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Quantum spin liquids (QSLs) are intriguing phases of matter possessing fractionalized excitations.
Several quasi-two-dimensional materials have been proposed as candidate QSLs, but direct evidence for
fractionalization in these systems is still lacking. In this paper, we show that the interplane thermal
conductivity in layered QSLs carries a unique signature of fractionalization. We examine several types of
gapless QSL phases—a Z, QSL with either a Dirac spectrum or a spinon Fermi surface, and a U(1) QSL
with a Fermi surface—and consider both clean and disordered systems. In all cases, the in-plane and c-axis
thermal conductivities have a different power-law dependence on temperature because of the different
mechanisms of transport in the two directions: In the planes, the thermal current is carried by fractionalized
excitations, whereas the interplane current is carried by integer (nonfractional) excitations. In layered Z,
and U(1) QSLs with a Fermi surface, and in the disordered Z, QSL with a Dirac dispersion, the c-axis
thermal conductivity is parametrically smaller than the in-plane one but parametrically larger than the

phonon contribution at low temperatures.
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I. INTRODUCTION

Quantum spin liquids (QSLs) are phases of matter with
intrinsic topological order, which cannot be characterized
by local order parameters as typically used in symmetry-
breaking phases. Instead, their primary characteristic is the
emergence of excitations with fractional quantum numbers
[1-6]. The presence of these excitations is related to the
existence of long-range entanglement in ground states of
such systems [7,8]. In addition, the excitations are accom-
panied by an emergent gauge field leading to a low-energy
description in terms of gauge theories. The relevant gauge
group can be discrete (e.g., Z,) or continuous [e.g., U(1)].
The matter excitation spectrum may be gapped (as in a
gapped Z, phase [9-15]) or gapless [as in a gapless Z,
[16,17] or U(1) [18-26] QSL].

Several materials have been proposed as candidates for
spin liquids; these three-dimensional materials are often
layered compounds of frustrated 2D lattices, such as
kagome and triangular lattices. For example, members of
the iridate family [27-30] have been proposed to display
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QSL gapless Z, behavior; the triangular organic salt
EtMe;Sb[Pd(dmit),], has been proposed to have a spinon
Fermi surface, while « — (ET),Cu,(CN); is believed
to be a gapped QSL [31-34]. In addition, the material
Herbertsmithite is thought to be either a gapless or a small
gap QSL, with its class not yet known [35-46].

The excitations of QSLs can carry fractional quantum
numbers corresponding to global symmetries possessed
by the system [13,47,48] and also possess fractional
(anyonic) statistics [10,48-50]. There have been numer-
ous proposals to detect these fractional quantum numbers
and statistics in QSL materials [48,51-57]. The presence
of fractionalization itself has primarily been deduced
through a diffuse scattered intensity seen in inelastic
neutron scattering experiments on various candidate spin
liquids at temperatures much smaller than the relevant
exchange coupling [43,58]. The absence of sharp features
in the neutron scattering intensity is attributed to the
presence of a multiparticle continuum [59]. However,
such broadening can also arise from other factors such as
disorder, and it would be useful to have additional
signatures of fractionalization.

In this work, we propose the interplane thermal con-
ductivity k. as a probe for fractionalization in a system
of weakly coupled layers of two-dimensional gapless
QSLs [60]. The in-layer thermal conductivity k,;, in these
materials is dominated by the low-energy fractionalized
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excitations pertinent to the type of QSL in question; in
contrast, the thermal current between the planes must be
carried by a gauge-invariant excitation with integer
quantum numbers. This is because the emergent gauge
charge carried by fractionalized excitations is conserved
separately in each layer, and therefore, a single spinon
cannot move from one layer to the next. Moreover, a
non-gauge-invariant fractionalized excitation, such as a
spinon, is highly nonlocal in space (it is composed of a
long “string” of local spin operators). This implies that the
matrix element of a local operator to transfer pairs of
spinons from one layer to another decays exponentially
with the spatial separation between the two spinons.
Therefore, only pairs of nearby spinons can hop between
adjacent layers.

The situation is depicted schematically in Fig. 1,
where a single spinon is deconfined and may propagate
freely in each plane, while only pairs of spinons may hop
between planes. Therefore, k. in a gapless QSL is expected
to be qualitatively different from the in-layer thermal
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FIG. 1. A schematic representation of the difference between
in-plane and interplane transport. In each QSL plane, the spinons
are deconfined and may travel freely. However, transport between
the planes is only possible via gauge-invariant excitations, such as
spinon pairs.

conductivity and to obey a different power law at low
temperatures [61]. An experimental detection of such a
parametrically large anisotropy in the ratio «,,/k, at low
temperatures will be a strong indication of the existence of
fractionalized excitations and hence a QSL state.

Our findings are summarized in Table I. We have
considered three cases: a gapless Z, QSL with either a
Dirac spectrum or a spinon Fermi surface, and U(1)
QSL with a spinon Fermi surface. In all cases, the in-
plane and c-axis thermal conductivity follow qualita-
tively different behavior as a function of temperature,
for both clean and mildly disordered systems. In all
QSLs we consider, the interplane thermal conductivity
follows a power-law behavior in temperature, with an
exponent that is larger than for the corresponding
intraplane behavior. Interestingly, in some cases, the
exponent of the interplane thermal conductivity is
smaller than 3, and therefore, it is parametrically larger
than the phonon contribution (proportional to 73) at
sufficiently low temperatures.

II. CLEAN Z, QUANTUM SPIN LIQUID

We begin by considering a layered system where each
layer forms a Z, QSL with gapless fermionic excitations.
The fermions may either have a Dirac spectrum or form a
Fermi surface. As a concrete example of the gapless Z, QSL,
one may consider the gapless phase of the Kitaev honey-
comb model [16], which consists of spin-1/2 s interacting in
an anisotropic manner on a two-dimensional hexagon lattice.
We use this model to facilitate our discussion; our con-
clusions are generic to any gapless Z, QSL.

The low-energy theory of the Kitaev QSL phase may
be described either as two linearly dispersing Majorana
fermions or, equivalently, as a single complex Dirac theory.
Here, we consider a three-dimensional layered generaliza-
tion of the Kitaev model. The low-energy effective
Hamiltonian of each layer is given by

TABLE I. In-plane and c-axis thermal conductivity for several
types of QSL. Here, Z, Dirac refers to a Z, QSL with a Dirac
spectrum of fermionic fractional excitations, and Z, FS is a Z,
QSL with a Fermi surface of fractional excitations. Note that
U(1) refers to a spinon Fermi surface coupled to a U(1)
fluctuating gauge field, and a = 6A,/(x + A,), with A, the
(dimensionless) time-reversal (TR) preserving disorder strength
[see Eq. (11)]. The result for the clean Z, FS case is correct up to
logarithmic factors.

In-plane c-axis
Clean Disordered Clean Disordered
Z, Dirac T [62] T T3 7>
Z, FS T-! T T3 T?
U(1) T'/3 [63] T [63] T5/3 T2
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Zy _ d’k z 0
= | GVl e K mo £ Ay (k). (1)

where [ is the layer index, and y](k) = (v (k)
W "(k)) is a spinor of complex fermionic spinon creation
operators in layer /, with A, B denoting the sublattice.
Here, ¢ is a vector of Pauli matrices, k = (k,, k) is

measured relative to the corner of the honeycomb lattice
(the K point), and » is the Fermi velocity. Note that m
and A describe a mass gap and an effective chemical
potential, respectively. Throughout the paper, we have set
h = 1. In Appendix A, we show an explicit microscopic
spin Hamiltonian that leads to a low-energy effective
Hamiltonian in Eq. (1). The m and A terms arise from
|

HP=J), > F

(LI'y =0,1,2,3

d*k dzk’ d*q
DY F i

27)* (21)

(nr)

where (I,1') are neighboring layers, ¢* are the Pauli
matrices (with ¢° the identity matrix), J, is the strength
of the interplane coupling, and F 4 are dimensionless
coupling constants. In Appendix. A4, we argue that,
generically, J, is proportional to the microscopic spin-
spin interlayer interactions.

For simplicity, we mostly focus on the case where only
Fy = F is nonzero. A derivation of such a coupling term
from a microscopic spin-spin interaction is given in
Appendix A. We believe that the particular form of the
interlayer coupling is not important; the contribution to the
thermal conductivity from other terms gives the same
parametric dependence on temperature. The crucial point
is that the interplane coupling term must contain an even
number of fermion operators from each layer, as a single
fractional excitation may not hop from one layer to another.

In a generic Z, QSL, there are also short-range intraplane
interactions between the fermionic spinons. However, for
most of the following discussion, we can ignore such
interactions, as they are irrelevant in the Dirac case and lead
|

E
I kqk k—q =

7R 3

i fify
< |(fil(frlag (K)ap (k + q)ay (K)ay?

/ &Pk &K dq
(27)* (27)* (27)

E;;
exp [ — -
T+ 6T

TR-breaking three-spin interactions. On the honeycomb
lattice, in the presence of time reversal (TR) symmetry,
m = A =0, and the Fermi energy is at the Dirac point.
Breaking TR symmetry [17], or considering generaliza-
tions of the Kitaev model to other lattices [64—69], allows
for a stable Fermi surface. In all Z, QSLs we consider,
the fermionic excitations (“spinons”) are gapless, which
corresponds to |A| > |m|. The fluxes of the Z, gauge
field (“visons™) are gapped.

