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We study how useful random states are for quantum metrology, i.e., whether they surpass the classical
limits imposed on precision in the canonical phase sensing scenario. First, we prove that random pure states
drawn from the Hilbert space of distinguishable particles typically do not lead to superclassical scaling of
precision even when allowing for local unitary optimization. Conversely, we show that random pure states
from the symmetric subspace typically achieve the optimal Heisenberg scaling without the need for local
unitary optimization. Surprisingly, the Heisenberg scaling is observed for random isospectral states of
arbitrarily low purity and preserved under loss of a fixed number of particles. Moreover, we prove that for
pure states, a standard photon-counting interferometric measurement suffices to typically achieve
resolution following the Heisenberg scaling for all values of the phase at the same time. Finally, we
demonstrate that metrologically useful states can be prepared with short random optical circuits generated

from three types of beam splitters and a single nonlinear (Kerr-like) transformation.
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I. INTRODUCTION

Quantum metrology opens the possibility to exploit
quantum features to measure unknown physical quantities
with accuracy surpassing the constraints dictated by classical
physics [1-4]. Classically, by employing N probes to
independently sense a parameter, the mean-squared error
of estimation scales, at best, as 1/N. This resolution is also
known as the standard quantum limit (SQL) [5]. Quantum
mechanics, however, allows one to engineer entangled states
of N particles which, when used as probes, can lead to
resolutions beyond the SQL. Crucially, in the canonical
phase-sensing scenario, a precision scaling like 1/NZ,
known as the Heisenberg limit (HL) [6], can be attained.
In practice, the destructive impact of noise must also be
taken into account [7-9], but quantum-enhanced resolutions
have been successfully observed in optical interferometry
[10,11] (including gravitational-wave detection [12]), ultra-
cold ion spectroscopy [13,14], atomic magnetometry
[15,16], and in entanglement-assisted atomic clocks [17,18].

A fundamental question is to understand which
quantum states offer an advantage for quantum metrology.
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Quantum-enhanced parameter sensitivity can only be
observed with systems exhibiting interparticle entangle-
ment [19]; thus, such enhanced sensitivity can be used to
detect multipartite entanglement [20-23] and lower bound
the number of particles being entangled [24,25]. However,
the precise connection between entanglement and a quan-
tum metrological advantage is not fully understood so far.

It is known that states achieving the optimal sensitivity
must have entanglement between all their particles [25],
like the Greenberger-Horne-Zeilinger (GHZ) state (equiv-
alent to the NOON state in optical interferometry), yet there
also exist classes of such states that are useless from the
metrological perspective [26]. The optimal states, however,
belong to the symmetric (bosonic) subspace, from which
many states have been recognized to offer a significant
advantage in quantum metrology [26—28]. On the other
hand, a very weak form of entanglement—so-called undis-
tillable entanglement—may lead to Heisenberg scaling
[29], while any superclassical scaling arbitrarily close to
the HL (1/N?=¢ with ¢ > 0) can be achieved with states
whose geometric measure of entanglement vanishes in the
limit N — oo [30].

Here, we go beyond merely presenting examples of
states leading to quantum-enhanced precision. Instead, we
conduct a systematic study by analyzing typical properties
of the quantum and classical Fisher information on various
ensembles of quantum states. First, we show that states
of distinguishable particles typically are not useful for
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metrology, despite having a large amount of entanglement
as measured by the entanglement entropy [31-34] and
various other measures [35-38]. On the contrary, we show
that most pure random states from the symmetric (bosonic)
subspace of any local dimension achieve resolutions at the
HL. Moreover, we prove that the usefulness of random
symmetric states is robust against the loss of a finite
number of particles, and it also holds for mixed states
with fixed spectra (as long as the distance from the
maximally mixed state in the symmetric subspace is
sufficiently large). This result remain in stark contrast to
the case of GHZ states, which completely lose their
(otherwise ideal) phase sensitivity upon loss of just a single
particle. Third, we show that, even for a fixed measurement,
random pure bosonic states typically allow one to sense the
phase at the HL. Concretely, this holds in the natural
quantum-optics setting of photon-number detection in
output modes of a balanced beam splitter [39] and
independently of the value of the parameter. Finally, we
demonstrate that states generated using random circuits
with gates from a universal gate set on the symmetric
subspace consisting only of beam splitters and a single
nonlinear Kerr-like transformation also typically achieve
Heisenberg scaling—again, even for a fixed measurement.
Since all of our findings also equally apply to standard
atomic interferometry [40—43], we hope that our work not
only shows that metrological usefulness is a more generic
feature than previously thought, but also opens up new
possibilities for quantum-enhanced metrology based on
random states.

Lastly, let us note that, as metrological usefulness of
quantum states is tantamount to the notion of state macro-
scopicity [44], our results directly apply in this context
[45,46]. Moreover, since states attaining HL can be used to
approximately clone N quantum gates into as many as N2
gates as N — oo, one can immediately use our findings to
also infer that typical symmetric states provide a resource
allowing for optimal asymptotic replication of unitary
gates [47,48].

Our results are based on leveraging recent insights
concerning the continuity of quantum Fisher information
[30], measure concentration techniques [35,49-51],
recently proven results about the spectral gap in the special
unitary group [52], as well as the theory of approximate #-
designs [53-55].

Our work sheds new light on the role of symmetric
states in quantum metrology [26-28,46,56]. In particular, it
clarifies the usefulness of symmetric states from the
typicality perspective [26], but it also analytically confirms
the findings about their typical properties previously
suggested by numerical computations [46,56].

The remainder of the paper is organized as follows.
In Sec. II, we introduce the setting of quantum parameter
estimation, including the classical and quantum Fisher
information and their operational interpretation. In
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protocol: A given state p is adjusted with LU operations
Vi,...,Vy to probe, as precisely as possible, small fluctuations
of the parameter ¢, which is independently and unitarily encoded
into each of the N constituent particles. Finally, only N —k
particles are measured, reflecting the possibility of losing k of
them. The most general measurement is then described by a
positive-operator-valued measure (POVM), i.e., a collection of
positive semidefinite operators {TIY ¥}, that act on the remaining
N — k particles and sum up to the identity. The process is repeated
v times, in order to construct the most sensitive estimate of the
parameter, ¢, based on the measurement outcomes {n;}"_,.

Sec. III, we familiarize the reader with the technique of
measure concentration and introduce some additional
notation. In Sec. IV, we present our results on the lack
of usefulness of random states of distinguishable particles
for quantum metrology. Subsequently, in Sec. V, we show
that states from the symmetric (bosonic) subspace typically
attain the HL.. Next, in Sec. VI, we analyze the robustness
of metrological usefulness of such states under noise and
loss of particles. In Sec. VII, we turn our attention to the
classical Fisher information in a concrete measurement
setup. We prove that with random pure symmetric states,
Heisenberg scaling can typically be achieved with a
physically accessible measurement setup—essentially, a
Mach-Zehnder interferometer with particle-number detec-
tors. Finally, in Sec. VIII, we demonstrate that symmetric
states whose metrological properties effectively mimic
those of random symmetric states can be prepared by short
random circuits generated from a universal gate set in the
symmetric subspace. We conclude our work in Sec. IX.

II. QUANTUM METROLOGY

We consider the canonical phase-sensing scenario of
quantum metrology [6], in which one is given N devices
(black boxes) that encode a phaselike parameter ¢. The task
is to determine the optimal strategy of preparing quantum
probes so that, after interaction with the devices, the probes
can be measured in a way that reveals the highest sensitivity
to fluctuations of the parameter ¢. Crucially, in quantum
mechanics, one has the freedom to apply the devices “in
parallel” to a (possibly entangled) state p of N particles—see
Fig. 1. The whole process is assumed to be repeated many
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v> 1 times so that sufficient statical data are always
guaranteed. Note that parameter sensing is the most “opti-
mistic” metrology setting [57], in the sense that any type of
general phase-estimation problem that also accounts for the
nonperfect prior knowledge about the value of ¢ or finite size
of the measurement data is bound to be more difficult [58].

Let p,, be the probability that (in any given round) the
measurement will result in the outcome n given that
the initial state is p and the parameter is ¢. Then, the
mean-squared error A2(p of any unbiased and consistent
estimator ¢ of ¢ is lower bounded by the Cramér-Rao
bound (CRB) [57]:

AQp > !

= ol ) v

where

Fallpah) =3 - ()"

is the classical Fisher information (FI). Importantly, in the
phase-sensing scenario, the CRB (1) is guaranteed to be
tight in the limit of large v [57]. The classical Fisher
information hence quantifies, in an operationally mean-
ingful way, what the ultimate resolution to the fluctuations
of ¢ is with a given measurement and state.

The quantum device is taken to act on a single particle
(photon, atom, etc.) with Hilbert space H,,. of finite
dimension d := |H,| via a Hamiltonian &, which, without
loss of generality, we assume to be traceless (any nonzero
trace of h can always be incorporated into an irrelevant
global phase factor). The device unitarily encodes the
unknown parameter ¢ by performing the transformation
e ¢ The multiparticle state p € Hy = (Hoc)®" moves
along the trajectory

@ > (e70) BN p(el) BN, (3)

corresponding to the unitary evolution with the global
Hamiltonian

N
H:=Hy:= Zh(j). (4)
=1

The measurement is defined by a POVM, {IT\'} . acting on
the whole system (or, while accounting for particle losses,
only on the remaining N — k particles—see Fig. 1) and
satisfying >~ TIY = . It yields outcome n with probability

Pujy = ([T H0peitie) (5)

In the seminal work, Braunstein and Caves [59] showed
how to quantify the maximal usefulness of a state p in the

above scenario by maximizing the classical Fisher infor-
mation (2) over all possible POVMs. The resulting quantity
is called quantum Fisher information (QFI). It depends
solely on the quantum state p being considered and the
Hamiltonian H responsible for the parameter encoding, and
we denote it by F(p, H). A QFI scaling faster than linear
with N (for fixed local Hamiltonian /) ultimately leads to
superclassical resolutions by virtue of the CRB (1). Since
the Hamiltonian (4) is local and parameter independent,
the ultimate HL is unambiguously given by F; o N2, with
superclassical scaling being possible solely due to the
entanglement properties of p and not due to a nonlocal
or nonlinear parameter dependence [60-62]. Importantly,
thanks to the unitary character of the parameter encoding
(3), resolutions that scale beyond SQL can indeed be
attained in metrology [8,9].

Although in the phase-sensing scenario the optimal
measurement can be designed for a particular value of
@, it is often enough to know, prior to the estimation, that
the parameter lies within a sufficiently narrow window of
its potential values, as then there exist a sequence of
measurements that eventually—in the limit of many pro-
tocol repetitions (v — oo in Fig. 1) with measurements
adaptively adjusted—ryields a classical Fisher information
that still achieves the QFI [63]. Crucially, the optimal
scaling of the QFI achievable in the phase-sensing scenario
is proportional to N2, which proves the Heisenberg scaling
to indeed be the ultimate one.

For the sake of having concise terminology, we call a
family of states for increasing N “useful” for quantum
sensing if there exists a Hamiltonian % in Eq. (3) such that
the corresponding QFI scales faster than N [ie.,
F(p,H) ¢ O(N)] in the limit of large N. In contrast, we
say that the family of states is “not useful” for quantum
sensing (and hence also for all less “optimistic” metro-
logical scenarios) if its QFI scales asymptotically, at most,
like N [ie., F(p,H)€ O(N)]. We adopt the above
nomenclature for the sake of brevity and concreteness.
However, let us stress that states reaching beyond SQL,
despite not preserving superclassical precision scaling, may
also yield dramatic precision enhancement (e.g., squeezed
states in gravitational detectors [12]), which, in fact, then
guarantees their rich entanglement structure [20-25].
Nevertheless, it is the superclassical precision scaling that
manifests the necessary entanglement properties to be
maintained with the system size. In particular, its protection
at the level of QFI has recently allowed scientists to design
novel noise-robust metrology protocols [64,65].

In the remainder of this section, we give a mathematical
definition of the QFI and discuss some of its properties.
The QFI has an elegant geometric interpretation [59]
as the “square of the speed” along the trajectory (3) measured
with respect to the Bures distance dp(p,o0) =

2[1 = F(p,0)], where F(p,0):=tr\/p'/?ep'/? is the
fidelity. This allows one to define the QFI geometrically [66]:
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Flp, H) == llim, .o2d5(p, e Hopei®) /|2, (6)

This geometric interpretation of QFI is key for the derivation
of the following results. Using the spectral decomposition of a

quantum state p = Z;"il pjle;)(e;|, with p; > 0 denoting its
eigenvalues, we can write the QFI more explicitly as [2,3]
(pj - pk)2 |< 2

F(p.H) =2
jk:prmeo PiTt Pk

elelek>

- (7)

which for pure states, p = y, simplifies further to the variance
AzH\W of H, that is,

F(y.H) = Ate(yH?) — w(yH)*| = 40°H|,.  (8)

Let us also recall that the QFI is a convex function on the space
of quantum states, which shows that mixing states can never
increase their parameter sensitivity above their average
sensitivity. This, together with the fact that the QFI is also
additive on product states [2,3], directly proves that only
entangled states can lead to resolutions beyond the SQL.

III. CONCENTRATION OF MEASURE
PHENOMENON

Before presenting our main results, we briefly discuss
a key ingredient for their proofs—the concentration of
measure phenomenon [49-51]. For a more detailed dis-
cussion, we point the reader to Appendix A. For any finite-
dimensional Hilbert space, we denote by u(H) the Haar
measure on the special unitary group SU(H). The Haar
measure can be thought of as the uniform distribution over
unitary transformations. We denote by Pry,._,, 3 (A(U)) the
probability that a statement A holds for unitaries U drawn
from the measure u(H) and by

the expectation value of a function f: SU(H) — R. Our
findings concern the typical value of such functions. For
example, f(U) could be the QFI of some family of so-
called isospectral states, i.e., states of the form UpU?, with
p some fixed state on H and U ~ u(H) a unitary drawn
from the Haar measure on SU(H) [37]. Note that as
F(UpU',H) = F(p, UTHU) [this follows directly from
Eq. (7)], all our results can also be interpreted as being
about random Hamiltonians instead of random states.

