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Bosonic topological insulators (BTIs) in three dimensions are symmetry-protected topological phases
protected by time-reversal and boson number conservation symmetries. BTTs in three dimensions were first
proposed and classified by the group cohomology theory, which suggests two distinct root states, each
carrying a Z, index. Soon after, surface anomalous topological orders were proposed to identify different
root states of BTIs, which even leads to a new BTI root state beyond the group cohomology classification.
In this paper, we propose a universal physical mechanism via vortex-line condensation from a 3D
superfluid to achieve all three root states. It naturally produces a bulk topological quantum field theory
description for each root state. Topologically ordered states on the surface are rigorously derived by placing
topological quantum field theory on an open manifold, which allows us to explicitly demonstrate the
bulk-boundary correspondence. Finally, we generalize the mechanism to Zy symmetries and discuss
potential symmetry-protected topological phases beyond the group cohomology classification.
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I. INTRODUCTION

Symmetry-protected topological states (SPTs) in
strongly interacting bosonic and spin systems have been
studied intensively recently [1-5]. By definition, the bulk
of a SPT state only supports gapped bosonic excitations,
but its boundary may exhibit anomalous quantum phenom-
ena protected by global symmetry. As such, the usual three-
dimensional fermionic topological insulators (FTIs) [6—12]
can be literally viewed as a fermionic SPT state [13]. A
Haldane spin chain, which was proposed decades ago, is a
typical example of SPT states in 1D [1,14-18].
Mathematically, given both spatial dimension and sym-
metry group G as input data, one can apply the “group
cohomology theory with R/Z coefficient” to systemati-
cally classify SPT states [2]. Another mathematical tool,
“cobordism,” has also been applied, and some nontrivial
SPT states beyond group cohomology theory have been
proposed recently [19,20]. In addition to the above clas-
sification frameworks, a surge of broad interest has been
shown from different approaches [22-54].

In this paper, we study bulk topological quantum field
theory (TQFT) of bosonic topological insulators (BTIs) via
the so-called “vortex-line condensation” mechanism. As a
bosonic analog of the well-known FTIs, the so-called
“bosonic topological insulators” were proposed first based
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on the group cohomology theory [2]. By definition, a BTI
state is a nontrivial SPT state protected by U(1) x Z%¥
symmetry in three dimensions. Here, U(1) symmetry
denotes the conservation of boson number, while time-
reversal symmetry Z acts on bosons as 72 = 1 in the bulk.
In the framework of group cohomology theory, such SPT
states are classified by Z, x Z, [2,37,55]. In other words, in
comparison with the single Z, index in FTTs of free fermions
[6-12] which corresponds to the even or odd number of
Dirac cones on the surface, there are two independent Z,
indices to label distinct BTT states and each index allows us
to define a so-called “BTI root state” [55]. It was nicely
proposed in Ref. [47] that the surface of a BTI supports
topological order that (i) respects symmetry and (ii) cannot
be realized on a 2D plane alone unless symmetry is broken.
In the following, we briefly review all BTI root states.
The nontrivial phenomena of the first BTI root state can
be characterized by its surface Z, topological order, where
both e and m quasiparticles carry half-charge. In addition, if
7T is explicitly broken on such a surface and the bulk is
fabricated in a slab geometry, one may expect a nontrivial
electromagnetic response featured by a quantum Hall effect
with odd-quantized Hall conductance on the surface and
bulk Witten effect with ® = 2zmod4nz [47,49,56-58],
which is different from ® = zmod2z in FTI states of free
fermions [59]. BTIs labeled by this Z, index have been
studied in detail via fermionic projective construction and
dyon condensation [49]. The physical signature of the
second BTI root state is characterized by its surface Z,
topological order, where both ¢ and m quasiparticles are
Kramers doublets. Surprisingly, it has only recently been
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known that there is a new Z, index that is beyond group
cohomology classification [19,20,47,48]. As the third BTI
root state, it supports a nontrivial surface with the so-called
“all-fermion” Z, topological order, where all three non-
trivial quasiparticles are self-fermionic and mutual semi-
onic. Remarkably, an exactly solvable lattice model for this
BTI has been proposed via the so-called Walker-Wang
approach [45,60], which confirms the existence of the third
Z, index.

II. OVERVIEW

Despite much progress in diagnosing surface phenomena
of BTI states, throughout the paper, we stress that a well-
defined bulk theory and bulk definition of symmetry are very
crucial towards a controllable understanding of the surface
quantum states. This concern is also highlighted in the
conclusion section of Ref. [58]. If the bulk theory is
unknown, the uniqueness of a proposed surface state is
generically unclear. More concretely, one may understand
the importance of a bulk definition through the following
two aspects. First, given a 2D state that cannot be symmet-
rically realized in any 2D lattice model, it does not
necessarily mean that the state can be realized on the surface
of a 3D SPT phase. Second, when a surface phase transition
occurs, the bulk does not necessarily experience a bulk phase
transition, implying that a many-to-one correspondence
between boundary and bulk is generically possible.
Incidentally, a many-to-one correspondence was studied
in quantum Hall states with high Landau levels [61,62]. In
this paper, we also show that the first BTI root state (Sec. VI)
exhibits a many-to-one correspondence. It generalizes the
aforementioned descriptions of surface topological order
where only Z, topological order is allowed.

One way to derive bulk field theory is the so-called
hydrodynamical approach that we apply in this paper. We
introduce this approach by briefly reviewing its application
in fractional quantum Hall effect (FQHE). FQHE is a
strongly correlated many-body quantum system, and it is
technically hard to derive the bulk low-energy field theory
by directly performing renormalization group analysis.
However, one may apply the hydrodynamical approach
whose main principle is to study collective modes of Hall
systems at low energies. Since the bulk is gapped, it is
sufficient to take quantum fluctuations of density p and

current} into account. Along this line of thinking, the bulk
Chern-Simons theory is obtained, which encodes various
“topological data” of the incompressible Hall state, such as
modular S,, and 7, matrices, chiral central charge ¢, and
other properties of edge conformal field theory [63-70].
Very recently, TQFT protected by global symmetry has also
been studied intensively. For example, Lu and Vishwanath
[24] imposed global symmetry to Chern-Simons theory and
successfully classified some 2D SPT states protected by
Abelian symmetry group. The success of such a hydrody-
namical approach in 2D SPT [24] motivates us to develop a

“universal hydrodynamical approach” for SPT phases
in 3D.

It is intricate to tackle bulk TQFT of all SPT states in 3D,
which is far beyond the scope of the present work. In this
paper, we restrict our attention to investigating the dynamic
topological quantum field theory of aforementioned BTI
states through considering exotic vortex-line condensa-
tions, which is pictorially illustrated in Fig. 1. Here, vortex
lines mean the configuration of topological line defects in
3D superfluid states, e.g., helium-4. Such a vortex-line
condensate state is shown to be described by a topological
action in the form of

KV AL
Stop—i—/b’/\daj—l—i—/b’/\bj, (1)
2w 4

where a! are usual 1-form U(1) gauge fields and b are

2-form U(1) gauge fields [71]. K and A are some N x N
integer matrices that we elaborate on in the main text,
I,J =1,2,...,N. Surprisingly, we find that such a simple
physical picture is sufficient to produce all three root states
of 3D BTIs. More concretely, we find that the first two BTI
root states within group cohomology classification can be
achieved through a pure b A da-type term where symmetry
transformations [either Zg or U(1)] are defined in an

Trivial Mott Insulator

Superfluid
zl 3

2

BTI

(unusual symmetry
transformation)

BTI

(presence of bAb
term)

FIG. 1. Phases obtained by vortex-line condensation. In the
phase transition 1, U(1) symmetry (i.e., boson number conser-
vation) is restored from superfluid to a trivial Mott insulator by
condensing strings (i.e., 2z vortex lines). Thus, the trivial Mott
insulator phase is formed by vortex-line condensation with
b A da-type bulk field theory description. In the phase transition
2, strings are also condensed and the bulk field theory is also
b A da type (see Secs. VI and VII), but the resultant Mott phase
is a nontrivial SPT state [i.e., bosononic topological insulator
(BTD] since either U(1) or Z2T symmetry transformation is
defined in an unusual way. Thus, we end up with two different
BTl root states. In the phase transition 3, strings are condensed in
the presence of a nontrivial linking Berry phase term, or more
precisely, a nontrivial multicomponent b A b-type term. The
nontrivial Mott phase is a BTI phase obtained in Sec. V, which is
a SPT root state beyond group cohomology classification and
supports “all-fermion” Z, surface topological order. Here, ZI
denotes time-reversal symmetry with 72 = 1.
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FIG. 2. Physical meaning of b A b topological term. In (a) the
larger loop denotes a vortex line that is static and located on the
xy plane. The smaller loop is perpendicular to the xy plane,
parallel to the yz plane, and moves toward the z direction. In (b),
two loops get closer to each other than (a). In (c), two loops
collide with each other. The blue dot in (c) denotes the
intersection of two loops. In (d), two loops are eventually linked
to each other. The presence of b A b term will contribute a phase
through this unlinking-linking process.

unusual way. The third BTI root state beyond group
cohomology classification requires the presence of a non-
trivial b A b term. As shown in Fig. 2, the topological term
b A b contributes a U(1) phase to path-integral once two
loops change the mutual linking number via collision. A
brief summary is given in Table I. Our physical approach to
3D BTIs avoids the complication of advanced mathemati-
cal topics like cohomology theory and cobordism theory.
And we believe that this physical picture sheds light on a
more challenging question in the future: how to design
microscopic interaction terms that can realize those pro-
posed BTT states.

