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Magnetism and nematic order are the two nonsuperconducting orders observed in iron-based super-
conductors. To elucidate the interplay between them and ultimately unveil the pairing mechanism, several
models have been investigated. In models with quenched orbital degrees of freedom, magnetic fluctuations
promote stripe magnetism, which induces orbital order. In models with quenched spin degrees of freedom,
charge fluctuations promote spontaneous orbital order, which induces stripe magnetism. Here, we develop an
unbiased approach, in which we treat magnetic and orbital fluctuations on equal footing. Key to our approach is
the inclusion of the orbital character of the low-energy electronic states into renormalization group (RG)
analysis. We analyze the RG flow of the couplings and argue that the same magnetic fluctuations, which are
known to promote s*~ superconductivity, also promote an attraction in the orbital channel, even if the bare
orbital interaction is repulsive. We next analyze the RG flow of the susceptibilities and show that, if all Fermi
pockets are small, the system first develops a spontaneous orbital order, then s*~ superconductivity, and
magnetic order does not develop down to 7 = 0. We argue that this scenario applies to FeSe. In systems with
larger pockets, such as BaFe,As, and LaFeAsO, we find that the leading instability is either towards a spin-
density wave or superconductivity. We argue that in this situation nematic order is caused by composite spin
fluctuations and is vestigial to stripe magnetism. Our results provide a unifying description of different iron-

based materials.
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I. INTRODUCTION

The interplay between magnetism and orbital order and
how the two affect superconductivity are the most interest-
ing, yet most controversial, aspects of the physics of iron-
based superconducting materials (FeSCs). Both orbital and
magnetic fluctuations have been proposed as the glue that
binds electrons together for superconductivity, yielding
different pairing states [1-9]. However, which of the two
degrees of freedom, orbital or spin, is the driving force, is a
hotly debated topic [10-23].

The proponents of either orbital or magnetic fluctuations
put forward models in which the unwanted degree of
freedom is quenched. In a class of models where spin
degrees of freedom are quenched [6,8,24], density fluctua-
tions with opposite signs on the Fe d,, and d,, orbitals are
enhanced as the temperature is lowered. Consequently,
below a temperature T, the occupations of the d,, and d,,
orbitals become unequal, breaking the tetragonal symmetry
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of the system and triggering a structural transition. This Cy-
breaking orbital order can either have zero wave vector, in
which case it does not break translational symmetry, or
have a finite modulation. In the band basis, orbital order
with zero momentum is a Pomeranchuk-type order in the
d-wave charge channel (d-POM) [25,26]. Such an order
has been extensively studied in recent years in the context
of quantum criticality [8,27]. Orbital order with a finite
momentum connecting hole and electron pockets also
attracted interest [1,6,8,9] as fluctuations of such order
parameter mediate superconductivity (SC) and favor a sign-
preserving s™* SC order.

In models where orbital degrees of freedom are
quenched, orbital order is a spin-off of stripe spin-
density-wave (SDW) magnetism. Stripe SDW order breaks
the tetragonal symmetry between the x and y directions in
addition to breaking the spin-rotational symmetry [28]. It
has been shown [10,18] that the breaking of the discrete
tetragonal symmetry occurs prior to the breaking of the
continuous spin-rotational symmetry, via the development
of a composite Ising-nematic order. By symmetry argu-
ments, this order induces orbital order [29]. Magnetic
fluctuations that drive Ising-nematic order also favor a
sign-changing s~ SC [2,3,5,10,30].
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Each set of models uses approximations that have been
strongly questioned. Orbital models assume attractive local
(Hubbard) intraorbital interaction [6,8], in variance with
first-principles calculations [31], while magnetic models
assume a priori that magnetic fluctuations are the strongest
[4], and often neglect the orbital content of low-energy
excitations [32,33]. In reality, however, magnetic and orbital
degrees of freedom are coupled and affect each other [34,35].

In this work, we treat magnetism, superconductivity, and
orbital order on equal footing. We use the analytical renorm-
alization group (RG) technique, which is the most unbiased
way to analyze how different interaction channels affect each
other and what is the leading (and the subleading) instability
in the system [25,32,33,36-39]. We list potential instabilities
in Fig. 1 and show how each reconstructs the fermionic states.
We consider a model with repulsive intrapocket and inter-
pocket interactions, like in earlier studies of the interplay
between magnetism and superconductivity. However, in
distinction to earlier works [18,22,32,33], we explicitly
include into consideration the orbital composition of the
low-energy electronic states. This allows us to consider
fluctuations in the orbital channel on equal footing with
fluctuations in the magnetic and superconducting channels.

The RG analysis allows one to understand how interactions
in different channels evolve as fermions with higher energies
are gradually integrated out, and how the system behaves at
progressively lower energies, which for practical purposes
means lower temperatures. In RG language, this evolution is
described by the flow of the couplings in various channels.
All previous RG-related studies, either analytical (parquet
RG, denoted pRG) or numerical (functional RG, denoted
fRG), found that at the beginning of RG flow the interaction
in the SDW channel is the strongest, i.e., spin fluctuations
increase first. Increasing spin fluctuations affect the inter-
action in the s™= SC channel by providing an attractive
pairing component. As a result, at low energies the s~
channel is necessarily attractive, even if the bare interaction in
this channel was repulsive. To see this, one does not even need
to do full-scale RG analysis as attraction in the s™~ channel
due to spin fluctuations appears already in RPA-type
approaches, which use a subset of processes included in RG.

In this paper, we report new results that go beyond earlier
studies. First, we argue that the “push” from magnetic
fluctuations not only makes the SC interaction attractive,
but it also gives rise to attraction in the orbital (d-POM)
channel. The latter effect cannot be obtained within RPA
and requires the full RG analysis. Second, if we compare
running interactions in various channels, as was done in
earlier RG works on FeSCs, we find that at low energies the
largest attractive interactions are in the SDW and SC
channels, while the interaction in the d-POM channel is
a distant third [25]. We argue, however, that the result
changes in two aspects once we extend the RG analysis
and compute susceptibilities in SDW, SC, and d-POM
channels and compare the exponents. Then we find that
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FIG. 1. Low-energy states and potential instabilities. The
orbital content of the 2D Fermi surface of the Fe-based super-
conductors is plotted together with the changes in the fermionic
excitations promoted by one of three electronic instabilities—s™*~
superconductivity, stripe SDW magnetism, and nematicity
(breaking of C, lattice rotational symmetry), which necessarily
gives rise to orbital order. The low-energy excitations live near
hole pockets centered at the I point (k, = k, = 0), and near
electron pockets centered at (0,7) (x,0) in the 1-Fe Brillouin
zone. Excitations near the hole pockets are made out of d,, and
d,, orbitals, while the ones near the (0,7z) [(z,0)] electron
pockets are made out of d. and d,, (d,, and d,) orbitals [3,4]. In
some systems, there exists a third hole pocket (not shown)
centered at (z,7) and made out of the d,, orbital. s™~ super-
conductivity gaps out low-energy excitations, and the super-
conducting order parameter changes sign between hole and
electron pockets. Stripe SDW magnetism with momentum
(0, ) or (z,0) (shown) mixes hole and electron states by band
folding and splits hole and electron pockets into even smaller
subpockets. Orbital order elongates the two hole pockets in
opposite directions and makes one electron pocket larger and the
other one smaller.

(1) the SDW susceptibility does not actually diverge down
to the lowest energies as the growth of SDW fluctuations is
halted by feedback effects from SC and d-POM fluctua-
tions and (ii) the susceptibility in d-POM channel has a
larger exponent than the one in st~ SC channel. The
outcome of this analysis is that, upon lowering the
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temperature, the system first develops d-POM order (i.e.,
a spontaneous orbital order), then, at a lower T, it
develops s~ SC, while SDW order does not develop
down to T = 0.

