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Recent work on a family of boson-fermion mappings has emphasized the interplay of symmetry and
duality: Phases related by a particle-vortex duality of bosons (fermions) are related by time-reversal
symmetry in their fermionic (bosonic) formulation. We present exact mappings for a number of concrete
models that make this property explicit on the operator level. We illustrate the approach with one- and
two-dimensional quantum Ising models and then similarly explore the duality web of complex bosons and
Dirac fermions in (2 + 1) dimensions. We generalize the latter to systems with long-range interactions and
discover a continuous family of dualities embedding the previously studied cases.
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I. INTRODUCTION

Mapping models of spins or bosons to fermions has a
long history in condensed-matter physics. In (1 + 1)-
dimensional systems, such mappings are based on the
Jordan-Wigner transformation, which introduces nonlocal
string operators that ensure a change of statistics between
objects at arbitrary spatial separation. Despite this non-
locality, many local (1 + 1)-dimensional spin or boson
models map exactly onto local fermion models. For exam-
ple, the one-dimensional (1D) transverse-field Ising model
maps to a chain of free Majorana fermions that become
massless at the phase transition [1-3]. Chern-Simons
flux attachment [4] generalizes this technique to two-
dimensional (2D) systems; here, a “statistical” gauge field
fulfills the same role as the Jordan-Wigner string in 1D.
An illuminating application of the latter approach is
the description of electronic fractional quantum-Hall states
as superfluids of Chern-Simons bosons [5-8]. Another
important early application directly related to the topics
here is the study of phase transitions involving topological
states [9-11].

Dualities provide alternative reformulations complemen-
tary to those obtained by statistical transmutation. Classic
examples include Kramers-Wannier duality for Ising spins
and particle-vortex duality for bosons [12,13]. More
recently, a fermionic counterpart has been discovered that
maps free 2D Dirac fermions to dual Dirac fermions
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coupled to a gauge field [14-23]. In all these cases, the
dual quasiparticles are highly nonlocal objects in terms of
the original microscopic degrees of freedom (d.o.f.), but
they exhibit the same statistics.

The presence of symmetries can yield interesting con-
sequences for systems that are amenable to both duality and
statistical transmutation. Because of the nonlocal relation
between various representations, symmetries that act
locally in one set of variables can act highly nontrivially
in another. In 1D, for instance, translation symmetry in a
free Majorana chain implements duality for the Ising model
that arises upon transmuting back to spins. Two important
recent works by Seiberg, Senthil, Wang, and Witten [19] and
by Karch and Tong [20] have extended this symmetry-
duality correspondence to 2D systems. These groups estab-
lished that phases for a free 2D Dirac fermion that are related
by time-reversal symmetry are related by particle-vortex
duality when expressed in terms of bosons coupled to a
Chern-Simons field. Similarly, time-reversal symmetry for
microscopic bosons corresponds to particle-vortex duality
for Dirac fermions with Chern-Simons coupling.

This paper aims to elevate the symmetry-duality inter-
play from the level of quantum phases to explicit properties
of operators describing physical d.o.f. in various represen-
tations. To illustrate the basic principles in a simplified
setting, we first review the correspondence noted above
between duality for the transverse-field Ising chain and
translation symmetry in the Majorana-fermion representa-
tion, and then generalize this correspondence to a class
of 2D spin Hamiltonians. The main body of the paper then
analyzes (2 + 1)-dimensional models of bosons, vortices,
Dirac fermions, and dual Dirac fermions that can be
explicitly mapped between one another via dualities
and an analogue of Chern-Simons flux attachment. We
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specifically formulate these models as coupled-wire arrays,
which makes operator-based mappings possible.

The coupled-wire approach paints an intuitive physical
picture for the underlying transformations as well as the
connection between symmetry and duality. Representing
Dirac fermions by bosons does not only require statistical
transmutation; one must also augment the latter with an
internal degree of freedom that encodes spin. Fermionic
statistics can be achieved by forming bound states of
bosons and vortices. Importantly, in our discrete wire
setups, vortices live on the dual lattice and are thus
naturally displaced from the bosons—similar to the “dipole
picture” of composite fermions [24-29], which was
recently revisited in Ref. [30]. The Dirac-fermion spin
correlates with the relative orientation of the boson-vortex
bound state: for spin up, the vortex sits just below the
boson, while for spin down, the orientation is reversed.
Fermionic time reversal swaps up and down spins, and
correspondingly swaps bosons and vortices, i.e., imple-
ments bosonic duality as sketched in Fig. 1. Dual Dirac
fermions, meanwhile, arise simply by attaching the oppo-
site vorticity to each boson. (As a result, the dual fermions
also have opposite chirality in the wire formulation and
opposite sign of their velocity in the continuum 2D
description compared to the “direct” fermions.) Bosonic

|

. time reversal .
fermion — fermion

boson vortex

duality

vortex

FIG. 1. In our formulation, the fermion spin is interpreted as the
relative orientation of the boson and vortex. Under fermionic time
reversal, the spin is flipped, corresponding to replacing bosons <>
vortices, i.e., duality. This schematic picture will be made precise
in the course of this paper.

time-reversal symmetry reverses vorticity and thus likewise
implements duality for the Dirac fermions.

We flesh out the above picture in the framework of
several explicit sets of wire models. The first set of models
is schematically described by

ijboson'A g ijDirac'c_ic;dc iA—dc_lﬂ
8 2r 4z
$ ¢ (1)
. . Ada . . .cdc Adc AdA
Uvonex'a"—l? <~ l.]dualDirac'c'f'lg 2—” ZH-

Here, j denotes space-time currents in a given representation indicated by the subscript, A is the external vector potential,
and all other variables are dynamical gauge fields. Vertical and horizontal arrows connect theories related by duality and
statistical transmutation, respectively. The left side sketches the familiar duality between bosons and vortices coupled to a
gauge field that mediates long-range vortex interactions. As indicated on the right, these systems in turn map to self-dual
(in a sense that will be made precise later on) Dirac fermions coupled to a level-1/2 Chern-Simons gauge field. We show
explicitly that time-reversal symmetry for the bosons imposes exact self-duality for the fermions.

We can similarly summarize the second set of models by

.. " .cdc  Adc AdA
l]Dirac'A <> l.]boson.c—i_lﬂ_lﬁ lg

¢ ¢ 2)
. . .Ada . . .cde  Adc  AdA
Ydual Dirac * @ + 1 477,'_ <> yvorlex'c_lﬂ_kl?_lg-

[
on the level of continuum theories, the models in Egs. (1)
and (2) can be related by the conventional flux attach-
ment technique, where the conventional fermion features

The left side now represents the recently discovered duality
between free Dirac fermions and dual Dirac fermions
coupled to a gauge field [14-23].

These theories map to self-dual Chern-Simons bosons,
with time reversal in the fermionic representation imple-
menting duality in the bosonic representation. Note that

two Dirac nodes, one of which is very massive and
“integrated out.” However, the action of symmetries on
the statistically transmuted variables becomes obscured
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during this process yet remains precise in our wire
scheme.

We explore a third set of models that exhibit time-
reversal symmetry both in the bosonic and fermionic
representations—thus prohibiting Chern-Simons terms
for any of the dynamical gauge fields. We propose that
these wire models yield the relations

iiboson -a +£[a] g ijDirac 'c—l—%[,[c}
3 ¢ (3)

e ~ ~ .o ~ l ~
yortex * @ + ‘C[a] <> Ydual Dirac - € T 2 ,C[C],
where, in momentum space,

1

- lkxal
47r|k|| x al

L]a]

For brevity, we suppressed the external gauge field A
(which can be introduced as in the previous theories).
It is known that bosons with such kinds of marginally long-
range interactions mediated by £[a] can be exactly self-dual
[31,32]. Furthermore, this interaction does not break time-
reversal symmetry, and consequently, the fermionized
description is also both time-reversal symmetric and
self-dual.

We show that all of the equivalences encapsulated by
Egs. (1)-(3) may be viewed as special cases of generalized
mappings connecting theories,

.. . ada
Uboson @ + lbosonﬁ[a] — Yboson E ’
.. ~ o ada
Uvortex " @ + lvonex‘c[a] — Yvortex E P

. Abi . cdc
UDirac - € + %ﬁ[c] ~ WDirac g

ldual Dirac ~ . cdc
L [C] — 1Y dual Dirac
2 8

iidual Dirac * ¢+
These theories are equivalent for a specific relationship
between the parameters 4;, y; that can be expressed suc-
cinctly by adopting the notation z; = y; + i4;. From duality,
one finds the relations Zyex = —Zpeson A0 ZdualDirae = —Zpiac-
This “modular structure” has been previously analyzed for
the case of bosons in Ref. [31] (see also Ref. [33]). Moreover,
we show that the fermionic and bosonic theories are related
via

Zboson 1
Ipine = 0 4)
pirae Zboson + 1

Equation (4) describes a conformal map illustrated in Fig. 2.
Figure 3 presents an overview of the various field theories
related by this general duality and of the corresponding
phases; for a discussion, see the caption.

Aboson
2

2Vboson

2 - 1

FIG. 2. Equation (4) describes a conformal map from the
complex half-plane onto itself. The upper figure depicts (orthogo-
nal) lines of fixed radius or angle. The lower figure shows the
same lines in the transformed coordinate system. A number of
important special cases are as follows: (i) Purely imaginary zyoson,
corresponding to time-reversal-invariant boson systems, map
onto the unit circle |zpj,| =1 for fermions, i.e., self-dual
models. The limits Zpyeon — 100 and Zpgeon = i0T correspond to
Zpirac = +1 and zp;,. = —1, i.e., the fermion models with half-
integer Chern-Simons described in Eq. (1). (ii) Self-dual boson
models, |Zyoson|=1, map onto purely imaginary zpi, =
i tan[arg(Zposon ) /2], 1.€., time-reversal invariant fermions. (iii) The
special point Zposon = Zpirac = ¢ 18 invariant under the conformal
map and corresponds to a model that is simultaneously self-dual
and time-reversal invariant for both bosons and fermions.

The generalized models described here—featuring non-
quantized Chern-Simons terms and singular gauge-field
propagators—do not arise naturally in purely (2 + 1)-
dimensional continuum field theories. Such models may,
however, be viewed as describing situations where (2 + 1)-
dimensional matter fields couple to a (3 4+ 1)-dimensional
gauge field. This scenario was very recently considered in
Ref. [19] and used to lend additional support to the (2 4 1)-
dimensional duality web. In condensed-matter physics,
mixed dimensions of this kind are of course a common
experimental reality, e.g., in the quantum-Hall context.
Here, an important work by Nayak and Wilczek considered
singular gauge-field propagators of this kind to study non-
Fermi liquid properties of the half-filled Landau level
[34,35]. Finally, models with both marginally long-range
interactions and nonquantized Chern-Simons terms can be
realized in concrete lattice models [31] and studied numeri-
cally [32,36]. Such simulations may provide much-desired
numerical support for various dualities in the future.
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FIG. 3. Leftpanel: Phase diagram of bosons with Chern-Simons term (ypos0n ), marginally long-range interactions (4es0n ), and additional
nonuniversal short-range interactions (Ughor.range)- 1iMe-reversal symmetry is present at yposon = 0. When additionally 4,050, = O, the
bosons interact via a gauge field that obeys Maxwell dynamics. This corresponds to vortices with purely short-range interactions, which
may either condense or become gapped. The transition between the two phases is governed by the Wilson-Fisher fixed point. In contrast,
Yboson = 0 and Ayeeon = o0 formally corresponds to bosons with purely short-range interactions. These two limits are related by the
standard boson-vortex duality of Eq. (1). Finite, nonzero Ay, interpolates between the two with self-duality realized at Ayo50, = 1,
corresponding to Eq. (3). This point describes a quantum phase transition between the same phases as the Wilson-Fisher fixed point (either
bosons or vortices condense) but is of a different universality class because of the marginally long-range interactions (strictly speaking,
long-distance properties of the two phases also change qualitatively for finite nonzero Ay,.s). For nonzero yyqons, this point extends into a
self-dual line of phase transitions at A2 .« + 72, . = 1; this includes the case of bosons with purely statistical interactions described by
Eq. (2). In the figure, we assumed that this line of self-dual phase transitions lies in the g range = O plane, which is something we can
realize in explicit wire models. Right panel: The same models can be transcribed into Dirac fermions with statistical (ypj,.), marginally
long-range (Apjr), and additional short-range interactions (Vghor-range)- The self-dual line of bosons maps onto time-reversal-invariant
fermions yp;,. = 0, which are critical. It separates gapped phases with opposite sign of the Dirac mass mip;;,., Which corresponds to either
bosons or vortices condensing. The yp;,. = 0 line includes the special cases of N = 1 QED3 (Apjpe = 0), Dirac fermions with short-range
interactions (Apj,c = 00), and self-dual Dirac fermions (Ap;,. = 1). As for the case of bosons, the self-dual point extends to a self-dual line
for ypirac # 0. Itincludes the case of Dirac fermions with purely statistical interactions, Ap;,. = 0 and ypj,c = 1, which is self-dual and for
which short-range interactions vgori.range €an drive a phase transition in the Wilson-Fisher universality class.

=JY Gior = h o,

r

We organize the remainder of the paper as follows.
Section II discusses the interplay between symmetry and
duality for 1D and 2D quantum Ising models. In Sec. III, we
review boson-vortex duality from the viewpoint of coupled
wires, while in Sec. IV, we similarly discuss duality for Dirac
fermions. Section V relates the boson and fermion formula-
tions through an analogue of flux attachment, which is where
the symmetry-duality correspondence becomes manifest. The
“mother” equivalences summarized above are derived in
Sec. VI. Section VII briefly discusses applications of our
methods to gapped phases, and Sec. VIII pursues extensions
to systems hosting two Dirac fermion flavors. A brief

H,

(5)

with r integers that label sites. This system provides a
simple (and well-known) example where symmetry in one
representation corresponds to duality in another. Moreover,
the changes of variables that link these representations
loosely parallel those that we exploit in later sections for 2D
systems.

First, we define dual variables on half-integer sites via

conclusion and outlook appear in Sec. IX. Supplementary 7 _ H o (6a)
details can be found in several appendixes. r+1/2 . "
<r+1/2
II. SYMMETRY-DUALITY RELATION
IN ISING MODELS Ty = 050, (6b)

A. Transverse-field Ising chain

As an instructive warm-up exercise, we examine the 1D
transverse-field Ising model,

Under this
becomes

duality transformation, the Hamiltonian
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v —— @ @—— @
@ @@
Ising spins

Majorana
fermions

FIG. 4. Different sets of variables for representing the transverse-
field Ising model. Microscopic Ising spins reside on sites labeled
by integers. Dual Ising spins reside on the dual lattice sites denoted
by half-integers. Majorana fermions are obtained by combining
direct Ising spins with dual Ising spins and are thus most naturally
associated with sites labeled by quarter-integers.

H, = _szfﬂ/z - hZT§—1/275+1/2’ (7)

which is self-dual at the critical point J = h. Note that we
have assumed an infinite chain above so that boundary
terms can be ignored (see below, however). From the
viewpoint of the original spins, one can view ¢ as an order
parameter and 7° as a “disorder parameter”: ° creates a
domain-wall defect in the original language and thus
condenses in the disordered phase with 7 > J.

By combining order and disorder operators, one can
alternatively describe the model in terms of Majorana
fermions I" [1-3],

nwua:GPﬂﬂzim@ (82)

r<r

T(r41/4) = —(Ha;‘,)oi =ioit, ;. (8b)

r<r

In particular, the two inequivalent fermions defined above
arise by appending a 7% operator to the left or right of an
original spin ¢°. These Majorana operators thus naturally
reside on “quarter-integer” (i.e., odd integers divided by
four) sites r £+ 1/4 located midway between direct and dual
lattice sites. (See Fig. 4 for a summary of the representa-
tions.) It is often convenient to instead enumerate fermion
sites by integers j with

;i =T(/2+1/4). 9)

Using y; Majorana operators, the Hamiltonian takes
the form

H, = Z%[] +h+ (=1 (J = h)](irjrj+1). (10)

J

In this representation, J and & favor competing dimeriza-
tion patterns for the Majorana fermions.

At the self-dual point of the Ising model, J = &, the two
dimerization terms compete to a draw, and the Majorana
chain is therefore gapless. Here, the chain preserves a
formal unitary symmetry
i—1

2 (11)

T:y;—>7jn
as well as an antiunitary symmetry

T': y; = (=1)7y;41, i— —i. (12)
The latter can be viewed as T composed with time reversal
KC in the Ising chain, which acts as simple complex
conjugation in the ¢° basis; in the Majorana representation,
we have K:y; — (—1)/"y;, i > —i. Requiring either T or
T’ protects gaplessness of the Majorana chain, while K by
itself of course does not. We stress, however, that for any
strictly 1D fermionic system, both 7' and 7" are anomalous in
the sense that neither commutes with the total-fermion-
parity operator P = [;(iy2;j-172;) (Which in Ising language
translates to P = [ [,o}). These symmetries can nevertheless
arise microscopically at the edge of a weak 2D topological
superconductor composed of an array of 1D Kitaev chains;
forexample, 7 would then correspond to a simple translation
by one wire that preserves the total electron parity.