The vortex-line condensation picture is also formally
generalized to some other symmetry groups, e.g., the
unitary Zy group as discussed in Sec. VIIIL. It turns out
that there are more potentially nontrivial SPT states beyond
the group cohomology classification in 3D. The bulk
dynamical quantum field theory of the new Zy SPT state
is described by a single-component version of Eq. (1) with
nonvanishing A. Based on our results, we conjecture the
following.

Conjecture 1.—All SPT phases in 3D described by a
b A b term are beyond the group cohomology classification.

TABLE L.

The remainder of the paper is organized as follows.
Section III is devoted to understanding the microscopic
origins of bulk dynamical TQFT for 3D BTIs through the
hydrodynamical approach. In this section, we start with a
superfluid state in 3D and derive the TQFT description of
the vortex-line condensate. In Sec. IV, some useful proper-
ties of the TQFT are studied when symmetry is not taken
into account. By taking symmetry into account, the BTI
state beyond group cohomology classification [20] is
obtained in Sec. V where a nontrivial presence of the
b A b term plays an important role. In Secs. VI and VII, the
remaining two BTI root states within group cohomology
classification are obtained via a pure b A da-type term by
defining either Z or U(1) symmetry transformation in an
unusual way. In Sec. VIII, we show thata b A b term might
also lead to Z, SPT phases beyond the group cohomology
class. A concluding remark is made in Sec. IX, and some
future directions are also proposed.

III. HYDRODYNAMICAL APPROACH TO
TOPOLOGICAL QUANTUM FIELD THEORY

A. 3D superfluid state and its dual description

The exotic states discussed in this paper are built from a
well-known parent state: the 3D superfluid (SF) state
described by

L:

NSRS

(0,0)° (2)

at low energies. Here, p is the superfluid density and € is the
U(1) phase angle of the superfluid. The spatial gradient of 6
costs energy such that a spatially uniform value of @ is
picked up in the ground state, rendering a spontaneous
symmetry breaking of the global U(1) symmetry group
(i.e., the particle number conservation of bosons). In order
to capture the periodicity of 8 in the continuum field theory,
we express @ in terms of a smooth part and a singular part:

A brief summary of main results in Secs. V=VII. As in the 1D chiral Luttinger liquid theory, which can be derived by putting

Chern-Simons action on a 2D disk with a 1D boundary, the surface of each BTI root state is also rigorously derived by putting the bulk
field theory on an open 3D manifold with a 2D boundary. Symmetry transformations [both U(1) and time reversal ZI] are rigorously
defined in the bulk. The first and second BTI root states are within the group cohomology classification and obtained by the changing
definition of either U(1) symmetry or Z symmetry in the bulk. The third BTI root state is beyond group cohomology and its realization
requires an addition of “cosmological constant term” b A b term. More details (e.g., the integer matrices K/, A) are present in the
main text.

BTI Bulk TQFT
(K" /Am)bl,0,a)e

Surface topological order

The first BTI root state in
Sec. VI

The second BTI root
state in Sec. VII

The third BTI root state
in Sec. V (beyond
cohomology)

Z, (p = even) topological order with exotic electric
charge assignment. U(1) is defined in an unusual way.
Z, topological order where both e and m carry Kramers
doublets. ZT is defined in an unusual way.
(KY [47)bl,0,ale" ™ +(AY 16yz)bl’wb/{peﬂ’”ﬁ’ Z, topological order where all e, m, and e quasiparticles
are fermionic. U(1) x ZZ is defined in a usual way.

(K" /Am)bl,0,a0e"
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60 = 0° + 0. By substituting this € decomposition into
Eq. (2) and introducing a Hubbard-Stratonovich auxiliary
vector field J# [72-74], one may express Eq. (2) in the
following equivalent formalism:

= %(jﬂ)2 +iJ"(0,6° + 0,0"). (3)
which goes back to Eq. (2) once J* is integrated out. It is
obvious that J# can be interpreted as a supercurrent of the
3D SF state. Integrating out 6° leads to a constraint
6(0,J*) in the path-integral measure. This constraint
can be resolved by introducing a 2-form noncompact U
(1) gauge field b,,: J*def(1/4x)e"*d,b,,. Both the

physical quantity J* and the Lagrangian Eq. (3) are
invariant under the usual smooth gauge transformation:

bﬂy — b/w + 8[”54,

where ¢, is a smooth 4-vector. 9, &, stands for 9§, — 0,6,
Eventually, the Lagrangian Eq. (3) is transformed to the
following gauge theory:

L (4)

hhu/l h/u//l 4 5 b

T 487
where the field strength £, is a rank-3 antisymmetric
tensor: h,,,defd,b,; + 0,b,, + 0,b,,. In order to simplify

notation, £, is introduced via

1

hHvip
zp

‘Chdif 48 Ui (5)

which is the Maxwell term of the 2-form U(1) gauge field
b,,. The vortex-line (i.e., string) current operator ¥,
which is antisymmetric, is defined through the singular 6”:

1
S def 7 0,0,0". (6)

which is generically nonzero for nontrivial homotopy
mapping. The gauge transformation shown above auto-
matically ensures that there is a continuity equation for X,
i.e., 0,2 = 0. Hereafter, the nouns strings, vortex lines,
and closed loops are used interchangeably. The vortex-line
configuration is very dilute in superfluid. The factor% in the

coupling term %bﬂbff"’ naturally arises as a standard
convention for the antisymmetric tensor field coupling in

3 + 1D space-time.

B. Trivial Mott insulators realized
by condensing vortex lines (strings)

Considering strong correlation effects (like Hubbard
interactions), we expect that, passing through a critical

point where the tension of vortex lines decreases to zero,
the string configuration (denoted by the path-integral
measure DX) will be proliferated energetically. In other
words, vortex-line condensation [75,76] sets in. The path-
integral formalism of vortex-line condensation was given in
Refs. [76-78]. Here, we do not go into technical details but
briefly review the basic method. A single string can be
described by reparametrization-invariant Nambu-Goto
action. A wave function ¥ can be introduced in quantum
theory of strings. Similar to the usual quantum theory of
particles, after promoting the quantum mechanics of single
string to field theory of many strings, ¥ will be viewed as
the creation operator (in operator formalism) or the quan-
tum amplitude (in path-integral formalism) of a given string
configuration.

In condensate of bosons, the ground state is formed by
equal-weight superposition of all kinds of boson configu-
rations in real space, which leads to a macroscopic wave
function. The amplitude fluctuation of the condensate order
parameter is gapped, but the phase fluctuation @ is gapless
and governed by Eq. (2). Likewise, once vortex-line
condensation sets in, all vortex-line configurations have
the same quantum amplitude W. In contrast to condensate
of bosons, the U(1) phase of W of vortex-line condensate is

given by a Wilson line eif 5 and governed by the
Lagrangian

1
L= §¢%(a[ﬂ®v] - bﬂu)z + Ly, (7)

where the antisymmetrization symbol is defined as usual:
0,,0,/defd, 0, — 0,0, |¢|* is the “phase stiffness” of the

vortex-line condensate. The presence of dynamical gauge
field b,, gaps out the gapless phase fluctuation from ©,.
One may split the phase vector into the smooth part ©;,
and the singular part ©;: ©,=0;+0,, where
[ d*r(1/47)V -V x @' € Z. Therefore, the gauge group
of b,, is compactified by absorbing ®j,. Note that, in the
dual Lagrangian Eq. (4) in the SF phase, b, is not compact.

Based on Eq. (7), we may formally perform duality
transformation in this vortex-line condensation to obtain a
b A da term where a is 1-form gauge field. For this
purpose, we introduce a Hubbard-Stratonovich auxiliary
tensor field X, :

1 1
L= zizﬂy(a[ﬂ@ﬂ — b))+ Ly, + %zﬂbw, (8)
where the physical interpretation of ¥, is the same as the
one defined in Egs. (4) and (6).