This sequence of transitions is consistent with what is
observed in FeSe [24], and we argue that nematicity in FeSe is
the consequence of a spontaneous orbital order. We apply our
results to FeSe in Sec. V. We, however, do not argue that this
sequence of transitions should hold in all FeSCs because the
RG flow extends only down to energies comparable to the
(largest of) Fermi energies Er. If Er is small enough, as was
argued in Ref. [40] based on several measurements, the
leading instability (in our case, d-POM) occurs at T, ~ Er
and is captured within RG. If, however, Ef is larger, the RG
flow runs only down to O(E ), as at smaller energies different
channels no longer “talk” to each other. In this situation, the
d-POM channel remains weak, and the system develops
either SDW or st~ SC order. This is the case for most iron-
based systems (see, e.g., Ref. [41], which detected Ep ~
200 meV on electron pockets in weakly doped BaFe, As,). In
this situation, the nematic order is most likely promoted by
composite stripe SDW fluctuations, which force the C,
symmetry to break at a higher temperature than O(3) spin-
rotation symmetry (an Ising-nematic order).

The structure of the paper is the following. In Sec. II,
we introduce the model and discuss the approximations.
In Sec. I, we consider the RG flow for the couplings,
vertices, and susceptibilities for the model in which we
approximate the orbital content of the electron pockets as
either pure d,, or pure d,.. In Sec. IV, we do the same analysis
for the model in which we approximate the orbital compo-
sition of the two electron pockets as pure d,,,. We show that
the outcome of RG flow is the same in both cases. In Sec. V,
we compare our results with the experiments, and in Sec. VI,
we compare our approach with other theoretical scenarios for
FeSe. We present our conclusions in Sec. VII. To keep the
presentation focused, some aspects of our analysis are moved
into Appendixes. Some technical details of RG analysis are
presented in the Supplemental Material (SM) [42].

II. MODEL

A. Free-fermion Hamiltonian

We depart from the microscopic model containing
several neighbors hopping among all five 3d Fe orbitals
and convert it into the band basis in order to distinguish
high-energy and low-energy states. The orbital composition
of the excitations does not show up in the kinetic part of the
Hamiltonian in the band basis, but it imposes angular
dependencies on the four-fermion interaction terms. As we
show, the terms with different angular dependencies flow
differently under RG.

The fermionic structure in the band basis contains hole
and electron pockets. Two hole pockets are centered at the
I' point (k, = k, = 0) and are constructed out of d,, and

d,, orbitals [43] (Fig. 1). To construct the low-energy
Hamiltonian for states near hole pockets, we follow
Ref. [44] and introduce the low-energy spinor wave

function wi(q) = [f1,(@). /3,(@). d} ,(). 45 ,(q)], where
the subscripts 4, v =1, 2 refer to the xz and yz orbital
content, respectively. We use 1-Fe Brillouin zone notations
and neglect processes with momentum transfer (z,7),
which may be present due to the difference between the
hopping via pnictogen or chalcogen atoms above and
below the iron layer [45].

The quadratic part of the Hamiltonian is expressed in

terms of the components of the spinor 1//3; (q) as

Ho=> > diall)Hy, (K)d,o(k). (1)

ka pr=12

The effective Hamiltonian for hole pockets is specified by
er +55-+ak? cos 26, ck?sin26),
H (k)= 1

ck?sin26, €r +%— ak?cos20, |

(2)

where 6, = arctan(k,/k,), and er, 1/mr, a, and c are the
parameters of the model, which are determined by com-
parison with the angle-resolved photoemission (ARPES)
experiments. We emphasize that these parameters already
absorb regular renormalizations of the dispersions due to
interactions, including the renormalizations of the band-
widths [46] and terms that shift separately chemical
potentials of hole and electron bands [47]. Such terms
are not double counted in our approach because they
predominantly come from fermions with energies compa-
rable to the bandwidth. The RG analysis, on the other hand,
accounts for singular logarithmic renormalizations coming
from fermions with progressively smaller energies, but
neglects self-energy contributions from these fermions.
The transformation to the band basis is a rotation:

dlka = Cys COS (9,(0 + hka sin gkm

d2ko‘ = —Cis sin 9,“, + h’ka COS Hkg. (3)

For a = c, the rotation angle 6, is identical to the angle 6
formed by the vector k with a given axis, and the two hole
Fermi surfaces (FSs) are circular. For simplicity, below we
focus on this case. The extension to a # ¢ is straightfor-
ward and does not change the results and the conclusions.
The kinetic energy of excitations around hole pockets
in the band basis is H, ), = Zkecykclck + eh‘kh,thk, where
€cx = H—k*/(2m,) and €, = u — k*/(2my,), with k near
the I' point. The two dispersions are not identical when
m. # my,, but are degenerate by symmetry at k = 0 in the
absence of spin-orbit coupling [44]. The degeneracy
implies that both I'-centered hole pockets must be present
simultaneously already in the minimal model.
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The two electron pockets are centered at Q; = (0, )
and Q, = (7,0) in the 1-Fe Brillouin zone (Fig. 1).
The kinetic energy of the fermions near the electron
pockets is H,, = Zkefl.kf-[,kfl,k + €f2,kf;kf2,k’ where
€r k=€ +ki/(2m) +k3/2my)—p  and ey =
o+ k%/(2m,) + k3/(2m,) —p, with k measured with
respect to Q; for f;, = fir10.- The two electron pockets
are related by C, symmetry and transform into each other
under a z/2 rotation. The band fermions f) ., and
f2k+0, are linear combinations of d../d,, and d,./d,,
orbitals, respectively [3,4]. The relative amplitude of the
spectral weights depends on system parameters.

We assume that there is a substantial energy range of
metallic behavior and do not discuss orbitally selective
tendency towards electron localization [46].

B. Interacting Hamiltonian

We depart from the local Hubbard-Hund interaction, in
the notations of Ref. [4]:

Hi = UZ”’WT”UW + U/ Z ni#niﬂ/

iu i<y
o7
+J Z ZWW{;WW’(HWWG’V/W'J

ip'<p oo

.
FIY W W W Wi (4)
ip #p

where the index i enumerates the iron sites located at
R; and

Wu(R;) = \/LNZ[d/w(k) —|—fﬂ6(k)eiQ1(z)-Rj}eik'Rj (5)

is the annihilation operator of an electron at the iron
site located at R; with spin ¢ in the orbital state labeled
by u (u=1 and u =2 refer to xz and yz orbitals,
respectively). Further, n;,, = y/lTWy/W, is the density oper-
ator, n;, = ny,4 + n;,|, and N is the number of iron atoms.
Equation (4) can be rewritten in an SU(2) invariant form as

U U
H, = Ezni,ﬂni,ﬂ + 5 ‘Z/I’liﬂniw
ip i pFp

J .
i i
+ 5 Z Z Wiﬂal//i”’(;/l//i;tdwm’o
Lp'#n oo

J o
+ 3 DWW Vit Wit (6)
ip Ep

Substituting Eq. (5) into Eq. (6), we obtain

U i i 7
Hyy =D [(Fiofia+ digdio)’ + (Faofan + dogdae)’ + (Fodio + diof16)” + (Fogas + diyf2)’]
! i i
+ U (flof1o + dipdis) (foy for + dbyyday)
!
H DY (flofrotinfio + dlydoeds ydiy + fl,dody f1o + diyfrof bydin)

J'
+ 5D Flofaal lpfrr + digtaady ydog + Flotoof | ydog + digfrod) pf o + Hec.). (7)

Here, the momenta of the fermion operators in each term,
ki, k,, k3, ky, are omitted for clarity. > stands for the
summation over the spin indices (o, ¢’) and over
fermion momenta subject to momentum conservation
ki —ky + k3 — ky; = 0, and also includes the normalization
factor 1/N.

The initial observation, which sets the stage for the RG
analysis, is that Eq. (7) is not the most general one
consistent with the tetragonal symmetry. The actual number
of topologically distinct invariant combinations of 4-
fermion terms involving states near the Fermi pockets is
much higher and equals 30 for a generic 4-band model in
the absence of spin-orbit coupling [44]. The bare values of
all 30 couplings are expressed in terms of U, U’, J, J', but
under RG the couplings flow to different values. To make

|
the problem analytically tractable, in Sec. III we neglect
interactions involving fermions from d,, orbitals on elec-
tron pockets. This effectively implies that we approximate
(0, 7) [(#,0)] pockets as purely d,, [d,.],i.e., set f| 10, =
dyiro, and  frri0, =dy ki0,- This approximation
reduces the number of couplings to a manageable 14.
We emphasize that this does not imply that we change the
tight-binding electronic structure, as the approximation
involves only low-energy fermions.

