeeman energy at the expense of the kinetic
energy loss. Although the existence of such states in clean
Pauli-limited superconductors was theoretically predicted a
half-century ago, only recently indications of their exper-
imental realization have been reported in the organic and
heavy-fermion superconductors; see reviews [3,4].

In most materials, the orbital effect dominates, meaning
that it destroys superconductivity before reaching the strong
spin-splitting regime and FFLO states have no chance to
develop. The relative role of the spin and orbital pair-
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breaking effect is standardly characterized by the Maki’s
parameter oy, = \/2H2,/HY,, where HZ, and HY. are the
upper critical fields for the orbital and spin pair-breaking
mechanism, respectively. The FFLO states may emerge only
if ay > 1. The orbital effect is weak or absent, and the
Zeeman effect dominates in special situations of either quasi-
one-dimensional materials or quasi-two-dimensional mate-
rials in the magnetic field applied parallel to the conducting
layers. Naturally, most experimental searches for the FFLO
states [3,4] as well as theoretical studies of them [5—10] have
been focused on these favorable cases.

Alternatively, the conditions for the FFLO instability in the
presence of the orbital effect have been investigated by
Gruenberg and Gunther [11] for a clean isotropic super-
conductor within the quasiclassical approach. In this case, the
emerging FFLO state is the Abrikosov vortex lattice with
additional periodic modulation of the order parameter along
the magnetic field. Such a state appears only for very large
Maki’s parameter a;, > 1.8 corresponding to huge Zeeman
energy and/or very shallow band, conditions unlikely to be
realized in any isotropic single-band material [12]. Despite
this limitation, rich properties of the emerging modulated
vortex state have been theoretically investigated in detail
[13-17].

The most recent development in the field has been
motivated by the discovery of iron-based superconductors
[18]. These materials are characterized by several electron
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and hole bands with rather small Fermi energies which can
be tuned by doping or pressure. In addition, these com-
pounds have high transition temperatures and very high
upper critical fields H¢,, up to 70 T, likely limited by the
paramagnetic effect. These properties make iron-based
superconductors plausible candidates for the realization
of the FFLO state, which motivated the generalization
of the theory of this state for multiple-band materials
[19-21].

Practically all investigations of the orbital-effect influ-
ence on the FFLO transition have been done so far within
the quasiclassical approximation. In pure materials, how-
ever, the superconducting instability in the magnetic field
may be influenced by the orbital quantization [22—27]. This
influence is most pronounced in superconductors with
shallow bands and high upper critical fields, i.e., for the
conditions also favoring the FFLO instability. It is not
widely recognized that the quantization actually may
profoundly promote this instability due to the one-dimen-
sional nature of the quasiparticle’s spectrum at the Landau
levels. Such quantization-induced FFLO states have been
recently demonstrated in a special situation motivated by
the physics of multiple-band iron-based superconductors,
when one of the shallow bands is close to the extreme
quantum limit so that the cyclotron frequency . near H -,
is comparable to the band’s Fermi energy ey [28].

In this paper, we investigate the impact of Landau
quantization on the FFLO instability in a generic and
common case of an s-wave single-band layered material in
the magnetic field applied perpendicular to the layers; see
Fig. 1. Evaluating the quantum-oscillating correction to the
Cooper-pairing kernel with the finite spin splitting, we
demonstrate, that, surprisingly, the quantum effects per-
sistently promote the FFLO states in pure materials even in
the limit of large Fermi energies, where the quasiclassical

Fermi surface
[e)

FIG. 1. Schematic figure illustrating a layered superconductor
in the out-of-plane magnetic field, open Fermi surface, and the
emerging vortex state with interlayer Larkin-Ovchinnikov modu-
lation.

approximation is supposed to work well. Even though the
quantum correction is smaller than the quasiclassical
pairing kernel in this limit, at low temperatures, it acquires
strong oscillating dependence on the FFLO modulation
wave vector. As a result, the optimal pairing in the low-
temperature limit typically occurs at a finite wave vector,
and the uniform-along-the-field state becomes unstable
below the FFLO temperature Tggp . Because of the
quantization, the electronic spectrum is composed of
one-dimensional Landau-level branches depending on
the c-axis momentum. The immediate reason for the
emergence of the nonuniform state is the mismatch
between the c-axis Fermi momenta for the branches with
opposite spin orientation. One dimensionality of the spec-
trum further enhances the instability. Contrary to the case of
quasi-one-dimensional superconductors [6,9,10], the opti-
mal modulation vector is a result of an interplay between
multiple branches. As for the classical FFLO states, the
modulation allows the system to gain the Zeeman energy
exceeding the loss of the condensation energy caused by a
nonuniform order parameter.

The specific behavior is sensitive to the relation between
the spin-spitting energy 2u,H and the Landau-level
separation fiw., where p, is the band-electron magnetic
moment. The FFLO temperature has the oscillating
dependence on the field-independent ratio 2y, =
2u.H/(hw,), and its maximal value is given by the
superconducting transition temperature squared divided
by the Fermi energy TH&, ~ T%/ep. This maximum is
achieved when the ratio of the spin-spitting energy and the
Landau-level separation is half-integer 2y, = n + 1. On the
other hand, Tgg; o vanishes, and the uniform state remains
stable down to zero temperature only in the exceptional
cases when this ratio is integer 2y, = n. The modulation
wave vector of the emerging FFLO state continuously
grows from zero at the transition point to the low-temper-
ature value which is proportional to the ratio of the
cyclotron frequency and the interlayer hopping integral.
The modulation period remains much larger than the
interlayer separation. These results imply that the condi-
tions for the onset of the FFLO state are much milder than
generally anticipated. This state may actually appear in
materials with small Zeeman energy, and, correspondingly,
small Maki’s parameter. The only demanding requirement
is the material’s purity. The natural experimental indication
of the required purity level is noticeable quantum oscil-
lations in the normal state near the superconducting
instability.

We focus here on the case of the magnetic field applied
perpendicular to the layers along the ¢ axis. In this case, y,
is a material’s parameter. It is important to note, however,
that this parameter can be effectively tuned by tilting the
magnetic field away from the ¢ axis [29], because the
Zeeman energy is determined by the total magnetic field,
while the Landau-level separation is mostly determined by
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the c-axis field component. Therefore, the FFLO-instability
temperature should have strongly oscillating dependence
on the tilting angle.

This paper is organized as follows: In Sec. II, we
describe our model of a layered superconductor and derive
the equation describing superconducting instability in the
out-of-plane magnetic field taking into account the quan-
tum contribution to the pairing kernel and assuming a
possibility of the FFLO modulation along the field. The
derivation details of the quantum correction to the kernel
are presented in the Appendix A. For completeness, we
derive in Appendix B the criterion for the emergence of the
FFLO state in the quasiclassical approximation general-
izing previous consideration [11] to the case of layered
superconductors. In Sec. III, based on the derived equa-
tions, we investigate the influence of the quantum con-
tributions to pairing on the interlayer FFLO transition using
both analytical estimates and numerical calculations for
representative parameters. In Appendix C, we consider
suppression of the quantum FFLO state by impurity
scattering. Finally, the summary and discussion are pre-
sented in Sec. IV.

II. SUPERCONDUCTING INSTABILITY IN A
LAYERED SUPERCONDUCTOR

We investigate the influence of the orbital-quantization
effects on the onset of superconductivity for layered
materials in the out-of-plane magnetic field. We use the
tight-binding model with the nearest-layer hopping term
described by the Hamiltonian

=3 [ drle) e,

- tzc;s(r)ch,S (r)+H.c.— Uc;i (r)cj.T (r)

4 _/'tzHais’)st’ (I‘)

Cj¢(1')cj¢(l’)]v
(1)

where r = (x,y) is the in-plane coordinate, j is the layer
index, and s represents spin (summation over s and s’ is
assumed). Furthermore, 7, is the interlayer hopping
energy, &(k) =k2/(2m)—p is the intralayer energy
dispersion with the band mass m, the Fermi energy u,
and the momentum operator k = —iV, — eA/c [30]. We
use the symmetric gauge for the vector potential

= (H/2)(=y,x,0). We also include in the model the
Zeeman spin splitting which is determined by the band
electron’s magnetic moment y, = gug/2, where up is the
Bohr magneton and g is the g factor. The full three-
dimensional normal-state spectrum of the model is
&Ep(k,k,) = &(k) —2t,cosk,. The corresponding open
Fermi surface for p > 2¢, is illustrated in Fig. I.

To study the superconducting pairing instabilities for the
model in Eq. (1), we follow the standard approach and write
the linearized gap equation as

(i )A(Y),  (2)

UTZZ /

wil
where A;(r) = U(c;, (r)c;y(r)) is the gap function, we use
the notation [, = [dr, w,=2aT(n+1/2) are the
Matsubara frequencies, and the kernel

K, (rj.x'j') = Gj (rj.x'j)G, (x'] . x)) (3)

is determined by the one-particle Green’s functions
in the normal phase G, (rj, r'j’), in which the superscripts
+ or — describe spin orientation, and the overbar of the
Green’s function represents the complex conjugate. These
functions can be presented in the form of expansion over
the exact Landau-level eigenstates as [31,32]

[rxr’]

o exp (i 213,1) o < e ¥2e= kU= L, (x )> @
or2nly —E(C+5k) /]

where (...).= [7 ...dk,/(2x), Iy =+/c/(eH) is the
magnetlc length x=|r—-v] /212, and L,(x) are the
Laguerre polynomials. Furthermore,

1 1
§i<f+§,kz) Ea)c<f+§iyz> —2t,cosk,—pu (5)

with @, = eH/(mc) being the cyclotron frequency and
Y, = p.mc/e = gm/4mq being the reduced spin-splitting
parameter, where m, is the free-electron mass. The elec-
tronic spectrum is composed of the one-dimensional
Landau-level branches; see Fig. 2. In the limit ¢, > w,,
roughly 4¢,/w, of these branches cross the Fermi level for
each spin orientation.

In finite out-of-plane magnetic field, the gap parameter
A;(r) in the form of the lowest Landau-level eigenfunction
typically yields the leading instability. In addition, in the
presence of the Zeeman splitting, the order parameter may
be periodically modulated between the layers, i.e., along
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FIG. 2. Tllustrative plot of the spin-split Landau-level branches
crossing the Fermi level. The plot also shows the relevant energy
scales and the optimal modulation wave vector Q.
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the magnetic field [11]. Such a modulation is the realization
of the nonuniform FFLO state [1,2]. Therefore, we assume
the solution in the form
2
A;(r) = Agexp <_ﬁ+iQZj)‘ (6)
H
The solution with the modulation vector Q, giving the
maximal transition temperature 7', is realized. Below this
instability temperature, one has to compose a proper
combination of the lowest-Landau-level wave functions
corresponding to the Abrikosov vortex lattice. The order
parameter with the phase modulation along the field
in Eq. (6) is usually called the Fulde-Ferrel state.
Alternatively, the state with the amplitude modulation
A; x cos(Q.j) known as the Larkin-Ovchinnikov state
may emerge; see Fig. 1. We investigate only the instability

location here, which is identical for both of these states.
|

(¢ + £5)!/(207722,12,))

The gap function in Eq. (6) is the exact eigenfunction
of the kernel,

Z/ w, I‘],I'] (I)*ﬂl/j’w .0, ( )

where v = m/2x is the density of state per layer. This
solution allows us to reduce the gap equation, Eq. (2), to

Q
A =22TRe Y Jy 0. (7)

w,>0

where A = vU is the coupling constant and Q is the cutoff
energy.

