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Exciton-exciton interactions are key to understanding nonlinear optical and transport phenomena in van
der Waals heterobilayers, which emerged as versatile platforms to study correlated electronic states. We
present a combined theory-experiment study of excitonic many-body effects based on first-principle band
structures and Coulomb interaction matrix elements. Key to our approach is the explicit treatment of the
fermionic substructure of excitons and dynamical screening effects for density-induced energy renorm-
alization and dissipation. We demonstrate that dipolar blueshifts are almost perfectly compensated by
many-body effects, mainly by screening-induced self-energy corrections. Moreover, we identify a
crossover between attractive and repulsive behavior at elevated exciton densities. Theoretical findings
are supported by experimental studies of spectrally narrow, mobile interlayer excitons in atomically
reconstructed, 7-BN-encapsulated MoSe, /WSe, heterobilayers. Both theory and experiment show energy
renormalization on a scale of a few meV even for high injection densities in the vicinity of the Mott
transition. Our results revise the established picture of dipolar repulsion dominating exciton-exciton

interactions in van der Waals heterostructures and open up opportunities for their external design.

DOI: 10.1103/PhysRevX.14.031025

I. INTRODUCTION

Vertically stacked van der Waals heterobilayers with
type-II band alignment host layer-separated, Coulomb-
correlated electron-hole pairs forming interlayer excitons
(ILXs) with binding energies of more than 100 meV and
lifetimes that are often drastically increased in comparison
to excitons within a single layer [1-7]. For a wide range of
electron-hole densities below the excitonic Mott transition
[8,9], ILXs constitute an interacting quantum gas with
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renormalized spectral properties. Exciton-exciton inter-
actions are of major importance in the context of under-
standing on-site repulsion energies and emerging many-body
states in moiré systems [ 10—14], excitonic transport [ 15-20],
and nonlinear optical response [21-23]. Importantly, they
lead to excitation-dependent shifts of the exciton resonance
toward higher energies, in close analogy to the physics
of coupled quantum well systems [24-29]. These energy
shifts are broadly used as key observables to assess the
strength of the exciton-exciton coupling and determine
exciton densities [30,31].

Conventionally, the interaction is described in the semi-
classical picture of long-range repulsion between two
dipoles representing spatially indirect excitons [32,33].
Corresponding theoretical descriptions range from basic
capacitor models [26,29] to correlation-corrected formulas
[27,28], microscopic theories beyond the effective bosonic
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picture [34,35], and adaptations of classical approaches to
describe localized moiré excitons [36-38]. Nevertheless,
the dominating picture of exciton-exciton interactions
broadly used in the field of van der Waals heterostructures
remains based on the dipole-dipole repulsion. Only
recently, predictions of additional contributions emerged,
associated with exchange interaction and Pauli blockade
from the underlying fermionic substructure [18,39]. This
state of affairs strongly suggests to test and revise the
dipolar description of the exciton-exciton interaction in van
der Waals heterostructures, motivating the development of
a comprehensive theoretical approach and a well-defined
experimental setting.

Here, we present a combined theory-experiment study of
density-dependent exciton energy renormalizations based
on a systematic many-body description of interacting
excitons as composite particles. We determine both the
resulting energy shifts and scattering-induced spectral
broadening. Supported by spectroscopic measurements
of mobile excitons in atomically reconstructed, h-BN-
encapsulated MoSe,/WSe, heterobilayers, we find that
the classical dipolar description drastically overestimates
the interaction strength. We show that the dipole-dipole
repulsion is largely compensated by competing many-body
effects within the dense exciton gas, including correction
terms due to the fermionic substructure and screening.
Several contributions have large absolute values yet oppo-
site signs. As a net result, exciton energies shift by only a
few meV even at exciton densities close to ionization
threshold above 10!'2 cm™2. Moreover, we demonstrate
that the interplay of different renormalization effects can
result in an effectively attractive interaction with a density-
dependent crossover to the repulsive regime.

To obtain quantitative results, we consider a represen-
tative case of an H-stacked MoSe,/WSe, heterobilayer
encapsulated in hexagonal boron nitride (4-BN) and build
on a theory for the dense exciton gas based on two-particle
Green functions [34,40]. Key to our method development
is the combination of this established many-body theory
with material-realistic band structure and Coulomb matrix
element calculations, augmented by frequency-dependent
excitonic screening effects. The starting point of our
calculations is the Bethe-Salpeter equation in the absence
of photoexcited carriers:

(e +&r —Eg)®,q(e. h k)

=V a0k @uo(e K K+ q) =0, (1)
q.n.e

which we solve to obtain exciton wave functions
®, (e, h, k) and energies E, . Here, exciton eigenstates
are classified in terms of a quantum number v for the
relative electron-hole motion and the total exciton momen-
tum Q. First-principle band structures ¢}, and dielectrically

a,b.b'a
k k' k'+q.k—q

in the electron-hole picture, expanding beyond the macro-
scopic Coulomb interaction model and parabolic bands
employed in the literature [18]. In the exciton representa-
tion, we formulate a self-consistency equation for renor-
malized exciton energies as

screened Coulomb matrix elements V are used

EU,Q = ED,Q + RCZ(U, Q, EDQ/fL), (2)
with the frequency-dependent exciton self-energy

(v Q) =21, Q) + X1, Q) + T¥(1. Q)
+ TMW, rel(U’ Q, a)) (3)

Explicit expressions as well as a detailed derivation
of the various self-energy contributions are given in
Appendix A. Energy renormalizations are accompanied
by excitation-induced broadening determined by I') o =
—ImZ(v, Q, E,,,Q), where 2I', o corresponds to the full width
at half maximum (FWHM) of the homogeneous exciton
linewidth. The self-energy consists of Hartree (H), Fock (F),
Pauli blocking (PB), and Montroll-Ward (MW) terms.
The different contributions to exciton-exciton interaction
described by the exciton self-energy are schematically shown
in Fig. 1. A part of the Hartree term represents classical
electrostatic interaction between excitons [Fig. 1(a)]. It is of
dipole-dipole type and contains two repulsive and two
attractive contributions. Since like charges reside within
the same layer in type-II heterobilayers, the repulsive terms
dominate over the attractive interlayer terms. Therefore, the
net effect is a pronounced blueshift of exciton energies. On
the other hand, exchange interaction between the fermionic
constituents of excitons [included in both Hartree and Fock
terms, Fig. 1(b)] leads to an attractive interaction as in a
Fermi gas. Excitons as composite bosons also experience a
repulsive bosonic exchange interaction that is sketched in
Fig. 1(c), represented by the Fock term in Eq. (3). This can be
understood as the consequence of boson statistics favoring
occupation of the same states that, in turn, leads to stronger
Coulomb repulsion.

Pauli blocking of the fermionic phase space due to the
exciton substructure is illustrated in Fig. 1(d). It acts as a
source of the increased energy of the exciton transition,
well known from the semiconductor Bloch equations
[39,41,42]. Finally, the Montroll-Ward self-energy contains
all noninstantaneous contributions of the GW self-energy,
describing frequency-dependent screening of bosonic
exchange interaction by excitations within the dense exciton
gas. As discussed further below, this is a particularly
important contribution to density-dependent exciton energy
renormalizations that is explicitly treated beyond a more
phenomenological description of static excitonic screening
in the literature [18]. The result is a decrease of the exciton
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FIG. 1.

Contributions to exciton-exciton interaction. (a) Dipole-dipole interaction (dip-dip) between excitons in states v and /. The

process is composed of elementary Coulomb interaction between the electron of v and the electron of /, proportional to the matrix
element V°°, and between the electron of v and the hole of ¢/ (V") as well as corresponding electron-hole terms (V¢"). The resulting shift
of the exciton energy E, is positive. (b) Fermionic exchange interaction (ferm X) between electrons or holes that are part of two different
excitons, resulting in a decrease of the exciton energy. (c) Bosonic exchange interaction (bos X) of the whole excitons, resulting in an
increase of the exciton energy. (d) Phase-space filling (PSF) due to fermionic constituents of exciton v/ as experienced by exciton v,
which yields an increase of E, . (¢) Screened bosonic exchange interaction (screen) from the exciton Montroll-Ward (MW) self-energy.
The interaction process is screened by a momentum- and frequency-dependent excitonic polarization Ig (@) corresponding to scattering
processes of surrounding excitons between different internal states, which results in a lowering of exciton energy.

energies, conceptually similar to the excitation-induced band
gap renormalization [41-44].

II. EXPERIMENTAL SETUP

The experiments are performed on a MoSe,/WSe,
heterobilayer encapsulated in high-quality #-BN. We employ
fabrication conditions of near-sixty-degree stacking favoring
large-scale atomic reconstruction [45], thus suppressing
formation of moiré patterns to achieve a flat potential
landscape. The H registry is identified by its characteristic
photoluminescence (PL) signatures, optical selection rules,
and associated g factors [20]. The PL spectra feature low-
energy triplet- and high-energy singlet-spin configurations
with narrow linewidths of the exciton resonances down to a
few meV confirming the sample quality. As localization
of ILXs is suppressed in H” reconstructed samples, the
excitons are mobile, exhibiting phonon-limited free dif-
fusion at lowest temperatures. This is particularly important,
since the residual linewidth is likely to be determined by
small inhomogeneous broadening in addition to phonon-
induced scattering. Experimental demonstration of free
exciton diffusion at 5 K in this type of #-BN-encapsulated
monolayers [46] and heterobilayers [20] shows that the
remaining potential fluctuations occur on comparatively
large spatial scales. We, thus, stress the absence of evidence
for exciton localization in the studied sample to compare
the obtained results with theoretical calculations based on
the assumption of spatially flat potentials. Furthermore,
signatures of exciton-exciton annihilation and repulsion

validate that the excitons can scatter and interact effi-
ciently with each other [20].

The measurements are performed in an optical micros-
copy cryostat at the temperatures of 5 and 70 K. The sample
is excited by a pulsed, 140 fs Ti:sapphire laser with a
repetition rate of 80 MHz and its excitation wavelength
tuned resonantly into the A: 1s state of MoSe,. The excita-
tion energy densities ranged from 0.2 to 20 pJ/cm? per pulse.
Assuming an absorbance of 11%, as estimated from reflec-
tance measurements, we determine the corresponding
peak exciton densities of 6 x 10'® and 6 x 10'> cm™2 (see
Appendix B for details). The PL is spectrally dispersed by a
spectrometer and detected by a streak camera and a charge-
coupled device for time-resolved and time-integrated mea-
surements, respectively.