In Sec. IV, we consider the opposite case, keeping only
the d,, spectral weight on the two electron pockets. This
last approximation also reduces the number of couplings to
14. We show that the outcome of the RG flow for the case
of purely d,, electron pockets is the same as with pure d,.
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(dy;) pockets. This gives us confidence that we capture the right physics even with the reduced number of
couplings.

III. MODEL WITH d,,/d,, ELECTRON BANDS

As we explain above, there are 14 topologically different interaction terms. They are

/ - / o . +
H=UY [fiof10d]pdio + Fiofr0diydog] + U1 Y (120l ydio + 1o 1685y doy]
/ . — / .
+ UL (flodiod yf1o + [rataodsy f20] + Un > [flpd20dh f1o + fiediod], frr]

U / U /
+ 5D ledioh 1gdio + Frgthal 3oy + He] + 22 (ool |tay + frdiof i +He
U ’ U / +
+ 5D digdindiydig + diydoodaydsg) + =D T [dgdoed piog + diydiods diy)
~ /o . z /o . U ’o . . .
+ U, Z d{gdmdzrddza/ + U, Z dio—dZ(;der—/dloJ + 75 Z [figflﬂf{g’flﬁ’ + f;gf2o'f2ra’f2o’/}
[_]5 / + ~ I = /
+ 3D ohaalofor + Frob 10l 30 f10) + Us D Flofrofspfae +Us Y Fiofaalapfio- (8)

One can verify that each term in Eq. (8) obeys the tetragonal symmetry separately.
Out of the 14 interactions, four involve fermions near the two hole pockets (U, U4, U4, U,), another four involve

fermions near the two electron pockets (Us, Us, U 5, U 5), and six involve fermions near both hole and electron pockets
(U,, Uy, U,, Uy, Us, Us). Comparing Egs. (7) and (8), we find the bare values of the couplings U,y = U, =

U3‘0 - U4’0 - U5‘0 - U, Ul,O - &4‘0 = 05’0 = U/, UZ.O = 041) = 05.0 = J, 03’0 = U4’0 = US,O = J/. These relations,
however, hold only for bare couplings. As we see, they are not preserved under the RG flow. On the other hand, the RG
flow does not generate new couplings in addition to the 14 in Eq. (8); i.e., the model with 14 coupling is fully
renormalizable.

In the band basis, these 14 different interaction parameters are the prefactors for 14 combinations of the original 152
interaction terms in the band basis (96 involving ¢ and /4 fermions, eight involving f; and f, fermions, and 48 cross terms),
combined using the symmetry condition that under rotation by z/2, ¢, — —hy, h; = ¢, and f; — f,. We do not present
the full expression (it is too lengthy), but show a representative set from each combination:

Hy = ZCZ].aﬂ;kz,ﬁfl;k3,ﬁck4,a[U1 cos O, cos Oy, + U sin Oy, sin by |
ki

+ ZCI],af-{;kz,ﬂckyﬂfhhﬂ[U2 COS 9k1 COS 9](3 + [_]2 Singkl Sin9k3]
ki

U, U,
+ ZC}Z].acltz./}fhkz-ﬂfl;kz;ﬂ |:700S le COos ekz + 75111 gk] s ‘9k2
ki

R Uy U, . .
+ E Ch, aChy pCk fCks [Tcos Ok, cos Oy, cos Oy, cos Oy, + 7003 Ok, cos by, sin Oy, sin Oy,
ki

+ ¥ ~ . . ~ . .
+ E Ck,,(zckz./}ck3,/}ck4.rx[U4 cos Oy, sin Oy, sin Oy, cos O, + Uy cos by, sin by, cos Oy, sin by |

i

Us + Us ¥
+ zk: jfl;kl,afl;kz,ﬂfl;k3,/3f1;k4,a + 7f1;k1,afl;kz,ﬂfz;k3./3f2;k4,a

+ ZUSf-{;kl,af;;kz,ﬁfZ;k3,/)’fl;k4.(l + Ust;k,,af;;kz,ﬂfl;k3.ﬂf2;k4,a +--, )
ki

where - - - stand for other terms in each of the 14 combinations in Eq. (9).
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In the mean-field approximation, the bare values of these
14 couplings are used to compute susceptibilities in SDW,
SC, d-POM, and other channels. A simple analysis shows
that in this case SDW wins over SC and orbital order.
However, the mean-field approximation is strongly ques-
tionable because it effectively isolates each electronic
channel, neglecting their interplay and mutual feedback.
To overcome this limitation, below we implement the
parquet RG approach and calculate how the couplings
and the susceptibilities in different channels evolve as
high-energy degrees of freedom are progressively inte-
grated out. In this approach, each dimensionless coupling
u; = (A;/4r)U;, where A; are combinations of effective
masses, acquires a dependence on the running energy or
temperature scale E via L =log W/E, where W is the
upper energy cutoff for the low-energy theory, which in a
generic case is of the order of the bandwidth.

A. RG equations

The derivation of the one-loop RG equations is tedious
but straightforward. We present the details of the deriva-
tions and the full equations in the SM [42] and here list the
14 pRG equations in the approximation m, = m,; = my,
m, =m, = m,:

i = ul + u3/C?,

l:tz = 21/!11/[2 — 2”%,

i3 = —u3uy — i3ty + 4usuy — usuz — sity — 2upu3,

Uy = —izuy — Uzity + 4ilzil) — Usiiz — tsuy — 2i,iis,

iy = —ui - ﬁi - u% - L‘t% ity = —2uyity — 2usits,

ity = —u% - ﬁ% - u% - ljt%, Ifts = —2usits — 2uzit3,

iy = —(i2+03), ity = —2iiylls,

iis = (@2 +ii3). ity = —2itsits, (10)

where C = (m, +m;)/(2\/m,m;) > 1. We present the
dimensionless interactions u; in terms of U; in Appendix A.

One can immediately verify that the running couplings
flow to different values under the RG, and these new values
cannot be reexpressed just in terms of running U, U’, J, J'.
This implies that the model with only onsite interactions
does not survive under renormalization and longer-range
interactions emerge in the process of the RG flow. We
discuss this in more detail later in this section.

B. RG flow
The analysis of Eq. (10) readily reveals that the last four
RG equations decouple from the other ten, and that i1, 5
and ity 5 flow to zero under RG. The remaining ten RG

equations are all coupled and have to be solved self-
consistently. We analyze the RG equations for nonzero bare

03

02

0.1 r

Uuz/ Uy

u/u

Up/ Uy

4 -

FIG. 2. RG flow of the couplings. (a) u;(L), where L =
logW/E is the RG scale, W is the bandwidth, and E is the
running energy (temperature) at which one probes the system.
The flow of other couplings is similar. The couplings u; — us and
i — it5 all diverge as 1/(Ly — L) when L approaches L, whose
value depends on the initial conditions. The couplings iy, i, U5,
it5 tend to zero at L — L. (b) Flow of the ratios of the couplings.
All ratios tend to fixed finite values as L approaches L: ity = uy,
uz = 17{3 = 4.71/[1, Uy = Us = ljl4 = ljls = —38M1 [See Eq (11)]
The ratios u,/u; and &,/u, tend to zero as L approaches L.
The initial values used are i, /u; = 0.7, uy/u; = 2, u3/u; = 2.8,
ug/u; =04. In both panels, we set C=(m,+my,)/
(2,/m,my;) = 1.1 for definiteness. For the model with d,,
electron pockets, the fixed trajectory is the same, but the system
approaches it much faster (see Sec. IV).

couplings (i.e., nonzero U, U’, J, J') and find that the
system flows towards a single stable fixed trajectory, along
which u; and i; become equivalent. We show the RG flow
in Fig. 2. The equivalence of u; and #; along the stable fixed
trajectory implies that the terms #;, which were originally
of order U’ or even J, grow under RG and eventually
become comparable to u#;, which were originally of order
U. In other words, the initial hierarchy of interactions
disappears under the RG flow. When electron pockets are
approximated as pure d,,, the behavior along the stable
fixed trajectory is the same, but some of #; and i; turn out
to be equal already at the bare level; see Sec. IV.
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Along the stable fixed trajectory, the ratios between
various couplings become pure numbers: u, = y,uy,

Uz = Uiy = y3uy, Uy = Uy =y4Uy,  Us = Us = Ys5Uj.
Solving Eq. (10) for u; and y;, we obtain

1 1
1-C*>+4C*Lo—

u = 2
8C-+4

Y2=7.=0,

73 :C\/8C2—1+4 1-C?+4C,

-V 1=C*+4Ch (11)

ra=7ys=1-2C

We emphasize that this behavior is completely universal
and does not depend on initial parameters U, U’, J, J',
except for L, which is the energy or temperature scale at
which couplings diverge and the system becomes unstable
towards either SC or SDW or d-POM order. We also
emphasize that the RG equations are valid up to
Lp =logW/Eg, where, we remind the reader, E is the
largest of the Fermi energies associated with the different
Fermi pockets. For E < E, particle-particle and particle-
hole channels no longer talk to each other and the flow
equation is different (see below).