Using the expansion of the one-particle Green’s function
over the exact Landau-level basis, Eq. (4), one can derive
the exact presentation for the kernel eigenvalue [23,28],

where we introduce the following notations:

p(k,, Q.) =+ 21, cosk, cos%, (9a)

7.(k., Q.) =y, — 21, sink, sin%. (9b)
Here, all normalized quantities marked by bars are defined
as a =a/w. (wWith a = w,, u, t,).

The Matsubara-frequency sums are logarithmically
divergent and have to be cut at w, ~ Q. This divergence
can be eliminated using the zero-field gap equation giving

JI(T/Te) = Ty + Ty, = J(H.T.0) =0, (10

a2
2w £ \(i@, = €1 =5 = 7. + i) id, + 62+ 5=

7 +ﬁ)>; ®)

[
where Y7 =— [[(ds)/(xs)]Intanh(zT's) sin(2ps)J o (41,5)
[28], and the field-dependent part of the pairing-kernel
eigenvalue is

Q
J(H,T,Q.)=2aT Z Re </1w”,QZ -

@,>0

Dt

n

with 7(0,T,0) = 0. Therefore, the UV cutoffs are explic-
itly removed, and the Matsubara-frequency sum on the left-
hand side in Eqgs. (11) converges now in the limit of
Q — co. We can represent the functions J in this limit
as [28]

JH.T.0:) 4ZZme £)12!

m=0 £=0
1

m

where jig(k,) = fi(k.,0) = i + 2f,cosk, and 7T (x)=
tanh[w.(x + 1/2)/2T]. We remind that the parameters /i
and 7, depend on k, and Q.; see Eqgs. (9a) and (9b).
Different terms in the above sum describe the contributions
to pairing from two quasiparticle states with opposite spin
orientations located at the Landau-level branches with
indices £ and m — £. The c-axis momenta of the pairing

m! <T<f+7z—ﬁ>+7(m—f—7z

- =275\

m+1-—2f

z

T%_mi>’ "

m—|—1—2,u

1/2

/2
1 T('——Mo =
-——( |4 d
2</ T2 +ZO
0 -1/2

Z|: m+z HO)
m+1+Z—2ﬂ0

Z

[

states at these branches £k, + Q./2 are mismatched by the
modulation wave vector Q.. For the fixed magnetic field,
we have to obtain the transition temperature 7, (H, Q.) by
solving Eq. (10) and then find Q, which gives its
maximum.

We are mostly interested in the quasiclassical limit set by
the related conditions u — 2t, > w,., T ¢ that are satisfied in
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an overwhelming majority of materials. In this case, the
problem can be significantly simplified. First, in the limit
u>> T¢, we have =Yr + Y7, ~3In(T/T¢), meaning that
Eq. (10) simplifies as In(7/T¢) - J(H,T.Q,) =0.
Furthermore, in the limit y — 2¢, > ., high Landau levels
¢y, ¢, > 1 give the dominating contribution to the sum in
Eq. (8). Therefore, the main term is obtained by neglecting
discreteness of the spectrum and replacing the summation
over these indices by integration over in-plane energies of
the pairing states €, = @.(¢;, + 1/2), which gives the
quasiclassical kernel 7,

=2 / ds In tanh (E s)
W,

0
x (exp(~ps?)[Jis cos(275) + 7. sin(275))).. (13)

This contribution is the famous quasiclassical Werthamer-
Helfand-Hohenberg (WHH) result [33,34], which is widely
used to describe the temperature dependence of the upper
critical field in clean superconducting materials. This
quasiclassical term usually favors the uniform state O, =
0 unless the Maki’s parameter set by the Zeeman energy is
anomalously large. We analyze this issue in Appendix B.
The discreteness of the Landau-level spectrum leads
to the quantum correction to the quasiclassical kernel
|

jq(Hv Tv Qz) -

22T i": 1)t cos (2zky.)

J,(H.T,Q;), which we derive in Appendix A. This
correction is the sum of terms that are (i) oscillating
functions of the in-plane energies of two pairing states
€1, with the period equal to the cyclotron frequency w,,
x expli(me; —mye,)/w,.] and (i) rapidly decrease
with separation between the average in-plane energy
(€1 +€)/2 and the average in-plane Fermi energy for
the pairing states with the c-axis wave vectors +k, + Q. /2.
Therefore, the sum over the two Landau-level indices in
Eq. (8) is replaced by the sum over two harmonic indices
m; », in which all terms have to be integrated over the two
energies and averaged over k,. This double sum can be
further split into two contributions with qualitatively differ-
ent behavior. The terms with mismatched harmonic indices
m; # m, rapidly oscillate with the ratio x/w, but weakly
depend on the modulation wave vector Q.. On the other
hand, in the same-harmonic terms with m; = m, the strong
magnetic oscillations cancel, but these terms have instead a
pronounced dependence on Q. with typical scale given by
average separation between Landau-level branches, as
illustrated in Fig. 2. This dependence appears because
the modulation partially compensates the momentum mis-
match at the branches caused by the spin splitting. This key
property is the origin of the effects discussed in this paper.
All contributions together can be presented in the following
concise form:

¢ k=l

Here, the oscillating part of the factor sin(k¢)/ tan ¢ with
¢ =2nj(k,.,Q.) is coming from mismatched-harmonics
terms, while its average part equal to 1 for even k originates
from the same-harmonics terms. The oscillating contribu-
tion has a structure resembling other quantum-oscillation
quantities such as the de Haas—van Alphen oscillating
magnetization; see, e.g., Ref. [35]. Namely, it is the sum of
terms which are periodic functions of 1/H [since fi(k., Q.),
f, « 1/H] and exponentially decay with the temperature
for T > w,. Also, these terms contain the familiar factors
cos (2zky) due to the spin splitting. The analogy, however,
is not complete because, in contrast to single-electron
normal-state quantities, the quantum pairing kernel is a
two-electron property. In particular, the same-harmonics
contribution to the pairing kernel does not have an
analogue in the quantum correction to the normal-state
magnetization.

Therefore, in the standard quasiclassical limit
u—2t,> w,., T, the total pairing kernel can be split into
classical and quantum contributions J(H,T,Q,)~
Ja(H,T,Q,) + jq(H, T, Q.), and Eq. (10) for the upper
critical field H, can be approximated as

cos (4rki, sin k. sin %) sin [2zkji(k., QZ)]>
sinh(z”;i) Z'

(14)

Vilk;, Q) tan 27ji(k., Q)]

ln(T/TC)_jcl(I—L T? Qz>_u7q(H7 T7 Qz) =0. (15)

The quantum contribution is expected to be small in the
quasiclassical limit. We demonstrate, however, that, while
weakly influencing the absolute value of H,, this correc-
tion strongly promotes the formation of the FFLO state at
low temperatures.

III. INTERLAYER FFLO TRANSITIONS

In this section, we address the problem of interlayer
FFLO instability. It is well established that within the
quasiclassical approximation, the FFLO state emerges only
when the Maki’s parameter of the material exceeds a certain
critical value. In particular, for an isotropic 3D material, this
value was evaluated as approximately 1.8 in Ref. [11]. For
completeness, in Appendix B we generalize this quasi-
classical consideration to the system we analyze here, a
quasi-two-dimensional layered superconductor in the mag-
netic field applied perpendicular to the layers. The Maki’s
parameter for this system is expressed via the electronic
parameters as
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ﬂ'Tc}/Z 4
Ay = .
7R RN ey e

We can see that this parameter may be large only if the band
is not too deep and the spin-splitting factor is very large. We
find that in the open-Fermi-surface regime u > 2t,, the
critical Maki’s parameter is approximately 4.76. This result
suggests that the formation of the FFLO state in layered
materials requires even higher Zeeman energy than in the
isotropic case.

We argue, however, that this established quasiclassical
picture is incomplete and provides only the correct criterion
for the FFLO instability if the temperature is not too low
T > w,. The conditions for the FFLO instability at very
low temperatures dramatically change when the orbital-
quantization correction (7 ;) in the pairing kernel is taken
into account. To see this, we investigate the influence of this
correction on the onset of the FFLO state for the case when
the Zeeman spin-splitting parameter is not near the resonant
values. We start with approximate analytical analysis for
the common particular case . < t, < . The quantum
correction in Eq. (14) is a sum of the oscillating terms
exponentially decaying with the temperature. In the range
T Z w,, the dominating contribution to 7, is coming from
the first several terms. The first two terms can be evaluated
as (see Appendix A for details)

26, n

(1) 27 T cos (2ny,) cos (2% 557)
jq ~= t 27[2T Z

: sinh(%) 5= l,[+25tCOSZQ

(17a)

(16)

T cos (4 I 2, . Q.
J9 s 2 T8 ) [ Jo (4ﬂ—zsin Q2)
A

sinh(4Z T 1) Ve o,
cos (4r pr2or; 5’—”)
+ v 4|, (17b)
5=1 47z\/ 1. (p + 26,1.c08* %)

where Jy(x) is the Bessel function. We see that the first
term oscillates with the magnetic field in the same way as
the normal-state magnetization (de Haas—van Alphen
effect) and conductivity (Shubnikov—de Haas effect), and
the second term also has such a magnetic oscillating
contribution given by the second line in Eq. (17b) [36].
As we discuss in the previous section, such terms appear
from the oscillating contributions of the two pairing
electronic states with opposite spins, which have mis-
matched periodicities in the in- plane energy dependence.
In addition, the second term J. ¢ has a qualitatively
different contribution described by the first line in
Eq. (17b) that does not oscillate with (u +2t.)/w, but
has a pronounced oscillating dependence on Q,. It orig-
inates from the same-harmonics contributions of the two
pairing electronic states also discussed in the previous

section. This crucial part of the kernel is essentially a two-
particle property which does not have analogues in single-
electron normal properties. For large spin splitting between
the Landau-level branches, the pairing at finite O, allows
the system to mitigate this split. This enhancement of
pairing is quantitatively described by this contribution,
which dominates the Q. dependence of the total quantum
correction at temperatures 7 2 w.. Moreover, at low
temperatures this enhancement occurs to be much stronger
than the suppression of the quasiclassical kernel with Q.,
Eq. (13), in the usual regime of the dominating orbital
effect.

