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The formation of bound states involving multiple particles underlies many interesting quantum physical
phenomena, such as Efimov physics or superconductivity. In this work, we show the existence of an infinite
number of such states for some boson impurity models. They describe free bosons coupled to an impurity
and include some of the most representative models in quantum optics. We also propose a family of wave
functions to describe the bound states and verify that it accurately characterizes all parameter regimes
by comparing its predictions with exact numerical calculations for a one-dimensional tight-binding
Hamiltonian. For that model, we also analyze the nature of the bound states by studying the scaling
relations of physical quantities, such as the ground-state energy and localization length, and find a
nonanalytical behavior as a function of the coupling strength. Finally, we discuss how to test our theoretical
predictions in experimental platforms, such as photonic crystal structures and cold atoms in optical lattices.
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I. INTRODUCTION

Boson impurity models, where a two-level system (the
impurity) is coupled to a bosonic bath, appear in the
description of a variety of physical systems. In particular,
they constitute a central paradigm in the field of quantum
optics, where the impurity is an emitter (e.g., an atom), and
the bosonic bath corresponds to the modes of the electro-
magnetic field. Despite their simplicity, boson impurity
models display a variety of basic phenomena. One of the
most intriguing is the existence of a single-excitation bound
states (SEBS) for optical emitters interacting with photonic
band gap reservoirs [1] (see also Refs. [2,3]), giving rise to
interesting phenomena, such as fractional decays or locali-
zation phase transitions. In this work, we analyze the
existence of multiple-excitation bound states (MEBS) in
very generic boson impurity models, including those
considered in Refs. [1-3] and other central problems in
quantum optics. The existence of bound states lies at the
heart of many exotic phenomena, like three-body Efimov
states [4], and also very practical ones, like Cooper pairs in
superconductivity [5] or polarons [6,7] in electron trans-
port. Furthermore, the interest in MEBS is also triggered by
the experimental progress in atom-nanophotonics integra-
tion [8—13], as well as the dramatic consequences played by
SEBS on the generation of long-range interactions between
atoms [14-16].

In this work, we concentrate on a set of boson impurity
models described by a Hamiltonian of the form
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H= Ac,, + Zeka};ak + —Zr]k(aiage +H.c). (1)
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Here, the two-level impurity has ground state |g) and excited
state |e), o,, = |e){e| is the occupation number operator of
the excited state, 6, = |g)(e| is the transition operator from
the |e) state to the |g) state (its Hermitian conjugate is for the
opposite process), V is the volume of the bosonic bath, ay is
the annihilation operator of the bath mode with momentum
k, and 7, is the momentum-dependent coupling profile
(typically represented by very smooth functions of k)
satisfying the normalization condition Y |n]?/V = 1.
The most relevant parameters are the detuning A, the
coupling strength Q > 0, and the dispersion relation g that
we assume to describe a single band of width W. In the
quantum optical context, A describes the detuning between
the two-level transition and the lowest energy of the bath
Hamiltonian, and Q the coupling strength in the rotating-
wave approximation limit. The third term thus describes the
process in which the emitter is deexcited by emitting a
photon into the bath. The Hamiltonian [Eq. (1)] models a
number of relevant problems, ranging from spontaneous
emission of a free atom, to the coupling of an emitter to a
photonic crystal in any spatial dimension, as well as a single
emitter in a high-Q cavity [Jaynes-Cummings (JC) model],
which is recovered in the limit of W — 0.

More than 20 years ago, it was discovered that for certain
dispersion relations [1-3] this Hamiltonian displays an
exact eigenstate of the form

|B1) = ale)|0) + SC7g)|0). (2)

where |0) is the vaccum state of the bath and C is a
collective bath mode given by a linear superposition of the
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ay’s. In particular, the boson density vanishes far away from
the position of the impurity, so that one can interpret that the
boson is trapped by the impurity. The length at which this
happens, the localization length, depends on the parameters
of the model. In recent years, bound states with two
excitations have been predicted for some particular
dispersion relations [17-22]. Furthermore, there is strong
numerical evidence that analogous models [23,24] (where
the number of excitations is not conserved) may also possess
bound states involving multiple excitations. Thus, some
questions that naturally arise are, does Hamiltonian Eq. (1)
possess multiple excitation bound states, and if so, what is
their origin, how can they be described precisely, and how
can they be observed experimentally?.

In this paper, we address all of these questions. First of
all, we show that for very generic dispersion relations, the
boson impurity model Eq. (1) may support infinitely many
bound states corresponding to different numbers of exci-
tations. We investigate the origin of those bound states in
the limit |[A| > W, Q, where one can view the impurity as
creating a potential for the bosonic bath, in which the
excitations may Bose-Einstein condense. We also postulate
a three-parameter family of (approximate) wave functions
for the bound states in the form

|By) = (ale){g] + BCT)A™|g)[0). (3)

where A and C are linear combinations of the a’s that
depend on the system parameters. We confirm that those
wave functions provide a very accurate description of the
MEBS for a specific model in one spatial dimension by
comparing their physical properties with the results
obtained using advanced density-matrix renormalization
group (DMRG) techniques [25,26]. In this model, we
investigate the properties of the MEBS for all parameter
regimes, and discover a region that cannot be described
perturbatively, in which the energy and correlation length
of the bound states are nonanalytical functions of Q.
Additionally, we give exact expressions for the bound
states for up to three excitations in the general case. Finally,
we propose two different setups where the bound states
could be prepared and observed. The first one uses atoms in
optical lattices, where the role of the impurity is played by
the absence or presence of an atom in an internal state, and
the bath by the atoms in another internal state. The
dispersion relation can be designed by choosing the
geometry of the lattice, and the value of the two other
parameters, A and €, can be easily tuned by changing the
laser frequency and intensity. The second one corresponds
to the scenario of an atom coupled to a photonic crystal, and
it will be much harder to observe. However, in view of the
rapid experimental progress in different fronts [8—13], it is
not unforeseeable that some of those states or their
consequences could also be observed in the near future.
The paper is structured as follows: In Sec. II, we
introduce the general model and requirements that we