Deducing the action of T and 7’ on the spin variables
requires some care, specifically regarding the origin of
strings that appear under duality and in the definition of the
fermions. A careful treatment (see Appendix A for details)
yields

T or T: o} =T
o7 = i0GT; ) o (13)

Thus, the anomalous fermionic symmetries 7 and 7’
implement duality for the original spin variables, modulo
the additional factor icj, that arises because of the nonlocal
strings involved in our definitions of the dual operators.
Note that oj anticommutes with all z; | J» operators, which
ensures, e.g., that 6707, | — 77| /er 320 @S appropriate for

duality.

B. 2D generalization

The symmetry-duality correspondence for the 1D quan-
tum Ising chain can be generalized to higher-dimensional
models. As an illustration, we examine the following 2D
square-lattice Hamiltonian,

H, = —JZZG§0§+§ - hZJif
r

r

~ K _0i07i500150 iy~ S )_oiohg (14)
r r

Here, r=(x,y) labels square-lattice sites delineated by
integers x, y. Importantly, the above Hamiltonian commutes
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with [ [;erow0r. Where the product runs over all r in any row
of the 2D lattice.

Equation (14) admits a number of noteworthy special
cases: (i) For K=J, =0, H, describes an array of
decoupled transverse-field Ising chains, which we dis-
cussed in the previous subsection. (ii) The J, =J, =0
limit was studied by Xu and Moore in Ref. [37] and shown
to be self-dual when & = K. (iii) Finally,at h = K =0, H,,
reduces to the quantum compass model (see Ref. [38] for a
recent review). Reference [39] formulated this limit of the
model in terms of Jordan-Wigner fermions. Moreover,
special cases (ii) and (iii) were shown to be related by a
duality mapping in Ref. [40].

We adopt a straightforward extension of 1D Ising duality
and define dual operators as

T I (158)
r'<r+%/2
Trig/2 = OiOpiz- (15b)

In the first equation, the string of 6*’s begins at the bottom-
left site and runs rightward through each row until the
termination at oy in “typewriter” fashion. The correspond-
ing dual Hamiltonian reads

=-J; E :Tﬁﬁ/z - hE :Ti—ﬁ/27§+ﬁ/2
r r
-K § :T§+i/2rl)f+ﬁ/2+§'
r
-J xE :Ti—ﬁ/27i+ﬁ/27i—i/2+§ri+ﬁ/2+§’ (16)
r

and, similar to the 1D Ising model, is self-dual when i = J,
and K =J,. (Appendix B discusses the relationship
between self-duality of H, and self-duality of the Xu-
Moore model from Ref. [37].) Note that the spin con-
servation for each row ensures that the Hamiltonian
remains local in terms of 7° Variables. Pairwise exchanges
between different rows, e.g., otoy 4, spoil these conserved

quantities and would yield nonlocal terms in the dual
Hamiltonian.

Combining order and disorder operators once again
allows the model to be recast in terms of Majorana
fermions:

P(r—%/4) = 72_ 05 (172)

I(r+R/4) = ioity 4 o (17b)
In terms of relabeled Majorana operators

viy=T0/2+1/4.). (18)

we obtain the fermionized Hamiltonian

Ah+ (-

H, Z
+Z (K +J,+

iy

DI = (i jy7j414)

) (K J )}7j,y7j+l,yy1',y+lyj+l$y+l-

(19)

At h=J, and K =J,, corresponding to the self-dual
point in the spin representation, H, preserves the sym-
metries T, T’ defined in Egs. (11) and (12) (with subscripts
y appended trivially). If one views the fermionic
Hamiltonian as describing an array of strictly 1D Kitaev
chains coupled through J,, K, then both 7 and 7’ are
anomalous in the same sense as in the previous subsection.
Both symmetries can, nevertheless, arise microscopically
as simple, global-parity-preserving translations at the
surface of a 3D weak topological superconductor. One
can readily check that these anomalous symmetries imple-
ment duality for the 2D Ising variables, up to boundary
operators—providing a higher-dimensional generalization
of the well-known 1D result reviewed earlier.

We remark, as an aside, that the fermionic Hamiltonian
also preserves analogues of 7, T’ that implement trans-
lations by one Majorana site along y instead of x. These
symmetries are not anomalous (in the wire-array realization
noted above), and they persist even away from the h = J,
K =J, limit. In general, one can construct strictly 2D
Majorana systems that preserve simple translations along
one—and only one—direction of the lattice.

To our knowledge, critical properties of the model (14)
near self-duality have not been explored. (The quantum
compass model arising when K =h =0 is known to
exhibit a first-order phase transition [41], but here we are
interested in a different critical point that requires non-
zero K =J,.) The fermionic formulation, Eq. (19),
suggests the possibility of interesting 2D phases analo-
gous to the “exciton Bose liquid” [42—47] that may arise
in boson models with ring exchange but no direct
hopping. There, interactions spontaneously generate
coherence between different rows or columns, yielding
a 2D phase with emergent gapless fields (see Ref. [47] for
this viewpoint). Likewise, H, for h = J, = 0 exclusively
features ring-exchange terms that may give rise to new
2D phases. (At nonzero h = J,, Majorana fermions can
only hop in the x direction, though propagation along y
may be generated spontaneously by the ring-exchange
interaction.) Simulations of the spin model (14) could
provide direct evidence of such an exotic phase. The
fermionic representation opens a window for comple-
mentary field-theoretic studies and may be particularly
enlightening in the limit of weakly coupled critical Ising
chains. Moreover, the latter perspective suggests a natural
interpretation of the putative critical theory in terms of
gapless Majorana fermions, likely coupled to an emergent
gauge field.
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III. PARTICLE-VORTEX DUALITY FOR BOSONS

We turn now to particle-vortex duality for bosons. This
section first reviews the familiar Mott transition of bosons
in 24 1 dimensions from a viewpoint that facilitates an
explicit mapping to fermions (see Sec. V). In particular, we
formulate the theory as an array of quantum wires hosting
charge-e bosons that can enter various 2D phases depend-
ing on the strength of interactions and interwire couplings.
We then introduce a nonlocal mapping from bosons to
vortices and review two dualities in this framework:
(i) duality between short-range-interacting bosons and
vortices coupled to a gauge field and (ii) duality between
bosons coupled to a Chern-Simons gauge field with
coefficient +1 and vortices coupled to a Chern-Simons
gauge field with coefficient F1.

A. Coupled-wire formulation
Consider a 2D array of quantum wires enumerated by
integers y, each hosting bosons @, ~ ¢ with density
py = 0,0,/n. The @, 0 fields obey the commutator
0.0,(x). 0y ()] = i, y(x— ). (20)
which implies that CD; creates a boson with unit charge as

desired while e creates a 2z phase slip in wire y. We
write the Euclidean action as

i
S= Z |:; axeyar(py + ELL + ‘Cphasc slip + ‘chop . (21)

Xy
Here,

Lin = 5 (0.0, + 5 (9.0, (22)

2n
describes independent Luttinger liquids of bosons in each
wire, with short-range density-density interactions encoded
by the u coupling. Interwire boson hoppings generate
Ehop = —9 COS((/)y+l - ¢y) (23)
Finally, when the boson density is commensurate with the
underlying lattice, considering specifically integer density
per site, each wire contains an additional term
Lphase slip — —92 COS(ZQy)' (24)
Nonzero ¢, ¢, generically destabilize the decoupled
boson Luttinger liquids. When g, is relevant and flows to
strong coupling, bosons can hop coherently between the
wires and form a superfluid. Conversely, when g, is

relevant and flows to strong coupling, 2z phase slips
proliferate and drive a transition to a Mott-insulator phase.

Decoupled Luttinger liquids
[

ya

Wilson-Fisher

Mott insulator Superfluid

FIG. 5. Schematic RG flow of the bosonic wire model defined
in Eq. (21).

The boson density-density interaction u in Ly; deter-
mines which of these competing couplings dominates. At
weak coupling (small g, g,), the renormalization group
(RG) flow equations are

gy _ (,_1 Ju
ac 2\
dg, v
_— = 2— —
a7 < \/;)92,

with ¢ a logarithmic rescaling factor. For strong repulsion,
u > v, g; rapidly flows to zero while g, grows, resulting in
the Mott insulator. In the opposite limit u < v, g, is strongly
relevant, and hence fluctuations in the phase difference
@y — @y41 become massive, yielding the superfluid. The
two phases are divided by a separatrix that starts at u = 2o for
infinitesimal coupling. Generically, higher-order terms in
the RG such as renormalization of u/v and generation of
additional couplings will drive the system away from the
u = 2v condition and into one of the two phases; the
separatrix is then a more complicated surface in parameter
space. When tuned to criticality, the RG flow along the
separatrix terminates in the Wilson-Fisher fixed point (see
Fig. 5). [Strictly speaking, the specific model (21) is not
assured to exhibit criticality, but it could alternatively feature
a first-order transition. In the latter scenario, we expect that a
nearby model with additional couplings (e.g., longer-range
interwire hopping terms) will indeed flow to the Wilson-
Fisher fixed point.]

(25a)

(25b)

B. Duality mapping

To implement duality, we introduce canonically con-
jugate variables that are nonlocally related to the original
bosonic fields and can be interpreted as dual vortex d.o.f.
These new variables naturally live on wires labeled by half-
integers (forming the dual lattice to the boson wires as
shown in Fig. 6) and are given by

- 1
Py+1/2 = ngn <y’ —-y- 2) Oy,
y/

Oyi120 = (€0y+1 - (/’y)/z-

(26a)

(26b)

Using Eq. (20), one finds that the dual fields satisfy
commutation relations identical to the original bosons,
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7
y+ 3 - )
® = €'Y (boson) -4
y43 cxp[i9y+3]\

ot

o
D = €'Y (vortex)

/

y+2 -
\ exp[—ifl 1]

. O

’ Vortex hopping = phase slip / Half-vortex hopping
\ exp[—2i0y41] \iXP[—iF);K,H]

Boson hopping
y+ - . :
eXP[WwZ - ltpy+3]

[}

y+1

A

\exp[fiﬁy]

FIG. 6. Bosons ¢'* reside on the direct lattice labeled by
integers. Vortices ¢’? live on the dual lattice labeled by half-
integers. Vortex hopping across wire y is implemented by a phase
slip e~ on that wire. Creating an isolated vortex requires a
string of such operators emanating from infinity. Here, we define
the vortex creation operator by running “half” of the string from

—oo and the other half from +co.

[axéy-&-lﬂ(x)’ (:by’+1/2(x/)] = iﬂéy.y’é(x - xl)' (27)

The inverse transformation,
/ 1 7
oy==) sen(y +5-y)0pp  (289)
yl

Hy - _(¢y+1/2 - (70):—1/2)/2’ (28b)
is essentially the same as the duality mapping in Eqgs. (26a)
and (26b) applied to the variables ¢, 0, up to an overall
minus sign; schematically,

e

= 0. (29)

[u

= _§07

The operator <i>),+1 2~ e'+172 creates a phase slip of 7
(—r) on all boson wires below (above) y + 1/2. A 2z phase
slip on any given wire may be viewed as tunneling of a 2z
vortex across that wire. Consequently, d~>y+1 /2 creates a =27z
vortex at y+ 1/2 by symmetrically pulling in two =«
vortices, one from y = —oo and one from y = co. The
corresponding vortex density and current are

1
Pvortex = _ax07
T

v vortex

jvortex = pu apr’ (30)

which directly parallel their boson counterparts,

Uboson

Jboson = 8x§0' (31)
T

1
Pooson — _8)697
T

It is instructive to analyze symmetry transformations for
the bosons and vortices. Time-reversal symmetry acts
on the bosonic variables as 7:i —» —i, ¢ — —¢, 0 — 0.
Using the definitions in Egs. (26a) and (26b), one finds

T: O O, (boson time reversal)

Proson > Pboson»

jboson - _jbosom (328')
T:d -0 (vortex particle-hole)

Pvortex > ~Pvortex>

j vortex ] vortex - (32b)

Similarly, one may define an antiunitary particle-hole
transformation of bosons as C:i —» —i, ¢ — ¢, 0 — —0.
Under this transformation, one finds

C: ®— OF, (boson particle-hole)

Pboson > ~Pboson>

Jooson = Jboson> (333-)
C:d— D, (vortex time reversal)

Pvortex = Pvortex>

jvortex - _jvorlex- (33]3)

Both 7 and C act locally on bosons as well as on vortices,
despite the nonlocal relation between the two fields. We
see above, however, that their role is effectively swapped:
Boson time reversal acts as a particle-hole transformation
for the vortex d.o.f. and vice versa.

C. Bosons with short-range interactions

The vortex variables introduced above allow us to rewrite
the boson model reviewed in Sec. IIl A, thus obtaining
a coupled-wire derivation of the familiar boson-vortex
duality in 2 4+ 1 dimensions. We take the action to be

i .
S = / > {; 0.0,0., + Lo (34)

Ty

with

boson __ i 2 l 2 i 2
L - o’ (ax(ﬂy) + o’ (axgy) + ] (axA(py)

— g1 cos(Bgy) — g2 cos(26,), (35)

where Ap, = ¢, — ¢,. Compared to Sec. IIl A, we have
added the u term, which describes specific interaction
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between neighboring wires; this is convenient for exposing
the structure of the vortex theory but is inessential for
qualitative physics.

Since the boson and vortex fields exhibit identical
commutation relations, the Berry phase part of the action
has an identical expression in terms of the vortex variables,

i i
/ Z;axayaffpy: / Z;axeya,q)y. (36)
Xy X,T 3

Here and below, y = y 4 1/2 labels dual wires. Expressing
L0 in terms of the vortex variables yields

(ax€~)2

3

v ~ u u
ﬁboson:_ ZA—la 972 —(O.Ap- 2 .

277'_( X )) +8ﬂ'( X ¢y) +27T
— g1 c0s(265) — g, cos(Ap;). (37)

When writing the v term, it is convenient to recast Eq. (26b)
as Oy p =52y A, v, withamatrix A, v =6,y v =6, 3
A~!in Eq. (37) is the inverse of this matrix and can also be
read off from Eq. (28a). The v term is clearly nonlocal in
vortex variables and represents long-range interactions of
vortices.

The nonlocal term can be replaced by

(Adgz)?
8nv

El

v ~ o~ .
ZZ (2A_18x0}~,)2 — Z |:—;8x65,a05 +
y y

y

where a, is a real-valued auxiliary field. Performing
the Gaussian integral over @, and using ATA = AAT
indeed yields precisely the first term of Eq. (37). The
new field a, can be viewed as the temporal component of a
dynamical gauge field that mediates the long-range vortex
interactions.

To bring out the gauge structure more clearly with an eye
towards a (2 + 1)d continuum theory, it is convenient to
additionally replace the u term by

u - u ~ ~ ~
Zg(axA(ﬂ;)z - Z@ [(0:@5 — @y5)* + (Ady 5)°]
y y

5

u ~ ~
+ 3 V5505 (A@5)0,(Apy ),
»y

where, in matrix notation, V=AT[1+ATA]"'A. Integrating
over the real-valued a; (using ATA = AAT) recovers
precisely the u term of Eq. (37). Note that Vjj decays
exponentially with distance |y — y'|.

Putting everything together, we have mapped the boson
path integral onto a theory of vortices minimally coupled to
a gauge field a in the specific gauge a, = 0. Upon restoring
a,, the dual theory can be organized as

dual _ pvortex vortex vortex vortex
L =L wire +L gauge +L int + ‘Chop+phase slip?

u o u ~ i~ .
Lygex = — (0,5 — a1 3)° +2_ﬂ,(ax9§))2 —;axeyao,y,

wire 8

1 5 - u . . -
Lyotse 2%(&105 —0.ay5) +§(Aa1& —0yay5)%,

u ~ ~ ~ ~
L = gzvy,y’ax(mﬂy —ay5)0c(Agy —ayy),
5)/

ﬁﬁﬁgﬁhase slip— —91 005(2‘99) —9 COS(A&)} - 512&)’ (38)

where Ly%* is the intrawire vortex kinetic energy, Lgaiee is

the Maxwell term for the dynamical gauge field, £}9"*
encodes short-ranged vortex interaction, and Eﬁggi’;hase dlip
contains both the interwire vortex hopping (g,) and
vortex phase-slip (g;) terms. Observing that the last term
in £70°¢* naturally combines with the Berry phase term
(i/ n)axéya,{o;, we see that the complete theory is gauge
invariant. Note that in our specific microscopic model, we do
not obtain a bare Maxwell term ~(9,a; — 0,d,)?; however,
such terms will be generated under coarse-graining, with
their form dictated by gauge invariance.

We have thus established duality of the bosonic theory
and the Higgs model in terms of vortices. In particular, a
Mott insulator of bosons where cos(26) flows to strong
coupling corresponds to a vortex condensate governed by
cos(A@) and vice versa. Such correspondences between the
two theories are of course well understood, and our main
goal in this section was to show how the dynamical dual
gauge field appears in the coupled-wire approach as a way

to encode nonlocal interactions of vortices.