To show that for almost all U the value of such a function
is close to the typical value and that this typical value is
close to the average, we repeatedly employ the following
concentration of measure inequality [50]:

U~l:f7-l) (‘f () - U~E¢E(H)

flz e) <2exp <— TL'iZ) (10)

It holds for every € > 0 and every function f:SU(H) — R
that is Lipschitz continuous [with respect to the geodesic
distance on SU(H)] and thus possesses its corresponding
Lipschitz constant L. Recall that the Lipschitz constant
gives the bound on how fast the value of a function can
change under a change of its argument. For a formal
definition of L, see Eq. (AS5) in Appendix A, where we
explicitly prove bounds on Lipschitz constants of all the
functions relevant for our considerations. Here, let us only
note that as both the FI (2) and the QFI (6) are nontrivial (in
particular, nonlinear) functions of quantum states, we need
to resort to advanced techniques of differential geometry.

Before we move on to our results, we introduce a
minimal amount of additional notation: Given two func-
tions f, g, we write f(N) € ©(g(N)) if both functions have
the same behavior in the limit of large N (up to a positive
multiplicative constant) and write f(N) € O(g(N)) if there
exists a constant C such that f(N) < Cg(N) in the limit of
large N. Slightly abusing notation, we sometimes also use
the symbols ©(f(N)) and O(f(N)) to denote an arbitrary
function with the same asymptotic behavior as f. For any
operator X, we denote its operator norm by

1 X |y ) I
[IX]| == sup bv) .
[w)#0 ”|l//>”

(11)

where |||w)|l = \/(w|w) stands for the standard vector
norm. Then, the trace and the Hilbert-Schmidt norms of X

are defined as || X||; == rvVX'X and || X||ys = \/tr(X'X),
respectively. These generally obey the relation

X1 < 11 XMus < X1l

IV. FUTILITY OF GENERAL RANDOM STATES

First, we show that Haar-random isospectral states of
distinguishable particles are typically not useful for quan-
tum metrology even if they are pure and hence typically
highly entangled [31-33,35-38]. This remains true even if
one allows for LU optimization before the parameter is
encoded (see Fig. 1). Note that in the special case d = 2,
the LU optimization of the input state is equivalent to an
optimization over all unitary parameter encodings. The
maximal achievable QFI with LU optimization is given by

FY(p,H) = sup F(VpV' H), (12)
VeLU

where LU denotes the local unitary group, i.e., a group
consisting of unitaries of the form V=V, @ V, ® ... ®
Vi, with V; acting on the jth particle of the system (see
Fig. 1). Despite the fact that for other states this sometimes
boosts their QFI [26], we have the following no-go theorem
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for random states from the full Hilbert space Hy of
distinguishable particles:

Theorem 1. (Most random states of distinguishable
particles are not useful for metrology, even after LU
optimization.) Fix a local dimension d, single-particle
Hamiltonian %, and a pure state wy on Hy. Let
FYU(U) = FFY(UyyUT, H); then,

Pr (FUU(U) ¢ O(N)) < exp <_®<f]Nz>>. (13)

U~u(Hy)

Proof sketch.—From Eq. (8), we have that F(y,H) <
4tr(wH), which implies

FY9(UyyU' H)

<4 sup tr(UyyU'VH?VT)
VeLu

=4 sup > w(UyyUVROVIV ROV, (14)
ViV %

The terms with j =k give a contribution of at most
4N||A|)*. In the remaining terms, however, the operator
V;hV) V;th(k)V}: is traceless, so

sup Ztr(Ul//NUTthU)V;th(k)VZ)
Vi Vn SR

<NAIPY Il (UpnUY) = 1/l (15)
J#k

But, the average of ||tr_; ,(UwyU") — 1/d?||; can be upper
bounded exponentially [67] as

d2
E |ltro; (UpnUH) = 1/d%||; < —, 16
UNM(HN)” j,k( VYN ) / ”1 \/d—N ( )
SO
N-1)d?
E FLUU§4Nh2[1+(4]. 17
pE FU) < anin = 1

Conversely, a direct computation of the average non-
LU-optimized QFI yields a lower bound of order
N||A||*>. Application of a concentration inequality of the
type given in Eq. (10) yields the claimed result (see
Appendix D for details). u

Because of the convexity of QFI, the typical behavior
of the QFI on any unitary-invariant ensembles [66] of
mixed density matrices in Hy can only be worse than that
of pure states predicted by the above theorem. Furthermore,
a bound similar to Eq. (17) can also be derived for
Hamiltonians H with few-body terms, for example, those
with finite or short-range interactions on regular lattices or
those considered in Ref. [60]. Lastly, let us remark that, as
we consider the most optimistic phase-sensing protocol,

Theorem 1 also disproves the possibility of superclassical
scalings of precision when considering random states in
any general phase-estimation protocol [58], e.g., the
Bayesian single-shot scenarios [68—70].

The above proof relies on the fact that most random
states on Hy have very mixed two-particle marginals.
Thus, high entanglement entropy is enough to make
random pure states on Hy useless for quantum metrology.
Complementing this, in Ref. [30], it has been proven that a
nonvanishing geometric measure of entanglement E,(y) €
©(1) is, at the same time, necessary for Heisenberg scaling
[recall that the geometric measure of entanglement for a pure
state y is defined as E (y) := 1 — max,esgp tr(yo), where
SEP denotes the set of separable states in D(Hy)l.
Interestingly, pure random states of N particles do typically
satisfy E (y) = 1[36]. This result, together with Theorem I,
shows that, contrary to a recent conjecture of Ref. [71],
a high geometric measure of entanglement is not sufficient
for states to exhibit superclassical precision scaling in
quantum metrology. However, let us note that this is
consistent with the numerical findings of Ref. [46]. The
idea that the presence or absence of superclassical scaling of
the QFI arises solely from the two-particle marginals has
also recently been noted in Ref. [72].

V. USEFULNESS OF RANDOM
SYMMETRIC STATES

We now turn to the study of random states from the
symmetric (bosonic) subspace of N qudits, Sy :=
span{|w)®":|y) € H,}, which is of dimension
Syl = ("1¢=1) € O(N"). This subspace of states con-
tains metrologically useful states such as the GHZ state
or the Dicke state [27] and naturally appears in exper-
imental setups employing photons and bosonic atoms [3].
For the special case d = 2, it was proven in [26] that,
with LU optimization, almost all pure symmetric states
exhibit FLU > 4N||h|>.

In what follows, we consider random isospectral sym-
metric states, i.e., states of the form Usy U, with oy being
a fixed state on Sy and U ~ u(Sy). By opix = 1s,/|Sn/;
we denote the maximally mixed state in Sy. In particular,
we prove that such symmetric states typically achieve a
Heisenberg-like scaling, provided that the spectrum of oy
differs sufficiently from the spectrum of ;. Interestingly,
this holds even without LU optimization:

Theorem 2. (Most random isospectral symmetric
states are useful for quantum sensing.) Fix a single-particle
Hamiltonian /4, local dimension d, and a state o, from the
symmetric subspace Sy with eigenvalues {p;};. Let

F(U) == F(UoyU", H); then,

Pr (F(U) < dg(oy, 6ix)>O(N?
Pt (F(U) < dy{oy. 00 "O(N)

< exp (—dp(oy, omiy)*O(N)).  (18)
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Proof sketch.—We use the standard integration tech-
niques (see Appendix C for details) on the unitary group
to show that

EF(U)=u(h’)G(N.d)A{p;};).  (19)

U~u(Sy)
where

_AN(N +d) |Sy|
G(N.d) = did+1) |Sy|+1° (20)

and A({p;},) is a function of the eigenvalues {p;};
which for pure states attains A = 1. Therefore, for the
case of pure states, we have

¥ _ 2
UNESN)F(UWNU H) =u(h)G(N.d),  (21)

where y is an arbitrary pure state on Sy. From this
result, it clearly follows that the average QFI of random
pure symmetric states exhibits Heisenberg scaling in the
limit N — co. Moreover, it turns out that A({p;};)
satisfies the inequality

GN’amixz
A<{p,-},-)z|5|j’v_|1d3( 5 L (22)

The inequality (18) now follows from concentration of
measure inequalities on SU(Sy) (see Appendix D for a
detailed proof). =

As the Bures distance to the maximally mixed state
dg(oy,omix) enters the theorem in a nontrivial way, we
illustrate the power of the result by showing that even
states that asymptotically move arbitrarily close to o, still
typically achieve a superclassical scaling:

Corollary 1. (Sufficient condition for usefulness of
random isospectral symmetric states) Let UsyU' be an
ensemble of isospectral states from the symmetric
subspace Sy with eigenvalues {p;};. Theorem 2 implies
that random states drawn from such an ensemble are typically
useful for sensing, as for any a <min{1/2,(d—1)/3},
they yield a precision scaling 1/N?(1-% provided that
dp(on. Omix) = 1/N”.

Let us remark that Theorem 2 constitutes a fairly
complete description of the typical properties of QFI on
various ensembles of isospectral density matrices. Typical
properties of entanglement and its generalizations on sets of
isospectral density matrices were analyzed in Ref. [37].

VI. ROBUSTNESS TO IMPERFECTIONS

Next, we underline the practical importance of the above
results by showing that the usefulness of random symmetric
states is robust against dephasing noise and particle loss.

A. Depolarizing noise

We first investigate how mixed o) may become while
still providing a quantum advantage for metrology. To this
aim, we consider a concrete ensemble of depolarized states:

Example 1 [Depolarized random symmetric states]
Fix a local dimension d, single-particle Hamiltonian A,
and p € [0, 1]. Let yy be a pure state on Sy, and set

on(p) = (1= plwy + POmix- (23)

Let F,(U) == F(Uoy(p)U', H); then, for every e > 0,

Pr (le(U) - [EFP| > GFP) <exp (_€2®(Nd—l>)’
Urp(Sy)
(24)
where EF), := Ey.(s,)Fp 18 given by Eq. (19) with
_ )2
A=A (1-p) (25)

P l—p+2p/ISul’

The above example shows that for all values of p < 1,
the Heisenberg scaling of the QFI is typically retained.
The QFI then still concentrates around its average, which
is of order N2. Moreover, we observe that for large N,
the average value of QFI of random symmetric depolar-
ized states decreases essentially linearly with p as
|A, = (1= p)| <2/|Sy|. Finally, Eq. (24) is a large
deviation inequality for QFI on the ensemble of depolarized
pure symmetric states, with the mean EF,. The average
EF, for the special case p = 0 is given by Eq. (21).

B. Finite loss of particles

Next, we investigate whether the Heisenberg scaling of
random symmetric states is robust under the loss of
particles. We model the particle loss by the partial trace
over k < N particles, i.e., oy > tri(oy) for a given state
oy. Note that because of the permutation symmetry of state
oy considered, it does not matter which particles are lost. In
particular, such a mechanism is equivalent to the situation
in which one is capable of measuring only (as if distin-
guishable) N — k of the particles. We are therefore inter-
ested in typical properties of F(tr,(UoyU"), Hy_y), where
Hy_o =0 h'Y) and UsyU' is a random isospectral
state on Sy.

For comparison, let us recall that the GHZ state, which is
known to be optimal in quantum sensing [5], becomes
completely useless upon the loss of just a single particle, as
the remaining reduced state is separable. In contrast,
sufficiently pure random bosonic states typically remain
useful for sensing even when a constant number of particles
has been lost. Even the Heisenberg scaling ~1/N? of the
QFI is preserved:
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Theorem 3. (Random isospectral symmetric states
are typically useful under finite particle loss.) Fix a
local dimension d, single-particle Hamiltonian %, and a
state oy on Sy with eigenvalues {p;};. Let F;(U) =

F(tr(UoyU"), Hy_y); then,

N2
Pr <Fk(U)< lloy — Umix”]z—[SG <F>>

U~u(Sy)
Nd—l
<exp <—||61v - Umix”?qs@ (W) ) . (26)

The main difficulty in the proof of the above theorem is
that the random matrix ensemble induced by the partial
trace of random isospectral states from Sy is not well
studied. Hence, we cannot use standard techniques to
compute the average of F(U). We circumvent this
problem by lower bounding the QFI by the asymmetry
measure [73] and then the HS norm

F(p.H) 2 llp. HIIF 2 ll[p. H]llfs (27)

and then computing the average of the right-hand side
instead. We provide all the technical details of the proof in
Appendix D; here, we only consider the two-mode case as
an example:

Example 2. For d = 2 and after fixing tr(h?) = 1/2,
the following inequality holds:

E_ F(tr(UoyU'), Hy_)

U~p(Sy)
1(N=k)(N+1)(N+1upt -1
3+ )(k+2) N (28)

(see Lemma 9 in Appendix C), which, for the pure states,
further simplifies to

1(N=K)(N +1)
[Es )F(trk(UWNUT)’HN—k) ng- (29)

It is interesting to note that without particle losses, i.e.,
k = 0, this formula gives

1
E F(UpyU',Hy)>-N(N +1), 30
JE PO U Hy) 2NN +1). (30

a result that differs from the exact expression (21) only by a
factor of 1/2.

The above result is most relevant for atomic interfer-
ometry experiments [40-43], in which unit detection
efficiencies can be achieved, and it is hence reasonably
possible to limit the loss of particles to a small number. In
contrast, current optical implementations are limited by
inefficiencies of photon detectors that are adequately
modeled with a fictitious beam-splitter model [3]. It is

known in noisy quantum metrology that generic uncorre-
lated noises (in particular, the noise described by the beam-
splitter model) constrain the ultimate precision to a constant
factor beyond the SQL [8,9]. The beam splitter effectively
fixes the loss-rate per particle, allowing all the particles to
be lost with some probability. In fact, modeling losses with
a beam splitter is equivalent to tracing out k particles with
probability (7)(1 —n)*n"=*, where 5 is the fictitious beam-
splitter transitivity (see Appendix E for the proof). Thus,
the number k of particles lost fluctuates according to a
binomial distribution. As a result, the lower bound on the
average QFI utilized in Sec. VIB must also be averaged
over the fluctuations of k, and the superclassical scaling is
lost. Our results on the robustness of random bosonic states
against finite particle losses are hence fully consistent with
the no-go theorems of Refs. [8,9]. Moreover, the fact that
random states are much more robust against particle loss
than, for example, NOON states, which lose their metro-
logical usefulness upon the loss of a single particle, raises
the hope that for finite N, they might still perform
comparably well even under uncorrelated noise.

VII. ATTAINING THE HEISENBERG LIMIT
WITH A SIMPLE MEASUREMENT

We have demonstrated that random bosonic states lead, in
a robust manner, to superclassical scaling of the QFI. This
proves that, in principle, they must allow one to locally sense
the phase around any value with resolutions beyond the
SQL. However, as previously explained in Sec. II, the phase-
sensing scenario allows the measurement to be optimized for
the particular parameter value considered. Moreover, such a
measurement may also strongly depend on the state utilized
in the protocol, so one may question whether it could be
potentially implemented in a realistic experiment, as it then
must theoretically be adjusted depending on the state drawn
at random. Thus, it is a priori not clear if metrological
usefulness of random symmetric states can actually be
exploited in practice. Here, we show that this is indeed
the case. For random symmetric states of two-mode bosons,
a standard measurement in optical and atomic interferometry
suffices to attain the Heisenberg scaling of precision when
sensing the phase around any value.