Although the in-plane theory is described by fractional
excitations, interplane transport must be mediated by
gauge-invariant excitations. The most relevant interlayer
coupling terms that are allowed by symmetry are
given by

5w (K)o (k + Q) (K )o"yy (K - q)

(K — @ (Kl (K —q) + He, 2)

[
to a Landau Fermi liquid state with well-defined quasi-
particles in the Fermi surface case.

For a clean Z, QSL, whose low-energy theory is
described by weakly interacting fermions, the interlayer
thermal conductivity may be calculated to lowest order in
J | using Fermi’s golden rule. We work in the basis of the
eigenvalues of the in-plane Hamiltonian; we therefore
revert from the sublattice (¢ = A, B) to the band
(A= =1) basis and consider the transformed function

F f(l'k';{‘l‘ in this basis. In the case of a Dirac spectrum, the

eigenstates of the in-plane Hamiltonian are given by
al (k) = [y (k) + ey (Kk)]/v/2, with energy ¢, =
Avk; here, ¢y = atan(k,/k,). In this basis, Fhha

k.k'.q
L1+ 2y g/ ea][1 4 234" P -] Energy is
transported between layers by the excitation of spinon
pairs; thus, if a temperature difference 67 is applied
between two adjacent layers / and /', the rate with which
energy transfer occurs, for the specific momenta k, k + q,

k', k' —q, is

Ei,l/ Ef,l Ef,l/
— exp e
T T+oT T

—qQ)|i)|ip)*(Eiy— E))8(E;j+ Eip — Epy— Epyp). (3)

where |i;),|f,) are the initial and final many-body states of layer / (which are eigenstates of the /, = 0 Hamiltonian), with
energies E;; and E, respectively, and similarly for layer /. Here, Z is the partition function.
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The thermal conductivity is then given by (here, J€ is the thermal current)

_aJQ_/ Lk K dPq 0
ke = BT —

—271'—
.4
dzk de/ dgq 1[ ,/14|25(
(27)* (27)* (27)? P

where ny(e) is the Fermi function.

For the case of a Z, QSL with a Dirac spectrum,
the dependence of the integral on temperature can be
evaluated easily by rescaling ¢ = ¢/T and {k,k’,q} =
{k/vT,K’/vT,q/vT}. This gives the result

2

J

L 75
KCN_GT

v

(clean Z, with Dirac spectrum). (5)

The case of a Z, QSL with a Fermi surface corresponds
to A # 0 in Eq. (1). To simplify the calculation, we set the
mass term in Eq. (1) such that A > m but |A — m| < m. In
this limit, the eigenstates of the band that crosses the Fermi
energy simplify to a(k) =y (k), with a nonrelativistic
dispersion €, = k*/2m* —u, with pu=A-m and
m* = m/v?. The result should not depend on this choice.

The evaluation of the integrals in Eq. (4) for the case of a
Fermi surface is described in Appendix B. After integrating
over k, k/, and € 3, k. has the form

A2 kd* K &2
ke~ T / e, olew)bleny)

12 _T3 /2kF dql; (6)
ke o T al-q7 Ak

where v = m*/2x is the density of states on the Fermi
energy, and kp = \/2m*u. This integral is logarithmically
divergent; this is similar to the divergence of the electronic
self-energy in a Fermi liquid in two dimensions [70]. As in
a Fermi liquid, intralayer short-range interactions between
the spinons lead to a finite spinon lifetime 7 o 1/72. The
associated broadening of the spinon spectral function
provides an infrared cutoff for the logarithm [71], giving

4
K, ~ 2 Z—2T3 log(A/T) (clean Z, with FS), (7)
F

with A a high-energy cutoff, of the order of the Fermi
energy (which is proportional to the exchange coupling
between the original spins).

The in-plane thermal conductivity of the Z, QSL with
a Fermi surface is given, using the Einstein relation, by

- €k )o(e;

71—‘ ! !
(27)? (27)* (27)? OST ~ Wkrakik=a

/ deydesdes (1 = np(e))np(e2)(1 = np(es))np(er — e +€3) X (€ — €3)°

_ ef(2+q)5(€3 - €f(3,)6(€1 +e3—€y— €f(4,_q), (4)

|

Kap ~ Cyv2T/2, where ¢y = 7°vT /3 is the specific heat of
the system at low temperatures, vy = kr/m* is the Fermi
velocity, and 7 is the spinon lifetime. In a perfectly clean
crystal, the finite lifetime is due to the weak short-range
interaction between the spinons mediated by the gapped
gauge field (assuming that Umklapp processes are available
to relax the total momentum of the scattering spinons). The
lifetime is given by 7! ~ T?log(A/T) as discussed earlier,
and therefore, we have

Kap ~ [Tlog (A/T)]7". (8)

III. DISORDERED Z, QUANTUM SPIN LIQUID

As we now show, quenched disorder changes the low-
temperature interplane transport in a qualitative way. The
effects of disorder depend crucially on the type of disorder,
which is subject to the symmetry of the problem. Consider,
for example, the case of the honeycomb Kitaev model with
time-reversal symmetry. Then, disorder can take the form
of a random bond strength that translates to a random vector
potential [72] in the low-energy Dirac Hamiltonian, Eq. (1).
Breaking time-reversal symmetry can induce random scalar
potential and mass terms as well (see Appendix C1 for a
demonstration of how such terms arise in a disordered
version of the Kitaev model).

Here, we focus on random vector and scalar potentials; a
random mass term is important at the transition between
different gapped spin-liquid states, a case we will not
consider in the present work. The disordered part of the
low-energy effective Hamiltonian in layer [ is given by

20 2
H?is_/d(gd)f ) (K)(View + 0 A o)y (k),  (9)

where Vy_v and Ay _,/ are random scalar and vector
potentials, respectively. We assume that the disordered
potentials in different layers are statistically independent.

First, we study the case of a Dirac QSL with time-
reversal symmetry, in which only a random vector potential
term is allowed, V) _» = 0. The effects of a vector potential
disorder on a system with a Dirac dispersion were studied
extensively in Ref. [73], where it was shown that such a

031064-4



SIGNATURES OF FRACTIONALIZATION IN SPIN ...

PHYS. REV. X 8, 031064 (2018)

term leads to a line of fixed points, characterized by scaling
exponents that depend continuously on the disorder
strength. Using the methods introduced in Ref. [73], we
can find the scaling form of correlation functions at this
fixed point, as described in detail in Appendix C2a. This
allows us to show that vector potential disorder results in a
modification of the exponent of the thermal conductivity,
which is given by

k. ~T> (disordered Z, with Dirac spectrum),  (10)

with @ = 6A, /(7 + A4), A, being the disorder strength:

(27)*5(q + q')As = (AgAq)ais: (11)

and the average is over disorder configurations. We con-
sider smooth disorder, such that yfy" terms (corresponding
to intervalley scattering in the Majorana model) are
negligible.

Next, we consider the effect of disorder on a Z, QSL
with a Fermi surface, corresponding to A # 0 in Eq. (1).
In this case, since time-reversal symmetry is broken, both
scalar and vector disorder potentials are allowed. To
simplify the computation, we neglect the vector potential
in this case and assume that the scalar potential is short-
range correlated in space: (VqVy)ais = 6(q +q')/(27ve),
where v is the density of states at the Fermi level, and 7 is
the mean-free time of quasiparticles at the Fermi surface.
Moreover, we again set the mass term in Eq. (1) such that
A >m but |[A—m|<m. We expect that none of the
qualitative aspects of the solution depend on these choices.

In the presence of disorder, the calculation of the thermal
conductivity is most conveniently done using the Luttinger
prescription [74—76]. The thermal conductivity is written as

~1 . Im[(o)]

k= lim —" (12)

where I1(w) is the retarded thermal current—thermal current
correlation function,

(@) = (J2(i0,)J%(~i®,)) |0, ~ais- (13)

The c-axis thermal current operator can be derived using

iw,h(q.)

the energy continuity equation: J2 (iw,) = lim, o=,

where h(q,) is the energy density operator at wave vector

q.. An explicit calculation to leading order in J, using
Eq. (2) gives (see Appendixes D1 and D2)

JLFO >

In==%1
< yrj (K. v, )i (K + 4. iv, +iQ, + io,)
xV/Lrn(k/’iym)l//l—&-n(k/_qviym _lgn) (14)

d’*k dzk' d*q 1
Je(iw,) = / 7

2”)2ﬂ3

ZQ

Uy I./m

Here, we have suppressed the eigenstate indices 4, 4
since in the nonrelativistic limit |A — m| < m, the wave
functions of states at the Fermi surface are confined to a
single sublattice. Similarly, we have suppressed the eigen-
state indices in F;, which is now momentum independent.
Note that, similarly to the interplane coupling, the thermal
current operator in our model is quartic in the fermionic
operators, corresponding to the fact that energy is carried
between the plane by the hopping of fermion pairs.