III. RESULTS

To quantify many-body renormalizations due to
the exciton-exciton interaction, we solve Eq. (2) self-
consistently for various exciton temperatures and densities.
The static renormalizations contained in the self-energy (3)
are explicitly given by

H o D)V (X)) Vv arx
SH(L, Q) = %(VQ,Q,.Q,.Q Vo )ND,.Q,, 4)
v,

F . ~(D)w/ v/ =(X) v v/ X
2 (I/, Q) - Z (VQ.,Q/,Q-Q/ - VQ.Q/,Q,QI )NI/,Q,’ (5)

I./,Q/
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FIG. 2. Exciton energy renormalization induced by exciton-exciton interaction. (a) Cumulative density-dependent renormalization of
the zero-momentum bright 1s-exciton (spin-singlet) energy at a temperature 7 = 100 K, subsequently adding dipole-dipole interaction
(dip-dip), fermionic exchange interaction and phase-space filling (4 ferm X + PSF), bosonic exchange interaction (4 bos X), and
screened bosonic exchange (+ screen). The latter represents the result of the full calculation. (b) Individual contributions to the exciton
energy renormalization corresponding to the cumulative presentation in (a) at an electron-hole pair density of 10'> cm~2. The redshift
due to fermionic exchange and the blueshift due to phase-space filling compensate to a large extent. (c) Calculated temperature and
density dependence of energy renormalization for the zero-momentum bright 1s exciton. The result for 7 = 5 K has been obtained from
extrapolating the high-temperature data. (d) Calculated temperature and density dependence of the zero-momentum bright 1s-exciton

broadening.

(6)

0.0 = 3 (Vads + Vawas )Mo
v.Q

with effective exciton-exciton interaction matrix elements
V as defined in Appendix A and exciton populations NEQ.
Dielectric screening by the #-BN environment is modeled
by an effectively isotropic dielectric constant &, gy =
V495 x2.86 ~#3.76 [47]. We consider the interlayer
excitons populating the K and K’ valleys of the two
lowest conduction and two highest valence bands, respec-
tively. The focus on K-valley states is motivated by their
representative nature for interlayer excitons and by the
absence of signatures from momentum-indirect excitons in
the experiment [20]. For the bright spin-singlet states,
we obtain a binding energy of 131 meV in good agree-
ment with typical experimental values [4]. Finally, we
limit the exciton density range to be below the predicted
exciton Mott density o &2 x 1012 cm™  for this
material system [20].

Numerical results of our calculations are shown in Fig. 2.
In Fig. 2(a), we analyze the cumulative effect of all
contributions to exciton-exciton interaction that have been
introduced in Fig. 1 for the 1s exciton with vanishing total
momentum Q = 0 and bright spin-singlet configuration.
The individual contributions are presented in Fig. 2(b).

The repulsive dipole-dipole interaction given by the exciton
Hartree self-energy without fermionic correction terms
[first term in Eq. (4)] yields a linear blueshift of up to
30 meV at the highest density close to 2 x 10> cm~2. The
blueshift is reduced by the combination of fermionic
exchange contributions, which are part of Hartree and
Fock self-energies [second terms in Egs. (4) and (5)],
respectively, and Pauli blocking. The latter originates from
the filling of phase space by the fermionic constituents of
excitons, as described by the self-energy in Eq. (6).
Fermionic exchange and Pauli blocking, although on the
order of 50 meV each at a density of 10'> cm~2, compen-
sate each other to a large extent.

Bosonic exchange of excitons as described by the Fock
self-energy without fermionic terms [first term in Eq. (5)]
yields only a weak additional blueshift on the few-meV
scale. The relative weakness compared to the direct
exciton-exciton interaction can be partly understood
from the dependence of the different self-energies on
exciton populations. While the Hartree-like renormaliza-
tion of a certain exciton state is approximately propor-

tional to the total exciton density, ZH(P)(1,Q) ~
\78):)0 DU Nz(,’Q,, the Fock-like term has a strong depend-
ence on the momentum and spin distribution of exci-

: . (D)
tons, P (1,Q)2 Y2y o VgL s )./ 55,054 )N -
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Thus, bosonic exchange is sensitive only to a fraction of the
total exciton density, which splits into intra- and intervalley
excitons with like and unlike electron (s,) and hole
spins (sy,).

Finally, dynamical screening of the Coulomb interaction
due to the presence of a polarizable exciton gas provides a
substantial contribution to the energy renormalization. It is
represented by the Montroll-Ward self-energy (A71),
which contains the noninstantaneous contributions to the
exciton GW self-energy, leading to a redshift on the order
of tens of meV. Because of a sublinear increase of the
redshift with the density, the cumulative energy renormal-
ization is nonmonotonic. Although this self-energy is
determined by frequency-dependent screening caused by
the polarization of the dense exciton gas, we can under-
stand its attractive character in the static limit (A80). Here,
the self-energy splits into a contribution that leads to static
screening of exciton exchange (without fermionic correc-
tions) and a Coulomb hole (CH) contribution. The former
yields a reduction of the weak momentum-dependent
blueshift discussed above, while the latter is essentially a
rigid redshift of the exciton dispersion. Since the CH shift is
the dominant contribution, the Montroll-Ward self-energy
is more sensitive to the total exciton density than to the
distribution of excitons over the states.

To summarize these results in Figs. 2(a) and 2(b), the
main competition takes place between the blueshift due to
dipolar interaction and the redshift induced by excitonic
screening, which are both sensitive to the total exciton
density. This leads to the conclusion that the details of the
exciton band structure are likely to be secondary for
the total exciton shift. All in all, we find a remarkably
strong compensation of different renormalization effects,
leaving a net exciton blueshift of only a few meV even at
high densities, close to the Mott transition. This density-
dependent behavior is consistently found at both low and
high temperatures, as shown in Fig. 2(c) for spin-bright
excitons. For all temperatures, we find a few-meV redshift
at small and intermediate densities which turns into a few-
meV blueshift at high densities. This corresponds to a
density-dependent crossover from an effectively attractive
to repulsive exciton-exciton interaction. With decreasing
temperature, the attractive character of interaction becomes
slightly weaker yet also closer to the thermal energies of the
excitons. Moreover, we confirm that similar behavior is
expected for “gray” (spin-triplet) interlayer excitons, pre-
sented in Fig. 6 in Appendix A. Since the triplet exciton
state is about 20 meV below the bright one, it is more
strongly populated, which leads to an increase of fermionic
and bosonic exchange effects among exciton triplets.
As a result, the bright exciton interaction is slightly more
repulsive.

Importantly, the noninstantaneous nature of the
Montroll-Ward self-energy also results in a lifetime broad-
ening of excitonic resonances according to Eq. (A79).

Temperature- and density-dependent results are shown in
Fig. 2(d). Overall, we find a sublinear increase of broad-
ening with the exciton density that is more pronounced at
higher temperatures. At 7 =5 K, we find a FWHM
broadening of about 8 meV at highest densities, slightly
larger than the typical linewidths of the exciton resonances
in these systems, likely dominated by residual inhomoge-
neities. At elevated temperatures and densities, however,
exciton-exciton scattering causes an increase of exciton
linewidths by tens of meV, which is comparable to phonon-
induced broadening [48-52]. Exciton-exciton scattering
can, thus, provide a substantial contribution to dissipation
and dephasing.

We also note that exciton-exciton annihilation [53-55]
should not strongly contribute to the renormalization of the
exciton energies. The associated changes of the exciton
lifetimes are in the range of tens to hundreds of picoseconds
for both as-exfoliated and h-BN-encapsulated samples
[56]. The determined exciton-exciton annihilation coeffi-
cient is 5x 1073 cm?/s in the studied MoSe,/WSe,
heterobilayer, corresponding to recombination rates below
0.1 ps~! across the density range. The corresponding
energy values are, thus, below 0.1 meV, justifying our
theoretical approach that does not include this effect.

Theoretical results are confirmed by experimental obser-
vations presented in Fig. 3. As outlined in Sec. II, we ensure
the following conditions for the experiment-theory com-
parison: suppression of long-range disorder [57], absence
of moiré-like potentials from large-area atomic recon-
struction [45], and the presence of mobile excitons even
at low excitation densities [20]. All three conditions are
important to avoid density-induced filling of localized tail
states and demonstrate that the excitons can diffuse
sufficiently far to interact with each other. The latter is
particularly important and is the main reason for using the
same sample as studied in Ref. [20] to extract density-
dependent energy shifts. In the studied case, the excitons
are shown to be mobile as well as subject to exciton-exciton
repulsion and exciton-exciton annihilation, confirming
the above.

A selection of time-integrated PL spectra for different
exciton peak densities at a temperature of 5 K is shown in
Fig. 3(a). The narrow linewidths allow for the distinct
assignment of the PL peaks of charged (IX;) and neutral
(IX9) interlayer triplets of H' registry [20,45]. A small
blueshift of only a few meV is observed for both exciton
species up to highest densities in the range of the Mott
transition, consistent with the literature for samples with
sufficiently narrow linewidths [58]. Simultaneously, the
relative PL weight shifts from IX7 to IX} with increasing
density. We note that, for sufficiently large spectral broad-
ening, this shift of the center of gravity would lead to the
appearance of a much larger blueshift. To illustrate that, the
spectra are convoluted with a Gaussian (full width at half
maximum of 15 meV), so that the PL of charged and
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FIG. 3. Experimental energy shifts of interlayer excitons. (a) Time integrated spectra of K-K' interlayer excitons in an H/
reconstructed MoSe, /WSe, heterobilayer for different exciton peak densities after pulsed excitation resonant with the MoSe, intralayer
resonance at the lattice temperature of 5 K. For comparison, spectra convoluted with a Gaussian (FWHM of 15 meV) are presented to
simulate additional inhomogeneous broadening. (b) Streak camera image of the spectrally and time-resolved PL at a peak density of
10'2 ¢cm™2. The spectra are normalized at each time step, and the color scale is logarithmic. White dashed lines are guides to the eye,
following the shift of the peak energy with time. Corresponding PL transient is presented in the right. (c) (Upper) Density-dependent
energy shift of the interlayer exciton PL peaks at two different temperatures, extracted from time-resolved data. The resonances are
labeled according to the previously identified excitons in the H’-reconstructed MoSe,/WSe, heterobilayer: charged and neutral
interlayer triplets (IX% and IX7) and the neutral interlayer singlet (IX?). Dashed lines are guides to the eye. (Lower) Corresponding
density-dependent linewidths of charged and neutral interlayer triplets at 7 = 5 K. The error bars for the extracted peak energies are
below 1 meV for each individual data point, and there is a spread of the measured values from the two different analysis schemes and
measurement series. (d) Selected PL spectra of neutral interlayer triplets and singlets at 70 K. (e) Extracted energy shifts of neutral
interlayer triplets from experiment at 5 K. (f) Corresponding results from the calculations.

neutral excitons merges into one peak. By concealing the
multipeak structure of the emission, the density-dependent
blueshift is overestimated in contrast to weak shifts
obtained for the individual peaks.