Integrating over ©,, in Eq. (8) yields a constraint
5(0,2") in the path-integral measure. This constraint
can be resolved by introducing a 1-form noncompact
U(1) gauge field a,:
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1
Ddef — - d;a,, 9)

indicating that a, field strength is physically identified as
the “supercurrent” X, of vortex lines. The vector field a,, is
a gauge field since under the gauge transformation,

a, = a, + 0,1, (10)

the physical observable ¥ is invariant. a, takes values
smoothly on the whole real axis so that a, is noncompact,
thereby, leading to 9,X*¥ = 0. Then, the dual formalism of
Lagrangian Eq. (7) is given by

1
ﬁ = igaﬂe"”’lﬂayb,{p 4 iaﬂjﬁ =+ ‘Ch
1
+mf,wf” . (11)

The field strength tensor f Wdifa[ﬂay] as usual. The
monopole current of the string condensate is given by
Jv=—(1/47)0,0, CHE #v4 We may redefine b by absorb-
ing dO®": b
Maxwell terms Ly, and f,, f”” at low energies, we end up
with the following topological BF Lagrangian:

8w®7) — b,,. After removing the irrelevant

1
E = iﬂé‘ﬂﬂpbm/ajaﬂ. (12)

As expected, the coefficient 1/4x of the first term in
Eq. (12) indicates that there is no ground-state degeneracy
(GSD) [79-85] on a 3-torus T* [86-88]. In this sense, the
bulk state has no intrinsic topological order [79-85]. In
terms of exterior products, the term can be rewritten as
(1/27)b A da, where da = f is a 2-form field strength
tensor.

C. Adding a vortex line (string) linking Berry phase
term into the trivial Mott insulator

Here, we attempt to explore the possibility of nontrivial
Mott insulators. To begin, we add a topological Berry phase
term into Eq. (7) to describe a potential nontrivial topo-
logical vortex-line condensate:

1
£ = §¢(2)(8[ﬂ®i] - bﬂy)z + ‘Ch

A
_ v, O
e e+ /’(8[ﬂ®y]

b)(0,95 —by,).  (13)

where b s
by — 8[/465] - b,
tion, this topological vortex-line condensate can be equiv-
alently described by the following “BF + BB” TQFT:

redefined by absorbing dO®":
,- By applying the duality transforma-

1 A
‘CIOP = E e bﬂl/ aﬂa/’ ti E e bﬂ" b p* (14)

In detail, in Eq. (13), the term ~d®° A d®° is a total
derivative term and can be neglected. Then, by introducing
a Hubbard-Stratonovich auxiliary tensor field =# (anti-
symmetric), Eq. (13) is transformed to

1
= [T K N1
L= 12 (%,G) )

A A
+ igeﬂﬂpaW@i]bﬂﬂ N iﬁeﬂyﬂpbﬂybﬂp + Ly

A 1
=i@,0, (“”’“ + yp ”"’1”19,1,,> —izE,b"

1 = T
8¢2 En= + Ly (15)

A
: vAp
—1 16”6‘” ?b,by, +

Integrating out ®;, leads to the conservation constraint,
0,(2" + (A/4m)e"*b,,) = 0, which can be resolved by
introducing a 1-form noncompact U(1) gauge field a,:

1 A
=rvdef — — et %9 a, — — D
= 14) -
= 2 iy 4

This is a modified version of Eq. (9), where the b A b term
is absent. Plugging this expression into the second term in
Eq. (15) yields the topologically invariant Lagrangian
Eq. (14).

In Eq. (14), only topological terms are preserved. L,
which is defined in Eq. (5), is the Maxwell kinetic term of
b,, with scaling dimension more irrelevant than the two
topological terms in Eq. (14). In addition, we consider the
phase region that is deep in the string condensation phase
and far away from the phase boundary between SF
and string condensate. As such, the “phase stiffness”
|po|> — oo is taken. The first term in Eq. (14) is the
standard b A da term that already exists in Sec. III B. What
is new here is the second term, b A b. It was previously
introduced in mathematical physics [89]. It is also applied
to loop quantum gravity [90] with cosmological constant.
Its physical meaning is pictorially shown in Fig. 2. The
above topologically invariant Lagrangian is gauge invariant
under the following gauge transformations:

by = by, + Opéy, a, = a,+0n—A,. (16)

Formally, the above single-component theory can be

generalized into a multicomponent theory:

1J 1J

K A
Lop = i —"bl,0sa) + i —e"Pbi,bl,. (17)

uv=ip*

In terms of exterior products, the action (1) is obtained.
Without loss of generality, it is sufficient to consider a
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symmetric matrix A’ and assume K’ to be an identity
matrix of rank N, i.e.,

K =diag(1,1,..., 1)y =1, (18)
with I,J =1,2,...,N. {alll} are noncompact 1-form U(1)
gauge fields and {b},} are compact 2-form U(l1) gauge
fields, respectively, as a straightforward generalization of
the above one-component theory. The above topologically
invariant Eq. (17) Lagrangian with the particular K matrix
Eq. (18) is the central result of this paper [its abstract form
in terms of exterior products is given by Eq. (1)], and we
use it to describe all BTI phases as well as some new Zy
SPT phases. Physically, such a multicomponent theory can
be viewed as a collection of many 3D trivial Mott insulators
mutually entangled via a A term. Hereafter, we also call
indices 7, J, ... flavor indices.

IV. GENERAL PROPERTIES OF THE
TOPOLOGICAL QUANTUM
FIELD THEORY

In this section, we study the multicomponent topological
quantum field theory defined by Eq. (17) in a general
setting without any global symmetry implementation. In
this section as well as Sec. V, all analyses are done by
implicitly assuming K takes the form in Eq. (18) unless
otherwise stated [e.g., the gauge transformation and
GL(N, Z) transformation in Sec. IVA are valid for
general K].

A. Gauge transformation and
bulk GL(N,Z) transformation

As aforementioned, the presence of the b A b term
drastically changes the gauge structures. The gauge
transformation of the multicomponent theory Eq. (17) is
given by

bl = bl + 0,8].

al - al, + 9,1 — (KA, (19)
which generalizes Eq. (16).

To see the gauge transformation more clearly, we
reexpress the first two topological terms (denoted by
Lyp) in Lagrangian Eq. (17) as

. AIJ ’ ’
Loop = i g5 e (b + (AT K)" Oy a]

- [b], + (A‘lK)”/aua/{i]. (20)

From this expression, one may easily examine the correct-
ness of Eq. (19). To obtain this equivalent expression, we
apply the following two facts: (i) a closed space-time
manifold is taken and (ii) a, is noncompact such that the
term ~da A da is a total derivative.

Then, we perform two independent general linear (GL)
transformations represented by matrices W,M €GL(N,Z),
on gauge fields b}, and a’, respectively. GL transforma-
tions keep the quantization of gauge charges of both gauge
fields unaffected:

by, =W )b, ay=M"a,.  (21)

where W, M are two N x N matrices with integer-valued
entries and | det W| = |det M| = 1. These transformations
are nothing but a relabeling of the same low-energy
physics. After the transformations, a new set of parameters
(K, A) are introduced via
K =WTKM, A=WIAW, (22)

which leads to a new Lagrangian in the same form as
Eq. (17). W and M are two independent GL transforma-
tions. In any basis, |det K| rather than det K is invariant.

Therefore, our choice Eq. (18) is universal once bulk
topological order is absent.

B. Quantization conditions on path-integral
field variables

For simplicity, we merely consider the one-component
theory. It is straightforward to generalize all of the results
obtained below to multicomponent theory by adding
component indices. The action is given by

1
S = ih/d“xbwaml,eﬂ”ﬂ

+'A
ll675

d*xb,,by,e" . (23)
It is known that the classical action S alone is not enough to
define a quantum system. One must properly define the
partition function Z where the path-integral measure should
be properly defined in addition to the classical action. First,
a formal integration over the 1-form gauge field a,, leads to
a flat connection constraint on the 2-form gauge field with
local flatness db = 0. Second, we note that there is a shift
in the microscopic justification of the single-component
action based on the mechanism vortex-line condensation:
b, + 8[}4851 — b,,, which leads to a quantization condi-
tion of b,,. Quantitatively, we have the following quanti-

zation condition on b on a closed 2D manifold S embedded
in 4D space-time:

#b = #d@)” = /// ddO’ = 2x x integer,  (24)
S S %

where § = 0V. In deriving the third BTI root state (see
Table I) that needs a nontrivial b A b, we use this
quantization condition which is obtained based on the
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microscopic origin vortex-line condensation. As a matter of
fact, once the topological terms BF 4 BB are formally
derived from our microscopic origin, we may extend our
discussion on the topological field theory to a more general
background. In other words, this quantization condition on
the b field can be derived in a more mathematically
rigorous way by formally introducing compactness of both
gauge fields, which are fundamentally constrained by two
conditions [i.e., Egs. (A1) and (A2) given in Appendix A].
In Secs. VI and VII, where the derivation of the first and
second BTI root states (see Table I) are presented, respec-
tively, we continue to use this general method.

By using the condition Eq. (24), we derive the following
periodic shift (more details are presented in Appendix B):

A= A+1. (25)

Thus, A is compactified to a finite region [0, 1). Further,
one may consider a large gauge transformation, which
leads to quantization of A € Z. The derivation of this result
may be considered as a special case of Eq. (71) with N = 1.
Therefore, without time-reversal symmetry, any allowed
nonzero A is identified as A = 0.

More generally, the above periodicity shift of the single-
component theory is also applicable to the diagonal entries
A" of a generic multicomponent theory. For off-diagonal
entries, the results are still unchanged. For example, since
the A3 term and the A®' term are equal to each other
(A3 = A", the total actions of the mixture of b}, and b;,
are actually 2 x (A?/16x) [ d*xe"*?b,,b; . We note that
there are eight equivalent copies in Eq. (B1) where the two
b fields are the same. However, in the A!3 term where the
two b fields are different, there are only four equivalent
copies. Overall, loss and gain are balanced such that the
periodicity of A'3 is still 1.