Stability of the uniform state is determined by the
second derivative of J, with respect to Q, at Q, =0,

Jq=0T4/0Q 0.~
2
47th> . (8)

3/2TCOS(4”7z> 1 <
a)C

q

1~
Tq™

smh(4” T) VOcH

It is positive for the spin-splitting factors in the range
2y, —n/2| < 1/4 with n=1,2..., meaning that the
quantum correction strongly favors the modulated state
within this range. Adding the quasiclassical term J) ~
—12/(w.u) valid in the limit y, < /u/w,, we obtain the
total second derivative

J ~— £ (1 + 473/ cos (4ny )i ”)
@ ‘ sinh(ﬂ) op
2 16\/7CY 12T/ T3 (19)
sinh (4CguT/T2) )’

(1 + cos (4xy,)
WD

where in the second line, assuming 7' < T, we substitute
the low-temperature limit for @, at the upper critical field
for 1, <, w.~n*T%/(Cgu) with Cg~exp(0.5772) ~
1.781 being the exponential of the Euler-Mascheroni
constant. We can see that the quantum correction exponen-
tially decays above the temperature scale 7, = ./ A’ =
0.14T%/u. However, at T ~ T, it is already larger than the
quasiclassical term by the factor u/T.>> 1. In the case
cos (4my,) < 0, this property allows us to evaluate the
FFLO-instability temperature from the equation J” =0
with logarithmic accuracy,

T2 C,u
Trro ® 4CZM In (| cos (4ry.) L), (20)

where C,, is a numerical factor of approximately 100-150.
This estimate is valid until the expression under the
logarithm is large, i.e., it breaks near the points
|2y, —n/2| = 1/4 where cos (4zy.) vanishes. For spin-
splitting factors outside the ranges |2y, — n/2| < 1/4, the
system may still have the FFLO instability, but it realizes at
temperatures much smaller than 7,, meaning that its
evaluation requires accounting for multiple terms in the
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sum in Eq. (14) and lacks a simple description. In addition,
even though the uniform state becomes unstable, the
transition to the modulated state takes place at a noticeable
fraction of the zero-field transition temperature only if the
ratio T¢/p is not too small.

At temperatures smaller than T'gg o, the O, dependence
of the pairing kernel is dominated by the quantum term,
Eq. (17b), and the optimal modulation vector has to be
close to its maximum. As the first minimum of the Bessel
function Jy(x) is located at x,,;, = 3.832, the optimal Q.
can be evaluated as

Qop % 3.832m,/ (4n1.) ~ 03050, /1.. (21)

This wave vector is close to the average separation between
the neighboring opposite-spin Landau-level branches near
k, = n/2; see Fig. 2. Note that, in contrast to minimum
spacing between the branches, the average separation does
not depend on y,. Weak dependence of the modulation
wave vector on the spin splitting is an unusual feature
distinguishing our state from conventional FFLO states. We
remind that the above result is obtained under the
assumption @, < t,, meaning that the modulation period
in this regime is much larger than the distance between the
layers. Strictly speaking, the result in Eq. (21) is derived
assuming that the Q. dependence is mostly determined by
the term .7 in Eq. (17b), which is justified for T > T,/2.
For lower temperatures, higher-k terms in Eq. (14) become
important, which may influence the value of Q,,. Further
numerical checks, however, show that Eq. (21) gives a good
approximation for Q,, within a rather wide tempera-
ture range.

To support and verify these analytical results, we proceed
with the discussion of the numerically computed phase
diagrams. We remind that the transition temperature 7', at
fixed H and Q, can be computed using the exact equation,
Eq. (10), with the exact result for the kernel J(H, T, Q.),
Eq. (12). In the quasiclassical limit, u —2¢, > T, ®,;
however, the calculations are much easier with the approxi-
mate equation, Eq. (15), in which the classical and quantum
contributions to the kernel are given by Egs. (13), and (14),
respectively. The modulation vector maximizing 7', has to
be selected. Figure 3 shows the representative upper critical
field lines at low temperatures for the spin-splitting factor
7. = 0.3, two Fermi energies y = 107 and 207 ¢, and two
hopping energies t, =27 and 4T.. This choice of
electronic parameters corresponds to small values of the
Maki’s parameter. From Eq. (16), we estimate oy, ~ 0.2 for
u = 10T and ay; ~ 0.1 for u = 20T . Nevertheless, in all
shown cases the FFLO instability develops below the
critical temperature T'gpo. For p = 10T, this critical
temperature is slightly above 0.17- and for u = 207 it
is slightly above 0.05T7 ¢, in accidental agreement with a
simple estimate Tgpo/Tc ~Tc/u. At somewhat lower
temperature of approximately 0.57ggr o, the oscillatory

FIG. 3. Examples of the temperature dependences of the upper
critical field for the spin-splitting factor y, = 0.3, two Fermi
energies 4 = 10T (upper part) and 207 - (lower part), and two
hopping energies ¢, = 2T and 4T . The boundaries are color
coded by the optimal modulation wave vector Q,,. The arrows
mark the location of the FFLO transition temperature 7'gp . The
orange dash-dot lines show quasiclassical results.

upturn of H(T) develops. The optimal modulation wave
vector Q,, continuously increases below T'gg . Figure 4
shows the field dependences of Q, for u = 10T, two
values of t,, 2T - and 4T ¢, and several values of the spin-
splitting parameter located near the optimal values 0.25 and
0.75, including y, = 0.3 used in Fig. 3. The last points at
these curves are typically at temperatures 0.0057 - and
0.017 ¢ for t, = 2T - and 4T ¢, respectively. We see that the
modulation wave vector sharply increases below Tgg; o and
at low temperatures it starts to approximately follow the
linear dependence on the magnetic field predicted by
Eq. (21). The value of Q,, in this regime weakly depends

0.10

0.08

0.06

0.04

0.02

0.00

H (cmT,/e)

FIG. 4. The field dependences of the optimal modulation wave
vector Q, for y = 10T, two values of ¢, 2T and 4T, and
several values of the spin-splitting parameter y, near the optimal
values 0.25 and 0.75. The curves are marked by the values of y,.
The dashed lines show the expected low-temperature behavior,
Eq. 21).

021025-7



KOK WEE SONG and ALEXEI E. KOSHELEV

PHYS. REV. X 9, 021025 (2019)

0.75 : : —
0.70F : Unliform

0.65¢
0.60f
0.55¢
0.50¢
0.45¢

we(Trrro)/Tce

Optimal
0.40f L=+ 1BPHT

a2
0.10} 5

\
L]

L
[
i

0.08}

0.06}
0.04

Trrro/Tc

0.02f

0.00 : : : :
0.0 0.5 1.0 1.5 2.0

V=

FIG. 5. The lower panel shows the dependence of the FFLO
onset temperature Tgr o on the spin-splitting factor y,. The
parameters in this plot are 7, /u = 0.2 and /T = 10. In contrast
to the quasiclassical case, the FFLO states emerge at finite Tgg o
even when the y, is very small. Furthermore, Tgg (7. ) oscillates
and its maxima are located at 2y, = n + 1/2 corresponding to the
largest minimum separation between the opposite-spin Landau
levels, as illustrated in the inset for y, = 0.25. Open squares show
analytical estimates using Eq. (19). The upper panel shows the y,
dependence of the cyclotron frequency at the upper critical field
for T =Tgro We omit the points at the resonances
2y, = 1,2, ...), where the spin degeneracy of the Landau levels
is restored; see inset for y, = 0.5. The FFLO transition is absent at
these points.

on the spin-splitting parameter which determines only the
field range where such a behavior is realized.

The analytical estimate for the instability temperature in
Eq. (20) is valid only for the Zeeman spin-splitting
parameters within certain ranges |2y, —n/2| < 1/4.
Outside these ranges, no simple analytical results are
available. The lower panel of Fig. 5 shows the numerically
computed y, dependence of the FFLO-instability temper-
ature. We see that this dependence is oscillatory with the
slowly decaying amplitude. As follows from Eq. (19),
Trro &« @, suggesting that this slow decay is caused by an
overall suppression of . o« Hcy(Trp o) With y.. Such a
suppression is indeed seen in the upper panel of Fig. 5,
which presents the y, dependence of the cyclotron fre-
quency at the instability point. We note that the ratio
TrrLo/ @, displays much better y, periodicity with slightly
increasing amplitude (not shown). The dependence
TrrLo(7.) within the ranges |2y, — n/2| < 1/4 is in excel-
lent agreement with the evaluation based on the analytical
result, Eq. (19). When y, is shifted outside this range, the
instability temperature sharply drops and moves in the
region of oscillatory H(T) behavior. Nevertheless, we

see that the instability is always present unless 2y, exactly
equals an integer. Therefore, both analytical and numerical
analyses of this section consistently demonstrate that the
quantum-oscillation contribution to the Cooper pairing
favors the FFLO instability, especially in the case of strong
spin splitting between the Landau-level branches. Our
theory provides a quantitative description of this instability.

IV. SUMMARY AND DISCUSSION

In this paper, we investigate the FFLO instabilities in a
clean single-band layered superconductor in the out-of-
plane magnetic field taking into account the orbital-
quantization effects. The quasiclassical analysis predicts
the emergence of the FFLO state only at very large Maki’s
parameters a,, > 4.76. We find, however, that the quantum
effects promote the formation of this state at low temper-
ature even in the range of parameters where the quasi-
classical approximation is expected to work well. Contrary
to the quasiclassical predictions, the FFLO state in a clean
system can emerge even in the weak-Zeeman-effect regime
(ay; < 4.76). The instability of the uniform state is caused
by the mismatch between the c-axis Fermi momenta for the
one-dimensional Landau-level branches with opposite spin
orientation. Correspondingly, the optimal modulation vec-
tor at low temperatures is given by the typical separation
between the branches. The condensation-energy loss in the
modulated state is compensated by the higher gain in the
Zeeman energy. Therefore, this state is expected to have
higher electronic spin polarization in comparison with the
uniform state. Note that in the case of a very strong Zeeman
effect, the FFLO state may emerge via the first-order phase
transition [14,16]. In our case of weak Zeeman energy, the
transition is known to be continuous in the quasiclassical
regime, and incorporating the quantization corrections will
not change this scenario because the quantum correction to
the quartic coefficient in the Ginzburg-Landau expansion is
small and cannot change its sign.

We mostly focus on the typical situation when
many Landau-level branches cross the Fermi level near
the upper critical field, which also may realize in
materials with different electronic spectra. In layered
superconductors, this situation corresponds to the condition
4t, > w, ~ T%/u. We note, however, that some key results
also hold for extremely anisotropic layered materials, in
which the miniband width 4¢, is comparable to or smaller
than the cyclotron frequency .. In particular, the results
for the classical and quantum contributions to the pairing
kernel, Egs. (13) and (14), are valid for arbitrary ¢, within
the open-Fermi-surface regime. More importantly, the
crucial contribution to the quantum kernel given by the
first term in Eq. (17b) remains valid for ¢, < @.. As a
consequence, the FFLO instability persists for arbitrarily
small interlayer hopping, and the instability temperature for
the case cos (4zy,) < 0 can be still estimated from Eq. (20).
The nature of the FFLO state developing at low
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temperatures, however, changes qualitatively when 4¢,
becomes comparable with @,.. In this regime, only a
few Landau-level branches cross the Fermi level.
Correspondingly, the optimal modulation emerges as the
result of competition between a few favorable wave vectors
connecting the Fermi wave vectors of the opposite-spin
branches. In this case, the low-temperature modulation
period is expected to be comparable with the interlayer
spacing and will have complicated magnetic field
dependence.

