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Quantum entanglement in strongly correlated electron systems often leads to exotic elementary
excitations. Quantum spin liquids provide a paradigmatic example, where the elementary excitations
are described by fractional quasiparticles such as spinons. However, such fractional quasiparticles behave
differently from electrons, making their experimental identification challenging. Here, we theoretically
investigate the spin Seebeck effect, which is a thermoelectric response via a spin current, as an efficient
probe of the fractional quasiparticles in quantum spin liquids, focusing on the Kitaev honeycomb model.
By comprehensive studies using real-time dynamics, perturbation theory, and linear spin-wave theory
based on the tunnel spin-current theory, we find that the spin current is induced by thermal gradient in the
Kitaev spin liquid via the low-energy fractional Majorana excitations. This identification underscores the
ability of Majorana fermions to carry spin current, despite lacking spin angular momentum. Furthermore,
we find that the induced spin current changes its sign depending on the sign of the Kitaev interaction,
indicating that the Majorana fermions contribute to the spin current with (up-) down-spin-like nature when
the exchange coupling is (anti)ferromagnetic. Thus, in contrast to the negative spin current already found in
a one-dimensional quantum spin liquid, our calculation reveals that the spin Seebeck effect can exhibit
either positive or negative signals, contingent upon the nature of fractional excitations in the quantum spin
liquids. We also clarify contrasting field-angle dependence between the Kitaev spin liquid in the low-field
limit and the high-field ferromagnetic state, which is useful for the experimental identification. Our finding
suggests that the spin Seebeck effect could be used not only to detect fractional quasiparticles emerging in
quantum spin liquids but also to generate and control them.
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I. INTRODUCTION

Quantum entanglement is the key to the emergence of
topological phases which have been of central interest in
strongly correlated electron systems. The topological
phases can be regarded as vacuums of fractionalized
elementary excitations which behave differently from the
original electrons. A representative example is the frac-
tional quantum Hall states in two-dimensional electron
systems under a magnetic field [1], where electrons and
magnetic fluxes form composite elementary excitations
with fractional charges obeying neither the Bose-Einstein

nor Fermi-Dirac statistics, called non-Abelian anyons [2–4].
Numerous studies have been conducted to identify and
manipulate the non-Abelian anyons [5] since they are
expected to be useful for future quantum technologies, such
as fault-tolerant quantum computing [6,7].
Quantum spin liquids, initiated by the resonating

valence-bond (RVB) state proposed by Anderson [8], are
another interesting platform for fractional excitations. In
the RVB state, the charge degree of freedom of electrons is
frozen, and instead the spin degree of freedom is fraction-
alized into the so-called spinon and vison [9–13]. The RVB
state was originally proposed as a candidate for the ground
state of the antiferromagnetic (AFM) Heisenberg model on
a two-dimensional triangular lattice, although it was later
found not to be the ground state [14,15]. Nevertheless,
it has subsequently led to dramatic developments in the
study of high-temperature superconductivity [16–19] and
frustratedmagnetism [20–22]. Through these developments,
although some important concepts such as topological order
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were established [23], a complete understanding of the
quantum spin liquids has not yet been achieved.
The Kitaev spin liquid (KSL) is a rare quantum spin

liquid that has been rigorously shown to be the ground state
of a realistic quantum spin model on a two-dimensional
honeycomb lattice [24]. The exact solution allows one to
scrutinize the fundamental properties of fractional excita-
tions. In the KSL, spins are fractionalized into itinerant
Majorana fermions and localized Z2 fluxes at zero magnetic
field, and these two form a composite obeying anyonic
statistics under a magnetic field. Stimulated by the proposal
for realization of the model [25], tremendous efforts have
been devoted to exploring candidate materials [26–28]. In
addition, close collaborations between experiment and theory
have unveiled exotic properties of the KSL [26,29–32]. A
striking finding is the half-integer quantized thermal Hall
effect as direct evidence of the fractionalMajorana excitations
[33,34], while the experimental results are still controversial
[35–38]. It was pointed out that the sample quality matters
[39]. Significant contributions from phonons were also dis-
cussed [40,41]. Recently, there have been several theoretical
proposals for generating, detecting, and controlling the frac-
tional excitations in theKSL, e.g., by using scanning tunneling
microscopy [42–46], interferometers [47–49], impurity effects
[50,51], local lattice distortions [52], andmagnetic fields [53],
whose experimental demonstrations are awaited.
The spin Seebeck effect (SSE) refers to a phenomenon

in which a spin current is induced by a thermal gradient.
This effect is widely used as a sensitive probe for
elementary excitations in magnets [54–61]. In fact, in
ordinary ferromagnets and antiferromagnets, the SSE is
induced by magnon excitations from the conventional
magnetic ordered state. Recently, this probe has been
extended to more nontrivial magnets, such as those with
frustrated interactions and low dimensionality, whose
elementary excitations may have both positive and negative
spin angular momenta, or even become spinless. The
representative example is a negative SSE observed in a
quantum spin liquid in a quasi-one-dimensional antiferro-
magnet [62]. This peculiar behavior, in contrast to conven-
tional ferromagnets, was ascribed to fractional spinon
excitations forming the Tomonaga-Luttinger liquid. In
addition, other systems with strong quantum fluctuations,
such as a spin-nematic liquid [63], a spin-Peierls system
[64], and a magnon Bose-Einstein condensation system
[65], have also been reported to exhibit the peculiar SSE.
The SSE was also theoretically predicted for the KSL [66].
However, this is caused by chiral edge modes in the KSL,
and no study of bulk SSE for quantum spin liquids in more
than one dimension has been reported thus far to the best of
our knowledge. Recently, unconventional spin-transport
properties to thermal conductivity mediated by Majorana
excitations in the KSL have been reported experimentally
[67] and theoretically [68–70]. Nonetheless, it remains
unclear how the SSE, which involves both spin and heat

transport, is manifested in the KSL and whether it is useful
to identify, generate, and control the fractional excitations.
In this paper, we theoretically analyze the spin current

induced by a thermal gradient via the SSE in the KSL. The
possible experimental setup is shown in Fig. 1(a); we
consider an interface between a Kitaev magnet and a
paramagnetic metal, and calculate the tunnel spin current

FIG. 1. (a) Schematic of an experimental setup for measuring
the spin Seebeck effect in Kitaev magnets. A Kitaev magnet is
attached to heat baths from two sides to generate a temperature
gradient (−∇T). A metal with strong spin-orbit coupling is
sandwiched at one end. Because of the inverse spin Hall effect,
the spin current is converted into an electric field EISHE (light blue
arrow) perpendicular to the thermal gradient in the metal, which
is observable. The tunnel spin current J̃S (red arrow) and the
magnetic field B parallel to c (green arrow) are also depicted. We
define the sign of J̃S to be positive when the tunnel spin current
polarized antiparallel to the B direction flows from the hot side to
the cold side. Actual direction of the tunnel spin current depends
on the sign of the Kitaev interaction; see Sec. III. (b) Kitaev
model of a honeycomb lattice used in simulations. The black dots
represent the spin-1=2 degrees of freedom, and the red, green, and
blue lines represent the x, y, and z bonds, respectively [see
Eq. (1)]. The lattice with X ¼ 4 and L ¼ 12 is shown, where X is
the number of spins in the vertical direction and L is that in the
horizontal direction. We impose an open boundary condition in
the horizontal direction and a periodic boundary condition in the
vertical direction. The a, b, and c axes and Sx, Sy, and Sz axes are
shown in the inset. j0 denotes the site where the local dynamical
spin susceptibility is calculated.
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through the interface by the local dynamical spin suscep-
tibility in an applied magnetic field, based on the tunnel
spin-current theory [71,72]. Accurately calculating the
dynamics of quantum many-body problems, particularly
in more than one spatial dimension, poses a significant
challenge. In addressing this issue, we opt for a state-of-the-
art numerical technique, real-time dynamics simulations
based on the time-dependent variational principle (TDVP)
[73] with matrix product states (MPSs) [74,75]. We also
complementarily conduct the analysis based on perturba-
tion theory with respect to the magnetic field for the KSL,
as well as the linear spin-wave theory for the field-induced
ferromagnetic (FFM) state. As a result, we find that the spin
current is induced by a thermal gradient in the KSL
mediated by the low-energy fractional Majorana quasipar-
ticles that have no spin angular momentum. This is
qualitatively different from the fact that fractional spinons
in forming a one-dimensional Tomonaga-Luttinger liquid
induce a negative SSE since the spinon has spin-1=2. It is
remarkable that the quasiparticles without angular momen-
tum can contribute to the tunnel spin-current transport.
Furthermore, we find that the sign of the tunnel spin current
depends on the sign of the Kitaev interaction; namely, the
ferromagnetic (FM) and AFM KSLs lead to a positive
and negative SSE, respectively. This is in stark contrast to
the behavior in conventional ferromagnetic states where the
magnon excitations lead to a positive SSE. In addition, we
find that the KSLs show distinctive field-angle dependence
of the spin current that is different from those of the FFM
states. These peculiar behaviors, which are ascribed to the
spin current mediated by fractional Majorana excitations,
are revealed for the first time to our knowledge by using a
state-of-the-art numerical technique. In turn, our findings
suggest the possibility of generating and controlling the
Majorana excitations by spin injection.
The structure of this paper is as follows: In Sec. II, we