In particular, we consider the detection of the distri-
bution of the N bosons between two modes (interferom-
eter arms) after a balanced beam-splitter transformation
[3]. As depicted in Fig. 2, this corresponds, in optics, to
the photon-number detection at two output ports of a
Mach-Zehnder (MZ) interferometer [39]. Yet, such a setup
also applies to experiments with atoms in double-well
potentials, in which the beam-splitter transformation can
be implemented via trap-engineering and atomic inter-
actions [40,41], while number-resolving detection has
recently been achieved via cavity-coupling [42] and
fluorescence [43].
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—

VN Un(p)

FIG. 2. Mach-Zehnder interferometer: We consider a bosonic
pure state ywy of N photons in modes a and b inside the
interferometer. The estimated phase ¢ is acquired because of
the path difference in the arms. After a balanced beam splitter, the
number of photons n and N — n are measured in arms a and b,
respectively.

One can directly relate the general protocol of distin-
guishable qubits (see Fig. 1) to the optical setup of photons
in two modes (see Fig. 2) after acknowledging that the
Dicke basis of general pure symmetric qubit states is
nothing but their two-mode picture, in which a qubit in
a state |0) (|1)) describes a photon traveling in arm a (b) of
the interferometer. In particular, a general pure bosonic
state of N qubits can then be written as a superposition of
n) v, —n) rep-
resents the situation in which n and N — n photons are
traveling in arm a and b, respectively. In Fig. 2, the
estimated phase ¢ is acquired in between the interferometer
arms, i.e., by the transformation exp(—iJ.¢) [74]. In the
qubit picture, this corresponds to a single-particle unitary
exp(—ihg) with h = o_/2. Moreover, the unitary balanced
beam-splitter transformation of Fig. 2, commonly defined
in the modal picture as B := exp(—izJ,/2), is then equiv-
alent to a local rotation exp(—izc,/4) of each particle in the
qubit picture applied after the ¢ encoding.

Hence, the measurement of Fig. 2 with outcomes labeled
by n (the number of photons detected in mode a)
corresponds to a POVM {IIY}V_ with elements IT) =
BTDNB, where DY are the projections onto Dicke states,
|DY) = —n). Given a general pure state y inside
the mterferometer (see Fig. 2), the state after acquiring the
estimated phase reads yy(¢) := e /%y e, Then, the
probability of outcome n given that the unknown parameter
was @ is just

tr [Ty (). (31)

Before we proceed, let us note that because of the identity
Be V:¢BT = ¢/¢_ it is possible to effectively map the
above measurement scheme to the situation in which
the initial state is already propagated through a beam

splitter, 7y = By yB', yet the parameter is encoded via

pn\(p(l//N)

a Hamiltonian in the y direction (via h= —0,/2). As a
result, the measurement (POVM) elements then simplify
to just projections onto the Dicke states DY (see
Appendix C 4 for details).

Having the explicit form of the measurement-
outcome probability, we can compute the corresponding
(classical) FI

Fa({pap(wn)} Zotr t?;I’NJw;’/(N(;f)) . (32)

The unitary rotation e i entering the definition of
w (@) is responsible for the strong dependence (see also
the numeric results in Sec. VIII) of the FI on the value
of ¢. However, let us note that when averaging (with
respect to the Haar measure) the FI (32) over all bosonic
states yy € Sy, any unitary transformation of the state
becomes irrelevant. In particular, owing to the parameter
being unitary encoded, wy(@) can then simply be
replaced by wy, so the average of Eq. (32) manifestly
ceases to depend on ¢.

This observation alone is not sufficient to deduce that
the concentration behavior of FI (32) is independent of
the value of the parameter ¢. However, with the
following theorem, we show not only this but actually
a significantly stronger statement. We prove that the FI
given in Eq. (32) evaluated on random symmetric states
not only typically attains the Heisenberg scaling for a
certain value of ¢ but typically does so for all values of
@ at the same time.

Theorem 4. (Pure random symmetric qubit states
typically attain the HL for all values of ¢ in the setup of
Fig. 2.) Let wy be a fixed pure state on Sy for d = 2 modes
and p,,(UyyU") the probability to obtain outcome n
given that the value of the unknown phase parameter is ¢
and the interferometer state is Uy yU" [see also Eq. (31)].
Let Fu(U., @) = Fu({pu,(UwyU")}) be the correspond-
ing FI defined in Eq. (32); then,

o2t GueoanFaU. @) < O(N?)) < exp (=O(N)).

(33)

In other words, the probability that for a random state
there exists a value of the parameter ¢ for which
F4(U, @) does not achieve Heisenberg scaling is expo-
nentially small in N. Hence, when dealing with typical
two-mode bosonic states, one does not have to resort to
LU optimization (similarly, as in Theorem 2) in order to
reveal their metrological usefulness even for a fixed
measurement. Note that such an optimization would
make the problem ¢ independent. As the interferometric
scheme of Fig. 2 is restricted to the symmetric subspace
Sy, one is only allowed to perform LU operations of the
form V®N. However, setting V = exp(—ifs,/2), one can
then always shift ¢ — ¢ + 6 to any desired value.

We provide a detailed proof of Theorem 4 in
Appendix D, where we also present its more precise and
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technical version. One of its constituents—the analysis
of the average value of the FI (32)—can be found in
Appendix C 4, where, by rigorously showing that

c.N*< E
Urp(Sy)

Fy(U,p) <c,N*+N, (34)
with constants 0 < c_ < ¢, < oo, we prove that the
average FI indeed asymptotically follows the HL-like
scaling. Although our derivation only allows us to bound
the actual asymptotic constant factor, we conjecture that
|EU~;4(SN)FC1(U ,@) = N?/6. In particular, we realize that
such behavior is recovered after replacing the denomina-
tors of all terms in the sum of Eq. (32) by their average
values; we also verify our conjecture numerically in
Sec. VIII below.

The fact that random symmetric states typically lead to
Heisenberg scaling for all values of ¢ in the simple setup
of Fig. 2 has important consequences. If this were not the
case, it could be possible that for a typical symmetric state
yy, there are values of ¢ for which the sensitivity is low.
Our stronger result, however, is directly useful for real-
izable setups: In real interferometry experiments, one
typically starts the phase-estimation protocol by calibrat-
ing the device [10,11]. This is done by taking control of ¢
and reconstructing the p,, empirically from measure-
ments with different known values of ¢. A tomography of
the state wpy is then not necessary, and an efficient
estimator (e.g., max-likelihood [57]) that saturates the
CRB (1) can always be constructed after sufficiently many
protocol repetitions. Crucially, this implies that one might
randomly generate (for instance, following the protocol
we present in Sec. VIII) many copies of some fixed
random symmetric state y and, even without being aware
of its exact form, one can still typically construct an
estimator that attains the Heisenberg scaling, while sens-
ing small fluctuations of the parameter around any given
value of ¢.

VIII. EFFICIENT GENERATION OF RANDOM
SYMMETRIC STATES

We have shown that random symmetric states have very
promising properties for quantum-sensing scenarios, but so
far, we have not addressed the question of how to efficiently
generate such states. In this section, we demonstrate that
the random symmetric states can be simulated with help of
short random circuits whose outputs indeed yield, on
average, the Heisenberg scaling not only of the QFI but
also of the FI for the measurement scheme depicted
in Fig. 2.

Concretely, we consider random circuits over a set of
gates that is universal on the special unitary group of the
symmetric subspace and consists of four different gates:
three beam splitters and a cross-Kerr nonlinearity. A set of
gates is said to be universal on a certain unitary group if, by

taking products of its elements, one can obtain arbitrarily
good approximations (in trace norm) to any unitary
operation in this group. We emphasize that the universality
of the symmetric subspace Sy is not connected to the
notion of universal quantum computation. This follows
from the fact that the dimension of Sy scales polynomially
(in the case of d =2 modes, linearly) in the number of
particles N, and consequently, this space is not sufficient
for universal quantum computation. We first construct a
universal set of unitary gates on Sy for d = 2, which is
inspired by operations commonly available when dealing
with bosonic (optical and atomic) systems. We present our
results in the language of two-mode interferometry
(see Fig. 2).
We start with the following set of gates:

poo L1 o L1 2
s \2i 1) 2T As\=2 1)

1 /142 0
. ) o9
NG 0 1-2i

known to be a “fast” universal gate set for linear optics
[75-79]. The above matrices reflect how gates act on a
single particle (which can be either in mode a or in mode
b). The action on Sy is then given by Vj = V?N for
j€{1,2,3}. We now supplement the above collection
by a two-mode gate corresponding to a cross-Kerr non-
linearity (with effective action time = z/3) [80].
Concretely, we take

‘A/XK = eXp <%> ) (36)

where 7/, are the particle-number operators of modes
a/b marked in Fig. 2. For the general method of checking
if a given gate promotes linear optics to universality in Sy,
see Ref. [81].

In atom optics, large cross-Kerr nonlinearities and
phase shifts (XKPS) can be achieved in ultracold
two-component Bose gases in the so-called two-mode
approximation [82—84] (see also Refs. [34,85]). In optics,
reaching large XKPS is more challenging [86-88],
but there has recently been spectacular progress in this
area, both on weak [89,90] and strong nonlinearities
[91-93]. From the theoretical perspective, using the
methods of geometric control theory [94,95] and ideas
from representation theory of Lie algebra [81], it is
possible to prove that the gates {V,V,, Vs, Vyx} are
universal for SU(Sy). The gate Vg is not the only gate
yielding universality when supplemented with gates that
are universal for linear optics. The comprehensive char-
acterization of (nonlinear) gates having this property will
be presented in Ref. [81].
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FIG. 3. Convergence of QFI and FI of random circuit states
for increasing depth K. The main plot shows F and F
of N =100 two-mode photons (indistinguishable qubits)
for the measurement from Fig. 2 averaged over 150 realiza-
tions (sufficient to make the finite sample size irrelevant)
of random circuits for different depths K. The starting states

before the random circuit are of the form |wy) =
2’:0\/)7” n,N—n), with xy=1 polarized (red line),

x, = (N)/2" balanced (blue line), or xo =xy = 1/2 NOON
(yellow line). Fast convergence to the values N(N + 1)/3 and
N(N +1)/6 (black horizontal lines) is evident in all cases.
The shaded regions mark “worse than SQL” and “better than
HL” precisions. The F curves are plotted for ¢ = 7/2 (solid
line) and ¢ = /3 (dotted line). The inset depicts the
sufficient circuit depth K, as a function of N, such that
the corresponding sample-averaged QFI (black curves) or FI
(red curves) is at most 1% (top curves) or 10% (bottom
curves) from its typical value. As K, grows, at most, mildly
with N, for realistically achievable photon numbers [78],
K ~20 may be considered sufficient.

A random circuit of depth K over this gate set is now
obtained by picking, at random (according to a uniform
distribution), K gates from the set {V,,VI,VZ,V;V3,
V;, V. \A/;(K}. We call states generated by applying such a
circuit to some fixed symmetric state ‘“random circuit
states”.

Our intuition that the above scheme should generate
unitaries distributed approximately according to u(Sy)
comes from the theory of the so-called e-approximate
unitary f-designs [54,55,96]. There are several essen-
tially equivalent ways to define unitary designs [54].
One of them, introduced in Ref. [53], implies that an
e-approximate unitary 7-design . ,(H) is a distribution
over the unitary group SU(H) acting on a Hilbert
space H (of dimension |H|) that efficiently approxi-
mates the Haar measure y(H) in such a way that for
all balanced monomials f:SU(H) - R of degree ¢, it
holds that

E fU)- E

U)| <e/IH|. 37
o E o F (H)f( )| <e/IH| (37)

Moreover, if such a function satisfies a concentration
inequality of the form given in Eq. (10) with respect to
the Haar measure, then an (albeit weaker) concentration also
holds with respect to the design [53]. All these statements
carry over in a similar form to balanced polynomials. Their
corresponding difference can always be bounded by the
weighted sum of the differences of their constituting mono-
mials. The isospectral QFI, F(U) = F(UoyU", H), intro-
duced in Theorem 2 as a function of unitary rotations is
precisely such a balanced polynomial of order two, which
can be seen directly from Eq. (7).

For distinguishable qudits, there are efficient methods to
generate approximate designs by using random circuits over
local universal gate sets on H [54,55]. These constructions
unfortunately do not immediately carry over to the sym-
metric subspace Sy of N qubits. However, one can use the
fact proven in Ref. [55] (based on results of Ref. [52]) that in
any Hilbert space H, sufficiently long random circuits over a
set of universal gates form an e-approximate unitary -
design. More precisely, this holds whenever the gates
employed in the circuit are nontrivial and have algebraic
entries. The set of gates that are universal in the Sy given
above satisfies this condition. For this to hold, it would
actually be sufficient to replace all three gates V,, V,, V3 by a
single nontrivial beam splitter [77] and the gate Vyx by an
essentially nontrivial nonlinear gate. The latter would not
even have to be a reproducibly implementable nonlinear
operation, but its strength could even be allowed to vary
from invocation to invocation. However, it is mathematically
very difficult to analytically bound the depth K of such
circuits that is sufficient to achieve a given e for a given ¢.

For this reason, we resort to a numerical analysis to
verify how rapidly, with increasing K, the average QFI and
the FI of random circuit states converge to the respective
averages for random symmetric states. We consider the
scenario of Fig. 2. In this two-mode case, d = 2, it holds
that |Sy| = N + 1, and from Eq. (32), we obtain concen-
tration of the QFI around the value EF = Ey, 3¢ F(U) =
N(N +1)/3 [97]. For the FI, we expect to find
EFq = EypryFa(U, @) = N(N +1)/6 (for details, see
the discussion after Theorem 4 and Appendix C4). In
Fig. 3, we show explicitly that random circuit states
generated according to our recipe indeed allow us to reach
these values already for moderate K.