The most demanding requirement for the observation of
the quantum FFLO instability is the material’s purity. The
impurity scattering has detrimental effects on the quantum
contributions, and strong disorder restores the quasiclass-
ical behavior. As we demonstrate in Appendix A, within the
simplest lifetime approximation, the impurity scattering
leads to appearance of the additional “Dingle factors”
exp[—27kI’/w,] in the sum for the quantum correction in
Eq. (14). Here, the impurity broadening I is related to the
scattering time as I' = 1/27. In addition to the reduction of
the Landau-quantization corrections, the impurity factors
make the sum in Eq. (14) convergent in the zero-temper-
ature limit for an arbitrary modulation wave vector.
In Appendix C, we consider suppression of the FFLO
instability by impurities. We evaluate the critical
impurity broadening I',. above which the FFLO state is
suppressed, T, = (w./4x)In (47°/2|cos (4xy.)|\/u/@.)
for cos(4zy.) <0. We also illustrate the evolution of
superconducting instability boundaries with increasing I'.

In our consideration, we assume fixed chemical potential
and neglect its quantum magnetic oscillation 5u(H), which
should be present if the system is not coupled to a charge
reservoir. In layered metals in the limit 47, /w. > 1, the
low-temperature oscillating amplitude of Su(H) scales as
w./o./t, [38]. To check if these chemical-potential
oscillations have a noticeable influence on our results,
we compute Su(H)/w, using the precise formula provided
in Ref. [38]. We find that for the parameters u/T - = 10 and
t./T¢ = 2 in Fig. 3, the maximum amplitude of u(H)/w,
is only approximately 0.01 near the FFLO transition.
Moreover, even for the points with small 7Tgp o near the
resonance spin splittings in Fig. 5, du(H)/w. does not
exceed 0.05. We conclude that the oscillating contribution
to the chemical potential has a minor influence on the
FFLO instability in the studied parameter range.

The FFLO transition temperature (Tgg; o) is an oscillat-
ing function of the spin-splitting parameter y, = u.H/w,. It
has maxima at 2y, = n +% corresponding to the largest
splitting between the Landau levels with opposite spin
orientations, which is the least favorable situation for the
uniform state. On the other hand, the uniform state remains
stable down to zero temperature at the resonances 2y, = n
corresponding to spin-degenerate Landau levels. As we
point out in the Introduction, the effective y, can be tuned
by tilting the magnetic field [29], and we expect that Tgg

will also be an oscillating function of the tilting angle. This
consideration is very general, meaning that, in principle,
such a quantum FFLO instability may appear in any layered
superconducting material provided it can be prepared
sufficiently pure. Moreover, we believe that specific
assumptions for the electronic spectrum and s-wave sym-
metry of the order parameter made in derivation are not
really essential, and we expect that the predicted promotion
of the FFLO state by the quantization is a general
phenomenon which also takes place in more complicated
situations. We note, however, that in a typical good metal
with very large Fermi energy u > 1007, the FFLO
transition temperature becomes vanishingly small, and,
correspondingly, purity requirements may be unrealistic.
Therefore, the best materials for observation of the pre-
dicted behavior are superconductors with strong pairing
and not-too-deep bands so that /T < 30 and u/w, < 50.
Clearly, the predicted quantum effects become more
pronounced with decreasing these ratios.

Among the known materials, the possible candidates
for the predicted behavior may be found in organic
and iron-based superconductors. Consider, e.g., the
well-studied organic superconducting material
k-(BEDT-TTF),Cu(NCS), with T =104 K [4,39,40]
and Hg»(0)~7 T [41]. As other organic materials, it
can be made exceptionally clean so that the quantum
oscillations may be observed even inside the superconduct-
ing state [42]. In addition, strong experimental support for
the classical FFLO state caused by the large Zeeman energy
already exists for the magnetic field oriented along the
layers [4], and this state may realize only if impurity
scattering is very weak. The band structure of this material
is composed of one holelike corrugated cylindrical Fermi
surface and two electronlike Fermi planar sheets. The
Landau-quantization effect is relevant only for the holelike
Fermi surface which is characterized by the effective mass
of approximately 3.2m, [43] and interlayer hopping energy
t, ~0.04 meV [44]. The ratio p/w,. is equal to the ratio
of the de Haas—van Alphen frequency 5997 and H , giving
approximately 86. With above effective mass, this yields
.~ 025 meV, p~22 meV, and u/T = 25. The spin-
splitting parameter y, = 1.3 1is extracted using the
“spin-zero” effect in the de Haas—van Alphen oscillations
[43], and it is actually close to the optimal value of 1.25 for
the quantum FFLO scenario. The pairing in this and similar
molecular crystals may be mediated by spin fluctuations
leading to the d-wave symmetry of the order parameter
[37,45]. Several materials properties are consistent with the
d-wave symmetry including NMR [46], low-temperature
behavior of the London penetration depth [47,48] and
specific heat [49], dependences of specific heat [50],
and thermal conductivity [51] on the magnetic field
direction. The consideration of this paper can be
straightforwardly generalized to the d-wave case, and we
expect a very similar behavior. The instability temperature
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for this material can be estimated from Eq. (20) as
Tgpro ~0.045T - ~ 0.45K. From the material’s parame-
ters, we estimate 47,/w. =~ 0.7, meaning that the Fermi
level typically crosses only one Landau-level branch for
every spin direction. In this case, one can expect a large
modulation wave vector which is determined by the two
Fermi momenta of the opposite-spin branches. We can
conclude that this organic superconductor has almost ideal
electronic parameters and is a very feasible candidate for
the realization of the quantum FFLO state. It is, however, a
challenge to demonstrate it experimentally. An additional
complicating factor is that the transition may not be
described by the mean-field theory due to strong quantum
fluctuations [52] which may smear the static configuration.
The described FFLO instability actually enhances these
fluctuations due to the reduction of the vortex-lattice tilt
stiffness.

High values of transition temperatures and upper critical
fields as well as small Fermi energies make iron-based
superconductors natural candidates for observing the pre-
dicted phenomenon. The weak impurity scattering limit
probably cannot be achieved in compounds obtained by
doping from nonsuperconducting parent materials.
Fortunately, there are also several stoichiometric com-
pounds, such as FeSe, LiFeAs, and CaKFe,As,, which,
at least in principle, can be made pure. For example, the
compound FeSe has a transition temperature of approx-
imately 8 K [53] and a rather high low-temperature upper
critical field of approximately 17 T [54,55]. The material
can be made clean allowing for the observation of quantum
oscillations down to fields of approximately 20 T [55,56],
only slightly above H . Its band structure is composed of
hole and electron pockets with very small Fermi surfaces.
An analysis of the Shubnikov—de Haas oscillations [55]
gives the smallest Fermi energy for the electron and hole
bands of only 3.9 and 5.4 meV, respectively, and ARPES
measurements [55,57] are consistent with these estimates.
This means that the ratios €;/w, are in the range of 4-6,
clearly indicating the relevance of quantum effects.

|

Moreover, experimental indications of a possible phase
transition inside the superconducting state have been
reported recently. It was demonstrated that the diagonal
and Hall thermal conductivities have kinklike features near
the magnetic field H* ~ 15 T at T < 1.5 K below H(T)
[54,58]. It is feasible that this transition corresponds to the
quantization-induced FFLO state with modulation along
the magnetic field. Even if this interpretation is correct, the
simple model used in this paper probably does not
quantitatively describe this transition because it is likely
influenced by multiple-band effects.

We conclude that the generally accepted picture of the
true superconducting ground state in high magnetic fields is
incomplete for clean materials. The quantization effects
promote the formation of the FFLO state in which the order
parameter is periodically modulated along the magnetic
field. Such a state may actually realize in several existing
pure materials, even though a direct experimental proof for
it may be quite challenging.
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APPENDIX A: DERIVATION OF THE
OSCILLATING CORRECTION TO
THE PAIRING KERNEL EIGENVALUE J

The starting point of the derivation is the exact result for
the eigenvalue 4,, o, Eq. (8), which we rewrite in real
variables as

0, X (61 +0)! <[

ﬂmn»Qz T ox =~ 2f|+f2fl 1,

‘

with ¢, = sign(w,) and é.(€ + 1. k,) =w (£ +5+7,) —
2t, cos k, — u being the quasiparticle energies in a finite
out-of-plane magnetic field. While in most parts of the
paper we consider clean case, here we also include a finite
broadening I related to the scattering time by nonmagnetic
impurities as I' = 1/2z. We use the simplest lifetime
approximation neglecting the vertex impurity corrections

1
i(mn + er) - §+(fl +%’kz + Qz/2)][i(wn + gwr) + 5—(f2 +%’kz - Qz/z)]>z

(A1)

|

in the pairing kernel, which is justified at high magnetic
fields for I' < @, [23,59,60]. This simple model is suffi-
cient for us to understand the qualitative behavior of the
impurities effects. We expect that a more accurate treatment
will not change the qualitative features of the result. The
initial steps of derivation are similar to ones in Refs. [11,60].
In the quasiclassical limit 4 > @, the main contribution is
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coming from large Landau-level indices 7, > 1. In this limit, using the Stirling formula x! ~ v/2zx**!/2 exp(—x), the
combinatorial factor can be approximated as

(21 +62)! _exp[=(£) = £5)*/42)]
2fl+f2fl 'fz‘ \/ﬂ'f] '

Using also the Poisson summation formula > 2 f(£+1) = [ dxf(x) > %__(—=1)" exp (2wimx), we obtain an
approximate presentation for 4,, o,

(o)
oo, = Y, G

my ,My=—00

exp [2zi(myx; — myx,) — (X — x)%/4xy]
) >]> . (A2)

Tl dx2<[i(a) +o0) = &4 (1, kD) i@, + LT) + E- (30, k
0 0 n T Sw + WX K T3 n e z

z

Here, the variables x; , are reduced in-plane energies €, , of the pairing states x, , = €;,/®,. The terms with nonzero m,,
give the oscillating contributions to the kernel with respect to these energies due to the discrete spectrum of the two pairing
electronic states in the magnetic field. Making the variable change ¢ = w.(x; + x,)/2 and e_ = w.(x, — x;), we obtain