The diagrams describing the leading-order contribution
to k. are shown in Fig. 2. The computation is lengthy
but straightforward, and we only describe the main steps
here, deferring the details to Appendix D5. We assume that
the disorder is weak, such that kzZ > 1, where kj is the
Fermi momentum and ¢ = kp7/m is the mean-free path.
Under these conditions, we may use the self-consistent
Born approximation [77], equivalent to summing only
noncrossed diagrams [78].

A key object is the disorder-averaged four-point corre-
lator within a single layer T, depicted in Fig. 2(b):

Y (k.kK',q;iv,,iv,,)
= (] (K, i ) (K + vy} (K 4 @ v ) (K i) g

(15)

(b)

FIG. 2. (a) The thermal current—thermal current correlation
diagram. The Green’s functions on the top, which are functions
of momentum k&, are related to layer /, while those on the bottom are
from layer /. Note that the current vertex consists of four Green’s
functions, two from each layer. (b) The disorder-averaged four-point
correlator within each layer, T (k, k’, q). The black lines denote
fully dressed fermion propagators, dashed lines represent the effects
of disorder, the squiggly lines are the bare thermal current vertex,
and the green area stands for the fully renormalized two-particle
vertex. We work in the self-consistent Born approximation, appli-
cable for kpZ > 1, where only ladder diagrams are taken into
account. We suppress the frequency dependence for clarity.
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The thermal current correlation function, Eq. (13), is
then given as a convolution of two four-point correlation
functions of two adjacent layers:

1
M(iw,)= 64 BDIZ: /F2S22T k. K|.qv,.v,+Q,)
x Y (k, K, —q;v, +@,,0, —Q,). (16)
Here, [, = [[(d®k\d*kyd* k| d*Kyd?q)/ (27)'0].

The clean, free fermion limit of this expression, with the
correlator Y(ki, k', q;iv,,iv,) = 6(k; — k" )G(ky, iv,)
G(ky + q,iv,,), reproduces the Fermi golden rule calcu-
lation, Eq. (4). In the presence of disorder, the computation
of Y for small ¢ (such that g7 < 1) involves a summation
over a ladder series (see Appendix D5); this results in

Y(k,K,q;iv,, iv,)~GKk,iv,) Gk + q, iv,,)

x {5(k —K') + 1/(2zv2?)
x (v, = vl + D’ G(K', i)
x G(k'+q,iv,)}. (17)

where the diffusion constant D:vzr/Z, with 7 the
disorder-induced single-particle lifetime, and

1
Gk, iv,) =- - .
(k. i) v, — € + isgn(v,) /2t

(18)

Note the appearance of the diffusion kernel in Eq. (17); this
is related to the diffusive behavior of the dynamical charge
correlation function in a disordered system.

The computation of the sums in Eq. (16) is described in
Appendix D5. The dominant contribution comes from low
frequencies and momenta, where the four-point correlator
takes the form (17). At low temperatures, 7 < 1/7, the
result is

~ J2 T2 (disordered Z, with Fermi surface). (19)
At higher temperatures, T 2 1/, k. crosses over to the
clean form, Eq. (7). Equation (19) can also be derived from
scaling arguments, assuming that the intraplane density-
density correlation function has a diffusion form; see
Appendix C2b.

In Appendix D6, we show that the F, pair hopping
interlayer term results in the same power law, k. ~ T2.

IV. U(1) QUANTUM SPIN LIQUID

We further study the case of a layered U(1) QSL with a
spinon Fermi surface. In addition to the fermionic spinons,
there exist gapless gauge field photons, which also con-
tribute to transport. The low-energy sector of each layer is
described by the Lagrangian density [20-26]

x = 1/(12z2m),

: 1 .
Li= Y wi (0 —iao = wyie+5-wi,(=iV —a i,

(20)

where ‘//;a creates a spinon at layer / with spin o, (ag, a)
is the U(1) gauge field, u is a chemical potential that
sets the size of the spinon Fermi surface, and m is the
spinon effective mass. A “Maxwell” term for a,,
[(1/(29)]> -, 1" fo.» where g is a coupling constant and
fu = 0,a, — 0,a, is also allowed by symmetry; however,
it gives rise to subleading contributions at low momenta
and frequencies; hence, we drop it in the following.
Under the random phase approximation (RPA), the
clean system is described by a strong-coupling fixed point,
with the retarded gauge boson and spinon propagators
[DR(q,w) and GR(k, ), respectively] given by

) -1
Df(q, @) = Pos(q) {—wq +){q2]

GR(k,w) = [c(=iw)*® = &]™" [clean U(1) QSL],

(21)

with & = k*/m —yu the spinon energy, y = kp/x,
¢ = (kp/m)y Pk, and Pyylq) =
Sap — a4/ 9% With ko of the order of kp = \/2my, the
Fermi momentum. The use of the RPA has been formally
justified in a large-N expansion, where N is the number of
fermion flavors [26], but this has been shown to be
problematic [79]. Additional expansion parameters have
been proposed that essentially reproduce the RPA results
[80,81]. We use the RPA approximation, assuming it is
pertinent to at least some area in parameter space.

In a layered U(1) QSL, heat may be transferred between
the layers, both by spinon and by photon excitations. The
most relevant interlayer interaction term of each sector is
given by

d2k Jzk’ aﬂq

H{Y =TTy 2ep b (kK q)
Ly
Xy, (K, (K + q)w},,3 (K )yro, (k' = q)
[ S pE a0, (22

where a’ is the transverse part of the gauge field. The
coupling functions Fg, and Fy, depend on the spatial
structure of the interlayer coupling; their explicit form is
unimportant. In real space, the gauge-invariant term V x a
is related to the chirality of the underlying spin degrees of
freedom [25], and therefore, the J‘lh term corresponds to
an interaction between the chiralities of the spin textures in
the two layers. Microscopically, this term may be small
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compared to J7 since it is of higher order in the interplane
Heisenberg exchange coupling. However, as we see below,
in a clean case, it gives a dominant contribution to k. at
asymptotically low temperatures.

The calculation of the spinon-mediated interplane ther-
mal conductivity proceeds in a similar fashion as in the Z,
QSL case. Note that k. is given by a similar expression to
Egq. (D20) (with the replacement F' — F,):

2
Kesp ()2 e T3 log ( (23)

T
(W/e)2)”
where W is an appropriate UV cutoff (see Appendix E).

However, in the clean case, the dominant source of low-
T thermal transport turns out to be the exchange of gauge
fluctuations; this contribution may also be calculated by
the Kubo formula, and it is given by (see Appendix E for
details)

(M2 [ dPk o
Keph = ; (2”)2k4 i deA2, (k. €)e2cnp(e)
~ (JMM223 43753 [clean U(1) QSL. (24)

Here, Ay (k,e) =—2ImDR(k,¢) =y[(le|k)/ (x*k® +7*€?)]
is the photon spectral function.

Thus, at sufficiently low temperature, K. > K gp-
Note that the thermal conductivity can be written as
Keph ~ T?7/%, where z = 3 is the dynamical critical expo-
nent of the fixed point described by RPA.

The introduction of disorder to the U(1) theory is likely
to destabilize the z =3 fixed point, leading instead to
diffusive behavior, similar to that of a disordered Fermi
liquid. In the RPA approximation, the propagators of the
disordered theory are given by [82]

DEy(q, ) = Poy(q)[—iw + Dg?]™",

GR(k,w) = [@— & +i/(27)]7! [disordered U(1) QSL],
(25)

with D a diffusion constant and 7 the disorder-induced

finite lifetime. The calculation of the c-axis thermal

conductivity is then similar to the disordered Z, QSL case.

Inserting Eq. (25) in the Kubo formula for the c-axis
conductivity leads to
k. o« T? [disordered U(1) QSL] (26)

for both spinon and photon contributions.

V. EXPERIMENTAL CONSIDERATIONS

In this section, we discuss possible experimental
candidate systems where thermal conductivity provides a
gateway to observing QSL physics. In order to observe the

magnetic contribution to the interlayer thermal conductivity,
one has to be able to separate it from the phonon contribution.
Since the phonon contribution scales as 77, the magnetic
contribution in certain QSLs dominates at sufficiently low
temperatures. This happens in QSLs with a disordered spinon
Fermi surface and in strongly disordered Dirac QSLs (see
Table I). Below, we provide a rough order-of-magnitude
estimate for the temperature 7, at which the magnetic
contribution exceeds the phonon one, as a function of system
parameters (such as the strength of the interplane coupling,
the Debye temperature, and the disorder strength). As we
elaborate below, this estimate indicates that at least in some
material candidates, the crossover to magnetically dominated
thermal transport may occur at accessible temperatures.

We base our estimate of 7', on the case of a QSL with a
spinon FS, whose magnetic c-axis thermal conductivity
is given by Eq. (19). We set the unit of length to be the
lattice spacing a and estimate v~1/J, D =Jvpl, ~3JE,,
where J is the in-plane exchange coupling, and 7, is the
spinon mean-free path in the plane. This gives

23 T2
Ksp ~ J3 /7 .
sp

(27)

Next, we estimate the contribution of the phonons. The
acoustic phonon specific heat is ¢y ~ (T/©p)?, where O,
is the Debye frequency. The (three-dimensional) phonon
diffusivity is Dy, = ¢ €pn ~3Optpn, where ¢ is the
sound velocity. Therefore, by the Einstein relation,

T3
Koh ~ = 4 h- (28)
p 3®2D p
The temperature below which the spinon contribution to
the thermal conductivity becomes larger than the phonon
contribution is given by equating Eq. (27) to Eq. (28). The
result is
_ 6716

T, =—+1D0 (29)
P nls

Note that Eq. (27) is only valid for 7' <« J; therefore, T, in
Eq. (29) cannot exceed J.