In addition to analyzing time-integrated spectra, we use
an alternative method of investigating the effect of density
on ILX via time-resolved PL. Taking advantage of the
exciton decay, we relate the time axis to the relative change

in exciton density, gaining access to quasi-instantaneous
measurements of the energy shift at a given density. The
exciton lifetimes on the order of hundreds of picoseconds
are substantially longer than relevant timescales of the
theoretically calculated phenomena. A representative time-
resolved PL evolution at a nominal temperature of 5 K and
peak electron-hole pair density of 10> cm~2 is shown in
Fig. 3(b). At time 7 = 0, the injected electron-hole pair
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density is set equal to the estimated peak density.
Consequently, at later times, the exciton density decreases
proportionally to the decaying PL intensity, allowing us to
extract the time-dependent peak position effectively as a
function of density. This is reflected in the shift of the peak
positions toward lower energies with time, as indicated by
the dashed lines in Fig. 3(b). We evaluate the energy peak
position for time steps of 50 ps width and assign the
corresponding densities to values given by the injected
maximum density and the relative change of PL intensity.

The results of both time-integrated and time-resolved
analysis are summarized in Fig. 3(c), upper, for all
measured triplet and singlet interlayer exciton states. The
density range covers the linear regime up to the estimated
Mott threshold of several 10'> cm™2 [9] and beyond. We
note, however, that the main focus for the experiment-
theory comparison is the low-to-intermediate regime of
interacting, bound excitons below the Mott transition. The
experiments are performed at a temperature of 5 K, to take
advantage of the narrow linewidths and maximum PL yield,
and at 70 K, where the influence of the interlayer trion in
PL is negligible. Representative PL spectra of neutral
interlayer triplets and singlets at 70 K are presented in
Fig. 3(d). The maximum blueshift is found to be less or
equal to 3 meV for all studied exciton species in good
agreement with theory with weak indications of a redshift.
A direct comparison between experiment and theory is
presented in Figs. 3(e) and 3(f) for the case of the neutral
interlayer triplets at 5 K. While there are quantitative
differences between the curves, the overall behavior is
very similar. Most importantly, the experiment does not
show large shifts that would be otherwise expected from the
simplified dipolar capacitor model.

The energy shifts are accompanied by a small spectral
broadening at higher densities, similar to theoretically pre-
dicted values, as illustrated in Fig. 3(c), lower. We also note
that the above observations are typical for samples with
sufficiently narrow linewidths, as shown in Supplemental
Material [59]. Also, the obtained data are subject to
experimental error resulting in the spread of the measured
values. Nevertheless, the experiments consistently reveal
small energy shifts in the meV range, independent of the
presence of charged excitons, observed at both low and
elevated temperatures.

IV. CONCLUSIONS

In conclusion, we have demonstrated that the established
picture of dipolar repulsion of interlayer excitons is
insufficient and severely overestimates energy shifts result-
ing from exciton-exciton interaction. Among relevant
contributions, we identify fermionic and bosonic exchange
effects as well as the phase-space filling and excitonic
screening that lead to renormalizations of comparable
magnitude but opposite signs. The main competition takes
place between the repulsive dipolar interaction and the

attractive screening-induced self-energy correction, which
both essentially depend on the total exciton density. The net
result is an energy shift of only a few meV at exciton
densities up to the Mott transition. Moreover, we demonstrate
conditions for the emergence of weakly attractive exciton
potentials, predicted to occur at low and intermediate
densities. Interestingly, elevated temperatures yield a
stronger tendency toward the attractive regime. In addition,
the energy shifts are accompanied by scattering-induced
spectral broadening of exciton states with a linear temper-
ature dependence. The theoretical predictions are confirmed
in experiment by taking advantage of well-defined, atomi-
cally reconstructed MoSe,/WSe, heterobilayers void of
localization with spectrally narrow resonances and mobile
excitons. The magnitude of the measured energy shifts
agrees with the results of the theoretical calculations within
the experimental uncertainty. This holds both for low and
elevated temperatures and is independent of the presence or
absence of residual doping.

The developed understanding of the excitonic inter-
actions has wide implications for the interpretation of
optical and nonlinear transport phenomena as well as the
overall phase diagram of interlayer excitons. It challenges
the common notion of dominant dipole-dipole repulsion
and offers a more nuanced approach to understanding
exciton-exciton interactions in van der Waals heterostruc-
tures. Rendering the extraction of interlayer exciton den-
sities from the energy shifts via capacitor model less useful
than previously assumed, it highlights the importance of
spectral analysis for samples featuring multiple, closely
spaced resonances. Interestingly, one can expect that
individual contributions to the exciton energy renormali-
zation could be tunable using distinct sample geometries,
dielectric environments, and external fields. Making use of
this tunability, it should even be possible to design and
switch between effectively repulsive and attractive inter-
action regimes. The implications range from the possible
realization of local compression and excitonic droplets, to
potentially favorable conditions for the formation of macro-
scopic many-body states such as superfluids and conden-
sates. Natural extensions of the presented approach and
results toward interlayer excitons in moiré and moiré-like
superlattices would have major consequences for the on-
site interaction terms determining the correlations. Overall,
exciton-exciton interactions beyond the dipolar regime
should have a substantial impact on the behavior of dense
excitonic quantum gases on a fundamental level and be
highly relevant for exploiting nonlinearities in photonic and
optoelectronic applications.
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APPENDIX A: THEORY

To obtain a material-realistic description of renormali-
zation effects induced by exciton-exciton interactions, we
combine first-principle band structures and Coulomb inter-
action matrix elements with a many-body theory for the
dense exciton gas based on nonequilibrium Green func-
tions. We essentially follow the derivation given by May,
Boldt, and Henneberger [34,40], extending it with respect
to (i) the generality of matrix elements and (ii) the inclusion
of frequency-dependent screening effects.

1. Density functional theory calculations, spin-orbit
coupling, and Coulomb matrix elements

Density functional theory (DFT) calculations for a
freestanding H!' MoSe,/WSe, heterobilayer are carried
out using QUANTUM ESPRESSOV.6.6 [60,61]. We apply the
generalized gradient approximation by Perdew, Burke, and
Ernzerhof [62] and use an optimized norm-conserving
Vanderbilt pseudopotential [63] at a plane-wave cutoff
of 80 Ry. Uniform meshes (including the I" point) with
18 x 18 x 1 k points are combined with a Fermi-Dirac

|

Uap(@) = Y _€ R Upppa(R) = Y e ®(0,a| (R, fIU(r, )[R, )
R R

smearing of 5 mRy. Using a fixed lattice constant of
a =329 A [64] and a fixed cell height of 35 A, forces
are minimized below 5 x 1073 eV/./OX. The D3 Grimme
method [65] is used to include van der Waals corrections.
We use RESPACK [66] to construct a lattice Hamiltonian
Hy(k) in a 22-dimensional localized basis of Wannier
orbitals (d., d,;, d,, dxz_yz, and d,, for Mo and W,
respectively, and p,, p,, and p, for Se) from the DFT
results. We also calculate the dielectric function as well as
bare and screened Coulomb matrix elements in the local-
ized basis. Spin-orbit interaction is included using an on-
site L - S-coupling Hamiltonian, which is added to the
nonrelativistic Wannier Hamiltonian:
H(k) =1, ® Hy(k) + Hsoc- (A1)
Here, I, is the 2 x 2 identity matrix in the Hilbert space
spanned by eigenstates |1) and || ) of the spin z component
(perpendicular to the monolayer). We assume that the
Coulomb matrix in Wannier representation is spin inde-
pendent and that spin-up and spin-down states are not
mixed. Diagonalization of H(k) yields the band structure
ef. and the Bloch states |yl) = >, ¢, |k, ), where the
coefficients cé’k describe the momentum-dependent con-
tribution of the orbital a to the Bloch band A. The Bloch
sums |k,a) are connected to the localized basis via
k,a) = (1/v/N)Y g ¢®R|R, ) with the number of unit
cells N and lattice vectors R. The SOC Hamiltonian is
given by

(A2)

with the Pauli matrices ¢ = (6,,06,.0,) and the angular
momentum operator provided in Ref. [20].

Starting from the density-density-like bare Coulomb
interaction matrix elements in the Wannier basis,

0. a) (A3)

and the corresponding (statically) screened matrix elements V,;(q), we obtain an analytic description of Coulomb
interaction in freestanding transition metal dichalcogenide (TMD) heterobilayers that can be augmented by screening from
a dielectric environment [8,67,68]. The parametrization of Coulomb matrix elements for a freestanding H/ MoSe,/WSe,
heterobilayer is provided in Ref. [20]. Environmental screening can be taken into account according to the Wannier function
continuum electrostatics approach [69] that combines a macroscopic electrostatic model for the screening by the dielectric
environment with a localized description of Coulomb interaction. The macroscopic dielectric function of a freestanding
bilayer embedded in a vertical heterostructure is obtained by solving Poisson’s equation [70].

We finally compute screened Coulomb matrix elements in the Bloch state representation by a unitary transformation
using the coefficients ¢/, :

Av N _1 A *( AU *y,aP v v
Vi %ok ks —ZE :(Ca,kl) (C/i,kz) Vi -k, Chks Cak,
ap

(A4)
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where k; = k; +k, —k; + G due to momentum con-
servation and A denotes the crystal area.

Inspired by the discussion in Ref. [71], we assume that
Bloch states are approximately spin diagonal. We assign a
definite spin to each band according to the dominant
contribution given by the coefficients cfx,k. Furthermore,
we make use of the fact that Coulomb interaction is
spin conserving, so that we can set Coulomb matrix
elements Vf(]” l‘(”z/ ié/m to zero if 4 and A’ or v and v/ belong
to different spins.