describe the model and method used in this study. After
introducing the Kitaev model under an external magnetic
field, we describe the tunnel spin-current theory and
numerical methods of real-time dynamics simulations to
compute the SSE. We also mention the choice of model
parameters and the details of calculation conditions. In
Sec. III, we present the results of real-time dynamics
simulations, perturbation analysis, and linear spin-wave
theory. In Sec. IV, we discuss the contrasting behaviors of
the tunnel spin current depending on the sign of the Kitaev
interaction, and the strength and direction of the magnetic
field, which are important for experimental confirmation,
and the experimental implication and observability of the
SSE in the KSL. Finally, Sec. V is devoted to our summary.

II. MODEL AND METHOD

We consider the Kitaev model [24] under an external
magnetic field on a honeycomb lattice. The Hamiltonian
reads

H ¼ K
X
γ

X
hj;j0iγ

SγjS
γ
j0 −

X
j

B · Sj; ð1Þ

where the first term represents the bond-dependent Ising-
type Kitaev interaction with the coupling constant K, and
the second term denotes the Zeeman coupling with the
magnetic field B. The sums of γ and hj; j0iγ run over
fx; y; zg and all the γ bonds, respectively [see Fig. 1(b)];
Sj ¼ ðSxj ; Syj ; SzjÞ represents the spin-1=2 operators at the j
site. The g factor and the Bohr magneton μB are omitted in
the Zeeman coupling term. We take K ¼ −1 andþ1 for the
FM and AFM couplings, respectively.
We investigate the SSE in the Kitaev model in Eq. (1)

based on the tunnel spin-current theory [64,71,72,76].
The experimental setup is shown in Fig. 1(a); the SSE is
measured by the inverse spin Hall effect [77–79] in a metal
with strong spin-orbit coupling, such as Pt, attached to a
Kitaev magnet. In the tunnel spin-current theory, spin
injection is assumed to occur locally through the interface
between the metal and the magnet, and calculated under the
following conditions: (i) The interaction between the metal
and the magnet is small enough to be dealt with as a
perturbation and conserves angular momenta, (ii) the polari-
zation of the tunnel spin current is parallel to the direction of
the magnetic field, (iii) the temperature difference between
the metal and the magnet is small, and (iv) the metal is
nonmagnetic with featureless density of states in the low-
energy region. It is worth noting that although the total
magnetization is not conserved in the Kitaev model, these
assumptions allow us to evaluate the tunnel spin current
transferred to the metal that is detected in experiments.
On these assumptions, the tunnel spin current induced by

a thermal gradient is evaluated by perturbation theory with
respect to the interface interaction using the nonequilibrium
Green’s function method [80–82]. The tunnel spin current
per one interface site is given by

J̃S ¼
Z

∞

−∞
dω k

�
ω

T

�
Imχ−þloc ðωÞ; ð2Þ

up to a constant coefficient proportional to the square of
the interface interaction and the temperature difference
between the metal and magnet. In this paper, the sign of the
tunnel spin current is defined such that J̃S > 0 when the
tunnel spin current polarized antiparallel to the magnetic
field direction flows in the direction of the red arrow in
Fig. 1(a). The local dynamical spin susceptibility of the
magnet χ−þloc ðωÞ is defined as

χ−þloc ðωÞ ≔ −i
Z

∞

0

dth½S−j0ðtÞ; Sþj0ð0Þ�ieiωt−δt; ð3Þ

with the damping factor δ; S�j0 is defined according to the
direction of the magnetic field, namely,
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S�j0 ¼ Sx̃j0 � iSỹj0 ; ð4Þ

where x̃ and ỹ represent the directions perpendicular to the
magnetic field along z̃ (the x̃ ỹ z̃ coordinate forms a right-
handed system) [83]. In Eq. (2), the integral kernel kðx ¼
ω=TÞ is given by

kðxÞ ¼ x2

sinh2ðx=2Þ ; ð5Þ

with the temperature T and the angular frequency ω (the
Boltzmann constant and the Dirac constant are set to be
unity). This factor kðω=TÞ stems from the dynamical
susceptibility of the metal and the temperature difference
at the interface [72,76]. Since kðω=TÞ is an even function of
ω, Eq. (2) is written as

J̃S ¼
Z

∞

−∞
dω k

�
ω

T

�
½XþðωÞ þ X−ðωÞ�

¼
Z

∞

−∞
dω k

�
ω

T

�
XþðωÞ; ð6Þ

where X�ðωÞ are the symmetric and antisymmetric com-
ponents of Imχ−þloc ðωÞ defined as

X�ðωÞ ¼
1

2
Im½χ−þloc ðωÞ � χ−þloc ð−ωÞ�: ð7Þ

Equation (6) shows that only the symmetric component
of Imχ−þloc ðωÞ contributes to the tunnel spin current. The
kernel kðω=TÞ has a peak at ω ¼ 0 and decays quickly for
large jωj=T; hence, it works as a low-pass frequency filter
at each T. Figure 2 shows the ω=T dependence of kðω=TÞ.
The relevant frequency range is given by jω=Tj ≲ 5, and it
becomes wider for higher temperature; for instance, at
T ¼ 0.01, XþðωÞ for jωj≲ 0.05 is relevant to the tunnel
spin current, and at T ¼ 0.04, XþðωÞ for jωj≲ 0.2 is
relevant. We note that the tunnel spin current is always
positive in the high-temperature limit, since the kernel
becomes constant as limT→∞ kðω=TÞ ¼ 4 and the sum ruleR
∞
0 XþðωÞdω ¼ 2πM holds (M is the average of spin
moment in the field direction): limT→∞ J̃S ¼ 8πM.