use throughout the paper. In Sec. III, we derive the
conditions for the existence of the MEBSs and find
analytical solutions in certain cases, which motivate us
to introduce a variational Ansatz for the MEBSs. To make
the discussions sufficiently compact, we skip some ines-
sential steps in the main text and the full details are
presented in the Appendixes. Then, in Sec. IV, we thor-
oughly study a particular example of a one-dimensional
bath with cos(k) dispersion relation and find excellent
agreement between the variational Ansatz and the DMRG
results. We explore the parameter space and reveal the
existence of different regimes, yielding different scaling of
the energies and localization lengths of the MEBS with the
relevant parameters of the system. Finally, in Sec. V, we
show how to prepare and detect these MEBSs in two
different implementations, and in Sec. VI, we conclude by
summarizing the main results of the paper.

II. MODEL

The very generic model that we use throughout the paper
is schematically depicted in Fig. 1. It consists of three parts:
a single impurity, a d-dimensional bath of free bosons, and
the coupling between impurity and bath. They correspond
to the three terms in the Hamiltonian [Eq. (1)]; i.e.,
H = Hip, + Hyg + Hin.  Himp = Ac,, describes  the
two-level impurity, and the operators ¢, = |u)(v| are used
frequently in our discussions. Hyp,y, = stkalak
describes the bath with volume V and energy dispersion
ex, Where af (ay) is the creation (annihilation) operator
with momentum k. Without loss of generality, we assume
that the spectrum has a lower bound min |e,| = 0, but its
bandwidth W may be finite or infinite (e.g., in the case of
ex ~|k[? spectrum). Hiy = Q3 i (age,, +He.)/VV
encodes the coupling between impurity and bath with a
strength parametrized by €. It can be written in the
coordinate space as

Hiy = Q) “nj(ajog, + He.), (4)
J

where a; = > axe™™ /\/V is the annihilation operator
of the bosonic bath mode at position r; and
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FIG. 1. Single impurity with energy A coupled through Q to a
bath with dispersion relation ¢, and a bandwidth W. A bosonic
bound state (in red) localizes around the impurity.

021027-2



BOUND STATES IN BOSON IMPURITY MODELS

PHYS. REV. X 6, 021027 (2016)

n=> s e™®T /V is the Fourier transform of the momen-
tum space coupling profile.

It is worth emphasizing that this class of models is
ubiquitous and appear in systems ranging from atom
coupled to photonic crystal waveguides [1-3,14-16],
superconducting qubits coupled to microwave resonators
[27], and cold atoms in state-dependent optical lattices
[28,29], as we show in Sec. V when we discuss the
preparation and detection of the MEBSs. Among the
different implementations, a one-dimensional bath with
dispersion relation &, = 2J[1 — cos(k)] and 7; = &;y (this
can be obtained in a tight-binding model with nearest-
neighbor hopping) is especially attractive due to recent
developments in atom waveguide QED systems [8—13]. Its
properties are studied in detail using variational and
numerical methods in Sec. IV.

ITII. CONDITIONS FOR THE EXISTENCE
OF BOUND STATES

In this section, we derive the conditions for the existence
of bound states for arbitrary dispersion relations and spatial
dimensions. The Hamiltonian H commutes with the total

excitation number operator N = o, + Ekaﬂak, SO we can
study the subspaces with different N separately. We first
revisit the bound state of one boson [1,14-16,30,31] in
Sec. IIT A in a way more general than what previous works
did. For the more interesting cases with multiple bosons,
we divide the parameter space into several regimes, as
depicted in Fig. 2. The division is based on the methods that
we use to understand them as well as the different scaling
behaviors of the physical quantities. Using analytical
methods, we prove in Sec. III B that bound states exist
in certain regimes. These results motivate us to introduce a
variational Ansatz in Sec. IIIC that can be used in all
regimes.

FIG. 2. Parameter space of the boson impurity model as a
function of Q and A. Different colors denote regimes with
different EBS origin: perturbative excited (PE, green), perturba-
tive ground (PG, yellow), nonperturbative (NP, blue), and Jaynes-
Cummings (JC, red). The boundaries between these regimes are
not sharp and depend on the excitation number N. See the main
text for more details. For the one-dimensional tight-binding
model with cos(k) spectrum, the NP regime is further divided
into two subregimes NP; and NPy (light and dark tones)
characterized by different scaling behaviors. The three dashed
arrows (i)—(iii) denote the paths that we use in Figs. 3 and 4.

A. Single-excitation bound state

This case has been considered before in the literature, but
mainly focusing on baths with quadratic (e, ~ |k|?) or
tight-binding [e ~ >, cos(k;)] dispersions in different
spatial dimensions [1,14—16,30]. However, it is instructive
to revisit this problem because we can find the conditions
for the existence of bound states independent of the model.
The wave function of one boson in the system can be
written as

1B)) = u|e)|0) + ) fraylg)l0). (5)

where |0) is the vacuum state of the bath. Bound states
would appear if the secular equation H|B;) = E|B;) has
solutions that lie outside of the bath spectrum, i.e., E; <
min |, | or E; > max |y |. For concreteness, we focus on
the low-energy SEBS with E; < min |¢y|, but the method
we present below can also be used to derive the conditions
for the upper ones if the bandwidth W is finite.
By defining the function

d'k |77k‘2
(27Z)dE — &k ’

F](E):E—A—Qz/ (6)

the existence condition of SEBS is that F(E) = 0 must
have solutions that lie outside of the bath spectrum. One
can show that F|(E) has two properties: (i) it is a
monotonically increasing function and (i) F{(E) - —oo
as E - —oo. Thus, if we have F(0) > 0, there must be
only one solution to F(E) = 0, and a unique bound state
with E; < 0 appears. Therefore, the existence or absence of
a bound state is essentially determined by the integral

d'k |’7k|2
(2”)d €k

(7)

0=

For example, for one- and two-dimensional baths with
tight-binding and quadratic dispersions, /, — oo due to an
infrared divergence (as long as |n|> does not vanish at
|k| =0 or is not a highly oscillatory function). In these
cases, there always exists a SEBS irrespective of A, Q, or
W. However, if I, converges to a finite positive value,
which happens for a three-dimensional bath with tight-
binding dispersion & = J[6 —2cos(k,) —2cos(k,) —
2cos(k.)] (Ip = 0.253/J in this case), a bound state exists
only if F{(0) = —A + Q%I > 0.