In Fig. 4, we further verify the behavior of the ultimate
limits on the attainable precision via the relevant CRB [see
Eq. (1)] dictated by the attained values for 1/F and 1/F.
We observe that the ultimate bounds predicted by the
average EF and EF for random symmetric states are
indeed quickly saturated (here, K = 60), and crucially, both
reach the predicted Heisenberg scaling. This demonstrates
that it is possible to generate states that share the favorable
metrological properties of Haar-random symmetric states
via the physical processes of applying randomly selected
optical gates.
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FIG. 4. Mean-squared error attained by random bosonic states
generated by sufficiently deep random circuits. We depict the
ultimate limit of the resolution vA?¢ attainable with random
circuit states generated by applying a deep random circuit
(K = 60) onto a two-mode balanced [x, = (f{ ) 2% in Fig. 3] state
for both the interferometric measurement of Fig. 2 (red line) and
the theoretically optimal one yielding the QFI (black line). The
corresponding sample-averaged FI and QFI quickly concentrate
around the typical values N?/3 and N2/6 (dashed lines),
respectively. The shaded regions mark the “worse than SQL”
and “better than HL” precisions.

IX. CONCLUSIONS

In this work, we present a systematic study of the
usefulness of random states for quantum metrology. We
show that random states, sampled according to the Haar
measure from the full space of states of distinguishable
particles, are typically not useful for quantum enhanced
metrology. In stark contrast, we prove that states from the
symmetric subspace have many very promising properties
for quantum metrology: They typically achieve Heisenberg
scaling of the quantum Fisher information, and this scaling is
robust against particle loss and equally holds for very mixed
isospectral states. Moreover, we show that the high quantum
Fisher information of such random states can actually be
exploited with a single fixed measurement that is imple-
mentable with a beam splitter and particle-number detectors.
Finally, we also demonstrate that states generated with short
random circuits can be used as a resource to achieve classical
Fisher information with the same scaling as the Heisenberg
limit. Our results on random symmetric states open up new
possibilities for quantum enhanced metrology.

Our work, which is a study initiating a new research
direction, naturally raises a number of interesting questions:
From the physical perspective, it would be important to
investigate the impact of more realistic noise types, such as
local (and correlated) dephasing, depolarization [56], and
particle loss on the classical Fisher information in the
interferometric scenario considered in Sec. VII, as well as
quantum Fisher information, in general, for finite N. Further,
it would be interesting to see whether bosonic random states
are also useful for multiparameter sensing problems with
noncommuting generators [72]. An important part of the

quantum metrology research is devoted to infinite-dimen-
sional optical systems with the mean number of particles—
corresponding to the power of a light beam—being fixed [3],
e.g., in squeezing-enhanced interferometry with strong laser
beams of constant power [98]. Here, one could ask whether
states prepared via random Gaussian transformations
[99,100] or random circuits of gates that are universal for
linear optics are typically useful for metrology. Another
relevant problem beyond our analysis is the speed of
convergence to the approximate designs when considering
performance of the states prepared with random bosonic
circuits discussed in Sec. VIII. Furthermore, it is interesting to
study properties of the ensembles of random states generated
from the Haar-random pure states and possibly particle loss of
both bosons and fermions. Lastly, a natural question to be
asked is whether the typical metrological usefulness of
random bosonic states remains valid if one considers general
phase-estimation scenarios, €.g., single-shot protocols with no
prior knowledge assumed about the parameter value [68], for
which Bayesian inference methods must be employed to
quantify the attainable precision [69,70].
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APPENDIX: CONTENTS

Here, we give the details that are needed to obtain the
results given in the main text. In Appendix A, we discuss
the concentration of measure on the special unitary group
and give bounds on the Lipschitz constants of the relevant
functions on this group. In Appendix B, we prove a lower
bound on the QFI, which is useful when studying particle
losses. In Appendix C, we give bounds for averages of FI
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and QFI on the relevant ensembles of density matrices that
we consider—isospectral density matrices of distinguish-
able particles, random symmetric (bosonic) states of
identical particles, and random bosonic states that under-
went particle loss (Appendix C 3). In Appendix D, we use

the previously derived technical results to prove Theorems
1, 2, 3, and 4 in the main text. In Appendix E, we prove the
equivalence of the beam-splitter model of particle losses
and the operation of taking partial traces over particles
contained in two-mode bosonic systems.

Notation used throughout the paper, unless indicated differently.

Symbol/Acronym Explanation

Hioe Local Hilbert space

d = [H| Dimension of the local Hilbert space

Hy = HON Hilbert space of N distinguishable particles

D = [Hy| Dimension of the space of N distinguishable particles
Sy = span{|[y)®:|y) € H} Hilbert space of N bosons

H General Hilbert space

|H]| Dimension of the general Hilbert space

h Local Hamiltonian encoding the phase ¢
H=Hy = Zj\’: . W) Hamiltonian acting on N particles

D(H) Set of states on the Hilbert space H

1 Identity operator on the relevant Hilbert space

P, 0, ... Symbols denoting (in general) mixed states

v, o, ... Symbols denoting pure states

Fa({Puy}) Classical Fisher information associated with the family of probability distributions {p,, }
F(p,H) Fisher information computed for the state p with respect to the Hamiltonian H
dg(p, o) Bures distance between states p and ¢

Flp, o) Uhlmann fidelity between states p and ¢

psym Orthogonal projector onto Sym? ()

[pasym Orthogonal projector onto A?(H)

End(H) Set of linear operators on H

Herm(H) Set of Hermitian operators on H

SU(H) Special unitary group on H

u(H) Haar measure on SU(H)

Eymu(m) Expectation value (average) with respect to pu(H)
Q Set of isospectral density matrices in H (for the specified ordered spectrum)
QFI Quantum Fisher information

FI Classical Fisher information

GHZ Greenberger-Horne-Zeilinger state

SQL Standard quantum limit

HL Heisenberg Limit

POVM Positive operator-valued measure

APPENDIX A: CONCENTRATION OF MEASURE
ON SPECIAL UNITARY GROUP AND LIPSCHITZ
CONSTANTS FOR QFI AND FI

In this appendix, we first present a basic concentration of
measure inequalities on the special unitary group SU(H).
Then, we give bounds on the Lipschitz constants of various
functions based on QFI and FI that appear naturally, while
studying different statistical ensembles of states on H—
isospectral density matrices, partially traced isospectral
density matrices, etc.

1. Concentration of measure on unitary group

We make extensive use of the concentration of measure
phenomenon on the special unitary group SU(H). It will be
convenient to use a metric tensor gyg induced on SU(H)

from the embedding of SU(H) in the set of all linear
operators, End(H), equipped with the Hilbert-Schmidt inner
product (A, B) = tr(A"B). Let us write the formula for gy
explicitly. The special unitary group is a Lie group; thus, for
every U € SU(H), we have an isomorphism 7, SU(H)~
31 (H), where T, is the tangent space to SU at U and 3u(H)
is the Lie algebra of the group consisting of Hermitian
traceless operators on . The linear isomorphism is given by
the following mapping:
o d

Su(H) > X+—> X = To| exp (-ipX)U € Ty;SU(H).

»=0

(A1)
Using the identification Eq. (A1) and treating the operator
X =4 _,&XP(—ipX)U = —iXU as an element of

=&,
End(H), we get
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(iXU.iYU) = w([iXU]'iYU) = tr(XY),
(A2)

gHS(X’ ?) =

where we have used X™ = X, the identity UU" = 1, and the
cyclic property of the trace. The gradient of a smooth
function f:SU(H) - R at point U € SU(H) is defined
by the condition

flexp (-igX)U),  (A3)

U’X) =

A d
gus(Vf % o

which has to be satisfied for all X € 3u(H).

Fact 1. (Concentration of measure on SU(H). [50])

Consider a special unitary group SU(H) equipped with the

Haar measure p and the metric gyg. Let
f:SU(H) > R

be a smooth function on SU(H) with the mean [E, f, and let

(A4)

L= \/Uénax gus(Vf. Vf) (AS)

SU(H)

be the Lipschitz constant of f. Then, for every ¢ > 0, the
following concentration inequalities hold:

Dé?
P - E > < —— A
U~y(rSN) (f(U) U~u(H f 6) = exp ( 4L2> ’ ( 6)
2

De
P U - E < < -— |, A7
UNﬂ(rSN)(f( ) o El = 6) _eXP( 4L2> (A7)
where D = |H| is the dimension of H.

Fact 2. Concentration inequalities Eq. (A7) also hold
for the general (not necessarily smooth) L-Lipschitz func-
tions f:SU(H) — R [50], that is, functions satisfying

/()

where d(V, W) is the geodesic distance between unitaries U
and V given by

—f(V)[ < LdU, V), (A8)

d(U,V):= inf D
rir(0)=Uy(1)=V

with D, f[o 1 / gus ( dt dt) and the infimum is over the

(piecew1se smooth) curves y that start at U and end at V.

Remark 1. Because of the definition of the gradient
V£ (A3) and the structure of the tangent space T;;SU(H)
for U € SU(H) [see Eq. (Al1)], we have

(A9)

7

w(VflyX) = flexp (-igpX)U),  (A10)

d¢'

where X = X' and trX = 0. Assume that for C > 0, we can
find the bound

exp (-ipX)U)| < Cl|X|lys.  (All)

‘d¢¢o

which is valid for all U € SU(H). Then, from Eq. (A10),
we can conclude that C is an upper bound on the Lipschitz
constant of f.

2. Lipschitz constants for quantum Fisher information
for general Hamiltonian encoding

Recall that for unitary encodings, the quantum Fisher
information for a state p with spectral decomposition

> pilei) (el is
-2 Z

i.jipitp;j#0

(Pi—l’j) k

ei|Hle;) |,
pi+pj ' !

F(p, H) (A12)

where H is the Hamiltonian generating the unitary evolu-
tion of mixed states,

R > ¢+ p(p) =exp (~ipH)pexp (ipH) € D(H).
(A13)

The QFI depends on both the state p € D(H) and the
Hamiltonian H € Herm(H) encoding the phase ¢. In what
follows, without any loss of generality, we assume that
tr(H) = 0. We are interested in the behavior of F(p, H)
when H is fixed and p varies over some ensemble of
(generally mixed) states. As we want to use concentration
inequalities [of the type in Eq. (A7)], our aim here is to give
bounds on Lipschitz constants of QFI on relevant sets of
density matrices.

We first study QFI on the set of isospectral density
matrices

={p € D(H)Isp1(p) = {p;};}.  (Al4)
where sp; (p) denotes the vector on nonincreasingly ordered
eigenvalues of p. In what follows, for the sake of simplicity,
we use the shorthand notation Q,, =Q. Let
Fopu:SU(H) > U F(UpyUT,H) €R, (A15)
where p, is the arbitrarily chosen state belonging to Q. Then,
we can prove the following lemma.
Lemma 1. The Lipschitz constant (with respect to

gus) of the function Fg y defined by Eq. (A15) is upper
bounded by

ngmm{l,zﬁ d3<p%>}32||11||2, (A16)

where 1/D is the maximally mixed state on H.

Remark 2. The quantity dg(p, 1/D) depends only on
the spectrum of p and thus is constant on the set of
isospectral density matrices €.
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Proof. In a recent paper [30], the following inequal-
ity was proven:

|F(p.H) = F(o. H)| < 32dg(p. o)l H|*, (A17)

where dg(p,o) = +/2[1 — F(p,0)] is the Bures distance

between density matrices, with F(p, o) = try/c'/?pc'/?
denoting the fidelity. Inserting

p=UpU" and o= exp(=igpX)UpyU" exp (ihX)

(A18)
into Eq. (A17), one obtains
|[Fon(exp (-ipX)U) — Fo u(U)|

< 32d,(Upo U exp (~igpX) UpoU' exp (igpX)) || H|1.
(A19)

Dividing the above by |¢| and taking the limit ¢y — 0, one
arrives at

KIpam—

1 . .
< 32||H||21im¢_,0mdB(Up0U' ,exp (—igX)
x UpoUT exp (iX)). (A20)
Then, Eq. (6) implies that
. 1 . .
hmq&—»omdB(P» exp (—igpX)pexp (ipX)) = 5V F(p. X),
(A21)
and therefore,
| Fau(ew (U] < 161HIPVF.X)
$=0
(A22)

In addition, we have two upper bounds on the square root of
the quantum Fisher information:

VF(p. H) < 2||H|| < 2||Hl|ys (A23)
and
VF(p.H) <42 dg(p, )IIHII
<43 d3<p, “)nHuﬁs, (A24)

where Eq. (A23) follows from the fact that the maximal
value of the QFI for the phase encoded via the Hamiltonian
H is bounded from above by 4||H||> [1], and Eq. (A24)
follows from Eq. (A17) for ¢ = 1/D, for which the QFI
trivially vanishes. Combining inequalities Eqgs. (A23) and
(A24) with Eq. (A22) and using Remark 1, one finally
obtains Eq. (A16). [

Remark 3. The upper bound on the Lipschitz constant
of Fop given in Eq. (A16) depends explicitly on the
spectrum of the considered set of isospectral density
matrices. Specifically, the right-hand side of Eq. (A16)
decreases as p becomes more mixed. For special cases of
Haar-random pure states and random depolarized states
(see below), we can get better bounds on the Lipschitz
constant of the QFL

Lemma 2. Consider the ensemble of Haar-random
depolarized pure states,

1
p={1=ply+py. (A25)
where y stands for the projector onto a Haar-random pure
state [y/) and p € [0, 1]. For fixed p, the states in Eq. (A25)

form an ensemble of isospectral density matrices since, for
any such p, we have

p P p
SpT( ) <1—P+B B ,B)

For this particular spectrum, the Lipschitz constant L,
(with respect to gyg) of the function F, := Fg, j, defined by
Eq. (A15), is upper bounded by

(A26)

1= 2
L,< 16(7‘0)2 I H|=2. (A27)
l-p+F

Proof.—Let us first note that for p given by Eq. (A25),
the QFI takes the form [2]

(1-p)?
2
l-p+F

F(y. H), (A28)

F(p.H) =

from which it directly follows that, for all U € SU(H),

_ (1-pp
F(U) = 1_p+2pr<U> (A29)
and consequently,
(1-p)°
br= mLo (430)

One can estimate L, by exploiting the fact that, for pure
states, the QFI is simply F(wo, H) = 4{tr(yoH?) —
[tr(woH)]?}, which allows one to express Fy(U) as
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Fo(U) = tr[(U® Upo @ yoU' ® UT)V].  (A31)
where V = 4(H?> ® 1 — H ® H). By the virtue of Lemma
6.1 of Ref. [38] (see also Ref. [37]), the Lipschitz constant
of F is bounded by 2||V|| < 16||H||>.. Combining this with
Eq. (A30) yields Eq. (A27). ]

It is also possible to prove the Lipschitz continuity of the
optimized version of QFI on Q,

F§ 1 :SU(H) 3 U = supyeyFou(VU) €R,  (A32)
where V C SU(H) is a compact class of unitary gates
on H.