In this study, we compute the tunnel spin current in an
applied magnetic field B along the z̃ð¼ z; a; b; or cÞ axis
[see Fig. 1(b)], and mainly discuss the cases of Bkz and
Bkc; the former case gives the Zeeman coupling as −BSzj,
while the latter gives −BðSxj þ Syj þ SzjÞ=

ffiffiffi
3

p
in the second

term in Eq. (1). In the calculations of XþðωÞ, we choose S�j0
as S�j0 ¼ Sxj0 � iSyj0 for Bkz, and S�j0 ¼ Saj0 � iSbj0 for Bkc
(cyclic permutations for Bka and Bkb). We investigate the
low-field KSL as well as the high-field FFM state for
comparison. The phase transition from the KSL to the FFM
state was studied by using the exact diagonalization, the
density matrix renormalization group (DMRG) [84,85],
and Majorana mean-field approximation [86–89]. The
phase diagram is different between the FM and AFM cases
not only quantitatively but also qualitatively, as shown in
Fig. 3. In the FM case, the KSL turns into the FFM state at
B ≈ 0.03 for both Bkc [86,87,89] and Bkz [88]; there is a
single phase transition. Meanwhile, in the AFM case, the
values of the critical field become one order of magnitude
larger, and moreover, the system exhibits another phase
transition in addition to that to the FFM state. For Bkc, the
KSL is stable up to B ≈ 0.4, and a different spin liquid (SL)
takes place before entering into the FFM state at B ≈ 0.6
[87,89]. For Bkz, the KSL is stable up to B ≈ 0.4, and the
intermediate SL is predicted to be stable up to B ≈ 0.5 [88].
With reference to these studies, we choose the values of B
for the KSL (FMM) state, BKSL (BFFM), well below (above)
the critical fields: BKSL ¼ 0.01 and BFFM ¼ 0.5 for the FM
case, and BKSL ¼ 0.1 and BFFM ¼ 1.5 for the AFM case, as
indicated by the red arrows in Fig. 3.
In the following calculations, we compute χ−þloc ðωÞ in

Eq. (3) at zero temperature for simplicity. This leaves the
temperature dependence of the tunnel spin current only in
the kernel kðω=TÞ. This assumption should be justified at

FIG. 2. xð¼ ω=TÞ dependence of the integral kernel kðxÞ.

FIG. 3. Schematic ground-state phase diagrams for the Kitaev
model under the magnetic field B for the (a) FM and (b) AFM
cases. The magnetic field directions are Bkc in the upper panel
and Bkz in the lower panel in each figure. The magnetic fields
used in the present calculations BKSL and BFFM are indicated by
the red arrows. The values of the critical fields are taken from
Refs. [86–89].
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sufficiently low temperature where the Z2 flux excitations
are scarce, typically below the crossover temperature T ≈
0.016 at zero field [90]. To compute χ−þloc ðωÞ at T ¼ 0, we
perform real-time dynamics simulations based on TDVP
[91]. The initial states of the simulations are obtained by
multiplying S�j0 to the MPS ground states computed by
DMRG with the bond dimension 400. We consider a
cylinder-shaped lattice structure with the periodic (open)
boundary condition in the vertical (horizontal) direction,
as shown in Fig. 1(b), of the system size X × L with
ðX; LÞ ¼ ð4; 12Þ, (4, 16), (6, 6), (6, 8), and (6, 10), where X
and L are the number of sites in the vertical and horizontal
directions, respectively, and employ the MPS representa-
tion wrapping around the cylinder in a snake form. We note
that the ground state is not degenerate for all cases at the
chosen magnetic fields. In Eq. (3), we choose j0 at the site
close to the center of each cylinder, as shown in Fig. 1(b),
and take δ ¼ 0.01. We set one time step of real-time
dynamics as Δt ¼ 0.2 and perform Nt ¼ 104 time evolu-
tions: Simulations are performed up to a maximum time
tmax ¼ 2000. When performing the Fourier transform
[Eq. (3)], we interpolate the data by a cubic spline. The
calculations are performed using a software library
ITENSOR [92]. In addition, to understand the simulation
results, we analyze the dynamical spin susceptibility based
on perturbation theory with respect to the magnetic field
and the linear spin-wave theory, as described in Secs. III B
and III C, respectively.

III. RESULTS

A. Real-time dynamics simulations

We present the results of the real-time dynamics in the
KSL at a low magnetic field B ¼ BKSL (see Fig. 3) obtained
by TDVP in Fig. 4. Figures 4(a) and 4(b) show the
symmetrized dynamical spin susceptibility XþðωÞ
[Eq. (7)] for the FM and AFM Kitaev models, respectively,
and Fig. 4(c) summarizes the tunnel spin current J̃S
[Eq. (6)]. First of all, we show that, in both FM and
AFMKSL states, the tunnel spin current is induced at finite
temperature. In addition, we find a clear difference in the
temperature dependence between the FM and AFM cases:
J̃S is suppressed at low T, experiencing growth with a
positive value as T increases for the FM case, but it takes on
a largely negative value in the AFM case. This trend is
consistently observed across different system sizes and
geometries. The origin can be traced back to the ω
dependence of XþðωÞ. In the FM case, XþðωÞ is small
in the low-ω regime; the data are overall positive, but still
scattered due to the finite-size effects, as shown in Fig. 4(a).
In the larger-ω region, XþðωÞ exhibits a large positive
intensity after a small negative dip, leading to the positive
growth of J̃S with increasing T in Fig. 4(c). In contrast, in
the AFM case, XþðωÞ is developed with a negative value
from the low- to intermediate-ω regime irrespective of the

system sizes as shown in Fig. 4(b), which contributes to the
largely negative J̃S in Fig. 4(c). Notably, while the finite-
size effects are noticeable in XþðωÞ for the clusters
accessible by the state-of-the-art numerical technique,
those pertaining to J̃S are relatively small, showing the
definite trend in the temperature dependence. We therefore
conclude that, in the KSL state under the magnetic field, the
tunnel spin current is thermally induced with opposite signs
depending on the sign of the Kitaev interaction K.
This is in stark contrast to the behaviors in the FFM state

at a high field B ¼ BFFM. The results are shown in Fig. 5. In
this case, XþðωÞ is overall positive, including the low-ω

FIG. 4. Results of real-time dynamics simulations in the KSL at
B ¼ BKSL. (a) and (b) show the ω dependences of XþðωÞ
[Eq. (7)] for the FM and AFM Kitaev models, respectively.
The insets are the enlarged plots in the low-frequency region.
The different line colors and types represent the different
field directions and the system sizes, respectively. (c) shows
the temperature dependences of the tunnel spin current J̃S
[Eq. (6)]. The black dotted line in (c) is reference data for the
S ¼ 1=2 FM Heisenberg model at B ¼ 0.01, multiplied by a
factor of 1=10 for better visibility (see Appendix A).
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region, for both FM and AFM cases, as shown in Figs. 5(a)
and 5(b). This leads to the tunnel spin current with positive
sign for both cases, as shown in Fig. 5(c). These behaviors
are confirmed by the linear spin-wave theory in Sec. III C.
The contrasting behaviors between the KSL and FFM

states can be ascribed to the fact that the carriers of the spin
current are different between the two states. In the high-
field FFM state, the elementary excitations are conventional
magnons, which give a positive spin current irrespective of
the details of the magnetic coupling. In contrast, in the low-
field KSL state, the spin degree of freedom is fractionalized
into itinerant Majorana fermions and localized Z2 fluxes.
They are no longer independent of each other under
magnetic fields, but in a low-field and low-temperature
regime, the spin current in the KSL is expected to be carried
predominantly by the itinerant Majorana fermions. The
remarkable sign difference of J̃S between the FM and
AFM Kitaev models suggests that the nature of Majorana

fermions is different between the FM and AFM KSLs.
This is a qualitatively different result from the one-
dimensional antiferromagnet, where the spinon-mediated
spin current was found to be negative [63]. We will discuss
this sign switching by using the Majorana representation
and perturbation theory with respect to the magnetic field
in Sec. III B.
Let usmake two remarks. The first one is on themagnitude