B. Multiple-excitations bound states in strong- and
weak-coupling regimes
The analysis presented above can be extended to systems
with multiple excitations. The wave function in the sub-
space with N excitations can be written as
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By) = |We)le) +[¥g)l9), (8)

where the two states |V,) and |V ,) dress the impurity atom
when it is in |e) and |g), respectively. The existence of
bound states and their properties can be understood
analytically in some of the regimes depicted Fig. 2, where
the couplings are very strong or very weak.

For example, when the impurity-bath coupling strength
Q is much larger than the detuning |A| and the bandwidth
W (the red regime in Fig. 2), the dominant contribution to
the Hamiltonian is the coupling between the impurity and a
collective bath mode Zjn ja;, so the physics is the same as
that of the well-known JC model [32].

For the opposite cases, where the impurity-bath coupling
is weak, such that Q < |A| and Q < A — W (the darker
green and yellow regimes in Fig. 2), the coupling H;, is a
small perturbation to both the impurity and bath so we can
eliminate it to the first order of the coupling strength Q
using a Frohlich transformation, which leads to the effec-
tive Hamiltonian H g = Ao-ee + Hypan + Vegr- It shows a
very clear physical picture: (i) the impurity energy A
acquires a Lamb shift and changes to

©)

and, more importantly, (ii) a nonlocal potential

Q? MM
Ve = =— 8
eff 2VZ<A e |

k.k’

MMk
D) fae. (10)

is generated [o, = (o,, — 6,,)], which localizes the exci-
tations around the impurity to form a MEBS.

We term the perturbative regime with negative (positive)
detuning A [see the green (yellow) regime in Fig. 2] as
excited (ground) because in this regime the |U,)|e)
(|%,)]g)) part is the dominant one in the ground-state wave
function Eq. (8). For this reason, the effective Hamiltonian
can be projected to the |e) and |g) state in the perturbative
excited (PE) and perturbative ground (PG) regimes, respec-
tively, which gives the Hamiltonians H; and HY; for the
two regimes. The bath components |¥,) ~ A¥1|0) in the
PE regime and |¥ ) ~ AJN|0) in the PG regime, where A}
and A; are collective bosonic bath operators determined by
the secular equation H:;A!|0) = E5AL|0) (s =e or g).
Although we focus on MEBS, which are ground states of
their respective N-excitation manifolds, there may also
exist excited states that are bound to the impurity (e.g., in
the PG regime) with the state |e) being dressed by a
localized bosonic mode.

The bosons form a bound state if the secular equation
have solutions with energy values E < 0. As for the case
with one excitation, the existence condition can also be

formulated using two functions F3,(E) that depend on the
integral Eq. (7). If I; — +o0 due to infrared divergence, we
have MEBS in both regimes. For the PE regime, the ground
state

_ANT0)e) | CIAT0)]g)
VIN=1)I  /(N=1)!

By) (11)

has energy E$, = E| + (N — 1)E%. For the PG regime, the
ground state

_ A 0)]e)  AGM|0)g)

V] VN!

has energy E%, = NEY. The full details of the perturbative
analysis are given in Appendix A.

The analysis presented above relies on perturbation
theory, but the bound states survive even if we move to
the nonperturbative (NP) regimes (light and dark blue
regimes in Fig. 2), where the detuning A, the coupling
strength Q, and the bandwidth W do not satisfy the
perturbative conditions used above. In fact, increasing Q
to be larger than |A| for all values of A or immersing A
within the band (i.e., 0 < A < W) make the bound states
more localized. This is confirmed in Appendix B using a
quantum field theoretical approach in the subspaces with
excitation number N = 2, 3. In summary, we conclude that
the MEBS exist in all parameter regimes if I, - +o0.

For baths with tight-binding and quadratic dispersions,
I, diverges in one and two dimensions but converges in
three dimensions. This means that SEBS and MEBS exist
in all regimes in one and two dimensions, but they only
emerge if the coupling strength Q is larger than a critical
value (which depends on the detuning A) in three dimen-
sions. Moreover, because F3(E) and F|(E) have very
different forms, we may have only SEBS but not MEBS in
certain regimes in three dimensions.

|By) (12)

C. Variational Ansatz for multiple-excitation
bound states in all regimes

In the previous section, we show that the existence of the
MEBS can be guaranteed analytically in certain regimes
with very strong or very weak couplings €2 for all excitation
numbers N. However, it is obviously desirable to have a
way of describing the whole parameter space of Fig. 2,
including those denoted as nonperturbative regimes (in
light and dark blue) where both the strong- and weak-
coupling expansions fail.

Inspired by the perturbative solutions of Egs. (11) and
(12) as well as the exact solutions for N =2 and 3, we
introduce the following variational Ansdtze for the ground
and excited bath components of |By):

021027-4



BOUND STATES IN BOSON IMPURITY MODELS

PHYS. REV. X 6, 021027 (2016)

ATN—I
V(N =T1)! 0)
|¥y) = ﬁATN ATE
)=

\/IWJ”/\/(N— ! 0)-

where «, f, y are variational parameters that allow us to
interpolate between the different parameter regimes and A",

|\II€> =a

(13)

B ="\ oa B(k)aII are two orthonormal collective modes
of the bath.