2. Derivation of a GW self-energy for excitons

We start from the definition of the exciton Schwinger-
Keldysh Green function:

K(1,17) *—((hkl(tl) b ()€ ()R (1)), (AS)

which describes the creation of an electron-hole pair at time
¢, and annihilation at time ;. The notation (- ))7 is short
for the statistical average

(TelScA(n)])

(A@)r = A6

( ) T < SC> ( )

with the time evolution operator
SC_TCCXP{_h/dIHeXt( )} (A7)

and T, being the time-ordering operator on the Keldysh
contour, which is depicted in Fig. 4. The Keldysh time
coordinate ¢ includes the branch index n = =+ of the con-
tour as well as the physical time coordinate z. The super-
index 1 stands for electron momentum p;, hole momentum
k,, electron band e, hole band A, and Keldysh time ¢,.
|

—>x —>

to —

FIG. 4. The Keldysh contour C starts at initial time #,, extends
to oo on the upper branch (4), and returns to ¢, on the lower
branch (-).

The band index also contains the spin quantum number. In
Eq. (AS), the external Hamiltonian

ext Z Vgxta k k/

kk’aa

Ak, -k.1)  (AS)

couples the time-dependent external potential V., to the
particle-density operator

Pk K. 1) = s,a'f,, (Dag (2). (A9)
Here, we introduce the convention to assign a positive sign
s, = +1 to electrons (a = ¢) and a negative sign s, = —1
to holes (@ = h). Whenever densitylike operator pairs of
the type in Eq. (A9) appear, it is understood that both band
indices describe the same carrier species.

In the following, we derive an equation of motion (EOM)
for the exciton Green function (AS5) by means of
Heisenberg’s equation for operators in the interaction
picture with respect to H,(1):

m%A(z) — A(1), H],

. (A10)

where the Hamiltonian describes the interacting gas of
electrons and holes:

H= Zege;ep

hyt e.a.d e Tt /
Ek/’l hye + E E SeSaV K K+ q k-q€k i K +q€ k—q

k k'.q e a,d
h,a.a' \h' Pt /
—|— E E ShSaVi W K qk— qh ay Ay qh'x—q- (A11)
k kK'.q hh',a,d
Hole energies and wave functions are obtained from the valence-band quantities as €], = —ef and ¢, = (¢’ )*. The EOM

for creation and annihilation operators can be derived using

[AB.C)=A[B.C), —[A.C). B (A12)

with the anticommutator [-,-],. To proceed, we apply the time-ordering operator in Eq. (A5):
0
ih—

K(1,1") =
o K1)

%{ecul,za)«hk,m)ep, (1)e'y, (ERL, (1)) + Oc(th, )G, (B)€'s (1) e, (1) (1)) . (A13)

where the step function on the Keldysh contour is introduced as 0¢(t,,1,) = 6,, — 4+ 116, ,,0(t; — ;) to take all four
combinations of branch indices n; and 7, into account correctly. We use brackets { - )) to denote the statistical average (A6)
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without time ordering. The time derivative of expectation values is evaluated by splitting the exponential in S; according to
the Keldysh time ordering. Then, we obtain

. a N / ! e,e !
lfla—th(l,l)—nlanl,n’lé(tl_tl)F(lvl)‘F(‘g}e)"’gk AZ Zvexl pl+k k tl) (1’1)p1+k,e”
h. h// e.h, h// " k]+q'h//
- Zvext (ki + k. k,1)K(1,1) } Z Vorky ki qp—gK (1. 17)
h,, K4k 1" Qe pi—q.¢”
+ Z shsaVﬁ'I“_if‘,]‘(ﬁq.kl_qr(l, 1. k,q,a,d,t])
k.q,a,a' ,h" k,—q.hn"
+D s Ve gt (1 1 K g a.d 1) ” (A14)
k.q.a,a,e" P1—q.e

with the phase-space filling factor
F(1,1') = <<ﬁ(1, 1)) = 5k1,k’15p1.p’15h,h’5e,e’ — 8y, p ’5ee «h K, (21)hy, (21) ) = bk, X, O, h’«e (tl)epl(tl)» (A15)
and the three-particle Green function
1, .
r(1,1"k.q.a,d',1) Zi—h«al(z )d'icrq (D, (1) ey, (11)ey, (L) (1)) (Al6)

Here, 1™ denotes a time that is infinitesimally later on the Keldysh contour than . We also introduce the notation
K(1, 1) |, +q 1"(p,+q.e) fOr @ Green function where the hole state (electron state) of argument 1 is changed. By introducing
the free inverse exciton Green function

0
K61<1’ 1,) - n15"1q"/15(t1 - tll){lha_l‘lakl*ka5plypa6h.h’5e,e’ - HO(I’ ll) - Vext<1’ 1,721)} (A17)
with the effective exciton Hamiltonian

n o e n ehh” "
Ho(1.1') = (gp + gk)5k1~k’1 591»9’1 O Oee’ = E : Vp] Kk .k +q.p— 5k1+q,k’15P1—q,p’l O Oer o' (A18)
q,h”, "

and the external potential

Veu(1,1',1)) = AZ{ZVeXt Pi + K K, 1)0k, 1 6p, 1k p; SO o — Zvext (ki + K. K, 2;)0k, 1k k, Op,. q5h”,h'5e,e’},

h//
(A19)
we bring the EOM (A14) to its integral form:
/dgz D KGN LK. 1) =m, oty = t)F(L 1)+ Y sus Vil i g7 (L1 K. q.a.d' 1)
¢ Ka.p2.hy.e; k.q.a.a h" k;—q.n"
D s Vil g (1L K quadl )| (A20)
k.q,a,de" P1—9q.c

The exciton Green function is coupled via Coulomb interaction to three-particle Green functions, which, in turn, are
coupled to four-particle Green functions and so forth. To truncate this hierarchy of EOM, we eliminate the three-particle
Green function in Eq. (A20) by using the functional derivative with respect to the external potential, which is contained in
the time evolution operator:
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(1 1/) e{ 1 I b b
— = o (L1d —q.q.0 . b,1) - K(1,1)d"°(d', —q. 1) (A21)
Vil (q.q.r) ALTin
with d”*(q', —q. 1) = (1/ih){p""*(q'. —q. 1))). The integral EOM (A20) is then written as

[ 3 xda2KE)

k3.pa.hy.en

LA
=18y, (0 =) F(L V) +ih™ >

k.q.a,d

e,a,a e 51((1 1/) |pl—q,e” _ h,a,d h" 5K(1 1/) |k,—q,h”
k.k k, .k, k k .
= Pi1.K.k+q.p; q5VZxcf (k +q,q,£T) = +q.k q5Vgx‘f (k +q,q,£T)

(A22)

The operator K;}(1,2) follows from K;'(1,2) if the external potential V., is replaced by the effective potential Vg that
also contains the electrostatic potential of the mean charge density:

Gkt aq.a.0)= Vel (k+a.q.1) Z Vil kg™ (K = 4.4, 1p). (A23)
Y
We exploit the chain rule for functional derivatives to reformulate the interaction term on the rhs of Eq. (A22):

a,,d)

6K K(1,1 oV k Ly, t
- 5 /dt2 Z - ) effa a/( 2+ ‘I2+_2)' (A24)
OVext (k +q, q’t K2.05.0.d) f' (kz +(h,(]2,t2) Vext (k +4q.9.1 )

The second factor is identified as the inverse dielectric function

a,.d)

Vi *(Ky + o, Qo 1)
Vet (k+4.q.1)
= nlénl,nzé(ﬁ - t2)5k$k25q q25a a25

a,.b,b' d,
+ Z szz.k/.k’fqz,k2+qz{L(k’ — Q. Q0. b, b 1,k +q,—-q.a,d, 1)

8_1 <k2 + q2. 43, ay, a/2’£27 k + q.q,a, alvh) =

K.b.b'
— ihd" (K’ = @, @, 1)) (K + 0, ~q.1,) | (A25)
with the density-density expectation value
LK = qo.q0.0.0. 1. k +q.~q.a.d'. 1)) = %«p‘”"(k +4,-4.1)p"" (K = @2, 2. 1) - (A26)
Also, by defining the inverse exciton Green function via
/C dty > KY(L2)KQ2.1) =8, . 8(t; — 1)k, 1 p, o, Ot Be.r- (A27)
Ka.p2.h.02

we find for the polarization function

K(3,1
H(?” 1/7k4 +q47 q4’a4’a:|.’£4) a,, 04 ( )

Ve “(Ky + qq. 94, 1)

:—/dtl/dtz > KGI(1L.2.Ky + Q4. qy. ag. a4 14)K(2, 1) (A28)

ki.pi.hier Kapahyen
with the vertex function
A SK71(1,2)

F(1727k4+q47q4’a4’a:1’£4) :_; a4a
Ve (k4 + 94,94, t4)

(A29)
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Combining Egs. (A22), (A24), (A25), and (A28), we arrive at the Dyson equation for the exciton Green function:
> K (1L.2)K(2.1)

/ dr,
¢ k;.py.hy.er

= 18y 8(ty — ) F(L 1) + iR > Adgz

k.q.a.d

a, /y i h. R /’h//
X /c s Z {szltflzkiq,pl—q[((l’3)|p1—q-6” - kala.l«a-k+q.k1—qK(1’3>

K3.p3.h3.e3 e’ B
X / di,
C

=8, 6(t1 —17)F(1, 1) +/cdg4

Z 5_1(k2+CI2,(l27a27a127£2»k+q7q,(1761/,£1)

Ky.qz.a2.d)
kl—q,h”}

Z F(3’ 4’ k2 + q2,q2, dy, a/2’£2)K(4’ 1/)
ky.py.hyey

> Z(L4)K@4.T)

K4.p4.ha ey

(A30)

with the self-energy (1, 1’). Equation (A30) is an exact EOM for the exciton Green function, where the many-body
interaction effects are contained in the self-energy or, more specifically, in the inverse dielectric function and the vertex
function. To solve the many-body problem for the dense exciton gas, approximations have to be applied to the self-energy.

We derive the lowest approximation to the vertex function (A29) by neglecting the density terms in the phase-space

filling factor F(1,1’) and inverting Eq. (A30) to obtain an EOM for the inverse exciton Green function:

K-'(1,1) = K1(1,1) = £(1, 1").

