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Unconventional metallic states which do not support well-defined single-particle excitations can arise
near quantum phase transitions as strong quantum fluctuations of incipient order parameters prevent
electrons from forming coherent quasiparticles. Although antiferromagnetic phase transitions occur
commonly in correlated metals, understanding the nature of the strange metal realized at the critical
point in layered systems has been hampered by a lack of reliable theoretical methods that take into account
strong quantum fluctuations. We present a nonperturbative solution to the low-energy theory for the
antiferromagnetic quantum critical metal in two spatial dimensions. Being a strongly coupled theory, it can
still be solved reliably in the low-energy limit as quantum fluctuations are organized by a new control
parameter that emerges dynamically. We predict the exact critical exponents that govern the universal

scaling of physical observables at low temperatures.
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I. INTRODUCTION

One of the cornerstones of condensed matter physics is
Landau Fermi liquid theory, according to which quantum
many-body states of interacting electrons are described by
largely independent quasiparticles in metals [1]. In Fermi
liquids, the spectral weight of an electron is sharply peaked
at a well-defined energy due to the quasiparticles with long
lifetimes. On the other hand, exotic metallic states beyond
the quasiparticle paradigm can arise near quantum critical
points, where quantum fluctuations of collective modes
driven by the uncertainty principle preempt the existence
of well-defined single-particle excitations [2-5]. In the
absence of quasiparticles, many-body states become
qualitatively different from a direct product of single-
particle wave functions. Because of strong fluctuations
near the Fermi surface, the delta function peak of the
electron spectral function is smeared out, leaving a
weaker singularity behind. The resulting non-Fermi liquids
exhibit unconventional power-law dependences of physi-
cal observables on temperature and probe energy [6]. A
primary theoretical goal is to understand the universal
scaling behavior of the observables based on low-energy
effective theories that replace Fermi liquid theory for the
unconventional metals [7-21].
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Antiferromagnetic (AFM) quantum phase transitions
arise in a wide range of layered compounds [22-24].
Despite the recent progress made in field theoretic and
numerical approaches to the AFM quantum critical metal
[25-33], a full understanding of the non-Fermi liquid
realized at the critical point has been elusive so far. In
two dimensions, strong quantum fluctuations and abundant
low-energy particle-hole excitations render perturbative
theories inapplicable. What is needed is a nonperturbative
approach that takes into account strong quantum fluctua-
tions in a controlled way [20].

In this article, we present a nonperturbative field
theoretic study of the AFM quantum critical metal in
two dimensions. Although the theory becomes strongly
coupled at low energies, we demonstrate that a small
parameter that differs from the conventional coupling
emerges dynamically. This allows us to solve the strongly
interacting theory reliably. We predict the exact critical
exponents that govern the scaling of dynamical and
thermodynamic observables.

II. LOW-ENERGY THEORY AND
INTERACTION-DRIVEN SCALING

The relevant low-energy degrees of freedom at the
metallic AFM critical point are the AFM collective mode
and electrons near the hot spots, a set of points on the Fermi
surface connected by the AFM wave vector. In the presence
of fourfold rotational symmetry and reflection symmetry
in two spatial dimensions, there are generically eight hot
spots, as shown in Fig. 1. Following Ref. [30], we write the
action as

Published by the American Physical Society


https://doi.org/10.1103/PhysRevX.7.021010
https://doi.org/10.1103/PhysRevX.7.021010
https://doi.org/10.1103/PhysRevX.7.021010
https://doi.org/10.1103/PhysRevX.7.021010
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

SCHLIEF, LUNTS, and LEE

PHYS. REV. X 7, 021010 (2017)

FIG. 1. A Fermi surface with fourfold rotational symmetry. The
(red) dots represent the hot spots connected by the AFM wave

vector Q aApm-
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k= (ko,l;) denotes Matsubara frequency and
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Here,

, where y,, » ’s are electron fields
with spin 6 = 1, | near the hot spots labeled by n = 1, 2, 3,
4, m = +. ‘i‘m = ‘PZ,,;)/O, where yq =o0,, ¥y =0, are
2 x 2 gamma matrices for the spinors. The energy dis-
persions of the electrons near the hot spots are written as
el(z) = vk, + ky, 82(12) = —k, + vk, 83@) = vk, — ky,
and 84(12) = k, + vk,, where k represents the deviation
of momentum away from each hot spot. The commensurate
AFM wave vector é ArM 18 chosen to be parallel to the x and
y directions modulo reciprocal lattice vectors. The compo-
nent of the Fermi velocity parallel to QAFM at each hot
spot is set to have unit magnitude. » measures the
component of the Fermi velocity perpendicular to é AFM-
D(q) =>3_, ¢%(q)r* is a 2 x 2 matrix boson field that
represents the fluctuating AFM order parameter, where the

7%’s are the generators of the SU(2) spin. ¢ is the velocity
of the AFM collective mode. g is the coupling between the
collective mode and the electrons near the hot spots. 7

represents the hot spot connected to n via QAFM: 1=3,
2 =4,3=1,4 =2. uis the quartic coupling between the
collective modes.

In two dimensions, the conventional perturbative expan-
sion becomes unreliable as the couplings grow at low
energies. Since the interaction plays a dominant role, we
need to include the interaction up front rather than treating
it as a perturbation to the kinetic energy. Therefore, we start
with an interaction-driven scaling [20] in which the
fermion-boson coupling is deemed marginal. Under such
a scaling, one cannot keep all the kinetic terms as marginal
operators. Here, we choose a scaling that keeps the fermion
kinetic term marginal at the expense of making the boson
kinetic term irrelevant. This choice will be justified through
explicit calculations. It reflects the fact that the dynamics of
the boson is dominated by particle-hole excitations near the
Fermi surface in the low-energy limit, unless the number of
bosons per fermion is infinite [34]. The marginality of the
fermion kinetic term and the fermion-boson coupling
uniquely fixes the dimensions of momentum and the fields
under the interaction-driven tree-level scaling:

kol = [ky] = [ky] = 1,
lw (k)] = [p(k)] = -2. (2)

Under this scaling, the electron keeps the classical scaling
dimension, while the boson has an (O(1) anomalous
dimension compared to the Gaussian scaling. At this point,
Eq. (2) is merely an ansatz. The real test is to show that
these exponents are actually exact, which is the main goal
of this paper.

Under Eq. (2), the entire boson kinetic term and the
quartic coupling are irrelevant. The minimal action which
includes only marginal terms is written as

53 % [ o W) liroko+irien (0,6

n=lo=",|

\/ﬁ dkdqm6<k+q><1>g,,,f<q>yl%,Ak)].
n= 1(70" N
(3)

Here, the fermion-boson coupling is set to be proportional
to /v by rescaling the boson field. The Yukawa coupling
is replaced with /v because the interaction is screened
such that g> becomes O(v) in the low-energy limit [30].
Although ¢ and v can be independently tuned in the
microscopic theory, they rapidly flow to a universal line
defined by ¢* ~ v at low energies [35]. Equation (3) should
be understood as the minimal theory that captures the
universal physics at low energies, where the dynamics of
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the collective mode is dominated by particle-hole excita-
tions rather than the bare kinetic term, and v is the only
dimensionless parameter. In the small » limit, g also
vanishes because a nested Fermi surface provides a large
phase space for low-energy particle-hole excitations with

momentum Q spy that screen the interaction. Even when g,
v are small, this is a strongly interacting theory because
g*/v ~ 1 is the expansion parameter in the conventional
perturbative series. With ¢*>/v~ 1, the leading boson
kinetic term that is generated from particle-hole excitations
is O(1), as we show below.

III. SELF-CONSISTENT SOLUTION

Naively, the theory is singular due to the absence of a
boson kinetic term. However, particle-hole excitations
generate a self-energy that provides nontrivial dynamics
for the collective mode. The Schwinger-Dyson equation for
the boson propagator (shown in Fig. 2) reads

D(g)" = mer— MZ / dKTe(7, Gy (k+ )T (k. )G (K)].

4)

Here, D(k), G(k), and T'(k, g) represent the fully dressed
propagators of the boson and the fermion, and the vertex
function, respectively. mcr is a mass counterterm that is
added to tune the renormalized mass to zero. The trace in
Eq. (4) is over the spinor indices. It is difficult to solve the
full self-consistent equation because G(k) and T'(k,q)
depend on the unknown D(g). One may use v as a small
parameter to solve the equation. The one-loop analysis
shows that » flows to zero due to emergent nesting of the
Fermi surface near the hot spots [25,26,28,31]. This has
been also confirmed in the e¢ expansion based on the
dimensional regularization scheme [30,35]. Of course, the
perturbative result valid close to three dimensions does
not necessarily extend to two dimensions. Nonetheless, we
show that this is indeed the case. Here, we proceed with the
following steps: (1) we solve the Schwinger-Dyson equa-
tion for the boson propagator in the small » limit and (2) we
show that v flows to zero at low energies by using the boson
propagator obtained under the assumption of v <« 1.