By minimizing the energy E,, = (By|H|By) of the
variational Ansdtze under the normalization condition
la|> + B> + |y|> =1 and the orthonormal constraints
[A,A"] = [B,B'] =1 and [A,B"] =0, we can determine
the parameters «, 5, y and the mode functions ¢, z(k).
These mode functions are superpositions of 7y /(1 — &)
(ey, are two negative variables), and their Fourier trans-
form in coordinate space can reveal the localization proper-
ties of the MEBS. The full details of this process are given
in Appendix C.

IV. ONE-DIMENSIONAL TIGHT-BINDING BATH:
VARIATIONAL AND EXACT RESULTS

In this section, we study a particularly relevant model for
which the bath is a one-dimensional lattice described by

the tight-binding Hamiltonian Hp,, = —J) jm>(a;am+

H.c.) +2JY" ja;a j» where (jm) denotes nearest neighbors.
The central site of the bath is labeled as the zeroth one and
those on its left (right) are labeled by negative (positive)
integers. The coupling between impurity and bath occurs
only on the zeroth site, i.e., 7; = 6jo. We compute the
ground states of this model using the DMRG algorithm
[25,26] in the N =2, 3, 4, 5 subspaces. We use open
boundary conditions as they are more suitable for the
algorithm, but the boundary effect is negligible when the
number of lattice sites is large enough (we have studied
systems with up to 1000 bath sites).

To confirm the validity of our variational Ansdtze, we
compare some physical quantities given by variational and
DMRG approaches. In addition to the ground-state energy,
we also study the experimentally measurable localization
lengths of the bath components defined as (s = e or g)

ij2<‘lls|a;aj|\px>
Zj(qlsla-]}:aj|qls>

We choose three different paths in the parameter space
labeled as (i)—(iii) in Fig. 2, which cover a wide range of
coupling strengths € at three different detunings A. In
Fig. 3, we compare the modified ground-state energies
Ey = |Ey — ©(—A)A| [where ©(x) is the Heaviside step
function] given by variational (solid lines) and DMRG
(markers) calculations for the N = 3, 4 cases. In Fig. 4, we

0.02 0.05 0.10 020 0.50 1.00

Q)7

FIG. 3. Comparison of the bound state energies E v given by the
variational Ansdtze (solid lines) with infinite bath size and the
DMRG results (markers) in the (a) N =3 and (b) N =4
subspaces. The three different curves correspond to the three
different paths depicted in Fig. 2, i.e., choosing a detuning
A/J=-02,A/]J=0,and A/J =0.2.

compare the localization lengths given by variational (solid
lines) and DMRG (markers) calculations for the N = 2, 3,
4, 5 cases. The perfect agreement in all cases clearly
demonstrates the power of our variational Ansatz.

We can provide a more detailed characterization of Fig. 2
by establishing scaling relations of physical quantities. This
can be done using variational Ansatz and DMRG results,
which leads to the scaling relations presented in Table I.

50

(a)

20}
£e
10f

5.
50

30¢

20}
& 15}

101

0.50 1.00

0.02 0.05 0.10 0.20
Q/J

FIG. 4. Comparison of the localization lengths (a) £, and (b) &,
given by the variational Ansdtze (solid lines) with infinite bath
size and the DMRG results (markers) with 1000 bath sites at
A/J =0 in the N =2, 3, 4, 5 subspaces.
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TABLE 1. Scaling analysis of the relevant properties of EBS for
the regimes with Q <« W depicted in Fig. 2.

PE NPy NPy, PG
Ey A —[(2)//]A|(JA] +40)) ox Q43 « NQ*
|at| 1—-d;Q? o(1) d,Q?
1Bl « 02 o(1) 1 —d,0
7] d,Q o(1) x Q4

However, we should be careful when trying to extract the
scaling exponents, as they are well defined only in certain
limits. Therefore, Fig. 2 should not be understood as a phase
diagram but rather as an indication of the different scaling
behaviors of the system, which are only well defined in the
corresponding limits. This means that the boundaries
between different regimes are not sharply defined (unlike
the boundary in a quantum phase transition).

To illustrate the different behaviors, we focus the dis-
cussion on the three paths depicted in Fig. 2, as these
represent the experimentally most relevant regimes that
occur when Q <« W. For path (i) with A/J = —0.2, the
system changes from the PE regime with E v &« Q2 tothe NP,
regime. This change is also manifested in the variational
parameters: we have 1 — |a| o Q? in the PE regime (so most
of the weight in the wavefunction comes from |, )) but |a/,
B, |y| of the same order ~O(1) in the NP; regime. For path
(ii) with A/J = 0, we move only within the NP; regime. For
path (iii) with A/J = 0.2, the system changes from the NP}
regime with EN x NQ* to the NP; regime. EN in the NP,
regime exhibits nonanalytical behavior because it scales as a
fractional power of Q in this regime. The exponent is only
, which is satisfied by path (ii) where
Ey Q%3 but not by paths (i) and (iii). The MEBS in the
NPy regime can be understood as a Gutzwiller projected
condensate. To see this, we note that 1 — || « Q*, so the
state basically represents N bosons in the A mode. It can be
constructed by first putting all the bosons in the SEBS |B;)
and then projecting out the configurations with more than
one boson in the |e) state. Because the scaling relations may
depend on the excitation number N, the crossovers between
different regimes in the parameter space could also be N
dependent.