Note in passing that the different flow of the 14
couplings in Eq. (9) under RG implies that the system
self-generates nonlocal interactions. The information
extracted from the low-energy sector only is not sufficient
to fully specify which nonlocal interactions are generated,
but the model with 14 couplings can be constructed if
one also adds to the local interactions U, U’, J, J' the
interactions of the same Hubbard and Hund type, but
involving fermions from different sites of each plaquette on
a square lattice. Thus, five terms involving fermions from
the same orbital d,; or d,, (U, U,, U3, Uy, and Us terms)
appear with different couplings if we also introduce, in
addition to the on-site U, the terms

r)d;z(r + ay)dxz(r + ay)

7_(nonlocal = Z Ua deZ (}") dxz (

+ Updie(r)do (r)dia(r)dy (r + ay)

+ Ucdie(r)dy:(r + a,)dic(r + a)

x dy.(r+a, + a,) + Uydiz(r)d..(r + a,)

X diz(r+ay)dxz(r+ax +a,)+He., (12)

and analogous (symmetry-related terms) for the d,,
orbital. In Eq. (12), a, and a, are the components of
the lattice spacing a. The couplings U, (i = 1-5) are now
given by

Uy=U+U,-U,-U.-U,,
Uy=U-U,-U,-U,-U,,
Us=U-U,+U,+U.- U,
Uy=U+U,+U,+U.+U,,
Us=U+U,-U,+ U, +1U,. (13)

One can easily verify that the interactions within a given
plaquette involving fermions from different orbitals split
the U’, J, and J' terms into subsets, each consisting of
three different interactions [there are five terms in each
subset, like in Eq. (12), but there are only three non-
equivalent combinations of different U, J;, and J/].

C. Competition between channels

We now use the results for the RG flow to find in which
of the many electronic channels the system actually
develops an instability upon lowering the temperature 7.
For this, we introduce order parameters in different
channels A; [i = SDW, SC, POM, CDW (charge-density
wave)] and also introduce infinitesimally small vertices I'y ;
for the coupling between fermions and these order param-
eters. Next, we identify the combinations of the couplings
U', which renormalize T'”) into T'; = T\ (1 4+ U'IL, + - - ),
where I1; are the corresponding polarization bubbles.

We list all potential order parameters, bilinear in
fermions, and all U’ in Appendix B. These bilinear combi-
nations form irreducible representations of the D, group
separately for electron and hole pockets. In particular,
Pomeranchuk order parameters are even under inversion
and belong to one of four one-dimensional irreducible
representations Ay, Ay, By, By, They include intraorbital
and interorbital s-wave (A;, and A,;) and d-wave order
(By, and B,;). An intraorbital A;, s-wave Pomeranchuk
order parameter is characterized by separate order parameters
on the hole pockets Aﬁown S i{cher + hihy) and on

Abom.s Zk<fl k+Q,f1 k+Q1>
Zk<f;k+Q2f2‘k+Q2>. In each term, the summation over k
is restricted to near the Fermi surface. In the orbital basis the

ASPOM Zk( xz,k Zk+

dVZ Ay, x)9(k), where g(k) is symmetric under transforma-

tions from Dy, (inversions and C, rotations), but g(k) # 1 if
Afon., and Al  are different. The nontrivial component of

the electron pockets

corresponding order parameter is

this order parameter is the s~ one, with Al - = —AfoM.s-
The components of the intraorbital B}, d-wave Pomeranchuk
order parameter are Afoy , = Si{cher = M hy) cos 26 +
Soilerh + hicg) sin20;  and  Afoy ;= Slfl g, X
fiiso,) = _Zk<f;,k+ng2$k+gz> In the orbital basis, the
corresponding order parameter is A“*OM = 3™ (d d

dw «dy21)9(k), where g(k) is again symmetric under
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TABLE 1. The interactions in different channels along the
stable fixed trajectory. Positive sign of an interaction implies
an attraction. All interactions scale as 1/(L, — L) and diverge at
RG scale Lj. We use these interactions to compute vertices and
susceptibilities in SDW channel, s™~ superconducting channel,
and s-wave and d-wave Pomeranchuk channels (POM s and
POM Jd).

SC st~
_U, + Us

SDW
U+ U,

POM s POM d
—U, +4U, -U,

transformations from Dy,. In real space, the d-wave
Pomeranchuk order parameter does not depend on the
coordinate of the center of mass and, hence, does not break
translational symmetry. However, it depends on the
relative coordinate if g(k) # 1, and, hence, generally
has both site and bond orbital order components. We label
bond order with A1’30M, 4 = —Afomgasd’ ™ andsite order is
Abopa = FA5oma as d7F, in analogy with the s-
wave case.

We list the relevant combinations of U’ for SC, SDW,
and POM in Table I. We see that along the fixed trajectory
the interaction in the &-POM channel is U4 "M = —y, =
—Us, where, we remind the reader, U, and Us are density-
density intrapocket interactions on hole and on electron
pockets (sign convention is such that attraction corresponds
to positive sign of USPY, USC, or UPOM), The bare values
Uso = Usy = U are positive; hence, if we use the bare
values, we would find that the interaction in d-POM
channel is repulsive. However, in the process of RG flow,
the couplings U, = Us change sign and become negative
due to the “push” from the SDW channel onto the orbital
channel [see Fig. 2(b)]. As a result, the interaction in the d-
POM channel becomes attractive below a certain energy.
We emphasize that this result could not be obtained in the
RPA approximation. We also emphasize that the interaction
in the d-POM channel changes sign when the interaction in
the s~ SC channel is already attractive. The interaction in
the s*~ SC channel is US¢ = —U, + Us, and the attraction
develops when the running U, gets smaller than U;. The
coupling U5 contributes to both SC and SDW channels, and
it increases under RG [see Fig. 2(b)]. As a consequence, the
pairing interaction USC changes sign when U, is still
positive.

Earlier RG studies assumed that the channel with the
largest U’ along the fixed trajectory wins, setting the
hierarchy of instabilities based on the values of U'. We
argue that this is not always true, and to compare different
channels one actually needs to obtain and solve another set
of RG equations for I';, then compute the corresponding
susceptibilities, find which ones diverge, and compare the
exponents. The leading instability will be in the channel in
which the exponent is the largest. This procedure has been

applied to other problems [37,48,49], but it has not been
applied yet to analyze the interplay between orbital order
and other orders in FeSCs. The advantage of using
analytical RG for this procedure is that (i) the number of
interaction is set by symmetry rather than the number of
patches on the Fermi surface and (ii) the RG equations for
I'; and for the susceptibilities can be obtained in a
straightforward way.

The analysis of the susceptibilities is different for the
SC and SDW channels and the POM channel. For the SC
and SDW channels, I1; is logarithmic, and, to logarithmic
accuracy,

Xspw(L) “/LdLTgnw(L/)7

s = / dL (T3P (L), (14)

where Ispw(L') and ¢ (L') are the fully renormalized
SDW and SC vertices obtained from the solutions of the RG
equations f,- o« I;U!. Along the fixed trajectory,

. |14
Fspw = I'spwity (1 + E3>,
T'sc = Tscu1 (273 + 2074l) (15)
where y3 4 are given by Eq. (11) (see SM [42] for details).

Solving these two equations and substituting the results
into Eq. (14), we obtain

L 1
Xspw(L) & m,
1
Xsc(L) (Lo =L)< (16)
with the exponents
o - 1+ }/3/C _
SDW = —1+y§/C2 )
lval +7s
=4 ———=—1, 17
QAsc 1+7%/C2 ( )

where C = (m, +my,)/(2/m nmy) > 1.