FIG. 2. The exact boson self-energy. The double line is the fully
dressed fermion propagator. The triangle represents the fully
dressed vertex.

We emphasize that the expansion in » is different from
the conventional perturbative expansion in coupling.
Rather, it involves a nonperturbative summation over an
infinite series of diagrams, as we show in the following.

We discuss step (1) first. In the small » limit, the solution
to the Schwinger-Dyson equation is

D(g)™!

I (5)

where the “velocity” of the strongly damped collective
mode is given by

= |QO| + C(”)qu| + |qy

c(v) :% vlog(1/0). (6)

Solving the Schwinger-Dyson equation consists of two
parts. First, we assume Eq. (5) with a hierarchy of the
velocities v < ¢(v) < 1 as an ansatz to show that only the
one-loop vertex correction is important in Eq. (4). Then we
show that Eqgs. (5) and (6) actually satisfy Eq. (4) with the
one-loop dressed vertex.

We begin by estimating the magnitude of general
diagrams, assuming that the fully dressed boson propagator
is given by Eq. (5) with Eq. (6) in the small v limit. In
general, the integrations over loop momenta diverge in the
small » limit as fermions and bosons lose their dispersion in
some directions. In each fermion loop, the component of
the internal momentum tangential to the Fermi surface is
unbounded in the small » limit due to nesting. For a small
but nonzero v, the divergence is cut off at a scale propor-
tional to 1/v, and each fermion loop contributes a factor
of 1/wv. Each of the remaining loops necessarily has at least
one boson propagator. For those loops, the momentum
along the Fermi surface is cut off by the energy of the boson
which provides a lower cutoff momentum proportional
to 1/c¢ for ¢ > v. Therefore, the magnitude of a general
L-loop diagram with V' vertices, L fermion loops, and E
external legs is at most

(L-Ly)
I ~ pV/2Lyo=(L-Ly) o ,(E=2)/2 (g) ' , (7)

where V =2L + E—2 is used. Higher-loop diagrams
are systematically suppressed with increasing (L — Lj)
provided v < c¢. This is analogous to the situation where a
ratio between velocities is used as a control parameter in
a Dirac semimetal [36,37]. If Eq. (6) holds, the upper
bound becomes I ~ p(E=2)/2+(L=L1)/2 yp to a logarithmic
correction. It is noted that Eq. (7) is only an upper bound
because some loop integrals that involve unnested fermions
remain finite even in the small » limit. Some diagrams can
also be smaller than the upper bound because their depend-
ences on external momentum are suppressed in the small
v and ¢ limit. A systematic proof of Eq. (7) is available in
Appendix A.
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For v < ¢, the leading order contribution for the boson
self-energy (E = 2) is generated from Fig. 3(a), which is
the only diagram that satisfies L = L. All other diagrams
are subleading in ». However, this is not enough because

|

224

the one-loop diagram gives D(q)~! = |qo|, which is
independent of spatial momentum. One has to include
the next order diagram [Fig. 3(b)], which generates a
dispersion. Therefore, Eq. (4) is reduced to

D(q)™! —mCT+|qo|——Z / dpdkTr[y,GY) (k + p)nGY (p + g + Gy (g + k)G (KID(p).  (8)

Here, m is a two-loop mass counterterm. We can use the
free fermion propagator G,SO) because the fermion self-
energy correction is subleading in v. An explicit calculation
of Eq. (8) confirms that the self-consistent boson propa-
gator takes the form of Eq. (5). The boson velocity satisfies
the self-consistent equation ¢ = (v/8¢) log(c/v), which is
solved by Eq. (6) in the small » limit. ¢ is much larger than
v in the small v limit because of the enhancement factor
1/c¢ in the two-loop diagram: the collective mode speeds up
itself through enhanced quantum fluctuations if it gets too
slow. We note that the antiscreening nature of the vertex
correction associated with the non-Abelian SU(2) vertex,
>3, 797P79 = —7b | is crucial to generate the right sign for
the boson kinetic term [38]. This does not hold for Ising-
like or XY-like spin fluctuations [39]. The details of the
computation of Eq. (8) are available in Appendix B. It is
noted that Eq. (8) constitutes a nonperturbative sum over
an infinite series of diagrams beyond the random phase
approximation. The dynamics of the boson generated from
the fermionic sector dominates at low energies. This
justifies the choice to drop the bare kinetic term in Eq. (3).

Thus far, we assume that » is small to obtain the self-
consistent dynamics of the AFM collective mode. Now we
turn to step (2) and show that » indeed flows to zero in the
low-energy limit. According to Eq. (7), the leading quan-
tum corrections to the local action in Eq. (3) are the one-
loop diagrams for the fermion self-energy and the vertex
function. However, the momentum-dependent one-loop
fermion self-energy happens to be smaller than what is

(@ (b)

FIG. 3. The leading order diagrams for the boson self-energy in
the small v limit. Solid lines are the bare fermion propagators.
The wiggly double line represents the boson propagator con-
sistently dressed with the self-energy in (a) and (b). The dressed
boson propagator includes an infinite series of nested self-
energies with a fractal structure.

expected from Eq. (7) by an additional power of ¢ ~ \/v.
This is because the dependence on the external momentum
is suppressed in the small ¢ limit for the one-loop self-
energy. As a result, we include the fermion self-energy up
to two loops in order to capture all quantum corrections to
the leading order in ». All other higher-loop diagrams are
negligible in the small » limit. The self-energy and vertex
correction are logarithmically divergent in a UV cutoff.
Counterterms are added such that the renormalized quan-
tum effective action becomes independent of the UV cutoff.
The full details of the computation of the counterterms and
the beta function are found in Appendix C. The bare action
that includes the counterterms is obtained to be

Sp = Z Z /d k\Pna [121}’0ko+1715n(k>]an (k)

n=1 o=1.}
+iZ6y /’”’ /d*kcp ¥, ,(k+q)
n= 10‘5 =1
X q)ﬂ,a’(Q)yl‘Pn.oJ( )]’ (9)
where £8(k) = Zvk, + Zsk,, B (k) = —Zsk, + Zyvk,,
e8(k) = Zyvk, — Zsky, and B (k) = Z3k, + Zyvk,, with

Z, =1—(3/4rn)(v/c(v))log(A/u), Z, =1+ (15/4n?)
vlog(1/c(v))log(A/p), Z3 =1~ (9/4n*)vlog(1/c(v))
log(A/p), and  Zg = 1—(1/4x)(v/c(v))log(c(v)/v)
log(A/u). Here, A is a UV cutoff above which nonlinear
terms in the fermionic dispersion become important. u is the
scale at which the physical propagators and vertex function are
expressed in terms of v through the renormalization con-
ditions, (=i/2)(9/0ko)Tr[roG1 (k)| li(uo0y=1+F1(v),
(_i/2)(8/8kX)Tr[7/1G1(k>_1]|k:(0,ﬂ,0) = o[l + Fy(v)],
(_i/z)(a/aky)Tr[VlGl(k>_1]|k:(0,0./4) =1+ Fs(v), 5Tr
Tk @)l g0 k=(u00) = 1 + Fa(v), where the F;(v)’s are
UV-finite functions of v, which vanish in the small » limit.
The specific form of F;(v) is unimportant, and they can
be changed by adding finite counterterms in Z;. G, (k)
with n =2, 3, 4 are fixed from G,(k) by the fourfold
rotational symmetry. The bare and renormalized variables
are related to each other through kp =k, kg, =k, kg =

(Z1/Z3)ko,  vp = (Z2/Z3)v, LPB(kB):(ZE»/Z}ﬂ)lP(k)’
®y(kp) = (2Y2Z4/2,Z3*)®(k). By requiring that the
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bare quantities are independent of y, we obtain the beta
function 8, = (dv/dlog u), which dictates the dependence
of the renormalized velocity on the scale:

B :”621;210g<c(10)). (10)

As a function of the energy scale u, v is renormalized
according to

v 6, 1
=—v-l — . 11
dlogn 2" Og(c<v)> an

If » is initially small, Eq. (11) is reliable. It predicts that v
becomes even smaller and flows to zero as

7z2< 1 1!
v=— log—loglog—) 12
3 \logy . (12)

in the small u limit. The way » flows to zero in the low-
energy limit does not depend on the initial value of v.
This completes the cycle of self-consistency. Equation (5)
obtained in the small v limit becomes asymptotically
exact in the low-energy limit within a nonzero basin of
attraction in the space of v whose fixed pointis v = 0. The
dynamical critical exponent and the anomalous dimensions
are given by

B 3 v 1w c(v)
Z_1+ETU)’ n‘ﬁ_ETmlOg(T)’
W:-%jﬁ (13)

to the leading order in v. Here, z sets the dimension of
frequency relative to momentum. 7, ,, are the corrections
to the interaction-driven tree-level scaling dimensions of
the boson and fermion, respectively. The critical exponents
are controlled by w = v/c(v), which flows to zero as
w = (4z//3)(log"*(1/u)loglog(1/u))~" in the low-
energy limit. This confirms that the scaling dimensions
in Eq. (2) become asymptotically exact in the low-energy
limit. This is compatible with the fact that an inclusion
of higher-loop corrections in the ¢ expansion reproduces
z = 1, irrespective of € [35].