To conclude this section, we show that a closer inspec-
tion of the DMRG results provides further insight into the
structure of the MEBS. We interpret the impurity as a lattice
site described by hard-core boson operator a;,. and compute
the two-point correlation functions

G.

jm = <BN|a;am|BN>’ (15)

where j, m run over all the bath sites as well as the impurity
site. It is found that the eigenvalues of the matrix G, have
only two dominant eigenvalues p in all parameter regimes
and for all values of N (see Fig. 5 for some examples). This

@ r - B o
1008 P+
& o o o o
= 107 p-
E 2
107 ¢
3| N—py—p-
107} A A
20 25 30 35 40 45 50
N
(b) We

w1 / \02 ax
— Wa
b; /'
AMA, Wy

FIG. 5. (a) Eigenvalues of the correlation matrix are shown for
multi-EBS as a function of N for A/J =0 and Q/J =0.5.
(b) Scheme of the implementation with state-dependent optical
lattices: two atomic states a;, b; are trapped in a shallow or deep
potential and connected through a two-photon Raman transition.

implies that the MEBS |By) mainly lives in the symmetric
space defined by two orthonormal modes. Without loss of
generality, these two modes can be chosen as A; = A and
A, = ap.cosf + Bsin6, and the bound state can then be
approximated as

N T\N—n T\n
By) — Zan A7) 5 (1)

— 1/ _n'n'

The hard-core nature of the impurity imposes the
constraint that «a, =0 for n > 1, which recovers
the variational Ansdtze given in Eq. (13). Indeed, the
two eigenvalues computed from Eq. (13) are

pe =[N+ /N> —4(N - 1)(1 - p)]/2.

V. PREPARATION AND DETECTION OF
MULTIPARTICLE BOUND STATES

We consider a very general model of a single impurity
coupled to a bosonic bath that may be implemented in
a plethora of different systems, ranging from superconduct-
ing circuits [27], atoms near photonic crystals [1,8—
13,15,16], or cold atoms in optical lattices [28,29]. In this
section, we show how to prepare and detect them in two of
these platforms.

A. Optical emitters coupled to photonic reservoirs

The observation of bound states in optical platforms is
challenging because typically the coupling strength is much
smaller than the associated bandwidth (2 << W) and losses
of the photons (k) or the excited state of the impurity (I),
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which give rise to a finite lifetime of the MEBS. One option
is to use multiphoton scattering states, which was explored
with a single photon in Refs. [18,19,21-23,31]. Another
way of circumventing these limitations is using atomic
detection and postselection at the expense of making the
process probabilistic. The procedure to prepare a given
|By) is to apply a sequence of 7 pulses on the impurity and
perform postselection by projecting in the atomic state
P; = |s)(s|, with s = g, e. We start with the impurity in the
ground state and no photons, i.e., [¥y) = |g) ® |0), and
focus on a situation with A < 0 and |A| > Q. Then, if we
apply a z pulse on the impurity and let it evolve, the atom
will mainly follow |¥,) — |e) ® |0;) — |B;), where the
contribution of scattering states will be very small because
we are in a region where there are no modes to decay into.
Then, we measure the impurity state P, and apply another
m pulse if we detect an excitation; this will induce the
change to P |B;) — |e) ® |1). As the state |e) @ |1;) is
within the two-excitation subspace, it evolves to |B,). To
continue building up |By), we need to apply the sequence
of P, measurements and  pulse N — 1 times to arrive at the
desired excitation number N. Obviously, these sequences of
7 pulses and postselections must be faster than the lifetime
determined by I, « such that the MEBS survives at the end
of the process. For this reason, circuit QED [27], though in
the microwave regime, can be a better platform to observe
the MEBS because both photon and qubit lifetimes are
longer than those at optical setups.

B. Cold atoms in state-dependent optical lattices

Because of the limitations of standard quantum optical
setups, one can think of using cold atoms trapped in optical
lattices to simulate this kind of Hamiltonian, as originally
proposed in Refs. [28,29]. This can be done by using state-
dependent optical lattices in which two atomic states expe-
rience very different trapping potentials that can be obtained,
e.g., using alkaline-earth atoms like ytterbium [33,34]. These
lattices can be designed in a way such that the two atomic
states experience a very shallow or deep potential, respec-
tively. The ones in the shallow potential (a;) have large
tunneling amplitude J and play the role of the bosonic bath;
on the contrary, the ones in the deep potential will be localized
and serve as the impurity (b;). Moreover, we can tune the on-
site interaction U of the impurity states to oo such that it
behaves effectively as a two-level system. The coupling
between the two may be achieved through an off-resonant
Raman transition to a common excited state yielding an
effective number-conserving Hamiltonian. Interestingly, the
coupling Q and detuning A can be controlled independently
of J by the Raman parameters, which allows us to explore the
whole parameter space in Fig. 2. Moreover, using the recently
developed single-atom resolution microscopy and addressing
techniques, we can achieve the single impurity regime and
thus we can simulate the Hamiltonian A [28,29]. One way of
preparing the |By) is to start from a situation where the

tunneling J is switched off by increasing potential depth of
the bath atoms and setting A to zero. Then we load N atoms in
the bath mode a, (the one that couples to the impurity) to give
an initial state |W,) = (a" /v/N')|0)|g) = |N)|g). The pro-
tocol to prepare |By) consists of switching a strong Raman
field with a 7/2 phase, i.e., Q = {|Q|, for a time 7y =
37/(4V/N|Q|) to reach the state |U(zy)) = (I[N —1)]e)—
IN)|g))/V/2. After that, we suddenly change the phase of Q to
be real such that |¥(zy)), which coincides with |By) in the
limit of Q > |A|,J. Once we have such a state, we can
change the state adiabatically with A or J to explore the whole
parameter space.