As an illustrative example, we roughly estimate the
crossover temperature 7', for kapellasite, a kagome gapless
QSL candidate [83]. This is a polymorph of Herbertsmithite;
however, the in-plane exchange coupling is about an order of
magnitude smaller. The exchange couplings of kapellasite
have been estimated from first-principle calculations [84]:
J=~10 K, J, 0.5 K. We assume that kapellasite has a
spinon Fermi surface and that the Debye temperature is
®p ~ 300 K. The mean-free paths of the spinons and the
phonons are not known. However, disorder in the planes is
believed to be substantial. To get a rough estimate of the
order of magnitude of T',, let us assume a strongly disordered
sample, such that £y, = 20a and ¢, = 200a. This gives
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0.52 x 3002
T om6— X2 35 K. 30
TP x20x 200 0™ (30)

Kapellasite does not order magnetically, at least down to
20 mK [83]. Thus, for sufficiently strong disorder, we get
that the crossover temperature is within experimental reach.

Let us discuss other QSL candidate materials, where the
spinon contribution to k., may be measurable. A promising
candidate material is the recently discovered 2D spin-orbit
coupled iridate H;Lilr,Og, which has been observed to be
paramagnetic to very low temperatures and hosts gapless
excitations [85,86]. Compared to other similar compounds
like Na,LiO; and Li,IrO; (which order at low temper-
atures), in H3Lilr,Og the interlayer distance is smaller due
to replacement of Li by smaller H atoms in between layers,
which increases J | . Furthermore, the in-plane bond length
is also larger, which reduces the scale of in-plane exchange
interactions J. As per Eq. (29), both these factors are
conducive to a larger crossover temperature 7, where the
magnetic contribution becomes large.

Other candidate materials are magnetic insulators with
strong spin-orbit coupling, where the Kitaev interaction
is the dominant term. Some of these materials, like
a — RuCls, are believed to be proximate to a QSL phase
[87]. Furthermore, the magnetic order can be suppressed by
doping, making such materials an interesting playground
for observing spin-liquid physics [88], although the nature
of the field-induced QSL phase is still unclear.

In the layered organic insulators [6], the interplane
exchange coupling is estimated to be 3 orders of magnitude
below the intraplane coupling [89], and therefore, it is likely
that phonons dominate the c-axis thermal transport at acces-
sible temperatures. Herbertsmithite [6] is believed to have a
gapped QSL ground state [46], although the spin gap seems to
be quite small (Ag,, < 10 K [46,85]). An applied magnetic
field can induce a finite spinon density of states at zero energy,
opening the way to measure the spinon contribution to «..
However, the in-plane exchange coupling J is about an order
of magnitude larger than in kapellasite, while the ratio J | /J is
comparable in the two systems [84]. Therefore, we expect T,
in Herbertsmithite to be smaller than in kapellasite.

Finally, we discuss a few techniques that can be used to
isolate the magnetic contribution to the thermal conduc-
tivity from that of phonons.

(1) In gapless spin-liquid candidates where the magnetic

contribution is a power law of the form 7¢ with
6 < 3, one can isolate the magnetic contribution
from the phononic one (which scales as 7°) since the
magnetic contribution is dominant at sufficiently
low temperature. Plotting a curve of x/T¢ vs T3,
the slope of the curve gives us the phonon contri-
bution, while the intercept gives us the magnetic
contribution to the thermal conductivity. This is
possible as long as the sample temperature is not
much higher than T,.

(i1) In addition, in some materials, an applied magnetic
field may be used to establish long-range order,
suppressing the spinon contribution to the thermal
conductivity while weakly affecting the phonon
contribution. Contrasting the measurements of the
c-axis thermal conductivity in the presence and
absence of such a field may enable us to isolate
the spinon contribution.

VI. CONCLUSIONS

We have studied the thermal conductivity in layered,
gapless QSLs. The key observation is that the mechanisms
of in-plane and out-of-plane thermal transport are qualita-
tively different: The former is carried by fractionalized
excitations, while the latter is carried by gauge-neutral,
nonfractionalized excitations. Thus, in all the cases we have
studied, x,, and k. follow different power-law dependence
at low temperature; in particular, the anisotropy k,;/k.
diverges in the limit 7 — 0. This property is a clear
hallmark of a fractionalized, layered system. A large
number of layered QSL candidates have been proposed
in the last few years, and interplane thermal conductivity
can serve as an unambiguous probe for fractionalization in
these experimental candidates.
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APPENDIX A: LAYERED KITAEV
HONEYCOMB MODEL

1. Intralayer Hamiltonian

We model the layered Z, QSL system as layers of the
Kitaev honeycomb model, coupled by a weak interlayer
interaction. The Kitaev honeycomb model [16] is an
exactly solvable model of interacting spin-1/2s. It is
composed of a honeycomb lattice of spins interacting
via direction-dependent exchange interactions,

1

Hy ==Y SPs, (A1)
(k)

where j, k are nearest neighbors on the hexago lattice, and
S} are the x, y, or z component of the spin operator,
depending on the type of link between j and k. The links
are denoted x, y, or z, based on their orientation, as shown
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in Fig. 3. Each of the spins is represented in terms of
Majorana fermions b7, b*l-V , by, ¢; as 8¢ = ib%c;; however,
the representation in terms of these fermions spans a larger
Fock space and must be restricted to the physical Hilbert
space of the spins by the gauge D; = b7b}bic; = 1. On
each a-direction link, uﬁ’] = ib?b;’»‘ is conserved, and a
theorem by Lieb [90] guarantees that the ground state is
in the sector where it is possible to set uf; = 1 (the flux-free
sector). Thus, the ground-state manifold is described by the
free Majorana Hamiltonian

1.
Hy = EIJ;AiBH&? (A2)

with A; and B;,; the ¢; Majorana on the A and B
sublattices, respectively. The & s are the three-vectors
connecting the even and odd sublattices, as shown in
Fig. 3.

In order to probe the Z, QSL with a Fermi surface, we
further consider two specific time-reversal breaking terms,
which result in a Fermi surface without creating vison
excitations that would take us out of the ground-state
manifold:

y-link
x-link

z-link

FIG. 3. The honeycomb lattice. Each unit cell is composed of
an A (blue) and B (red) atom. Each atom in the A sublattice is
connected to three B atoms via the vectors 6, and to six A atoms
via the n vectors. The interaction between neighbors is deter-
mined by the link they share. On each plaquette, the sites are
labeled as shown.

Hren = T 3 [SIS355— SISiS)+ SiS5 - S1838 + 83838} - $y8183]

plaquettes

plaquettes

Here, the sites labeled 1...6 on each plaquette are shown in Fig. 3.

In the ground-state manifold, these terms are given by

plaquettes

+ Jgn Z [ST558% + S3858) + S3S5SE + SSSLSE + SISLS| + SpSySs). (A3)
= —iJirg Z [A1A3 — ByBy + A3As — ByBg + AsA| — BeB,]
— iJ7gp Z [A1A3 + ByBy + A3As + ByBs + AsA| + BgB,). (A4)

plaquettes

We comment that on different lattices, one can also
obtain a QSL with a spinon Fermi surface even in the
presence of TRS [64-69].

Lastly, we also consider the effect of disorder in the
system via a term H y;, the exact form of which will be given
later. Thus, the spin liquid we consider is described by

H = H + Higp + H s, (A5)

with Hrgg = 0 in the TR-invariant case.

2. Interlayer coupling

The most relevant interlayer coupling terms are those
that leave each layer in its ground state; that is, the
interlayer coupling must commute with all the ufs.
A general form of such a tunneling term in the language
of the original spins will consist of spin operators from one
layer coupled to spin operators from another. In order to
maintain exact solvability, we consider the interlayer
coupling term

H =J, Z z [Sizsﬁ,zsg,z - SJZ‘JS;,SZJ + Sg.,Sﬁ,,Sgl - Si,lsz,lsg,l + S;lsg,,s{,, - Sg,lS)lc,lSE,l}

1,I'=1+1 plaquettes
X 53,85 8%, — 5,85,

y X Z
LIS2,0°3,1 2,730 4,1’+S3,I’S4,I’SS,I’

— 5

S‘;},I/Sg.ll + S?,I,SE,I,S}I),I/ - Sz,l/S)lC,l/Sé,l/]' (A6)

4.0
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In the Majorana representation, this term is given by (again setting it; 5 = 1)

Hi=Ji>, >

1,I'=1+1 plaquettes
X [A A3y — ByyByy + Az pAsy — ByyBey + AspAy p — Bg y By y].