of the tunnel spin current jJ̃Sj. In the KSL, jJ̃Sj increases
much faster with the temperature in the case of AFM than it
does in the case of FM. Since the field strength B is different
and the low-field phase diagrams look different between the
two cases, it is difficult to conclude that this faster increase of
jJ̃Sj is a general tendency. Nevertheless, jJ̃Sj are sufficiently
large to be observed in experiments in both FM and AFM
cases. This is explicitly shown by the comparison with the
prototypical S ¼ 1=2 FM Heisenberg model, whose tunnel
spin current is plotted by the black dotted line in Fig. 4(c) (see
Appendix A for details). Note that the spinon-mediated spin
current was observed in the previous experiment [62], even
though it is supposed to be smaller than the magnon-
mediated one by a factor of 10−4 − 10−3. We will further
discuss in Sec. IV D the experimental observability by
quantitative comparison with a typical three-dimensional
(3D) ferromagnet in a realistic experimental setup.
Meanwhile, in the FFM state, jJ̃Sj is almost the same at
the low-temperature regime in the FM and AFM states. This
is due to almost the same magnitude of the Zeeman gap, as
shown in Figs. 5(a) and 5(b) for the FM and AFM cases,
respectively, which is further confirmed by the linear spin-
wave theory in Sec. III C. Figure 5(c) also shows J̃S for the
FM Heisenberg model at B ¼ 0.5 for comparison; the
magnitude is much smaller than the result for B ¼ 0.01
shown in Fig. 4(c) because of the larger Zeeman gap, but it is
comparable to those for the FFM states in the FM and AFM
Kitaev models.
The second remark is on the dependence on the field

direction. In Fig. 4(c), the tunnel spin currents in the low-
field KSL show almost the same temperature dependences
for Bkz and Bkc. We confirm that the results for Bka and
Bkb are also similar (not shown). We will discuss this point
in comparison with the results by perturbation theory in
Secs. III B and IV B. Meanwhile, in the high-field FFM
state, we find that Bkz gives rise to smaller tunnel spin
currents thanBkc in both the FM and AFM cases, as shown
in Fig. 5(c), reflecting the larger Zeeman gap observed in
the spectra of XþðωÞ in Figs. 5(a) and 5(b) [93]. We will
also discuss this issue in comparison with the results by the
linear spin-wave theory in Secs. III C and IV B.

B. Perturbation analysis

To examine the origin of the different sign of J̃S between
the FM and AFMKSLs in Fig. 4(c), we calculate the tunnel
spin current in terms of Majorana fermions by using

FIG. 5. Results in the FFM state at B ¼ BFFM. The notations are
common to those in Fig. 4. The black dotted line in (c) is
reference data for the S ¼ 1=2 FM Heisenberg model at B ¼ 0.5
(see Appendix A).
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perturbation theory with respect to the magnetic field.
Following the seminal paper by Kitaev [24], we represent
each spin S ¼ 1=2 operator by four Majorana fermion
operators as Sγj ¼ ibγjcj=2, where bγj and cj are the
Majorana fermion operators. By the transformation, the
original spin degree of freedom is fractionalized into two
types of quasiparticles: itinerant Majorana fermions and
localized Z2 fluxes. The latter is defined by a product of the
Majorana fermion operators bγj, being local conserved
quantities that take on values of �1. The sector with all
þ1 fluxes contains the ground state of the system and is
called flux-free sector. In the spinless Majorana fermion
representation, the Kitaev Hamiltonian at zero field in the
flux-free sector is represented as

H0 ¼ −i
K
4

X
γ

X
hj;j0i

cjcj0 ð8Þ

with the spinless Majorana fermion operators cj. Based on
the general framework of perturbation theory [94], we
obtain the effective operator of Sþj0 in the flux-free sector

through a transformation by Γ ≔ PP0ðP0PP0Þ−1=2, where
P0 and P are projectors to the flux-free sector of the
unperturbed Hamiltonian [Eq. (1) for B ¼ 0] and to the
states of the full Hamiltonian that are adiabatically con-
nected to those in the flux-free sector at B ¼ 0, respec-
tively. By expanding up to the second order with respect to
B ¼ jBj, the effective operator is obtained as

Γ†Sþj0Γ ∼ sþð1Þ þ sþð2Þ
1 þ sþð2Þ

2 ≕ sþj0 ; ð9Þ

where sþð1Þ and sþð2Þ
1;2 are the first- and second-order

contributions with respect to B, respectively; sþð1Þ and

sþð2Þ
1 are quadratic with respect to the Majorana fermion

operators, while sþð2Þ
2 is quartic as

sþð1Þ ≃
2

jKj
X
γ

BγAγ½Sγj0S
γ
jγ
þ ðSγj0Þ2�

¼ 1

2jKj
X
γ

BγAγð1 − icj0cjγ Þ; ð10Þ

sþð2Þ
1 ≃

6

jKj2
�
AxByBzSxj0S

y
jy
Szjz

þ AyBzBxSyj0S
z
jz
Sxjx þ AzBxBySzj0S

x
jx
Syjy

�

¼ −
3i

4jKj2
�
AxByBzcjycjz

þ AyBzBxcjzcjx þ AzBxBycjxcjy

�
; ð11Þ

sþð2Þ
2 ≃

6

jKj2
�
AxByBzSxj0S

y
ky
Szlz

þ AyBzBxSyj0S
z
kz
Sxlx þ AzBxBySzj0S

x
kx
Syly

�

¼ −
3

4jKj2
�
AxByBzcj0cjxckyclz

þ AyBzBxcj0cjyckzclx þ AzBxBycj0cjzckxcly

�
:

ð12Þ
Here, B ¼ ðBx; By; BzÞ and Sþj0 ¼ AxSxj0 þ AySyj0 þ AzSzj0 .
See Fig. 6 for the definition of lattice sites jγ , kγ, and lγ . In
the derivation, the energy of all the intermediate states
measured from the ground state is set at jKj for simpli-
city, as in Ref. [24]. The effective operator of S−j0 ,

s−j0 ¼ s−ð1Þ þ s−ð2Þ1 þ s−ð2Þ2 , is given by replacing Aγ by
ðAγÞ�. Then, the tunnel spin current is obtained by Eq. (3),
where S�j0 and H are replaced by s�j0 and H0, respectively.
When we use the spectral representation, XþðωÞ in Eq. (7)
is written as

XþðωÞjS�j0→s�j0 ;H→H0
¼ δ

X
l

jhljs−j0 j∅ij2 − jhljsþj0 j∅ij2
ðEl − E∅ − ωÞ2 þ δ2

ð13Þ
for ω > 0, where j∅i is the ground state of the pure Kitaev
model in the flux-free sector [Eq. (8)], E∅ is the ground-
state energy, and jli and El represent an excited state
and its energy, respectively. By straightforward calculations
in terms of the Majorana operators, we find that the
OðB2Þ contributions from sþð1Þ vanish in the numerator
of Eq. (13), since all the states appear in pairs satis-
fying jhljs−ð1Þj∅ij ¼ jhl0jsþð1Þj∅ij with El ¼ El0 (see
Appendix B). Note that there is no OðBÞ contribution
either since s� does not contain the OðB0Þ term for the
flux-free state. Hence, the sum in Eq. (13) includes the
OðB3Þ and OðB4Þ contributions. We therefore compute
the lowest-order contribution of the tunnel spin current by

FIG. 6. Pictorial descriptions of the effective operators (a) s�ð1Þ,
(b) s�ð2Þ

1 , and (c) s�ð2Þ
2 . Each term is represented by the product of

the Majorana operators at the two or four sites enclosed by the
dashed lines.
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J̃S ∼
B3

jKj3 j̃S ð14Þ

with

j̃S ¼
Z

∞

−∞
dω k

�
ω

T

�
xþðωÞ; ð15Þ

xþðωÞ ¼ lim
B→0

jKj3
B3

XþðωÞjS�j0→s�j0 ;H→H0
: ð16Þ

We note that our perturbation analysis takes into account
lower order contributions than those in the third-order
perturbation analysis in the seminal paper by Kitaev [24].
Although the latter is known to open a gap in the spectra
of itinerant Majorana fermions depending on the field
direction, the effect of such a gap opening is not included
in our analysis; it appears in the higher-order OðB5Þ
contributions.
Figure 7 shows the results of the perturbation analysis.