Jmm (=1)m+m gy e 7 de <exp R2ri(m; —my)e/w, — wi(m; + my)e_/w, — €%/4a)06]>
Z

@0z ™ 2ﬂ3/2\/aTc % [5 _ﬂ(kz, Qz)]z + [wn + C(ur - i% - iwc?z(kz’ Qz)]z
—o le-1/2

where u(k,, Q,) = u+ 2t,cosk,cos(Q./2) is the average in-plane Fermi energy for two pairing states with c-axis
wave vectors tk, + Q_/2m, and 7,(k., Q.) is defined in Eq. (9b). Further derivation steps deviate from Refs. [11,60]
and lead to somewhat more physically transparent presentation for the kernel -eigenvalue. Assuming
ulk,, 0.) > w,,(e_/2),w.y.,2t, sink,sin(Q,/2), we can approximately integrate over the mean in-plane energy e,

mym, (_1)m1+m2

®,,0. ™~
Yz 2\/@

) . 4 . € €2 T\ my—m . € ~
o (-t s iyl et
€_ . ~
V ﬂ(kz7 Qz)[|wn| +I' - le(%‘ + wcyz(kz’ Qz))]

—0

with ¢, = sign(w,, ). We use the presentation

! 72dsexpl (lon] +T - zc(,,(%wmkz,gz)))s}’

|a)n| +F ZC[D[ +0)Cy2 kZ’ QZ a)C

c

which allows us to integrate over €_,

ISW

S

g

i 2=t | <exp{ (Zm'<m1 — y) = [a(my + > — ¢y — ) —sa,,]Z)Mkz,Qz)
0

c

2(|wa| +T)

c

— (m|lmy —my| + 5)

T (almy = ma + )27, (k. QZ)}>

Z

with fi(k,, Q.) = u(k,, Q.)/w.; see Eq. (9a). In the next step, we perform summation over the Matsubara frequencies
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[Se]

ot 3 = a3

0

% <77.'T6Xp{(271’i(m1 - m2) - [”(ml +my— C(u|ml - m2|) - S&:w]z)N(kzv Qz) 2(77"|ml - m2| + s)[ié’a)yz(kzv Qz) _al,t]}>

wesinh ((almy = ms]+ 5) 2T) :

(A3)

In the sum over m; and m,, it is convenient to introduce new summation indices k = m; —m, and
r = {u{my + [(k = {,[k[)/2]}, which leads to the following presentation for J = 2T > 7% __ 4, 0.

J~ i J*, (A4)

rk=—o0

(o

st (1 2 [ (R B PR 0} 8 BUalk] o7k 0

sinh ((z[k| + ) %) exp [_2(”|k| + s)wij > . (A5)

Z

2

O\S

We remind again that the parameters ji(k,, Q.) and 7. (k., Q.) are defined in Egs. (9a) and (9b). As we consider the regime
fi(k., Q.) > 1, the terms with r < 0 are exponentially small and can be neglected. For further transformations, we split
J =Jge + L+ I with

N T o ) o N3
r=1 =

k=1 r=0

Here, the first term is the conventional quasiclassical result. It contains a logarithmic divergence which can be eliminated by
subtracting its value at zero magnetic field and Q, = 0 leading to Eq. (13). The other two terms give a quantum-oscillation
correction to the kernel eigenvalue. In these terms, we can approximately perform s integration in Eq. (AS) assuming

|s = 2zr| ~ /. /u(k,, Q.) < 1, which allows us to keep s dependence only in the first exponential factor. For the term J!,
this gives

272327 & /cos (4xry,) cos 471'r smk st exp(—4zrl'/ o,
J ~ T Z< ( z) ( ) ( >> ’ (Aﬁ)
4

. Vil(k., QZ) sinh (47°rT/w,.)

where we also substitute cos [4zry_(k., Q.)] — cos (4zry,) cos{4nr|(2t,)/(w.)] sink, sin[(Q.)/2]}. This quantity repre-
sents the contribution to the kernel originating from the oscillating components of the two pairing electronic states with the
same periodicity, i.e., from terms with m; = m, in Eq. (A2). We note that J; monotonically decreases with ji(k,, Q.),
meaning that it does not contain terms periodically varying with the large ratio u/w,. that are typical for quantum-oscillating
corrections to normal-state quantities. Other contributions to the pairing kernel considered below do contain such terms. On
the other hand, this kernel contribution has a pronounced oscillating dependence on the modulation wave vector Q.. The
latter property is very crucial for the consideration of the FFLO instability.

For the term J, we note that the s integral for the » = 0 term is from 0, and it is approximately 2 times smaller than for
the » # 0 terms for which we can extend the lower integration limit to —oo, i.e.,

D¢ r=1

0 ATPT SR,/ cos 2akii(k,, Q)] cos 2z (k + 2r)7. (k.. Q)] exp[=2z(k + 2r)T /o]
R MBI V. 02)sinh [(k +2r) 21 )
20PT G,/ cos [27ki(k,, Q)] cos 27k (k.. Q)] exp(=27kT /@)

S VAl @) sinh (K227 )-

We see that, in contrast to J}, Eq. (A6), this contribution is composed of terms proportional to cos [2zkfi(k,. Q)] that
oscillate with the ratio y/w.. We can reduce the double summation in the first line to a single sum using

Z

Z
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Ms
I
NgE
M\.

>

k=1 r

kcos(kx)g(k + 2r)

Il
<
~.
Il
3
Il

sin[(2j + 1)x] — sinx

[cos(2nx)g(2j) — cos [(2n — 1)x]g(2j — 1)]

sin (2;x)

~.
Il
=

|
m

~
Il
-

l\)lll'—‘
.Mg

2sin x

(=1)[sin (jx) cotx + cos (jx)]

4(2j) 9(2) - 1>}

Z 2J).

2sinx

with x = 2zji(k., Q.) and g(j) = cos [2zj7.(k,, Q.)] exp[—27,;T/w.]/ sinh (2z>jT /w,), which leads to the presentation

%

ST~ 2232 i(_] )j<sin 2zji(k,, Q.)] cos [27j7.(k., O.)] exp(—ZﬂjF/a)C)>
Vii(k,. Q) tan 2zf(k,. Q.)] sinh 27°T /w.)  /,

D,

2532 & <cos [47j7.(k., Q.)] exp(—4xjT/w,)
g fi(k,, Q,) sinh (47%jT /@)

>Z. (A7)

We can see that the second term exactly cancels J!, Eq. (A6), meaning that the first line gives the final result for the

. .. _ I II
full quantum correction to the pairing kernel 7, = J; + J;/,

2032 &
T, (H,T,0.)~ ”w S (-

j=1

In the clean case, I' =0, this gives Eq. (14) of the
main text. We note that the oscillating factor
sin 2z ju(k,, Q.)]/ tan 2zji(k,, Q.)] in this result contain-
ing the large parameter ji(k,, Q.) has zero average over the
period for odd j, while for even j its average equals to 1.
The oscillating part of this factor for all j originates from
JI!, and the average part for even j originates from J!.
Flgure 6 compares the Q. dependence of the exact total
kernel eigenvalue J given by Eq. (12), with the

2.60F o T T T T
> — Exact

o === Approx.

-2.62 == Quasicl.

N 2041
266l %=0.3,1=0.13y, <
7=0.014,, ®=0.14,
-2.68
0.0 0.2 0.4 0.6 0.8 1.0

Q.

FIG. 6. Comparison of the representative O, dependence of the
exact total kernel eigenvalue [, Eq. (12), with quasiclassical
formula, Eq. (13), and with the approximation which accounts for
the oscillating correction, Eq. (14), to the quasiclassical result.
The used parameters are shown in the plot.

R Qo) o) (sl 0]
sinh (27T /w,)

(A8)

Vii(k;, Q) tan 27i(k;, Q)]

quasiclassical result from Eq. (13) and with the more
accurate approximation which also takes into account
the oscillating correction, Eq. (14). We can see that this
correction accurately reproduces the oscillating behavior. A
small difference with the exact result is present only in the
smooth part and is obviously related to the inaccuracy of
the quasiclassical contribution of the order of w,/u.

Further simplification can be achieved in the common
limit w. < ¢,. In this limit, as usual in the physics of
quantum-oscillating corrections, the dominating contribu-
tions are coming from the extremal cross sections of the
Fermi surface. We demonstrate this for the first two terms in
the sum giving the quantum correction in Eq. (14). These
terms provide the main contribution to the total sum almost
everywhere except very low temperatures T < w,/47°.
The first term k = 1, we rewrite as

2/2Tcos(2m/z)exp( 27l /w,.)

) _
Ja sinh (27T /w,.)

X/deZ(SQilCOS{Zﬂ[f( —cos(k ) 2)]}
27 \/a)c (i + 2t cosk, COSTZ)

v/

In the limit w. < t,, the dominating contributions to
the k, integration for the two rapidly oscillating terms in
the nominator are coming from the regions near
k,—6p0./2=0 and n, where we can expand
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cos (k, — 50:/2) ~ +[1 - (k,
cosk, = +cos(Q,/2). These approximations give

cos (2zy,) exp(—2#l'/w,.)

(1)
~—\/nT
Ja vE sinh (272°T/ w,.)

/dk cos 2z £
z
s=x17 \/a) (4 + 26,1.cos %)

-0600;/ 2)2/2]. Also, we can neglect the k. dependence in the denominator substituting

215, 2 (1 K2/2)]

Using [® cos(a =+ bx?)dx = \/n/bcos (a + x/4), we can approximately perform the k, integration giving Eq. (17).
For the similar evaluation of the second term in Eq. (14), we represent it in the form

JE,> RV (4ry.) exp(—4zl/w,.)

7 2, . . 0.
dk, 2 cos (4”0)_[; sin k, sin %) + 2 s5,—t1 Cos {4x[L-+

i}—tfcos (k, = 6¢ %)]}

sinh (47°T /w,.) 27

The qualitative difference from [J E,l) is the presence
of the first term in the nominator, which gives the
rapidly oscillating with Q. contribution. In the limit
t, < pu, we can neglect the k,-dependent term in the
denominator allowing us to compute this contribution
using [ [(dx)/(2x)]cos (asinx) = Jo(x) with Jy(x)
being the Bessel functlon The last two terms can be
evaluated similarly to j ¢  leading to the result in
Eq. (17b). The first term in this result, having strong
oscillating dependence on Q,, originates from the kernel
part given by Eq. (A6) describing the oscillating contri-
butions of the two pairing states with the same periodicity.

APPENDIX B: CRITICAL MAKI’S
PARAMETER OF LAYERED
SUPERCONDUCTORS WITHIN
QUASICLASSICAL APPROXIMATION

In this Appendix, we investigate the onset of the
interlayer FFLO state in the magnetic field applied
perpendicular to the layers for the quasiclassical case.
This problem provides a natural reference for the case in
which the quantum effects are taken into account. Note that
in most theoretical papers, only the case of the magnetic
field applied along the layers has been considered because
orbital effects are weak in this geometry which is favorable
for the FFLO modulation. For isotropic materials with large
Zeeman effect, a similar problem of the FFLO state along
the magnetic field was considered in the seminal paper of
Gruenberg and Gunther [14]. It was demonstrated that the
FFLO modulation appears when the Maki’s parameter
exceeds 1.8. Surprisingly, this consideration was never

|

fr (a —) Z/dzexp lnz{ 0<2212)a}, sin(2a,z) + [IO (2212> —2211 (22z2>]zcos(2ayz)},
H H H H
0

\/a)C (1 + 2t cos k_ cos %)

generalized to the case of layered superconductors with
open Fermi surfaces.