D. Bosons with Chern-Simons coupling

The particle-vortex duality we have just reviewed maps
bosons with short-range interactions onto vortices with long-
range interactions. More generally, when the interactions
between bosons are mediated by a field with propagator
I1(k), then the interactions between vortices are mediated
by another field with a propagator I1(k) ~ 1/[k2[1(k)]. This
suggests that an intermediate-range interaction IT(k) ~ k~!
may result in a self-dual model. Such scaling is exhibited
by a gauge field governed by the Chern-Simons action
€y 0, .

In the wire construction, bosons coupled to a Chern-
Simons gauge field (in the a, = 0 gauge) are described by

[ boson-CS _ ﬁ() + ECS + [:hop + [:phase slip-

(39)

The first two terms read
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v

u
£0 = Z (ax(py - al,y)2 + % (8X9y)2
—v i apy+1/2 + Aoy-1/2
+ ’r (axA(py)2 - ;axey > ) s ’

i
Les = Szal,y(Aao)y»

where (Aag), = dgyq1/2 = @oy-1/2 and s = £1; the last
two terms are once again given by Eqgs. (23) and (24). We
will see that this model, for specific choices of parameters
already anticipated in the above expressions, can realize
self-duality and hence criticality exactly on the wire scale.

As discussed below, the Chern-Simons term L¢g attaches
one flux quantum to each boson, with an orientation set by
the sign s. Note that the a field here resides between the
boson wires. This merely represents a convenient choice for
enforcing a constraint on the flux—which also lives between
wires (see below)—and makes subsequent manipulations
particularly transparent. In principle, one can further add a
Maxwell term to the theory. However, since the Maxwell
term scales as k2 while the Chern-Simons term scales as &,
one expects it not to have a qualitative effect. Appendix E
studies a generalized model featuring a Maxwell term
together with a gauge field a, residing on the wires. Upon
integrating out the gauge field in either model, Eq. (39) or
Eq. (E1), we indeed recover the same (nonlocal) Lagrangian.

To dualize Eq. (39), we first rewrite the coupling of the
gauge field to the boson density using

Zaﬁy(ao,yﬂ/z +doy-172)

- Z(Aao)yZSgn(y’ —¥)0,0y. (40)

V#y

Integrating out the gauge field a then yields the constraint

a, = sngn(y’ —y)0,0y. (41)

V'#y

Since we are in the a, =0 gauge, Eq. (41) implies
that the flux obeys a;,—a, . =27s(p,+p,.1)/2 with
py=0,0,/x. In other words, the flux of the gauge field
between two neighboring wires is 2zs times the average
boson density. In the spirit of the formal flux-attachment
approach [4], we could equally well consider the model
with dynamical fields ¢, 6 and a; fixed by Eq. (41) as
defining bosons with Chern-Simons interactions. We adopt
this viewpoint and hereafter discard terms involving a, but
retain the constraint in Eq. (41).

It is convenient now to organize the remaining terms in
Ly + Lcg by their ¢ and 6 content:

v u—1v
E(p = Z (ax(py)z + V [ax(§0y+l - (py)]z
v u
= g [8x((py+1 + ggy)]z + g [ax((py-&-l - (py)]zv (428')

u
E@ ? + E (axey)27 (42b)

v
=—ua
2 Y

v
;C(/,’g = — ; ﬁx(pyal,y. (42(:)

In the first line, we implicitly used summation over y to
regroup the » terms. The above writing is convenient for the
duality transformation [Eqs. (28a) and (28b)] since the & and
u terms interchange under this map, just like the g; (hopping)
and g, (phase slip) terms. It is also easy to check that a; , in
Eq. (41) can be expressed in terms of the dual phase variables
as ayy = $O,(@y11/2 + Py—_1/2)/2. Introducing

le.y+1/2 = —stgn(yl - Y)axéy/ﬂ/z
V#y

_ SaX((per; + (py) , (43)

we can express the model entirely in terms of the dual
variables as

v u ~
L,= o (@1y112)* + o (0:0,112)%.  (44a)

v ~ ~
[’9 =o- [ax((p)'+l/2 + (Py—l/Z)]z

87
u - -
3, [0 (Py112 = Py-12)] (44b)
v -
'C'goﬂ = - o ax(/)y+1/2“l,y+l/2’ (44c)

where in the last line, we again implicitly used summation
over y to regroup the terms.

We see that under the duality, the total Lagrangian
expressed in terms of vortices coupled to a (new) Chern-
Simons gauge field takes the same form as before. Upon
restoring the temporal component a, to enforce the flux-
attachment constraint, the theory is described by Eq. (39)
with u < u, g, <> g»; moreover, because of the sign
difference between Egs. (41) and (43), the Chern-Simons
term in the vortex theory has opposite sign compared to
the original bosons. The second vertical arrow in Eq. (2)
sketches this duality in the continuum language.

For the specific parameters g; = g, and & = u, the model
is exactly self-dual in the following precise sense: The

Euclidean actions S?"CS[g, 9, d] and SYex-CS [, 9, 5] for
bosons and vortices satisfy
= Sboson—CS[(p — (”p’g — _975_> 5)*’

Svortex—CS [ é ]
(45)

¢.0.a] = (

1.e., the vortex action in terms of the dual fields has identical
form to that of the original action in terms of the original
fields (up to complex conjugation of c-numbers and a sign
change of one of the conjugate fields).
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We note that the complex conjugation on the rhs does not
affect the location of the critical point in terms of micro-
scopic parameters. The sign —@ can be absorbed by a trivial
redefinition of the integration variable in the path integral.
This is essentially a statement that two systems related by
an antiunitary transformation have spectra and partition
sums related by complex conjugation. Moreover, the
complex conjugation will be reflected in the interpretation
of duality as an antiunitary symmetry in Sec. VA.

This self-dual point corresponds to one of three pos-
sibilities: (i) a quantum critical point describing a continu-
ous phase transition, (ii) a first-order phase transition, or
(iii) an intermediate self-dual phase. In Sec. V, we describe
a second nonlocal mapping to Dirac fermions, which makes
the fate of this model apparent. There, we see that scenario
(i) occurs and that the critical theory is equivalent to a
single massless Dirac fermion.

IV. PARTICLE-VORTEX DUALITY FOR
DIRAC FERMIONS

Next, we review particle-vortex duality for Dirac fer-
mions in (2 + 1) dimensions [14—18,30]. As for the bosons,
we formulate the theory of a free Dirac cone as an array of
quantum wires with (weak) interwire coupling. We then
exploit a nonlocal mapping from fermions to dual fermions
to establish (i) duality between free Dirac fermions and
QEDs3, and (ii) duality between Dirac fermions coupled to a
Chern-Simons gauge field with coefficient +1/2 and dual
fermions coupled to a Chern-Simons gauge field with
coefficient F1/2.

A. Coupled-wire formulation

Our starting point is an array of quantum wires, which
we label by integers j to distinguish from the bosonic case
discussed previously. Each wire contains a single chiral
fermion y; with alternating chirality from one wire to the
next. Such a setup can arise, e.g., from a network of v = 1
integer-quantum-Hall edge states or magnetic domain walls
on a 3D-topological-insulator surface. We write the action

as § = fx,-[ Zj [W’;a‘[w‘] + £Chira1 fermion + ﬁtunnel]- Here,
ﬁchiral fermion — (_1)jvl//;(_iax)l//j (46)

encodes intrawire kinetic energy, where the factor (—1)/
accounts for the staggered chirality. The last term,

Liunnel = gj(il//;‘l//jﬂ +H.c.), (47)

with g; = g, or g, for odd or even j, describes interwire
tunneling in our model. (This model is slightly different
from the one we used in Ref. [18], but it is more convenient
here because of the different choice of Klein factors
naturally arising in the present setting; see below).

To expose the Dirac physics, it is convenient to combine
the counterpropagating modes on adjacent even and odd
wires into a two-component Spinor:

lP _ < WCVGH > )

Wodd
Fourier transforming yields an action for frequency and
momentum modes S= [, > [—iwW] W+ 1y Py with

(48)

hy = vk.o, — g sin(k,)o, + g_cos(k,)o,,  (49)
where g+ = g; £ g,. We assume that g; and ¢, have the
same sign, so g, is always finite while g_ can be tuned to
zero. The above Hamiltonian describes a single Dirac cone
centered at k, = 0, k, = 0 with mass g_. The mass term is

odd under the time-reversal-like antiunitary transformation,
-1 i
Ty T = (=1)yi1.

77! = ic,\V.

(50a)
(50b)

The presence of 7’ symmetry thus precludes a mass,
yielding a gapless Dirac cone that is protected against weak
perturbations. This symmetry can be realized microscopi-
cally at the surface of a 3D topological insulator, but it
requires fine-tuning in strict 2D setups.

It will also be useful to consider the following antiunitary
particle-hole transformation:

_ -
Clecl |- (_1>ij+]7

cyC-! = iO'y‘PT.

(51a)
(51b)

The mass term is odd under this transformation as well.
Both 77 and C' are symmetries of the above model when
g1 = g, but it is easy to consider modifications that have
only one or the other present.

For the purpose of this paper, we mainly use the
following bosonized (“phase”) representation of the model.
We write y; ~ e'%i, where ¢ ; is a chiral field satisfying

[#(x), ¢y (X)) = 8 (=1) imsgn(x — x')

+(1 =6;)imsgn(j = j).  (52)
The first and second lines, respectively, encode proper
fermion anticommutation relations within and between
wires (the specific choices are made to coincide with the
“flux attachment” procedure on bosons introduced later in
Sec. V). The action becomes

i(—1)7
S = 11 Z |: (47[) ax¢j8‘5¢j + Echiral fermion T ’Ctunnel s
’ J

(53)
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Decoupled chiral Luttinger liquids
]

M

() o ()

62

Jzy = +ﬁ
Chern insulator

2
Free Dirac fermion Ory = — 55

Chern insulator

FIG.7. Schematic RG flow for the array of counterpropagating
chiral wires, viewed as arising on the surface of a 3D topological
insulator. Systems that preserve the time-reversal symmetry
defined in Eq. (50) are confined to the separatrix and flow to
the free-Dirac-fermion fixed point.

with
v
Echiral fermions — 4_ (axd)j)zv (54)
T

‘Ctunnel = —g; COS(¢j - ¢j+1>' (55)

In the last line, we used exp([¢;.¢;;1]/2) =i, which
follows from Eq. (52).

In the phase variables, the theory does not readily permit an
exact solution because of the cosine terms. We can never-
theless perform a RG analysis as for the Wilson-Fisher model:
Both g; and g, have scaling dimension one and grow under
RG. When g; > ¢,, Linne Opens a gap by hybridizing each
odd j wire with its neighbor at j + 1. For g, > ¢;, each odd j
wire hybridizes instead with its neighbor at j — 1. These
gapped phases correspond to insulators whose Hall conduc-
tances differ by e?/h (which can be seen by introducing a
boundary between the two phases at some y and examining
edge states). When ¢; = ¢,, the two competing cosines
prevent each other from opening a gap, and the system is
critical. In this case, the time-reversal symmetry 7" ensures
that the system remains on the separatrix and flows to the
fixed point of a free Dirac fermion. Figure 7 summarizes the
flows for this model.

B. Duality mapping

Reference [18] leveraged the coupled-wire description
reviewed above to derive an explicit duality transformation
for the single Dirac fermion. The duality proceeds by
defining a new chiral field

by => sen(j— i) (=1)/¢;. (56)

J#

Starting with the commutator of the original field,
Eq. (52), and using properties of a matrix D;y=
(1—5jj/)sgn(j—j’)(—1)j/ reviewed in Appendix G, it is

straightforward to verify that the new field satisfies

[;(x). ()] = =1 (). ¢ (x')]- (57)

Dual fermions are then given by y; ~ ¢ and have
opposite chiralities from the original fermions. An important
property of the dual field is ¢, —@; =(=1)/"(¢; 1 —¢;),
so the interwire hopping of the original fermions is also local
in the dual fermions. The specific tunneling Hamiltonian
Eq. (47) expressed in phase variables in Eq. (55) becomes, in
the dual variables,

Ltunnel = —gj COS(&] - &j-‘rl) = gj(_il/?;l/?j+l + HC)
(58)

As in Eq. (48), it is useful to organize the fields on even
and odd wires into a two-component spinor,

li‘ _ (l{even>' (59)
Yodd
The density and current (in the x direction) for Dirac
fermions and dual Dirac fermions are given by
PDirac — \PT‘P’

jDirac = UDiraCTTO-zlP7 (603)

Pdual Dirac = IPT\P’ Jdual Dirac = Vdual DiraclPnglP' (6Ob)
Note that with these choices, the continuum dual Dirac
fermions have opposite chirality compared to the direct
Dirac fermions, i.e., Sgn(¥qual Dirac) = —SEN( Vbirac )-

A proper treatment of the time-reversal and particle-hole
transformations in terms of the phase fields used in the
duality map requires some care and is described in
Appendix C. Here, we can take a shortcut by considering
more general interwire hopping, allowing us to discuss 7~
and C' separately:

Z(éia/l//}l//j-kl +He.) = Z(em-"lf/;lf/jﬂ +H.c.).

J J
where easy calculation gives /v = g™/ %ven | g%t — — pifda
The presence of 7' would require ¢/ = —¢~%ven  while the
presence of C’ would require e® = ¢/%vn; these conditions
get swapped for a. It is therefore natural to conclude that the
action of the two symmetries also gets swapped under

: .~ i~ o~ i~
duality, 7":y; = (1)}, C1yr; — (=1)/y;.

Summarizing in terms of the continuum fields, we have

T7': ¥ - ic”¥ (fermion time reversal), (61a)

T': ¥ - ic>¥"  (dual-fermion particle-hole), (61b)
and

C': ¥ — ic®?"  (fermion particle-hole), (62a)

C':¥—ic>¥  (dual-fermion time reversal). (62b)

Both symmetries are preserved by the wire model defined
in Sec. IVA at the special point g; = g,. As for the case of
bosons, time-reversal and particle-hole transformations
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effectively swap roles for the original and dual Dirac
fermions. Moreover, both of these transformations act locally
on each field despite the nonlocality of the duality mapping.

C. Free Dirac fermions and QED;

Dualizing the free-Dirac-cone action in Eq. (53) using
Eq. (56) yields anonlocal theory (in particular, because of the
v term). The nonlocality reflects long-range interactions
among the dual fermions, as encountered for the bosonic case
in Sec. III C. One can similarly restore locality here at the
expense of introducing a gauge field a that mediates the
interactions. Reference [18] carried out this calculation and
showed that the free Dirac cone can be mapped to a coupled-
wire realization of QEDj;. In the a, = 0 gauge, the action is

S= [, Zj{[_i(_l)j/élﬂ]ax&jar‘;’j + Lqep, } With
['QED3 = 'CO + 'Cstaggered—CS + LMW + 'Ctunneh
i(=1) _ ~ _
Ly = %axqﬁjao,j (8 ¢J a ;)*,
(=17 .
Laggered-cs = v (Aag;)(ay jo1 +ay ),
1 |1 -
Lyw = Tor 1o —(Adg;)* 4+ v(Aa )*|, (63)

where Aay ;j = ag j1 — ag j, and similarly for Aa, ;.

The Lggerea-cs contribution is required to ensure gauge
invariance of the coupled-wire formulation, but it drops out
in the long-wavelength limit. We have included a “bare
velocity” u for the dual fermions into the wire model whose
precise value is immaterial—it drops out once the integral
over the gauge field is performed. The dual-fermion velocity
in the long-wavelength limit is instead determined by v (see
the Supplementary Material of Ref. [18] for a discussion of
this point). Crucially, interwire tunneling in the last term
of Eq. (53) takes the same form when written in terms of
dual fermions, i.e., Ly @] = Loumeal®]s cf. Eq. (58).
Reference [18] used identifications provided by this map-
ping to deduce some nontrivial properties of the strongly
coupled QEDj theory.

D. Dirac fermions with Chern-Simons coupling

As a new application of the coupled-wire duality
approach, we now wish to dualize a variation of Eq. (53)
that includes a level-1/2 Chern-Simons term for the original
Dirac fermions:

LlemCS — L:O + [’slaggered cs + [’MW + ['CS + ‘Ctunnelv
i(=1)/
‘CO = _78x¢ja01 ( x¢] a ]) ’
i(-1)/
L aggered-cs = T (Aag;)(ay i1 +ay ),
1|1 5 5
ww = ¢ ;(Aao.j) +v(Aay;)* |,

I
Les = Ser (Aagj)(ay jy1 +ay ), (64)

with s = 41. Note the similarity to the dual-fermion theory
obtained in the previous subsection, the main difference
being the addition of Lcg and the different signs in £, and
L aggered-cs due to opposite fermion chirality. One can verify
[18] that the above action can be obtained from a gauge-
invariant model in terms of @ = (ag, a;, a,) in the gauge
with a, = 0, and that the Chern-Simons term in the long-
wavelength limit corresponds to s[i/(87)]a -V x a. For
convenience, we have also chosen a Maxwell term with a
specific relation between couplings of the exhibited parts
and zero coupling for the (0,a; — 0,a,)* part.