VI. CONCLUSIONS

In summary, we unravel the existence of multiple
excitation bound states in a very fundamental model of a
single impurity coupled to a bosonic bath through a
number-conserving interaction. We first show that in
certain regimes the impurity-bath coupling gives rise to
an effective potential that is able to localize the particles
around the impurity. Moreover, we provide the theoretical
tools to characterize the bound states in all the parameter
regimes by introducing a variational wave function that
works for all energy dispersions and spatial dimensions.
We test our variational Ansatz for the case of a one-
dimensional tight-binding model with exact and numerical
calculations up to N =35 excitations and are able to
distinguish different regimes depending on the scaling
behavior of the energies or localization lengths, including
one with nonanalytical relations. Finally, we present two
state-of-the-art implementations where the preparation and
detection of these bound states is promising.
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APPENDIX A: CONDITIONS FOR THE
EXISTENCE OF MULTIPARTICLE
BOUND STATES

This appendix provides full details about how to derive
the conditions for the existence of MEBS.

In the strong-coupling regime with coupling strength
much larger than the other energy scales (Q > |A|, W), the
model is essentially the same as the Jaynes-Cummings
model. The ground state
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1 _
|By) = N (IEvIAE " |e) = VNQALL|g), (A1)
i
where Ey = (A — VA% +4NQ?)/2 is its energy, Ajc =

> jnja; is a collective bath mode, and Nijc is the
normalization constant. The other couplings to the bath
are weak perturbations that enter to £ as a frequency shift
of smaller order than the leading term.

In the perturbative regimes, the effective Hamiltonian
Eq. (10) can be obtained by applying the Frohlich trans-
formation with generating function

-5l

_gk

’/Ik ag Geg) (A2)

_gk

on the original Hamiltonian. The transformed Hamiltonian
Hs = e SHeS is computed to the first order of Q and
results in Eq. (10). The effective Hamiltonian can be
projected to the |e) (|g)) state in the PE (PG) regime to give

Hgff = &O-ee + Hbath

922* Lo ) (A3)
_= , agag
2V &M\ [a = e T A= )

(s =-eorg).

The projected effective Hamiltonian defines a secular
equation H3;Al|0) = E5AL|0). The operator A, is a col-
lective bath operator that can be expanded as >, ¢ (k) ay,
where the mode functions

and the variables C} and C¥ can be obtained by solving the
self-consistent equation M*(E{, A)C* =0. M* is a 2 x 2
matrix with elements

wi(E) —wi(4)

Mil(E,A)=M§2(E,A)=1+w’
Mfz(E’A) = _WI(E)v
wi(E) —wi(A)  Oaw(A)
M3, (E,A) = — — A
21( ’ ) (A—E)2 A—E ’ ( 5)
where
92 ddk 8"71|}’]k|2
E)=— —k Tkl A6
wiB) =5 [ Gt (a6)
and C = (Cl,Cz) .

The MEBS exist if the equation F},(E) = det M*(E*) =
0 has solutions Ef < 0, i.e., they lie outside of the bath
spectrum. Because F3(E) is a continuous function and is

negative when £ — oo, there will be at least one solution if
F3,(0) < 0. From the explicit expression

"W - ) %

F5,(0) = {1 - <0, (A7)

we can see that the existence or absence of MEBS depends
on Iy. If Iy - +oco due to infrared divergence, we have
F3(0) - —oco0 and MEBS exist in both regimes.

The bath component of the MEBS in the PE regime is

w,) = Aoy (A8)
‘ (N=1)"
and the full ground state is
ALNT0)e) | CiAl0)]g)
|By) = €°|¥,)|e) = - (A9)

N e RN ]

The bath component of the MEBS in the PG regime is

Aj"[0)
U, =—1=", A10
w,) =" (A10)
and the full ground state is
A" 0)le)  AJY[0)]g)
By) = &5|0,)|g) = L2 -t . (A1l
B) = '0,)lg) = Lt =T (Al

The operator CZ and the number dg used above are defined
as

’“‘“k (A12)
e
Q
VN Z niva (k) (A13)
p
The ground-state energy of the MEBS is ES, = A+ (N — 1) E¢

in the PE regime and EY, = NEY in the PG regime.

APPENDIX B: EXACT RESULTS FOR
N=2AND N=3

This appendix provides full details about how to obtain
the exact results for the MEBS in the N =2 and 3
subspaces using quantum field theory.

For convenience, we introduce a hard-core boson
described by the annihilation (creation) operator ay. =
bg (a;;C = bg) and rewrite the Hamiltonian as H = Hy+
H,., where H, is a quadratic term
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Q

Hy = Hyy + Abjby + — > nic(agbo + bjay)  (B1)
VV 4

and H,. represents a hard-core interaction

Uy .+
Hy. = 701702[7%’ (BZ)

with an infinite strength U,,. The total particle number N =
bgbo + S katay is still a conserved quantity, so we can
diagonalize the Hamiltonian separately in the subspaces

with different N. For example, the eigenstate for N = 1 has
the form

1) = b+ Srma|0. @)
K
The secular equation is a set of coupled equations
Auy + 22 > mcfak) =E
Uy +—= ) NkJa = Lquy,
vV
Q
exfi(k) +—=mau; = Eyfi(k), (B4)

VV

where E, is the energy eigenvalue.
For the bound state energy E| ¢& outside the continuum
&k, solving Eq. (B4) gives the wave function

Q  ngup
k) =— , B5
fB( ) \/VEl — & ( )
where the normalization factor is
ddk 92112
W =14 / e B6
? (2”)d (Ey — 8k>2 (B6)
and the bound state energy satisfies the equation
ddk 92 2
EI:A—i—/—di. (B7)
(271') El — Ek

For a general dispersion relation ¢y, the spectrum E|; is
obtained by numerical diagonalization of

A %ﬂkl %ﬂk,v
£ € 0
Ho= | W . (BY)
0 0
%nklv 0 0 &'kN

and its eigenvectors determine the parameters u, and the
wave function f;(Kk).