We find that xþðωÞ is mostly positive for the FM case
(slightly negative at low ω for Bka and Bkc) and entirely
negative for the AFM case, as shown in Fig. 7(a). This leads
to positive and negative j̃S for the FM and AFM cases,
respectively, as shown in Fig. 7(b). The result is in
qualitative agreement with those of J̃S obtained by the
TDVP simulations in Fig. 4(c).

The perturbation analysis provides useful insight into the
origin of the sign difference of the tunnel spin current
between the FM and AFM cases. When we neglect the four

Majorana contributions of s�ð2Þ
2 , one can show that xþðωÞ

in the FM and AFM cases is identical in the absolute
value, but the signs are opposite. This is because the
OðB3Þ contributions in Eq. (13) from the cross terms

between s�ð1Þ and s∓ð2Þ
1 change their sign by K → −K,

i.e., h∅js∓ð2Þ
1 jlihljs�ð1Þj∅i → −h∅js∓ð2Þ

1 jlihljs�ð1Þj∅i,
due to the sign change in the eigenstates of Majorana
fermions (see Appendix B). Consequently, the interchange
of FM and AFM K causes a sign reversal of j̃S in Eq. (15).

The contributions with neglecting s�ð2Þ
2 are plotted by the

hatched regions in Fig. 7. The result indicates that the
contributions from the quadratic terms of the Majorana

operators s�ð1Þ and s�ð2Þ
1 are dominant in j̃S, and moreover,

are the main cause of the sign switching of the tunnel spin
current between the FM and AFM cases. The asymmetry

between the two cases is due to the quartic terms in s�ð2Þ
2 ,

leading to the faster growth of the tunnel spin current with
the temperature in the AFM case than in the FM case,
which is also consistent with the TDVP results in Fig. 4(c).
Let us make a remark on the B dependence of the tunnel

spin current. The perturbation theory in the low-field limit
predicts j̃S ∝ B3, but J̃S obtained by TDVP appears not to
follow this asymptotic form; we find that J̃S at B ¼ BKSL=2
is about half of that at B ¼ BKSL (not shown), suggesting
that J̃S is roughly proportional to B. There are at least two
possible reasons for this discrepancy. One is the contribu-
tions from excited states beyond the flux-free sector, which
are neglected in the current perturbation analysis. The
intermediate states [jli in Eq. (13)] including flux excita-
tions may give OðBÞ contributions, although they will be
suppressed exponentially in the low-field limit because of
the finite flux gap. If this is the case, perturbation theory
predicts j̃S ≃ pB3 þ qBe−Δf=T , where Δf is the flux gap
≃ 0.06jKj [24]. The other possibility is the limited system
sizes in the TDVP simulations. Larger size simulations
allow us to distinguish the B dependence by accessing
lower-field regions with higher precision by taking a
smaller damping factor δ in Eq. (3). While such calcu-
lations require huge computational costs and are left for
future study, this study comprehensively suggests that the
coefficients p and q are both positive (negative) for the FM
(AFM) KSL.

C. Linear spin-wave theory

In this section, we present the results obtained by the
linear spin-wave theory for the Kitaev model in the FFM
state, for comparison with the results in Fig. 5. The
procedure to calculate the tunnel spin current is described
for the FM Heisenberg model in Appendix A. We take a
similar procedure by performing the diagonalization of the

FIG. 7. Results of the perturbation analysis for the FM and
AFM Kitaev models in the weak magnetic field limit with Bka,
Bkb, and Bkc: (a) ω dependences of xþðωÞ [Eq. (16)] and
(b) temperature dependences of j̃S [Eq. (15)]. The lines represent

the full results including all the contributions from sþð1Þ and sþð2Þ
1;2 ,

and the hatched regions represent the results ignoring s�ð2Þ
2 . In the

latter hatched regions, Bka and Bkb give the same results.
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bosonic Hamiltonian and the calculations of XþðωÞ
numerically.
Figure 8 shows the results for B ¼ BFFM (see Fig. 3) with

four different field directions. We find that XþðωÞ is always
positive for both FM and AFM cases, as shown in Figs. 8(a)
and 8(c), respectively. These behaviors are in qualitative
agreement with the TDVP simulation results shown in
Figs. 5(a) and 5(b). The positive XþðωÞ leads to the tunnel
spin current with positive sign as shown in Fig. 8(b)
and 8(d). This is also in agreement with the TDVP

simulation results in Fig. 5(c). We note, however, that
the gap in the spectrum of XþðωÞ is independent of the field
directions in the linear spin-wave theory, while it is
considerably different between Bkz and Bkc in the
TDVP simulation.
In Figs. 8(a) and 8(c), XþðωÞ shows a sharp peak at the

lower edge of the spectrum for Bkz in both the FM and
AFM cases, while it shows a shoulder for the other field
directions. These qualitative differences can be understood
as follows: When Bkz, the Holstein-Primakoff bosons
cannot hop on the z bonds and move only along one-
dimensional zigzag chains composed of the x and y bonds,
resulting in the logarithmic divergence in the spectrum.
Meanwhile, for the other field directions, two-dimensional
motion is allowed, which results in the shoulderlike feature
in the spectrum.We note that these behaviors are not clearly
seen in the TDVP simulation results [Figs. 5(a) and 5(b)],
presumably due to finite-size effects and correlation
between magnons.

IV. DISCUSSION

A. Sign of spin current in Kitaev spin liquids

The real-time dynamics simulations based on TDVP
reveal the sign switching of the tunnel spin current between
the FM and AFM KSLs (Sec. III A). This behavior is
successfully reproduced by perturbation theory in the
Majorana representation (Sec. III B). These findings indi-
cate that the spin current in the KSL is predominantly
carried by the itinerant Majorana fermions. More impor-
tantly, they suggest that the itinerant Majorana fermions
contribute to the spin current with (up-) down-spin-like
nature in the (AFM) FM KSL where the sign of the tunnel
spin current is (negative) positive, even though they do not
have spin angular momentum.
The negative SSE that we find for the AFMKSL appears

to be common to that for a quantum spin liquid in a
quasi-one-dimensional antiferromagnet [62]. This implies
common physics in the spin current carried by fractional
excitations in AFM quantum spin liquids in one and two
dimensions, even though the fractional quasiparticles have
different nature: The spin angular momentum carried by a
spinon in the one-dimensional quantum spin liquid is half-
integer quantized ΔS ¼ 1=2, while that by a Majorana
fermion in the KSL is not. Our results, however, indicate
that the FM quantum spin liquid, which is peculiar to the
Kitaev model, can induce a tunnel spin current with
positive sign, suggesting that the SSE is useful to identify
the nature of fractional quasiparticles in quantum spin
liquids. We emphasize that our study reveals, for the first
time to our knowledge, that the SSE in quantum spin
liquids can be either positive or negative by analyzing both
FM and AFM Kitaev models in two dimensions. Toward
deeper understanding of the SSE in quantum spin liquids,
further comparative studies are necessary for different
types of quantum spin liquids in different dimensions.

FIG. 8. Results by the linear spin-wave theory for the (a),(b)
FM and (c),(d) AFM Kitaev models at B ¼ BFFM with four field
directions Bka, Bkb, Bkc, and Bkz. (a) and (c) show the ω
dependences of XþðωÞ for the FM and AFM cases, respectively.
(b) and (d) show the corresponding temperature dependences of
the tunnel spin current J̃S.
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The simulation method for the real-time dynamics used in
this study provides a powerful method to study generic
models and awaits wider applications in the future.
Meanwhile, the SSE for the FM KSL has the same

positive sign as that carried by conventional magnons in the
FFM state. Thus, a way to distinguish between the two is
needed. We will discuss this point in the next subsection.