IV. PHYSICAL OBSERVABLES

Although z -1, n,, and 7, vanish in the low-energy
limit, the sublogarithmic decay of w with energy introduces
corrections to the correlation functions at intermediate
energy scales, which are weaker than power law but
stronger than logarithmic corrections [40]. The retarded
Green’s function for the hot spot 14 takes the form

1

in the small @ limit with the ratio (%/ oF ,(w)) fixed. Here,
 is the real frequency. F\, (@) and F,(w) are functions that
capture the contributions from 7, and z at intermediate
energy scales. In the small @ limit, they are given by

1\3/8
Fyfa) = (log )"

F,(w) = ¢2V3{log(1/@)]'?/lloglog(1/w)]} (15)

F, and F, contribute only as subleading corrections
instead of modifying the exponents. However, they are
still parts of the universal data that characterizes the critical
point [28]. The additional logarithmic suppression in the
dependence of k, is due to v, which flows to zero in the
low-energy limit. The local shape of the Fermi surface is
deformed as k, ~ k,(log 1/k,loglog 1/k,)~". The scaling
form of the Green function at different hot spots can be
obtained by applying a sequence of 90° rotations and
a space inversion to Eq. (14). The spectral function at
the hot spots exhibits a power-law decay with the

F, (o) [a)FZ(a)) (1 4 V3r

_— (14)
\/logllog logﬁ) ( 3 log; loglog;, Y

superlogarithmic correction as a function of frequency,
A(w) ~ (oF (w)F, (w)(log 1/w)"*loglog 1 /w)~".
The retarded spin-spin correlation function is given by

1

. x 19xt1gy
Fy(o) [=ioF (@) + ]

D¥(w.q) = (16)

in the small o limit with fixed (§/wF (®)). Fy(w) is
another universal function that describes the superlogar-
ithmic correction of 7,

Fy(w) = e2/V3)log(1/w)]'/? (17

in the small @ limit. The factor of (log(1/@))~"/? in the
momentum-dependent term is due to the boson velocity,
which flows to zero in the low-energy limit. Because of
the strong Landau damping, the spin fluctuation is highly
incoherent. It will be of great interest to test the scaling
forms in Egs. (14) and (16) from angle-resolved photo-
emission spectroscopy and neutron scattering, respectively.
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Now we turn to thermodynamic properties. The total free-
energy density can be written as f = Trflog D~ — TID]—
Tr[log G™' — £G] + ®,, where I1, £ are the self-energies of
the boson and fermion, respectively, and @, includes the
two-particle irreducible diagrams [41]. Here, the traces sum
over three momenta and flavors. To the leading order in v,
f5=1TrllogD™!] and fr = TrllogG”)] dominate. The
dominant fermionic contribution comes from electrons away
from the hot spots, f ~ kpT?, where k. is the size of the
Fermi surface. Naively, the bosonic contribution is expected
to obey hyperscaling, because low-energy excitations are
confined near the ordering vector. However, the free energy
of the mode with momentum p is suppressed only alge-
braically as 7%/c(|p,| + |p,|) at large momenta, in contrast
to the exponential suppression for the free boson. The slow
decay is due to the incoherent nature of the damped AFM
spin fluctuations, which have a significant spectral weight
at low energies even at large momenta. As a result, fp ~
Jdp(T?/c(p,| + |p,])) is UV divergent. In the presence of
the irrelevant local kinetic term, (c2/A)|p|? with ¢y ~ 1, the
momentum integration is cut off at p. ~ cA, and fB1s
proportional to A. From the scaling equation for fp,
[2T(0/0T)+A(8/0N)=p.(0/dc) = (2+2)]f5(T.c.A) =0,
we obtain fz ~ AT2F,(T) in the low-temperature limit.
Remarkably, the bosonic contribution violates the hyper-
scaling, and it is larger than the fermionic contribution at low
temperatures. In this case, the power-law violation of the
hyperscaling is a consequence of the z = 1 scaling rather
than the fact that v, ¢ flow to zero [42]. The free energy gives
rise to the specific heat, which exhibits 7-linear behavior
with the superlogarithmic correction:

cy ~ ATF,(T). (18)

We note that the deviation from the T-linear behavior is
stronger than a simple logarithmic correction because F(T')
includes all powers of /log(1/T).

If the system is tuned away from the critical point,
the boson acquires a mass term, (4 —4.) [ dgTr[®,®_,],
where A is a tuning parameter. Because of the suppression
of higher-loop diagrams, the scaling dimension of ®? is —4
in momentum space. This implies that v = 1 in the low-
energy limit, which is different from the mean-field
exponent. The power-law scaling of the correlation length
& with 4 is modified by a superlogarithmic correction,

é:N(/I_ﬂL)_IFf(/{_’IL‘)’ (19)

where F(54) is a universal function that embodies both the
anomalous dimension of the boson and the vertex correc-
tion for the mass insertion. The former dominates close to
the critical point, and F;(54) is the same as F(61) to the
leading order in small 64. The derivation of the scaling

forms of the physical observables is available in
Appendix D.

The scaling forms of the physical observables discussed
above are valid in the low-energy limit. At high energies,
there will be crossovers to different behaviors. The first
crossover is set by the scale below which the dynamics of
the collective mode is dominated by particle-hole excita-
tions, and therefore Egs. (16) and (18) hold. It is determined
by the competition between Eq. (5) and the irrelevant local
kinetic term for the collective mode in Eq. (1). For
o < (c(v)?/c3)A, the terms linear in frequency and
momentum dominate, where A is an energy scale asso-
ciated with the irrelevant kinetic term. The details of the
crossover are described in Appendix B. In the small » limit
with ¢y ~ 1, this crossover scale for the boson goes as

E, ~ ¢2A. The second crossover scale, denoted as E}, is the

one below which the behavior of the fermions at the hot
spots deviates from the Fermi liquid one. For a small but
nonzero v, the leading order self-energy correction to the
fermion propagator is (3/4x)(v/c(v))wlog(A/w), which
becomes larger than the bare term for w < E%, with

E} ~ Ae~R)Vlegl/v)/v “gince v flows to zero only log-
arithmically, the flow of v can be ignored for the estimation
of E}. The value of v changes appreciably below

Ae~1/(vlog1/v) “aq is shown in Appendix C.

At sufficiently low temperatures, the system eventually
becomes unstable against pairing. An important question is
how the crossover scales compare with the superconducting
transition temperature 7,.. The spin fluctuations renorm-
alize pairing interactions between electrons near the hot
spots, and enhance d-wave superconductivity [32,43—46].
In the small » limit, however, the renormalization of the
pairing interaction by the AFM spin fluctuations is sup-
pressed by v/c(v) for the same reason that the vertex
correction is suppressed. Because the Yukawa coupling is
marginal at the fixed point, it adds an additional logarithmic
divergence to the usual logarithmic divergence caused by
the BCS instability [47-49]. The pairing vertex is enhanced
by a(v/c)log(A/w)log(E;/w) with a ~ 1 at frequency .
The first logarithm is from the usual BCS mechanism. The
second logarithm is from the gapless spin fluctuations,

where E} ~ c2A is the energy cutoff for the spin fluctua-
tions in the small ¢ limit, as is shown in Appendix B. This

gives T, ~ ¢ AAeVe/lav), Although T, is enhanced by
the critical spin fluctuations, it remains exponentially small
in \/c(v)/v~v~"* in the small v limit. There is a
hierarchy among the energy scales, E; < T, < E}, in
the small » limit. This suggests that the system undergoes a
superconducting transition before the fermions at the hot
spots lose coherence. On the one hand, this is similar to the
nematic quantum critical point in two dimensions, where
the system is prone to develop a superconducting instability
before the coherence of quasiparticles breaks down [50,51].
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On the other hand, even without superconductivity, the
fermions are only weakly perturbed by the spin fluctuations
in the present case. It is the collective mode that is heavily
dressed by quantum effects. For the collective mode, there
is a large window between T, and Ej; within which the
universal scaling given by Eq. (5) is obeyed. The size of the
energy window for the critical scaling is nonuniversal due
to the slow flow of v, and it depends on the bare value of .
Our prediction is that there is a better chance to observe the
z =1 critical scaling above T, and the enhancement of
T. by AFM spin fluctuations is rather minimal [52] in
materials whose bare Fermi surfaces are closer to perfect
nesting near the hot spots.