To analyze the MEBS, it is convenient to introduce the
Green functions

Gy (1) = G (1) = —i{0| T by (1)b(0)]0),
GO, (1) = =i{0|T ay (1)b}(0)[0). (BY)

where 7 is the time-ordering operator. The Fourier trans-
forms G(w) = [d1GY) (1) (a=ay, by) can be
obtained by integrating out the bath modes as

0)
(0) Qe Gl(w)
o) = e+ B0
d 2.2 —1
© S o
V(W) = |o—A— BI1
b (@) [a’ / 27)lw— e + 00" (BI1)

The poles of Géo) (@) correspond to the bound state energies
as shown in Eq. (B7).

In terms of the eigenstates and eigenvalues of H,, the
Green function

0 |y |?
Gy (@) =3

_ B12
P Cl)—E‘UL‘f'l.OJr ( )

is constructed using the Lehmann representation.

1. N =2 subspace

In the N = 2 subspace, the most general eigenstate with
eigenenergy E,; has the form

12,) = [uﬁ”béf + 3 F7 (K)al b
k

Y k2>ai‘;la;’;z] 0. (B13)

ki ks,

We now compute the bound state (1 = B) energy E,, the

coefficient ug), and the bath wave functions f (,%) (k) and

f%)(kl, k,) using the Green function method. The two-
particle Green functions are defined as

G (1) = —il0|T e (Nar(D)tlal[0),  (B14)
where there are three different possible choices: (i) a; =
oy = b(), (11) ay = bo, ay = dg, Or (111) ) = dg,, Ay = dg,-
In the Lehmann representation, the Green function

i (0o s[2,) (2;] @3t} |0)
Galaz<w):/dtGala2<t>€ t:; a)—E2,1+i0+ ’

(B15)

whose poles and corresponding residues determine the
bound state energies E, and wave functions (O|a;a,|B>)
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Ly = (016 [B2)/2. £ (k) =(0lboay|B2) and £33 (k1.
k,)=(0|ay,ax,|B2)/2l.

The Dyson expansion of the two-body interaction Hy,
results in the connected part [G, ,,(®)], of the two-body
Green function:

[Goya, (@) = 2,0, (@) T2 (@)1 0, (). (BI6)
The poles of the T matrix,
T>(w) :_1;, (B17)
Uy’ — ()
give the bound state energies, where
Hyp(@) =D 2= ]5|3|_2 |gi|/2+ or  (BI18)

A

can be computed from the bubble diagram. In the vicinity
of a pole E,, the T matrix T»(w) ~ Z>z/(w — E, + i0™)
with a residue

|”/1|2|”/1’\2

Z5l = . (B19)
28 AZ,V(EZ_EM_EM’)Z
The wave functions can be determind by II, . (@),
defined as
Qe |wil? G (w—Ey)
IT B20
bak Z —2':'1(—E'M"‘l0+ ( )
and
akzakl (a))
@ ||y |?
:Vﬂk,nkzz( . 0 ) (w—Ey,—E 07)
—(w—e, —e, +i0T)(—Ey—Eyy +i
2o—e —e,—E;—Ey

. B21
X(a)—Ekl—E1/1+i0+)(a)—EMr—€k2+i0+) ( )

G;(w) = / diGs(t)e™ =

The variables appearing in the wave functions are

2 2
uﬁg) = \/Zp/21,(E,), fgg)(k) =/2Z,51,,, (E,), and
f%)(kl,kz) = ZZB/ZHakzakl (E,). The real-space wave
functions obtained via Fourier transforms are

f(li} \/—Zle Je' ™,

§ sz kl,k ) tkll‘/l-‘rlkz i

kkz

(B22)

fZB( Ji° ]2 - (B23)

In the hard-core limit Uy — oo, T5'(E,) =0 gives

IT,(E,) =0 and ug) = 0, which means that there is no
double occupation in the b, mode.

2. N =3 subspace

In the N = 3 subspace, the most general eigenstate reads
3 = [+ S 0
K

3 + i
+ ngg)(klykz)ak,altzbz)
ko

3
+ Zf;;(kl,kz,kﬂaltlaizaL |0).
kikoksy

(B24)

The three-particle bound state can be studied by the three-
particle Green function

Gs(1) = —i{T (s (e (1)ejabasi),  (B25)

where the bound state energy Ej, the coefficient uE;),

and the wave functions f%)(k), f%)(kl,kz), and
f%(kl,kz, k) can be obtained by four different choices
of operators in G5(¢): (i) @, = @, = a3z = by, (i) a; = ay,
a = a3 = by, (i) a =ay,, a =ayg,, az=>b,, and
(iv) &) = ay,, &y = ay,, a3 = ay,.

In the Lehmann representation, the Green function

(Olazapay(3,) 3/1|a10’20‘2|0>

) B26
w — Egﬂ + lO+ ( )

whose poles and correspondlng residues determine the bound state energies E; and the wave functlons (Olazarcx; |B3)

3)
[”B = (0]b313,)/6, le( ) =
(Olax, ax,ax, |B3)/6].
The Dyson expansion gives to the connected part

(0lbjax|Bs)/2.

Gr(o)l = [ B (w0 Ty (w01, 0 ro.0),

where

fZB(kl’ k,) = (0|boag,ax,|B3)/2,  and

f%/l (kl’ k27 k%)

(B27)
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0 dwy 0 0
x3(w,01) = Pia3 {G((z,l)b(wl)Tz(w —wy) /Z—;Géijb(wz)Géiij —w; — ) (B28)
is determined by the operator P,; which permutes «; ;3. The three-particle 7" matrix satisfies the integral equation
d /
Ts(@,01.00) = Gy (0 — o — o)) +2i / 526y (@ — 0 =) To(0 = @)Gy (@) T30, @), (B29)
T

In the vicinity of the pole Ej3, the three-particle 7 matrix has the form

F(w))F (o))
T3<w’wl7w/1):w_E3+l.0+a (B30)
where F(w) is determined by the integral equation
Flo) =21 [ % 60 & NTH(Es — )G (@) F (o B31
(@) =2i [5Gy (B3 — o = a)T5(Es = )Gy, () F (o). (B31)
Using the analyticity of F(w) and the residue theorem, we find that the integral in Eq. (B31) becomes
0
F(w) =23 |Gy (Es — o — E\)To(Es — Ey)F(E,). (B32)
7
For the on-shell frequency w = E|;, we obtain the matrix equation
ZMM’F(EM’) =0, (B33)
A/
where
0
My = 2\uy|PG\V(Ey — Ey, — E\y)T(Es — Eyy) — 0. (B34)

The bound state energy Ej is obtained by solving the equation det M = 0. The eigenvector F(E,;) with zero eigenvalue can
be used to obtain the function F(w) via Eq. (B31).