B. Magnetic field dependence of tunnel spin current

Based on the results of real-time dynamics simulations,
perturbation theory, and linear spin-wave theory, we show a
schematic of the magnetic field dependence of the tunnel
spin current caused by the SSE for the Kitaev model in
Fig. 9(a). On one hand, in the low-field KSL region, the
tunnel spin current increases in amplitude with increasing
the field strength, with a different sign between the FM and
AFM cases. As discussed at the end of Sec. III B, a more
detailed analysis is needed to fully elucidate the behavior in
the low-field limit. On the other hand, in the high-field
FFM regime, the tunnel spin current is positive for both FM
and AFM cases and decreases with increasing the field

strength as shown in Fig. 9(a). This is similar to the FM
Heisenberg model [Fig. 9(b)]. Thus, these results imply that
the tunnel spin current is maximized between the KSL and
FFM states in the FM case, while it should change its sign in
the AFM cases, as schematically shown in Fig. 9(a).
However, further studies are needed to clarify the field
dependence in those transient regions, including the another
intermediate SL region in the AFM case (see Fig. 3).
Since the positive sign of the SSE is common between the

FMKSL and the FFM state, away to distinguish between the
two is needed. One is the field dependence discussed above:
J̃S increases with B in the low-field KSL, but it decreases in
the high-field FFM state. Another efficient way is the
dependence on themagnetic field direction. Figure 10 shows
the field-angle dependence of the tunnel spin currents in the
a-c plane (see Fig. 1): (a) the results for the low-field KSL
obtained by the perturbation analysis and (b) those for the
high-field FFM state by the linear spin-wave theory. In
perturbation theory, the tunnel spin current j̃S vanishes for

Bkz. This is because s�ð1Þ, s�ð2Þ
1 , and s�ð2Þ

2 in Eqs. (10)–(12)
are all zero for Bkz, as Bx ¼ By ¼ 0 and Az ¼ 0. The same
applies forBkx andBky by symmetry. Thus, the tunnel spin
current for the low-field KSL is minimized for Bkz, while
maximized for Bkc. The other maxima with the same value
asBkc are found at θ ≈ 20° and 200° due to the symmetry of
π rotation about the ½110� axis (θ ≈ 54.7°). Meanwhile, the
linear spin-wave theory for the FFM state predicts an
opposite tendency: The tunnel spin current is maximized
for Bkz, while minimized for Bkc, as shown in Fig. 10(b).

FIG. 9. Schematics of the magnetic field dependence of
the tunnel spin current caused by the SSE at low temperature
for (a) the FM and AFM Kitaev models and (b) the FM
Heisenberg model.

FIG. 10. Field-angle dependences of the tunnel spin current
when the magnetic field is rotated in the a-c plane obtained by
(a) the perturbation analysis for low B and (b) the linear spin-
wave theory at B ¼ BFFM. The angle θ is measured from the a
axis, and the data are calculated at T ¼ 0.05.
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This is due to the logarithmic divergence discussed in
Sec. III C. We note that the TDVP simulation data presented
in Figs. 4 and 5, however, are not sufficient to discuss these
issues, presumably due to the limited system sizes. Further
extensions are needed for more precise predictions for
experiments.

C. Experimental implication

Our results of the SSE are expected to provide strong
insight into the identification of KSL in the candidate
materials. As almost all the candidates show a magnetic
order at low temperature at zero magnetic field due to
parasitic non-Kitaev interactions such as the Heisenberg
interaction, at least two scenarios have been proposed for
the field dependence: One is that the system exhibits a
direct transition from the low-field ordered phase to the
FFM phase, and the other is that the system first exhibits a
transition to an intermediate quantum spin-liquid phase,
and then at a higher field, it shows another transition or
crossover to the FFM phase (see, e.g., Fig. 16 in Ref. [28]).
The inelastic-neutron-scattering (INS) measurements [95]
as well as some of the thermal Hall conductivity measure-
ments [33–36] for the prime candidate α-RuCl3 support
the latter scenario, even though the evidence remains
inconclusive. While our numerics has a limitation mainly
because of the system size and perturbation theory is
limited to the weak-field region, we anticipate that our
results contribute to understanding the behavior under the
magnetic field and the effect of the non-Kitaev interactions.
We emphasize that the field-angle dependence of the

SSE would be particularly important to distinguish the
nature of quantum spin liquids. For instance, the RVB state,
which is a prototypical example of quantum spin liquids, is
expected not to exhibit nontrivial field-angle dependence
unlike the KSL, since it is isotropic in spin space. Thus, the
SSE measurement in the intermediate-field region of the
Kitaev candidate materials would serve as a good probe for
not only the existence but also the nature of the possible
quantum spin liquid.
Besides the peculiar field-angle dependence, the sign

change of the SSE signal would also be important in
experiments for the Kitaev candidate materials. While the
Kitaev interactions in the first-generation candidate materi-
als, the Ir-based oxides A2IrO3 (A ¼ Na, Li) and α-RuCl3,
are thought to be FMas theoretically predicted by Jackeli and
Khaliullin [25], there have been theoretical proposals for new
generation, such as cobaltites and f-electron compounds. In
particular, it was predicted that the Kitaev interaction can be
AFMin thef-electron systems [96,97].Hence, our finding of
the sign dependence of the SSE would be a useful exper-
imental tool to identify the sign of the Kitaev interaction in
future materials exploration.
The SSE measurement represents a distinctive exper-

imental technique, having several advantages over other
methods used to study the Kitaev magnets, although it

alone cannot fully unveil the nature of the KSL. The tunnel
spin current is given by the frequency integral of the
transverse component of the dynamical susceptibility,
which is also measured by the INS using polarized neutrons
[95,98–104]. However, the SSE has advantages over the
INS in several aspects: The INS requires a large-scale
experimental facility and a huge amount of samples, and it
is not suitable for some candidate materials when they
include atoms that absorb neutrons (e.g., the Ir-based
materials). In comparison, the SSE measurement can be
done in much smaller-scale, table-top experiments, with a
nano- to micrometer-scale sample, even in a monolayer.
The electron spin resonance is a method for detecting the
spin dynamics at zero wave number in a certain frequency
range, and is complementary to the SSE measurement, in
which the integral over the frequency and wave number is
obtained [105]. Nuclear magnetic resonance measures
electron spin dynamics in the low-frequency limit and is
qualitatively different from the information obtained by the
SSE measurement [106,107]. Raman scattering provides
information over a wide frequency range, with the direction
of polarization of the spin excitations depending on the
polarization of light [108–110]. This situation is similar
in the SSE measurement, in which the polarization direc-
tion is identified by the direction of the magnetic field.
Nevertheless, we emphasize that the SSE has an advantage
as it can detect the sign of the Kitaev interaction, which is
one of the main results of this study. The thermal Hall effect
and the SSE probe a different nature of the Majorana
excitations: The former observes their topological nature
through the Berry curvature of the Majorana dispersions,
while the latter observes their angular momenta. We
anticipate that a comprehensive approach, combining
results from multiple experimental methods including the
SSE measurement, will shed further light on the intriguing
phenomenon in the KSL.

D. Experimental observability

In Sec. III A, we discussed that the tunnel spin current for
the KSL is observable in experiments from the comparison
to the FM Heisenberg model on the two-dimensional
honeycomb lattice. Here, we further reinforce the exper-
imental observability by additional comparison with a 3D
model in a realistic experimental setup as done in the
previous studies [62,72,76]. Specifically, we consider the
S ¼ 1=2 Heisenberg model with the nearest-neighbor FM
interaction J under an external magnetic field B on a simple
cubic lattice, and calculate the tunnel spin current J̃S by the
spin-wave theory in Appendix A. To evaluate the magni-
tude of J̃S, we choose typical values of B and T that
facilitate the observation in experiments. Table I summa-
rizes the calculated J̃S in the 3D FM state with B=J ¼ 0.1,
T=J ¼ 0.1 and 0.5, and those in the FM and AFM KSLs
with T ¼ 0.05 [Fig. 4(c)]. Note that the critical temperature
for the 3D FM state at B ¼ 0 is TC ¼ 0.839ð1Þ [111,112].
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These results suggest that the signal intensity in the KSLs is
expected to be approximately 10−2 − 100 of those in the
typical 3D FM state. Compared to the signal intensity of the
spinon-mediated tunnel spin current observed in the pre-
vious experiment [62], which is 10−4 − 10−3 times smaller
than that of the 3D FM state, the signal intensity in the
KSLs is expected to be sufficiently large to be observed
experimentally. The signal in a typical 3D FM state is of the
order of 1 to 10 μV in a typical setup [61]. Therefore, from
these comparisons, the signal intensity in the KSLs is
roughly estimated to be in the range of 10 nV–1 μV.