V. SUMMARY AND DISCUSSION

In summary, we solve the low-energy field theory that
describes the antiferromagnetic quantum critical metal in two
spatial dimensions. We predict the exact critical exponents
that govern the universal scaling of physical observables at
low temperatures. Finally, we comment on earlier theoretical
approaches and provide a comparison with experiments.

Our results are qualitatively different from earlier theo-
retical works [25-29,31], which have invariably predicted
the dynamical critical exponent z to be larger than one. In
particular, if one uses the one-loop dressed propagators
with z = 2, individual higher-loop corrections are loga-
rithmically divergent at most. However, this does not imply
that the higher-loop corrections are small. The logarithmic
corrections remain important in two dimensions due to the
strong coupling nature of the theory, and they can introduce
O(1) anomalous dimensions. The one-loop analysis based
on the dimensional regularization scheme also predicts that
the dynamical critical exponent is z =1+ O(e) in 3 —¢
space dimensions [30]. It turns out that it is not enough to
include only the one-loop corrections even to the leading
order in € due to an infrared singularity associated with the
emergent quasilocality [38]. Once all quantum corrections
are taken into account to the leading order in € consistently,
the dynamical critical exponent becomes z = 1 again [35],
in agreement with the current result. The key that makes the
present theory solvable is the emergent hierarchy of the
velocities v < ¢(v), which becomes manifest only after
quantum fluctuations are included consistently [35].

Now we make an attempt to compare our predictions
with experiments. Electron-doped cuprates are probably
the simplest examples of quasi-two-dimensional com-
pounds that exhibit antiferromagnetic phase transitions
in the presence of itinerant electrons, without having
extra degrees of freedom, such as local moments or extra
bands. In the normal state of the optimally doped
PrygsLaCe; 1,Cu0,_s, inelastic neutron scattering shows
an overdamped AFM spin fluctuation peaked at (rz,7)
whose width in momentum space exhibits a weak growth
with increasing energy [53]. The theoretical prediction
from Eq. (16) is that the width of the incoherent peak scales

linearly with energy up to a superlogarithmic correction in the
low-energy limit. However, it is hard to make a quantitative
comparison due to the limited momentum resolution in the
experiment. In Nd,_,Ce ,CuQ,, s (NCCO), inelastic neutron
scattering suggests that the magnetic correlation length &
scales inversely with temperature near the critical doping [54].
Furthermore, £ measured at the pseudogap temperature
diverges as (x —x.)~!. If interpreted in terms of the clean
AFM quantum critical scenario, which may be questionable
due to disorder, this is consistent with z =1 and v = 1.
Angle-resolved photoemission spectroscopy for NCCO
shows a reduced quasiparticle weight at the hot spots
[55,56]. This is in qualitative agreement with the prediction
of Eq. (14), which implies that the quasiparticle weight
vanishes at the hot spots, as compared to the region away
from the hot spots where quasiparticles are well defined.
Although the spectroscopic measurements are in qualitative
agreement with the theoretical predictions, we believe that
more experiments are needed to make quantitative compar-
isons. On the theoretical side, transport properties need to be
better understood, for which electrons away from hot spots
are expected to play an important role.
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APPENDIX A: PROOF OF THE UPPER
BOUND FOR GENERAL DIAGRAMS

Here, we prove the upper bound in Eq. (7), assuming that
the fully dressed boson propagator is given by Egs. (5)
and (6) in the small » limit. Since the boson propagator is
already fully dressed, we do not need to consider boson
self-energy corrections within diagrams. The magnitude of
a diagram is not simply determined by the number of
vertices, because in the small v limit patches of the Fermi
surface become locally nested, and the collective mode
loses its dispersion. When a loop is formed out of
dispersionless bosons and nested fermions, the loop
momentum along the Fermi surface becomes unbounded.
For small but nonzero v and c, the divergent integral is cut
off by a scale that is proportional to 1/v or 1/c. This gives
rise to enhancement factors of 1/v or 1/c. Our goal is to
compute the upper bound of the enhancement factors for
general diagrams. A diagram is maximally enhanced when
all the patches of the Fermi surface involved in the diagram
are nested. Since the patches are nested pairwise (1,3 and
2,4) in the small v limit, it is enough to consider diagrams
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(a)

E, Eg
(©

FIG. 4.

Ey

(a) A four-loop diagram with one fermion loop. The numbers next to the fermion lines represent the patch indices. (b) The four

exclusive propagators are denoted as dashed lines. The remaining propagators represent the connected tree diagram. Loops (closed solid
colored lines) are chosen such that each loop momentum goes through only one of the exclusive propagators. (c) The seven internal

fermion propagators whose energies are denoted as E; with 1 </ <7. E|, E,, ..

pi=cp;y, with i =1, 2, 3, as discussed in the text.

that are made of patches 1,3 to compute the upper bound
without loss of generality. Diagrams that involve all four
patches are generally smaller in magnitude than those that
involve only 1,3 or 2,4 for fixed L, Ly, E, where L is the
total number of loops, L is the number of fermion loops,
and E is the number of external legs. We first show that
Eq. (7) holds for an example. Then we provide a general
proof in the following subsection.

1. Example

The diagram in Fig. 4(a) is a fermion self-energy with
one fermion loop and three other loops, which we call
|

., E5 are used as new integration variables along with

“mixed loops.” For simplicity, we set the external momen-
tum to zero. This does not affect the enhancement factors of
1/c and 1/v, which originate from large internal momenta.
We label the loop momenta as shown in Fig. 4(b). With this
choice, each mixed loop momentum p; with i = 1, 2, 3 has
a boson line that carries only p;, and the fermion loop
momentum p, has a fermion line that carries only p,. These
four propagators, denoted in Fig. 4(b) by dashed lines, are
called “exclusive propagators.” In the next section, we
show that it is always possible to find such exclusive
propagators for every loop momentum in a general dia-
gram. The diagram in Fig. 4(a) is written as

4 3
1
. >
r[[l 1-1:[1|Pj,0|+c(|l’j.x|+|l7j.y|)
1

X
|P1.0 + P20+ Paol + c([Pix + Pox + P3| +P1y + Pay + P3yl)
o 1 1 1 1
ipso+Eipio+ Eyi(pio+ pao) + E3i(pro+ Pao + P3o) + Es
1 1 1

X

i(pag— P10) + Esi(pao — P1o— P2o) + Esi(pag — Pro — P20 — P3o) + E7’

where p, is the set of internal three-momenta, and E; represents the energy of the fermion in the ith fermion propagator as

denoted in Fig. 4(c):
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Ey = vp4sy + Pays

E,=vpi,— Py,

E3; = v(pix + Pax) + (P1y + Pay)s

E4 = 0(P1x+ Pox + P3x) = (Pry + P2y + P3y)

(
= 0(=pix + Pax) = (=P1y + Pay)s
(-
(-

= 0(=p1x = Pox + Pax) + (=P1y — P2y + Pay),
Pix—DP2x— P3x+ Dax)

— (=P1y = P2y — P3y + Pay)-

=70

Since frequency integrations are not affected by v and c,
we focus on the spatial components of momenta from now
on. Our aim is to change the variables for the internal
momenta so that the enhancement factors of 1/v and 1/c¢
become manifest. As our first three new variables we
choose p} = cpj,, with 1 < j < 3. The last five variables
are chosen to be p), ;=E;, with 1 </<5. The trans-
formation between the old variables, written as {vp; .. p; , },
and the new variables is given by

UP1x
VP2 x
Pi UP3x
P B <%|]3 0) VP4x (A2)
AV Py
Pé P2y
P3y
P4y
where A and V are written as
0 00 10 0 0 1
1 00 0-1 0 0 O
A= 1 10|, V=l0o 1 1 0 0|, (A3)
1 11 0-1-1-120
-100 1 1 0 0 -1

and [ is the 3 x 3 identity matrix. For nonzero v, c, the
change of variables is nondegenerate, and the Jacobian of
the transformation is (2¢*v)~!. We show in the following
section that such a nondegenerate choice is always possible
for general diagrams. An easy mnemonic is that each
fermion loop contributes a factor of 1/v because of nesting
in the small » limit, while each mixed loop contributes a
factor of 1/c¢ because of the vanishing boson velocity.