In the hard-core limit Uy — oo, the wave functions ug) =f (ﬁg) (k) = 0 vanish, and the residue of G5(w) gives the wave
functions

2

Q
f%)(klvkz) = —Vﬂklﬂkzplz{ Z

AAady 2(8k] - Elzll)

|14, |21z, [z, |2 [ Ty(E3s — Ey),)F(Ey;,) + 2T, (E3 — &, ) F(ek,)
(B3 —éex, —ex, — E1),)(E3s — e, — Eyy, — Eyy)

B Ty(Es — Ey),)F(Ey;,) +2T,(Es — Eyy, )F(Ey,) } } (B35)
(Es —éx, — Ei), — E1,)(Es — Eyy, — Eyy, — Eyy)
and
3 2 2 2
3) € g, [y, |71z, | T»(Es — ey, ) F(ex,)
Fod Ky Ky Ks) = = ——= 1y M7, P {
BRI 3) 6V3/2 e tio T3 ,1]/122,13 €k, —Eul (E3—€k1 _€k2_8k3>(E3_5k1 —5k2—Eu3)
% 2E; — 281(1 — €k, T Eky T Euz - Eu} _ Tz(E3 - EIAI)F(EMI)

(B3 —éex, —ex, — E1,)(Es —eg, —Eyy, —Ey,) (B3 —ée, —éx, — Epy ) (Es —e, — Eyy, — Eyy,)
2E, —¢e.. —¢e. —2E, — E{, — E
o« 3 — €k, — €k, 1 12, 14 }}’ (B36)
(E; —ex, — Eyy, — Ey3))(Es — Ey), — Eyy, — Eyy,)

where P, and P, are permutations for k;, k, and k, k,, k3, respectively. The real-space wave functions can be obtained
via Fourier transforms

021027-11



SHI, WU, GONZALEZ-TUDELA, and CIRAC

PHYS. REV. X 6, 021027 (2016)

fZB( Ji? /2

kk2

ng( Ji lv’rlz

K, koks

APPENDIX C: VARIATIONAL ANSATZ

This appendix provides full details about the optimiza-
tion process of the variational Ansatz.
By a direct computation, the energy of the ground-state
variational Ansatz Eq. (13) is
Eys = (By|H[By) = (N — D)hygq +0"Ew,  (C1)
where &, is a matrix (see below), hy, is one of its
elements, and v = (a,f,y)! satisfies the normalization
condition v’y =1. We introduce variables /.y =

> ke Pu (K)o (k) and Iy =Y mou(k)/VV
(M,M' = A, B) to define the matrix

A VNQI, QI
VNQI, haa VNhyp
QI /Nhyg  hgp

£ - (€2)

The orthonormal collective modes we introduce in the main
text satisfy the constraints [A,A"] = [B,B"]=1 and
[A,B'] =0, so we have

AG
k

To optimize the ground-state energy under these con-
straints, we introduce Lagrangian multipliers A, u,, pp,
and pup to define the function

Fg,s. = Eg.s. _MAZ(pi(k) _ﬂBZ(p%(k)
k k

- zﬂABZ(pA(k)(pB(k)
k

)=1 and Y g4(k)gs(k) =0. (C3)
k

—AMa>+ 2+, (C4)

By taking derivatives with respect to v and ¢, (k), we
obtain a set of coupled nonlinear Gross-Pitaevski-like
equations:

Eov = A (C5)

and

o) () ()0

ik;r; +ik,r;, +iksT;
V%/z E :f33 ki, Ky, k3)e™1 2 B

E sz Ky, ky)ermitkotn,

(B37)

_ 2
HGP:<(N 1+ﬁ)€k

ﬂV\/Nek _/"AB>. (C7)
ﬂ}’\/ﬁgk — HaB

2
7V €k

The “chemical potentials” p =y = pup, and pyup =

PyV/Nhya + y*hap +Qayl, due to the constraint
> k?a(K)pp(k) = 0. The solutions ¢, (k) to these equa-
tions are

=Y LM" (c8)
,‘4 12 e — 8k
where we introduce variables ¢, ,, e,, and
ddk 2
N, / T . C9
. G-ae—ea) &

The two coefficients ¢, , are related as ¢y, = )¢y 1. The
constraints given by Eq. (C3) result in the relations

1

C = 5
M1 \/1 +t +2 le )
M M

V NIINZZ
VNN + 13, N,

ty = — . (C10)

? VNNt + Ny,

To find optimized variational parameters, we construct
the wave functions ¢,,(k) in Eq. (C8) and the matrix &, in
Eq. (C2) using different sets of e, e,, and ¢,. For a given
set of e, e,, and 74, the ground-state energy is given by
Eys = (N — 1)hyy + Ao, where J is the lowest eigenvalue
of £,. The optimized e, e,, and 7, are those that give the
lowest E, . To reveal the properties of the MEBS in
coordinate space, we can Fourier transform the momentum
space mode functions ¢, (k) into real space to obtain

o c 1 xuxljl
Pmj = M\ T 2
p=12 H

(C11)

where x, +x,' =2 —
tion length.

ey, and —1/log(x,) is the localiza-
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