We plot ¢; as a function of C in Fig. 3(a), and show the
schematic behavior of the susceptibilities in the SDW and
SC (s™7) channels along the fixed trajectory in Fig. 3(b).
We see that for all values of C, 0 < agc <1, while
aspw < 0. This implies that only SC order develops.
SDW order does not develop, despite that at the bare level
the SDW channel is the only attractive channel.

The phenomenon in which the SDW interaction creates
an attraction in the SC channel and eventually SC wins had
already been found in earlier numerical and analytical RG
studies in multiband FeSCs [33,38] and in doped graphene
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FIG. 3. RG flow of the susceptibilities. (a) The exponents for
the susceptibilities y; « 1/(Ly — L)¢ in SDW, s*~ SC, and POM
channels as functions of C = (m, + m,,)/(2./m,my). The largest
exponent apoy = 1 is in the Pomeranchuk channel. The ex-
ponent agpw < 0, which implies that within RG ygpw does not
diverge. (b) The schematic behavior of susceptibilities in SDW,
57~ SC, and POM channels. We use the couplings along the
fixed trajectories as inputs for the RG equations for the suscep-
tibilities. The Pomeranchuk susceptibility actually diverges at
L = Lp < Ly. As a result, the leading instability upon lowering
the temperature is towards d-wave orbital ordering. s™~ super-
conductivity develops at a smaller 7, and SDW instability does
not develop. This holds when L is smaller than L = log W/Ep,
i.e., if the instability develops at an energy or temperature larger
than Ep. If Lp < L, the RG flow runs up to L = L, and at
larger L, SDW and SC channels decouple and develop indepen-
dent of each other, while the Pomeranchuk channel gets frozen. In
this situation, the system first develops either SDW or SC order,
depending on the interplay between Ly and L and the degree of
nesting.

[50,51]. We find in the analysis of the susceptibilities that
not only SC wins over SDW, but the feedback effect from
the rising superconducting fluctuations halts the growth of
the SDW susceptibility.

We now turn to the POM channel. Here, the situation is
different because the particle-hole polarization bubble at
energy E is determined by fermions with energies of

order E. As a result, the Pomeranchuk susceptibilities obey
algebraic rather than differential equations (see SM [42] for
details). We find that the susceptibilities in the s™ and d™~
subchannels increase under RG and behave as

1 1
Xpom & = .
POMT — uy (4C + [r4)) Lp, —L
1 1

d
V4 x = .
FOM =y — |74l Lp,—L

(18)

For both susceptibilities, the exponent apgy = 1 is larger
than agc < 1. Furthermore, for all values of C, Lp and Lp,

are smaller than L. As a result, )(f;gM diverge with a larger
exponent and at a smaller L than the SC susceptibility [see
Fig. 3(b)]; i.e., within one-loop RG, the first instability
upon lowering the temperature actually occurs in the
Pomeranchuk channel. Note that at L =Lp ,, u;~1,
and the corrections to one-loop RG may become
relevant. Still, the comparison of the susceptibilities clearly
favors the POM channel over the SC and SDW channels.
Also, number wise, for L = Lpd and C=1, u =
(1/16)/(Ly — L) = 1/6, which is still a small number.

Of the two Pomeranchuk susceptibilities, the larger one
is in the st~ channel. This order has been analyzed in
Ref. [25], where it was noticed that the corresponding
coupling US~POM = _/, 4 4U, (see Table I) contains U,
which also contributes to SDW channel and grows under
RG; i.e., US~POM is positive (attractive) at all energies. The
s-POM order with Afoy, - = —Afqy o splits the chemical
potentials on the hole and electron pockets, but conserves
the total number of carriers. Because this does not corre-
spond to a true symmetry breaking, the divergence of ypoy
must be softened by terms beyond RG, such as regular
terms in the fermionic self-energy [47]. Yet, the relative
chemical potential shift u;, — p, must be enhanced near the
temperature at which yp.,, diverges within the RG.
Interestingly, the analysis of ARPES data for several
FeSCs did find [52] evidence for temperature-dependent
U, — Mo, Which behaves much like order parameter
below 300 K.

The true Pomeranchuk instability is in the d*~ channel,
signaled by the divergence of yfoy. This order, with
sgnA{ZOM’ ¢ = —sgnlggy, implies that the symmetry
between the on-site energies of d,, and d,, orbitals is
spontaneously broken, (dl.d,,) # <d;zdyz), and (d!.d,, —
d;zdyz> changes sign between hole and electron pockets.
Note that in our solution, the function g(k) is not exactly
—1; hence, the order parameter has both d** and d*~
components.

We emphasize that the origin of the d*~ orbital order is
not just an attraction in the POM channel, as proposed by
other works. In our case, the bare interaction may well be
repulsive (when U + J > 2U’, see above), yet the POM
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channel becomes attractive in the process of the RG flow
and eventually wins over SC and SDW. The attraction in
the POM channel is driven by the coupling to magnetic
fluctuations, and in this respect the RG scenario for orbital
ordering falls into the orbit of “magnetic scenarios” for
nematicity.

Therefore, the full one-loop RG analysis shows that the
system first develops d*~ orbital order at T, and then
becomes a superconductor at a lower 7'.. SDW order does
not develop. This sequence of transitions is fully consistent
with that in FeSe. In other FeSCs, however, the system does
develop SDW order at 7'y at small dopings, and the nematic
transition line follows T very closely, suggesting that
nematic order is a vestige of the SDW order.

To understand the difference between FeSe and other
FeSCs, we note that in our analysis we assume that the
RG flow reaches the fixed trajectory at L = Lp, = L,
before the RG analysis breaks down at an energy
comparable to the largest Er in the system, i.e., at
L = L. This holds when Ly < Lp, i.e., when all Fermi
energies are very small compared to the bandwidth. This
is the case of FeSe [40,53]. If Ly < L, the RG flow runs
up only to L = L, and at larger L, different instability
channels decouple from each other. As a result, the
divergence of the Pomeranchuk susceptibility is cut and
this channel no longer competes with SC or SDW. Also,
because the SC and the SDW channels do not mix below
Er, each develops independently in a mean-field fashion
with the couplings taken at L = Ly (Refs. [5,33]). If Ly
is small enough, these values are close to the bare ones
and the system develops SDW order (and Ising-nematic
order above it, if SDW order is a stripe). When doping
gets larger (and nesting gets weaker), the SDW channel
becomes less singular and SC order develops first. This
last behavior is consistent with the one observed in, e.g.,
122 systems, for which the largest Er <200 meV
(Ref. [41]) well exceeds Ty, T, ~ 10 meV.

We also emphasize that the behavior that we find along
the fixed trajectory of the RG flow is universal in the
sense that it holds for arbitrary ratios of U, U’, J, and J',
as long as they are all positive. The values of Hubbard
and Hund interactions determine only how quickly the
system reaches the fixed trajectory and how quickly the
susceptibility in the orbital channel gets larger than
the ones in SDW and SC channels. To make this point
explicit, in Appendix C, we show the behavior of the
SDW, SC, and Pomeranchuk susceptibilities along the
full RG flow (i.e., not only along a fixed trajectory) for
two different values of the couplings: the one for which
the bare interaction in the orbital channel is attractive,
and the one for which it is repulsive. As expected, the
interplay between different channels is the same in both
cases, but the susceptibility in the Pomeranchuk channel
diverges faster when the bare interaction in this channel
is attractive.

IV. MODEL WITH d,, ELECTRON POCKETS

We now consider another approximation for the full 4-
band model, in which we approximate the two electron
pockets as purely d,,. The hole pockets are made out of d,,
and d,. orbitals, like before.