In addition, the condition Eq. (24) can also be applied to
derive the surface theory. Because of this condition, b’ is
locally flat and a new 1-form compact gauge field a;, for
each index / can be introduced via

bl defdyal; = fu. (26)

where },Iw is the field strength tensor of Zl{,. For the sake of
convenience, y, v, A = 0, 1,2 is implicitly assumed in all of
the surface variables. The compactness of @’ can be easily
understood by substituting it into the quantization condition
of b’. Then, the magnetic flux of @' piercing a closed S is
allowed to be nonzero, which means that monopoles of al
are allowed so that a’ is compactified. After substituting
this expression into the b A b term in Eq. (17), we end up
with the following surface Lagrangian:

AIJ
ﬁa = Ee"”&,ﬂayéi. (27)

V. BOSONIC TOPOLOGICAL
INSULATORS IN THE PRESENCE
OF b A b TOPOLOGICAL TERM

In this section, we implement symmetry and consider the
b A b term and end up with the third BTI root state (the
last row in Table I) that is beyond group cohomology
classification.

A. Definition of time-reversal transformation

Given the microscopic origin of the topological quantum
field theory Eq. (17) in Sec. III, we know that b, is
minimally coupled to vortex lines (i.e., strings), while a,, is
minimally coupled to bosonic particles. As a result, the
time-reversal transformations of all gauge fields and
excitations can be consistently defined in the following
usual way (the spatial directions are denoted by i = 1,2, 3):

TalT-' =dl, TalT™' = —al,

TjoT ' = jo. TjiT'=—j (28)
Tb), T =-b],, Th ;T =bj,,
TZOJTil — _ZOJ’ Tzi,j771 - Zi,j’ (29)

where every flavor transforms in the same way.

The pure b A f term (i.e., the b A b term is absent) in
Eq. (17) is invariant under these transformation rules. The
definition of time-reversal transformation in Eqgs. (28)
and (29) implies that a pure b A da term necessarily leads
to a trivial SPT state for the reason that bulk topological
order is absent and symmetry transformation is defined in a
usual way. The possibility of nontrivial SPT states arising
from pure a b A da term is discussed in Secs. VI and VII,
where either U(1) or time-reversal symmetry has to be
modified unusually, as shown in Fig. 1. Therefore, in this
section, A = 0 always results in a trivial SPT state, and a
nontrivial SPT state requires a nontrivial A matrix.

B. Quantization condition implemented
by time-reversal symmetry

Under the time-reversal symmetry transformation
Eq. (29), the bAb term is transformed to
—(AY/16x)e*b],bj . Superficially, this sign change
implies that the ground state of topological field theory
labeled by A always “breaks” time-reversal symmetry.
However, we show that the periodicity shift of A provides
a chance for restoring time-reversal symmetry. We derived
a periodic shift Eq. (25) on A where merely U(1) symmetry
is considered. A new problem arises: Is Eq. (25) still valid
in the presence of time-reversal symmetry?

We reconsider a simple one-component theory shown in
Eq. (23). In the presence of time-reversal symmetry,
the space-time manifold becomes unoriented such that
topological response can be probed [19,21]. A simple
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understanding is that a normal vector at each space-time
point changes sign under time-reversal symmetry such that
a time-reversal invariant system requires that each space-
time point is directionless. In an unoriented space-time
manifold, a = cubic flux of a 2-form gauge field b,,
becomes the minimally allowed value. To have a physical
picture for the flux quantization condition on an unoriented
manifold, we consider the simplest case—a flux insertion
process for a Mobius strip. Very different from a cylinder,
where the inserted flux must be in units of 2z, the Mobius
strip allows the inserted flux to be in units of z, namely,
¢, A,dl, = = x integer, because a particle on a Mdbius
strip must pick up an even winding number to travel back to
its origin. In this sense, if we still use the same notations as
in Appendix B 1, N, and N, now are half-integers
instead of integers. The last line in Eq. (B1) now equals
%Azr x integer, such that the periodicity of A is now
enhanced to

A= A+4 (30)

We now move on to the off-diagonal entries, e.g., A'* in a
multicomponent theory. At present, there are N compo-
nents of topological vortex-line condensations, which,
superficially, implies that there are N U(l) charge con-
servation symmetries. However, in our physical system,
only one U(1) should be taken into account. Then, when we
evaluate the sum of the A3 and A3! terms, either the b!
gauge group or b forms a 7 cubic flux, not both. Therefore,
the periodicity of A!? is enhanced from 1 to 2: i.e.,
AP — A 4+ 2, In summary, all of the above results
indicate that A" in the presence of time-reversal symmetry
take the following values:

Al =0,42, AV =0,41 (for I #J). (31)
This quantization condition is protected by time-reversal
symmetry.

We note that SPT states (including both trivial and
nontrivial states) are defined by the following two common
conditions: (i) bulk has no intrinsic topological order and
(i1) the bulk state respects symmetry. Condition (i) is always
satisfied in our construction since GSD = 1, as shown in
Sec. IVA, where K = I. If A entries are defined under the
requirement of Eq. (31), condition (ii) is also satisfied. Thus,
there are infinite number of A matrices that satisfy Eq. (31)
and can be viewed as SPT states with U(1)U(1) x Z7
symmetry. But which are trivial and which are nontrivial?
For example, is A =2 a trivial or a nontrivial SPT? In
subsequent discussions, we aim to answer this question.

C. Trivial SPT states with |det A| =1

All A matrices (K = [ is implicit all the time) that satisfy
the quantization conditions Eq. (31) are SPT states.

Generically, with an open boundary condition, the surface
phenomena of SPT states are expected to capture informa-
tion of triviality and nontriviality. Therefore, one may
wonder what are nontrivial signatures of surface phenom-
ena? Conceptually, one should first find the set of physical
observables that describe the surface physics.

Definition 1: Surface physical observables—The
physical observables of Eq. (27) are composed by
ground-state degeneracy, self-statistics, and mutual statis-
tics of gapped quasiparticles. All of this information can be
read out from modular S,, and 7 ,, matrices. Since there is
no further 1D boundary, chiral central charge ¢~ is not an
observable on the surface. Notice that, for a topological
phase defined on a 2D plane, the physical observables are
S, T, and c™.

Now our question is changed to, how can we use these
physical observables to tell a nontrivial SPT from a trivial
SPT? The essential physics is the so-called “obstruction” or
“anomaly.’. More precisely, we define it as follows.

Definition 2: Obstruction (quantum anomaly).—By
“obstruction,” we mean that the set of physical observables
(defined in Definition 1) of the surface theory cannot be
reproduced on a 2D plane by any local bosonic lattice
model with symmetry. Otherwise, the obstruction is free.
Nontriviality of a SPT state corresponds to the presence of
obstruction. Now, we are in the position to distinguish
trivial and nontrivial SPT states. We first consider a subset
of A matrices that satisfy Eq. (31):

|detA| = 1. (32)

Mathematically, any A matrix in this subset can be
expressed in terms of two “fundamental blocks,” namely,
A,; and A, given by the Cartan matrix of the Eg group
[62,91-93]:

21 000O0O0O0
12100000
01210001
0 1 00121000
Atl_< >’ Ap=
1 0 00012100
000O0T12T1FPO0
000O0O0OT120
0010O0O0O0?2

The subscript 7 in A;; and A, stands for trivial (which we
explain below). One can show that all A matrices that
satisfy Egs. (31) and (32) can be expressed as the following
canonical form, namely, a direct sum of several A,; and
+A, up to an arbitrary GL transformation:

A=W A @A @ - ©FA, @ TN, ®--)W. (33)
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Since GL transformation W does not affect physical
observables, whether SPT states in this subset are trivial
or not essentially depends on the properties of the two
fundamental blocks.

A, gives a trivial SPT state (i.e., a trivial Mott insulator)
since its surface physical observables are trivial gapped
boson excitations and nothing else. Such surface states can
be realized on a 2D Ilattice model with symmetry.
According to Definition 2, the obstruction is free and,
thus, the 3D bulk state is trivial.

In contrast to A,; whose chiral central charge ¢c_ = 0, the
very feature of A,, is that it has an “irreducible” value of
c_ = 8, which plays the role of the “generator” of all trivial
A matrices that admit nonzero c_. We call +A, “c
generators.” By irreducible, we mean that one can prove
that c_ = 8 is the minimal absolute value of all A matrices
that satisfy Eqs. (31) and (32). Since c_ # 0, one may
wonder if the A, surface state breaks time-reversal sym-
metry once it is laid on a 2D plane alone. To solve this
puzzle, we should, again, focus attention on physical
observables on the surface rather than the formal
Lagrangian in Eq. (27). On the grounds that a surface is
a 2D closed manifold by definition, there is no further 1D
edge so that c¢_ is not detectable on the surface, which is
also summarized in Definition 1. Thus, A, still gives a
trivial SPT state.