Lemma 3. The Lipschitz constant L}; (with respect to
the geodesic distance) of the function F g defined by
Eq. (A32) is upper bounded by the Lipschitz constant
of Fg,

LY < Lg. (A33)

Proof—Let U, U’ € SU(H). Without loss of generality,
we can assume Fg ,(U) > F§ ,(U'). Let Vy € V be the
element such that

Fou(VoU) = Fg 4 (U) = supyey Fou(VU).  (A34)

Consequently, we have the following inequalities:

[Fo.4(U) = F u(U")| = Fou(VoU) — Fg (U
< Fou(VoU) = Fou(VoU')

< Lod(U,U"), (A35)
where, in the last inequality, we used Lipschitz continuity
of Fq y, which is guaranteed by Lemma A 2. [

Remark 4. For us, the case of greatest interest is
‘H ="Hy and V = LU (local unitary group on N distin-
guishable particles).

3. Lipschitz constants for quantum Fisher
information with particle losses

We now give bounds on the Lipschitz constant of the QFI
in the case of particle losses for bosonic states. Recall that,
in this setting, the Hamiltonian acting on N particles is
given by Hy = >V | h\) and that the Hilbert space of the
system is the totally symmetric space of N particles denoted
by Sy. Let us define a function

FY:SU(Sy) 5 U F(iry(UpU'). Hy_,) € R, (A36)

Lemma 4. The Lipschitz constant (with respect to

gus) of the function FL defined by Eq. (A36) is upper
bounded by

N

P
LY gmin{l,zﬂ dB< , Sym) }32||HN_kII2, (A37)

Sl

where PY,,/|Sy| is the maximally mixed state on Sy and
Pgm stands for the projector onto Sy.

Proof.—We prove Eq. (A37) in an analogous way to
Eq. (A16). Let p/ = tr;(p) and 6’ = try (o) be two states on
Sy_i obtained by tracing out k particles from p and o,
respectively. Applying the inequality Eq. (A17) to p’ and ¢/
and the Hamiltonian H = Hp_;, one obtains

IF(p' H) = F(d'.H)| < 32dy(pl )| Hy I

S 32dB<pvo-)”HN—k”2v (A38)

where the second inequality follows from the fact that the
Bures distance does not increase under trace-preserving
completely positive maps [66] [for us, the relevant TPCP
map is the partial trace, p > tri(p)]. We now set

p=UpU",

o = exp (—=ipX)UpoU" exp (ipX), (A39)

where U € SU(Sy) and X € 8u(Sy), and the rest of the
proof is exactly the same as that of Lemma 1. [

4. Lipschitz constant of the classical Fisher information

We conclude this section by giving bounds on the
Lipschitz constant of the classical Fisher information for
the case of isospectral mixed states, fixed Hamiltonian
encoding, and a fixed measurement setting. Recall that for
the unitary encoding (A13), classical Fisher information is
a function of the state p € D(H), Hamiltonian H, the
phase @, and the POVM {I1,,} used in the phase-estimation
procedure. These three objects define a family of proba-
bility distributions

where p(¢) = exp (—ipH)pexp (ipH). The classical

Fisher information is then given by
tr(iI,. Hlp(¢))?
tr(I,p(e))
(A41)

Fulp, H, 0. {11,}) = Fa({Pn,}) = Z

where the summation is over the range of indices labeling
the outputs of a POVM {I1,,} (for simplicity, we consider
POVMs with a finite number of outcomes). Let us fix the
Hamiltonian H, the phase ¢, and the POVM {I1,,}. Let us
define a function
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Fcl.Q,H:SU(H) U Fcl(UpOUT’H’ @, {Hn}) € R’
(A42)

for some fixed state p, € Q.

Lemma 5. The Lipschitz constant (with respect to
gus) of the function F defined by Eq. (A42) is upper
bounded by

Lagoun <24|H|*. (A43)
Proof.—The strategy of the proof is analogous to the one

presented in the other lemmas in this section. The idea is to
find a bound for

Faon (exp(=ipX)U)|, (A44)

‘ d
$=0

dep
in terms of the Hilbert-Schmidt norm of X. Let us first
assume that at U € SU(H) for all n,

tr(TL,p(@)) # 0. (A45)
Under the above condition, we have
%L()Fd,gﬂ(exp (=igX)U)
-y w{[H, 1L, ]py (@) pe{[H, IL,][iX, py ()]}
p tr(TL,py (@)
te{[H, 1L, )py () Ye{[iH, L, ]pu ()}
3 t(pu(9))” |
(A46)

where py (@) = exp (—ipH)UpoU' exp (ipH). Let us
introduce the auxiliary notation

|l T ) e 7. o))
A= w00 (9)

El

(A47)

_ w{[H,1L,]py (o) Yru{[iH, 11, ]py () }
B=2 (T () ’ (A48)

Clearly, we have the inequality
d
‘ <A+B.

Faon (exp (—ipX)U) (A49)

$=0

dep

In order to bound A and B (from above), we observe that,
for any state p € D(H), we have

|r([H, 10, ]p)| < 2t (TLp) 1A, (A50)

|er([X, IL,]p)| < 2tr(pIL, )X, (AS1)

|e({[H, L] [X, p]})] < 4w (pIL) IXTNHI.— (AS2)

In order to prove (A50), we first upper bound [tr(HIL,p)]|,

w(HTL,p)| = [ir(H /T VT VpyR) | (A53)

</ t(pH?TL,)

(oI, (AS4)

<\l o) T (a55)

< tr(pIL, ) |H]I, (AS56)
where in (AS53), we have used the non-negativity of
operators I, and p. In Eq. (AS55), we have repetitively
used the Cauchy-Schwarz inequality, first for P =
VPHVIL,, Q=+M/p and then for P = /pH?
Q = M,/p. The final inequality (A56) follows immediately
from operator inequalities,

H* < ||H||*1, I, <12 (A57)
Using analogous reasoning, it is possible to prove
ltr(HIL,p)| < tr(pIL,)||H||. This finishes the proof of
Eq. (A50). Using essentially the same methodology, it is
possible to prove the inequalities (A52) and (A51). By
plugging inequalities (AS50)—(A52) into Eq. (A49) for
p = py(p) and using the normalization condition

S te(ILpp(p)) = 1. (AS8)
we obtain
d . 2
— | Faqnu(exp(=igX)U)| < 24[|H|"|IX|| (AS9)
dg|y—o
< 24| H|I?|1X |l yss- (A60)

By the virtue of Remark 1, we conclude that the
Lipschitz constant of Fgqx(U) is upper bounded by
24||H||. The above derivation explicitly used the
assumption (A45), which translates to assuming that
denominators appearing in the definition of classical
Fisher information do not vanish. However, with the help
of inequalities (A50)—(AS52), one can easily prove that the
possible singularities coming from zeros of some denom-
inators are actually removable and that F g pz(U) is
actually a differentiable function of U. Consequently,
inequality (A59) is actually satisfied for U € SU(H), for
which conditions (A45) are not satisfied. [
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APPENDIX B: LOWER BOUNDS ON THE QFI

Lemma 6. Let p, be a one-parameter family of states
on a Hilbert space H. Then, the following lower bound for
QFI holds (see also Ref. [101]):

> o113

In particular, for p, = exp (~iHgp)pexp (iHp), we have

Flpypy) (B1)

H) > |I[H.p]l13.

Recall that the right-hand side of Eq. (B2), ||[H,p]ll%,
equals the measure of asymmetry introduced in Ref. [73].

Proof. We give the proof only in the Hamiltonian
case (B2). The proof of the general case is analogous to
this. Recall that the quantum Fisher information is related

to the Bures distance dg(p,6) = /2[1 — F(p,0)| through

Fip. (B2)

dg(Pys Pprop) = 5\ F(pps H)|6p| + O(69%).  (B3)

1
2
At the same time, from the Fuchs—van der Graaf inequal-
ities [102], we know that

lp =0l <2
<221~ F(p.0)
= 2dg(p. o),

1= F(p.o)

(B4)

with the second inequality stemming from the fact that
F(p,0) < 1. By combining Egs. (B3) and (B4), we obtain

1Py = Pyrspllt < \/Flpy H)lSg| + O(5¢%).  (B5)
Dividing this by |6¢| and then taking the limit 6 — 0,

we get

sl = Pyl <Pl 1) (B6)
which, by virtue of the fact that
1
™ gl oy = Pyrspll = lloll (B7)
directly leads us to Eq. (B2). [

Remark 5. Using the standard inequality between
trace and Hilbert-Schmidt norms, we obtain the weaker
versions of inequalities (B1) and (B2),

(B3)

F<p(/)’pq)) Z ”plllz—lsv

F(p.H) > |[H.p]l3s. (B9)

Remark 6. For pure states, F(p, H) = ||[H, p]|I3.
Proof.—Let us prove that for pure states, the right-hand
side of Eq. (B2) is simply the QFI of p. To this end, let us

denote H|y) = |p) and then
. pIIT = @) (wl = lw) (@117
= W w)llle) iyl = [w)ellli.  (B10)
where |¢) = |@)/+/ (w|H?|w). The matrix under the trace

norm is manifestly anti-Hermitian and of rank two, so it is
straightforward to compute its norm. To do this, let us write

lp) = aly) + plw*), where |al> + B> =1 and |y) is
some normalized vector orthogonal to |y). It also follows

that € R because a = (ylop) = (w|H|y)/\/ (w|H?|w).
All this implies that
o) (w| = lw){o| = Blw)(wl = B lw) (], (BII)

and consequently, the eigenvalues of the above matrix are
+i|p|. Thus, its trace norm amounts to 2|f|, giving

I[H. pllI} = 4w|H[p)|p]* = 4w |H?|w)(1 — o) (B12)
_ > _ (wlHly)?

HlE ) (1 <w|H2|l//>> (B13)

= 4((w|H?|y) — (w|H|yp)*) = F(p.H). (B14)

APPENDIX C: AVERAGES AND BOUNDS ON
AVERAGES OF QFI AND FI ON RELEVANT
STATISTICAL ENSEMBLE

In this appendix, we compute and/or bound averages of
the FI or QFI on the ensembles of mixed quantum states
appearing in the main text.

1. Averages of QFI on ensembles of
isospectral density matrices

We extensively use the following result concerning the
integration on the special unitary group.

Fact 3. (Integration of a quadratic function on the
unitary group.) Letting V € Herm(H ® H), the following
equality holds [67],

/ du(U)UB2V(UT)®? = aP™ + ppaym . (Cl)
SU(H)

where P¥™ and P*Y™ are projectors onto the symmetric
and antisymmetric subspaces of H ® H which can be
expressed as

pvm—L(1@1ys), P

T®1-S5), (C2)

NS}
N —
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with S being the so-called swap operator satisfying
S|x)|y) = |y)|x) for any pair |x), |y) € H. Finally, the real
coefficients a and f are given by

1
a = —te(PY™V),
D,

1
p =5 u(PmV),

(C3)

where D, = D(D £+ 1)/2 with D = |H]|.

We first consider the case in which both the Hilbert space
‘H and the Hamiltonian H are fully general.

Lemma 7. Let Fq y be defined as in Eq. (A15). Then,
the following equality holds:

2tr(H?) Z (pi - Pj)z.

E Fou(U)= (C4)
v~y M D —1, & . pitD;
Proof—We have the following sequence of

equalities:

(pi—p;)?
E Fau(U)=2 LELE (] )l U (cs)
() a0 Pit P \Jsug
—p.)?
=2 iz pi) </ du(U)e[U ® UH @ HU' ® U'le;)(e;| ® |ej>(e,-|]> (Ce6)
i.j:pitp;j#0 pit P, SU(H)
(pi = p;)’?
> u{{(a + Bu)1 ® 1+ (an = f)Sllen) (e @ e el (C7)
ijipip0 PiT P
where the third equality follows from Fact 3 for (p; — Pj)2
V = H ® H, and the real numbers ay and B are given by ﬁ =2(D-1), (C11)
i.j:pitpj#0 ! J
= A w(H ® HPY™) = " w(i?) a q
H D, D, ; and consequently,
1 1
Py =—tr(H @ HP™Y™) = — ——tr(H?). (C8) 4tr(H?)
D 2D E F U) = . Ci2
- - JE Fan(V) =30 (c12)

To obtain Eq. (C8), we also used the fact that tr(H) = 0.
Then, inserting Eq. (C8) into Eq. (C7) and using the
identities

tw(le;)(e;| @ lej){eil) =0,

tr(fe;){e;| ® [e)(ei]S) = 1, (€9)

one arrives at

tr(Hz) 1 1 (p, —pj)2
E F U) = —+— —_—
Ui an(U) 5 (D+ ) ) Z

(C10)

which, by virtue of the definitions of D, leads us to
Eq. (C4). n
The formula (C4) simplifies significantly for the case of
pure states.
Remark 7. Let Q consist of pure states on H. In this
case, it is fairly easy to see that

ijipirp20 Pit P

By comparing Eqgs. (C12) and (C4), one finds that the
average QFI over any ensemble Q of isospectral states can
be easily related to the average QFI over pure states.
Specifically, one has

4tr(H?)
E F = A Ry
Uni(H) Q,H(U) D+1 ({P/}J)
= E F U)Ag, Cl13
L E Fou(U)ha.  (C13)
where
1 (pi—p))?
Apri}) =5+ = (Cl14)
! Z(D B 1) i,jipi+p;#0 pi+ Pj

Note that A({p;};) = 1 for pure states and A({p;};) =0
for the maximally mixed state. Since, in general, the
dependence on the spectrum in the above formula is
quite complicated, it is desirable to have simple bounds
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(Pi_Pj)z : :
on i, 0 prip The following fact provides one

such bound:
Fact 4. Let the numbers py, ..., pp satisfy p; > 0 and
>°P , pi = 1. Then, the following inequality holds:

s Sl ()]

i.j:pit+p;#0
1
=2D1-F*(p,—=||.
7))

Proof—First, by using the identity (p;—p j)2 =
(pi+ pj)* —4p;pj, the left-hand side of the inequality
(C15) can be rewritten as

(C15)

Z (pi— 1’7;)2 _ Z [(Pi + Pj)2 B 4pip; }
iiipre#o PiT Py al Pit P PP
(C16)

which, noting that the first sum in the above amounts to
2(D — 1), can be rewritten as

Z (pi— Pj)2

Liipipo PiT D

:2<(D—l)— 3 erl). (C17)

iizprppo Pi TP

To obtain the inequality in Eq. (C15), we apply the
following well-known relation between the harmonic and
geometric means,

2
1 1 < \/pipjv (Clg)
n o

to Eq. (C17). Then, to obtain the equality in Eq. (C15) and
complete the proof, it suffices to notice that

}'(p%) =tr \/;I)p\/;z) = %tr\/ﬁ = %i\/ﬁ'
(C19)

|

Remark 8. Note that the bound (C15) is tight. To be

more precise, it is saturated for the maximally mixed state

p =1/D, for which both sides of the inequality (C15)

simply vanish, and for pure states, for which they amount
to 2(D —1).