In the new coordinates, the momentum integration in
Eq. (A1) becomes

-t de; (HM) (ﬁp%)ie[pm (A4)

where I~i’[ p'] includes the propagators that are not explicitly
shown. Now, we can safely take the small ¢ limit inside the
integrand, because every momentum component has at
least one propagator which guarantees that the integrand
decays at least as 1/p’; in the large momentum limit.
Therefore, the integrations are UV convergent up to
potential logarithmic divergences. To leading order in
small v, the diagram scales as

3
O B . Y
¢
up to potential logarithmic corrections.

2. General upper bound

Here, we provide a general proof for the upper bound,
by generalizing the example discussed in the previous
section. We consider a general L-loop diagram that
includes fermions from patches 1,3:

1>/2k1_y>

Vﬂ/Hdpr(Hlkm‘kalx 1( 1)m=
(A5)

I, 1
X .
(,H |Qm,0| =+ C(|qm.x| + |Qm,y|)>

Here, V is the number of vertices. I, I;, are the numbers of
internal fermion and boson propagators, respectively. p, is
the set of internal three-momenta. k; (g,,) represents the
momentum that flows through the /th fermion (mth boson)
propagator. These are linear combinations of the internal
momenta and external momenta. The way k;, ¢,, depend
on p, is determined by how we choose internal loops
within a diagram. n; = 1, 3 is the patch index for the /th
fermion propagator. Since the frequency integrations are
not affected by » and ¢, we focus on the spatial components
of momenta from now on.

It is convenient to choose loops in such a way that there
exists a propagator exclusively assigned to each internal
momentum. For this, we follow the procedure given in
Sec. VI of Ref. [20]. For a given diagram, we cut internal
propagators one by one. We continue cutting until all
loops disappear while the diagram remains connected.
First, we cut one fermion propagator in every fermion loop,
which requires cutting L, fermion lines. The remaining
L, =L — Ly loops, which we call mixed loops, can be
removed by cutting boson propagators. After cutting L lines
in total, we are left with a connected tree diagram. Now we
glue the propagators back one by one to restore the original
L-loop diagram. Every time we glue one propagator, we
assign one internal momentum such that it goes through the
propagator that is just glued back and the connected tree
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diagram only. This guarantees that the propagator depends
only on the internal momentum which is associated with the
loop that is just formed by gluing. In gluing L, fermion
propagators, the associated internal momenta go through the
fermion loops. The L,, mixed loops necessarily include both
fermion and boson propagators. After all propagators are
glued back, L internal momenta are assigned in such a way
that for every loop momentum there is one exclusive
propagator.
With this choice of loops, Eq. (A5) is written as

L L, 1
e [Tl ()
r=1

=1 c|pj,x| + C|pj.y|
I
1
X R(p|.
(HE(P)) 2

Here, frequency is suppressed, and IR divergences in the
integrations over spatial momenta are understood to be cut
off by frequencies. Our focus is on the UV divergence that
arises in the spatial momentum integrations in the limit of
small v and c. The first group in the integrand represents the
exclusive boson propagators assigned to the L,, mixed
loops. Each of the L,, boson propagators depends on only
one internal momentum due to the exclusive nature of our
choice of loops. The second group represents all fermion
propagators. E;(p) is the energy of the fermion in the /th
fermion propagator, which is given by a linear super-
position of p, ., p, . R[p] represents the rest of the boson
propagators that are not assigned as exclusive propagators.

Our strategy is to find a new basis for the loop momenta
such that the divergences in the small » and ¢ limit become
manifest. The first L,, variables are chosen to be c¢pj,,
with j=1,2,...,L,,, while the remaining 2L — L,, vari-
ables are chosen among {E;(p)}. This is possible because
I;>(2L—-L,,) for diagrams with E > 0. We express
pi=cp;, and E/(p) in terms of vp,,, p,,:

(A6)

UP1x
VP2 x
P
P
UPL,, x
) . UPL,,+1.x
) @
E, UPLx
Py
Pay
E; .
PLy

Here, [, is the axa identity matrix. A;; = (1/v)
(OE;/Opj), with 1 <1<I; 1<j<L,. Visan I x
(2L — L,,) matrix whose first L — L,, columns are given
by Vi, = (1/v)(0E,;/Op; ), with L,, + 1 <i < L, and
the remaining L columns are given by Vi _1 )=
(OE;/Op;y), with 1 < i < L. Now, we focus on the lower
right-hand corner of the transformation matrix, which

governs the relation between E'= (Ei, E,, ...,EI/_) and

PT=(0p1, 410 VPLw Py PLy) When pj. =0
for 1 <j<L,:
E = VP. (A8)
P represents the x, y components of momenta in the
fermion loops and the y components of momenta in the
mixed loops. The matrix V can be viewed as a collection of
2L — L, column vectors, each of which have I, compo-
nents. We first show that the 2L — L,, column vectors are
linearly independent.
If the column vectors were not linearly independent, there

would exist a nonzero P such that VP = 0. This implies that
there exists at least a one-parameter family of x, y momenta in
the L ; fermion loops and y momenta in the L,, mixed loops,
such that all internal fermions lie on the Fermi surface.
However, this is impossible for the following reason. For
v # 0, a momentum on an external boson leg uniquely fixes
the internal momenta on the two fermion lines attached to the
boson line if both fermions are required to have zero energy.
This is illustrated in Fig. 5. Similarly, a momentum on an
external fermion leg fixes the momenta on the adjacent
internal fermion and boson lines if the internal fermion is
required to have zero energy and only the y component of
momentum is allowed to vary in the mixed loops. Once the
momenta on the internal lines attached to the external lines
are fixed, those internal lines in turn fix the momenta of other
adjoining internal lines. As a result, all internal momenta
are successively fixed by external momenta if we require

that £, = 0 for all [. Therefore, there cannot be a nontrivial P

that satisfies VP = 0. This implies that the column vectors
in V must be linearly independent.

(@ (b)

FIG. 5. (a) The vertex that describes the process where a boson
is absorbed by a fermion. (b) For a boson momentum ¢, there

exists a unique k such that 81(;) = 83(% +¢q) =0 for v #0.
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Since V is made of (2L —L,,) independent column
vectors, it necessarily includes (2L — L,,) independent row
vectors. Let the [, th rows with k =1,2,...,(2L - L,,) be
the set of rows that are linearly independent, and V be a
(2L -L,,) x (2L — L,,) invertible matrix made of these
rows. We choose p’Lm+k =E, withk=1,2,...,(2L-L,,)
as the remaining (2L —L,,) integration variables. The
transformation between the original 2. momentum varia-
bles and the new variables is given by

Upl,x
VP2«
P :
p5 €, 0 vp
_ <b ~m i} > L.x , (A9)
: A V)| piy
P P2y
pL,y

where Aisa (2L — L,,) x L,, matrix made of the collection
of the [;th rows of A with k=1,2,...,(2L—-L,,). The
Jacobian of the transformation is given by Y~!c=tmy~Lrs,
Here, ¥ = |detV| is a constant independent of » and c,
which is nonzero because V is invertible.

In the new variables, Eq. (A6) becomes

2L L
m 1
[~V LieLn / dP;-( 7)
,-11 ,1:[1 P}l + O(c)

2L 1 B
< (11 )&
I=L,,+1 Pi

Every component of the loop momenta has at least one
propagator which guarantees that the integrand decays
at least as 1/pj in the large momentum limit. R[p] is
the product of all remaining propagators. Therefore,
the integrations over the new variables are convergent
up to potentially logarithmic divergences. Using L =
1(V+2—-E), one can see that a general diagram is
bounded by

(A10)

up to logarithmic corrections. Diagrams with large (L — L)
are systematically suppressed for v < ¢. This bound can be
checked explicitly for individual diagrams.