Technically, the triviality of A,, can also be understood
by using the following Gauss-Milgram sum formula
[61,94,95]:

(34)

1 2nl, — ,i2zmic™ /8
/det A za:e c

for a bosonic Abelian topological phase defined on a 2D
plane. Here, a denotes quasparticles and J, is topological
spin, which is determined by the modular 7 ,, matrix. The
diagonal entries T9¢ = ¢'>* in a quasiparticle basis. The
chiral central charge ¢~ is determined only modulo 8. We
consider a A, surface state. According to Definition 1, the
surface physical observables are determined by S,, and 7 ,,.
The two modular matrices are given by S, = 1,7, =1,
both of which are just a number. Thus, the surface is
nothing but a trivial gapped bosonic phase with time-
reversal symmetry and supporting only trivial identity
particles. Then, one may wonder if the time-reversal
symmetry can be preserved when we define such a set
of physical observables on a 2D plane, because on a 2D
plane we need to further consider chiral central charge,
which is a signature of time-reversal breaking. The answer
is yes. The reason is that all possible states on a 2D plane
with the same §,, and same 7 ,, have ¢~ = 0 mod 8 due to
Eq. (34). Since ¢~ =0 is a solution, a time-reversal
symmetric state on a 2D plane is achievable without any
difficulty. Thus, according to Definition 2, A, labels a
trivial SPT state.

D. Trivial SPT states with |det A| > 1

The above discussion leads to a set of trivial SPT states
defined by Eqgs. (31) and (32). All of these trivial states do
not admit topological order on the surface. How about
topologically ordered surface (i.e., |det A| > 1)?

While the quantization conditions Eq. (31) guarantee
that the bulk is symmetric, surface might break symmetry.
If symmetry is manifestly broken on the surface, such a
surface state can be realized on a 2D plane, which is free of
obstruction from symmetry requirement. The correspond-
ing bulk state is a trivial SPT state. Therefore, hereafter we
merely focus on the symmetry-preserving surface state. But
the question arises, how can we judge that the symmetry is
preserved on the surface?

A symmetric surface governed by Eq. (27) with A matrix
must describe the same set of physical observables as those
on the surface with a —A matrix. In order to leave the
surface physical observables unaffected under time reversal
(i.e., A —> —A), one obvious way is to consider the
following equivalence under GL transformation, namely,
“GL equivalence’:

WTAW = —A, IW e GL(N, 2Z), (35)
which does not change physical observables in Definition
1. We introduce the following symbol

AGL - A (36)

to denote this equivalence relation. However, such a
topological order has no obstruction if it is defined on a
2D plane with symmetry since such a GL transformation
can also be regularly performed on a 2D plane. Thus, the
only way toward nontrivial SPT states is to find a new
method such that (i) it can transform A to —A leaving all
physical observables unaffected and (ii) it is forbidden to
be regularly done on a 2D plane. This is what we do in
Sec. V E where an “extended GL transformation” Eq. (37)
is defined.

Before proceeding further, we give some examples. The
simplest one is A = 2, which can be connected to A = —2
via neither Eq. (35) nor Eq. (37), so that the corresponding
bulk state is a trivial SPT with a symmetry-breaking
surface. Another example is A = (2 %), which can be

connected to A = (*9) via Eq. (35), so that the corre-
sponding bulk state is a trivial SPT with a symmetry-

preserving surface.

E. Extended GL transformation
and nontrivial SPT states

In order to obtain nontrivial SPT states, again, we resort
to the fact that the chiral central charge on the surface is not
a physical observable as discussed in Sec. V C. We relax
the GL transformation by arbitrarily adding fundamental
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blocks like A,; and £A,, defined in Sec. V C along the
diagonal entries of the A matrix. This stacking is legitimate
since all fundamental blocks correspond to trivial SPT
states, which do not induce phase transitions.
Technically, we perform a so-called extended GL trans-
formation via the following equivalence relation:

WT(A@AH @Atl'”)W
=(-AN)®tA,®EA,---, AWEGL(N',Z), (37)

which also leaves physical observables in Definition 1 unaf-
fected. Here, the left-hand side contains [(N' — N)/2]A,
matrices, while the right-hand side contains [(N' — N)/8]
“+A,,” matrices. Here, A is N x N as usual. The extended
GL transformation for A means that adding several funda-
mental blocks to both A and —A results in two new matrices;
we can then connect these two new matrices, i.e., (A @
Ay ®A,...)and (—A) & +A, & +A,..., by performing
a GL transformation W.

Since [Ap @ (—Ap)|GLY 2 @ A,,, the + signs reduce
to an overall sign, i.e.,

WIADA, ®A,..)W
=(-N@®[E(An®Ap...), IWEGL(N.,Z). (38)

If A and —A are connected to each other via an extended
GL transformation, we define the symbol

A eGL — A

to denote their equivalence relation.

We find that there is a unique solution that supports
nontrivial SPT. It is the Cartan matrix of the SO(8) group,
denoted by Ay g [91]:

ASOS = (39)

_— = =N
S O N =
(=R S
N OO =

More precisely, the following transformation exists:

4
WT <As082 @ Atl> w

=(—Ay3) ®Ap, IWEeGL(12,2).

Instead of looking directly for the explicit matrix form of
W, the existence of W can be justified by checking the
equivalence of the physical observables (see Definition 1)
between (Ayg> % @ A, )-surface Chern-Simons theory
and (—Ag) @ Ajp-surface Chern-Simons theory. Indeed,
both share the same excitation spectrum that is formed by
four distinct gapped quasiparticles, and they share the same
real S,, and 7 ,, matrices:

I 1 1 1
I 1 -1 -1
Sm = ;
I -1 1 -1
I -1 -1 1
1 0 0 O
0 -1 0
Ty = (40)
0o 0 -1 0
0o 0 0 -1

From the above S,, and 7 ,,, we read much information. In
addition to the trivial boson excitations (identity quasipar-
ticles), there are three distinct fermions denoted by
f1,f2, f3. Braiding f; around f; (Vi,j, i # j) once leads
to an Aharonov-Bohm phase e = —1. Consequently,
through the equivalence relation Eq. (37), we end up with
a SPT state whose surface has topological order.

Furthermore, it is a nontrivial SPT, i.e., a bosonic
topological insulator. To see its nontriviality clearly, one
may attempt to look for obstruction defined in Definition 2.
We put the set of physical observables (given by the
modular S,, and 7 ,, matrices of Ayg) on a 2D plane.
According to the Gauss-Milgram sum formula Eq. (34), the
chiral central charge ¢~ = 4 mod 8. Therefore, all states on
a 2D plane necessarily have nonzero chiral central charge,
indicating that time-reversal symmetry is necessarily bro-
ken. Thus, such an obstruction defined in Definition 2 gives
a 3D nontrivial SPT state labeled by Ag.

To summarize, we derive a BTI state from our bulk field
theory where a nontrivial multicomponent b A b term plays
an essential role. We stress that this BTI state is obtained
and examined rigorously from bulk to boundary step
by step.

VI. BOSONIC TOPOLOGICAL INSULATORS
FROM PURE b A da TERM—(I)

In the above discussions, we consider the time-reversal
transformation defined by Egs. (28) and (29) such that the
pure b A da term always describes trivial SPT states, i.e.,
trivial Mott insulators in Fig. 1. In the following, we show
that the first BTI root state (the first row in Table I) can be
obtained by pure a b A da topological term where U(1)
charge symmetry is defined in an unusual way.

A. Z, nature of bulk U(1) symmetry definition

The unusual U(l) symmetry transformation can be
directly characterized by a ® term F A F in the response
theory, where F, is the field strength of the external electro-
magnetic field A,,. Technically, one may start with a generic
b A da theory with N components and then add an electro-
magnetic coupling term like Y ,(q}/4x)F,,0,ale"* +
>oi(q5/4m)A,0,b] e, where {q{ }, {g}} are two integral
charge vectors. The first term is the coupling between face
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variable F,, and vortex-line current (1/27)9,a,e***”, where
the additional % is due to the double counting of the pair
indices y,v. The second term is the coupling between the
link variable A, and the boson particle cur-
rent (1/4x)0,b;,e".

We may expect an electromagnetic response action with
the bulk ® term in addition to the usual Maxwell terms:

S
SEMresponse = /d4xﬁFva/lp€”Mp +e (41)
where the centered dots denote Maxwell terms. For SPT
states, there are only two choices: ® = Omod4z or
2zmod4z. This Z, classification can be understood
through alternative insights, such as the charge lattice of
bulk quasiparticles [49] or the statistical Witten effect [58],
both of which rely on the pioneering studies of dyon
statistics in Ref. [57]. But the procedure of the integration
over a’ and b' is quite subtle in the presence of background
gauge field A, since b’ and a' are constrained by several
conditions. In the next section, we give an N = 2 simple
example.

B. Example with N =2
We start with a b A da theory with the following K

matrix:
0 1
K= . 42
() @)

More explicitly, the total Lagrangian is given by

1 1
/d4x£0:/ibl /\daz+i/b2/\da1
2z 2z
+i/3b2 A da? (43)
2r ’

Time-reversal symmetry is defined in the usual way shown
in Egs. (28) and (29). All gauge fields are constrained by
Egs. (Al) and (A2)) (by adding indices I, J, ...).