The Lagrangian Le,.cs turns out to be self-dual under
the fermion duality defined in Eq. (56). Upon integrating
out the gauge field (see Appendix F for details), one finds

[lem-CS _, _B (8x¢j + Saxqzj)z
+F(1 +S(_1)j)(Aax¢j)2 +'Ctunnel? (65)
with
~ v(2u+v) ~v(ut)
BT g T g (69
Note that [Ad,¢;]*> = [AD,;]*. Recalling also Eq. (58),

one sees that L¢.,.cs is manifestly self-dual for arbitrary u
and v. In the next section, we argue that such an exactly
self-dual model generically lands in a gapped phase of the
fermions; thus, self-duality of the Dirac fermion system
with Chern-Simons coupling does not imply criticality.
This result immediately addresses the irrelevance of adding
more general Maxwell terms in the above action.

To interpret the precise statement of this duality, consider
dual fermions coupled to a dual gauge field [the analogue
of Eq. (64)], i.e.,

Ed fermeCS — ‘CO + ‘Cstaggered cs + ‘CMW + ‘CCS + ‘Ctunnelv
i(-1)/
[’0 - o ——0 ¢Ja0] (a ¢/ alj) ’
i(=1)7 -
['staggered—CS = V(Aao,jxal,j-&-l + al,j)’
11, . ~
Lvw =¢_ 17 (Adg;)* + v(Aay ;)|
i - - -
Les = =5 ——(Aag ;) (ay jo1 + ay ;).

8

Note, in particular, the signs in £ and Lgggered-cs—Which
are opposite from their counterparts in Eq. (64) and reflect
the different chiralities of fermions and dual fermions.
In addition, the uniform Chern-Simons term Lcg also
has opposite sign. The corresponding Euclidean actions
Sferm -CS _ fxr Z] )j/4ﬂ.] x¢]a ¢] £ferm—CS} and

fxr ZJ )j/4ﬂ'] x¢/a ¢j + [ d-ferm- CS}

therefore obey

Sd‘term -CS
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Sdfem-CS (g 7] — (SPm-CS[h 5 b G — a))". (67)

Complex conjugation on the right side likewise suggests
that fermionic duality is associated with an antiunitary
symmetry, which we demonstrate in Sec. V C. The second
vertical arrow in Eq. (1) sketches this duality in the
continuum language.

V. BOSON AND VORTEX FORMULATIONS
OF DIRAC FERMIONS

In Sec. III, we introduced a mapping between bosons
® ~ ¢ and vortices ® ~ ¢'? as

~ 1
Py+1/2 = ngn <y/ -y- 5) Oy,
yI

9y+1/2 = ((Py+1 - (ﬂy)/z- (68)

Section IV reviewed an analogous mapping between Dirac
fermions y ~ ¢ and dual Dirac fermions i ~ e':

b;=> sen(j—Jj)(=1)/¢;. (69)

J#

We now relate these bosonic and fermionic fields using a
coupled-wire analogue of flux attachment.

As a starting point, we combine the boson and vortex
fields to form

¢R(y - 1/4) = (py + &y—1/27 (703')

Gy +1/4) =@y + @yi1p2 (70b)
Note that ¢p; and ¢; naturally reside at different positions
(“wires”) of the form y — 1/4 and y + 1/4, respectively,
which lie halfway between the original boson and dual-
vortex wires. At this point, we need to fix commutation of
the boson phase field ¢ with 6 (and not just with 9,0),
which we choose as follows:

[0,(x), Py (X)) = Sy in®(x — x'), (71)

where ©(x — x’) is the Heaviside step function. The new
fields then satisfy commutation relations

(@py-pja(x), py_pja(x')] = 8,y Pinsgn(x — x')
+ (1 - 5}'}")iﬂsgn(yl - y)’
[¢R,y—l/4(x)’ ¢L.y’+l/4(xl)] = imsgn(y' —y +1/2),
where, in the first equation, P = R/L = +1. The intrawire
commutator implies that yp/; ~ er is a right- or left-

moving fermion—as we have already suggested by the
field labels. Furthermore, the interwire commutator of the

y+1

. 3
¢'? (vortex) ¥+ >

eiPu iPy+1/2
Left-moving fermion

1
&Y (boson) ytg
y ‘7
1
YT1q R J .
Right-moving fermion
Yo o mmmmmmmmses e Py etPy-1/2
3
Yy—3 1

FIG. 8. Composite fermions are constructed by combing a
boson with a vortex. With bosons residing on the direct lattice and
vortices on the dual lattice, composite fermions are most naturally
associated with new quarter-integer lattice. The fermion chirality
depends on the relative position of the boson and vortex.

phase fields implies that such y operators anticommute on
different wires; i.e., they are indeed fermion fields on the
full array of quarter-integer wires without requiring any
supplemental Klein factors.

Using Egs. (70a) and (70b), we see that yg/;, arise from
attaching a single 2z vortex to a boson; bosons are thus
transmuted to fermions a la flux attachment. Note that
when the attached vortex is below the boson, we obtain a
right-moving chiral fermion, while when the vortex is
above the boson, we obtain a left-moving fermion. For
an illustration, see Fig. 8. From an equivalent dual
perspective, we may also view yg/; as a fermion created
by attaching a “dual flux quantum” (i.e., a boson) to each
vortex. We remark that in the continuum implementation,
these two approaches appear to give different theories
expressed in terms of different sets of variables that cannot
be connected to each other by any simple field-theory
manipulations. Our coupled-wire approach, by contrast,
reveals that they are actually identical. We discuss this point
in detail in Appendix D.

Recall that in Sec. IV, we constructed a single Dirac cone
from staggered right-moving (e'?ieven) and left-moving
(e'®ieoas) chiral fermions. It is thus natural to identify

b= dpr(j/2-1/4).

where P = R if j is even (j = 2y with y integer) and P = L
if j is odd (j = 2y + 1). With this identification, the field
commutation relations are given succinctly by Eq. (52) (the
present treatment in fact motivated this earlier specification
of the fermion phase fields).

Importantly for applications, we can match the boson
phase-slip and hopping terms with the fermion interwire
tunneling terms:

cos(26,) = cos(¢ay — hoyi1).

COS((py - (py+l) = cos(¢2y+1 - ¢2y+2)
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[see Eq. (55)]. In particular, when the boson phase-slip and
hopping terms have equal amplitudes as required for the
bosonic self-dualities studied here, the fermion tunneling
terms are invariant under 7' and C’ symmetries.

When defining the fields ¢/, in Egs. (70a) and (70b),
we chose the same signs for the boson and vortex fields,
which corresponds to binding a vortex (or flux) with a
specific orientation. One can similarly define

&L (y - 1/4) =@y — (Z)y—l/Zv (723)

QER()’ +1/4) =@y — @yi1)2,

to reverse the orientation of the vortex (flux) attachment.

(72b)

As before, wg/;, ~ e are right- or left-moving fermions
that obey proper anticommutation relations over the full
wire array without requiring additional Klein factors. Upon
defining g;ﬁj = ¢p(j/2 —1/4) with P = L if j is even and
P =R if jis odd, one can verify that

b= sen(j—j)(=1) ¢y

J#i

(73)

i.e., these are precisely the fields introduced in Eq. (56) that
define dual Dirac fermions via §; ~ ei.

A. Symmetries

We previously discussed the action of time-reversal 7
and particle-hole C on bosons and vortices, as well as
analogous symmetries 7’ and C' on fermions and dual
fermions. The explicit mapping derived above precisely
relates these two sets of d.o.f. Consequently, we can now
further deduce the action of 7, C on fermions and dual
fermions and 7', C’ on bosons and vortices. The actions of
these transformations on the various phase field are listed in
Table 1. We caution that while expressions for 7" and C are
exact, the expressions for 7’ and C’ are only schematic and
do not show pieces that come from proper treatment of the
built-in Klein factors in the fermion phase fields. Such
technical details and the precise meaning of the action of 7"’
and C' are discussed in Appendix C.

It is instructive to also express these in terms of boson

® ~ ¢ and vortex ® ~ ¢” operators and the Dirac and
dual-Dirac spinors defined in Egs. (48) and (59). We have

TABLE 1. Operation of the antiunitary symmetries on the phase
variables. All constant shifts are understood to be given modulo
2.

Symmetry Py Pyv1/2 b; ) ;

T —@y ¢y+]/2 —ng _¢j

¢ ?y ~Pyi1)2 b; b;

T’ ~Pyi1)2 —Pyi1 —jy1 t7j i —7j
c §~0y+1/2 Py+1 ¢j+l _ﬂj _‘}j+l +7l'j

T:d-> (boson time reversal), (74a)

T:® - (vortex particlet-hole),  (74b)

T:¥ Y (fermion duality) (74c)
and

C: ® > ®"  (boson particle-hole), (75a)

C:®—d (vortex time reversal),  (75b)

C:¥ -V (fermion duality’). (75¢)

For clarity, we repeated the transformations given earlier for

@, ®. The new transformations for P are quite natural given

the flux-attachment picture developed in the previous

subsection: Fermions and dual fermions arise from attaching

opposite vorticity to the bosons. Thus, a transformation that

either reverses the vorticity or conjugates the bosons must

translate into fermion duality (up to a local symmetry).
Similarly, 7”7, C' send

T': ¥ - io”¥ (fermion time reversal), (76a)

T':¥W—ic>?"  (dual-fermion particle-hole), ~ (76b)

T:® > (boson duality), (76¢)
and

C': ¥ - ic”" (fermion particle-hole), (77a)

C:V—ic’¥ (dual-fermion timereversal),  (77b)

C:d— o (boson duality’). (77¢)

Note that on the wire scale, 7' and C" also shift by one
fermion wire, which corresponds precisely to moving from
one boson wire to the dual vortex wire (see Fig. 8).

The following two statements summarize all of these

cases:

(i) Each duality (boson-vortex or fermion-dual
fermion) interchanges time reversal and charge
conjugation.

(i) Time-reversal and particle-hole symmetry in the
bosonic theory implement (two kinds of) duality
in the fermionized theory and vice versa.

We conclude our discussion of symmetries by noting that

TC =T'C (78)

is local in any set of variables. Both in terms of bosons
and in terms of fermions, this is a unitary particle-hole
transformation ®, — Dy, W= 1//]'., i — .
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B. Bosons with Chern-Simons coupling revisited

In Sec. IIl, we encountered a coupled-wire model,
Eq. (39), that features bosons coupled to a Chern-
Simons field and is exactly self-dual for a specific param-
eter choice. The discussion of symmetries in the previous
section implies that this model must map to a time-reversal-
symmetric theory of fermions such as a free Dirac cone or
QED;. To show this correspondence, let us first use the
dictionary in Eqgs. (70a) and (70b) to rewrite

0,y — ayy = Oy [pr(y = 1/4) + ¢ (y + 1/4)]/2,
0, = [pr(y —1/4) = ¢ (y + 1/4)]/2,

Pyr1 — @y = Pr(y +3/4) =P (y + 1/4),

where we specialized to s = —1. In the first line, a, is
defined by Eq. (41), which is the constraint obtained upon
integrating out the temporal component a; of the Chern-
Simons field. Then, the remaining pieces in £, in Eq. (39)
when summed over all boson wires y give

u+i v—u;
Z |:V (8x¢j)2 + ?jax¢jax¢j+l
J

with u; = u if j is even and u; =& if j is odd, while

> y[Lohase stip T Lnop in Eq. (39) becomes

= g, cos(d; - 1) (79)
J

with ¢; = g, if j is odd and ¢; = g, if j is even.

For u = u = v and g; = g,, we thus obtain precisely the
wire description of a single free Dirac cone with 7’ and ('
symmetries defined in Eqgs. (50) and (51). This provides an
explicit realization of the duality schematically described
by the first line of Eq. (2) [48]. In the present model, either
symmetry actually requires only the self-duality conditions
u=1u, gy = ¢g), while general v # u adds short-range
interactions to the Dirac fermion. Phrased another way,
either 7' or C' interchanges u <> it and g; <> ¢,; i.e., as
expected, these symmetries of the fermions implement
duality on the bosonic side. We now understand that these
are two independent boson dualities that just happen to act
identically when applied to the terms in the present model,
but we can write simple modifications of the model that
maintain only one or the other self-duality (e.g., by taking
the interwire fermion hopping terms that have only 7" or C’
symmetry and rewriting them in terms of the bosonic
fields). We require both self-dualities if we want the Dirac
fermion to have both 7’ and C’ (time-reversal invariant at
zero chemical potential)—in which case, weak short-range
interactions added to the Dirac cone are irrelevant and
hence do not destabilize the Dirac theory for small u — v. If
we have only one, then the fermion can be either doped or

be in a magnetic field—in which case, generic allowed
perturbations are not easily controlled. Fortunately,
T'C~' =7C" is a simple unitary particle-hole trans-
formation on the bosons, so if we have such an additional
symmetry microscopically, then we can reach the 7’- and
C'-self-dual point by tuning just one parameter.

The explicit mapping of the boson-CS model to weakly
interacting fermions thus guarantees that the self-dual model
is described by a stable critical point; i.e., a continuous
quantum phase transition occurs when the parameters of
the boson-CS model are tuned across the self-dual point.
Alternatively, we could express the same model in terms of
the dual-fermion variables. In that case, one finds QED;,
with the character of the two antiunitary symmetries
interchanged (cf. Sec. IV).

C. Dirac fermions with Chern-Simons
coupling revisited

In Sec. IV, we presented a model of Dirac fermions
coupled to a level-1/2 Chern-Simons gauge field that is
exactly self-dual. It is then natural to expect that the
corresponding boson or vortex models have time-reversal-
like symmetry and either features short-range interactions
(the Wilson-Fisher model) or long-range interactions medi-
ated by a Maxwell photon (the Higgs model).

Based on the nonlocal expression of L™ in Eq. (65),
one can readily obtain the corresponding model in terms of
boson or vortex variables. For s = 1, i.e., the positive sign
of the CS term in L¢g, one finds, upon summation over all
fermion wires j,

v u
[ferm-CS _, Z [ﬁ (ax(py)z + i (axey)Z
y

- Zg[eos(%y) +cos(py 1 —@y)],  (80)

which is the Wilson-Fisher model in terms of the boson
variables (and Higgs model in the dual variables). This
realizes the duality schematically described by the first line
of Eq. (1) [48]. On the other hand, for the negative sign of
the CS term in Lcg,

v - u ~
LS 5 0,57 + 5 (0,05
y
= “gleos(205) + cos(@.1 — @5)l.  (81)
y

i.e., the Wilson-Fisher model in the vortex variables
(and the Higgs model in the boson variables).

Focusing on one case, e.g., s = 1, depending on the ratio
ug/vg, the boson model ends in a phase where bosons
condense (ug /vy small) or are gapped (ug/ vy large). From
Eq. (66), one finds (assuming v, u > 0)
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Ug (u+v)? 1
Ys_ _\MTUT 2 82
v 2u+v)>+uv =2 (82)

which, for small g, places the boson system in its
condensed phase (the same holds for vortices in the case
s =—1). A transition can still be reached by tuning
additional short-range interactions, e.g., by adding a ug-
like term (which is self-dual) directly to the fermion model.
Thus, a generic self-dual model of fermions coupled to a
CS gauge field at level-1/2 is noncritical. In the low-energy
limit, the Dirac fermions develop a mass whose sign
changes at the critical point.

To conclude, the self-dual fermion (level-1/2) CS model
maps to bosons with time-reversal symmetry 7 (and
antiunitary particle-hole symmetry C), which we already
anticipated from the precise formulation of the self-duality
at the end of Sec. IV D. Similar to our discussion of the
boson-CS model in the preceding subsection, our fermion-
CS model here has 7'C'~" unitary symmetry (¢, — —¢;),
which is why the self-duality can be viewed as either 7 or C
bosonic symmetry (while, in general, these duality imple-
mentations are different). Unlike bosons, even when one is
thinking about only two natural phases, the self-duality of
fermions does not imply criticality.

VI. MARGINAL INTERACTIONS AND
MODULAR INVARIANCE

In the previous sections, we encountered two examples
where symmetry and duality are interchanged upon map-
ping from bosons to fermions: (i) We saw that self-dual
bosons coupled to a Chern-Simons gauge field are equiv-
alent to a single species of time-reversal-symmetric (and
hence gapless) Dirac fermions, and (ii) self-dual fermions
coupled to a level-1/2 Chern-Simons gauge field map onto
time-reversal-symmetric bosons. This suggests that a self-
dual model of time-reversal-symmetric bosons (or fer-
mions) is simultaneously both self-dual and time-reversal
symmetric in both its bosonic and fermionic formulations.
Throughout this paper, we assume the presence of 7C~!
bosonic symmetry (equivalently, 7'C'~! fermionic sym-
metry), so we only need to mention time-reversal symmetry
separately.

Self-dual models of bosons with time-reversal symmetry
are indeed known [31,32]. Thus, marginally long-range
interactions mediated by a photon a described by

|k xal?

Emaslha] =470

(83)

correspond to similar marginally long-range interactions
for vortices mediated by a gauge field a that is governed by
Lyarg|A7".@]. For 2 =1, the long-range part of the inter-
actions between vortices is identical to the one between
bosons, as required for self-duality. (For the system to be

exactly self-dual and hence critical, we need to tune
the short-range part of the interactions; see below and
Ref. [32]). Unlike the Chern-Simons terms discussed
before, such a marginally long-range interaction does not
break time-reversal symmetry.