[A1jAs; — By By, + A3 jAs; — By Bg; + As A, — Be By ]

(A7)

We have chosen this term as it allows for simple calculations, and in particular, it reduces to a “density-density” interlayer
interaction [the F, term in Eq. (2)] in the continuum limit. We expect the exact form of the coupling term to be unimportant;
the important point is that it must have at least two spinon operators from each layer. This is because only a spinon pair
excitation can be transferred between different layers, and this requires at least two spinon operators from each. We
comment on the case of a more generic form of the interlayer Hamiltonian, having one spin operator in each layer, in
Appendix A 4 below.

3. Continuum Hamiltonian

Using fi = > 5¢™?, g = >_;sin(k - m;), yi' (k) = em/‘leA;eik'R” wi(k) = e_iﬂ/4ZjB§eik'R” Ay = 4J1gp gy, and
my = 4J3gp 9k (Where the vectors n,_ , 3 are defined in Fig. 3), the disorder free Hamiltonian of each layer is given by

P 1 )tk ><Ak+mk Jfx ><W?(k)>
HE= Hy o Hig = <2fr <l (k) Ife  Ae—m ) \yP(k)

ey / &’k dzk' dz)zgm W 00w Ok + @)+ P )y Pk + Q)

LI'=I1+1
x| l,*<k/>w,,<k/—q>+

The low-energy theory is centered near the Dirac points
K, K’ =[(27)/3][x(1/V/3),1]. Near these points,
Jfx ®v(kx £ iky), with v =3J/2. The low-energy in-
plane Hamiltonian can thus be written as two Majorana
theories with a Dirac dispersion. It is convenient to consider
an equivalent system, of complex fermions that reside only
on half the Brillouin zone; this makes use of the equiv-
alence y (k) = yA7(—k). The low-energy theory of this
system is given by a single Dirac cone centered at K, and its
in-plane Hamiltonian is given by H'= [[(d*k)/
(27)2Jwy H(K)wy, with

d2k dzk’ d2
)2

ll’ I+1

< { g v)

We expand the gy form factors for small deviations away
from the Dirac point K; we set Fy = ¢,k , while the lowest-
order term in the expansion of g, _, away from the K point
vanishes, introducing additional factors of momentum.
This method will introduce additional factors of temper-
ature 7 in the contribution to the thermal conductivity, and
we therefore neglect the pair hopping term.

vy (K )yl (k' = q)].

(k)w?(k +q) +wf*(k)wf(k +q)][w) (k) (k' —q)+
+ gk W (CK)y (k+q) +y P (—k)y P (k+q)| )" (K )y (=K' +q) +y; (K )yl (-k’+q)]+H.c.}.

(A8)

H(k) =v6 -k + mo, + A. (A9)

Here, v = (v} (k) ) is a spinor of complex
fermions, ¢ = (o, oy) a vector of Pauli matrices,
A = Ay_g, and m = my_g. This result is Eq. (1) in the
main text.

In terms of the continuum theory, the interplane term in
Eq. (A7) is given by (neglecting the variation of A around
the Dirac points)

vy (K )y (kK —q)]
(A10)

We work in the basis of the eigenstates of H}) + Hlgp. In
the TR symmetric case, where A = m = 0, the eigenstates
are given by a;(k) = [y (k) + e?yP?(Kk)]/v/2, where ¢
is the angle between k, and k,, and their energies are
€t = Avk. For simplicity, in the analysis of the Z, QSL with
a Fermi surface, we consider the regime A > m > 0,
m> A —m. In this limit, the eigenstates with energy
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close to the Fermi surface are located almost entirely on
the A sublattice, and we may ignore the sublattice degree
of freedom; these eigenstates are denoted by a(k)~
wA(K). In this basis, the single-layer Green’s functions
are G(k,iv,) = [iv, — k*/2m* +u]™!, with uy=A-m
and m* = v*/m.

4. Generic interlayer Hamiltonian

The interlayer coupling term (A6) is designed to main-
tain the exact solvability of the model and for computa-
tional convenience. However, generically, we expect the
largest components of the interlayer coupling Hamiltonian
to be quadratic in the spin operators. Within the Kitaev
model, a quadratic interlayer coupling term (such as a
Heisenberg term, J', ), S7S7, |, with a = x, y, 7) does not
merely create a pair of spinon excitations in each layer.
Rather, it creates a pair of spinons and a pair of gapped
vison (flux) excitations. In order to annihilate the pair of
flux excitations and return to the low-energy subspace, we
have to apply the J/, term again. Thus, it appears that the
effective interplane interaction in the low-energy effective
Hamiltonian (2) is proportional to J, ~ (J',)?/A,, where
J'| is the “microscopic” strength of the interlayer coupling
and A, is the vison gap. One may then worry that the
effective interplane interaction J | is too small to contribute
significantly to the interlayer thermal conductivity.

However, we argue that for a generic intralayer
Hamiltonian that also contains non-Kitaev terms (such
that even the intralayer Hamiltonian is not exactly solv-
able), this is not the case; in fact, J | « J’l because, in the
generic case, the vison excitations are not static, even
within the single-layer Hamiltonian. A pair of vison
excitations can annihilate each other without the need
for another application of the interlayer J/, term.

To illustrate this idea, consider the case where there is an
additional intraplane interaction:

Hp = Z raﬁsglsf,l,
(i.j).Lap

(Al1)

where (i, j) denotes two nearest-neighbor sites i, j on the
honeycomb lattice, and I’y is a 3 X 3 symmetric matrix.
Such terms are present in real “Kitaev materials” [91].

Consider a quadratic interplane coupling term of the
form J' §7 ;87 ,,,, where the position of site 1 is indicated
in Fig. 3. We can now derive the effective interplane
coupling J | (that creates a pair of spinons in each layer and
does not create any visons) perturbatively in both J', and
[4p. One can check explicitly that using the following
sequence of operators,

ST (ST,85 ) (87,85,) x (I = 1 +1), (A12)

amounts, in a certain gauge, to using ¢ ;¢; ;€1 41¢5, 41 and
not changing the number of visons in either layer. The
strength of this term is J | ~ {[J/, ([,,I'y,)?]/A%}. Thus, the

term in the effective Hamiltonian that creates a pair of
fermionic spinons in each of the adjacent layers [, [ + 1 is
proportional to J', . Generically, there is no reason to expect
[,p to be much smaller in magnitude than A, since both
energy scales characterize the intraplane Hamiltonian and
do not involve interlayer coupling. We conclude that in a
generic situation, J,; and J’l are of the same order of
magnitude.

APPENDIX B: EVALUATION OF THE
INTEGRAL IN EQ. 4)

The calculation proceeds similarly to the computation of
the lifetime of a quasiparticle in a Fermi liquid. We
integrate over k, k' first, fixing q. Let us choose the axes
such that q is in the x direction. For ¢ < 2k, there are pairs
of points on the Fermi surface that are connected by q; we
denote these points by Kk, Ky + q. Then, we parametrize

k =k, + dk,
k = -k, + 6k’ (B1)

It is convenient to linearize the dispersion around the Fermi
surface; then, to leading order in ok,

ex = vk, sin € + vk, cos 0,
€ktq = —V6k, sin @ + vk, cos 0,
ey = —vok, sin @ — vk, cos 0,
€x'—q = VOk, sin @ — vk, cos 6. (B2)

Here, sin@ = [q/(2kg)] (see Fig. 4), and v = [(kp)/m*] is
the Fermi velocity. The integrals over 5k, 5k’ can now be
performed easily, giving

J2
Ke = 2”Té/d€1d€2d€3(1 —np(er))np(€)

x (1 =ng(es3))np(er — e +€3) X (€1 — €3)

o / d’q 1
(27)°® vhcos?Osin?0

k0+q/(;\k0

0

_kao -q

FIG. 4. Choice of Kk, for a given q when integrating over k, k’
in Eq. (4). The blue circle is the Fermi surface.
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The integral over €;,3 can now be performed; by
scaling, this integral is proportional to 7°. Substituting
with g, we get

J2 2k k2
K o<—T3/ e —
vi o Jo qll — 4%/ (4k%)]

Using v = [kp/(27zv)], we arrive at Eq. (4) in the text. The
logarithmic divergence comes from small q scattering, as
well as from scattering with momentum transfer close to
q = 2kr. The inelastic lifetime of the quasiparticles in each
layer, 7 « 1/T2, is needed in order to cut off this diver-
gence. There is another contribution from ¢ > 2kg; this
contribution is parametrically the same as Eq. (B4).

(B4)

APPENDIX C: DISORDERED Z, QSL

1. Possible forms of disorder

In a TR-invariant system, we consider disorder in the
spin-spin couplings J:

Hgs = 25J]k5“fks o (C1)

where, again, j, k are nearest neighbors and Ajp =X, ¥, Z,
according to the type of link. In the Majorana fermion
representation, this becomes

1.
Hgs = _Elzé-li.iJréAiBiJr(S

dkd* k'
= 1)/ (2 )4 l//kAkk oYy, (Cz)
with Ay " =(1/J)>; sRe[e %267 ; 5 HIR)] - Ay 07 =

(1/0)3;53]e7 %067 ; se' kKR thus, the low-energy,
long-wavelength dlsorder is of the form of a random vector
potential.