Let us move on to the surface theory. Starting with
Eq. (43), one can integrate out compact a' on an unoriented
manifold, leading to the quantization condition on b*:

# b* = r x integer, (44)
S

which indicates that b? is locally flat and a new 1-form
compact gauge field @* can be introduced in a way that is
similar to Eq. (26):

b7, defd), . (45)

Thus, by means of Eqgs. (29), Fzﬁ is transformed as a
pseudovector under time-reversal symmetry: aj — —ag3,

~2 =2
a; = a;, 1=1x,Y,2.

The term ~b> A da® in Eq. (43) provides a surface
Chern-Simons term:

1
Lo=i_e"iat0,al. (46)

which can also be reformulated by introducing a matrix
Kydef(97) in the standard convention of K-matrix Chern-

Simons theory [63]. a; and a; form a two-dimensional
vector (a2, a%)". The ground state of Eq. (46) supports a Z,
topological order [96] associated with four gapped quasi-
particle excitations (1, e, m, €). Here, “1” denotes identical
particles. Both e and m are bosonic, while ¢ is a fermion.
The particle e carries +1 gauge charge of aﬁ, while the
particle m carries +1 gauge charge of &ﬁ.s carries +1 gauge
charges of both gauge fields. These three nontrivial
quasiparticles all have mutual semionic statistics; i.e., full
braiding one particle around another distinct particle leads
to a 7 Aharonov-Bohm phase.

To obtain BTI states, we expect the U(l) symmetry
transformation may be performed in an unusual way. For
this purpose, we add the following electromagnetic cou-
pling term to £, in Eq. (43):

D g o, + T2 0 p2 e, (47)
4 WA 4 1TV
Let us consider that a surface is located on z = 0 plane. The
surface theory is described by Eq. (46). The coupling term
contributes the following surface electromagnetic coupling
terms:

91 . 92 . ~
AL, + 2 A0, (48)

where Eq. (45) is applied. Based on the Chern-Simons term
in Eq. (46), one may calculate the electric charge carried by
each quasiparticle:

0. = (@2 a1)(K) ' (1.0) =,
O = (g2, 1) (Ky) ' (0, 1)T = L2,

Physically, both e and m quasiparticles can always attach
trivial identity particles to change their charges by an
arbitrary integer so that ¢; and ¢, are integers mod 2;
namely,

q1~4q1 +2, g2~ qy + 2. (49)
For this reason, it is sufficient to merely consider the
following four choices: (¢,,4;) = (0,0),(0,1),(1,0),(1,1).
The first three choices can be realized on a 2D plane
without breaking time-reversal symmetry since the Hall
conductance  o,, = (1/27)q" (Ky)~'q = (q192/27) =0
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on a 2D plane. However (1,1) necessarily breaks time-
reversal symmetry on a 2D plane since its Hall conductance
oy = (1/27)q"(Ky)~'q = (1/27)q19, = 1/27 is non-
zero. Thus, there is a nonvanishing chiral charge flow on
the 1D edge of the 2D plane. However, it does not break
time-reversal symmetry on the surface since chiral charge
flow is not a physical observable on the surface. Therefore,
the charge assignment (1,1) faces obstruction in being
realized on a 2D plane with U(1) x ZI symmetry and this
obstruction leads to a BTI in which both e and m carry half-
charge on the surface. Note that the g;-coupling terms in
Egs. (47) and (48) change sign under time-reversal trans-
formation. However, the sign can be removed through
shifting g, to —g; following the identification in Eq. (49).

In a real transport experiment, one may explicitly break
time-reversal symmetry along the normal direction on the
surface with charge assignment (1,1) and put the 3D system
in a slab geometry. The surface quantum Hall conductance
is quantized at 1/2z, which corresponds to a surface
response action in the form of a Chern-Simons term:
(1/4m)A,0,A;¢"*. 1t can be formally extended to a bulk
O term, i.e., Eq. (41) with ® angle given by ® = 2zmod4z
and the following generic relation:

0 = 4r’c,,. (50)

The 4z periodicity corresponds to even-quantized Hall
conductance o,, = (1/27z) x 2k, which can be realized in
purely 2D bosonic systems. A projective construction on
such a BTI with ® response has been made in detail
in Ref. [49].

Physically, e and m particles can be regarded as ends of
condensed vortex lines here, and we may think these
invisible vortex lines carry integer charge and form a
nontrivial 1D BTI phase. Thus, it is also not a surprise
that the end of these vortex lines will carry half-charge.

C. Many-to-one correspondence
between surface and bulk

The above discussion illustrates how the surface Z,
topological order arise with unusual U(1) symmetry trans-
formations. As a matter of fact, the surface may be of
different kinds while all share the same bulk that only
supports trivial boson excitations. In other words, the
surface topological order may be much richer.

One may replace the K matrix in Eq. (42) by

<G e

where p is a nonzero positive integer. The surface term
Eq. (46) now becomes

Lo = izﬁﬂ 20,02, (52)

which corresponds to a Z, topological order on the surface
labeled by Ky = () 5).

There are p? types of quasiparticles (including the trivial
particle), which are labeled by quasiparticle vector
I=(,)", with [;,1, =0,1,...,p— 1. The Ith quasi-
particle carries the electric charge

1
QIZ(ZTK(‘SII:;(Qllz‘HIzll)‘ (53)

Physically, all quasiparticles can attach trivial identity
particles such that their charges can be changed by any
integer. Therefore, the following identification conditions
exist:

G ~a+p, G~ p. (54)

We note that g,-coupling terms in Eqs. (47) and (48)
change sign under time-reversal transformation. However,
the sign can be removed through shifting ¢, to —q
following the identification in Eq. (54). Therefore, bulk
time-reversal symmetry requires that p = even and only
two choices for the integer ¢, are legitimate: ¢; = Omodp,
Zmodp.

To determine whether or not the bulk is trivial, one may
again examine the surface Hall conductance which is
quantized at odd for nontrivial bulk. All even-quantized
parts can be removed by stacking several U(1) SPT states
on the surface. At present, the Hall conductance is given by
o= (1/27)q"K;'q=(1/27)(2q,4,/p). Combined with
the relation in Eq. (50), we end up with Table II. As a side
note, in the first two cases, by means of the identification in
Eq. (54), g, may be shifted by p. Since p is even in these
two cases, the even or odd property of ¢, is unchanged.
Thus, these two cases are consistent with the identification
conditions.

When p=2,q, =¢q, =1, the theory goes back to
Sec. VIB. It is clear that the surface Z, topological order
obtained in Sec. VIB is just one possible surface of BTI
states, which manifests the physics of many-to-one corre-
spondence between surface and bulk. For example, we may
choose p =4, g, = 2,q, = 1 such that the bulk is a BTI

TABLE II. The surface of the first BTI root states (shown in the
first row) labeled by three integers (p, ¢, ¢2)-

P 41> 92 Bulk

q, = gmodp, g, =odd The first BTI root states
Trivial states
Trivial states

p = even

p=even ¢, =45modp, g, =even

p = even q; = Omodp,

g, = any integers

p =even q; #0modp, g, # S modp,
g, = any integers

q1, q> =any integers

ZT is broken

p = odd ZT is broken
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state with nontrivial Witten effect. The electric charge
carried by totally 4> — 1 = 15 nontrivial quasiparticles can
be calculated by Eq. (53): Q; = (L,/2) + (I;/4). Such an
assignment of fractional charge on quasiparticles of Z,
topological order cannot be realized on a 2D plane unless
breaking time-reversal symmetry.

VII. BOSONIC TOPOLOGICAL INSULATORS
FROM PURE b A da TERM (II)

In Sec. VI, we show that the first BTI root state can be
obtained by a pure b A da topological term where U(1)
charge symmetry is defined in an unusual way. In the
following, we continue to show that the second BTI root
state (the second row in Table I) can be obtained by a pure
b A da topological term where time-reversal symmetry is
defined in an unusual way.

A. Z, nature of bulk time-reversal
symmetry definition

Let us consider the K matrix in the form of Eq. (18).
A time-reversal transformation acting on gauge fields

aﬂ, b/’“, can be formally expressed as
17-1
TalT=' = T4 al,

Tall’]"] =

Tbo T~ =T7bj,  (55)
1 _ _ b
THLT ' =—Thbl.  (56)

TIJ al ’ ij?

where 7¢ and T? are two integer-valued matrices. In the
following, we simply call 7¢ and 7? “T matrices.” After
transforming twice, all gauge variables are unchanged, so
we have the constraint (7%)? = (T?)? = 1. It indicates that
|detT“| = |detT?| = 1, and both matrices belong to a
subset of GL(N, Z) group.

After GL transformations and time-reversal transforma-
tion, the K matrix is transformed to a new one, but
|detK| =1 is still valid such that the bulk still merely
supports trivial gapped boson excitations as before. From
this perspective, the bulk always keeps time-reversal
symmetry although the formal expression of the
Lagrangian is given by a new K matrix.