One can use the same reasoning as in the previous
section and construct the most generic model describing the
interaction between low-energy fermions. We argue that
this model again contains 14 topologically different inter-
action terms and is described by the same Egs. (8) and (7),
only now f fermions correspond to d,, orbitals. The bare
values of the couplings are, however, different from the
case considered in the previous section, because now
intraorbital Hubbard interaction acts within the subset of
the two hole pockets and within the subset of the two
electron pockets. The corresponding interaction terms are

the Uy, Us, Us, (75, 05 terms in Eq. (7). The bare values of
all these couplings are the Hubbard U; i.e.,

U4.0:Us,ozUs.o:i’s,o:Us.o:U- (19)

Interorbital Hubbard terms include the density-density
interactions U; and U, between hole and electron pockets
and the interaction U 4 within the d,, and d,,; components of
hole pockets. Because the d,, orbital interacts equally with
the d,. and d,, orbitals, the bare values of U, and U, are
equal; i.e., »

UI,O = UI,O = (~]4.0 =U" (20)

The exchange Hund interaction J acts in the subspace of

d,, and d,, orbitals U 4 term) and between d,, and d,./d,,
orbitals (U, and U, terms). Again, the d,, orbital interacts
equally with the d,, and d,, orbitals; hence, the bare values
of U, and U, are equal:

Uso = U= Usg =J. (21)

Finally, the pair-hopping interaction J' also acts in the
subspace of the d,, and d,, orbitals (U, term) and between
the d,, and d,./d,. orbitals (Us and U, terms). Like for
other interactions, the bare values of U; and U5 are equal:

U3~0 = [_]3,0 = U4VO =J. (22)

Because the structure of the low-energy electronic states is
the same as in the model that we consider in the previous
section, the 14 RG equations are the same as in Eq. (10).

The couplings U, and U, still flow to zero if the bare U,
exceeds the bare (74, which is the case when U’ > J. The

couplings U 5 and U 5 remain equal under RG, and both tend
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to zero when U > 0. One can further make sure that the
couplings u; and u;, u, and ii,, u; and 3, and us and is,
which are equal at the bare level, remain equal under pRG.
This reduces the set of RG equations to

i = ud +ui/C?,

l:tz = 21/!11/!2 — 2”%,

iy = —u3(uy + ity) + dusuy — 2uous — 2usus,

iy = —ui — g — 2u3,

ity = —2uyity — 2u3,

its = —2u? — 2u3. (23)

The transformation from U; to dimensionless u; is
the same as before, and we remind the reader that
C = (m,+my)/2/m,my,.

Introducing uy, = (uy + i14)/2 and uy_ = (uy — i14)/2,
we immediately find that the equation for u,_ decouples
from the rest and u,_ tends to zero under pRG. The fixed
trajectory for the other five equations is the same as
for the model with d, /d,, electron pockets; namely,
w; =iy, uy/u; =0, uy =ysu;, uy = us = ysu,;, where

v3=CV8C* —1+4/1—C2+4C%, y,=1-2C*-
V1= C?+4C*, and
1 1
up = (24)

1+ (&) Ly-L"

These are the same expressions as in Eq. (11).

In distinction from the previous case, however, now
u; = u;, i = 1, 2, 3, already at the bare level. As the result,
the system approaches the fixed trajectory faster than in the
model that we studied in the previous section, i.e., at a
larger running energy. We show the RG flow of the ratios of
the couplings in Fig. 4.

The analysis of the vertices and the susceptibilities
proceeds in the same way as in Sec. III. Again, the
SDW susceptibility is initially the largest one, but its
growth is halted by superconducting fluctuations, and
eventually yspw does not diverge. The superconducting
s~ susceptibility diverges, but with the exponent agc < 1.
The d-wave Pomeranchuk susceptibility is initially the
smallest one, but it increases under RG with the exponent
apom = 1. As aresult, the instability towards Pomeranchuk
order becomes the leading one upon lowering the
temperature.

The d-wave Pomeranchuk order has two coupled com-
ponents. One is orbital order on the hole pockets, n,, — n,_,
another is the difference between the fermionic densities on
n,, orbitals between X and Y pockets, 3, — n),. The last
term is not associated with the orbital order, as only the d,,
orbital is involved, but it breaks C, symmetry, just like the
n., — n,, term. In a generic case, when electron pockets are

u; [ uy

us/ U

4}

FIG. 4. The solution of the RG equations, Eq. (23), for the
model where the electron pockets have d,, orbital content. The
RG equations and the fixed trajectory are the same as in the model
with d,;/d,, electron pockets; however, initial values of the
couplings are different. The convergence towards the fixed
trajectory is much better than in the model with d,./d, electron
pockets.

composed of both d,, and d,, (d,) orbitals, one can expect
that states near the electron pockets develop both an orbital
order, i.e., a nonzero (n,, — n,.), and an order with nonzero
(n¥, —nY,). The simultaneous presence of both order
parameters should be visible at the M point in the 2-Fe
zone [i.e., (7, 7)]. Without Pomeranchuk order, there are
two doubly degenerate fermionic states at the M point, even
in the presence of spin-orbit coupling—one degeneracy is
in the d, /d,, subset, another is in the d,, subset
(Ref. [54]). Below the Pomeranchuk transition both have
to split, one due to nonzero (n,, —n,,), another due to

nonzero (n}, —nl,).

V. COMPARISON WITH EXPERIMENTS

Our results agree with five sets of experiments on FeSe.
First, a recent ARPES study [55] has found shifts of the
chemical potentials of the hole and electron pockets in
opposite directions at 7 > T',. This is fully consistent with
the enhancement of the s™ Pomeranchuk susceptibility
found here. Second, orbital order, which breaks the
symmetry between the d,, and d,, orbitals, has been
detected in ARPES [53], and x-ray or neutron diffraction
studies [56] have shown that it does not break the trans-
lational symmetry of the system. Such an orbital order has
d-wave character and has zero transferred momentum, in
agreement with our results. Third, ARPES studies of
detwinned single crystals of FeSe [57] found strong
evidence for a sign inversion of the d,./d,, on-site energy
splitting between the hole and electron Fermi pockets.
This is fully consistent with the sign-changing d*~ order
parameter we find here. We note that there is some
controversy at the moment about the magnitude of this
splitting on the electron pockets relative to hole pockets
[53,58,59]. To fully understand this issue, one has to extend
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the analysis to T < T, which is beyond the scope of this
work. Fourth, recent neutron or x-ray diffraction measure-
ments revealed that the phase diagram of FeSe under
moderate pressures is very similar to those of Fe pnictides,
with the nematic phase existing only very close to the stripe
SDW transition [60]. This crossover from FeSe to Fe-
pnictide behavior with pressure is consistent with our
results, because at least one Fermi energy is expected to
increase with pressure, which would cause the RG flow to
stop at a L = L, where only the SDW and SC suscep-
tibilities are sizable. And fifth, very recent ARPES mea-
surements of the spectra near the M point (of the 2-Fe
Brillouin zone) in FeSe below the nematic transition at
85 K (Ref. [61]) have detected the splitting in both d,,/d,,
and d,, subsets. This is fully in line with the results that we
discuss at the end of Sec. IV.

VI. OTHER THEORETICAL SCENARIOS

There have been other proposals for nematicity in FeSe.
One early proposal [22] was that the origin of nematicity in
FeSe is essentially the same as in Fe pnictides (Ising-
nematic spin order). This paper associated the large differ-
ence between the nematic and the magnetic transition
temperatures in FeSe at ambient pressure (7' =85 K
and Tspw = 0) with stronger fluctuations of a continuous
order parameter, also because of smaller £ of FeSe. The
authors of Ref. [62] proposed a different magnetic scenario,
attributing the smallness of T'spyw in FeSe to the softening
of magnetic fluctuations in the direction transverse to the
typical SDW ordering vectors (z,0) or (0, z). The proposal
for such soft magnetic fluctuations was motivated in
Ref. [62] by first-principles calculations that showed that
in FeSe several magnetic states with different ordering
vectors have near-equal energy. The authors argued that
this softening strongly reduces 7'spw and also enhances 7.

Other magnetic scenarios for the nematic phase in FeSe
were proposed in Refs. [63,64], in which the authors
associated nematic order below 7, with a more complex
type of long-range magnetic order—antiferroquadrupolar
order in Ref. [63] and ferroquadrupolar order in Ref. [64].
In yet another magnetic scenario, the authors of Ref. [65] used
a local spin model and suggested that the nematic phase in
FeSe is a nematic quantum paramagnetic phase of spin
S =1 local moments with strongly frustrated exchange
interactions—similar, but not equivalent, to the dimer phase
of an § = 1/2 antiferromagnet with frustrated interactions.