Disorder that affects the next-nearest-neighbor hopping
results from three-spin interaction terms in the original spin
model; these terms break time-reversal symmetry.
Depending on the relative sign of the disorder between
the A and B sublattices, just as in Eq. (A4), these terms will
give rise to a scalar potential term

A2 kd*k
Hyo = | ——7 Vi lI/kl//k’

1) (C3)

or a random mass term

A2 kd*K
Hgs = / ) Y My oy

2. Interlayer thermal conductivity

To compute the c-axis conductivity in a disordered,
layered Z, QSL, we compute the rate at which pairs of
spinon excitations tunnel between planes. This computa-
tion can be done using the Fermi golden rule, analogously
to Eq. (4), replacing the momentum eigenstates with
eigenstates of the disordered intraplane Hamiltonian.

The general expression for the thermal conductivity is

ZHJL
I/T
Ke ZT2 ZZe l
if Ll
X |(FIH (L)) < 8(E;j+ E;jp — Epy— Eg ).

(C5)

Er/D(E;  — Ef))?

Here, H | (1, ') is the part of the interplane Hamiltonian that
couples layers [ and /', and |i, f) are the initial and final
many-body eigenstates of the system with J, =0
(decoupled planes), with corresponding energies E;; and
E; (atlayer ). Since we neglect intraplane interactions, we
can expand the fermionic spinon operators in the basis of
the single-particle eigenstates of each layer (which include
the effects of disorder):

1(x) = Zfﬂz,z.n(x)fx,h (Co)
7

where 7 = A, B labels the sublattice, and f; ; annihilates an
eigenstate with energy &,; which has the wave func-
tion (01’/1’,,()().

As in the main text, we mostly work with an interlayer
Hamiltonian of the “density-density” form, H,(l,l') =
Sonnt | Pl (x)y! (x)w/ (x)y'(x), commenting along
the way about other forms of H,. Using Eq. (C6), we
can write the disorder-averaged c-axis thermal conduc-
tivity as

27J?
K. = z l Z Z ng 514 1 - ”F(51/13>]’7F(51’/12>[1 - nF(‘fl’/h)](é:Ml - 51,13) 5(51/1, + fmz - 5/43 - 51,14)

Al.a M. a

x / dede/(Q”}}lm ()P0, (X)P12,1, (x,)fﬂ?/13n2 (x/)(ﬂﬁm (X)@r2,, (X) P12y, (xl)¢7q4,14 (x’)>dis,

where (...)q, represents disorder averaging.
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We denote
91(q.e.€) = Z /dzxe_iq'x<(ﬂ7,11,7(x)§0mzn(x)(ﬂm,n' (0)40712'1’(0»(1155(8 —&12,)8(¢ = &15,). (C8)
A
such that the thermal conductivity is given by
K, = 2];1 / de deydong(e))[1 — np(e; + o)|np(e;)[l — np(e; — o)|w?
X /dgqgl(%ebﬁ + w)gi(—q. 61,6, — ). (C9)

The remaining task is to compute the function ¢;(q, ¢, )
for a Z, QSL with either a Dirac spectrum or a Fermi
surface.

a. Disordered Dirac

The properties of two-dimensional Dirac fermions
coupled to a random vector potential, which corresponds
to a disordered Z, Dirac QSL with time-reversal symmetry,
has been studied extensively in Ref. [73]. Here, we briefly
review some of the results of Ref. [73] and use them to
determine the scaling of the c-axis thermal conductivity
with temperature.

Since the problem is noninteracting, the actions for
different frequency modes decouple (before disorder aver-
aging). The w = 0 system is described by a fixed line of
interacting theories in d =1+ 1 dimensions [73]. The
frequency w corresponds to a relevant operator with scaling
dimension 2 — z, where z =1+ A,/z is the dynamical
|

)((Qv a)n) = <n<Qv wn)n(_q’ wn)>

nay' o ay

iw, — &+ ¢

nF(gy) <

i nF(ga) -
dZ —ig-x
/ e ZZ iw, — &, + &

I
critical exponent, and A is the disorder strength, defined in
Eq. (11). In other words, under scaling, ¢ — ¢' = ¢/b,
® — @' = w/b*. The fixed line is characterized by w/T
scaling.

The function g;(q, €, €') satisfies the scaling relation

91(q. €1, &) = b g,(bq, b'e;, be,), (C10)

where y is a critical exponent related to the scaling
dimension of the fermion density operator, which we
compute below, and b is a rescaling factor. Choosing
b = |e;|7"/%, we find that g; can be written as

q 82) (C11)

le[V/2 e

91(q.€1.6) = |81|”/Z(D<

where @ is a universal scaling function.
To determine y, we notice that g; is related to the density-
density correlator:

(p?an (x)(pl}/i’] (x)(plan’ (O)(p}k}/n’ (0) > dis

(C12)

where np(e) is the Fermi function. Using Eq. (C11), this can be written as

x(q.w,) =T/ / dédg

np(T8) = np(T) y/zq,< g 5/)
gl .

iw,

, C13
TIe 1] (C13)

Here, we have used Eq. (C11) and performed a change of variables, ¢ = T¢, ¢ = T¢&. On the other hand, y(¢, w, = 0) can

be expressed as

tla.on=0.1) = ["dr [ @reoxturom©0.0) =13 [ dre it (o, (x)m (0)

=T [ dxe 5720, (/)1 (0)) = bV Ty (bg, @ = 0,5°T).

vV

(C14)
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Here, n;,(x) is the Matsubara frequency v component of
the density operator in layer / [92]. In the second to last
line, we have applied scaling to the correlation function
(n;,(x)n;,(0)), using the fact that the scaling dimension of
ng,(x) is 2 —z [73].

Choosing b =T in Eq. (Cl4), we get
2(q.w, =0,T) = TC-9/4W(q/T"/?), where ¥ is a scal-
ing function. Comparing this to Eq. (C12), we can extract
the exponent y:

y=2(1-2). (C15)

Now, we are in a position to find the scaling of the c-axis
thermal conductivity with temperature. Inserting Eq. (C11)
into Eq. (C9) results in

B 271]3_
K, = 7

/deldezda)n(el)[l —n(e; + w)|n(ey)

x [1 = n(e, —w)}wz/d2q|€1|y/zd)

q & —w , q & —w

(5 o0 20

<|e,|”z ] )'2' el el
(C16)

Rescaling the integral, @ = w/T, &, = €,/T, and
G=q/T"*, we get

2’”& 2/z (3N (T2 (TA(1-2)/z 2 (6-2)/z
Ko ~ gt T (P19 ~ AT (C17)

This result coincides with that of the clean case in the limit
Ay—->0G@Ge,z=14+A,/7—>1).

The analysis above has been done for an interplane
interaction of the density-density form. A similar analysis
can be done for any quartic interplane interaction. The only
difference is the scaling dimension of the fermion bilinear
operator that appears in the interaction term, which can be
determined using the methods of Ref. [73]. It turns out,
however, that for any A, > 0, the density operator is the
fermion bilinear with the smallest scaling dimension.
Hence, a density-density interaction gives the dominant
contribution to . at low temperatures.

b. Disordered FS
In the disordered FS case, we know that the density-
density correlation function takes a diffusive form at small
q, Wy

qu

olpe Y

1(q,0,) =

where D is the diffusion constant, and v is the density of
states at the Fermi level. Comparing this result to Eq. (C12),
we deduce that g;(q,¢,€") should satisfy the following
scaling relation:

9i(q.e.€') = b2g,(bg. b*e, b*¢). (C19)

Hence, g;(q, €, €') can be written as

, v e ¢
o)=L o5 ) (20
91(q.£.¢) D (qu Dq2> (C20)

where Q(&,&') is a dimensionless scaling function.
We may now use this form in Eq. (C9) to get

. 2rJ3
c T2

IJ2 €1 & —w
x [1 —n(ez—a))]wz/dquZ(fQ(qu, D )

& & w
Ql —,——|. C21
) <qu Dg’ ) (1)

/dsldszdwn(el)[l —n(e + o)|n(ey)

Changing variables to & , =¢,/T, §=q/VDT, we
obtain

2

T
ke~ LA (C22)

This result coincides with the result of the Kubo formula
calculation described in the main text.

APPENDIX D: KUBO FORMULA
FOR THERMAL CONDUCTIVITY

1. Thermal current operator

The systems we consider consist of layers of quasi-2D
QSLs, described by the in-plane Hamiltonian H' and
coupled by interplane hopping terms, which may be written
as sums of terms of the form H, = J, 0'0**!, where O' is
composed of operators of the [ level only. The energy
density of a single layer [ is thus (for a single term H | ; the
extension to a sum of terms is straightforward)

1
E'=H'+ 27 {00 +0l01). (D)

Its time derivative is then
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B = ijl{ (0", H'|0"" + [0, H']O'! + % oo end therefore,

1 1
+ E [Hl, Ol]OH—I + 5 [Hl_l, 01—1]01
1 : .

| 0 =_J> {+10'0" -10'0"!