The derivative of K_{(1,1") with respect to Vg then yields a deltalike vertex function:

I(3.4.ky + qo. G0, ap, a5, 1) R 1308, ,0(t3 — 14)136,,, ,,6(15 —

X {51(3 Ky 5P3 +4q2.p4 5k2,p3 5h3 N 5a2,e3 511/2 NN

Inserting this into Eq. (A30), we obtain the self-energy in random-phase approximation (RPA):

2(1,1') = ih Z {Ze‘l(p’l,qz,é,e’,g’l,k +4q.q,a,d,1])

k.q.q.ad ~ e

e,a,a e /
X (valqk-k+qqpl_qK(1’ 1 )
e//

Pi—

p|—.2 N

+> (K@ b Wk +q,q,0,d, 17)
;

k
h, X /.h//
(VL K1)

k' —qo.h e

W'

The matrix elements V contain background screening from
the filled valence bands as well as from the dielectric
environment. On the other hand, the inverse dielectric
function £~! describes screening from photoexcited elec-
trons and holes. Therefore, the (matrix) product €'V can
be identified as the fully screened Coulomb interaction W,
which gives the self-energy (A33) the well-known GW
form. As main difference to the standard GW self-energy,
its excitonic version contains four interaction terms be-
tween the electrons and holes constituting two interacting
excitons. Note that Coulomb interaction between the electron
and hole within the same exciton is already included in the

(A31)
1)
- 5[)3,[)4 6k3 +qo.ky 6](2,](3563,64 5a2,h3 5(1’2‘1':4 } (A32)
a.e” h.a.a b ’ ki—q.n"
- kayl,i(,l.(+q,kl—qK(1’ 1 ) ) _>
P, —4q2.€
LNyl e [P A33
- Z P kk+q.p1—q (1,1 ) (A33)
K\ —qy.h

|
free inverse exciton Green function (A17). However, as
discussed in Ref. [34], the RPA self-energy does not describe
effects due to the exchange of fermions between two excitons.
In the following subsection, we again follow Ref. [34] to
derive such fermionic corrections to the GW self-energy.

3. Exchange corrections to the GW self-energy

Instead of eliminating the three-particle Green function r
by means of functional derivatives from the EOM of the
exciton Green function (A14), we derive an EOM for r itself
using an alternative decoupling mechanism. To this end, we
make use of the free inverse exciton Green function (A17):
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dt r(1,2,k,q,a,a’, t1) K3 (2,1
Lan > HKG2.1)

ko.py.hy.ep

0
- / dZZ Z F(1,2,k, q’a’a/’zf)nﬂsnzﬂ/lé(& _t/l){ihat5k2-k/15l’2-l’/15h2,h/562,6' —Ho(z’ 1/) - Vext(zv 1/7£2)}' (A34)
¢ k;.ps.hy.er 2

Since K acts to the left, we have to apply the adjoint operators in each term. The time derivative

~ih (11K 4, ) = =0 0ty 1) (1) (1), (1), (1), ()L ()
1 1

+6c(1). 1 )«elT/ (4 )h/T (4 )ak<tl>a ktq (1) P, (1y)e p1(£1)»} (A35)

is evaluated along the same lines as for the two-particle Green function (A13). Note that, in Eq. (A35), the time derivative is
acting on creation instead of annihilation operators. Multiplying Eq. (A34) with K(1’, 3) from the right, integrating over the
superindex 1’, and using the relation

é dty Y Kg'(1.2)Ko(2. 1) = 118y, 8(ty = 14)5k, k1 Op, 1t S B (A36)

ko.p2.hy.e;

we arrive at the following explicit expression for r:

r(1,3,k,q,a,a’,t1+)=/cdt’1 Z
kf

ro(l,1’,k,q,a,a',tl+)K0(1',3)—|—/dt’l Z
lyp’]’h/’e’ C k/

1~P/1 .h’,e’ Kk’ q/ a// a"

IIUaI/ /// / "
X E Sh/Sa//V/+q k’k+q k/S(l 1 kq,aa tl’k q,a a tl)

I K\ +q'.n"

XZse/s Ve wane s(1,1. k. q.a.d . 1,. K. q.a".a". 1)) }Ko(l’,3). (A37)

pi+d .k k'+q'.p|

)

P +qe
Here, r results from the time derivative of the theta functions in Eq. (A35), for which we find
ro(1, 1.k, q,a,d, 1) = n18, . 8(ty — 1) ([ag (1))@ xq (1) P, (1) e, (1), € P, (fl)hlT ()

= M 811 = 1) { k(1) g (1) (1. 1))

+ 5p’l,k+q66’,a' <<alT( (Zl)h’Ll (t1) I, (h)@p, (1)) + 5k’l,k+q5h’,u’ «6/;1 (£1)a£(£1)hk, (Zl)epl (11)»}-
(A38)

The three-particle Green function couples to four-particle Green functions of the type
s(1,1"k.q.a.d'. 1.k .q".d".a".1) :—«ak(t )d'icq (D, (11)ey, (11)e'), () (1)a" o (L F)a" o g (D)) (A39)

The expression (A37) is inserted in the EOM for the two-particle Green function (A20), which yields

[ Y K 12K = nib, ot = )R+ [dn 3 MO2K(T) (ad0)

k;.py.hy.er K3.pa.hs.es

with
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no_ 2 : 2 : h.a.d' h / [
M<1’1 ) - { Sashvk].k.k+q,k]—q (ro(lvl 7k7q7aya,!1 ) B
k.q.a,a h ki—q.h
k,—q.h
h// a” a”/ h/ "
+ E {E sh,sa,/Vk,+q WK, k,s(l 1"k,q,a.d.t;,kK'.q.d" d" 1)) o
K'.q.a"a" I ki+q'.h
e// tl” am e " kl_qj’
+ E Sesa Vi g k,k/+q,p,s(1 I'k,q,a,d.t;,K'.q.d" d" 1)) .
¢ p +q',e
ead e / !t
+ E 5S¢V kkrap—q <r0(1,1 k.q.a,d, 1)
e Pi1—q.e
P1—q.e
1// a” " h/ "
+ g {E Sh’s”Vk'+qk’k’+qk'5(1 I k,q,a.d.t;,kK'.q.ad" d" 1))
k/ q/ // /// h// k/] +q/,h//

! a no
+ E se/sa//Vf) fq”k,i,ﬂ p,s(l 1 k,q,a,d,t;,K.,q,d" d" 1))
/!

pPi—q.e

(A41)

1o

pitqe

)

Equation (A40) is not a full Dyson equation, since only the free exciton Green function K,(2, 1") appears on the rhs. It rather
represents the first skeleton diagram of an expansion of the full exciton Green function with respect to M. As discussed in
Ref. [34], it is meaningful to interpret M as a self-energy and upgrade K(2, 1') to K(2, 1’). Indeed, it turns out that the four-
particle Green functions can be factorized into two-particle Green functions such that the GW self-energy obtained from
functional derivatives is reproduced. For example, the first four-particle term in Eq. (A41) can be rewritten as

ki —q.h
Ve % vt (1 1. k "t KL dld . a" ﬂ) 1=q
Sasa" k kk"qul q kll+ql'kl,k/+q',k/ls ) ) 7q, a,d , I, ’q’a ,d L1 / -
k q a, a/ k/ q/ a” a/// }—l h,, k]+q .h
ha,a' h W.a'a" K
in Z ZZS”S“”Vkl,k,kﬂ,kl—qV g K K+ K
kqaa’k/ q.d"a" no
NSRS 7, /7 " "t "
x a(if)a k+q(£1)hkl—‘l(£1)6p1 (#1)e"y (LR L ()a" o (£7)a" g (1) D1

1

~

>

a,a h// a// " hl
E E :S § ”Vk kk+qk1 qvk’l+q K k'+q K|

lhkqaa’k’q

! /I a"

h

'

n

X Qag (17 )i (1)@ (1)1

3

kqaa’k’q

o Vh/r a’, a/// n

h.a.d h
Z Z Vkl,k,k+q,k| -q
7 h//

! // a”

xihL(k'+q',—q',a",d".t,,k +q.—q.a,d’,t,)ihK(1,1")

~
~

. h,a,d h
ih E Vk, k.k+q.k —q

k.q.q.a.a hh"

- nlénl,n’lé(tl - tll)6k’|,k+q6q,—q’6h”,a5h’~a’)K<la 1,)

In the fourth line, we use the definition (A26) of the
density-density expectation value. In the fifth line, we
replaced the latter by the inverse dielectric function
according to Eq. (A25), neglecting the term quadratic in
the carrier density. The first term in the fifth line reproduces
the hole-hole interaction term in the GW self-energy (A33),
while the second cancels the corresponding instantaneous

()7 <7lk1—q<l1>

it
W

(1) (1) (4Dt

k/ +q K’ k’+q k/

Ki—q.h

K\ +q'.n"

(e7' (K, —q,h", I, I'T Kk +q,q,a,d,1))

k,—q.h
' (A42)
k/l +quh//

[

(Fock-like) contribution. We, therefore, note that the four-
particle terms in M(1, 1) contain the retarded part of the
excitonic GW self-energy, while any instantaneous Hartree-
and Fock-type interaction are described by the r, terms.
Unlike in Ref. [34], we keep the retarded part of the GW
self-energy as it is and focus on instantaneous correction
terms contained in .
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We evaluate the r terms in Eq. (A41) with Eq. (A38) by replacing the general band summation over a and a’ by electron
and hole bands and bringing all terms to normal order. Neglecting all expectation values with four electron or hole operators,

respectively, the resulting instantaneous exciton self-energy is given by

MP(1, 1) = my 8, 6(t) — t’l)(Mé,U)(l, 1) + M@ (1, 1) + MPO) (1, 1) + MOA(1, 1,)) (Ad3)
with
MP(1,1) = zk:{ z Vﬁ’f/l;’,/ll:/;i]_k/Pk/l Sp, 1, e (N, ()R iy, (1))
R
= D VA ks B e (€ )€ ke (1))
=
_ }%;/V;’f;;’.}ﬁil—p; Ok .k, O (h" "y (1))
Ve e L)€ i ) (Add)
e"e"

M (1, 1) = —Z{ SOV o P (A i (1)) = SOVEGM Sy i (€ (1) e, (1))

k

N khk.kll ’k+k]_k/l 1"

B e

eh" W e i e e i "

—ZV 'lék,k’]+p’l—p1«h k() e, (1)) + Vplwk‘p/lﬁkq_pl_p'ﬁkl,k’l5h,h’<<e k(21)€" ki, —p; (1)) ¢
e

pi.k.K}.p
//,e”/

h/l
(A45)