On the other hand, one may apply arbitrary GL(N, Z)
transformations on both sides of all equations in Egs. (55)
and (56). Using the notation in Eq. (21), we obtain the
following equations:

TCléT = T]JCZO, TQ(]),'771 - Z?]bé[? (57)

TalT™' = -T4a!,  TbLT™' =-T4bl. (58

l]’

where two 7 matrices are transformed to two new ones:

TedefM~'TM,  T’defW—'T*W. (59)
By keeping |det W| = |detM| =1 in mind, it is clear
that the + sign of the determinant of the 7" matrices is

manifestly invariant under an arbitrary sequence of formal

GL transformations. For the sake of convenience, we
introduce a notation (a,b) that denotes such + signs of
determinants:

(a, b)def(sign of detT“, sign of detT”).

Because of the presence of this invariant, we are able to
understand the usual time-reversal transformation defined
in Eqgs. (28) and (29) in a much more general background.
In terms of 7 matrices, the usual time-reversal trans-
formation defined in Eqgs. (28) and (29) is denoted by

o Dvsws (60)

where the K matrix is fixed as a unit matrix shown in
Eq. (18). This specific form of usual time-reversal trans-
formation in a given basis (i.e., K = [) can be generalized
and replaced by the following invariant:

(a.b) = (1. (=1)"), (61)

which is a universal property of all specific forms of usual
time-reversal transformations.

To summarize, we consider a 3D bulk state described by
an N-component b A da term labeled by K with
|detK| = 1. There are 7 and T’ matrices that define
time-reversal transformations. As discussed before, for the
purpose of exploring nontrivial SPT states, we consider the
cases that have a symmetry-preserving surface. Then, if
(a,b) = (1, (=1)N), the state admits a usual time-reversal
transformation and thereby a trivial SPT state. If
(a,b) # (1,(—=1)N), the state is a nontrivial SPT state.
From this point of view, a Z, classification is obtained by
attempting to change the definition of time-reversal trans-
formations. Along this line of thinking, in Sec. VII B, we
will N =2 as a simple example that reproduces the BTI
state labeled by the first Z, index introduced in Sec. L.

T¢ = —T" = diag(1, 1,

B. Example with N =2

We still start with a b A da theory with the K matrix
given by Eq. (42). The total Lagrangian is given by
Eq. (43). However, at present, the time-reversal trans-
formation is defined as

TalT~' = a}, TalT™' = —al, (62)
Tby, T~ =0y,  Tb,T'=-bl, (63)
TagT ' =—a;.  TaiT'=a;.  (64)
TR, T =),  THh,T' =0, (65

which is different from the usual definition Egs. (28)
and (29). The associated T matrices of the time-reversal
operator 7 are given by
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r(b ) e ) e

This definition of time-reversal symmetry transformation is
labeled by (a, b) = (—1, —1), which is nontrivial according
to Eq. (61). Under the time-reversal transformation, the
b A da term labeled by K is transformed to the term labeled
by K’ = (¥ %). At first glance, time-reversal symmetry is
broken in the bulk. However, two b A da theories labeled
by K’ and K are GL equivalent by using

w=(o %) =y )

defined in Eq. (22). More explicitly, these GL transforma-

tions lead to a sign change in both 7, and a, while b/, and

2

, are invariant:

a

b2, — —b2,. a, > —a,, (67)
b},,, - b}w, aﬁ - aﬁ. (68)

Let us move on to the surface theory Eq. (46). According
to the transformation of bfw in Eq. (65), the time-reversal
transformation rule of Zzi defined in Eq. (45) is automati-
cally fixed:

TaaT—' =-aj, Ta2T ' = a2 (69)

Because of the time-reversal transformations in Egs. (69)
and (64), both m and e, which carry unit gauge charges of
a; and aj, respectively, are pseudolike particles on the
surface. Under these time-reversal transformations, a minus
sign appears in the Chern-Simons term in Eq. (46). Despite
that, the surface state does not break time reversal. More
precisely, the appearance of this minus sign leaves the set of
surface physical observables in Definition 1 unaffected
by noting that there is a GL equivalence relation:
PT(—Ky)P = K, where P = (|, °)). Therefore, the surface
is symmetric under time-reversal transformation.

It is also beneficial to investigate the equations of motion
(EOMs) of gauge fields under time-reversal symmetry. By
adding two quasiparticle currents, jf,aﬁ + j,”]&,%, where j;
and j' are e-particle and m-particle currents, respectively,
the EOMs of gauge fields are given by (only the zero
component is shown here without loss of generality)

mp® =V x a*def B, mp™ =V x a’defB, where p¢ = jf
and p™ = ji' are density variables of e and m, respectively.

B and B are the magnetic flux strength of a> and aZ,
respectively. Under time reversal, p, and p,, change sign
since they are pseudolike: p, = —p,,pm = —pPm- On

the other hand, both B and B are unchanged under

time-reversal transformations Eqgs. (69) and (64). It seems
that EOMs break time reversal. However, time-reversal
symmetry is still unbroken due to the very existence of the
3D bulk. More concretely, the 3D bulk can source a trivial
particle that carries two units of a,% gauge charge. One may
attach this trivial particle to a time-reversal partner of e
particles on the surface, rendering —p, + 2p, = p,.
Likewise, the 3D bulk can source a trivial particle that
carries two units of éﬁ gauge charge. One may attach this
trivial particle to a time-reversal partner of m particles,
rendering —p,, + 2p,, = p,- As a result, both EOMs
respect time-reversal symmetry.

However, this Z, topological order state on a 2D plane
(i.e., no 3D bulk) necessarily breaks time-reversal sym-
metry. In the absence of 3D bulk, all trivial particles that are
used to change sign of p, and p,, can only come from the
2D state itself. Consequently, the magnetic fluxes generated

by these trivial particles will change [ dxdyB and [ dxdyB

to [ dxdyB + 2z and [ dxdyB + 2, respectively. Thus,
EOMs always break time-reversal symmetry.

In summary, following the definition of obstruction in
Definition 2, the 3D bulk is a nontrivial SPT state, i.e., a
BTI state. Physically, the unique way to realize such a
time-reversal symmetry on gauge fields, i.e., Egs. (69)
and (64), is to consider that both ¢ and m are Kramers
doublets, and p,, p,, should be regarded as spin density S,
of a spin-1/2 particle. We note that by “spin 1/2” here, we
really mean a projective representation of time-reversal
symmetry and it has nothing to do with spin-rotational
symmetry. In the bulk, all particles must carry a linear
representation of time-reversal symmetry; therefore, the
spin-1/2 particle on the surface cannot be screened. Other
possibilities of Kramers degeneracy assignment (e.g., e is
a Kramers doublet while m is a Kramers singlet) can be
realized on a 2D plane without breaking time-reversal
symmetry [48,97]. This obstruction provides us a physical
way to understand the nontrivial BTI root phase generated
by exotic time-reversal symmetry. Indeed, both e and m
particles can be regarded as ends of vortex lines that are
condensed and invisible in the bulk. In terms of a simple
physical picture, we may think these invisible vortex lines
carry integer spin and form a nontrivial 1D SPT phase,
e.g., the Haldane phase. Therefore, it is not a surprise
that the ends of these vortex lines carry half-integer
spins which form Kramers doublets under time-reversal
symmetry.

VIII. Z,, SPT IN THREE DIMENSIONS: BEYOND
GROUP COHOMOLOGY THEORY

In this section, we use the one component action Eq. (14)
to discuss possible Z symmetry-protected phases beyond
the group cohomology class. Let us that assume a generic
Zy SPT in 3D can be described by
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L= i%aﬂayb,lpeﬂm’ + i%bwb,{pe’”ﬂ/’,

where only one component is taken into account for
convenience. Here, a, and b, are still noncompact and
compact, respectively. In contrast to the previous discus-
sion of U(1) x ZZ, where nonvanishing quantized A needs
the help of time-reversal symmetry, A in Zy SPT is
supposed to be quantized even without the help of time-
reversal symmetry. Following Ref. [34], we consider the
following gauge coupling to “probe the Z, SPT order™:

= N
‘Ccoupling = lﬂBwaﬁal,e‘“’ﬁ/’ + lﬂBﬂva/lApeﬂMp-

Several explanations are in order. First, the B,,, gauge field
in the B A da term is a “2-form compact probe field”
that minimally couples to strings (2z vortex lines in the
ground state). It is this type of coupling that is missed
in the Dijkgraaf-Witten gauge theory [98] since
H*[Zy,U(1)] = Z,. The term B A dA can be viewed as
a Higgs condensate term [34], where A, is a l-form
compact gauge field introduced by Hubbard-Stratonovich
transformation. By means of this term, the probe field B, is
naturally Higgsed to a Z discrete gauge field.

Now, we are in a position to integrate out all SPT degrees
of freedom. Integrating the noncompact field a, renders
b,, = B,,. Consequently, we end up with an action in the
background fields B and A [71]:

N A
S = l./d4)CEB”D8/1Ap€WMp + i/d4XEBﬂyBlﬂ€ﬂwlp

.N A

All possible values of A can be found by using the
procedures in Sec. IV B. Finally, we end up with the
following quantization condition (more details are found in
Appendix B):

A/N € Z. (71)

The constraints Eqgs. (B2) and (71) suggest Z, different
SPT states protected by Z,y symmetries in three
dimensions.