We can also consider situations when both L, and
CS terms are present, which will also be the case in the
dual theory:

k x a|? ada

iiboson ra+ iboson W — Yboson H (843)
. . kxal> . ada
< Yyoreex " @ + lvortex | | (84b)

W — Wvortex E )

where we have abused the notation somewhat by using
momentum-space and real-space expressions for different
terms. The convenience of the specific parametrization will
become clear below. The relevant functional integral for
performing the duality is

kxal* . ada ada
Da exXp _/?'boson + Y boson —1
4 2

4r|k|
kxal> | ada
~ €Xp {_lvonex ﬁ + ¥vortex E} ’ (85)
which gives [31]
Aboson
lvor ex — : > (863')
t ’Igoson + y%oson
Yvortex — Pboson - (86b)

T2 2
lboson + Yboson

Writing z = y + i4, one finds the “modular” relationship
Zvortex = —1/Zboson- I particular, the unit (semi)circle
22 +y?> =1 maps back to itself; only the sign of y is
changed. It can be called a “self-dual” line as far as
these long-ranged interactions are concerned. The points
(4,7) =(0,1) and (0,—1) correspond precisely to the
boson + CS self-duality discussed in Sec. III D. There,
we found a wire model where all short-ranged interactions
are also exactly self-dual; hence, the model is critical, with
an exact relation to a free Dirac cone with time-reversal
symmetry described in Sec. V B. Section VI B, we also find
a larger class of exactly self-dual (and hence critical) wire
models of bosons covering the 4> + y? = 1 curve, and we
establish a precise relation to fermions with time-reversal
symmetry.

Before proceeding with the wire models, let us apply
the formal fermionization, Eq. (1), to the bosonic theory,
Eq. (84a), obtaining
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. cdc  adc ada
Ypirac * € lg‘i‘ lﬁ_ l(l +7boson)ﬁ
lk x al?
A . 87
+ boson 47T|k| ( )

Integrating over a, we obtain the final version of the
fermionized theory:

.. lkxc> . cdce
Ubirac * € + )'Dirac W — Y Dirac g s

with
2/1boson
Abirac = : , (88a)
e ’Igoson + (1 + }/boson)2
/112)0“)“ + yl%oeon -1
YDirac = : : . (88b)
e ﬂtzyoson + (1 + J/boson)2

In terms of z = y + iA, this can be written as

z _ Zboson — 1
Dirac — .
Zboson +1

Note that we have chosen a different parametrization of the
marginally long-range interaction and CS term for Dirac
fermions compared to bosons, whose convenience will
become clear shortly.

In the special case Ayoon = 1 and yy40n = 0, one finds
Abirac = 1 and ypjae = 0. In particular, the half-integer
Chern-Simons term for the gauge field ¢ in Eq. (87) exactly
cancels, and the resulting theory is time-reversal symmetric
both in boson and in fermion variables. Furthermore, since
time-reversal symmetry of the boson model implies self-
duality of the fermion model and vice versa, the theory
must also be simultaneously self-dual in either formulation.

Indeed, now performing the fermionic duality on the
above theory, we find, for dual Dirac fermions,

. - |k x E|2 . cdc
Jaual Dirac * € t Adual Dirac W — 1Y dual Dirac P
with
Abi
Adual Dirac = e, (89a)
e /12Dirac + }/lz)irac
¥ Dirac (89b)

Ydual Dirac = — 53 5
ADirac + ¥ Dirac

In the above parametrization, the Dirac fermions under
duality thus exhibit precisely the same modular relationship

as bosons [cf. Egs. (86a) and (86b)], and Ap;pc =1, ¥pirac =0
is indeed self-dual.

A. Self-dual and time-reversal-symmetric model

We have in fact already encountered an explicit wire
mode that is time-reversal symmetric and exactly self-dual
in Sec. [l D. The model Lsp, = £, + L, that includes only
terms Egs. (42a) and (42b) (but without Ly ) is exactly
self-dual for # = u, as can be seen from its rewriting in
terms of the dual variables in Egs. (44a) and (44b).

We can also easily bring it to the manifestly self-dual
form using both direct and dual variables,

v ~
['SD = 2_ [(axgoy)z + (axq)S)Z]
T
u-—uv

51067+ @67 (%)

+

with implicit summation over boson wires y or vortex wires
y. Expressed in the fermion variables, this becomes

Lgp = é [(0.0))* + (8;(55/')2]
u—v

T Ter [(Oxpjr — Oupj)* + (ax€;51‘+1 - ax%j)z]’
(o1)

with implicit summation over fermion wires j, where we
alsoused ¢p; — ¢; = £(¢;1 — ;). The fermionic model
is manifestly self-dual and invariant under 7" (i.e., fermionic
time reversal). As expected (and easy to check explicitly),
the bosonic 7 corresponds to the fermionic self-duality,
while the bosonic self-duality corresponds to the fermionic
7T'. Though we do not know how the singular gauge-field
propagator, Eq. (84a), would be represented in the coupled-
wire framework, it is natural to conjecture that the above
boson model Lgp, (supplemented by equal-amplitude phase-
slip and interwire hopping terms) and Eq. (84a) with
Aboson = 1 and ypoe0n = O describe the same fixed point,
which also corresponds to Ap;,. = 1 and ypjc = O.

We note that Ref. [32] numerically studied a different
realization of such exactly self-dual time-reversal-invariant
bosons using a loop model on a 2 + 1-dimensional lattice.
The critical properties that were determined there should
then also apply to the exactly self-dual time-reversal-
invariant fermions discovered above. For example, the
scaling dimension of the fermion mass term is directly
related to the correlation length exponent found at the
exactly self-dual transition.

B. Wire model with general modular relationship

In the presence of the marginally long-range interactions,
the (self-dual) short-range interactions ~(u — v) in Egs. (90)
and (91) can be neglected. In addition, we now generalize
the model to allow terms (9,¢;)* — (9.¢;)* (violating the
fermionic self-duality) and 0,¢ jﬁxq?) ; (breaking the fer-
mionic time-reversal symmetry). In the bosonic variables,
these correspond to O.90.p and (0,¢)* — (0.p),
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respectively. A convenient parametrization of the three
relevant terms is given by

v ~
L=— [(8x¢1 + }/Diracax(pj)z + A2Dirac (8X¢j)2]

e (92a)

v ~ ~
= E [(8x¢] —7d.Dirac aquj)z +’1(21.Dirac (8X¢j)2] ’ (92b)

with ld.Dirac’ Y d.Dirac given in EqS (893) and (89b) and
U = (A3 piac + ¥iDie)- Equation (92b) with Apiy. =
Adpirac = 0 1s precisely what one obtains upon integrating
out a Chern-Simons gauge field with a generic coefficient
—¥Dirac = Yd.Dirac; €€ Appendix F. [The opposite sign in
front of y4 pirac compared to yp;,c in Eq. (92b) arises since
the fermions e’%/ and dual fermions e’%/ on the same wire j
have opposite chiralities.]

In terms of the boson and vortex variables, the
Lagrangian Eq. (92b) becomes

~!

1} ~
L= Z [(ax(p)'+1/2)2 + (7ﬁoson + lgoson)(ax(py)z

- Yboson(axfpwl/z)(axfpwrl + 8x(py)] (933')
v/ -
= E [(8x(py)2 =+ (y%ortex + ﬂ%ortex)(axggy—kl/Z)z
=+ Vvortex (ax(py)<8x¢y+1/2 =+ 8x¢y—1/2)}7 (93b)
where
Bae T (1 Vbirae)’
’U/ = D1ra02+( +2yD1raC> , (94&)
/1Dirac + Y Dirac
2/1Dirac
A son — , 94b
bo: /IzDirac + (1 - J/Dirac)2 ( )
1-2%  —73
Dirac Y Dirac (9 4, C)

Vboson = .
o /12Dirac + (1 - }/Dirac)2

The last two equations give exactly the inverse trans-
formation to Eqgs. (88a) and (88b). In the vortex variables,
Avortex aNd Yyorex are given by Eqs. (86a) and (86b), while

v = 'U,[/l%ortex =+ }/%ortex]‘ (95)

Note that in the above Lagrangian, we implicitly used
summation over j for fermions and dual fermions and
summation over y for bosons and vortices.

Equation (93b) with Ay, = O is precisely what one
obtains upon integrating out a Chern-Simons gauge field
with a generic coefficient; see Appendix E. Given the
similarity in the behavior of the couplings 4, y under
dualities and fermionization or bosonization to those for the
continuum theories with both marginally long-range and
CS interactions, we conjecture that the above Lagrangians
provide precise wire realizations of these field theories.

VII. GAPPED PHASES AND PARENT
HAMILTONIANS

While in this paper we are primarily concerned with
gapless field theories, our approach is well suited for
studying interesting gapped phases in this context. A handy
property of the explicit wire-model dualities presented here
is that they readily generate parent Hamiltonians for a wide
range of topologically ordered phases. Numerous wire
models for such phases have been constructed in recent
years (see, e.g., Refs. [49-58]), mostly on a case-by-case
basis. The duality transformations described here provide a
straightforward algorithm to construct parent Hamiltonians
for any phase that has a simple “Hartree-Fock™ description in
at least one of its composite-fermion or boson formulations:
Wire models for conventional phases (such as superfluids
and integer-quantum-Hall states) can be readily written
down. Equations (26a) and (26b) (boson duality), (56)
(fermion duality), and (70a) and (70b) (boson-fermion
mapping) then instantly yield the corresponding
Hamiltonian in the variables of choice, which may describe
a more exotic, topologically ordered phase. A concrete
example is the “T-Pfaffian” topological order whose parent
Hamiltonian is related to the one of a Fu-Kane super-
conductor [59] by the fermionic duality mapping of Eq. (56).
This mapping was carried out explicitly in Ref. [18].

It is useful to characterize gapped phases according to
the response of the matter field only to a minimally coupled
probing field. Some natural possibilities are given in Table I1.

We note that, depending on symmetries, there may be
multiple distinct phases corresponding to each entry in this
table. For example, a superfluid of fermions can be of the
Fu-Kane [59] type, which is compatible with 7", or it may

TABLE II. Gapped fermion phases and their bosonic duals can
be characterized by their bulk electromagnetic response (to the
respective total gauge fields seen by the fermions or bosons).
Gapped fermions with a quantized Hall response (rﬁfv”"i“" =
+e?/(2h) correspond to boson superfluids and Mott insulators
(with 0}3;’5"" = 0). Conversely, bosons with a quantized Hall
response 02350“ = =+¢?/h correspond to fermion superfluids and
Mott insulators (with aff;mi"“ = 0). “Mott insulator” of Dirac
fermions here refers to any phase that is dual to a (gauged)
superfluid of fermions. This includes, e.g., the T-Pfaffian (dual to
a Fu-Kane superconductor [59]), which exhibits vanishing
af@rmio“ = 0 and conserves particle number. Note, however, that
this relationship between response properties of gapped phases
does not presume the presence of time-reversal or particle-hole
symmetries.

Fermions Bosons

Oxy = +[622/(2h)]
Oxy = —[6 /(2h)}
“Mott insulator”

Superfluid

Superfluid
Mott insulator
Oxy = +(82/h)
Oxy = _(ez/h)
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feature general odd-angular-momentum pairing that breaks
7T’. Each of these possibilities corresponds to a specific
Mott-insulating phase of dual fermions as well as a specific
v = —1 quantum-Hall state of bosons or vortices. Such
bosonic quantum-Hall states are characterized by identical
charge-carrying chiral edge modes but distinct neutral
modes (a well-known example being the bosonic Moore-
Read state). Among this class of bosonic quantum-Hall
states, there is thus a subset that is compatible with self-
duality (7" in its fermionic formulation). Since this is a
gapped phase, its properties (i.e., its quasiparticle content)
should reflect this compatibility regardless of whether this
self-duality is microscopically present. (This is analogous
to the PH-Pfaffian, which, as a phase of matter, need not be
PH symmetric [60].) It might be interesting to explore more
generally how the requirement of self-duality in this sense
constrains possible phases and their properties.

VIII. EXTENSIONS TO N =2 DIRAC FERMIONS

Before concluding, we discuss some additional applica-
tions of the duality mappings described above. We sketch
how some useful relations for systems with multiple
fermion species can be inferred by applying the various
mappings separately to each fermion species.

A. Self-dual QED; with two fermion flavors

Consider two flavors of Dirac fermions coupled to a
single propagating gauge field a, schematically described by

[(JDirac.1 +JDirac2) - @ (96)

We take the model to have the fermionic antiunitary
symmetries
Thy: ¥y = ic”¥Y,,

a=12, (97a)

Chy: ¥, = i, a=1,2, (97b)
i.e., the same time-reversal and particle-hole transformations
asin Sec. IV but now acting on each flavor o = 1, 2. We also
consider a unitary Z, symmetry R that interchanges the two

fermion flavors,
R: lPl <> le. (98)

Applying the Dirac-QED; duality of Eq. (2) separately to
each species yields

. .. ., .ad(a, + a)
U dual Dirac,1 * @1 T Ydual Dirac2 * @2 + L
whereupon integrating out a yields
i(idual Dirac,1 _jdual Dirac,2) -a. (99)

At this point, redefining particle and hole for one of the two
ﬂavors, c.g., jdua.l Dirac2 _j dual Dirac,2 in the Path integral,
returns the dual action to the same form as in Eq. (96). In this
sense, N = 2 QED; is self-dual as discussed in Ref. [61]. We
will make this statement rigorous in the following paragraphs.

An explicit self-dual wire model of N =2 QED; (with
flavors again labeled by a = 1, 2) can be readily written
downas S= fx,r Zj{Za [l(_ 1 )]/4ﬂ] ax¢j$aar¢j$a + ‘CévE:sz}’
with

L g]?]i =L+ ‘Csmggered—CS + Lyiw + Liunnel

—i(=1)/ v
ﬁozzTaxqﬁj,aao,j‘Fg(ax(ﬁjJ—8x¢j,2)2’
—i(=1)/
Laggered-cs =2 (875) (Aagj)(ay jr1+ay ),

2 |1 ~
EMWZE |:5(Aaoyj)2+’l)(Aal‘j>2 . (100)

The structure parallels that for N =1 QED; in Eq. (63),
except that here we start with opposite fermion chiralities
[62]. The first term in £ couples the two fermion flavors to
the gauge field with the same charge, while the v term
introduces an energy cost for the gauge-neutral combination
of fermion fields whose role will become clear below. The
extra factor of 2 in L, gecred-cs 18 Tequired for gauge invariance
with two flavors; we have also added an extra factor of 2 in
Lyw and parametrized the Maxwell term by —both for later
convenience. Finally, L. contains the same tunneling
terms for each species as before and will not be written out
explicitly.

Integrating out the gauge field as in the coupled-wire
derivation of the Dirac-QED; duality [18] yields

_ v v ~ ~
L35, = 3 (Oxpj1 — Ostpjn)* + 3 (Oxhj1 + 0xhjn)?,

where ¢ i« are dual-fermion variables with opposite chi-
rality relative to ¢;,. By reversing the treatment that
produced the v term in the last equation, but instead for
the v term, we can rewrite this theory entirely in terms of
dual fermions coupled to a new gauge field a. The key
difference is that g?)l and &52 will carry opposite gauge
charges with respect to @, in agreement with Eq. (100).
When o = v, the model is exactly self-dual in the
following precise sense: The coupled-wire action is explic-

itly invariant under ¢, <> —¢;, ¢, <> ¢, together with
overall complex conjugation (due to the opposite chiralities
for dual and original fermions). In terms of continuum Dirac
fields, this duality corresponds to the antiunitary operation

Syr: ¥, > ¥, ¥, > ¥l (101)
As in previous sections, we expect that such a self-duality
condition corresponds to a local symmetry in an equivalent
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bosonic formulation where fermions ¥, are traded for

bosons @, ~ e'#=. Using a straightforward extension of

the dictionary from Sec. VA, Eq. (101) indeed yields the

local antiunitary transformation

SN:Q: (D] b (D], @2 e @; (102)

We can further rewrite the self-dual wire model Eggli in
terms of bosonic variables as

_ v ~
‘C](\)[Eli = EZ[(axggy,a)z + (ax(p}'+1/2.a)2]

a

v ~ ~
S 0yl 01t Doy o) (103)

Here, ¢, are dual vortex fields, and in the last line, —a
denotes the “opposite” flavor relative to a. We readily see
that Eq. (103) satisfies Sy—_,, which “time reverses” the first
species of bosons and “particle-hole conjugates” the second.
(Explicitly, we have Sy_,:¢; = —@;, > — @, and hence
@1 = @1, P2 = —@,.) Moreover, both the original fermion
theory and boson reformulation are invariant under the
flavor interchange R:®; <> ®,.

It is instructive to observe that 58}3%3 is not invariant
under time-reversal or particle-hole conjugation of both
species, corresponding to the transformations

TN:2: q)a - q)ou
Cyoy: @, — D,

a=1,2 (not present),

a=1,2 (not present). (104)
The absence of these symmetries reflects the fact that
N =2 QED; is self-dual only in the above sense, where
duality is followed by particle-hole conjugation of one dual
fermion flavor. (Of course, bosonic models satisfying 7 y_,
and/or Cy_, are also possible but are not of interest here.)