Our consideration is based on the result for the field-
dependent pairing kernel Eq. (13). To investigate super-
conducting instability at zero temperature, we approximate
tanhx ~ x. The single-band H, equation In(7/T¢) =
J(H,T,Q.) can be transformed into the following form
using the substitution z = /j5,

T
" C / /dze b In g

=0 (B)

R(w., Q) =1

X [ﬁQz cos(ZyQZ) +70 sm(ZyQZ)]

with Q,-dependent parameters

:BQ(kz’ Qz) =

==

1 0
=1+2=cosk, cos ==,
ﬂCOS 7 COS >

7. r.—2(t;/o.)sink, sin

Vi Vilo.

This equation determines the reduced upper critical field
w./Tc = eHg,/(ecmTe) as a function of the modulation
wave vector Q. and the reduced electronic parameters
u/Te, t./p, and y,. The value of Q, giving the largest H
is realized. For the uniform case, the value w}=w.(Q,=0)
is determined by a simpler equation

[
2

}/Q(km Qz) =

ln<\7/%> " (B2)
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FIG. 7. The dependence H~, on Q. for single-band layered
superconductor with different y,. The parameters that are used in
the plot are ¢, /u = 0.3. Fory, < y¢, the maximum H , is always
at Q. = 0. If y, >y, the maximum H, moves to finite Q..

where a, =y \/w;/u, and I,(x) is the modified Bessel
function.

Figure 7 shows representative Q, dependences of H
fort./u = 0.2, u/T¢ =5, and different y,. We can see that
for small y,, the maximum H , is located at O, = 0. When
y. exceeds the critical value y¢, the maximum of H,
moves to finite Q.. For large y_, the maximum is realized
at Q, = 7.

The critical spin splitting y¢ can be expressed via the
Maki’s parameter oy, = V2H%,/HY,, where

T mcT -m
HE, = C = ¢ B4
@ V2Cgu,  V2Cger, (B4)

is the Pauli-limiting field at 7 = 0, and HY, is the orbital
upper critical field at 7 = 0. In our case, we can obtain it
from Eq. (B2) with y, =0,

n*cTam 2
Crep 14 \/1-42/)2

Combining these results for the critical fields, we obtain the
presentation of the Maki’s parameter via the electronic
parameters given by Eq. (16) of the main text. We also
derive the presentation

ng = (BS)

4

1++/1-42/2

which is convenient for the numerical evaluation of the
critical Maki’s parameter.

We proceed with calculation of the critical spin splitting
y¢ as a function of the parameters u/T ¢ and ¢, /u and relate
it with the critical Maki’s parameter using Eq. (16). At
y. =<, the second derivative d*w./dQ?|, _, vanishes,
which coincides with the condition

(B6)

— —fr
ay = aye

'Closed FS

-

Open FS

Lifshitz transition-
1 1 i

-1 0 1

2 3 4 s
p/t

FIG. 8. The dependence of the critical Maki’s parameter o on
u/t.. Note that at negative u this parameter approaches the known
value for the isotropic case ac =~ 1.8 [14].

O’R(w},0)
R'=—F3""=0. B7

From Eq. (B1) in the limit u > ®@., we derive the
presentation

2 [d !
R = — -z _Zexp (_Z2) CcOS (Zays)ll (2—ZZZ) . (B8)
z H

c

In the limit 7, < p, the second derivative R” changes sign at
a, = af ~0.9241. This means that y$ scales as \/u/w;.
From Eq. (B3), we evaluate f§ = fr(aS,0)~ —1.8922
and o} =7’ exp(2f$)Te/u  giving yE ~0.758u/T¢.
Substituting the evaluated parameters into Eq. (B6), we
find the critical Maki’s parameter o= 4.761 in the
limit 7, << p.

At finite 7., we find the dependence af(z./u) by
numerically solving equation R” = 0 using the presentation
in Eq. (B8), then compute the function fgaf (1./u). 1,/ ul,
Eq. (B3), and, finally, evaluate the critical Maki’s parameter
from Eq. (B6). In Fig. 8, we plot the resulting dependence
of the critical Maki’s parameter a on y/t,. We can see that
ac has a sharp increase at the neck-interruption transition
t. = p/2 and monotonically decreases with u /¢, approach-
ing the value 1.8 for the isotropic case.

APPENDIX C: SUPPRESSION OF THE FFLO
STATE BY IMPURITY SCATTERING

In this Appendix, we investigate the influence of the
impurity scattering on the FFLO transition. The quantum
correction to the pairing kernel J,(H,T,Q.) taking into
account impurity broadening I' is derived in Appendix A
and it is given by Eq. (A8). Impurities lead to the
appearance of the “Dingle factors” exp(—2z,I"/w,), well
known in the theory of quantum oscillations [37]. We
consider here the case of relatively weak impurity
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scattering I' < w, and neglect the scattering correction to the
quasiclassical kernel Eq. (13). This correction provides only
a small and smooth contribution, which do not influence the
location of the FFLO transition. In addition, it is not captured
correctly by the used lifetime approximation.

The impurity factors suppress the higher-order terms in
the sum for J,(H, T, Q,) in the same way as the temper-
ature. At noticeable scattering, the main contribution is
given by the two low-order terms Eqs. (17a) and (17b),
where the first and second terms acquire the factors
exp(—2al'/w,.) and exp(—4zl'/w,.), respectively. One
can straightforwardly generalize the criterion for the
FFLO transition following from Eq. (19) to the case of
the finite scattering rate. Adding the factor exp(—4xI'/®,)
to Eq. (18), we obtain the following equation for the FFLO
temperature in the case cos (4zy,) <0 and 7, < u,

4zl #Tmo
4732 cos (4xy,)| exp <——> #, L
®¢ /) sinh(Z—He) | @

(C1)

In particular, this equation gives the critical scattering
broadening I'., completely eliminating the FFLO state

I, = —ln (47r3/2 cos (4zy,)|/ )

T
~ 4CEC In (4\/—71(35005 (4zy.) Tc) (C2)

One can see that a small numerical factor 1/4x in the ratio
I'.,/w, is partially compensated by the large logarithm. In
the regime cos (4zy.) > 0, the FFLO state is suppressed by
much smaller scattering broadening.

Figure 9 shows the evolution of the instability boundary
with increasing scattering broadening I' for one of the
parameter sets used in Fig. 3, y = 107, t, = 2T, and
7. = 0.3. One can see that the impurities scattering reduces
the FFLO transition temperature, and at I'/T - = 0.2, the
FFLO state is completely suppressed. This is consistent
with Eq. (C2) giving I'~ 0.19T - = 0.35w,. for u = 10T ¢
and y, = 0.3. It is well known that impurity scattering
increases the upper critical field within the quasiclassical
approximation. We see that suppression of the quantum
term has the opposite effect: The pronounced low-temper-
ature upturn of the instability curve existing in the clean
case rapidly diminishes with increasing scattering. On the
other hand, we can observe that the absence of this upturn
does not exclude the FFLO instability. For example, for
I'/T- = 0.15, the FFLO state still exists, even though the
shape of the upper-critical-field curve does not suggest any
anomalies.

Figure 10 shows the dependences of the FFLO transition
temperature on the impurity broadening. The lines show

I008
0.06

0.60
10.60

10.58

0.54 RN 0.56
= 1OTc, ZTC, ]/Z 03 \
—0.54
0.00 0. 05 0. lO 0.20
/T

FIG. 9. Evolution of the upper critical field line with increasing
the impurity broadening I". The plots are vertically displaced for
clarity [the left-axis (right-axis) labels correspond to the upper
(lower) curve]. The used electronic parameters are shown in the
plot. Arrows mark the locations of the FFLO transitions. For
these parameters, at I' = 0.27 - the FFLO state is destroyed.

plots computed using Eq. (C1) for y, = 0.3 and two values
of u/T¢, 10 and 20. We remind that this equation is valid in
the limit 7, < u. The solid symbols show the transition
points obtained from the computed instability boundaries
shown in Fig. 9. One can see that the two calculations
give consistent results. A small deviation is caused by
correction from the finite value of #, = 0.2u. As expected,
the critical impurity broadening decreases with increasing
the ratio u/Tc.

We can conclude that the fragile quantum FFLO state is
destroyed by a quite small impurity broadening. This is the
most obvious reason why such a state is difficult to realize
in existing superconducting materials.

0.10 ¢ ' _;J:IOTC ' '-_
[ t, < u, Eq. (Cl) ]
0.08 — =207 ]
~er ° u=107Tg,t,=2T, numerical_:
7,=0.3 1

]l::r_'

70.00 0.05 0.10 0.15 0.20

/T,

FIG. 10. The representative dependences of the FFLO-
instability temperature on the scattering broadening I". The solid
lines are obtained from Eq. (C1) valid in the limit 7, < p. The
solid symbols are the transition points for plots in Fig. 9.

021025-16



QUANTUM FFLO STATE IN CLEAN LAYERED ...

PHYS. REV. X 9, 021025 (2019)

[1] P. Fulde and R. A. Ferrell, Superconductivity in a Strong
Spin-Exchange Field, Phys. Rev. 135, A550 (1964).

[2] A.IL Larkin and Y.N. Ovchinnikov, Nonuniform State of
Superconductors, Zh. Eksp. Teor. Fiz. 47, 1136 (1964) [Sov.
Phys. JETP 20, 762 (1965)].

[3] Y. Matsuda and H. Shimahara, Fulde-Ferrell-Larkin-
Ovchinnikov State in Heavy Fermion Superconductors,
J. Phys. Soc. Jpn. 76, 051005 (2007).

[4] R. Beyer and J. Wosnitza, Emerging Evidence for FFLO
States in Layered Organic Superconductors (Review
Article), Low Temp. Phys. 39, 225 (2013); J. Wosnitza,
FFLO States in Layered Organic Superconductors, Ann.
Phys. (Berlin) 530, 1700282 (2018).

[5] S. Takada and T. Izuyama, Superconductivity in a Molecular
Field. I, Prog. Theor. Phys. 41, 635 (1969).

[6] K. Machida and H. Nakanishi, Superconductivity under a
Ferromagnetic Molecular Field, Phys. Rev. B 30, 122
(1984).

[7]1 H. Shimahara, Fulde-Ferrell State in Quasi-Two-
Dimensional Superconductors, Phys. Rev. B 50, 12760
(1994).

[8] H. Burkhardt and D. Rainer, Fulde-Ferrell-Larkin-Ovchin-
nikov State in Layered Superconductors, Ann. Phys. (N.Y.)
506, 181 (1994).

[9] N. Dupuis, G. Montambaux, and C.A.R.S. de Melo,
Quasi-One-Dimensional Superconductors in Strong Mag-
netic Field, Phys. Rev. Lett. 70, 2613 (1993); N. Dupuis,
Larkin-Ovchinnikov-Fulde-Ferrell State in Quasi-One-
Dimensional Superconductors, Phys. Rev. B 51, 9074
(1995); N. Dupuis and G. Montambaux, Superconductivity
of Quasi-One-Dimensional Conductors in a High Magnetic
Field, Phys. Rev. B 49, 8993 (1994).