V. SUMMARY

In summary, we have studied the spin Seebeck effect in
both the ferromagnetic and antiferromagnetic Kitaev spin
liquids by using real-time dynamics simulation, perturba-
tion analysis, and linear spin-wave theory, based on tunnel
spin-current theory. There are two main discoveries. The
first one is that the spin Seebeck effect is induced in the
Kitaev spin liquid by the low-energy fractional Majorana
quasiparticles that have no spin angular momentum. This is
a qualitatively different phenomenon from the spin Seebeck
effect in the one-dimensional quantum spin liquid induced
by the fractional spinon excitations with nonzero spin
angular momentum. The second discovery is that the spin
current mediated by elementary excitations in quantum spin
liquids can be positive or negative; namely, we found the
sign change of the spin current in the Kitaev spin liquid
between the ferromagnetic and antiferromagnetic Kitaev
interactions. Our finding suggests the Majorana fermions
contribute to the spin current with up- and down-spin-like
nature in the ferromagnetic and antiferromagnetic Kitaev
spin liquids, respectively. This finding refutes the possibil-
ity that the spin current carried by the fractional excitations
is always negative in the quantum spin liquids.
Fractional excitations in quantum spin liquids are hard to

identify by conventional experimental probes, since they
behave very differently from the original spin degree
of freedom, and there is no conjugate field to directly
excite them. Our finding suggests that the spin Seebeck
effect would provide a strong complementary method and

would be a powerful tool for investigating the nature
of fractional excitations, in addition to the existing
methods, such as the thermal Hall effect [33–36,40],
inelastic neutron scattering [95,98–104], Raman scattering
[108–110], electron spin resonance [105], and nuclear
magnetic resonance [106,107].
Our results show that the Majorana quasiparticles in

the Kitaev spin liquid contribute to the spin current,
suggesting the possibility of generating and controlling
them by a spin injection. It is highly desired to confirm this
phenomenon experimentally by using the setup in Fig. 1(a)
for both ferromagnetic and antiferromagetic Kitaev mag-
nets; the former includes several iridium oxides and
α-RuCl3 [26–28], and the latter was theoretically predicted,
e.g., for polar spin-orbit Mott insulators [113] and
f-electron compounds [96,97].
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APPENDIX A: SPIN CURRENT IN THE
FERROMAGNETIC HEISENBERG MODEL

In this appendix, we show how to compute the tunnel
spin current J̃S in Eq. (6) for the S ¼ 1=2 FM Heisenberg
model [62,72,76] shown in Fig. 4(c). The Hamiltonian
reads

HH ¼ −J
X
hj;j0i

Sj · Sj0 −
X
j

B · Sj; ðA1Þ

where the sum of hj; j0i is taken for all the nearest-neighbor
spins on the honeycomb lattice; we take J ¼ 1. Without
loss of generality, we consider Bkz, for which all the spins
are fully polarized to the z direction in the ground state.
The following calculations are described using the model
on a honeycomb lattice, but extensions to models on other
lattices are straightforward. We show the results for a
simple cubic lattice in Sec. IV D.

TABLE I. Comparison of the tunnel spin current J̃S between
the KSL and typical 3D FM states. The data for KSL are of
ðX;LÞ ¼ ð6; 10Þ and Bkc extracted from Fig. 4(c), while those
for the FM states are computed using the S ¼ 1=2 Heisenberg
model on a simple cubic lattice with B=J ¼ 0.1 based on the
spin-wave theory (see Appendix A).

System State T J̃S

3D Heisenberg FM 0.1J 0.178
3D Heisenberg FM 0.5J 4.73

2D FM Kitaev KSL 0.05jKj 0.111
2D AFM Kitaev KSL 0.05jKj −0.500
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We calculate J̃S for the fully polarized (FP) state by using
the linear spin-wave theory. By the Holstein-Primakoff
transformation Sþj ¼ bj, S−j ¼ b†j , and Szj ¼ 1

2
− nj with

nj ¼ b†jbj, the Hamiltonian is written by the boson

operators bj and b†j as

HH ¼ −
J
2

X
hj;ji

�
ðb†jbj0 þ H:c:Þ − nj − nj0

�

− J
X
hj;j0i

njnj0 þ B
X
j

nj ðA2Þ

up to a constant, where B ¼ jBj. Ignoring the interaction
term njnj0 and using the Fourier transformation, we obtain

HLSW
H ¼ −

X
q

�
gqb

†
qBbqA þ H:c:

�

þ
�
3

2
J þ B

�X
q;α

b†qαbqα; ðA3Þ

where gq ¼ ðJ=2Þðeiq·a1 þ eiq·a2 þ 1Þ with two translation
vectors a1 and a2, and the index α denotes the sublattice A
and B. This Hamiltonian is easily diagonalized as

HLSW
H ¼

X
q

X
σ¼�

εqση
†
qσηqσ; ðA4Þ

where

εqσ ¼ σjgqj þ
3

2
J þ B: ðA5Þ

We note that the excitation spectra εqσ has a gap of Δ ¼ B
at q ¼ 0.
For the FP state, the symmetrized dynamical spin

susceptibility XþðωÞ [Eq. (7)] is represented by using
the spectral representation as

XþðωÞ ¼
δ

2

X
l

jhljS−j0 jFPij2 − jhljSþj0 jFPij2
ðEl − EFP − ωÞ2 þ δ2

¼ δ

2

X
l

jhljS−j0 jFPij2
ðEl − EFP − ωÞ2 þ δ2

ðA6Þ

for ω > 0, where jFPi and EFP are the FP ground state and
its energy, and jli and El are an excited state and its
energy; the sum of l runs over all the excited states. In the
linear spin-wave theory, XþðωÞ is expressed in terms of
boson operators as

XþðωÞ ¼
δ

2

X
l

jhljb†j0 jFPij2
ðEl − EFP − ωÞ2 þ δ2

¼ δ

2Nu

X
q;σ

1

ðεqσ − ωÞ2 þ δ2

⟶
δ→0

π

2Nu

X
q;σ

δðω − εqσÞ; ðA7Þ

where Nu is the number of unit cells, and we use the fact
that jFPi is a vacuum of bosons. Finally, using this
expression, the tunnel spin current is obtained as

J̃S ¼ 2

Z
∞

0

dω XþðωÞk
�
ω

T

�
¼ π

Nu

X
q;σ

k

�
εqσ
T

�
: ðA8Þ

In the calculation of the data in Figs. 4(c) and 5(c), we
take Nu ¼ 2882.