Let us develop a better understanding of the bosonic
reformulation of Eggli . The nonlocal action for the bosonic
variables that couples ¢, and ¢_, can alternatively be
viewed as a theory of bosons with a mutual Chern-
Simons term. This can be inferred from the formal boso-
nization of the schematic continuum theory in Eq. (96) to

.. .. .crdcy
Uboson,1 * €1 + Uboson,2 * €2 — 1 o

(105)

which describes two particles with mutual statistics 2z.
Under the bosonic duality sketched in the left side of Eq. (1),
the theory of vortices also has a mutual Chern-Simons term
but with opposite sign:
.o ~ .o ~ . Z' 1 dZ' 2
yvortex,l +C + Uvortex,Z %) +1 D) .
7

(106)

Given the exhibited long-wavelength structure, such a
bosonic theory can be self-dual in the sense that upon

additional complex conjugation (and also changing the signs
of either currents or gauge fields), the path integral in terms
of the dual fields has identical structure to that in terms of the
original fields. Self-duality for the bosonic theory can be
readily related to the local fermionic symmetries 77, _,
and Cy_,, both of which implement boson-vortex duality
in a slightly different manner: The former operates as
®Pya = —Pyi1/2.4> While the latter sends @, , = @y11/2.4-
Since both 77,_, and Cj_, are present in the original
fermion formulation of the wire model EgE:SB, the bosonic
version in Eq. (103) is exactly self-dual in either sense.

1. Connection to self-dual EP-NCCP1 model

It is interesting to consider one more form of the model
obtained by dualizing only one of the boson species, yielding
i(iboson,l +jv0rtex~2) €= l(ll + 12) -C, (107)
where, for later convenience, we introduced l; = jyoson1
and I, =jyonex2- This model (with an implicit Maxwell
term on ¢) is otherwise known as the easy-plane noncompact
CP! (EP-NCCP1) model [63,64] and was first mapped to
QED; in Ref. [65]. (This connection was recently revisited in
greater detail in Ref. [66].)

We first verify that this reformulation has the required
properties of the EP-NCCP1 model in terms of I, and [,.
The EP-NCCP1 model as defined in Refs. [63,64] has a
unitary symmetry /;,, — —l;/5, ¢ = —c¢ and an antiunitary
symmetry l;, — 1 5, ¢ = —c. The first is enforced here by
Th_,(C)" (D, = B, D, - D specialized to operators
@, and ®,, which annihilate [, and I, particles), while the
second symmetry is Sy—, (®; - &y, &)2 - q~>2). Next, of
main interest is the EP-NCCP1 model with species inter-
change symmetry I, <> I,. This property is in fact present
here as well and is nontrivially related to the above-
mentioned exact self-duality of the bosonic reformulation,
Eq. (105), as realized by individual 7°),_, or C'. Specifically,
combining 7% _, with R and Sy_, gives the unitary
symmetry interchanging /; and [,:

SyRT)_,: @ — s, @, » ®,. (108)

The EP-NCCP1 model enjoys the possibility of self-
duality [63,64]: Dualizing both fields gives a model of two
species coupled to a new gauge field with opposite charges:

i(ll - 12) ¢ = i(ivortex,l +jboson.2) -C, (109)
where, on the lhs, tildes mark the dual currents. Upon an
additional particle-hole transformation on I,, the corre-
sponding path integral has identical long-wavelength
structure as Eq. (107), and the model can be self-dual in
this sense. The expression on the rhs is obtained by

recalling that jboson,l :jvortex,l and jvortex,z = _jboson,2’
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which follows from Eq. (29); thus, using these variables,
we have effectively performed a particle-hole transforma-

tion on I,. Comparing the content of Eqs. (107) and (109),
we can infer that the present EP-NCCP1 model is in fact
exactly self-dual because of the symmetry R in the original
N = 2 QED; model. More formally, R acts on the relevant
operators as

R: @) - ©, = (&)z)t ‘i)z - &)1,

where we used Eq. (29). We can view this as implementing
I, - —Zz, L - Zl, which is equivalent to the above-
mentioned self-duality of the EP-NCCP1 (different defini-
tions of the self-duality are possible but become equivalent in
the presence of the /; and /, interchange symmetry).

To summarize, the original fermionic symmetries 77, _,,
Cy_,, and R, together with the requirement of the self-
duality Sy_,, lead to the EP-NCCP1 model with its own
species-interchange symmetry and tuned exactly to self-
duality. Such a theory was studied in Ref. [67] and was
found to reside, over some parameter range, at a phase
boundary between phases where /| , are both gapped and
where they are both condensed. In the specific model in that
study, the phase boundary turned out to be first order. It is
an interesting open problem whether such a phase boun-
dary can be second order, which would then correspond to
critical self-dual N = 2 QEDs;.

B. Dualities for generalized two-flavor models

We can consider a more general class of N = 2 models
with both marginally long-range and Chern-Simons inter-
actions of the form

ijDiracl '(a‘+a )+UD1ra52 ( n)

d ad
— iy 28 g Lla) — iy, 299 4 g Lla,), (110)
4z 4z
where, as in Sec. VI,
|k xal?
)= ek

and it is convenient to introduce ‘“charge” a,. and “neutral”
a, “flavors” of the gauge fields. In general, there is no
antiunitary 7°y_, or Cy,_, symmetry, but we assume that the
unitary particle-hole symmetry 7% _,(Cy_,)~" still holds.
In addition, we focus on cases with the species-interchange
symmetry R. For 1. = 4, and y. = y,,, the two species of
fermions decouple and are described by the N =1 case
discussed before.

Performing duality in the general case yields

~‘+&n)+ijdualDirac,2'(& —-a )

) a.da,
—Wedual™ 4

i]dual Dirac,1° (

a,da,

+lcdua1[’[ ] i}'n.dual 4

+lndua1£[ ]
(111)

for the chosen conventions on the couplings and in terms of
Ze/n = Ye/n + idesn, We obtain the modular relationship

1
Zdual — —

for both ¢ and n flavors of the gauge field. A coupled-wire
representation of this model and its duality is given in
Appendix F. For the rest of this section, we use schematic
continuum expressions rather than explicit wire models to
emphasize the long-wavelength structure. The duality-
symmetry relations can often be deduced by examining the
action for the dynamical gauge fields in each formulation.
Using the two-flavor model of Appendix F and the techniques
developed throughout this paper, it is straightforward to
translate the following discussion into concrete wire models
(including operator forms of the duality-symmetry relations).

The above yields three families of potential exact self-
dualities:

(l) e = cdual and in = _ij,dual (i‘e‘9 ‘Zc/n|2 = 1);
(11) Ze = Zp,dual and Zn = Zc¢,dual (Le., Lelp = _1);
(iii) z. = =2, guu ad z, = =2 gy (€., 2.7, = D).

[Note that family (i) includes the special case z, = Z. qual
and z,, = 2, quar-] The previously discussed case of self-dual
N =2 QEDj formally corresponds to y. =y, =0 and
Ae =1/, = 0. It is a special point that is part of both
families (ii) and (iii).

In terms of the bosonic variables, the general model
becomes

c +cn) + ijboson.Z . (CC - cn)

. c.dc
— 1Y ¢ boson % + 2lc,boson£[cc]

Uboson,l : (C

i c,dc,
— 1Y n,boson 2— + 2’1n,boson’c[cn]; (1 12)
T
with these conventions, we find
I+ ZDirac
Zboson — I—D (113)
— ZDirac

for both ¢ and n flavors. Furthermore, under the bosonic
duality, we again have

Zyortex — _1/Zboson

for both ¢ and n flavors. Similarly to the fermionic model,
we can consider exact bosonic self-dualities of types (i),
(ii), and (iii).
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We can now discuss the interplay of symmetries and
dualities in this general model. We first note that the
fermionic self-duality of type (ii) implies bosonic self-
duality of type (ii) and vice versa, and by itself is apparently
not related to symmetry in either formulation. In contrast,
fermionic (bosonic) self-duality of type (iii) corresponds to
a bosonic (fermionic) antiunitary symmetry.

Let us consider the case with fermionic self-duality (iii).
This implies Zn,boson:_zz,boson» ie., Ayboson = Ac,bosonz
/Iboson’ and Vnboson — ~7Yc,boson = ~Vboson- The bosonic for-
mulation can be rewritten as

l.-iboson.l ¢+ ijboson,Z %)
. CldC'z
+ /Iboson(’c[cl] + ‘C[CZ]) ~ 1Yboson .

2

Boson models of this type were studied numerically in
Ref. [36]. Specifically, integrating out the gauge fields c,
and c, yields intraspecies marginally long-range inter-
actions parametrized by g; = g2 = Aposon/ (Aagson + V2oson)
and interspecies statistical interactions parametrized by
N = Yboson/ (A2oson T Yooson) 10 the notation of Ref. [36],
cf. Egs. (1)-(3) in that work. The fermionic self-duality
(iii) is related to an antiunitary symmetry of the bosonic
model that acts as jboson.l _)jboson.l’ jboson.2 - _jboson,Z’
¢, > —¢;, €, —¢,. This is identical to Sy_, in
Eq. (103) discussed in the context of self-dual N =2
QED;; it is precisely this symmetry that enabled a sign-free
reformulation and Monte Carlo study of the model
in Ref. [36].

If we now, in addition, require a bosonic self-duality
condition of the type (ii), i.€., Z.posonZnboson = —1, We
obtain |z, pesn|> = 1, which is equivalent to ¢*> + 5> = 1
studied in that reference and established to represent a
phase transition line in the specific model for || < 1/2,
cf. Fig. 2 in that work.

Returning to the fermionic representation, we find
/lc/n = 2/1boson/[’112)oson + (1 :tyboson)z] and 7c/n = 0. These
fermions have no Chern-Simons interactions but only
marginally long-range interactions, with 4. and 4, related
by the condition 4.4, = 1 [this could be established more
easily by noting that we now have both fermionic self-
dualities (iii) and (ii) present]. Thus, we found an interest-
ing fermionic representation of the phase transitions studied
in Ref. [36].

We conclude by considering simultaneous bosonic self-
dualities of types (ii) and (iii). In this case, ¥¢/n poson = 0
and A, posondnboson = 1. This is a special line in a more
general two-parameter space with independent A, pson and
Anboson> Which can be viewed as a two-species generaliza-
tion of the single-species model with such interactions [this
case also arises when one considers the fermionic self-
duality of type (i)]. It includes the case 4, = 4, = 1, where
the two species decouple and are known to be critical at

self-duality [32]. We expect that criticality persists over a
finite range of 4. = 1/4, # 1 where the two species are
coupled, i.e., that over some range, the special line
represents a phase transition where both species go from
an insulating to a condensed state.

IX. CONCLUSIONS AND OUTLOOK

We have demonstrated a family of duality and statistical-
transmutation mappings between bosonic and fermionic
theories within a coupled-wire framework. This technique
allowed us to implement these mappings as exact, nonlocal
transformations that leave the quantum partition function
invariant. In particular, our transformations show explicitly
how local symmetry operators on one kind of variable
become duality transformations on a different kind. A
particularly interesting application of these mappings is the
special point described in Sec. VI with marginally long-
range interactions, where both bosons and fermions have
respective time-reversal symmetry and consequently are
both self-dual. The bosonic model is amenable to numerical
studies [32] that may be tested against field-theoretic
treatments of the fermionic theory. This last feature is also
shared by the two-species models described in Sec. VIII,
which exhibit an even richer interplay of symmetries and
dualities in various reformulations.

While we focused primarily on relativistic theories with
both particle-hole and time-reversal symmetries, these
properties are not all required for the symmetry-duality
relationship. The external “probing” vector potential, which
we mostly suppressed for clarity, can be carried through
without any assumptions on it smallness. [This property has
been crucial for constructing explicit (wire) models that
realize particle-hole-symmetric composite-Fermi liquids of
fermions as well as bosons [18,68].] One can therefore dope
Dirac fermions to obtain a Fermi surface, thus breaking C'.
The resulting nonrelativistic model with only 7’ symmetry
is still self-dual in its boson or vortex formulation. It could be
interesting to explore such models, e.g., in the context of
quantum critical points with dynamical exponent z # 1.

The coupled-wire formulation provides a direct con-
nection between the duality of the quantum Ising chain and
that of the 2D boson theory via the rough correspondence
6 <> @, and 6] <> ¢* . In particular, the duality relations
take a very similar form, i.e.,

z,.7 il _2i0,
0;0; | = r"i+1/2 R dby(I)Hl = e”'%+1/2,
z z _ el T _,=2i0,
Tio1/2Ti12 = OF < QP =

It is worth noting some further parallels and distinctions
with the symmetry-duality relation in the quantum Ising
chain. Here, we see two natural dualities corresponding to
unitary 7' and antiunitary 77 symmetries of the Majorana-
fermion reformulation. These symmetries are, in general,
independent but become related when the Ising model has
an additional antiunitary time-reversal symmetry K. For 2D
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bosons, we similarly have two dualities realized by, in
general, independent antiunitary 7’ and C’ fermionic
symmetries that become related when the bosonic model
has additional unitary particle-hole symmetry 7C~!. The
1D self-dual critical theory is more restrictive, however, in
that its critical properties persist even when we break 7" or
T'; by contrast, the 2D theory changes its form qualitatively
if we break 77 or C'.

These tantalizing correspondences with the Ising chain
raise an interesting prospect that, more generally, dualities
of bosons in d+ 1 dimensions can be inferred from
dualities of quantum-Ising-type spin models in d dimen-
sions. Given the wealth of spin models for which analogues
of Ising duality are known, this could be a fruitful avenue to
discover new mappings for bosons or fermions in two or
three dimensions.

We conclude by pointing out two possible generalizations
of the techniques developed here. The first is the dual
formulation (bosonization) of a (2 + 1)-dimensional
Majorana cone, which was introduced in Refs. [69,70].
Here, an extension of our approach (which keeps sym-
metries manifest at all stages) could help us to understand
how time-reversal symmetry of the Majorana fermions is
implemented on the dual variables. A second interesting
direction could be a generalization to non-Abelian sym-
metries. Reference [66] analyzed the relationship between
symmetry and duality for a model with SU(2) symmetry in
the context of exotic quantum critical points (see also
Refs. [71,74]). We hope that combining our approach with
non-Abelian bosonization techniques could lead to such
generalized duality mappings.
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APPENDIX A: TRANSLATION SYMMETRY
IN THE MAJORANA CHAIN

We obtain the action of the unitary transformation 7,
Eq. (11), on the spin variables as follows. Let us write out
explicitly T:T'(r — 1/4) > T'(r + 1/4) and I'(r + 1/4) —
[(r+3/4):

r—1 r—1

T (Ha;,>g;_>-( g;,)g;, (A1)
r'=0 =0
r—1 r

_<H r,>ar—> (H o;,>a§+l, (A2)
=0 =0

with carefully specified string operators on the chain
starting at position 7 = 0. Multiplying the two equations,
we find

,z.)C

r+1/2° (A3)

T: 67 - o700, =
This gives the transformation of the string 7': H,’f:lo o, =

ogoy; then, from Eqgs. (Al) and (A2), we deduce

p
T: 6% — ic (H o‘f,) = i0GT, .12, (A4)
=0
r
oy — o (H Gf/)gfo'iﬂ = ia(z)r:ﬂ/z’ (AS)
=0
where in the last line we defined 7)., | 5= T T

Similar reasoning for the antiunitary 7", Eq. (12), gives

T': 0y = 70y (A6)
07 = I0GT, 1)), (A7)

o} ity (A8)

i— —i. (A9)

In the main text, we quoted the action of T and 7’ on 6,~.
Both T and 7’ implement Ising duality. However, these are
clearly different transformations, and the meaning of self-
duality is different in the two cases.

To better separate aspects associated with 7 and 7', we
can consider situations where the Ising time reversal K
defined after Eq. (12) is broken while T or T’ is preserved
(both cannot be preserved in this case). It is easy to write
down deformations of the Ising model H, [whose various
representations are written in Eqs. (5), (7), and (10)] that
achieve this:

SH = uy (070}, = 0165, 1) = D it 02
r J
= MZ(—TfH/zfig/z + Ti—l/ZTiJrl/Z)’
S6H' = u’Z(aioLl +0107,) = ”/Z(_])ji}'jyjﬂ
r J

— 4,/ _ Y b4 4 y
=u § :( Ti+1/2Tr+3/2 Tr—1/27r+1/2)~
-
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FIG. 9. Energy spectra of the perturbed Ising models H, + 6H
and H( + 6H'. The former preserves T and is gapless along the
self-dual line J = h. For small u, this line separates gapped
paramagnetic and ferromagnetic phases. In contrast, for large u,
the system enters an extended gapless phase with central charge
1, and self-duality is not required for the gaplessness. The model
H, + 6H' preserves T’ and is gapless only at self-duality.