APPENDIX B: DERIVATION OF THE
SELF-CONSISTENT BOSON
SELF-ENERGY

Here, we derive Egs. (5) and (6) from Eq. (8).
The one-loop quantum effective action of the boson
generated from Fig. 3(a) is written as

My = [ it @miv-ge@). @)
where
' (q) = —”UZ / dkTr[y G (k)7 G (k + q)).
(82

and the bare fermion propagator is G;O)(k) = —ilkoyo +
e, (K)y1]/ k3 + €2(k)] and dk = (d*k/(2x)?). The integra-
tion of the spatial momentum gives I1'“(q) = —3 [ dk
((ko + qo)ko/|ko + qollko|). The kg integration generates a
linearly divergent mass renormalization, which is removed
by a counterterm, and a finite self-energy:
= |qol- (B3)

Since the one-loop self-energy depends only on fre-
quency, we have to include higher-loop diagrams to
generate a momentum-dependent quantum effective action,
even though they are suppressed by powers of v compared
to the one-loop self-energy. According to Eq. (7), the next
leading diagrams are the ones with L — L, = 1. Among the
diagrams with L — L;= 1, the only one that contributes to
the momentum-dependent boson self-energy is shown in
Fig. 3(b). In particular, other two-loop diagrams that
include fermion self-energy insertions do not contribute.
Since the two-loop diagram itself depends on the unknown
dressed boson propagator, we need to solve the self-
consistent equation for D(q) in Eq. (8). Here, we first
assume that the solution takes the form of Eq. (5) with
v <K c <1 to compute the two-loop contribution, and

L-L
I ~ p(E-2)/2 (U) ! (A11) show that the resulting boson propagator agrees with the
¢ assumed one. The two-loop self-energy reads
|
2,2 4
HZL ﬂ- v Z / dkdp . _
ko + po = iz, (k + P)]lko — ieq (k)]
1

X —— ——=—————|D(p) +c.c. (B4)

ko + g0 — iga(k+ q)][ko + Po + qo — iea(k + P + q)]
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Here, c.c. denotes the complex conjugate. Straightforward integrations over k and k&, give

|90| = |Pol

I (90. 9) —__Z/ [ (Po + q0) = iex (P + @))[(q0 = Po) =

Since the frequency-dependent self-energy is already generated from the lower order one-loop graph in Fig. 3(a), we focus
on the momentum-dependent part. This allows us to set the external frequency to zero to rewrite Eq. (BS) as

]D(p) +c.c. (B5)

i,(q = p)]

I 2

0.0 =73 [ o i T (50

After subtracting the linearly divergent mass renormalization, ATT?2(0, g) = I12£(0, ¢) — T1?£(0,0) is UV finite,

FILO) (po. 5.7
AIH0.4) = / P e et e LA S
where
FE0 o, .5:1) = [+ P03 + (P lipo = ea(p + )lipo — e0(5 = )

—[p§ + (P + @)ps + ex(p = @)lipo — ea(P)lipo — €.(P)]. (B8)

Now we consider the contribution of each hot spot separately. For n = 1, the dependence on g, is suppressed by v compared
to the g,-dependent self-energy. Therefore, we set g, = 0 for small ». Furthermore, the p, dependence in D(p) can be

safely dropped in the small ¢ limit because &,(p) and &;(p) suppress the contributions from large py- Rescaling the

momentum as (pg, py. py) =
hot spot n = 1,

lgy|(po. Px/c. py) followed by the integration over p,, we obtain the contribution from the

(1+ p§—3pw?)p§ 1

AL (0,7) = —— ,/d d
0.9) = 35 1al [ dpo P W) + (wpe — VAIP3

(B9)

+ (wpy + 1) ol + [pxl

where w = v/c. In the integrand, we cannot set w = (, because the integration over p, is logarithmically divergent in the

small w limit:

AITPE((0, ¢

|q)/ Po—

Finally, the integration over p, gives

o laylv 1
ATTE (0, _alvhoe (L) 2y O(w)|. (Bll
0.9) =22 log(-) =1+ 00w)|. (B11)
In the small w limit, the first term dominates. Hot spot 3
generates the same term, and the contribution from hot
spots 2,4 is obtained by replacing g, with g,. Summing
over contributions from all the hot spots, we obtain

a1 (0.9) = tog(€) o + 1oy + (). (812

The two-loop diagram indeed reproduces the assumed
form of the self-energy, which is proportional to |g,| + [g,|
to the leading order in ». The full Schwinger-Dyson

2
[ 2log(w) — 2pocot™ (po) +p%10g< % 2> +0(W)]-
1+ pg

(B10)

equation now boils down to a self-consistent equation
for the boson velocity:

c
8Clog( ) (B13)
c is solved in terms of v as
1 1 loglog(1/v)

This is consistent with the assumption that » < ¢ < 1 in
the small v limit.

The full propagator of the boson, which includes the bare
kinetic term in Eq. (1), is given by

D(q)™!

|QO|+C(|C]X|+|q)|)+A+ 0| *. (B1S)
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TABLE 1. The energy-dependent dynamical critical exponent
for ¢q > c.

Energy Scaling Dynamical critical exponent
q > A 0~ €oq z=1

2 % Y i —

Sh<qg <A q~cde?/A <=2

qo < g-%[\ qo~cq z=1

TABLE II. The energy-dependent dynamical critical exponent
for ¢y < c.

Energy Scaling Dynamical critical exponent
q0>;—(’]/~\ 9o ~ Coq z=1

A A [~ —1
A<q0<éA qu CAq Z72

go < A g0~ cq z=1

where A is a UV scale associated with the coupling.
Depending on the ratio between ¢ and c¢q, which is
determined by microscopic details, one can have different
sets of crossovers.

For ¢y > ¢, one has a series of crossovers from the
Gaussian scaling with z = 1 at high energies, to the scaling
with z = 2 at intermediate energies, and to the non-Fermi
liquid scaling with z = 1 at low energies. In the low-energy
limit, the system eventually becomes superconducting. For
co < ¢, on the other hand, the z = 2 scaling is replaced
with a scaling with z = ] at intermediate energies. This is
summarized in Tables I and II.

APPENDIX C: DERIVATION OF THE BETA
FUNCTION FOR v

Here, we derive the beta function for » in Eq. (11). We
first compute the counterterms that need to be added to
the local action such that the quantum effective action is
independent of the UV cutoff scale to the lowest order in v.
J

3mv Ao
T (ky,0) =i ki/ d /d
( 0 ) 70 02(271')36‘ A Py Px

1

£

FIG. 6. The one-loop diagram for the fermion self-energy.

Then, we derive the beta function for » and its solution,
which confirms that v flows to zero in the low-energy limit.

1. Frequency-dependent fermion self-energy

According to Eq. (7), the leading order fermion self-
energy is generated from Fig. 6 in the small » limit. The
one-loop fermion self-energy for patch n is given by

- 3rv
BIL0) (kg k) = 20 / dpn Gy (p+k)niD(p). (C1)

2

where the dressed boson propagator is D(p) = [|po|+
c(v)(Ip«| + |py))]7". We first compute E'£ (k) for
n = 1. The quantum correction is logarithmically diver-
gent, and a UV cutoff A is imposed on p,,
which is the momentum perpendicular to the Fermi
surface for » =1 in the small » limit. However, the
logarithmically divergent term is independent of how
UV cutoff is implemented. To extract the frequency-

dependent self-energy, we set k=0 and rescale
(P07 Px> py) - |k0|(p0’ px/c’ pv) to rewrite
Z1L(1)(kO? O)
. 3rv
= Wokog
po+1
X [dp ’
/ [(po + 1)* + (wpo = py)?llPol + |pol + c[py ]
(€2)

where w = (v/c). Under this rescaling, the UV cutoff
for p, is also rescaled to Ay = A/|ko|. The p integration
gives

Vs 1
x Ipv—wpx|< - )
|:2 ’ (py_wpx)2+(_1+|px|+c|py|)2 (p)’_wpx)2+(1+|px|+c|py|)2

- (py - pr)arCCOt(py - wpx) <(

1 1 )
+
py _pr)z + (_1 + |px| + C‘py|)2 (py _pr)2 + (1 + |px| + c|py|)2
L+ [p.] +clp)|

—1+|ps| +clpy| )}

1 1+ (p,—wp,)?
+§log 2 — 71 (1 27 (] 2
(|px] + clpyl) (py=wpy)* + (L+|psl +clpy)” (py—wpe)® + (=1 +[p.| +clpy|)

(C3)
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The logarithmically divergent contribution is obtained to be

3 v A
=——1 1vok
4x °g<|ko|)”°°

in the small » limit. The self-energy for other patches is
obtained from a series of 90° rotations, and the frequency-
dependent part is identical for all patches. In order to
remove the cutoff dependence in the quantum effective
action, we add the counterterm,

Z > /a’k‘PM (Z11ivoko) ¥, s(k).  (CS5)

n=1o=1.|

30 A
211:—4——1 g< )
7 c U

where p is the scale at which the quantum effective
action is defined in terms of the renormalized velocity v.
|

M) (Ko, 0) (C4)

with

(Co)

The counterterm guarantees that the renormalized propa-
gator at the scale p is expressed solely in terms of v in the
A/p = oo limit.