APPENDIX B: MATRIX ELEMENTS
OF s�ð1Þ AND s�ð2Þ

1

In this appendix, we show two relations for the matrix

elements of s�ð1Þ and s�ð2Þ
1 in Eq. (13) used in the

perturbation analysis. Let us begin with diagonalization
of the Majorana Hamiltonian for the flux-free sector. By
using the Fourier transformation

crα ¼
ffiffiffiffiffiffi
2

Nu

s X
q

0ðγqαeþiq·r þ γ†qαe−iq·rÞ; ðB1Þ

where the sum runs over half of the first Brillouin zone with
qx > 0 and α ¼ A or B, Eq. (8) is rewritten as

H0 ¼
X
q

0γ†qHqγq ðB2Þ

with

Hq ¼
�

0 ifq
−if�q 0

�
; ðB3Þ

where γ†q¼ðγ†qw γ†qbÞ and fq ¼ ðK=2Þðeiq·a1 þ eiq·a2 þ 1Þ.
The matrix Hq is diagonalized by a unitary matrix

Uq ¼ 1ffiffiffi
2

p jfqj

� jfqj ifq
−if�q −jfqj

�
ðB4Þ

as U†
qHqUq ¼ diagðjfqj;−jfqjÞ. Then, the Hamiltonian is

diagonalized as

H0 ¼
X
q

0X
σ¼�

σjfqjα†qσαqσ; ðB5Þ

where α†
q ¼ ðα†qþ α†q−Þ and α†

q ¼ γ†qUq.
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With these notations, the ground state j∅i is expressed as

j∅i ¼
Y
q

0α†q−jvaci; ðB6Þ

where jvaci is the vacuum for α fermions. Since the

operators s�ð1Þ and s�ð2Þ
1 [Eqs. (10) and (11)] have

the quadratic forms of the Majorana fermion operators,
we consider two-particle, two-hole, and particle-hole states

as the intermediate states jli: jqþ;q0þi ¼ α†qþα
†
q0þj∅i,

jq−;q0−i ¼ αq−αq0−j∅i, and jqþ;q0−i ¼ α†qþαq0−j∅i,
respectively.
First, we show that all the intermediate states appear

in pairs of jli and jl0i satisfying jhljs−ð1Þj∅ij ¼
jhl0jsþð1Þj∅ij with El ¼ El0 . Let us consider the two-
particle and two-hole states, for which the matrix elements
are given by

hq−;q0 − jsþð1Þj∅i ¼ −
1

2NujKj
�
fq
jfqj

ðBxAxeiq
0·a1 þ ByAyeiq

0·a2 þ BzAzÞ − ðq ↔ q0Þ
�
; ðB7Þ

hq0þ;qþ js−ð1Þj∅i ¼ −
1

2NujKj
�
fq0

jfq0 j
½BxðAxÞ�e−iq0·a1 þ ByðAyÞ�e−iq0·a2 þ BzðAzÞ�� − ðq ↔ q0Þ

�
; ðB8Þ

respectively, where ðq ↔ q0Þ denotes the term with interchange of q and q0. From these two equations, we can show the
relation

hq−;q0 − jsþð1Þj∅i� ¼ hq0þ;qþ js−ð1Þj∅i f�qf�q0
jf�qjjf�q0 j

: ðB9Þ

Thus, we obtain

jhq−;q0 − jsþð1Þj∅ij ¼ jhq0þ;qþ js−ð1Þj∅ij: ðB10Þ
Note that the energy of jli ¼ jq−;q0−i and jl0i ¼ jqþ;q0þi is the same, since El ¼ El0 ¼ jfqj þ jfq0 j. For the particle-
hole states, the matrix element is given by

hqþ;q0 − jsþð1Þj∅i ¼ i
2NujKj

1

jfqjjfq0 j
h
ðBxAxeþiq0·a1 þ ByAyeþiq0·a2 þ BzAzÞjfqjjfq0 j

− ðBxAxe−iq·a1 þ ByAye−iq·a2 þ BzAzÞfqfq0
i
: ðB11Þ

Similar to the two-particle and two-hole states, we can show

hqþ;q0 − jsþð1Þj∅i� ¼ hq0þ;q − js−ð1Þj∅i f�qf�q0
jf�qjjf�q0 j

; ðB12Þ

and thus, we obtain

jhqþ;q0 − jsþð1Þj∅ij ¼ jhq0þ;q − js−ð1Þj∅ij: ðB13Þ
In this case also, the excited states jqþ;q0−i and jq−;q0þi have the same energy. Equations (B10) and (B13) prove that all
the intermediate states are paired and satisfy jhljs−ð1Þj∅ij ¼ jhl0jsþð1Þj∅ij with El ¼ El0 .

Next, we show that h∅js∓ð2Þ
1 jlihljs�ð1Þj∅i changes the sign by the sign reversal of K. The matrix elements of sþð2Þ

1 are
expressed as

hq−;q0 − jsþð2Þ
1 j∅i ¼ 3i

4NujKj2
h
ðAzBxByeiðq·a2þq0·a1Þ þ AxByBzeiq

0·a2 þ AyBzBxeiq·a1Þ − ðq ↔ q0Þ
i
; ðB14Þ

hqþ;q0þjsþð2Þ
1 j∅i¼−

3i
4NujKj2

fqfq0

jfqjjfq0 j
h�

AzBxBye−iðq·a2þq0·a1ÞþAxByBze−iq
0·a2þAyBzBxe−iq·a1

�
−ðq↔q0Þ

i
; ðB15Þ

hqþ;q0 − jsþð2Þ
1 j∅i ¼ 3

4NujKj2
fq
jfqj

h�
AzBxBye−iðq·a2−q0·a1Þ þ AxByBzeiq

0·a2 þ AyBzBxe−iq·a1
�
− ðq0 ↔ −qÞ

i
: ðB16Þ
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The matrix elements for s−ð2Þ1 are obtained by replacing Aγ

by ðAγÞ�. If the sign of K is reversed, fq becomes −fq, and
then hq�;q0 � js�ð1Þj∅i and hqþ;q0 − js�ð2Þ

1 j∅i change

their signs, while hqþ;q0 − js�ð1Þj∅i and hq�;q0 �
js�ð2Þ

1 j∅i are intact. Therefore, the sign reversal of K leads

to h∅js∓ð2Þ
1 jlihljs�ð1Þj∅i → −h∅js∓ð2Þ

1 jlihljs�ð1Þj∅i.

[1] D. C. Tsui, H. L. Stormer, and A. C. Gossard, Two-dimen-
sional magnetotransport in the extreme quantum limit,
Phys. Rev. Lett. 48, 1559 (1982).

[2] R. B. Laughlin, Anomalous quantum Hall effect: An
incompressible quantum fluid with fractionally charged
excitations, Phys. Rev. Lett. 50, 1395 (1983).

[3] D. Arovas, J. R. Schrieffer, and F. Wilczek, Fractional
statistics and the quantum Hall effect, Phys. Rev. Lett. 53,
722 (1984).

[4] B. I. Halperin, Statistics of quasiparticles and the hier-
archy of fractional quantized Hall states, Phys. Rev. Lett.
52, 1583 (1984).

[5] D. E. Feldman and B. I. Halperin, Fractional charge and
fractional statistics in the quantum Hall effects, Rep. Prog.
Phys. 84, 076501 (2021).

[6] A. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. (Amsterdam) 303, 2 (2003).

[7] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das
Sarma, Non-Abelian anyons and topological quantum
computation, Rev. Mod. Phys. 80, 1083 (2008).

[8] P. Anderson, Resonating valence bonds: A new kind of
insulator?, Mater. Res. Bull. 8, 153 (1973).

[9] S. Kivelson, Statistics of holons in the quantum hard-core
dimer gas, Phys. Rev. B 39, 259 (1989).

[10] N. Read and B. Chakraborty, Statistics of the excitations of
the resonating-valence-bond state, Phys. Rev. B 40, 7133
(1989).

[11] X. G. Wen, Mean-field theory of spin-liquid states with
finite energy gap and topological orders, Phys. Rev. B 44,
2664 (1991).

[12] T. Senthil and M. P. A. Fisher, Z2 gauge theory of electron
fractionalization in strongly correlated systems, Phys. Rev.
B 62, 7850 (2000).

[13] R. Moessner and S. L. Sondhi, Resonating valence bond
phase in the triangular lattice quantum dimer model, Phys.
Rev. Lett. 86, 1881 (2001).

[14] D. A. Huse and V. Elser, Simple variational wave functions
for two-dimensional Heisenberg spin-1

2
antiferromagnets,

Phys. Rev. Lett. 60, 2531 (1988).
[15] B. Bernu, C. Lhuillier, and L. Pierre, Signature of Néel
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