2. Averages of QFI for N particles

We now discuss the average behavior of the QFI for
ensembles consisting of states of distinguishable or bosonic
particles (in the case when all particles evolve in the same
manner under a local Hamiltonian). For the case of N
distinguishable particles, we have

H =Hy = (C?)®N, (C20)
where C? is the Hilbert space of a single particle and N is
the number of particles. Clearly, we have D = |Hy| = d".
The Hilbert space of N bosons in d modes is the completely
symmetric subspace of Hy,

M = Sy = spanc{|¢)®"[|) € C’}.  (C21)
of dimension D = [Sy| = ( ). It will be convenient for
us to use the orthonormal basis of Sy consisting of
generalized Dicke states [103] (we also use them exten-
sively in part of the Appendix, where we estimate the
impact of particle losses on typical properties of QFI).
Within the second quantization picture, Sy can be treated

as a subspace of d-mode bosonic Fock space, and the
generalized Dicke states are of the form

N+d-1
N

4 (a))k

\/ H?:I kl'

7

i

k.N) =

|2), (C22)

where |Q) is the Fock vacuum, a; are the standard creation

operators and the vector k = (ky,k,, ..., k;) consists of
non-negative integers that count how many particles
occupy each mode. Due to the fact that the number of

particles is N, the vector k satisfies the normalization
condition |k| := ¢, k; = N. Let us also notice that, in the
particle picture, the Dicke states are given by

-

Ik, N) = N (k, N)PY . [K), (C23)

where |%> is a vector from (CY)®V given by \%) =

)81 @ 2)®% @ ... ® |d)®, the constant N (k,N) is
given by

(C24)
with
N N!
)= C25
(k) [T k! (€25)

and by [P”ng, we denote the orthonormal projector
onto Sy C Hy.
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The Hamiltonian used in the phase estimation is local
and symmetric under the exchange of particles,

H:HN
=hQI® . QI+IREQI® ... Q1

++1®... 018k, (C26)

where 4 stands for the single-particle local Hamiltonian. In
what follows, we assume, for simplicity, that tr(h) = 0.
Note that the Hamiltonian Hy preserves the subspace Sy.

Now, it follows from Egs. (C4) and (C12) that the
average behavior of the QFI on states supported on the
subspace W C ‘H is dictated by the value of try,(H%,). In
the following lemma, we compute the latter in the cases
W ="Hy and W = Sy.

Lemma 8. Let Hamiltonian H be given by Eq. (C26).
Then, the following relations,

_ ANt(h?)  |Hyl
E F A e 27
Ueny) T d [Hy| + 1 (p;};)  (C27)
and
AN(N + d)te(h*) Syl

E Fou= Allp 1

Urp(Sy) QH d(d+ 1) |SN| +1 ({pj}])
(C28)

are true. For pure qubits, Eq. (C28) simplifies to

2

E F =ZN(N + Dir(h?). (C29
poks Fuo.om =3 ( Ju(h?).  (C29)

Remark 9. The qualitative meaning of the above
lemma is twofold. First, it shows that for uniformly
distributed isospectral states from Hy, the scaling of the
QFI on average is at most linear in the number of particles N,
and, second, it proves that for random pure symmetric states,
the average QFI scales quadratically with N, both for fixed
local Hamiltonian # and local dimension d. Thus, for
symmetric states the average QFI attains the Heisenberg
limit. This behavior still holds for random isospectral density
matrices, provided their spectrum is sufficiently pure, with
the “degree of purity” quantified by A({p;};) defined
by Eq. (C14).

Proof.—We start from the proof of Eq. (C27). Using the
fact that the local Hamiltonian % is traceless, one obtains

(C30)

Inserting the above into Eq. (C4) (note that here H = Hy),
we arrive at Eq. (C27).

The proof of Eq. (C28) is more involved, as it requires
the computation of trg, (H?). The final result reads

NN + d)u(?)

trs,, (H?) = dld+1)

|Swl. (C31)

which when plugged into Eq. (C4) yields Eq. (C28).

To explicitly determine Eq. (C31), let us choose the basis
{|i)}¢_, of the single-particle space as the eigenbasis of
the local Hamiltonian . Thus, we have h|i) = 4;|i) for
i=1,...,d. The corresponding generalized Dicke states
[see Eq. (C23)] satisfy
(kD). N),

Hylk,N) = (C32)

where 1 = (A1, ..., Aq) is the vector of eigenvalues of & and
the standard inner product in R?. Now, Eq. (C32), together
with the fact that the generalized Dicke states form a basis
of Sy, allows us to write

s, (H) = > (ki)’ (C33)
k:|kj=N
d d

= > D B+ DD (k) (kiky).  (C34)
Ref=n =1 k:kl=N "L}

where, to obtain the second equality, we explicitly squared
all scalar products appearing under the sum. From the
symmetry, we have

Se-y e

k:|k|=N k:lkj=N
Z klkj - z kl ] B (CSS)
k:|k|=N k:|k|=N

for all i, i" and for all pairs of different indices (i, j) and
(7', j"). As a result, Eq. (C33) simplifies to

trs, (H?) = ) ({Zﬂz]k, {ixizj]k,kz).

k:|k|=N S
(C36)
The fact that £ is traceless yields
tr(h?) = Z Z Aid;. (C37)
= i
Moreover, because of the condition k; + - -- + k; = N, we

have
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D (ki k) =

k:|k|=N

ISyINZ. (C38)

By exploiting the identities (C35), the left-hand side of the
above equation can be rewritten as

> (ke kg)? de2+d —1) > kik.
k:|k|=N k:lk|=N k:|kj=N
C39)
As a result, one obtains
d=1) Y kik, = |Sy|N*—d Z k3. (C40)

k:[k|=N k:|k|=N

Using Egs. (C36), (C37), and (C40), we finally arrive at

s, (1) = w7) (@4 ) Y 1) = w2Is. ()

k:|k|=N
We compute the sum z%:m:]\,k% by noting that

N—-i+d-2
N—i

SRR = Nk = i) = ( ) (c42)

where #() denotes the number of elements of a discrete set.
The above equation follows from the fact that the number

of elements of the set {%| |H = N, k; = i} is the same as the
dimension of the Hilbert space of N —i bosons in d — 1
modes. Consequently, we get

> ou=ye(VT) =

ki k=N i=0

N(2N +d -
 d(d+1)

(C43)

Inserting the above expression into Eq. (C41) yields
Eq. (C31). The equality (C43) can be proven using standard
combinatorial identities. Below, we sketch its proof for
completeness. First, by virtue of the diagonal sum property
of binomial coefficients [105], we have that

(N]\—]z::a> :Ni<a+1]:_l)’

k=0

(C44)

where a is an arbitrary integer. Inserting Eq. (C44) (with
a = d = 2) to the left-hand side of Eq. (C43), we get

syl

—z+d z) :ZN:NZ;’2<CZ 2+k—1>
EEACY

(C45)

The sum > M F 0 i? is a polynomial of degree 3 in k and
can be easily computed. Therefore, in order to finish the
computation, it suffices to know the moments

N
k=0 k

for the powers j = 1, 2, 3. These can be found, for instance,
on page 5 of Ref. [106]. m

Remark 10. The most demanding part in the proof
of Lemma C2 is the computation of trg (H?), which
can be simplified greatly by the use of group theoretic
methods. This should allow one to perform an analo-
gous analysis for other irreducible representations of the
group SU(d), for instance, for the fermionic subspace
of HN'

(C40)

3. Average QFI for bosons with particle losses

Let p’' = tri(p) be a mixed symmetric state on N — k
particles arising from tracing out k particles of some
N-partite state p € D(Sy). Our aim in this section is to
bound the average of the QFI over mixed states created in
the above way, where p is a random isospectral state acting
on Sy. Recall that we are interested in the standard context
of quantum metrology; i.e., the Hamiltonian H encoding
the phase ¢ is given by Eq. (C26).

Lemma9. Letp € D(S)) be a state of N bosons with
single-particle d-dimensional Hilbert space H; and the
spectrum {py, ..., p|s,|}- Let us fix the local Hamiltonian /
and a non-negative integer k. Then, the following inequality
holds:

E F(tr,(UpUT), HINA

s (e (UpUT), HYH)
S (N — k)(N + d) |Sy|(|Sytrpy, — 1)trh?
T d+D)d+k) S (ISeF-1)

(C47)

Proof—Denoting ¢, = tr;(UpU"), we notice that the
inequality (B9) allows one to lower bound the QFI as

F(oy.Hy_t) > oy, Hy-illis (C48)

=2(trg, , {otHY_1} — trs, 1 (cuHy_t)*}).  (C49)
where due to the fact that ¢, is symmetric, the trace is taken

over the symmetric subspace Sy_;. For the same reason,
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we can cut the Hamiltonian to the symmetric subspace on
which it acts as

HN—k|$N 0= |]:Dsym Hy_ szym
Zz” Y17 N = k) (N — k|,

where, as before, |1, N — k) are (N — k)-partite generalized
Dicke states and 7n = (ng,...,n4_;) is a vector of non-
negative integers such that ny +---+n,_; = N — k, and
/I%N_k) are the eigenvalues of Hy_;. By abuse of notation, in
what follows, we denote both the Hamiltonian and its
symmetric part (C50) by Hy_y.

Using the swap operator introduced in Fact 3 for
H = Sy_; and the fact that tr(SA ® B) = tr(AB) holds
for any pair of operators acting on Sy_;, we can rewrite
Eq. (C48) as

(C50)

F(oy, Hy—) 2 2{tr[(Hy_0y ® oyHy_)Sy—i]

—tr[(oyHy_ ® oyHy_)Sy-i]}  (C51)

=2{tr[(oy ®oy)(PYm @ HY_, —Hy_ @ Hy_;)Sy—i]}.

(C52)

where to obtain the second line we used the fact that ¢, acts
on Sy_; and that S}_, = PN ® PN, and, for simplic-
ity, we dropped the subscript Sy_; ® Sy_; in the trace.

|

E Floy, Hy_
Unn(Sy) (ou. Hy_x)

> 22(15 —/1;,,1,;1)/ du(U)tr[(UpUT @ UpU™)|m, N — k) (i, N — k| @ P&, ®
SU(Sy)

nm

where now the trace is performed over Sy ® Sy. Let us
focus for a moment on the state

/ du(U)(UpUT ® UpUY). (C57)
(Sn)

It follows from Fact 3 (for H = Sy) that after performing
the integration, the above state assumes the following form:

/ Gu(U)UpU' ® UpU") = aPymreym + FPusras
(Sn)
(C58)

For completeness, let us recall that Pgyp, nqym and Py, are
the projectors onto the symmetric and antisymmetric

Exploiting the fact that the symmetric projector [P’gym i
diagonal in the Dicke basis, that is,

Py =

sym

)(P. NI, (C53)

P

the representation of the Hamiltonian in Eq. (C48), and the
definition of the swap operator, one arrives at the following
formula:

(PNak @ HY_, —Hy—_i ® Hy_;)Sn-k
= (A2 = 23z)lm. N = k) (ii. N — k|

n,m

®

AN — k) (i, N — k

, (C54)

which, when plugged into Eq. (C51), gives

Floy, Hy-t) 2 22 2z = kidin)ul(oy ® oy)im, N — k)
< RN — k| ® [N — K. N — K],
(C55)

We are now ready to lower bound the average Ey.(s,)
F(oy,Hy_;). Using the fact that oy = try(UpU") and
that UpU™ is symmetric, we obtain from inequality (C55)
that

RN = k)i, N = K| ® P,

(C56)
|
subspaces of Sy ® Sy, respectively, and they are
given by
Psym/\sym = ( sym ® |]:Dsym + SN)’

| — DN =

Pasnas = 2( sym ® |psym - SN) (C59)

Moreover, the real coefficients @ and f are explicitly
given by

1
a= m(l + trp?),
ﬁ=m(l ~up?), (C60)

where D (Sy) = [Sy[(|Sy| £1)/2
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Plugging Eq. (C58) into Eq. (C56) and using Eq. (C59), one arrives at

E Floy.Hy) 2 Z(ﬂz Aidi){(a+ )l (Plmlm, N — k) (i, N = k| @ Py )|

U~p(Sy)

=

+ (@ = p)[Sy(lm. N = k)(i. N = k| @ Piyyy @ [11. N = k) (in. N = k| @ Py )]}

(C61)

The right-hand side of this inequality can significantly be simplified if one observes that the first trace under the curly

brackets is nonzero only if m = n, giving

E Floy,Hy ;) > (a
VB FlouHy-0) >

nn

Our aim now is to compute the remaining trace, which for
further purposes, we denote 7' ;. We use the fact that
the projector Psym can be written as in Eq. (C53), which,
together with the following identity,

W(kf o e

allows us to express T ; as

PN .|, N

sym

o A N
This gives
UN,EE(SN)F(GU’HN—") > (a —ﬁ)%_;(/% Xidi)
N=K) (k) (N-K) (&
" Z: ( 6725() ) ( (ﬁi),ag > o
e Ot
(C66)

where we used the explicit expressions for @ and f and
denoted

o

(C67)

= N
¢ n+o

—B)Y (22 = Jidz)xu[Sy([im. N = k) (it N — k| @ P&, ®

i, N — k) (i, N — k| @ PE)]}.