2. Momentum-dependent fermion self-energy

To compute the momentum-dependent fermion self-
energy, we start with Eq. (C1) for n = 1 and set k; = 0.
Rescaling p, — (p./c) gives

ZIL(I)(O,ié)
3rv
=——]
¢ 71
/dp - p}+£3(k) )
{po+wp.— py+83( K2 HIpol + |p.l +clp, ]

(C7)

The integration over p, results in XL(1(0,k) =
ZlL(l)(k)|terml + 21L(l)(k)ltermZ’ where

SO | = 37w / », /dpx sgnfwp, = py + es(k)](|p| + C|py‘)ﬂz" (C8)

py_83 ) pr) (|px|+c|py|)

] — e3() = wp ) log(- )
B @) = =ir1 55355 [ o [ px kS ()

px - 83 ) wpx) (|px| + C|py|)

We first compute the first term. After performing the p, integration, we rescale p, — |£3(%)| Py to obtain
> 37y - As w
W () e = _mli’l@(k) /_A3 dpy{m [sgn(py — 1+ cwlp,|) + sgn(py, — 1 — cwlp, )]
Sgn(py_l) W(_py+1)+c|py| W(py_l)+c|py|
————5— |warctan + warctan
L+w —1+CW|py| —Py+1+CW|Py|
2,22 2
+(p,—1)"+2 =1
— 2warctan(w™") —log(c Y Py 2(p}2 5 ) cw];;) pr'ﬂ } (C10)
(C py + (py - 1) )
|
where A3 = (A/|e3(k)|). The remaining p, integration gives ~ up to UV-finite terms. It is noted that the second term is
dominant for small v.

Zlm)(;{) e = 3v(w—¢) log< Aﬁ ) iy183(7<) (C11) According to Eq. (7), the upper bound for the one-loop
4n les (k)| fermion self-energy is v/c. However, Eq. (C12) is strictly

to the leading order in v up to terms that are finite in the large
A limit.
The second term can be computed similarly in the small

v limit,
3 1 A -
—vlog (> log ( ) iy &3(k)
™ ¢ e (k)|

(C12)

O ) |z = —

smaller than the upper bound. The extra suppression by ¢
arises due to the fact that the external momentum in Fig. 6
can be directed to flow only through the boson propagator,
and the diagram becomes independent of the external
momentum in the small ¢ limit. Since this suppression
does not happen for higher-loop diagrams in general,
the one-loop diagram becomes comparable to some two-
loop diagrams with L — L, = 2. Therefore, we have to
include the two-loop diagrams for the self-energy in order
to capture all leading order corrections. The rainbow
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)
SN

(a) (b)

FIG. 7. Two-loop diagrams for the fermion self-energy. While
(a) is subleading in the small » limit, (b) is of the same order as
Fig. 6.

diagram in Fig. 7(a) is smaller for the same reason as the
one-loop diagram. Three- and higher-loop diagrams
remain negligible, and only Fig. 7(b) contributes to the
|

S2L0(0, k) =

leading order. The two-loop self-energy for patch n is
given by

. 2,2
20 (ko k) =

/dde[ylGﬁ(k +a)n

Gq(k+ p)ri|D(q)D(p).
(C13)

xG,(k+q+p)ri

It is noted that X2L( (kO,O) is strictly smaller than
IO (K, ) and only X2:((0, k) is of the same order

as X1L(0(0, k). Therefore, we compute only ¥2£("(0, k).
After performing the integrations over p,, g, the self-
energy for patch 1 becomes

302
_W”’l /dpo / dqo[sgn(po) + sgn(po + qo)l[sgn(qo) + sgn(2po + qo)]

2w(py +q,) +

(3vk, — k) 1 1

X/dpx/dqx4(

We single out the factor of (3vk,

po+ q0)* +

a — (a/w) to obtain

2
$2L0)(0,%) = -

2w(py + q.) + (Bvk, — ky)1? [pol + [Pl g0l + gl

— ky) by rescaling (po, p.» qos ) = [3vk,
integrals, we introduce variables a =1 (p, + ¢,), b =3 (p, —

(C14)

= ky|(Po. Px+ 9o q»)- To perform the p, and g,

q.). After the straightforward integration over b, we rescale

~ 5722 N Bvk — k) / dpo / dqo[sgn(po) + sgn(po + 4o)]

4a+1
 senan) + sen(2po + o)) [ dag T
(lal+vlpoD) 2lal+ i) o
log( B D) loglrityy)  loe(y) €15)
2|al +w(|pol +lq0l)  2lal +w(Ipol = lgol)  2lal = w(|po| - I4ol)

where the frequency integrations are understood to have
a UV cutoff, A5 = (A/|3vk, — k,|), in the rescaled var-
iable. In the small w limit, the a integration diverges as
[log(w)]?. The subleading terms are suppressed compared
to the one-loop diagram, and we drop them in the small w
limit. The remaining frequency integrations are logarith-
mically divergent in the UV cutoff:

c

S2LI(0,7) = iy~ (Vlog < ’
’ 3222 \¢c v

A
1 _ ke —k,). 1
X Og<|3vkx—ky|)(3v «—ky). (Cl6)

This is of the same order as Eq. (C12) because of
((v/c)log(c/v))* = 8vlog(1/c) to the leading order in v.

The vertex correction in Fig. 7(b) strengthens the bare
vertex, and the two-loop self-energy has the same sign as
the one-loop self-energy. In particular, both the one-loop
and two-loop quantum corrections enhance nesting and

drive v to a smaller value at low energies. To remove the
cutoff dependences of Egs. (C12) and (C16) in the quantum
effective action, we add the counterterm

/dklplo- (k)[iy1(Zy vky + Z3,1ky) ¥y 5(k),  (C17)
=1,

with

15 1 A
22,1:4—ﬂzvlog - log ; ,
9 1 A
—vlog (—) log (—)
o8 c u

Counterterms for n =2, 3, 4 are fixed by the fourfold
rotational symmetry.

Zy) =— (C18)

3. Vertex correction

The one-loop vertex correction in Fig. 8 is given by
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I (k, q) 5

v 0 0
= —/ dpy G (p + k+ )G (p + K)rD(p).

(C19)

We set all external momenta to zero except for k,, which plays the role of an IR regulator. For n = 1, it is convenient to

rescale (pg, p., Py) -

v 1 Ao
— Yl d d

({(py

1) (k) =

- pr)(py + pr)3 +

(=1 + (Ip<| + clpyD?PH1 + (py = wp,)?
(py —wp)(py +wp ) {1+ 6(|p.| + ¢|py)?
+(py +wp ) {1+ (Ips| + clpy )1 + (py —wp,)?[1

|ko|(Po. px/c. py). The p integration gives

+ (|pel + clpyl)?]+
+ (Ipsl + clpy)* + (py = wp)*[1 + (Ipi] + clpy )]}
+ (Ip+l + clpyD?1}) log(|ps| + ¢lpyl)

N|—

{ [(py = wpy)?
x[(py —wpy)?
2arccot(p, +wp,)[1 + (py +wp,)? —
+(py +wpy) log[1 +

+ (=14 [pal +clpy I[Py +wpi)® + (=1 + |pi| + clpy])?]
+ (L+pol + clp, )?I(py +wpy)?
(Ipil + clpy])?]
(py +wp)?I[1+ (py +wp,)* +
+asgn(p, +wp,)(|p.| + clpy[)[=1 + (py + wp,)?

+ (1+ [ps] + ¢|py))?] }

(Ip«] + clpyl)?]
+ (Ipxl + clpy])?]

[\

2arCCOt(py - pxw){l + (py - pr)z -
+(pv - pr) IOg[l
+rsgn(p

pyl(py +wp )2+ (=1 + |pil + clp, )Py + wpy)?
(Ipxl + ¢lpyl)?]
+ (py —wp )21 + (py —wpy)?
y = wp) ([Pl + clpy[)[=1 4 (py = wp,)?

+ (14 |px| + ¢lpy))?]

+ (|pal + ¢lpy])?]
+ (Ipsl + clpy])?]

2py{(py - pr)

where the rescaled cutoff for p is Ay = (A/|kg|). After the
p integration, the logarithmically divergent contribution is

obtained to be
L 10 lo
1 g g |(0| 71

in the small » limit. The vertex corrections for different n
are the same. The counterterm for the vertex becomes

/71'1}
Z6ll
n= laa—¢¢

x / dk / dq, (k + q)®, (@)1 P (K).

MW (k) = (C20)

(C21)

FIG. 8. The one-loop diagram for the vertex correction.

(=14 |pal + clp, )Py — wps)?