[10] M. D. Croitoru and A. 1. Buzdin, Peculiarities of the Orbital
Effect in the Fulde-Ferrell-Larkin-Ovchinnikov State in
Quasi-One-Dimensional Superconductors, Phys. Rev. B
89, 224506 (2014).

[11] L. W. Gruenberg and L. Gunther, Fulde-Ferrell Effect in
Type-II Superconductors, Phys. Rev. Lett. 16, 996 (1966).

[12] In this paper, we generalize this consideration for a layered
superconductor in the magnetic field perpendicular to the
layers and find that in this case, the critical Maki’s parameter
is even larger—for strong anisotropy it is 4.76.

[13] M. Houzet and A. Buzdin, Structure of the Vortex Lattice in
the Fulde-Ferrell-Larkin-Ovchinnikov State, Phys. Rev. B
63, 184521 (2001).

[14] M. Houzet and V.P. Mineev, Interplay of Paramagnetic,
Orbital, and Impurity Effects on the Phase Transition of a
Normal Metal to the Superconducting State, Phys. Rev. B
74, 144522 (2006).

[15] T. Maniv and V. Zhuravlev, Dimensionality-Driven Change-
over to First-Order Superconducting Phase Transitions in
the Pauli Paramagnetic Limit, Phys. Rev. B 77, 134511
(2008).

[16] V. Zhuravlev and T. Maniv, Nonperturbative Theory of
Type-II Superconductivity in the Presence of a Strong Pauli
Paramagnetic Effect, Phys. Rev. B 80, 174520 (2009).

[17] H. Shimahara, Transition from the Vortex State to the
Fulde-Ferrell-Larkin-Ovchinnikov ~ State in Quasi-Two-
Dimensional Superconductors, Phys. Rev. B 80, 214512
(2009).

[18] J. Paglione and R.L. Greene, High-Temperature Super-
conductivity in Iron-Based materials, Nat. Phys. 6, 645
(2010); G.R. Stewart, Superconductivity in Iron Com-
pounds, Rev. Mod. Phys. 83, 1589 (2011); H. Hosono
and K. Kuroki, Iron-Based Superconductors: Current
Status of Materials and Pairing Mechanism, Physica
(Amsterdam) 514C, 399 (2015); Q. Si, R. Yu, and E.
Abrahams, High-Temperature Superconductivity in Iron
Pnictides and Chalcogenides, Nat. Rev. Mater. 1, 16017
(2016).

[19] A. Gurevich, Upper Critical Field and the Fulde-
Ferrel-Larkin-Ovchinnikov Transition in Multiband Super-
conductors, Phys. Rev. B 82, 184504 (2010); A. Gurevich,
Iron-Based Superconductors at High Magnetic Fields, Rep.
Prog. Phys. 74, 124501 (2011).

[20] K. Adachi and R. lkeda, Possible Field-Temperature
Phase Diagrams of Two-Band Superconductors with
Paramagnetic Pair-Breaking, J. Phys. Soc. Jpn. 84,
064712 (2015).

[21] A. Ptok and D. Crivelli, The Fulde-Ferrell-Larkin-Ovchin-
nikov State in Pnictides, J. Low Temp. Phys. 172, 226
(2013); Influence of s Symmetry on Unconventional
Superconductivity in Pnictides above the Pauli Limit—
Two-Band Model Study, Eur. Phys. J. B 87, 2 (2014);
A. Ptok, Multiple Phase Transitions in Pauli-Limited Iron-
Based Superconductors, J. Phys. Condens. Matter 27,
482001 (2015); A. Ptok, K.J. Kapcia, P. Piekarz, and A.
M. Oles, The Ab Initio Study of Unconventional Super-
conductivity in CeColns and FeSe, New J. Phys. 19, 063039
(2017).

[22] A. Rajagopal and R. Vasudevan, de Haas—van Alphen
Oscillations in the Critical Temperature of Type Il Super-
conductors, Phys. Lett. 23, 539 (1966).

[23] L. W. Gruenberg and L. Gunther, Effect of Orbital Quan-
tization on the Critical Field of Type-1I Superconductors,
Phys. Rev. 176, 606 (1968).

[24] Z. Tesanovi¢ and M. Rasolt, New Type of Superconductivity
in Very High Magnetic Fields, Phys. Rev. B 39, 2718
(1989).

[25] C. Rieck, K. Scharnberg, and R. Klemm, Re-entrant Super-
conductivity due to Landau Level Quantization?, Physica
(Amsterdam) 170C, 195 (1990).

[26] A.H. MacDonald, H. Akera, and M. R. Norman, Landau
Quantization and Particle-Particle Ladder Sums in a
Magnetic Field, Phys. Rev. B 45, 10147 (1992).

[27] T. Maniv, A.I. Rom, I. D. Vagner, and P. Wyder, de Haas—
van Alphen Effect in the Superconducting State of a Two-
Dimensional Metal, Phys. Rev. B 46, 8360 (1992).

[28] K. W. Song and A.E. Koshelev, Interplay between
Orbital-Quantization Effects and the Fulde-Ferrell-
Larkin-Ovchinnikov Instability in Multiple-Band Layered
Superconductors, Phys. Rev. B 97, 224520 (2018).

[29] J. Wosnitza, Fermi Surfaces of Low-Dimensional Organic
Metals and Superconductors (Springer, Berlin, 1996).

[30] In the technical part, we use a natural system of units in
which kz =1 and A = 1.

[31] A.K. Rajagopal and J. C. Ryan, Quantum-State Represen-
tations in a Strong Quantizing Magnetic Field: Pairing
Theory of Superconductivity, Phys. Rev. B 44, 10280
(1991).

021025-17


https://doi.org/10.1103/PhysRev.135.A550
https://doi.org/10.1143/JPSJ.76.051005
https://doi.org/10.1063/1.4794996
https://doi.org/10.1002/andp.201700282
https://doi.org/10.1002/andp.201700282
https://doi.org/10.1143/PTP.41.635
https://doi.org/10.1103/PhysRevB.30.122
https://doi.org/10.1103/PhysRevB.30.122
https://doi.org/10.1103/PhysRevB.50.12760
https://doi.org/10.1103/PhysRevB.50.12760
https://doi.org/10.1002/andp.19945060305
https://doi.org/10.1002/andp.19945060305
https://doi.org/10.1103/PhysRevLett.70.2613
https://doi.org/10.1103/PhysRevB.51.9074
https://doi.org/10.1103/PhysRevB.51.9074
https://doi.org/10.1103/PhysRevB.49.8993
https://doi.org/10.1103/PhysRevB.89.224506
https://doi.org/10.1103/PhysRevB.89.224506
https://doi.org/10.1103/PhysRevLett.16.996
https://doi.org/10.1103/PhysRevB.63.184521
https://doi.org/10.1103/PhysRevB.63.184521
https://doi.org/10.1103/PhysRevB.74.144522
https://doi.org/10.1103/PhysRevB.74.144522
https://doi.org/10.1103/PhysRevB.77.134511
https://doi.org/10.1103/PhysRevB.77.134511
https://doi.org/10.1103/PhysRevB.80.174520
https://doi.org/10.1103/PhysRevB.80.214512
https://doi.org/10.1103/PhysRevB.80.214512
https://doi.org/10.1038/nphys1759
https://doi.org/10.1038/nphys1759
https://doi.org/10.1103/RevModPhys.83.1589
https://doi.org/10.1016/j.physc.2015.02.020
https://doi.org/10.1016/j.physc.2015.02.020
https://doi.org/10.1038/natrevmats.2016.17
https://doi.org/10.1038/natrevmats.2016.17
https://doi.org/10.1103/PhysRevB.82.184504
https://doi.org/10.1088/0034-4885/74/12/124501
https://doi.org/10.1088/0034-4885/74/12/124501
https://doi.org/10.7566/JPSJ.84.064712
https://doi.org/10.7566/JPSJ.84.064712
https://doi.org/10.1007/s10909-013-0871-0
https://doi.org/10.1007/s10909-013-0871-0
https://doi.org/10.1140/epjb/e2013-41007-2
https://doi.org/10.1088/0953-8984/27/48/482001
https://doi.org/10.1088/0953-8984/27/48/482001
https://doi.org/10.1088/1367-2630/aa6d9d
https://doi.org/10.1088/1367-2630/aa6d9d
https://doi.org/10.1016/0031-9163(66)90396-9
https://doi.org/10.1103/PhysRev.176.606
https://doi.org/10.1103/PhysRevB.39.2718
https://doi.org/10.1103/PhysRevB.39.2718
https://doi.org/10.1016/0921-4534(90)90311-2
https://doi.org/10.1016/0921-4534(90)90311-2
https://doi.org/10.1103/PhysRevB.45.10147
https://doi.org/10.1103/PhysRevB.46.8360
https://doi.org/10.1103/PhysRevB.97.224520
https://doi.org/10.1103/PhysRevB.44.10280
https://doi.org/10.1103/PhysRevB.44.10280

KOK WEE SONG and ALEXEI E. KOSHELEV

PHYS. REV. X 9, 021025 (2019)

[32] T. Maniv, V. Zhuravlev, 1. Vagner, and P. Wyder, Vortex
States and Quantum Magnetic Oscillations in Conventional
Type-II Superconductors, Rev. Mod. Phys. 73, 867 (2001).

[33] E. Helfand and N. R. Werthamer, Temperature and Purity
Dependence of the Superconducting Critical Field, H . 1I,
Phys. Rev. 147, 288 (1966); N. R. Werthamer, E. Helfand,
and P. C. Hohenberg, Temperature and Purity Dependence
of the Superconducting Critical Field, H.,. Ill. Electron
Spin and Spin-Orbit Effects, Phys. Rev. 147, 295 (1966).

[34] V. G. Kogan and R. Prozorov, Orbital Upper Critical Field
and Its Anisotropy of Clean One- and Two-Band Super-
conductors, Rep. Prog. Phys. 75, 114502 (2012).

[35] D. Shoenberg, Magnetic Oscillations in Metals (Cambridge
University Press, Cambridge, England, 1984).

[36] The ratio (u £ 2t.)/w,. in Egs. (17a) and (17b) can be
rewritten in a more common form as F./H, where F. =
(c/2me)A. is the de Haas—van Alphen frequency, and A is
the area of the corresponding extremal Fermi-surface cross
section; see, e.g., Ref. [37].

[37] K. Kuroki, Pairing Symmetry Competition in Organic
Superconductors, J. Phys. Soc. Jpn. 75, 051013 (2006).

[38] V.M. Gvozdikov, A.G.M. Jansen, D.A. Pesin, 1.D.
Vagner, and P. Wyder, Quantum Magnetic Oscillations of
the Chemical Potential in Superlattices and Layered Con-
ductors, Phys. Rev. B 68, 155107 (2003).