Here, each perturbation H or SH' is also expressed in
terms of the Majorana variables and in terms of the dual
spin variables. The corresponding Majorana energy spectra
are plotted in Fig. 9. In the Majorana language, 6H is
invariant under the unitary 7, while its expression in terms
of the dual spins z, upon using the translational invariance
of the spin chain, has exactly the same form as in terms of
the original spins ¢. On the other hand, H’ in the Majorana
language is invariant under the antiunitary 7”7, while its
expression in terms of the z variables obtains exactly the
same form as in terms of the o variables upon additional
action of the complex conjugation /. In both cases, the
expressions in terms of 7 variables can be formally obtained
from the expressions in terms of ¢ variables by applying T
and T" acting on ¢, as specified above, remembering that
op anticommutes with 7,77, .

In the simplest case with only two competing phases,
such a self-duality condition (with or without K) can

guarantee that the model sits at the critical point separating
the two gapped phases. This is the situation for small « in
the model H, + §H and for any u’ in the model H, + 5H’;
see, respectively, top and bottom panels in Fig. 9. On the
other hand, for large u in the former model, the system is in
a critical phase for any J and h; along the self-dual line
J = h, the system has some additional properties, but the
self-duality itself is not required for criticality.

It is instructive to take an alternative point of view on the
interpretation of duality as a symmetry. One could define
dual spins 7’ through the action of the symmetries 7 or 7’
on o, e.g.,

"J:/H/z =To'T!, U=Xy,2 (A10)
(For the antiunitary symmetry 77, one should instead use
rf:q = T'6,T~".) Then, by construction, spins ¢ and dual

spins 7’ are exactly related by the fermionic symmetry 7.
These alternative dual variables differ from the conven-
tional choice 7 only by a boundary term, e.g., ¥/ = 7* and
¥ = io§7®. In particular, any local term in the Hamiltonian
that preserves the global Z, symmetry is identical whether
expressed in terms of 7 or 7'.

APPENDIX B: DUALITY OF XU-MOORE
AND QUANTUM-COMPASS MODELS

Consider the Xu-Moore model, given by the J,=J,=0
limit of Eq. (14), i.e.,

Hxn = —hZaﬁf - KZGﬁGf.+§0§+§,Uf.+X+§,- (B1)
r r

In the main text, we used the duality transformation

Gxp= 1l o (B2a)
r'<r+%/2
Trig2 = Ot0r %0 (B2b)

to map it onto the quantum compass model
Hoc = _hzfi—ﬁ/zfiﬁ/z _Ksz+ﬁ/27§+ﬁ/2+y' (B3)
r r

(A closely related mapping between these models was
performed in Ref. [40].) We can now subject Hoc to a
second duality transformation

Hyiz)25/2 = H Toig/2 (B4a)
r'<r+X/2+§/2
Hriz/249/2 = Trag/2Teak/245" (B4b)

Here, the string in the first line begins at the bottom left and
runs upward through each column until the termination (in
typewriter fashion, but vertical). This results in
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Hyw=~KY Wiispispn
r
- hzﬂfﬁ/zw/2ﬂ)rc+f</2—y/zﬂﬁ—ﬁ/2+y/2ﬂﬁ—ﬁ/2—y/2’
r
(BS)

which, for & = K, yields the self-duality first observed in
Ref. [37]. The mapping between Hyy; and H,, is sche-
matically given by ¢ — 7 — p, and the quantum compass
model lies “halfway” between the two. At h = K, it is
symmetric under a 90-degree lattice rotation followed by a
discrete 90-degree spin rotation about the 77 axis.

In contrast, the model discussed in the main text is self-
dual under a single mapping ¢ — 7. In this case, self-duality
corresponds to a symmetry of variables that again lie
halfway between 7z and o. These are the Majorana fermions
y ~ 7°0° introduced in the main text.

APPENDIX C: DIRAC-FERMION SYMMETRIES
AND KLEIN FACTORS

In this appendix, we discuss some subtleties related to
“Klein factors”—pieces that ensure fermion anticommuta-
tion on different wires—and their transformation under
symmetries.

1. Transformation of fermion variables under 7’ and C’

In Sec. IV, we defined the antiunitary time-reversal and
particle-hole symmetries for fermions as

Ty T = (=1)y;p1,
Cly, ¢~ = (‘Ujl//;ﬂ’

and expressed the fermion as y; ~ e with

[#(x). ¢y (X)) = 8 (=1)imsgn(x — x')

+(1 = 6;;)insgn(j’ = j). (Cl)
where the right-hand side of the first line describes chiral
fermions with alternating wire chirality, and the second line
ensures anticommutation of the fermion fields on different
wires. It is tempting—but incorrect—to infer that the above
transformations act on the phase fields as

(incorrect),

T, T = ~p;1 +7j (C2a)

Cp,C~"' =i —7j (incorrect). (C2b)
To see the problem, consider applying either transformation
on both sides of Eq. (C1). While the right-hand side of the
first line would transform properly, the second line would
obtain the wrong sign—i.e., the commutation relations
would not be preserved; this indicates that such trans-

formations of the phase variables do not exist.

To correct Egs. (C2a) and (C2b), we introduce operators

G=20Y Ny = Y1) [ 2y

J'<j J'<j

(C3)

where N is the fermion number operator on wire ;. We
note that k; = ¢%/2 is similar to a Jordan-Wigner string
between wires and could be one possible representation of a
Klein factor in some settings. Here, £; will play a slightly
different role, helping to maintain commutation relations of
the phase fields that have Klein factors built into them. It is
easy to check that &; satisfies the commutation relations

[6]7 5]’] = 07
oy f2im >
sl ={" 127
[g.i’qu'(xl)] + [ij(x),é/] = 2i71'(1 — 5jj/)sgn(j _j’)‘

We can now readily provide a faithful implementation of
the two symmetries:

T'9;T7" = ~j1 = &j1 +7), (C4a)

CopC~ " =i + &1 — 7). (C4b)
(The signs in front of zj in each line are not essential, as the
phases are defined only modulo 2z. This particular choice
makes treatments of C’' and 7’ essentially identical via
C'p,C~" = =T'¢;T'~". Of course, these are different trans-
formations on the physical fermion fields y ;, and they can be
independent symmetries.) Since ¢;,; commutes with &;
and e“i+1 = 1 (verified by acting on any state in the fermion
Fock space), it follows that y; = % indeed transforms
under 7" and (' as stated at the beginning of this appendix.
We remark that care is needed when we use phase
variables and encounter &; operators under a cosine. While
it may be tempting to drop them, we cannot do so if there
are also parts that do not commute with £;. As an example,
consider 77- and C’-invariant interwire hopping expressed
in the phase variables as
iy/;y/jH +H.c. = =2cos(¢h; — ;1) (C3)
Taking 7" for concreteness (a similar analysis holds for C"),
the expression under the cosine transforms as

$j—bjs1 = —Pj1 + Pjo— 7w+ 27Ny

When taking the cosine of the last expression, it is important
to remember that ¢;,; and N;; do not commute. Thus,
when separating out e*>*Vi+1 from the other terms (only
after this separation, we can safely replace e*>"Vi+1 = 1), an
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extra minus sign arises via e”?+1-Nial = —1. Hence,
under 77,

cos(¢j —djs1) = cos(ji1 — @jia),

which ensures that the right-hand side of Eq. (C5) transforms
in the same way as expected from the left-hand side.

We finally turn to the transformation properties of dual
fermions. To analyze a given wire model, it is sufficient to
understand how differences of ¢; transform. Recalling that

&5141 —QZJ‘ = (1) (i1 — 9)),

we can directly read off their transformations from
Egs. (C4a) and (C4b).

For completeness, we also provide expressions for the
transformation of individual phase variables ¢;. Using
Eq. (56), we find

T'HT ™" = Gjor + &1 — 7). (C6a)
ChiC~" = =i — &1 + 1), (Cob)

with
&= san(j—j)(=1)¢. (C7)

J#i

As before, the signs of the zj terms are not essential,
and we used this fact to simplify the equations. In terms of
the dual-fermion numbers N; = [1/(27)](—=1)/"" [, 0,
we find

& =—x [li=J"+sen(i— " + 0Ny (C8)

J

We emphasize that the apparent difference between
Egs. (C3) and (C8) has no impact on physical operators.
Their given form merely corresponds to a particular choice
of fermionic Klein factors.

2. Transformation of bosonic variables under 7’ and C’

We want to translate the action of 7’ and C' from the
fermionic to the bosonic variables. Recall the definition of
the fermionic variables in the main text,

¢2y = ¢R(y - 1/4) =@y + (Z)y—]/Zv (C9a)

Gy 1 =Py +1/4) =0y + @yr1 )0 (C9b)

Inverting these expressions to obtain boson 6, and vortex

0y11/> variables yields

29)} = @)7—1/2 - (ﬁy-‘rl/2 = ¢2y - ¢2y+1,
2eerl/2 = Py1 — Py = ¢2y+2 - ¢2y+l .

We now define new fields,

@1 =TT =Co,C, (C10a)

0,1 =T0,T""=-C0,"". (C10b)
The key advantage of these new variables over ¢ and 0 is
their simple transformation property under 7’ and C'.
[Analogous expressions for the Ising model were intro-
duced in Eq. (A10).] The primed and unprimed variables
are related through

¢;+1/2 - ¢;+3/2 = ¢y+1/2 - ¢y+3/2 +m— 277N2y+2’

2é;+]/2 = 2éy+1/2 -+ 27TN2y+1.
Using %Nl = —1, it is easy to see that

exp[i(¢;+1/2 _§~0;+3/2)] :CXp[i(@er]/z _¢y+3/2)]’ (Cl 1)

eXP[iZéva/z} = eXP[izéyH/z]- (C12)
Since 7" is antiunitary, by construction ¢’, 6 have the same

commutation relations as the original ¢, 6, and by using
Egs. (20) and (27),

[axé;+l/2 (x), (’hf\;’+1/2('xl)} = [axéy+l/2(x)v Pyi12(x)].

We trivially have 0.0, Hip = 6xéy+1 /2> and we also expect
O0x@ly 12 = Oxpyi1y2 (see below). This result, together
with Egs. (C11) and (C12), covers all terms that can appear
in the Hamiltonian, and consequently, H[¢', é’] = H|p, é]
This provides a precise interpretation of the fermionic time
reversal 7' as boson-vortex duality.

Let us also consider the transformation of the individual
phase variables ¢. We first need to solve Egs. (C9a)
and (C9b) for ¢ and @. A convenient choice is

1 .
oy =75 _sen(2y+1/2=))(-1Y¢;,
J
1 .
Gyerp ==3D 52y +3/2 = j)(=1)'d;.
i

[Note that the solution is not unique since we can add a
J-independent operator 3(x) in the first line and subtract it
in the second line. Since 7’ and C’ also translate by one
wire, it is natural to require 7'B(x)7"~' = B(x) + const,
C'B(x)C'~! = —pB(x) + const, and the results below are then
insensitive to the above choice.] We find
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- - 1 . ; .
Pyi1)p =Py+1)2 +§ngn(2y+ 1/2=j)(=1)/ (&1 — 7))
J

={y1pt > sgn(2y+1—j)(aN;—7/2).

Jj€E€even

The main point for us is that the second part is independent
of the x coordinate; hence, as discussed above, we can
equivalently use primed-tilde or unprimed-tilde variables
in the Hamiltonian. In particular, the primed-tilde field

jodg o ! .
@) = P satisfies
/ -1 —_ &/
T'O, 7™ = @y,

-1 _ A/t
co.c =dl,,

(C13)
(C14)

by construction, while the originally defined vortex field

@, |/, picks up a sign expliz ; jceyenN;] = 1. While this
sign is state dependent, it does not affect the Hamiltonian.
(Note the similarity with the discussion of alternative dual
Ising variables in the last paragraph of Appendix A.) When
describing the action of the fermionic symmetries 7’ and '
on bosonic variables in Sec. V A, we therefore tacitly use @’

rather than ®; in all other parts of the paper, the distinction
between the two is immaterial.

APPENDIX D: CONTINUUM TREATMENTS
OF CHERN-SIMONS FERMIONS
AND FERMIONIZED VORTICES

We briefly review the apparent difference between Chern-
Simons fermions and fermionized vortices in continuum.
We then explain how the more microscopic wire treatment
allows us to reconcile these differences. Consider bosons
with short-range interactions coupled to a static external
(probe) field A. Attaching 2z or —2x flux to convert bosons
to Chern-Simons fermions gives, schematically,

" . i
Ubos ‘A > Jcsferm * (a +A) + Eada (Dl)

i
yp (c—A)d(c—A),
where a is a dynamical Chern-Simons gauge field and adf is
shorthand for a - (V x f#). Here and throughout this section,
we also implicitly understand having some short-range
interactions among original bosons. These interactions
ultimately determine which phase we are in (e.g., gapped
or condensed bosons or some composites), but they are
not important for keeping track of qualitative aspects. As
indicated in the last line, we can alternatively usec = a + A
as a new dynamical gauge field; this, however, does not
change the fact that there is a Chern-Simons term governing
the gauge field dynamics.

Consider now £27 flux attachment to vortices, starting
with the dual description in terms of (bosonic) vortices
coupled to a dynamical gauge field a:

= Jcsferm " € F (D2)

I -
iibos e ljvort -a +%Ada

. ~ i i
= Yvort ferm * (ﬂ +a) + Eﬂdﬂ +2Ada

" B i
= Yvort ferm " € F E(C - a)d(c - Cl) +ZAda

.. - i - i
= Yyort ferm " € + %AdC + EAdA

In the last line, we integrated out the dynamical field a,
keeping only leading pieces and assuming short-range
interactions of the original bosons. [Note that generically
we would also generate the higher-order CS-like term
i(Vx¢)-(VxVxe¢) with a nonuniversal coefficient; see
discussion in Ref. [73]]. This is the dual vortex description,
which has no CS term on the dynamical gauge field ¢ that
Jvort ferm cOUples to, in contrast to the theory in terms of
Jcs ferm- While keeping jcog ferm and Jjyort ferm 10tact, there
is no way to relate these two theories. On the other hand,
in the wire construction in the main text, we claim that
attaching —2xz flux to the original bosons gives identical
fields to attaching 2z flux to the dual bosons. The resolution
is that they are indeed identical fields when right and left
movers are resolved separately, as we now demonstrate.

There are four natural choices depending on whether we
consider fermions or dual fermions and whether we group
them around boson wires or around vortex wires. We
consider each choice in turn.

1. Grouping fermions y(y—1/4) and y; (y+1/4):
27 flux attachment on boson ®,
To connect the definition of the lattice variables to the

familiar continuum treatment, we begin by defining the
“Chern-Simons fermion” phase and density fields,

oS = [pr(y —1/4) + (v + 1/4)]/2 (D3)
=gy + Y _sen(y’ - )by, (D4)

Y'#y
‘9§CS = [pr(y—1/4) = (y +1/4)]/2=06,. (DS)

[These definitions are equivalent to ¢, = ' £ 65,
which is familiar in descriptions of 1D electrons; thus, these
are indeed nonchiral fermion fields.] Note that the density
operator of these Chern-Simons fermions is the same as the
one for the microscopic bosons, 9,015 /x = 0,6, /x.

Consider the boson intrawire terms (also keeping the
Berry phase term for completeness)

i
C = Z ; 8)66_\2 (afqu - AO,)‘) (D6)
y

v u
+X e 0 A 500 0)
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This can be written as

i
[: = zy:;@xﬁics (8f(p§CS - AO,y)
3| 0l = any = A1)+ o= (D,055)
27_[ x¥y 1,y 1y 7 xYy
)7

where we used [ D7 >, 0.0,sgn(y —y)d.0y =0
and introduced a; y = ). sgn(y’ — y)9,0,. This satisfies
Ay —QAry+1 = axey + axeerl = 2”(py +py+l)/2’ which
is naturally interpreted as attaching 2z flux to the bosons.
We implement the definition of a; via Lagrange multipliers
ag as

.A0y+1/2 — Aoy-1/2
(3[,251 ytl/ =12,
y

2r Ly
. A0,y+1/2 — Aoy—1/2 ’ 9.0 D8
—Zl o /ngn(y _y) xVy ( )
y Y'#Ey
B Z ary(Aag), — agyi12(Aar), 110
4

3 Zi 0.0, agy 172 + doy-172
5 .

(D9)

Putting everything together, one obtains

L= Z o 9fCS< fCS a0~y+1/2;ra0,y'—1/2

v fCS

+Z apy Aao _aO.y+1/2(Aal>y+1/2‘
dr

)

u
- Al,y)2 + Z (ax9§cs)2]

(D10)

This is the wire model of a system of nonchiral fermions
that are minimally coupled both to the external electro-
magnetic field A and to a dynamical gauge field @ with a
Chern-Simons term (expressed in the gauge a, = 0). The
structure is similar to performing flux attachment in the
continuum, cf. Eq. (DI). Note that slight care is needed
when comparing the sign of the CS term in our wire model
with the continuum writing in Eq. (D1). In the wire model,
our conventions dictate that the density couples to a, as
—ipay, which is opposite from the convention used in
Eq. (DI). Thus, the above wire model corresponds to
attaching 2z flux to the boson, even though the sign of the
CS term is opposite from what we called 2z flux attachment
in Eq. (D1).