+§[Hl+1’01+1]01} +0(2) (D2) 2 ;
+(I-1)0'0 —10'0""}y + 0(J2)

I, 1 i -

= S il {[H 010! [, 0')0"! =D Jh + 00 (D6)
1

+ [HlJrl’ 0[+1]0[ _ [H[, 01}0[+1} + O(Jﬁ_) (D3)

1 . . ) )

=_J {0""'0o'-0'0"' + 0" 0! - 0’0 : :
27k " } with J2,, =17, (0'0"!' — 0'0""). This formula satis-

+0(J3), (D4)  fies the continuity equation J?,, | —JZ = E,.

where in the last equality, we use the fact that to lowest 2. Tnterl th 1 ¢ for 1 d Kit
order in J,, O' = i[H', 01]. . Interlayer thermal current for layere aev

The thermal current operator is given by [93] honeycomb model

For the Z, system, the coupling term is given by
7O =>"IE (D5)  Eq. (A8),

d*k Jlk' d2
:—JLFO > / e

LI'=I+1
x [y (K (k + q)y/;"'(k')q/;}(k’ —q)+A' - B)+ (A" - B")+ (Al > B'&A" - B)], (D7)
and therefore,

1 A’k dzk’ d?
10 = 3Fo [ s e Y0 (i )

X [(‘/1114+T1(k/)l//z+1(k’ - ‘l) - 1—1(k/)ll’1—1( —-q))+(A' > B)+ (A" > B")+ (A" > B'& A" - B")]. (D8)

Fourier transforming with respect to imaginary time results in

1 d’k dzk' dq 1
Q . _ . .
JO(iw,) = 2JJ_FO/ (22 2a) ) P . DZ ,,Z "(k, v, )yt (k + q, iv, +iQ,)]

X [(V/IL‘-:I (k,’ iym)l//lJrl (k/ —-q, ”/m - I‘Q'n + iwn) - (l + 1) - (l - 1))
+ (A = B 4 (A" - B") + (A > B' & A" - B")]. (D9)

We again revert to the complex fermion representation and consider states only near the Dirac point K. Transforming to the
eigenstates of H yields, for m =0,

dQ/ 2
Je(iw,) = zsjlz /dk : d) Z ﬂ3 ZQQ

o da=E1

X Fi‘ k,i“ah (k. iv,)d; (k +q, iv, + iQ, + iw,)a H"T(k’, ivm)aﬁ"(k’ —q, v, —iQ,), (D10)

where F’ k‘ W (;‘ corresponds to the transformation of F,, from the sublattice to the eigenstate basis, while for the case
A >m >0, m> A—m, we neglect the contribution of the B sublattice and get a simpler expression,
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d*k dzk’ d*q 1
J(iw,) 25J¢ OZ / 2 (2 )2 /),3 Z Q,

Ly==%1

a'"(k, iv,)a'(k + q, iv, +iQ, + iu)n)a”’”(k’, iv,)at (k' —q,iv,, —iQ,). (D11)

3. Thermal conductivity
The thermal conductivity is given by [74-76]

-1 Im([IT
K:_hmM’ (D12)
T w0 [0
where I1(w) is the retarded thermal current-thermal current correlation function. Using Eq. (14), and an extended definition of

the four-point correlation function in Eq. (15) (in the TR broken case, there is only a single band 4 that crosses the Fermi surface)

1),k ky' Qs iy, iv,) = <aj11<k1, iv,)a;, (ki +q, il/m)al(kﬁ +q.iv,)a, (k. iv,)), (D13)
we get
dql fkfb fﬁﬁy
3| 12
(i) = Z / 2;:)2 Tn)t /
x Z P ﬁg,ﬁ* MR ”k,“f*nz 2 (e, Ko, @ =i, — i, — i@y, —iv,) L, 4, (K, K =G iy, v, — iQ,).  (D14)

The function Yy (z,z+ iQ,) (suppressing the momentum and A dependence for clarity) has branch cuts for
Im([z] = 0,Im[z] = —i€Q,; using the usual contour integration method, as explained in Ref. [93], for example, it can be
shown that

%Zr(z,z +iQ,)

de . _ . de . . _
= /2_”llnF(€1)[Tk(€T7€1 +iQ,) — Ty (e7, € +i,)] + /2_71_11-”F(€1)[Tk(€1 —iQ,. 7)) — Ty (e —iQ,, €7)],
(D15)

where €* = ¢ £ i, with § a positive infinitesimal. By first performing the summations over v, and v,,, which result in
integrations over €1, €3, the summation over the bosonic frequencies Q,, gives (again integrating along the branch cuts of the
T functions).

1
Qliw,) = 7 Z QY (i, vy + iQ,) Yo (iU iy — iQ, + iw,)

VoV

:/d€1/d€3 . 63)/‘212,113( W [Ti(er, ) = Tulel.e5) = Tuler.e})

27i
+ Tx(e7.63)|[Tw(ey, —x + €3 + iw,) — V€5, —x + €3 + iw,) + Vi (x + €3 — iw,, €7)
— Ty (x+e3—iw,, €3)] —ng(—x)x* [Ty (5, €) — T (€5, €7) — T (€5, €)
+ Ty (63, e0)][Yw ey, x + €3 + iw,) = To(e5, x + €3 + iw,) + T (=x + €3 — iw,, €3)
— Vi (=x + €3 = iw,, €3)] + ng(y)(y + i@,)* [T (€3, €3) = Vi€, €5) = Tio(ey . €3)
+ Tw(ey. e)][Ti(el e +y +iw,) — Yiler.e) +y + io,) + Ti(ey =y — i, ef)
=T (ey =y = iwy, €7)] = ng(=y)(=y +iw,)* [T (€3, €5) = Tw(ey. €3) = Tw(ey. e5)
+ Ywles, )] [Yi(el er =y + iw,) = Tiley.e; =y + iw,) + Lile) +y — iw,, €f)
—Yy(e +y—iow,, €7)], (D16)

with x =€, — €], y =€, — €3.
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Performing the analytical continuation by replacing iw, — @ + i6 and a few further manipulations result in

o) = [ 52 [ 52 [ Snlurer) = ne(e)[Tulef ) = Tulef ) + ciep(es) (Telef e =+ )

27i ) 2mi 2m
—Tyw(es, 65 —x+ o) +np(es —x + o) (T (5.6 —x+ o) — Tp(e3, 65 —x + w))]
= np(y)(=y + ®)*[np(e3) = np(e)][Yw(ey,e3) = Ywles.er) — c.cllnp(e) (Yilel € —y + )
= Yi(er.e1 =y + @) + np(er —y + @) (Yi(er. €] =y + ) = Ty (€7, €7 —y + ))].

The imaginary part of the above expression is [using the fact that Yy (€], €5) = Ty (e7,€5)* and Yy (ef,€e5) =
Ti(er.e3)7]

d d d
a))]—/il./ 63/ %2 dRe[ (et eF) — Yuler. e5)] x Re[Tie(ef. € —x + )

2ri ) 2rxi ) 2mi

— Ty (e3. €5 —x+ w)|[np(e;) —np(es —x + )] X [np(er) — np(ey)|np(x)x*

— 2Re[Yw(e3.65) — Tiw(e3.€3)] x Re[Yi(ef . €] —y + )
— Tx(er.ef =y +o)][np(e) —np(e; —y + o)][np(e;) — np(e)]np(—y)(—y + w)*.

In the second line, we replace €, — €; — €, + €3 + w to get

d d d
w>]=/i‘./ €3/22Ren er.6f) - Tulet. 5)] x Re[T(et.er — & + e + )

2ri ) 2rmi ) 2ri
— Ty (e3. €1 — 2 + €5 +w)|(e2 — €1)*[np(er) — np(er)][np(e3) — np(es — €2 + € + w)][np(e; —€;)
S e—— ] (D17)
Therefore, using the identity
0 1
[np(er) —np(er)]np(es) — np(es — e, + €;)] @’13('52 —€) = ?(1 —np(e)))np(e)(1 —np(es))np(e; — e, + €3),
(D18)
we get
. Im|Q(w 1 [de de de
3}2})%2;/%/25/2—722R [Yi(e,65) = Ti(ef e5)] x Re[Yy(e5, €1 — € + €5 + o)

—Tw(e5. 61—+ €5 +w)|(e2 —€1)* x (1 —np(e)))np(ex) (1 — np(e3))np(e; — e, +€3).  (D19)

Inserting this into the formula for x, Eq. (12), and writing the momentum and band dependence explicitly, results in

d2k1 koz de/ aak' d2 d€1 d€2 d€3 i /SR N VY I SO YV I
/ (2n)" (2" (27" / / / P P Rel T, (ke ko gs e e3)

—= T, (k. ks, qs e, €5HRC[T/13/14(k/1’ Ky, —qey, 6 — € + €3+)
- Tlm(k/v Ky, —q;e5,€; — ey + ei)](l —np(er))np(er)(1 —np(es))np(e; — ey +€3) x (€] — 62)2- (D20)

4. Clean case

In this case, as T, ; (k. Ka q;e7.¢]) = 6(ky — kz)Gﬁ/A(kl,el)Gﬁ(kl+q,€2), the formula for the thermal
conductivity is

2k k’
K_ (cziﬂ d? qu /d€1/d€2/d€3 —e) Z|Filf/zxg/14

x A, (k, el)sz(k +q.6)A,, (K e3)A;, (K —q.e; — €, +€3)(1 —np(e)))np(e) (1 — np(es))np(e; — e, + €3),
(D21)
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with A, (k,e) = —2Im[GF(k,¢)] the spinon spectral
function, which is A;(k,e;) = 2z5(e — ¢].) in the clean
case. This results in the formula derived in the main
text, Eq. (4).