However, since the probe field here is a 2-form gauge
field with a flat connection, it cannot be regarded as the
symmetry twist of a usual condensed matter system where
symmetry charges are carried by pointlike particles.
Instead, we need to consider a system consisting of
stringlike objects carrying global symmetry quantum num-
bers, for example, in the context of “generalized global
symmetries” in string theory reported recently by Davide
et al. [99]. Although for solid-state systems we are not
aware of how to prepare stringlike objets carrying global

quantum numbers, we hope that certain artificial quantum
systems, e.g., cold atom systems, might be able to realize
these exotic quantum phases.

XI. CONCLUSIONS

In this paper, based on a physical process called “vortex-
line condensation” in three-dimensional superfluids, we
construct a bulk dynamical TQFT description Eq. (1) of all
three bosonic topological insulator states (BTI). The
schematic phase diagram is shown in Fig. 1. Such a
physical way of thinking allows us to understand the
physical meaning of each gauge field variable, and, most
importantly, symmetry definitions in the bulk. Our method
sheds light on a more challenging question of how to design
microscopic interactions to realize BTI states in solid-state
materials or ultracold-atom experiments. In particular, it is
quite interesting to explore the possible interaction terms to
realize the linking Berry phase contributed by b A b as
shown in Fig. 2. For those two BTI states (Secs. VI and VII)
that do not need a b A b term, one may attach either charge
or spin degrees of freedom to vortex lines, which may result
in BTI states after vortex lines condense.

We show that one of the three BTI states requires a
nontrivial existence of a b A b term, which is beyond group
cohomology theory. The remaining two states are within
group cohomology theory and can be constructed from the
pure b A da term. In contrast to previous works of BTI
where the surface topological order is always Z, topologi-
cal order, now the surface topological order of the BTI state
within group cohomology classification can be a generic
Z, topological order with even p, as shown in Sec. VI. This
many-to-one correspondence between surface and bulk
explicitly indicates that knowledge about bulk field theory
is highly desirable, which is also explained in detail in
Sec. I. In addition to BTI, applying our construction of BTI
to 3D SPT with Z, unitary symmetry suggests some
nontrivial Zy SPT state in three dimensions beyond the
group cohomology classification. However, in contrast to
the usual quantum systems where the global symmetry
quantum number is carried by pointlike particles, the new
class of Zy SPT phases proposed here requires a stringlike
object to carry the global symmetry quantum number.
Finally, based on the results we obtain, we conjecture that
all SPT phases described by Eq. (1) with a nontrivial b A b
term are generally beyond the group cohomology
classification.

In the future, it will be interesting to apply such a
physical derivation of bulk dynamical TQFT to other SPT
states, even including fermionic SPT states where a spin
manifold is required. A challenging problem is the bulk
dynamical TQFT (not response theory) description of
FTI both in free-fermionic [6—12] and interacting cases
[100-103]. There have been many previous important
efforts, such as Refs. [104,105]. In Ref. [106], functional
bosonization techniques are applied and the b A b term
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appears. We believe that the basic methodology we present
in our work combined with the previous efforts will shed
light on this hard problem.
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APPENDIX A: QUANTIZATION CONDITIONS
AND EVALUATIONS OF PARTITION
FUNCTION ON CLOSED MANIFOLDS

In Sec. IV B, we obtain the quantization condition
Eq. (24) based on the physical approach, namely, the
microscopic origin vortex-line condensation. Although
in the whole derivation of the third BTI root state (see
Table I) we consider this physical approach and a is
noncompact, in this Appendix, we derive the same
quantization condition in a mathematical setting that is
independent of the microscopic origin. First of all, we
assume that both b and «a satisfy the following compacti-
fication conditions:

/// db = 2x X integer,

#da = 27 X integer,
S

where, both the 3D manifold V' and the 2D manifold S are
closed. Let us consider the partition function

(A1)

(A2)

z- / Dla|Dlble=s, (A3)

where the classical action S is given by Eq. (23). Integration
over da is a Poisson summation, which directly leads to the
quantization condition on b given by Eq. (24). Therefore,
both ways give the same answer. The treatment in the main
text can be viewed as a semiclassical way, while the new
way is more rigorous since the nontrivial shift in Eq. (16)
generally renders compactification of a once b is assumed
to be compact. A similar line of thinking was given recently
in Ref. [107].

We also check whether the addition of the b A b term
induces fractionalization, namely, topological order in the
bulk. Following the spirit of the Laughlin thought experi-
ment for probing electron fractionalization in fractional
quantum Hall effects, we apply an external gauge field that
minimally couples to the conserved currents of matter
fields, i.e., bosonic point particles and strings (vortex lines).
In the present 3D state, we add a 2-form external gauge
field B through the minimal coupling term (1/27)B A da,
where (1/2r)*da denotes the 2-form string (vortex-line)
current. The asterisk (*) denotes Hodge dual. We choose B
instead of the usual 1-form external electromagnetic field A
to probe fractionalization because in the 3D state anyons do
not exist while possible fractionalization comes only from
fractionalization of flux strength of vortex lines; namely, 2z
becomes 27 /k, with k > 1,k € Z.

Then the ground-state degeneracy (GSD) ratio in a given
space-time manifold between the theories with and without
b A b is given by the ratio of partition functions in the
presence of external gauge field B:

E _ L/D[a]D[b]e—if[(1/2ﬂ)b/\da+(/\/4ﬂ)b/\b—(1/2ﬂ)a/\dB]’
Z, £
(A4)

where Z, is given by Z,=Z[A =0] by definition.
Integration over «a is a Poisson summation, which leads to

# (b + B) = 2x x integer, (A5)
S

where S is a closed 2D manifold forming a surface of a 3D
space V, i.e., S = V.
We note that the probe field B satisfies the quantization

condition:
#B = 2rx X integer.
S

Thus, we set B = b up to gauge transformation (including
the large one) in the b A b term, which leads to the
following result:

(A6)

E o eif(A/47r)B/\B.

= (A7)
In space-time with different topology, we may calculate
the ratio that is always a phase factor with unit length,
ie., |Z/Zy| = 1. For example, one may choose Ty, x T,
topology and calculate the ratio. The calculation is com-
pletely the same as in Appendix B 1 by just replacing b by
B. In summary, the GSD ratio in the presence of b A b is
still one in all kinds of space-time topology, since the pure
b A da theory is at level 1 with GSD = 1. Thus, the
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addition of b A b does not induce new GSD and thus
fractionalization in our theory.

APPENDIX B: SOME TECHNICAL DETAILS
1. Physical understanding of Eq. (25)

We consider the two tori Ty, and T,,. The former is
formed by imaginary time direction and x direction.
The latter is formed by y and z directions. In both tori,
we have the following constraints due to the condition
Eq. (24):

// bo,drdx = 21 x N,

Tox

// by dydz =2x x N,
Ty

where 7 is imaginary time. Note that the above two integrals

are performed at fixed y, z and fixed 7, x, respectively. Since

the integrals in the lhs of both equations are smooth

functions of space-time, the integers N, (N,,) should

be independent of the coordinates y and z (z and x).
Then, one may reformulate the b A b term as

A A
i 2 [ ey b :'// drdxb // dydzb. €7 + (x0
en xe whip = i1 - tdxby, . ydzb,, "% + (x0yz)

+ (Oxzy) +

(x0zy) +

(yz0x) + (yzx0) + (zy0x) + (zyx0)

= 1—// drdxbox// dydzb,,
-I]—Ox -[rvz

= iﬂ 27N o 27N,

= l.2ﬂ'AN0xNyZ.

By noting that the partition function is invariant if [ £ is
shifted by 2z in a quantized theory, we end up with the
periodicity shift shown in Eq. (25).

2. Derivation of Eq. (71)

The condition Eq. (24) leads to N, and N, (see
Appendix B 1) quantized at 1 /N such that the periodicity of
Ais

A— A+ N2 (B2)

(B1)

On the other hand, as a discrete gauge theory, the B A B
term should also be invariant up to 2z under large gauge
transformation: B,, — B,, + 6B,,, where 6B, satisfies
Js 6B WS = 2m X integer (there is no implicit summation
over indices y, v here). Without loss of generality, we still
consider the pair of tori Ty, and T,: fvw OBy drdx =

21 % Now. fy_6By.dydz =2z x N, The

terms 65 ariSing from the large gauge transformation are
collected as follows:

additional

S+6S=i— // drdx (B, + 6By, ) // dydz(By. + 6B,.)e"*
167 Tox )

+ (x0yz) + (Oxzy) + (x0zy) +

(yz0x) +

(y2x0) + (zy0x) + (zyx0)

2 - - 2 - -
=S+ <Nﬁ Nox2zNy. + 27N, Nﬂj\/},z + zﬂ/\f()xzﬂ/\fyZ)

U oox
=9 + 27ZA <NNOXN}'Z +NNOXN}’Z +NOxNyz) .

(B3)

To keep the quantum theory invariant under the large gauge transformation, 6S must equal to integer x 2z, leading to the

quantization condition Eq. (71).
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