2. Grouping dual fermions y; (y - 1/4) and wg(y +1/4):
-2z flux attachment on boson ®,
Let us now consider using dual chiral fermions, Eq. (72a)

and (72b), grouped around boson wires y to define new
nonchiral fermions

@IS = [pr(y + 1/4) + ¢y — 1/4)]/2 (D11)
= sen(y' =)oy, (D12)

y'#y
01 = [hr(y + 1/4) — g (y - 1/4)]/2=0,. (DI3)

Comparing with the variables ¢S, 655 and manipulations

leading to their interpretation as 27z flux attachment to
bosons, we immediately see that ¢S, 915 correspond to
exactly opposite flux attachment on the original bosons,
which we indicated by the minus sign in the label “fCS-.”
Which composite fermion variables we use, fCS or fCS-, of
course depends on the problem at hand. For example, if we
have bosons in an external magnetic field, in typical
fractional quantum-Hall applications, we would strive to
have the average CS flux cancel the external field.
Importantly, we note here that there is no local trans-
formation between the fCS and fCS- variables.

3. Grouping dual fermions yg(y +1/4) and y; (y +3/4):
27 flux attachment on vortex ®, ,;/,
Now consider grouping ¢g(y + 1/4) and ¢, (y + 3/4),
which gives nonchiral fields residing on half-integer
(vortex) wires:

AR [hr(y + 1/4) + br(y +3/4)]/2 (D14)
= —(.~0y+1/2 - ngn()" - y)éy’+1/2» (D15)
V'#EY
9§V+1/2 = [ﬁzR()’ +1/4) - &L(y + 3/4)]/2 = _éy+1/2-
(D16)
Thus, —p®, —0" are related to @, @ in exactly the same way
as ¢S, 0™ are related to ¢, 6. We can then interpret ¢!, 0™

as describing 27 “dual flux” attachment to vortices. [An
alternative argument is to note that we can view —¢g/;, as
obtained from the vortex variables &, 6 by applying the
identical procedure (with the same “orientation”) as ¢/
from ¢, 0: The procedure Eq. (70) applied to the vortex fields
@, 0 would give, at wire y + 1/4, a composite @, /> + @y,
but since ¢ = —¢, this gives exactly —g;ﬁR(y + 1/4), and
similarly for the left-moving field at y + 3/4.]
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4. Grouping fermions y; (y+1/4) and y/R(y +3/4):
—2x flux attachment on vortex & ) +1/2

Finally, this grouping gives

P =B+ 3/ + g0+ 142 (D17)

= Gyiip— »_sen(y =)0y, (DI8)
V'Y

00 = [dr(y +3/4) = (v +1/4))/2 = 0,12

(D19)

This is naturally interpreted as —2z flux attachment on
vortices, which we marked as “fv-.”

5. Equivalence between Chern-Simons fermions
and fermionized vortices and resolution
of the CS term puzzle

Note that the fCS and fv- fields are obtained by different
local groupings of the same chiral fermion fields (and,
similarly, fCS- and fv are different local groupings of the
dual chiral fermions). Focusing on the first pair, this means
that there is a local relation between the fCS and fv- fields,
which is easy to find explicitly:

‘Py+1/2 (@5 + 05 + @l = 617%)/2, (D20)
9;V+_1/2 (ﬁ”;cﬁ 9;351 (/’§CS Q;CS)/ 2. (D21)

In this sense, at the microscopic wire level, Chern-Simons
fermions fCS and fermionized vortices fv- are essentially
the same objects. This appears to pose a puzzle relating to
the continuum treatment in Appendix D, where the fCS
fermions are coupled to a gauge field with the Chern-
Simons term, while the fv- fermions are coupled to a gauge
field with no Chern-Simons term; there is no simple way to
relate these two formulations via continuum manipulations.
The resolution is that microscopic densities and currents
of the Chern-Simons fermions and fermionic vortices are
different. As a consequence, we see that the theory of the
fCS fermions coupled to the dynamical gauge field a with
the Chern-Simons term can be exactly translated to the fv-
fermions coupled to a new gauge field with no Chern-
Simons term.

For simplicity, let us consider a setup where both q
and a; reside on the same wires and the Chern-Simons
term is written as i(aj i +a;y)(doys1—doy)/ (47),
cf. Appendix E. (Treatment where a, resides between boson
wires as in the earlier presentation of the fCS fermions is
more tedious but leads to the same qualitative conclusion.)
The fCS fermion coupling to the gauge field @ can be
rewritten in terms of the fv- fermion coupling to a new gauge
field a (residing on the vortex wires) as follows:

_Z<ﬂa chsa0y+ ax fCS .y>

y

= —Z( 0,007, jpdoy1j2 + 3x(ﬂy+1/2a1 »+1/2>

(D22)
with
1 . v, .
doy =75 (Sao), + 5 (Aay),,
1, i .
ayry = E (Sal)y - 2_1] (Aa())y’

where we introduced shorthand notation (Sd), = G y11/2+
2107),_1/2, (AZlo)) = ElO,y+1/2 - aO,y—l/Z’ and 51m11arly for
(Sa,) and (Aa,). We can now plug these expressions into
terms in the Lagrangian that are quadratic in the gauge field
a, which consist of the “diamagnetic” and Chern-Simons
pieces:

v i
;[ﬁaiy +E(alfy+l +any)(aoy = ao,) |-

It is easy to see that the diamagnetic piece gives a cross
term —i/(4x)(Sa,)(Aay), which cancels the leading long-
wavelength cross term from the Chern-Simons piece. When
all contributions are written out microscopically, we find a
diamagnetic piece for the a; field as well as Maxwell-like
pieces for the a; and a, fields. The leading cross term,

L S7((Adg), +

E - (AaO))’][(Aal)y+|

- (Aal)y}a

effectively contains three derivatives in y.

To conclude, the regrouping of the chiral constituents
at the wire level indeed allows us to connect the Chern-
Simons fermion theory with the CS term to the fermionized
vortex theory with no CS term. The key point is that
this regrouping mixes densities p = 0,0/x and currents
J = v0,¢p/x when going between the fCS and fv- fermions:
At long wavelengths,

1

P =p'S + 75 S, (D23)
e v

]f = ]fCS + 5 8yprS (D24)

which corresponds to the long-wavelength version ay, =
ag+i(v/2)0ya,, ay=a, —i/(2v)0,a, of the above
transformation between the gauge fields. Such a possibility
is lost when one is working with continuum complex
fermion fields for the Chern-Simons fermions and the
fermionized vortices, and this resolves the above-mentioned
puzzle that microscopically they are essentially the same
objects.

041016-30



SYMMETRY AND DUALITY IN BOSONIZATION OF ...

PHYS. REV. X 7, 041016 (2017)

APPENDIX E: ALTERNATE MODEL FOR
BOSONS WITH CHERN-SIMONS COUPLING

In this section, we demonstrate that the same nonlocal
boson action, £, + Ly + L, 9 in Eqs. (44a) and (44b), can
be obtained when starting with a gauge field whose
temporal component lives on the wires. Specifically, we
consider the following model:

L=Lo+ Les + Larw (E1)
with
Lo=- (O =a ) +5-(0.0) 0,000+ - (80,0)"
Los = (Sar)(Ady).
ww =g [+ (8ag)* +po(Aa )?

Here, ag, and a, , reside on the same wires as the boson
fields; (Aay), = agy41 — ao,, and similarly for (Aa,),; and
(Sal)y =a;y +ap,. We also used schematic vector
notation with implicit indices running over the wire labels
y. Matrix representation of operators A and S and some
useful identities are reviewed in Appendix G. We note that
the above model can be turned into a gauge-invariant
Lagrangian in terms of (ag,a;,a,) written in the gauge
a, = 0; we maintain this gauge throughout.
Integrating out a, yields

L=~ @w—al)z

A

87
+ (a A1) —%(Sal)(axy”e)

+'g—”(Aal)2+

+ (0,07

8ran? (Sar)*”

Using Eq. (G6), the quadratic terms in a; combine as
follows:

1 L
2 a1+ L 42222 a7a () =

v
— — M .
27 an? 4 27 (a))M(ay)

We need the inverse of the matrix M, and for reasons that
will become clear momentarily, we write it as

2

= ATWA,
1 +an
1= 2 2 2_1 -1
W:( pan )zagz pan L aral ™
4(1 4 an?) 4(1 4 an*)

which can be checked by simple algebra, also remembering
that A and AT commute. It is easy to see that for sufficiently

small |fan® — 1|, matrix elements W, decay exponen-
tially with |y — y'|. Now integrating out a;, we find

F (80,0 4 o (0,470

u
2n
Lo arpoir
277.'1+6¥I’l ( x¢+EaxS A 6)

__(axw__axsa)W<axA¢_iaxse),
2w an an

L= (3)

o 5-(0:0)* +

where we used AS” = —SAT to explicitly show that the
combinations of fields multiplying W are local.
Defining vz = [v/(1 + an?)], we finally get

u—+uvg/a

v

A
(0,00 + 5~ (A0,0)?

7)an

+ 2 (20,7170 — 222 (0,9) (0,57 A7)

2
1

v (a Ap— —axw) W(@xAcp . —axsev),

2 an an

where we again used Eq. (G6) for terms quadratic in 0. The
last term describes exponentially decaying interwire inter-
actions, which are expected to be present in generic models
but do not affect any universal properties. In the special
case # = 1/(an?), we have W = 0, and such interactions
are absent.

Focusing on the second and third lines in the above
equation, it is straightforward to check that 2(A~'76), =
Pyi12 and 2(STATVO) = pyiypp + Pyo1jp. We can
then see that for W = 0, the above Lagrangian coincides
with the model described by Egs. (42a)—(42c) for n =1
and an appropriate choice of the parameters u, v, 4, a:
Namely, vy here corresponds to v in Egs. (42a)-(42c),
u+ vg/a corresponds to u— v, and A1 corresponds to
u — v. All discussions at the end of Sec. III D now apply.

Since Ag =20, the Lagrangian is clearly self-dual
when u + vg/a = A

We conclude by reiterating that the above special choice
of the coupling 3 in the Maxwell terms leads to a model that
is identical to the one in Egs. (42a)—(42c). The latter was
obtained in Sec. III D from the theory that had a residing
between wires and had only the Chern-Simons term. Thus,
a special finite Maxwell term for a, on the wires corre-
sponds to zero Maxwell term for a, between wires.

As remarked earlier, generic Maxwell terms will not
change the universal properties of the critical point, while
our choices allow us to find exact parameters for the self-
duality on the microscopic wire scale and hence criticality.
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APPENDIX F: INTEGRATING OUT THE CHERN-
SIMONS FIELD IN A FERMION WIRE MODEL

Here, we provide details of the treatment of the model in
Sec. IV D. We adopt the matrix notation of Appendix G to
write the action £®™CS concisely as

LIS = L4 + Laggered.cs T Law + Lcs.

iPO.¢a u

£y = -L0P% L 15 p— a2

2w dr
P
‘Cstaggered—CS = _lg(Aaﬂ)(Sal)’
L Pl A Aa,)?
MW—F —(Aag)? + v(Aay)?|,
Les = 3 f < (Aag)(Sa). (F1)

Here, the matrix indices refer to the fermionic wire labels j
rather than the bosonic labels y, but all matrix identities in
Appendix G hold (and we only use fermionic wires in this
section). In the above model, we also allowed for a more
general coefficient of the CS term and a more general
Maxwell term parametrized by parameters  and v.

The coupling between 0,¢ and a, can be written as

iaOP0x¢ I(AaO)(D + P)ax¢
- = , (F2)
2n 4z
where we used matrix identity Eq. (G13). Integrating out a,,
then yields

LiemCS ( p—ai)? +%(Aal)

4 1 2
+@Cl1 |:4+f_%— < fF> ATA+fFATPA:| a
4rfp

In the intermediate steps, we used the matrix identities
Egs. (G6), (G10), (G14), and (G15). We can now integrate
out a;, which requires inverting a matrix of the form
A+ BATA + CATPA. This inversion can, in principle, be
carried out by using (ATA); =28, —8; 1 — 8 -1,
(ATPA); i = (=1)/(6; 41 — 5, ~1)s and using a Fourier
transform in the wire label. One finds two bands of
eigenvalues parametrized by the momentum Q in the y
direction. Assuming A > B > |C|, one finds that the
smallest eigenvalues are near zero momentum and are
given by

F

BZ_cZ

=0 (F3)

E(Q)=A+

It follows that under these conditions,

Y 9.$(D"D+1)d, b+s ﬂ (11)—1>ax¢.

1
[A+ BATA + CATPA]™! = il O(A?).  (F4)

Crucially, only the leading term ~A~! enters in the
universal properties, while the derivative terms correspond
to exponentially decaying interactions. Still, in the special
case C = =B, the inverse can be obtained analytically by
virtue of the identity Eq. (G16):

B B
A A(A+4B)
The above condition is satisfied for special # = 1+ 1/|fF|,
which gives C = sgn(fr)B. We will assume this / below.

Integrating out a; using the above formula, one finds,
after lengthy but straightforward algebra,

[A+ BAT(1 & P)A]! AT(1+ P)A.

LCS-ferm _, UB

(8x¢ + fFaxg;s)z

+F[ T sen(fp)PI(AO PR (FS)

with the dual (;5 = D¢ and

v — lfpl(u+v) +u
? (el + D7+ ) + |fplu+ 0]
Ug = 2fF(”+”)

Il o) + o]l e+ o) + [Felut o]

1. Generalization to two fermion species

We now sketch the treatment of multiple fermion
species, i.e., the model of Eq. (110). We can write a
coupled-wire model realization as

Eferm S = EO + [’slaggered cs + EMW + [’CS’
[o— iPO1(ao,c + ag,)  iPOpr(ag, — ag,)
0 27 27
[(ax¢] —dic— al.n)z

u
4
( x¢2 —dyc +a n)2]’
. P . P
-l (AaO,C)(Sal,c) -l (AaO,n)(Sal,n)v
vi¥yis vi¥is

1
Lyw = g_ﬂ |:'U_c (Aao.c)2 + Uc<Aa1~,C>2:|

Estaggered—CS =

T

+ g_ﬂ, |:U_n (Aao,n)z + Un(Aal,n)z] ’
i

Les = (Aag)(Say ) +

47Tf(, (AaOJl)(Sal,n)-

(F6)

i
4rf,

To model marginally long-range interactions, 4./, # 0, we
can simply include additional terms ~(0,¢. /n)z, similar to
the single-flavor case described in Sec. VI.
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We can integrate out the gauge fields and obtain the
model in terms of the ¢, /, and ¢, , fields as follows. We

rescale the gauge fields a./, — a.;,/ v/2 and define ¢, In=

(¢1 j:d)Z)/\/_ to get £ferm = Zz c,n [EO l+£§taggered CS, i+
Lty i+Les.i] with

iPO.p;ay; u
Ly; = —TO ( Wi — ay ;)
P
'Cstaggered-CSA,i - _lg (Aao,i>(Sal.i)’
Pi
Lyw,i = 167 (Aao:) + v;(Aay;)? |,

£CS,i = (Aao 1)(501,1‘)'

8fl

This coincides with two copies of the model described at the
start of this appendix; hence, integrating out the a; gauge
field for special f; = 1 + 1/|f;| yields Eq. (F5) separately
for ¢ and ¢,,. Note that the ¢, and ¢,, terms remain coupled
in the presence of interwire tunneling terms. The (nonlocal)
linear transformation between fermionic and bosonic phase
fields can be performed directly in the “spin” and “charge”
variables, leading to a coupled-wire model with two boson
species corresponding to the schematic model in Eq. (112).
One can then establish precise relations among various
self-dualities and symmetries similar to other coupled-wire
examples.

APPENDIX G: MATRIX NOTATION AND
IDENTITIES FOR COUPLED WIRES

The analysis of coupled-wire models, especially those
with nonlocal terms, is greatly facilitated by adopting the
matrix notation introduced in Ref. [18]. In the main text, we
already introduced the lattice derivative A and its inverse
A" as

Ayy = Oyp1y Oy, (G1)
AL = %sgn(y -y =0"), (G2)
ZA” Ty = By (G3)
We further define
Syy' = Oyr1y T Oy, (G4)

which commutes with the derivative, SA = AS, and further
satisfies

STA = —ATS, SAT
STS + ATA =4,

= —AST,

It is also easy to check that ATA = AAT and S7S = SS7.

We note that these relations hold both for bosonic wires
(labeled by integers y) and for fermionic wires (labeled by
integers j). In the present work, we use matrix notation
exclusively within either bosonic or fermionic formula-
tions, so there is no need to distinguish between sets of
matrices used in either case. For fermionic wire models, it is
further useful to define

P' 7= (_1)15J-J/’

if (G7)

/

Jsgn(j=j)(=1)7.

These matrices satisfy a number of useful relations, such as

D;y= (1= (G8)

D*=pP2 =1, (G9)
DPDT = —P, (G10)
AD = —PA, (G11)
PSP = —A, (G12)
AT(D + P) = —2P, (G13)
ST(D + P) = 2D, (G14)
ATPA = —STPS, (G15)
(1+P)ATA(1 +P) =4(1 £ P). (G16)
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