(C62)

We now compute each sum separately. To this end, let us
first notice that it follows from Eq. (C63) that

Z Pl N = ) (0, N = k| @ |3, ) (6, k]

(C68)
= [Pl (Pt ® [0, k) (0, k)] (C69)
_ % (C70)

where to get the second equality, we used Eq. (C53), while
to obtain the third one, we used the fact that the partial trace

of [P’i\;m over N — k subsystems is given by

|8N| [P)k

1
|S | sym-* (C7 )

Iy ( Pls\g/m

With the aid of formula Eq. (C68), we can write Ly, as

a0

Then, exploiting Eqgs. (C53) and Eq. (C63) and the form
of the Hamiltonian Hy_;, this equation can be further
rewritten as

(C72)

Sy
Ls = g WPt ® Ph)] (€T3
S B . om
Skl Sn-i]

where the second equality stems from Eq. (C71).
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To compute L), we follow more or less the same

strategy. First, using Egs. (C63) and (C50), we can rewrite
it as

Ly, = > {t[PYu(Hy ® [6.6) (6. K)]}2.  (CT5)
Then, we use the fact that in the full Hilbert space
(CH®WN=K) Hy_, assumes the form given in Eq. (C26),

which gives

[Py (Hy— ® [0.k) (0. k)]

— (N = B[P (h @ PN @ 16,K) (3. k)] (CT6)
|SN| k+1 s >
— (N -k) |Sk+1‘tr[[P’Sym (h® [6.K)(3.k)].  (CT77)

where the second line follows from Eq. (C71). To compute

the remaining trace, we expand £ in its eigenbasis as h =
d-1 & |n)(n| (where & are the eigenvalues of k), which

can also be written using the “mode representation” as

h=" &ln) . (C78)

n
where n = (ig,...,is_;) is now a d-dimensional vector
whose components are such that n;, =0, 1 and
ng+ -+ ny_; = 1. In this representation, a number n =

i €{0,...,d— 1} is represented by a vector n whose ith
component n; = 1, and the remaining ones are zero. Using
Eq. (C63), one obtains

wlPRL (1 @ [6.)(6.K)] = ¢

(C79)

where the summation is taken over vectors 7 specified

above (there is d such vectors). The second equality
straightforwardly stems from the fact that (1) =1. We

then exploit the fact that (Afl) =2l (%) and the

assumption that trh = 0 to get

) R 1 d—1
tr[P&i (h ® [0, k) (0, k|)] = 12@%
n=0

k +
1
_ ng’“, (C80)

where we recall that /ng) is the eigenvalue of the k-partite

Hamiltonian H; [compare Eq. (C50)]. Combining the

above identity with Egs. (C76) and (C75), one finds
that

/ <N_k |SN|

NNk A+ 1S

>2tr5k(Hz>. (C81)

Plugging Egs. (C73) and (C81) into Eq. (C56), one
eventually finds that the average QFI is lower bounded as

S5 Syl [Snltrpy = 1(N = k)(N 4 d)
TSkl ISy -1 (d+1)(d+k)

th?.  (C82)

|

Remark 11. It is worth mentioning that using similar

techniques, one can also provide an upper bound on the

average QFI for bosons in the case of particle losses. To be

more precise, in what follows, we will derive such a bound

for multiqubit states. As the QFI is upper bounded by the
variance, one has

Foloy, Hy) < 4A3UHN—k

= d{tr(oyHy_;) — [tr(oyHy_i)]*}

< 4tr(oyH_,). (C83)

Then using the fact that the right-hand side can be rewritten
as tr(oyHy,_,) = tr[p(H%_, @ PX,,)] and that

N

t [FDS m
/ du(U)UpUT = 2 (C84)
SU(Sy)

N+1’

one obtains

E F(6U7HN—k> < ——tr

PN (H? Pk ).
U~u(Sy) N+1 [ sym( N—k® sym)]

(C85)

With the aid of Egs. (C71) and (C31), we eventually get

E  F(oy. Hy) < % (N—k)(N—k+2). (C86)

U~p(Sy)

Notice that for k = 0, this bound gives N(N + 2)/3, which
differs from the exact value for qubits by a factor linear in
N. In general, however, this bound is not very informative
because even for significant particle losses, e.g., k = nN
with 0 < < 1, the right-hand side of Eq. (C86) scales
quadratically with N.
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4. Average FI of random two-mode bosonic states
in the interferometric setup

In this part, we study the interferometric setup intro-
duced in Sec. VII and depicted in Fig. 2. Recall that the
classical Fisher information (FI) associated with such a
measurement scheme is given by

(i, Ty (e)
Z tanNw((p) ’

n=

cl {pn\q) (C87)

where by J, := DN o) (a= {x,y,z}), we denote
the angular momentum operators, ITY = BDYB', where
B = exp(=in,/2), DY = [DY)(DY|, and DY) =
|n, N — n) are the projections onto the Dicke states propa-
gated through a balanced beam splitter, and w (@) =
exp(—iJ.g)wexp(iJ,p), with y some pure state in Sy
with d = 2 modes.

Similarly as in Theorem 4 of Sec. VII, after fixing y to
be a particular pure state on Sy, we can then define

FCI(U’ (ﬂ) = Fcl<{pn\¢(UWNUT>}v (CSS)

where U € SU(Sy) and ¢ € [0, 27].

Lemma 10. Let Fy(U, ) be defined as above. Then,
the following inequalities hold:

c.N>’< E Fu(U,p)<c,N*>+N, (C89)
U~p(Sy)
where
1 4
_=———-~0.0244,

36 3¢

5 3
= ——+-=0.270. C90
Cy 6 + o (C90)

Proof.—The main difficulty in the proof comes from the
fact that F (U, ¢) is a complicated, nonlinear function of
U. Let us first note that by using the relation
Be Vot — ei]y(p’
Eq. (C87) as

it is possible to rewrite the FI in

Fa({pu,w)}) = ZUOM D lle)?
n=0

(DY (9)) (D)

where (@) = exp (i(p}y)y/ exp (—iqoj),). Let us introduce
the auxiliary notation

DY . J,]exp (ip],) Uy U exp (—ig],))},
(C92)

fa(U, ) = {u(i]

= tr(DY exp (ipJ,) Uy U' exp (—ipJ,)).

9.(U. ) (C93)

Using the above formulas, we obtain the compact expres-
sion for Fy(U, ¢),

Falt.0) = Y LA,

In what follows, we will make use of the inequality

(C94)

fulU.0) <N?g,(U.9)*, (C95)
which follows directly from Eq. (A50) applied to the
considered setting. In order to obtain bounds on the average
Eyeuisy) Fa(U, @), we use the following subsets of the
SU(Sw)-

"« =1{U€SU(S

gn(U, @) 2 a},  (C96)

={U e SU(S,)|9.(U.9) <a},  (C97)
where n =0, ..., N and a € [0, 1]. Because of the unitary
invariance of the Haar measure and the fact that projectors
DY have rank one, the distribution of the random variable
9,(U, @) is identical to the distribution of the random
variable X (V) = tr(wVy V"), where V is the Haar distrib-
uted unitary on CN*! and y is a pure state on this Hilbert
space. The distribution of X (V) is known [see, for instance,
Eq. (9) in Ref. [107]] and is given by

p(X) = N(1 - Xx)N-1, e0,1].  (C98)

Lower bound. Let us first derive the lower bound for the
average of FI. Consider first the average of a single term in
asum (C94). For a > 0, we have the following chain of (in)

equalities:

fulU.0) FulU.9)
[EU~;4(SN)m > /Uegn,,, dﬂ(U)T
fn(U, (ﬂ)
' [Jeg';a WO (U0
(C99)
1
N a/UGSU(SN) du(U)f4(U. )
Aegn_a du(U)f,(U. @) U0 (C100)
1
= a/UESU(SN) du(U)f,(U.9)
I\;/Uegn du(U)g,(U. 9)(9,(U, ) =) (C101)
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1
- d
[JGSU(SN) w(U)f, (U, @)

]\;2 / dXp(X)X(X - a) (C102)
1
T a /Uesu<sN> WOIE-2)
N1 -2+ aN) (C103)

a(l+N)(2+N)

In the above sequence of (in)equalities, Eq. (C99) follows
from the definitions of sets ¢t ,; Eq. (C101) follows from
the non-negativity of g¢,(U,9)—a on G1, and from
Eq. (C95). Equation (C102) follows from the definition
of the random variable X presented in the discussion above
Eq. (C98). Finally, Eq. (C103) follows directly from
Eq. (C98). Summing over n, we obtain the inequality

S (/ )
[E FC U, Z_ d U n U9
,.E, Fa(U.9) a; esus, (U)f,(U. )

_N(1 =)V (2 +aN)
a(2+N)

(C104)

Using the integration techniques analogous to the ones used
in preceding sections, it is possible to show that

w(=[Dy. %)

/UesU<SN> W0 =N N+ 2)°

Making use of the fact that tr(ijnN ) =0, we obtain

,,NZO ( / e, W1, <p>)

f: (D). J3)
(N+1)(N+2)
B 2tr(J_%)
(N+1)(N+2)
_N
=<
In the last equality of Eq. (C106), we have used Eq. (C31)
and the fact that j originates in a single-particle

Hamiltonian satlsfylng tr(h*) = 1. Plugging Eq. (C106)
into Eq. (C104), for all a > 0, We obtain

(C105)

(C106)

N N?’(1-a)V*'(2+aN)

E Fy(Ugp)>—-
Unn(Sy) l( ¢) 6a (2+N)

(C107)

By setting a = , where A is a fixed positive parameter,

and by using the inequality (1 —£)M™!' <exp(-A), we

obtain

N? N?exp(-A)(2+A)
“6A A ’

E FaU.g)2

C108
Urp(Sy) ( )

Finding the maximal value of the right-hand side of
Eq. (C108) (treated as a function of A) is difficult.
Numerical investigation shows that the maximal value is
obtained very close to A = 6, which finally gives

E Fu(U,@)>c_N?,
Una(Sy) cl( (P)

(C109)

where c_ = 3¢ — 75~ 0.0244.

B
Upper bound. The proof of the upper bound of the

average Fisher information is analogous. For a > 0, we
have the following chain of (in)equalities:

fa(U. ) / fa(U.9)
E ——-—= du(U)———=
U~M(SN>gn(U,<ﬂ)S vegr, U=,
fa(U. @)
du(U)———= (C110
+/Ueg:a a )gn(U’§0) (C110)
1
— | i)
@ Juesu(Sy)
(@—g.(U.9))
du(U U,p)——= Cl111
: / L, WO ()
<of o nwe
UeSU(Sy)
N2
[ gUee-ave)  (cn)
veg" ,
1
— | awiv.e)
UeSU(Sy)
—/ dXp(X X) (C113)
1
— | @i
@ JUuesu(Sy)
+N2(a(2+N) + (1 =)V (2 +aN) -2)
a(l+N)(2+N) '
(C114)
In the above sequence of (in)equalities, Eq. (C110)

follows from the definitions of sets G ,; Eq. (C112)
follows from the non-negativity of a —g,(U,¢) on G,
and from Eq. (C95). Equation (C102) follows from the
definition of the random variable X presented in the
discussion above Eq. (C98). Finally, Eq. (C114) follows
directly from Eq. (C98). Summing over n, we obtain the
inequality
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E F4U,
Umn(Sy) 1( €0)

1 N
> ( / e, WO <o>)
N N*(a2+N) + (1 =)V (2 +aN) -2) .

a(2+N)
(C115)
Let A be a fixed positive number. By setting o = %, and

by using Eq. (C106), we obtain the upper bound

UNES )FCI(U’ 50)
N*  N?
<—+—(A-2+(A+2)exp(-A)) + N.

N (C116)

Finding the minimal value of the right-hand side of
Eq. (C116) (treated as a function of A) is difficult.
Numerical investigation shows that the minimal value is
obtained very close to A = 1. Inserting this into
Eq. (C116) gives

Evmu(sy)Fa(U.9) < c.N*+N, (C117)

where ¢, = — % + % ~ 0.270. m

APPENDIX D: PROOFS OF MAIN THEOREMS

In this section, we use the technical results developed in
the preceding appendixes to prove the main theorems from
the main manuscript, where we have used, for the sake of
simplicity, the ® notation, which allowed us to hide the
presence of complicated constants in the concentration
inequalities. In what follows, we will present technical
versions of these theorems, explicitly giving all the relevant
constants. Proofs of Theorems 1, 2, 3, and Example 1 are
analogous in the sense that they all rely the concentration
inequality (A7) and on

(i) upper bounds on the Lipschitz constants of the

relevant functions on SU(H);

(i1) bounds or explicit values on the average of these

functions on SU(H).
The proof of Theorem 4 is slightly more complicated and
relies on the regularity of F (U, ¢) viewed as a function of
the parameter ¢.

Let us start with an immediate corollary of Fact 1
describing the concentration of measure on SU(H).

Corollary 2. Let f:SU(H)+— R be a function on
SU(H). Let D = |'H| be the dimension of . Assume the

function f with the Lipschitz constant L satisfying L < L

for some non-negative scalar L. Assume that the expect-
ation value of f is upper bounded as Ey.., ) f < F.. Then,
for every € > 0, the following large deviation bound holds,

Pr (f(U)>F, +¢) <exp (—sz) (D1)
U~u(H) - 4p?)"

Assume that the expectation value of f is lower bounded as
Ev~urn)f = F_. Then, for every € > 0, the following large
deviation bound holds,

Pr (f(U)<F_—e¢)<exp (—%) (D2)

U~u(H)

We use Corollary 2 to prove technical versions of
Theorems 1, 2, 3 and Example 1 from the main text.

Theorem 5. (Technical version of Theorem 1 from the
main text.) Fix a single-particle Hamiltonian 4, local
dimension d, and a pure state wy on Hy. Let
FYY(U) == FYY(UyyUT, H); then, for every € > 0,

B (FLU(U) > 4N||h|)? (1 + %) N 6)

e2dV
<exp(——% ). D3
—eXp( 4096||h||4N4> (D3)
ANtw(h2)dY )
pr (FLY(U) <2V
U~/4(HN)< () < d(d" +1)
erdV
<exp[—— 94 ). D4
—eXp< 4096||h||4N4> (D4)

i —1)d? 2N .
Setting ¢ = 2N[IAIP(1 +875%) and e = ZEr in

Egs. (D3) and (D4), respectively, yields Theorem 1.