We do not believe that current experiments on FeSe have
ruled out any of these magnetic scenarios. The recent
pressure experiments of Ref. [60], however, offer important
benchmarks to test these different scenarios. In our case, the
quick suppression of 7, observed under pressure, com-
bined with the sudden appearance of stripe magnetism, is
explained by an increase in the Fermi energy Er with
pressure, signaling a crossover from FeSe to Fe-pnictide
behavior. If quantum oscillation measurements under

pressure can indeed confirm the predicted behavior of
Er, that would lend strong support to our proposal for a
spontaneous orbital order.

The possibility of spin-fluctuation-driven orbital order has
also been recently discussed in Ref. [9]. These authors
considered a large ratio of intraorbital Coulomb interaction
U and Hund’s interaction J, in which case the bare interaction
in the orbital channel is attractive. They then analyzed how
this attraction is enhanced by spin fluctuations by focusing on
a particular Aslamazov-Larkin diagram. This diagram is one
of many diagrams that give rise to the RG flow that we study
in this paper. Our results are consistent with those of Ref. [9]
(modulo the fact that we include many other terms besides
the Aslamazov-Larkin diagram), but our analysis goes
beyond this work in two important aspects: (i) we argue
that at low energies the interaction in the orbital channel gets
attractive even if the bare interaction was repulsive (as is the
case if U/J is not too large), and (ii) we argue that the orbital
susceptibility diverges not only faster than the susceptibility
in the SDW channel (as the authors of Ref. [9] argued), but
also faster than the susceptibility in the st~ superconducting
channel, which the authors of Ref. [9] did not consider. The
latter is important for the elucidation of why orbital order
develops prior to superconductivity. Nematicity due to
orbital order was recently discussed in Ref. [66]. The authors
of this work, however, assumed that an orbital order develops
and studied how it is affected by impurities.

VII. SUMMARY

In this paper, we employ the analytical RG technique to
analyze the interplay between SDW, SC, and orbital d-
POM order in Fe-based superconducting materials. That
magnetic fluctuations promote attraction in the s™~ SC
channel is well known, and the RG analysis indeed
confirms this. However, we find that the same magnetic
fluctuations also promote attraction in the C,-symmetry-
breaking d-POM orbital channel, even if the bare inter-
action in the d-POM channel is repulsive. We go beyond
the analysis of the running couplings and compute running
susceptibilities in SDW, SC, and orbital channels. We find
that within the energy range where the RG approach is
valid, the susceptibility towards a spontaneous orbital order
increases in the process of RG flow and diverges with the
largest exponent. The SC susceptibility also diverges, but
with a smaller exponent, and SDW susceptibility does not
diverge. As a consequence, if the system reaches the scale
of the leading instability within the applicability range of
parquet RG, the leading instability is towards orbital order,
the subleading is towards SC, and SDW order does not
develop. This hierarchy of instabilities agrees with the
one observed in bulk FeSe at ambient pressure, and we
conjecture that nematic order without SDW magnetism,
observed in FeSe, is a spontaneous orbital order driven by
magnetic fluctuations. We argue that the orbital scenario
agrees with five sets of experiments on FeSe.
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If the order does not develop down to the lower boundary
of applicability of RG (which is set at an energy of order
Er), the leading instability (at a smaller energy or temper-
ature) will be in the channel in which the susceptibility is
the largest at this lower boundary. Because the susceptibil-
ity in the d-POM channel becomes the largest only near the
instability, d-POM order does not develop in this situation.
Instead, the competition becomes between SDW and SC,
with SC winning at higher doping and SDW winning at
smaller doping. In this situation, nematic order is most
likely caused by composite stripe SDW fluctuations, which
split the temperatures at which a discrete C4 and a
continuous O(3) symmetry get broken. This likely happens
in LaFeAsO, BaFe,;As,, and NaFeAs. From this perspec-
tive, our work provides a unified microscopic description of
the behavior of different families of FeSCs.
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APPENDIX A: DIMENSIONLESS INTERACTIONS

In this Appendix, we list the expressions of the dimen-
sionless interactions in terms of the original interaction
constants, introduced in Eq. (8). For m,=m,; = m,
and m, = m, = m, that we consider in the main text,
we have

U o= 4 cu
u - i s u = — s Ur = — )
12 = Y2 12 = - Yia 3 =1-CUs
_ A - A, ) ,
=—CUs;, ="1U,, 2y,
s dz =3 Uy ag iy .U
~ Ay~ = Ay =
g =5 Vs iy =, Us,
A, A, -
= — s 17 — _U ,
Us . 5 Us 47[ 5
o Ae r = Ae =
Tt el Al
Us . 5 5 in 5 ( )
where
2 A,A
Ae,h = me,}u A= memy, C — m, + my, ezh'
Me +mh 2 memy A
(A2)

APPENDIX B: SDW, SC, AND OTHER
ORBITAL CHANNELS: VERTICES AND
RELEVANT INTERACTIONS

The tetragonal symmetry allows us to decompose the
running interactions in Eq. (8) into different channels. To
achieve this goal we construct bilinear fermion operators
that transform irreducibly under the symmetry group of
the lattice. We consider separately the bilinear combina-
tions in the particle-hole channel at zero momentum and at
momenta (;,, and the bilinear combinations in the
particle-particle channel at zero total momentum.

1. Bilinear fermion combinations in the charge
and spin particle-hole channels at large
momentum transfer

The two possible order parameters that describe charge-
density wave order with momenta (z,0) and (0, z) are

53,2 - i(fI,zdl,z - di,zfl,z)-
(B1)

01, = fI,zdl,z + d;,zfl,z,

Another two possible order parameters with large momen-
tum transfer describe anti-ferro-orbital order. The corre-
sponding order parameters are

51,2 = i(fbdll - ;1f1,2)-
(B2)

&8, = f{,gdz,l + d;,lfl.z’

These order parameters differ from the ones in Eq. (B1)
because they are off diagonal in the orbital index.

The four possible SDW order parameters with the same
momenta are

s, = f1,0d) 5+ d] ,6f 5.

sty =i(f],0d,— dT,z"sz), (B3)
§1,= fT,zo'dz,l + dT,z"fz,p
§, = i(f],0dy; — d} ,6f2,). (B4)

The components of Eq. (8) that describe the interactions
in CDW and SDW channels are

Hys = 5 (<Uy 42Uz + U [576% + 6533
+%(—U1 +2U, = U3)[58) + 8,8)]
4 (=0, 420, + 03) 373 + 3353
+é@iﬂ+202—09$5?+@%] (BS)
and
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H. =

s,

(=U1 = Us)lsist + 8553

+ ool =

(U, + Us)[sis} + sisi]

(U, — Us)[s15] + 5553

_|_
OOI*—‘OOIv—*OOI'—‘

(=U, + U3)[5{5} 4 5555). (B6)

The bare values of the couplings in Egs. (B5) and (B6)
are

U, +2U, + Uy =2U, U, +2U, - U; =0,
~U, +2U,+ Uy =-U" +2J+J,
~U, +2U,- Uy =-U"+2J-J,

U, 4+ U; =0,

—U1 - U3 — —2U,
U, -0y =-U -7,
(B7)

2. Bilinear fermion combinations
in the particle-particle channel

We focus on the singlet pairing with zero total momen-
tum. These bilinear combinations form reducible repre-
sentations of the D, group, separately for electrons f and
holes d. Accordingly, we introduce the notations

— d _
K/}:y’ = furfuis Koy = durdy - (B8)

Spin-singlet bilinear combinations are even under inver-
sion, and form one-dimensional irreducible presentations of
the Dy, group: A4, Ay, By, and B,,. We have

(d f(d (d f(d (d f(d
) = et g = -y

1
d d d
e —

2

(B9)

The spin-singlet A,, combination Kﬁid) actually vanishes, as
Ky, is invariant under simultaneous interchange of orbital
indices and spin projections (the spin-triplet A,, combina-
tion does not vanish).

The interaction component in the Cooper channel is
obtained by setting k; = —k, in Eq. (8). Expressing Eq. (8)
in terms of the combinations Eq. (B9), we obtain

H.=H,, +H +H

KBy

(B10)

1
Hy

Ay

_ 1
(Us + Us)[KZI]TKil +5

5 (Us + 04)[KA1]+KZI

2
+ = (Us + Us) () 'x4, + Hec), (B11)

N[ =

U, +U;==-U+1J.