[39] J. Singleton and C. Mielke, Quasi-Two-Dimensional Or-
ganic Superconductors: A Review, Contemp. Phys. 43, 63
(2002).

[40] J. Wosnitza, Quasi-Two-Dimensional Organic Supercon-
ductors, J. Low Temp. Phys. 146, 641 (2007).

[41] K. Murata, Y. Honda, H. Anzai, M. Tokumoto, K.
Takahashi, N. Kinoshita, T. Ishiguro, N. Toyota, T.
Sasaki, and Y. Muto, Transport Properties of
k-(BEDT-TTF),Cu(NCS),; Hc,, Its Anisotropy and Their
Pressure Dependence, Synth. Met. 27, A341 (1988).

[42] T. Sasaki, T. Fukuda, N. Yoneyama, and N. Kobayashi,
Shubnikov—de Haas Effect in the Quantum Vortex
Liquid  State  of the  Organic  Superconductor
k-(BEDT-TTF),Cu(NCS),, Phys. Rev. B 67, 144521 (2003).

[43] F. A. Meyer, E. Steep, W. Biberacher, P. Christ, A. Lerf, A.
G. M. Jansen, W. Joss, P. Wyder, and K. Andres, High-Field
de Haas—van Alphen Studies of k-(BEDT-TTF),Cu(NCS),,
Europhys. Lett. 32, 681 (1995).

[44] J. Singleton, P. A. Goddard, A. Ardavan, N. Harrison, S. J.
Blundell, J. A. Schlueter, and A. M. Kini, Test for Interlayer
Coherence in a Quasi-Two-Dimensional Superconductor,
Phys. Rev. Lett. 88, 037001 (2002).

[45] J. Schmalian, Pairing due to Spin Fluctuations in Layered
Organic Superconductors, Phys. Rev. Lett. 81, 4232 (1998).

[46] S.M. De Soto, C.P. Slichter, A. M. Kini, H. H. Wang, U.
Geiser, and J. M. Williams, *C NMR Studies of the Normal
and Superconducting States of the Organic Superconductor
k-(ET),Cu[N(CN),|Br, Phys. Rev. B 52, 10364 (1995).

[47] A. Carrington, I.J. Bonalde, R. Prozorov, R. W. Giannetta,
A.M. Kini, J. Schlueter, H. H. Wang, U. Geiser, and J. M.
Williams, Low-Temperature  Penetration Depth of
k-(ET),Cu[N(CN),|Br and «-(ET),Cu(NCS),, Phys.
Rev. Lett. 83, 4172 (1999).

[48] S. Milbradt, A.A. Bardin, C.J.S. Truncik, W.A.
Huttema, A.C. Jacko, P.L. Burn, S.-C. Lo, B.J. Powell,

and D. M. Broun, In-Plane Superfluid Density and Micro-
wave Conductivity of the Organic Superconductor
k-(BEDT-TTF),Cu[N(CN),|Br: Evidence for d-Wave
Pairing and Resilient Quasiparticles, Phys. Rev. B 88,
064501 (2013).

[49] O.J. Taylor, A. Carrington, and J.A. Schlueter,
Specific-Heat Measurements of the Gap Structure of the
Organic  Superconductors k-(ET),Cu[N(CN),|Br and
k-(ET),Cu(NCS),, Phys. Rev. Lett. 99, 057001 (2007).

[50] L. Malone, O.J. Taylor, J. A. Schlueter, and A. Carrington,
Location of Gap Nodes in the Organic Superconductors
k-(ET),Cu(NCS), and x-(ET),Cu[N(CN),|Br Determined
by Magnetocalorimetry, Phys. Rev. B 82, 014522 (2010).

[51] K. Izawa, H. Yamaguchi, T. Sasaki, and Y. Matsuda,
Superconducting Gap  Structure of k-(BEDT-TTF),
Cu(NCS), Probed by Thermal Conductivity Tensor, Phys.
Rev. Lett. 88, 027002 (2001).

[52] S. Uji, Y. Fujii, S. Sugiura, T. Terashima, T. Isono,
and J. Yamada, Quantum Vortex Melting and Phase Dia-
gram in the Layered Organic  Superconductor
k-(BEDT-TTF),Cu(NCS),, Phys. Rev. B 97, 024505
(2018).

[53] S. Medvedev, T. M. McQueen, 1. A. Troyan, T. Palasyuk,
M.1. Eremets, R.J. Cava, S. Naghavi, F. Casper, V.
Ksenofontov, G. Wortmann, and C. Felser, Electronic
and Magnetic Phase Diagram of p-Fe, o Se with Super-
conductivity at 36.7 K under Pressure, Nat. Mater. 8, 630
(2009).

[54] S. Kasahara, T. Watashige, T. Hanaguri, Y. Kohsaka, T.
Yamashita, Y. Shimoyama, Y. Mizukami, R. Endo, H. Ikeda,
K. Aoyama, T. Terashima, S. Uji, T. Wolf, H. von Lohney-
sen, T. Shibauchi, and Y. Matsuda, Field-Induced Super-
conducting Phase of FeSe in the BCS-BEC Cross-over,
Proc. Natl. Acad. Sci. U.S.A. 111, 16309 (2014).

[55] T. Terashima, N. Kikugawa, A. Kiswandhi, E.-S. Choi, J. S.
Brooks, S. Kasahara, T. Watashige, H. Ikeda, T. Shibauchi,
Y. Matsuda, T. Wolf, A. E. Bohmer, F. Hardy, C. Meingast,
H.v. Lohneysen, M.-T. Suzuki, R. Arita, and S. Uji,
Anomalous Fermi Surface in FeSe Seen by Shubnikov—de
Haas Oscillation Measurements, Phys. Rev. B 90, 144517
(2014); M. D. Watson, T. K. Kim, A. A. Haghighirad, N. R.
Davies, A. McCollam, A. Narayanan, S.F. Blake, Y.L.
Chen, S. Ghannadzadeh, A.J. Schofield, M. Hoesch, C.
Meingast, T. Wolf, and A.I. Coldea, Emergence of the
Nematic Electronic State in FeSe, Phys. Rev. B 91, 155106
(2015).

[56] A. Audouard, F. Duc, L. Drigo, P. Toulemonde, S. Karlsson,
P. Strobel, and A. Sulpice, Quantum Oscillations and Upper
Critical Magnetic Field of the Iron-Based Superconductor
FeSe, Europhys. Lett. 109, 27003 (2015).

[57] T. Shimojima, Y. Suzuki, T. Sonobe, A. Nakamura, M.
Sakano, J. Omachi, K. Yoshioka, M. Kuwata-Gonokami, K.
Ono, H. Kumigashira, A. E. Bohmer, F. Hardy, T. Wolf, C.
Meingast, H.v. Lohneysen, H. Ikeda, and K. Ishizaka,
Lifting of xz/yz Orbital Degeneracy at the Structural
Transition in Detwinned FeSe, Phys. Rev. B 90, 121111
(R) (2014); K. Nakayama, Y. Miyata, G. N. Phan, T. Sato, Y.
Tanabe, T. Urata, K. Tanigaki, and T. Takahashi,
Reconstruction of Band Structure Induced by Electronic
Nematicity in an FeSe Superconductor, Phys. Rev. Lett.

021025-18


https://doi.org/10.1103/RevModPhys.73.867
https://doi.org/10.1103/PhysRev.147.288
https://doi.org/10.1103/PhysRev.147.295
https://doi.org/10.1088/0034-4885/75/11/114502
https://doi.org/10.1143/JPSJ.75.051013
https://doi.org/10.1103/PhysRevB.68.155107
https://doi.org/10.1080/00107510110108681
https://doi.org/10.1080/00107510110108681
https://doi.org/10.1007/s10909-006-9282-9
https://doi.org/10.1016/0379-6779(88)90421-3
https://doi.org/10.1103/PhysRevB.67.144521
https://doi.org/10.1209/0295-5075/32/8/011
https://doi.org/10.1103/PhysRevLett.88.037001
https://doi.org/10.1103/PhysRevLett.81.4232
https://doi.org/10.1103/PhysRevB.52.10364
https://doi.org/10.1103/PhysRevLett.83.4172
https://doi.org/10.1103/PhysRevLett.83.4172
https://doi.org/10.1103/PhysRevB.88.064501
https://doi.org/10.1103/PhysRevB.88.064501
https://doi.org/10.1103/PhysRevLett.99.057001
https://doi.org/10.1103/PhysRevB.82.014522
https://doi.org/10.1103/PhysRevLett.88.027002
https://doi.org/10.1103/PhysRevLett.88.027002
https://doi.org/10.1103/PhysRevB.97.024505
https://doi.org/10.1103/PhysRevB.97.024505
https://doi.org/10.1038/nmat2491
https://doi.org/10.1038/nmat2491
https://doi.org/10.1073/pnas.1413477111
https://doi.org/10.1103/PhysRevB.90.144517
https://doi.org/10.1103/PhysRevB.90.144517
https://doi.org/10.1103/PhysRevB.91.155106
https://doi.org/10.1103/PhysRevB.91.155106
https://doi.org/10.1209/0295-5075/109/27003
https://doi.org/10.1103/PhysRevB.90.121111
https://doi.org/10.1103/PhysRevB.90.121111
https://doi.org/10.1103/PhysRevLett.113.237001

QUANTUM FFLO STATE IN CLEAN LAYERED ... PHYS. REV. X 9, 021025 (2019)

113, 237001 (2014); A. Fedorov, A. Yaresko, T. K. Kim, Y. State of FeSe Probed by Thermal Hall Conductivity in the
Kushnirenko, E. Haubold, T. Wolf, M. Hoesch, A. Griinelis, Vicinity of the BCS-BEC Crossover, J. Phys. Soc. Jpn. 86,
B. Biichner, and S. V. Borisenko, Effect of Nematic Order- 014707 (2017).

ing on Electronic Structure of FeSe, Sci. Rep. 6, 36834 [59] V.P. Mineev, Phase Transition into the Superconducting
(2016). Mixed State and the de Haas—van Alphen Effect, Philos.

[58] T. Watashige, S. Arsenijevi¢, T. Yamashita, D. Terazawa, T. Mag. B 80, 307 (2000).

Onishi, L. Opherden, S. Kasahara, Y. Tokiwa, Y. Kasahara, [60] T. Champel and V. P. Mineev, de Haas—van Alphen Effect in
T. Shibauchi, H. von Lohneysen, J. Wosnitza, and Y. Two- and Quasi-Two-Dimensional Metals and Supercon-
Matsuda, Quasiparticle Excitations in the Superconducting ductors, Philos. Mag. B 81, 55 (2001).

021025-19


https://doi.org/10.1103/PhysRevLett.113.237001
https://doi.org/10.1038/srep36834
https://doi.org/10.1038/srep36834
https://doi.org/10.7566/JPSJ.86.014707
https://doi.org/10.7566/JPSJ.86.014707
https://doi.org/10.1080/13642810008208594
https://doi.org/10.1080/13642810008208594
https://doi.org/10.1080/13642810108216525