MOOI(1, 1) = Z{ S VI (1) (1) e, (1) g (1))

q h”,hw

_ %/Vﬁf;ﬂﬂ,«l,kl_q«h’:{/] (zl)e”;,] _q(t)ep, ()" (1))
_ }%/Vf{ﬁ;’f:;;fl ,p,_q«h”"',l_q (zl)e’;l (t1)e" p—q(t1) I, (1))
+ V;’le./l;”,e/—’fl/,;o’. Pi—q «h/T’, (1 )‘3//;; _q(t1)€"p (1) Iy, (1)) } ; (A46)
=
and
M¥@(1,1) = _Z{ Z Vﬁ’]’i’{i;ﬁ;_q.ka <<h”-lzll_q(£1)e,:;,1 (t)ep, ()R, —q(1))
q W
— Y VS e (1)L (1) s (1R (1))
ke e "
Ve B K (1) (1€, (1) (1))
K e
(A47)

2 Vot -am (g (1) 5 g ()€ g (1), (1)) }
e e

1"
B

The terms M%) and M%), being proportional to electron and hole occupancies, correspond to the single-particle Hartree
and Fock self-energies, respectively. As discussed in detail in Ref. [34], the single-particle occupancies can be

approximately projected to the phase space of excitons using the relations
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exciton, while no higher-order complexes such as biexci-
tons contribute beyond a pure factorization in pairs of
excitons. This is an assumption that becomes more accu-
rate for lower densities. It is consistent with a treatment
of renormalization effects by means of a Dyson-type
equation for the exciton Green function with a self-energy
formulated solely in terms of excitons [upgraded Eq. (A40)].
The Dyson-type equation establishes a self-consistency
within the exciton gas but does not introduce any higher-
order complexes.

hhwm ephihvey.  epe'ym ephihge'y. (A43)
e k.h

A similar projection technique has also been used in
Refs. [18,72]. The resulting four-particle expectation val-
ues, along with the corresponding terms in M%) and
M?®®) | can be interpreted as exciton Green functions
evaluated on the time diagonal according to

inK(1,1')]

= (i)

il

;’1 (£)ep, (1) i, (1))
(A49)

b
4. Real-time self-energy in the exciton representation

We now switch to an exciton representation of the

We note that the above projection in phase space assumes ;o000 self-energy by introducing

that any photoexcited electron or hole is part of a bound

|
G(DI’QI’ZI’U/]’Q/pZ/]): Z (I):],Q

ky.p; .k pl.ehe

, (6, Pi1, h’ k])K(l, 1/)(I)u’| Q] (6/, pll’ h/’ k/l) (ASO)

with exciton wave functions as solutions to the Bethe-Salpeter equation that corresponds to the effective exciton

Hamiltonian (A18):

e,h e’
(e + ) Pugle.p i k) = Y Vikhiqp g,
q.h' e

(el’p _qvh/vk +q) = Eu,Qq)y,Q(e’ p’h7k) (ASI)

The quantum number of the relative electron-hole motion is denoted by v, while the total exciton momentum is Q = k + p.
Exciton energies are denoted by E, . Since the wave functions form a basis of the electron-hole-pair Hilbert space, the
exciton representation can be inverted:

K(l,ll) — Z CI)VlsQl<e’p1’h’kl)G(vl’Ql’zl’l/l’Qll’z/l)®1t’l,Q’l(e,7p,17h,’k/1)‘ (A52)
I./],l/,] ’Q]'Q,l
We obtain the exciton Hartree self-energy from Eq. (A44) and the first and fourth terms in Eq. (A45) as
E (yvalvtlvylv pl]):ihnlénln Z VgD(ZJ/I/ZQD]Q’IG(I/Z’QZ?ZI’I//Z’Q/QaZI) (A53)

1,.05,.Q,.Q)
with the effective exciton-exciton interaction matrix elements

\7V1:V2.V3,V4

Q1.Q:.0=Q;-Q;
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hy k' hy
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h/

_Q(el,h/,kl -

£7(X)v1 23,0

(D).v1.va.v3.04
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(A54)
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Note that we make use of the momentum conservation
relation p = Q — k implied in the exciton wave functions
to eliminate electron momenta. Terms number 1, 3, 4, and 6
stem from the single-particle Hartree term and correspond
to the semiclassical dipolar Coulomb interaction between
excitons [27], which is described by V() We find two
repulsive and two attractive contributions caused by the
opposite charge of electrons and holes. Terms number 2
and 5, however, are nonclassical terms due to the fermionic
nature of the exciton constituents: These fermionic

|

Z(ylanvtl9y]s ]7 )

ihn,, 6(t — 1))

correction terms describe the exchange of either an electron
or a hole between two excitons leading to an attractive
interaction proportional to V). Notably, besides the sign
the only difference between “direct” and “exchange” terms
inside the effective matrix element is the swap of two states
in the elementary Coulomb matrix element.

In a similar way, an exciton Fock self-energy is obtained
from Eq. (A46) as well as the first and fourth terms
in Eq. (A47):

U1y s
Z VQ] Q) Q’
12.05,Q,,Q)

(V27Q2»£1’UIQ’Q/27£1)' (ASS)

The exciton Fock self-energy can be interpreted as resulting from the bosonic exchange of two excitons, with only two
states in the effective matrix element swapped with respect to the exciton Hartree term. As the latter, the Fock term contains

fermionic exchange terms.

The remaining four terms of the instantaneous self-energy, which are the second and third terms in Egs. (A45) and (A47),
respectively, can be grouped together similar to the exciton Hartree and Fock self-energies:

B (v, Q. 1. 14, Q1)) = ihny8, 6t = 1) Y (v
l/zJ/z’QzQ/z

We introduce new effective matrix elements

i7PB.ui vy sy

Q.Q:.Q;.Qs

7PB vy, vo 3,04

Q,.Q,.0=Q,-Q,

*
q)m,Ql (61, hl’ kl)
ki .ky.hy 061,65

_ hl,eﬁ’ez’hz
X {q)w,QﬁQ(eZ’ ha, k2)ZVk1,Q2+Q—k1,Q2+Q—kz.kzq)

he'

A h' ey ,es,h
yheneh
Q)Zh” k;—-Q.Q,—k
e,

+®,, 0,-q(e2, iy, Ky —

The self-energy contribution (AS56) appears on the same
level as the Hartree-Fock energy renormalizations, is propor-
tional to electron-hole interaction matrix elements, and has
the positive sign of a repulsive interaction. It is, therefore,
plausible to attribute the self-energy to Pauli blocking caused
by phase-space filling from the fermionic constituents. In a
Bethe-Salpeter or Wannier equation for the exciton, phase-
space filling appears as a prefactor similar to Eq. (A15) of the
electron-hole term, thereby reducing the exciton binding
energy [42]. Expanding the densitylike terms in the phase-
space filling factor according to Eq. (A48) and adding the
corresponding bosonic exchange term, =B can be derived.
We note that, unlike the fermionic exchange corrections in

|

e Ky + Q. G, ar.dh, 1. K +q.q,a,d, 1)) =

PBylv oV

1
0.0.0.0 T V0,000,

~PB,v, 1/2 1/1 RZ)

)G Qo1 1. Qs 1), (ASO)

v-glerh ki = Q)cDjz o, (¢ bk — Q)

b0 a(E K@ (@ Ky = @) (A7)

H and XF, PP cannot simply be obtained by swapping two
states in a Coulomb matrix element. Both the fermionic
correction terms and the Pauli-blocking terms are beyond the
RPA self-energy derived in the previous subsection via
functional derivative technique.

We now bring the retarded part of the exciton GW self-
energy to a form similar to the above exciton Hartree and
Fock self-energies. Starting from Eq. (A42), we derive an
expression that contains the fully screened Coulomb
interaction W. Based on the arrangement of operators in
the definition (A25), the elements of the dielectric matrix
can be identified as

! _ a’
Wie lWwigle™ (rr b ) WO Wi 1q,)

(t2:11)0q 4,0k x, +

—l,ay,d ,a ”2
~ &k, ktqkky+q,

(AS8)
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in analogy to Coulomb matrix elements. The first Kronecker delta takes momentum conservation into account, while the
second is an additional approximation. Expanding the dielectric and Coulomb matrix elements in terms of Wannier
functions and making use of the completeness of Bloch states, we find

kl—q.ft
S v g€ (K —d W T K+ q.q.a.d 1)K (1 T)
kvq,qﬁ,awa' f_l,h” k/1 +q/.h”
. haa h _1 h”a’ah’ , kl_qj'
= lhz Z Vi, K k! K —q €K —q kK —q K, (f7,0)K(1, 1)
q.a,d" hh' K\ —q.n"
h// kl_qjl
O CH W)W 1)l gl KL 1)
q hh” a, (l k’l—q.h”
. . h, h W + kl—q]z
- mZZwk, e k—qu (T DKL 1) (A59)
q ;l,h” k’l—q.h”
with the fully screened Coulomb matrix
W (L1) = g (1)WY, (A60)
14

Analogous calculations are carried out for the three remaining four-particle terms in Eq. (A41). Then, we arrive at the
exciton GW self-energy:

SV (0, Qi 4, QLK) = ih Y Wy arer o, (6 1)G (2, Qa1 8, Q. 1) (A61)
12,05,Q2,Q)

with the effective matrix element

Wodate 0 )= 3 @ g ek, 0 qle o ks)
ki .ky,hy,0,.e,eo

) {Zq):sz(é’hz’kz)(Zwajziz’%rkth ~Q.0u-kor@ (L1 1) Py, 0,—q(¢'. 1y, Ky )
e e/
hy W
=D Warkko® k-t 1)@y, o, qler 1 ky — Q)>
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« T hhy W b
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Iey.e' hy
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In summary, we obtain a Dyson-type equation for the exciton Green function by upgrading Eq. (A40):

Adzz S KL ) =, nlné(tl—t/l)F(l,l’)—l—Ldgz S MIL2KRV).  (AG3)

ky.pa.hy.en K3.pa.hs.es

The exciton self-energy M (1, 2) contains Hartree- and Fock-type contributions including fermionic corrections and a Pauli-
blocking term as well as an RPA-type correlation term stemming from the factorization of four-particle Green functions.
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Consistent with the derivation of the RPA vertex function in Egs. (A31) and (A32), we drop the densitylike terms in F(1, 1").
Then, using the Bethe-Salpeter equation (A51), Dyson’s equation can be expressed in the exciton representation:

.0
/ dbz { (lhg - E”val>5”1wV25Q1~Q2n15"1a"25(t1 - t2)
¢ 280} !
=20, Q1. 11,12, Qo 1) = ZF (11, Q1 11,12, Q2. 1) = ZPB (11, Q4 1y, 10, Qz,lz)}G(Vza Q. 5,14, Q). 1))
= nlénl,n’lé(tl - t/l )51/1,1/1 6leQ/]

+/cd£2§:(ZGW(I/]’lellvl/ZﬁQZaZZ)_EGWﬁ(Ul’Qlal]vyzyQZaIZ))G(y21QZ?ZQ!UIPQ/I?ZII)' (A64)
v2.Qa

Here, 9" denotes the instantaneous part of the exciton-GW self-energy emerging from the factorization of four-particle
Green functions according to Eq. (A42). As described in Refs. [34,40,73], we transform Dyson’s equation to physical times
by unfolding the Keldysh contour ( [, dt, = >on J=, dt,), dropping the external potential and using the Langreth-Wilkins
theorems. In close analogy to single-particle Green functions, we introduce greater and lesser Green functions

(U19letlil/1’ /vtll):Gnl:_’n;:+(yvalstlvl/p /9t/1)7

g>
9=(11,.Qq, 1,1, Q), 1)) = G”l:**”/l:_(yl,Ql,tl,u’l, 1) (A65)

and retarded Green functions

701, Q1. 1.V, ’1,1’1):9(11—t’l)(g>(1/],Ql,tl,1/1, 1) = g5 (11, Qu 1. /,zg)). (AG6)

Retarded self-energies additionally contain an instantaneous contribution:

(v, Quu 11,4, Q) 1)) = (v, Q. 1y, 1, /l’t/l)+€(tl_t/l)(z>(l/l’Ql’tlﬁl/]’ 1) =251, QL 1,1, /’t/l))‘

(A67)
In the following, we assume that Green functions and self-energies are diagonal in the exciton representation. Equal-time
Green functions, which appear in the instantaneous self-energy, correspond to g= functions, consistent with the replacement

(A49). We further assume that the exciton gas is in a quasiequilibrium state, where ¢= is a time-independent distribution
function. We again discard Pauli-blocking nonlinearities by describing excitons as ideal bosons, which implies

. < Eu], ]—//t -1
ihg=(11,Q1) =N} o, = {@(p(%) - 1] (A68)

with the temperature T and the exciton chemical potential ux. The exciton density is given by ny = (1/.A) ZD_Q NZ%Q.
According to the bosonic commutator rules, it is

ihg”(v1. Q) = 1+ ihg=(v1. Q). (A69)

In the quasiequilibrium case, evaluating i#(0/dt;)g™ (v, Qy, t;) with Eqs. (A66) and (A64), an algebraic equation for the
retarded exciton Green function can be derived in the frequency domain:

(ha)— E, o — ZH(VNQI) - ZF(’/th) —ZPB(Vlle) —ZMW’ret(’/l’Ql,w))grel(l/lanvCU) =1 (A70)

The retarded Green function describes the spectral properties of the dense exciton gas. Many-body interaction effects are
taken into account via the self-energy £(w) = ZH + ZF + $PB  sMWret(4)) ' which acts as a frequency-dependent operator.
We introduce a Montroll-Ward self-energy ZMW-™!() for excitons, which contains only the retarded part of the GW self-
energy (A61). Assuming that excitons can be described as quasiparticles with a renormalized energy Eul,Ql and a
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broadening I'), o,, the exciton Montroll-Ward self-energy can be derived along the same lines as in the single-particle

case [8,73]:

= > .UV, N _ X = <ULy f
QQ)WQI.,Q’I,QI.Q; (@) NJ o Wa,0.0.Q (@)

© do/ (1 + Ny
PV, Q) =iy [ e
oo 2T

The plasmon propagators W>/<(w) are given by the
effective fully screened matrix elements (A62), which
are linear combinations of Coulomb matrix elements W
in the Bloch basis. Using the unitary transformation to
Wannier orbitals as shown in Eq. (A59), the exciton
Montroll-Ward self-energy can be expressed in terms of
plasmon propagators in the Wannier basis. The latter fulfill
the Kubo-Martin-Schwinger relation [73]

W>

af.q (Cl)) = ehw/kBTW;ﬂ,q(w)’

(A72)
which in combination with 2ilmW¢g (@) = Wiy (@) —

Wjﬁ’q (w) allows one to directly relate the propagators to the

retarded Coulomb interaction:

.0 ) : (A7)
hw — El/l Q, + lrl/l Q hw

|

with the Bose distribution function ng(w). The retarded
fully screened Coulomb matrix is obtained using the
inverse dielectric matrix for photoexcited carriers according
to Eq. (A60):

T —1ret,«,
Wiig(@) = &g ™ @)V (A74)
v
The dielectric matrix itself is given by
&g (@) = 8ap = D VTG (@) (AT5)
v

and is discussed in the following subsection.
The instantaneous part of the self-energy is derived from
Egs. (AS3), (A55), and (A56) using the approximation for

W;ﬂ.q(a)) =1 —I—nB(a))]ZiImWff/}’q(w), the equal-time (lesser) Green functions (A68) and the
- . et splitting of effective matrix elements (A54) into direct
Wap.q(@) = np(@)2imWi (@) (A73) and exchange parts:
|

(), Q) = ngé?f&thNﬁ Q= Oy, Q) + TN (11, Qy), (A76a)

Q)

~ D s s /’ /’

SO, Q) = D Vo oraie NS o (A76b)

Q)

= (X)W
WL Q) = =) Vo gane N ar- (A76c)
41.Q)

(1, Q) = - ng(lj?,](;',Q/lNﬁ Q, = zF(0) (11.Q1) + ZhX) (11,Qu), (A77a)

R

-~ D 5 s /‘ B !

TOLQ) = D Vo arare NS a (A77b)

Q)

-~ X s R /’ R /
ZF'(X) (Vl’ Ql) - - Vé).l)(;}] 8:(1;’]/1 Nl)/('l Q) (A77C)
11.Q)
PB . ~PB.v.V .V, v ~PB,v, V| v,V X

T0,Q) = ) (VQI.Q’I,(]YI,]Ql + VQI,Q;.él,le>Nuq,Q;’ (AT78)

/ /
v1.Q)

Because of the Coulomb singularity at long wavelength [Q = 0 in Eq. (A54)], the Hartree interaction requires a separate
treatment in the Wannier representation. For a charge-neutral system, the macroscopic (leading) term drops out, and only
microscopic contributions to Hartree interaction remain. Following the procedure in Ref. [74], we calculate Hartree-type
matrix elements by setting the macroscopic eigenvalue of the Coulomb matrix to zero before transforming the matrix

031025-20



EXCITON-EXCITON INTERACTIONS IN VAN DER WAALS ...

PHYS. REV. X 14, 031025 (2024)

element to the Wannier representation. This means that the
dipole-dipole interaction is not screened by the dielectric
environment but only by the polarizability of the bilayer
itself. This observation is consistent with the model
developed in Ref. [18].

The quasiparticle approximation for exciton Green func-
tions implies that the exciton self-energy X(v1,Q,,m)=
(1, Q1) + X (11, Q) +ZPP (1, Q1) + EMV (11, Q ) )
has to be evaluated self-consistently:

EU]*Q] = E”]’Ql + RCZ(UI, Ql’El’lsQl/h)’

[, = —ImE(,. Q). E, g, /h) + T (A79)

Since the instantaneous part of the self-energy is real valued,
quasiparticle broadening induced by exciton-exciton inter-
action stems only from the Montroll-Ward self-energy. We
additionally introduce a phenomenological broadening I,
that takes into account scattering of excitons with phonons
and defects. We choose I'y = 5 meV independent of the
temperature.

Finally, we note that a static limit can be applied to the
self-energy similar to the single-particle case [75], which
results in a screened-exchange-Coulomb-hole (SXCH)
self-energy for excitons:

zF(D) (Ul,Ql) + ZMw'ret(Vl, Qi ~,,] Q]/h) ~ ZSXCH(”l’Ql)

~y11/ 2,

v, ~u1vv1yl - _
Wo,0.010,(@ = 0N o +3 Z( Wo, 0010, (@ =0) =V,

1.Q)

From the structure of the exciton Montroll-Ward self-
energy, it follows that (static) screening due to photo-
excited carriers is applied to the bosonic exchange
interaction described by the exciton Fock self-energy.
However, the fermionic correction terms to the Fock self-
energy are not screened. Also, the exciton Hartree and
Pauli-blocking contributions remain unscreened. Besides
screening of excitonic exchange, a Coulomb hole self-
energy arises and leads to a redshift of energies.
Throughout this work, we take into account the full
frequency dependence of screening, which is discussed in
detail in the following.

ek +4q.q.a.d 1.k, + Q3. Q. a5, 05, 1)
= nlénl n25(t 15) 6 k76qq25a a25 ' d,

Z ay,d)

K OV’

(kz +qp.q. 1)

~ (D),l/ll/l al/l’l‘/l) . (A80)

Q:.Q,.Q:.Q)

5. Excitonic screening in RPA

Consistent with the inverse dielectric function (A25), the
dielectric function itself is given by
€(k + q,q,a, a/v Zl’ k2 + q2,q2, ay, alzv £2)
- 5Vé‘,;‘f (k+4q.9.7))
5V:r2f z(kz + Q. Q2. 1)

(A81)

with the relation between V., and V; given in Eq. (A23).
Using the definition of the particle-density operator (A9),
we obtain

{szifkf b6 -a(t)) = VIR ) o))

hh
(A82)

Consistent with the derivation of Hartree-type self-energy terms, we proceed by expanding the single-particle densities in
terms of exciton densities according to Eq. (A48) and interpreting the resulting four-particle expectation values as exciton
Green functions. This means that Eq. (A82) contains functional derivatives of the exciton Green function with respect to the
effective potential, which we have identified before as the polarization function; see Eq. (A28). Thus, the dielectric function
has the well-known form & = 1 — VII with an excitonic polarization function I1. The polarization function is calculated in
RPA by inserting the deltalike vertex function (A32):

e
G342 + €. €2, 02,05, ) ¥ { Y KB ay ko by ki 1)K (ah Ky + @,y ki 1, 4)
P

- ZK(:)’, e, P1.ax, Ky, 1))K(ey. p1.ay. Ky + ‘l2»4)}- (A83)