Hap, = (Us = Us)lch 11}, + 5 (Us = )l I

KBI

+ I

SR

(Us = U3)([xf,ITxd +H.e.), (B12)

1 -~ z
5 (Uy + Uy, |,

(D + Us)lih, ', +5

l\.)l>—‘

K'Bz

(B13)

The bare values of the couplings in Eqs. (B11)—(B13) are

Us+Us=U+J, U, +U,=U+J,
Uy +U;=U+1T, Us—Us=U-1,
Uy—U,=U-17T, Uy—Uy=U-1T,
U5+U5 U+, Tyt Uy=U +J. (B14)

3. Bilinear fermion combinations in particle-hole
charge channel with zero momentum transfer

The bilinear combinations of fermions with zero momen-
tum transfer in the particle-hole charge channel are

p;”/ = Zf;ﬂfﬂ'o'v p;iﬂ/ - ZdZ”dﬂ/ﬂ‘

Again, these combinations form reducible representations
of the Dy, group, separately for electrons f and holes d
(Ref. [44]). The bilinear combinations from Eq. (B15) are
even under inversion; hence, we consider only one-
dimensional (even) irreducible presentations of the Dy,

group:

(B15)

f(d f(d f(d f(d f(d J(d
/’A<1>:P15)+P2§)’ pBE):plg >—p2§),

(d (d (d (d (d (d
/Jﬁ(z =l - o5, P‘zfai):/’g)“’éi . (B16)

To obtain the interactions in the particle-hole charge
channel at zero momentum transfer [the ones that renorm-
alize bilinear combinations in Eq. (B16)], we setk; = k, or
k, =k, in Eq. (B16). Expressing Eq. (8) in terms of the
combinations Eq. (8), we obtain

H,=H, +H, +H, +H,. (Bl7)
where
H, = %(Us +205 - U5)[pA 2
+é<U4 +2Us = Uy)lpg,
+% WS QU - U, +20,-T,),  (BI8)
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H, =-(Us—20Us+ 55)%,]2

1
PB; g
+ 2 (Usy - 20, + U4)[P§,]2

PPk, U = Uy =20, + Uy),  (B19)

where the contributions of direct and exchange processes in
Eq. (8) are taken into account. We further have

1o .z - Vb, b+
H,, =5 (Us=20s+05) )P +5 (0 =204+ U)lps I

(B20)

1 = = Vb 2t — 0
H/,Bz:g(U5+2U5—Us)[ﬂ£2]2+§(U4+2U4_U4)[p§z]2'
(B21)

The bare values of the couplings in Eqgs. (B18)—(B21) are

Us+2Us—Us=U,+20,-U,
=2U,-U,+2U0,-0U,
—U+2U -1,

Us =205 + Us = Uy =20, + U,
=2U,-U,-2U0,+ U,
—U-2U+1J,

Us —20s + Us = Uy =20, + U,
=J -2]+U,

Us +20s - Us = Uy + 20, — U,

—J 120U (B22)
|
~ A Us + 2125 F 1?15
_UA],BIH: —2|: B _
(Ae/A)(2uy — up £ 20, F @ty)

a. Pomeranchuk susceptibilities

We focus first on A;, and B;, channels, which we
abbreviate as just as A; and B;. The equation for the vertex
function reads

I, 5 . [T
[Ff} B [ {)] _UA"B‘H[ ‘fi}  B%)
dla, B, Lala, s I

where the polarization matrix

Zl;zne 0
0 Zm

has a diagonal element given by the static autocorrelation

(B24)

. 1. d
functions of the bilinear operators /’/{]y,Blg and Py B,

respectively, defined in Eq. (B16). We also have from
Egs. (B18) and (B19):

. 1| Us+20sFUs
Usib =7

2U1—U22|22[_]1 :Fl_]z
Uy +20, U,
(B25)

2U]—U2:|:2l_]|:Fl_]2

The instability occurs when one of the eigenvalues of the
matrix

(Ap/A)(2uy — uy £ 20y F itp)

~ (B26)
Uy + 2&4 + I':l4

reaches unity. In the last equation, we use the definitions Eq. (A2) from Appendix A. These eigenvalues read

A4 g, = —(us = 2ils F lis + uy £ 20ty F ily) + \/(u5 + is F its — g F 2ty + 1is)? + 4C2(2uy — up £ 20y F itr)?,

/IXITB] = —(MS + 25!5 + I’/:is + Uy + 21’;14 F ;4) - \/(MS + 217{5 + 135 — Uy F 217[4 + 54)2 + 4C2(2M1 — U + 2121 + I:tz)z.

(B27)

These expressions simplify on fixed trajectories defined by Eq. (11). And we consider now this case for the two channels
separately. For the A, channel, we have from Egs. (B27) and (11)

A = 2uy(lys] +40C),

Aa = 2ui([ra] = 40). (B23)
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For the B;, channel, we similarly have from Eqs. (B27)
and (11)

A =24 = 2u|ya]. (B29)
The couplings 43~ = 2(4u;C + uy|y]) = 2(2u;C — uy)
and A% = 2u,|y4| = —2uy are dimensionless analogs of

4U, — U, and —U, in Table I. As we discuss in the main
text, the equality Eq. (B29) holds strictly only on the fixed
trajectory. In general, Az~ > A5, and the Pomeranchuk
instability occurs in the d*~ symmetry channel. The scaling
of susceptibilities is

) 1 1
APOM T 00, (4C + [ral) Ly — L
1 1

d _
X x = .
POMTT 2wy Lp, — L

(B30)

We now turn to the A, and B, channels. In this case,
within the RPA the instability occurs when one of the two
conditions is satisfied,

2(“5:‘:21’:{5:':115):1, 2(”4:‘:25{4:F17£4>:1, (B31)
where the upper (lower) sign refers to A,, and B,, channels,
respectively.

If we use the values of the couplings along the fixed
trajectory, we find that the susceptibilities in these two
channels occur at the same L as the one in the B channel.
However, once we include the corrections, we find that the

instability in the B; channel occurs prior to the ones in the
A, and B, channels.

APPENDIX C: RG FLOW OF SUSCEPTIBILITIES
FOR DIFFERENT BARE VALUES OF
THE COUPLINGS

In this Appendix, we present the results of the calcu-
lations of the flow of the susceptibilities in SDW, SC (s*7),
X
30¢ /
25
20

1 2 3 4 5 6

FIG. 5. The flow of the susceptibilities for repulsive bare
interaction in the orbital channel. We first solve the RG equations
for the running couplings, and then solve RG equations for
vertices and susceptibilities in SDW, SC (s*7), and d-wave (B))
Pomeranchuk channels using the running couplings as inputs. We
use J =0.02, U=4.1J, U =U-2J,J =J.

FIG. 6. The flow of the susceptibilities for attactive bare
interaction in the orbital channel. We used J = 0.02,
U=(6.1)J, U =U=-2J, J=J. For these parameters, the
bare interaction in the B; Pomeranchuk channel is attractive [it
is 2U' = (U +J), Ref. [9]]. We see that the flow of the
susceptibilities is very similar to the case when the bare B,
interaction is repulsive, but the Pomeranchuk susceptibility
diverges at a smaller L.

and the B; Pomeranchuk channel for different values of the
bare parameters. The goal here is to show that the system
behavior at low energies is universal and is governed by the
flow of the couplings towards the stable fixed trajectory, but
the value of the RG scale L, at which the susceptibility in
the Pomeranchuk channel becomes the largest, depends on
the bare values of the couplings.

To demonstrate this, we obtain the flow of the couplings
numerically, and then solve the RG equations for the
vertices using the running couplings as inputs. We do
not assume in this calculation that the system is already
near the fixed trajectory.

We present the results in Figs. 5 and 6. The first is for the
case when the bare interaction in the Pomeranchuk channel
is repulsive, the second when it is attractive. We see that the
flow of the susceptibilities is virtually the same in both
cases, but for attractive bare interaction, the Pomeranchuk
susceptibility becomes the largest at a smaller L. Note that
for the parameters we have chosen, this happens before the
RG flow reaches the fixed trajectory, as evidenced by the
fact that the susceptibility in the SDW channel is still larger
than the one in the s™~ superconducting channel.
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