5. Effects of potential disorder

For a Z, QSL with a Fermi surface, we consider the
effects of potential disorder. In the self-consistent Born
approximation (SCBA), which is valid for weak disorder
such that kpZ > 1, the dressed Green’s function has the
form

1

GR(k,w) = D EEE—
2( w> w—e,lk+i/2’c

G (k. w) = (D22)

where 7 = £/vy is the disorder-induced lifetime.

we define the vertex function I'y(iv,,. iv,,) such that

FIG. 5. In the self-consistent Born approximation, which is
valid when kgl,, > 1, only ladder diagrams without crossed
disorder lines contribute to the vertex function. In this figure, the
solid lines are renormalized electron propagators, and dashed
lines represent the effects of disorder.

In calculating the four-point correlation function

(v (K. iv, )y (kK + q.iv, )]
X(k/ + q, il/m)l//l(k/’ il/n)>dis?
(D23)

Y(k,K', q;iv,,iv,) =

T(k. K. q;iv,.iv,) =6k -k')G(k,iv,)G(k + q, iv,,) + Ty(iv,. iv,,)G(k,iv,)G(k + q, iv,,)G(K', iv,)G(k' 4 q, iv,,).

(D24)

In the SCBA, the vertex function is given by the set of ladder diagrams, which are schematically shown in Fig. 5. The sum of
all ladder diagrams results in the following self-consistent equation for Iy (iv,, iv,,):

F/l,/l(ki k + q; il/n,i

2nvt  2nuT

1

1 1 o d*k
V) = + l“q(w,l,w,,,)/(zﬂ)2

G(k,iv,)G(k +q,iv,,)

1

:2711/11_%]

GGk, iv,)G(K + q.iv,)

(D25)

The important contribution to the thermal conductivity comes from the region of small q and small frequencies

(e,vpq < T, with v the Fermi velocity). In this region,

1

I'(q;e,65) ~
(@61 €3) 2nve? —i(

with D = vl,,¢,/2 the diffusion constant.

€, —€)+Dg*’

[(q;ef,65)~0 (D26)

Starting from Eq. (D20), we perform the Sommerfeld expansion with respect to €. The first nonvanishing contribution,

in powers of T, occurs for the term

o / d*k, d*k, d°K, d2k’ dlq
(27)* (27)* (27)?
x Re[Y (K}, k), —q; €3, —€; + €3 )

/dez/"e3 e[T(ky ka2, @07, 5) = (K, ka, ;07 €7)]

— T(k}. k). —qi €5, €3 + €3)|np(er) (1 = np(e3))O0cnp(—€; + €3) x €3,

where, at T < Ep, the last line becomes np(e,) (1 — np(€3))8(—€; + €3) x €3 = 8(—e, + €3)T[0/(0ey)|ng (€, )e3. Here, we

have again set the form factor Fy y/ 4
localized on the A sublattice.

=1 as we are dealing with a single band that crosses the Fermi energy, which is
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After substituting the SCBA result, Eq. (D25), we are left with (neglecting terms with all poles on the same side of the
real axis, as these give subleading contributions, and the vertexless terms, which give a T> result)

2 /d2k1 &k, &K, &K, diq

(22) (2n)? (2n)’ (22)? (22)° /2]; 1(07,¢7)GR(ky,0)GA(ky, €)GR (K, 0)G* (k3. €)

x Ty(e™,07)GR (ky, €)G*(ky,0)G" (k. €)G* (K5, 0) %np(e)ez.

We are interested in the contribution at small q, which has the potential to be singular; we therefore setq — 0 and ¢ — 0
in the Green’s functions, which results in [using the relation G®(k,e)G*(k,e) = A%(k, €) = 75(ey — €), and therefore
[ d*k/(27)*GR(k,0)G*(k,0) = vz, where v is the density of states at the Fermi energy]

27 v v Q 2
K~ Tl / / {—ie—l—qu}Re[ie—l—qu} 8enF(€)€
= J3AT a 22;1 (€)e?
€ +D2q4 de "

2 2
v de 0 v
=J2 —T/——nF(€)|e| ~J15T2.

) 2 Oe

6. Pair hopping term

We have ignored the pair hopping term in the previous sections. This is because its contribution is similar to that of the
spinon-hole hopping term. Performing the Matsubara summation for the pair hopping term results in

2 / &Lk, Pk, &K, dzk’ qu /del /de2 /d€3
T2 (27r) (271) (271'
XRe[Tz 2 (K1, Ky, q; =€) ,62) Y, 5 (k1. Kk, q; —€] ,62)}

X Re[%m(“v Ky —q;—€3.€,— € +€3) = Tam(klp Ky —q:—€3.61 — € + 7))
x (1 =np(e)))np(ex)(1 = np(e3))np(e; — €+ €3) X (€ — €,)2, (D27)

where Tllﬂz (klv k2v q; iy, iVm) = <a/1] (_kb _iyn)azlg(kl +4q. iym)a;2<k2 +4q. iym)a;] (_k27 il/n)>'
An analysis similar to that following Eq. (D23) shows that
Y5, (ki ko qi—€f . €7) = 8(ky — ky) G5 (—ky,€1)G (ky + g, €5)
+ g€, €)G5 (—ky, €)G} (ky + 4, €2)GE (—ky, €1)GY (ky + q, ;)
Y (ke ko qs =€, 65) = 8(ky — k)G (=ky, €))Gf (kg +q, €2), (D28)

with Iy (e}, €5) = [1/(2ave?)[{1/[~i(es — €1) + Dg?]} as before; this term therefore contributes the same as the spinon-
hole hopplng term.

APPENDIX E: U(1) QUANTUM SPIN LIQUID

1. Clean spinon thermal conductivity

In this case, the interlayer coupling is given by Eq. (2),

d*kd*k' d*q
H, = JT/T% (k) (k + (I)’lflf(k/>’//l’(k, -q). (E1)

Plugging this into the formula for the thermal current operator Eq. (D6), and using the Kubo formula just as in Eq. (D14),
results in
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I RPrd2 K &2 dede,de
JT C]/ 1d€3 3A(k,€1)A(k +q,6)AK  e3)A(K —q,e; — €, + €3)

o =T | T (200 (21)?

x (e1 =€)’ np(=e)np(ex)np(=€3)np(e; — €2+ €3), (E2)
with A(k, €) the spinon spectral function,

2ce?/3

A k,€ = )
( ) (€k _M)Z + C2€4/3

Ak, e =0) =276 — ), (E3)

and ¢ = (kp/m) ;(52/ 3k5 173 [20-26]. We consider the contribution of q < kp, expanding ey 4 = vr|k 4 q; we then apply

the Sommerfeld expansion according to €}, and the largest contribution at low 7" comes from the term where the derivative is
applied to ng(e; — €, + €3),

o [ PkPKLq [ deyd
Ksp ™ sz/ q/ 5 63A(k’ 0)A(k +q,6,)A(K', €3)A(K' — q, —€; + e3)eanp(e3)np(—€3)0cnp(—€; + €3),

er° | (a7
(E4)
which, at low temperatures, becomes
dkd’kK'd®q [ de Ong(e;)
~JPT [ L [ 22 Ak, 0)A(k + q, €2)A(K', )A(K' — q, 0) 22 ¢ E5
e 10T [ CEEE [ SR AR 0K + 4.e)AK. )0 ~ 0.0 P H 2L (85)
Using
d*k /3
/ . 2A(k,0)A(k+q,e):y/d€ e = : , (E6)
(27) VEq-cos 0 + c%e [v2g? + '3
we find that
de Onp(e) [ d’q €’ IR T
zJSP“T/— i / T log (s | E7
Kp MILV 2r  Oe (27)? v2g° + c*e*/3 v% g (W/c)3? (E7)
where W is a UV cutoff.
2. Clean gauge photon thermal conductivity
In the case of a U(1) QSL, the coupling of the interlayer gauge fields is given by Eq. (22),
ph d’k 2, T T (1!
Hy=JY 22 k*aj (k)a, (k). (E8)
The c-axis thermal conductivity in the clean case is
(M2 [ &Pk S
; oa) k* A deAgh(k,e)e28€nB(€), (E9)

where Ay, (k. €) = y[|o|k/(x*k® + y*w?)] is the photon spectral function. This results in

031064-20



SIGNATURES OF FRACTIONALIZATION IN SPIN ...

PHYS. REV. X 8, 031064 (2018)

2 yphy\2 2 4

r (J'1) &’k ¢ /00 €

— k de—————0

Ke T (2r)? 0 ¢ (*kS + y%e?)? i (€)

2( yPhy2 -4/3 oo
SV (Tl) G) A dee®3dcnge)

~ (T2 PRT, (E10)

In our calculation of the interlayer thermal conductivity,
we have neglected processes that transfer a larger number
of gauge-invariant excitations between the layers (for
example, two spinons and a photon) because their con-
tribution to x. has a higher power of T and is therefore
negligible in the limit of low temperature.
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