Proof.—The proof of Theorem 5 follows directly
from Corollary 2 and results proved previously. From
Lemmas 1 and 3, one can infer that the Lipschitz constant
of FXV is upper bounded by L = 32||H||> = 32N?||h|>.
From Eq. (17), we have the upper bound on Eyy.,,3) F™Y
Using this bound in Eq. (D1) gives Eq. (D3). The lower
bound Eyy., ) F"Y can be obtained by noting that the
unoptimized QFI is a lower bound to its optimized version.
Therefore,

4Ntr(h?)dV

E F'U> E FUyyU' H) = —F——,
o f v H) = 0

> (D5)
U~pu(H) U~u(H)
where, in the last equality, we used Eq. (C27). Plugging
Eq. (D5) into Eq. (D2) yields Eq. (D4). [

Theorem 6. (Technical version of Theorem 2 from the
main text.) Fix a single-particle Hamiltonian 4, local
dimension d, and a state o from the symmetric subspace
Sy with eigenvalues {p;},. Let o, be the maximally
mixed state on Sy. Let F(U) := F(UosyU", H); then, for
every € > 0,
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2N(N + d)tr(h?)
dd+1)

« |Snl? —e) <expl - €*|Sn|
ISy|> =1 - 4096C||h||*N* )"

where |Sy| = (V971) and C = min{1,8dg(cy, Opmiy)}-

N
. r(h? NZ .
Setting €:dB(GN7amix)2%\§i|zl—l in Eq. (D6)

Pr ( F(U) <dg(oy,omix)?
P (PO < o o)

(Do)

yields Theorem 2.
Proof.—The proof'is analogous to the proof of Theorem 5.
From Lemma 1, we infer that the Lipschitz constant of F(U)

is upper bounded by L=32||H||*min{1,8dp(cy.0mx)}=
32N?||h||?>min{1,8dz(cy,0mi)}. From Eq. (C28) in
Lemma 8, we get

AN(N + d)tr(h?)  |Sy]
dd+1) |Sn| + 1

F(U) = A({p;}))-

(D7)

E
Ur~p(Sy)

Using the inequality (C15) and the Fuch-van de Graaf
inequality [102], 1—F*(oy,0mix) < 3dp(oy.0mix), We
obtain

A{p})) = =1 Syl (DY

e
Inserting this inequality into Eq. (D7) gives
2N(N+d)w(h?) |Sy|?

dld+1)  |Sy-1'
(D9)

Evepu(ry) F(U) 2 dp(0n,0mix)*

which, together with the bound on the Lipschitz constant of
F(U) and Corollary 2, results in Eq. (D6). L]

Example 3 (Technical version of Example VI A from
the main manuscript). Fix a local dimension d, single-
particle Hamiltonian #, and p € [0, 1]. Let wy be a pure
state on Sy, and set

O-N(p) - (1 - p)l//N + POmix- (DIO)

Let F,(U) == F(Uoy(p)U', H); then, for every € > 0,

P F,(U)- E F, > E F
UN/‘(I‘-SN)<| p( ) U~p(Sy) p‘ _€U~ﬂ(5/v) p)
20 (122 26 2
§2exp<— € 4r( )*(N 4 d)*| S| 2|3N|>,
64||AlI*(d(d + 1)N(1 +|Sy))
(D11)
where |Sy| = ("1¢71) and

_AN(N+d)tr(h?) |Sy| (1-p)?
|Sn|+1(1=p+2p/|Sy])
(D12)

E F,=
Unu(Sy) ¥ d(d+1)

Equation (D12) implies Example VI A, as for fixed local
dimension d, we have |Sy| € ©(N1).

Sketch of the proof.—The proof of Example 3 parallels
proofs of Theorems 5 and 6 and relies on Fact 1. The bound
of the Lipschitz constant of F,(U) is provided by Lemma 3.
The expression for the average of F,(U) is given in Lemma
8. The inequality (D11) follows directly from concentration
inequalities from Fact 1 by setting € = €Eyys)Fp. ™

Theorem 7. (Technical version of Theorem 3 from the
main manuscript.) Fix a single-particle Hamiltonian A,
local dimension d, non-negative integer k, and a state o, on
Sy with eigenvalues {p;},. Let o, be the maximally
mixed state on Sy. Let Fy(U) := F(try(UoyU"), Hy_;);
then, for every € > 0,

(N —k)(N +4d)
(d+1)(d+k)

[Sn|(|Swltrpy = Dirk® €>
[Sel(ISy]* = 1)

Pr F.(U)<2
UNM(SN)< «(U)

<exp| - <|S| (D13)
=P\ Ta096CnI* (N = K)* )
where |Sy| = (V'¢"") and C = min{1.8dp(oy. omix)}-

. _ (N=k)(N+d) |Sy|(|Sytrp%—1)tch? . .
Setting ¢ = ((dH))((dJrk)) lek"(v‘si‘%_l) in Eq. (D13) yields

Theorem 3.

Sketch of the proof.—The proof of Theorem 7 parallels
proofs of Theorems 5 and 6 and relies on Corollary 2. The
bound of the Lipschitz constant of F(U) is provided by
Lemma 4. The lower bound for the average of F(U) is
given in Lemma 9. [

Theorem 8. (Technical version of Theorem 4 from the
main manuscript.) Let yy be a fixed pure state on Sy with
d = 2 bosonic modes. Let p,,,(UyyU") be the probability
to obtain outcome 7 in the interferometric scheme defined
in Sec. VII, given that the value of the unknown phase
parameter is ¢ and the input state is UyyU' [see also
Eq. BD)]. Let Fu(U.9) = Fq({pu,(UpyU")}) be the
corresponding FI according to Eq. (32) [or Eq. (C87)].
Then, for every ¢ > 0 and every ¢ € [0, 2z, we have

Pr (Fcl(Uv (ﬂ) < I]EUNﬂ<SN)FCl(U7 (ﬂ> - 6)
U~p(Sy)

2
<exp (— T2aN? (N + 1)), (D14)

Pr (Fcl(Ua (ﬂ) 2 EUNﬂ(SN)Fcl(U’ (ﬂ) + 6)
Ur~p(Sy)

2

<exp(~ ¥+ D). DIS)
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In the equations above, Ey.,s,)Fa(U,@) satisfies
inequalities

c_N?* <EyoysyFa(U,@) <c N> +N, (D16)
where
1 4 5 3
=—-—-r~0.0244 =—-—+4+-~0.270.
“ 73638 LT
(D17)
Moreover, we have the following inequality:
c
Pr dp € |0,2x|F (U, 5—_N2)
P (30 0.2arw0) <
122N c?
< ——(N+1)), D18
< [ exp (- v ) o1

where [x] stands for the smallest integer that is not less
than x. Equation (D18) yields exactly Eq. (33) from
Theorem 4.

Proof.—Equations (D14) and (D15) follow directly from
Fact 1 and the bounds of the Lipschitz constant of
F4(U, @), treated as a function of U (for fixed ¢), given
in Lemma 5. From Lemma 5, it follows that the Lipschitz
constant of F (U, @) is bounded above as

L < 24||H|)* = 24||7,]|* = 6N>. (D19)
Inequalities from Eq. (D16) follow from Lemma 10. The
nontrivial part of the proof is the justification of Eq. (D18).
Let us first introduce the discretization of the interval [0, 27]
by M equally spaced points:

2w

pi=({-1)—,

i=1,...,M.
M

(D20)
Moreover, let us notice that from Eq. (A59), it follows that
F4(U, @) is Lipschitz continuous for fixed U and varying

Q:

< 24||H|]?® = 3N?, (D21)

% Fu(U.9)
d(p cl s
where in Eq. (A59), we set X = H = J.. From Eq. (D21), it
follows that for fixed U € SU(Sy) and for ¢, ¢ € [0, 27],
we have

When the points in the discretization (D20) are separated
by A = 2% the distance on any ¢ € [0, 27] to the closest ¢;
does not exceed A’ = % = 4~ Using the union bound,
Eq. (D14), and the lower bound in Eq. (D16), we obtain

Pr 3 iFC U, i SC_N2—€
P GFa(U.) )

62

).

Using Eq. (D22) and the discussion following it, we obtain

< Mexp ( (D23)

Pr (3pF,(U,p) < c_N*>=3N3A" —¢)
U~p(Sy)

62

Now, by setting M = [122X] (this is the smallest integer M
such that 3N3A" <9 N?) and e =5N? in the above
equation, we obtain Eq. (D18). [

(D24)

APPENDIX E: PARTIAL-TRACE AND BEAM-
SPLITTER MODELS OF PARTICLE LOSSES

In this appendix, we prove the equivalence of the beam-
splitter model of particle losses and the operation of taking
the partial trace over the constituent particles in the system
of N bosons in d = 2 modes. A general pure state yy of N
bosons in two modes a and b can be written as

N

lwn) = Z

n=0

N
ay I’l,N—I’l> :Zan|D£lv>’ (El)
n=0

with the complex coefficients {a,}_, satisfying
N, |a,|* = 1. Each Dicke state |DY) can be written in

the basis of particle basis |), as

1
|D£tv>:— Z 6x,nlx>p’

\/@XE{O,]}N

where x := |x|:= > ,x; denotes the Hamming weight of
any binary string x = [x;,...,xy], whose consecutive
entries specify the state of each qubit. As a result, we
may write a general bosonic pure state (E1) in the particle
basis as

(E2)

)= D edxp= Y edwm)lx). ), (E3)
xe{0,1}Y xe{0,1}V
with the coefficients ¢, then given by ¢, =

\/l(T) ZZV:O anéx.n .

1. Tracing out k particles

Let us define the notation in which we can split any
binary string x (describing N qubits) into two strings, x’
and u (describing N — k and k qubits, respectively) so that
x = [x,u] =[x}, ....x_;. 4y, ..., uz]. Then, we can gen-
erally write the bosonic state (E3) in the particle basis after
tracing out the last k qubits as
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on—i =t {wn} (E4)
lN
{3 iy}
x,y=0"
lN
= > exestn{x)p(yl} (E5)
x,y=0"
|N=k
= z [Q;\rl—k]x’y’|x/>p<yl ’ (E6)
X/AX/:ON_]C

where the above matrix entries of ¢}_, are given by

1 1

[Q}\r/—k]x/y/ = Z C[X’,u]c[*y’,w]éuw - Z C[X/’“]C[*y/’“] (E7)

u,w=0¢ u=0*
1 N N *
o 2 : <§ :a;16x’+u,n> <§ :am(syuru.m)
: — N — /(N
u=0% “n=0 (n) m=0 (m)

o, a/
X tu Ty u (E8)

S OR.

In the mode basis, we can equivalently write

N—k

Y [ohodunl DY (E9)

n,m=0

tr _
ON—k =

and with the help of Egs. (E2) and (E6), we can explicitly
evaluate the corresponding density-matrix entries:

|N=k
[Qltb—k]nm = Z [Q;&—k]x’y’ <D%_k||xl>p<yl||DnN_k>
x/ y/:()N—k
(E10)
1N—k
5x’ m 5".!1
= Z [QK/—k]x’y’ ’ - (El 1)
v (Nn:k) (N;k)
B NZ"‘ N—k\ (N -k Z k
B X' y'=0 X' yl u=0 u
Ay ua/ u 5x’m 5,1,1
ey Y. (E12)
—k
\/ X +u \/(v +u \/ \/(Nn )
k (N—k)(N—k
- m+uPn+u i A (E13)
; i ( ) (ot ) )

2. Beam-splitter model of mode-asymmetric
particle losses

In quantum optics, photonic losses are modeled by
adding fictitious beam splitters (BSs) of fixed transmittance
into the light transmission modes [39]. In this way, by
impinging a vacuum state on the other input port of any
such BS and tracing out its unobserved output port, one
obtains a model depicting loss of photons. In the case of the
two-mode N-photon bosonic state (El), after fixing the
transmissivity of the fictitious BS introduced in mode a (b)
to 1, (17;,), the density matrix then describing the observed
modes generally reads [3]

= A, W] (E14)
N N-,
= ZZ D1, ml€r,s (E15)
1,=0 1,—0

where Aif,n is the effective quantum channel representing
the action of fictitious BSs in the two modes, while indices
[, and I, denote the number of photons lost in modes a and
b, respectively. The states

N— lb
A b =1, N =0 —1,)

abn

(E16)

are generally nonorthogonal, and their coefficients contain
generalized binomial factors:

n n— N-n —n=
by = <z> (1=, ( Iy )n’l (1= )t
(E17)

The probability of losing /, and /, photons in modes a and
b, respectively, then reads

N-I,

=3 Ja, ol
n=lI,

Pi,.1, (E18)

On the other hand, after reindexing Eq. (E15) by
[—the total number of photons lost in both modes—
the output two-mode mixed state can equivalently be
rewritten as

N
o8 = lﬂ%pzolﬁfl, (E19)

where
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Ny = —szzz Eloid=t,)m (&1, 0m (E20)
| N—l+l,
“n
X aap\ BB T 1 N == 1 1)
x(m—=1,,N—m-—1+1,] (E21)

belong to orthogonal subspaces and represent the state
after loss of [ photons, which may occur with proba-
bility

N—=I+1,

]
pr= Zplll —Z Z b4
l,=0 n=l,
:Z|an|2
n=0

min {l.n}

Z bl(ja,l—la) )

l,=max {0,n—N+1}

(E22)

3. Equivalence of the partial-trace and
beam-splitter models in the case of equal losses
in the two modes

Lemma 11. For equal photonic losses in both modes,
n:=mn, =1, the fictitious BS model is equivalent to
tracing out k particles with k distributed according to a
binomial distribution, i.e.,

N
Vy.ese: Apnlwn] = ](G%Pktfk{llliv} with

pr = (Z) V(1 =)k

Proof.—In the case of mode-symmetric losses,
n=n, =1, the overall probability of losing / photons
becomes independent of the state yp [i.e., its coefficients
a,, of Eq. (E1)], as Eq. (E22) then simplifies to

(E23)

N min{/,n} n
=St S (1)
n=0 a

l,=max{0,n—N+1}

N—n
x <1—1 )nN"(l — 1)’

= ()ra-wr

Furthermore, the state (E21) in each orthogonal subspace
indexed by [ then takes a simpler form,

(E24)

BS _ pllal=la)
Ong — _E E : Xyl aerl n+l,,

l =0 n,m=0
b([a*l_la)
mit, 1N =l =n)m(m,N—1—-m| (E25)
N—-I
= 2 o), |~ (on, (E26)

0

n,

3
Il

where we have shifted the indices n - n+ /[, and m —
m + [, to explicitly rewrite the state in the Dicke basis, in
which its matrix entries then read

lod—1y) /7 (1ad=1,)
E i1, Oy, \/bn+l \/bm+l

QNZ nm E27)

1 l
= p_Z n+laa:n+lu77N_l(] —n)!

o n+1l,\(N—-n—-1,\(m+I1,\/N-m-1,
l, -1, l, -1,

(E28)
B 1 . (nzll,)(N n— l)\/(mH )(N m— 1)
- luz()an+laam+la\/ (1}/) (1) :

(E29)
However, using (")(%) = (4)(*=*) and (}) = (,",), we get

n+l N n l
=4 l 1 / (E30)
n+l

Finally, this allows us to write the matrix entries specified in
the Dicke basis as

l )
QNI nm Z Antl, aerl l ( N )
a n+l,

Comparing the above expression with Eq. (E13) and
relabeling the indices / — k and [, — u, one observes that,
independently of yy, indeed ofy =oW_, = tr{yy}.
Hence, Eq. (E19) yields Eq. (E23) with binomially dis-
tributed p; according to Eq. (E24). [

(E31)
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