+ (1 + |pu| +¢lp, )3

|
with

(C22)

A
Ze¢ = ———10g< >log< )
4 H

We explicitly check that two-loop vertex corrections are
subleading in v, in agreement with Eq. (7).

4. Beta function for v

The counterterms in Egs. (C5), (C17), and (C21) are
added to the action in Eq. (3) to obtain the bare action:

5= % / 4R, (O1iZ 1ok + i ()%, ()

n=1o=1,]

+lZm/ /dkdq W;.(k+q)
n= lrnr =1

X q)(r,o"(Q)yl‘Pn,oJ (k)]’ (CZS)

where  &f B(k) = Zyvk, + Z3k ef(z) = —Zsk, + Z,vk,,
& (k) Zyvk, — Z3k,, € (k) = Zsk, + Z,vk,.Here, Z, =
1+ Z,, is given in Egs. (C6), (C18), and (C22). The bare

action generates the physical quantum effective action,
which is expressed solely in terms of the renormalized

021010-16



EXACT CRITICAL EXPONENTS FOR THE ...

PHYS. REV. X 7, 021010 (2017)

coupling v measured at an energy scale . The relationship
between the renormalized and bare quantities is given by

Z
kep =k kog=kys kop= iko,
Z Z
Up = Z_iv’ lPB(kB) = ZI—Z‘P(k),
- 1
ZI/ZZ6
@y (k) = Z3ZI 75 @(k). (C24)
142

The beta function for v is obtained by requiring that the
bare coupling vy does not depend on u:

oz oz
[Zzzptv(avzz - % 3)]&,
0z, 0Z,
’ <5 logu™> g

This gives the beta function, which describes the flow of v
under the change of the scale p,

dv 6 , 1 1/2
=—vlog |4 ——— , C26
dlogy 2 og[ (vlogl/v> } (C26)

to the leading order in v». Introducing a logarithmic scale
¢ = —logu, the beta function can be rewritten as
(dv/dft) = (3/z*)v*logv up to loglogv. The solution
is given by

3
Eiflog1/v(¢)] = Eillog1/v(0)] + = ¢, (C27)
T
where Ei(x) is the exponential integral function, which
goes as Ei(x) = e*[(1/x) + O(1/x?)] in the large x limit.
Therefore, v flows to zero as

1

() =——"—, C28
v(®) 3 Clog? (C28)
for £ > (1/v(0)log 1/v(0)). For sufficiently large ¢, v(¢)
decays to zero in a manner that is independent of its initial
value. The velocity of the collective mode flows to zero at a
slower rate,

Tz 1
c(l) =——=—, C29
=170 (€29)
and the ratio w = v/c¢ flows to zero as
4z 1
wll)=—=———. C30
) ﬁ\/flogf ( )

Similarly, the multiplicative renormalization for the
frequency and fields in Eq. (C24) generates the deviation

of the dynamical critical exponent from one and the
anomalous dimensions for the fields

d z§/226>
Ny = log< , C31
' dlogp \z,2) (1)

d Z
=% qog( 22, C32
T dlogy °g<z{/2> 2
Z

—1 log(ZL), C33
¢~ Tdlogu °g<23> (c33)

which reduce to the expressions in Eq. (13) to the leading
order in v.

APPENDIX D: DERIVATION OF THE SCALING
FORMS FOR PHYSICAL OBSERVABLES

Here, we derive the expressions for Green’s functions
and the specific heat in Egs. (14), (16), and (18).

1. Green’s function

We derive the form of the electron Green’s function
near hot spot 14. Green’s functions for all other hot spots
are determined from that of 1+ by symmetry. The Green
function satisfies the renormalization group equation:

{1—2}71,,—(2—1) o 1- 9 p,0

+ky—+-k-——"F—
Z 08k0 ok

G1+(ko,7<; v) = 0. o1)
The solution becomes
Gy (o, T ) = o 1=2 =L =1/ 0(1)ar
x Gy [e'ko, oo 1O ] (D2)

where v(l) satisfies (dv(l)/dl) = —(p,/z(v)), with the
initial condition »(0) = v, and z(v) and #,,(v) depend on
[ through v(I). We write [1-2n,—(z—1)]/z=(1/z)-2#,,
where 7, = 3 (0log Z3/9log u) to the leading order in v.
Although 7,, is subleading compared to 1/z, we keep it
because only 7,, contributes to the net anomalous dimension
of the propagator. From Eqgs. (C28)—(C30), one obtains the
solution to the scaling equation,

Gy (ko.k;v)
:exp<z—2\/ \[(1) %0gl>
XGH[e’ko,exp( 2fi())2”;“0;(l)}, (D3)
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in the large / limit. We choose [ = log(1/k,) and take
the small ko > 0 limit with exp( — 2v/3(V/1/ log(1)))k ~ 1.
By using the fact that Green’s function is given by
Gy (ko ks v) = (iko + vk, + k))~!
we readily obtain

in the small » limit,

- 1
Gy (o, ks v) = .
F (ko) likoF (ko) + (%5 erk)]
(D4)
in the low-energy limit with fixed (l;/kOFz(ko),
where  F, (ko) = (log(1/ko))¥® and  F (ko) =

2V3{llog(1/k)]'/?/loglog(1/ko)} | The analytic continuation to
the real frequency gives Eq. (14).
Similarly, the Green’s function of the boson satisfies

o B0
T 9% T 2 oc

1—27’]45—(2—1) 8 1_.
+ go—
z Qano

x D(qo,q:c) =0,

(Ds)

where 8. = (dc/dlogu). Here, we view the boson propa-
gator as a function of ¢ instead of v because it depends on v
only through c to the leading order. However, this does not
affect any physical observable since in the end there is only
one independent parameter. The solution to the scaling
equation takes the form

D(qy.q.c )—exp(l—\[—Z\/_ \/—>

V3 log!
ofewnli-2et)
(D6)

By choosing [ =log(1/g,) and using the fact that the
boson propagator is given by Eq. (5) in the limit of small »
and ¢, we obtain

1
gy
Fy(a0) 1901 F<(q0) + 525 i)

D(qo.q) = (D7)

in the low-energy limit with fixed (g/qoF.(qo)). Here,
F ¢(%)Eez/ﬁ[l°g<1/%)]1/2 is a universal function that
describes the contribution from the boson anomalous
dimension. The analytic continuation gives the retarded

correlation function in Eq. (16).

2. Free energy

Here, we compute the leading contribution to the free
energy which is generated from the quadratic action of the
dressed boson,

fa(T) = / %fs(%, 7). (D8)

where fg(k,T) is the contribution from the mode with
momentum k,

olle) =3 (152~ [ G sl + @, (09)

with e(k) = c(|k| + |k,|) and @,, = 27Tm, where m runs
over the integers in the sum. The thermal mass is ignored
because it is higher order in v, and the temperature-
independent ground state energy is subtracted.

Using the identity loga = — [°(dx/x)(e™ —e™),
we write the free energy per mode as

=3 (- [50)

X / @ (e_Xme‘Jrg(z)] - e—X).
0

- (D10)

The summation over the Matsubara frequency results in

> o dx 1 =
ALl th(2Tx) — —— | e=ve(®).
o) = =3 [ (comiara) - )

(D11)

For 8(7{) > T,
algebraically:

the free energy is suppressed only

+ O[T /e(k)]}.

(D12)

This is in contrast to the noninteracting boson, whose
contribution is exponentially suppressed at large momenta.
Because of the relatively large contribution from high
momentum modes, the bosonic free energy becomes
unbounded without a UV cutoff. This leads to a violation
of hyperscaling.

[5(T) ~=T2A, (D13)

where A is a UV cutoff associated with irrelevant terms, as
is discussed in Appendix B.

Equation (D13) is obtained without including the
renormalization of the velocity and anomalous dimensions
in Eq. (13), which alter the scaling at intermediate energy
scales. In order to take those into account, we consider the
scaling equation for fp:
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(D14)

The solution takes the form

f3(T.c.A) = e_f"ldlr[HQ/Z(l/)]fB [e'T. c(1), efol‘”'/Z(l’)A],
(D15)

where c([) satisfies (dc(l)/dl) = —(f./z(c)), with the
initial condition ¢(0) = ¢. In the large / limit, z ~ 1 and
¢(1) is given by Eq. (C29). By choosing [ = log 1/T and
using the fact that fp is linearly proportional to A, we
obtain

f5~AT2F(T). (D16)
This is the dominant term at low temperatures because the
contribution of free electrons away from the hot spots only
goes as T2. The contributions from vertex corrections are
subleading in v. Therefore, the specific heat in the low-
temperature limit is given by Eq. (18).
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