Pi.¢;
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Since we consider only two-particle Green functions K that describe electron-hole pairs, the band index a, has to be an
electron index in the first line and a hole index in the second line in Eq. (A83), respectively. We now evaluate Eq. (A82)
using the RPA polarization function, introducing the exciton representation (A52) and assuming that Green functions are
diagonal in the exciton basis, which results in

8(k + q.q,a, a/7£11 k2 + q2,q2, ay, a/z’ IZ)
= 110y, 0,0(t1 = 12)0k k,0q,q,%a.0,0'. @, — ih Z G(v1,Q1. 11,11, Q1, )G (12, Qs 1,15, Qa. 1)
v1,12,Q1,Qs
uee a
XZ{ > Vi qkg
k/ e’el7h//.k//

X (Zcbl/]-Ql (e/, k' — q, ]’l”, k”)q);-k/le (e”l, kz, hl’ kl)q)l/z;Qz (e””, k2 + q», h’l? kl)sz‘Qz(e, kl, h”, k”)éaz,e”’éa’z,e””
hy kg

- zq)y] Ql 6 k' — q, l’l” k”) 11.Q, (el ,P1s h///, k2>q)l/2,Q2(el ,P1s h////7 k2 -+ qZ)q)jz-Qz (6, k/, l’l”, k”)éuz,ll"'éu/z.h/”’>

erspi
h,h/, /
Z Vﬁ k’,kfl—q,k-&-q
h! e// p
X <Z¢I/] .Q (e//a p/,s h/, k/ - q)q): .Q ( //,9 k2’ hl ) kl)(bllz,Qz(e//”’ k2 + q2’ hl ) kl )ézz,Qz(eﬂv p/la hs k/)éaz,eﬂlaa/z,elw
hi X,
- Z®”1’Ql (e", p”, h,, k' — q)q)il,Q1 (el, P hm, k2)¢DZ,Q2<€1, P h"”, k2 + qZ)q)zz,Qz(e”’ p", h,, k/)5a2.h///5a;7h////) }
e,pP1
(A84)
Similar to the inverse dielectric matrix (A58), the dielectric matrix elements are identified as
ek +4q.q.a.d.1).ky + 2. 4. a2, 05, 1)) ® gﬁizqukz k+q(tl . 13)84.9,0k k,
= Z ak ﬁk2+q2) 8—%(% t2) Cpk,Ca k+q5q qz5k ky» (A85)

assuming again diagonality in the k index. We can now expand the Coulomb matrix elements in terms of Wannier
functions and make use of the completeness of Bloch states to derive the dielectric matrix in the Wannier
representation:

a/i a,d.a,.a / %
e2q(t1. 1) Z CakcﬁkJrqgk k+qkk+q(tl’t2)(c/)’k) (Chx+q)
a,d ay.,d,
. s F P
=118y, 0t = )0ap—ih Y F(u.Qp.11.12.Qa. 1) VA% (1).15.Q1.Q;)  (AS86)
v1,2,Q1,.Q2 )
with
F(v1,Q1,1,11,Q0, 1) = G(’/lvle[lv’/lvleIZ)G(Z/Z’QbZZvVZ’QZ’IT)' (A87)

Using the momentum conservation implied by the exciton wave functions, the matrix elements of I can be explicitly
calculated as

ﬁiﬁq(yl s Up, Q] ) Q2) = 5Q2,Q|+qulﬁu2,Ql (_q) (Mfl 12,Q1 (_q))* (A88)

031025-22



EXCITON-EXCITON INTERACTIONS IN VAN DER WAALS ...

PHYS. REV. X 14, 031025 (2024)

with the wave function overlap

5
Ml’ls’-’Z-Q] Zq)l’l Ql e h, k
k.e.h

{ZC(SQ k- q(CzSQ, k) Py, 0,-q(€ 1K) Zcﬁk —q C(Sk uZQl—q(e’h/’k_Q)} :

(A89)

Finally, we calculate the retarded dielectric matrix by transforming the Keldysh dielectric matrix (A86) to physical
times as discussed in the previous chapter. Assuming stationary exciton distribution functions, one can show that

NX  — NX

inF(v,,Q,,v5,Q,, @) = v2Q; 1-Q . A90
1.Q1.12. Q. ) Evo —E o +ho+iy (A90)

With this, we arrive at the final result [see Eq. (A75)]:
e (@) = 8o — Zvaﬁnrel xa (A91)

with the polarization matrix
NX - NX
;" (w) = PR o0, (M, o, (a))" (A92)
! v1.1,Qy E’/2~Q1—q - EVval + ho + iy e e

We, thus, derive a microscopic dielectric function that
describes excitonic screening in RPA corresponding to the
bubble-type polaripzation shown in Fig. 5. Our result is a
generalization of the bound-state dielectric function
derived by Ropke and Der [76], which has also been
used in Ref. [8]. In fact, the Ropke-Der dielectric function
can be considered a macroscopic limit of our result. We
emphasize that a microscopic treatment of screening
encoded in the matrix form of &5 (w) is essential to
capture local-field effects arising due to the layered
structure of the crystal unit cell. The interplay of interlayer
and intralayer interactions in the TMD bilayer is, thereby,
naturally taken into account. For numerical calculations,

(A[l v1,v2,Q (q>)*

v2, Q1 —

FIG. 5.
Hgﬂ (w) inserted between two Coulomb interaction lines in
Wannier representation. The interaction vertices depicted in gray
correspond to the wave function overlaps defined in Eq. (A89).

Feynman diagram for the excitonic RPA polarization

we use a phenomenological damping y = min(10 meV,
hw) in Eq. (A92) to ensure the correct analytic behavior in
the static limit @ — 0.

6. Numerical details for the exciton Dyson equation

The exciton energy renormalizations (2) are evaluated
self-consistently with the self-energy (3) based on exciton
eigenstates from the Bethe-Salpeter equation (BSE) (1). We
use a Brillouin zone sampling with 48 x 48 x 1 k points,
limiting the Brillouin zone to the regions with radius 2.3
around the K and K’ points. The two highest valence and
two lowest conduction bands are considered. For every total
exciton momentum Q, 48 exciton eigenstates from the BSE
are taken into account. Thus, for the given sampling of the
Brillouin zone, an energy range between the lowest bound
state at about —150 meV and about 100 meV above the
continuum edge is covered. This is particularly important to
converge the excitonic polarization function that determines
the dynamical excitonic screening. Even at elevated densities
up to 10'2 cm™2, only a small fraction of these states is
occupied. The larger fraction of unoccupied states is then
needed to properly describe the excitonic polarization. The
frequency integration in the Montroll-Ward self-energy
(A71) extends from —500 to 500 meV using a sampling
with 80w points. We have checked that exciton energy
renormalizations are converged to within 1 meV.
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FIG. 6. Exciton energy renormalizations induced by exciton-exciton interaction. (a) Cumulative density-dependent renormalization of
the zero-momentum ‘“gray” 1s-exciton (spin-triplet) energy at a temperature 7 = 100 K, subsequently adding dipole-dipole interaction
(dip-dip), fermionic exchange interaction and phase-space filling (4 ferm X + PSF), bosonic exchange interaction (4 bos X), and
screened bosonic exchange (+ screen). The latter represents the result of the full calculation. (b) Calculated temperature and density
dependence of energy renormalization for the zero-momentum 1s-exciton triplet. The result for 7 = 5 K is obtained from extrapolating

the high-temperature data.

7. Numerical results for spin-triplet excitons

To complement the numerical results for spin-singlet
excitons shown in Fig. 2, we provide data for spin-triplet
excitons in Fig. 6. The larger population of triplet states
leads to an increase of fermionic and bosonic exchange
effects among exciton triplets. As a result, the interaction
between exciton triplets is slightly less repulsive than
between singlets.

APPENDIX B: EXPERIMENTAL DETAILS

1. Estimation of electron-hole pair density

The injected electron-hole pair density is estimated using
the following equation:

Pa

= Bl
frep”rzEph ( )

Nep

with P the laser power (ranging from 250 nW to 25 pW),
a = 0.11 absorption, fy., = 80 MHz laser repetition rate,
Ey, = 1.63 eV photon energy (resonant with the MoSe,
A:ls state), and r = (0.7 £ 0.1) pm radius of the focused
laser spot (according to our previous work [20]). The
absorption value is estimated from transfer matrix analysis
of reflectance measurements on the heterobilayer; see
Fig. 7. For estimating the peak density, the radius is chosen
as r = FWHM/(2v/1n2) so that the effective density is
equal to the maximum density of the spot center,
ney X mr2 = Ni. It is assumed that the majority of the
created excitons form interlayer excitons due to the ultrafast
charge transfer.

2. Time-dependent energy shifts at higher temperature

A streak camera image acquired at 70 K is presented in
Fig. 8(a). It is taken in the spectral region of neutral
interlayer triplets, demonstrating the time-dependent
change of the emission peak. As the time after the

Meas
— Fit

RC deriv
(arb. u.)

Wse, 110

B
[*]
—_ (=
g oL =
a 2
= c
< @
s
2
IXs
0
| 1 | 1 | 1 | 1 |
1.40 1.50 1.60 1.70 1.80
Energy (eV)
FIG. 7. (Upper) Reflectance contrast derivative of MoSe,/

WSe, heterobilayer and respective fit from transfer matrix analysis.
The extracted parametrized dielectric function is used to obtain the
effective absorption spectrum (lower). Spectrum of the pump laser
(A =761 nm) in red, overlapping with the absorption peak of the
MoSe, A:1s state. Adapted from Ref. [20].
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FIG. 8.

Time-dependent energy shift of neutral interlayer triplets at 70 K. (a) Streak camera image of the spectrally and time-resolved PL

at a peak density of 10'2 cm™2. The spectra are normalized at each time step, and the color scale is logarithmic. Corresponding PL transient
is presented in the right. (b) Extracted PL spectra at different times after the excitation following the decrease of the PL signal proportional
to the exciton density. Included are Gaussian fits, and the dashed line indicates the peak energy immediately after the excitation.

excitation increases, the exciton density and the strength of
the PL signal decreases, as illustrated by the transient. For
the analysis, we estimate the initial exciton density from the
pump fluence and absorption and set the changes of this
density proportional to the decrease of the PL signal.
Spectra taken at different times are shown in Fig. 8(b)
including Gaussian fits to extract peak energies. The data
demonstrates the time- and thus density-dependent shift of
the emission to lower energies with a weak reversal
observable at later times toward higher energies.
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