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Given a unitary evolutionU on a multipartite quantum system and an ensemble of initial states, how well
canU be simulated by local operations and classical communication (LOCC) on that ensemble? We answer
this question by establishing a general, efficiently computable upper bound on the maximal LOCC
simulation fidelity—what we call an “LOCC inequality.” We then apply our findings to the fundamental
setting where U implements a quantum Newtonian Hamiltonian over a gravitationally interacting system.
Violation of our LOCC inequality can rule out the LOCCness of the underlying evolution, thereby
establishing the nonclassicality of the gravitational dynamics, which can no longer be explained by a local
classical field. As a prominent application of this scheme we study systems of quantum harmonic
oscillators initialized in coherent states following a normal distribution and interacting via Newtonian
gravity, and discuss a possible physical implementation with torsion pendula. One of our main technical
contributions is the analytical calculation of the above LOCC inequality for this family of systems. As
opposed to existing tests based on the detection of gravitationally mediated entanglement, our proposal
works with coherent states alone, and thus it does not require the generation of largely delocalized states of
motion nor the detection of entanglement, which is never created at any point in the process.

DOI: 10.1103/PhysRevX.14.021022 Subject Areas: Gravitation, Quantum Information

I. INTRODUCTION

The weakest force of nature, gravity, is also the cruellest.
The desire to understand its elusive character has often
stirred the very roots of science, breeding so many of the
greatest achievements of human thought; at the same time,
the extreme weakness of the gravitational interaction,
compared to all of the other forces, has placed us in the
bitter situation of not, yet, being able to investigate its
ultimate nature. The question of whether gravity is funda-
mentally a classical or a quantum field, or perhaps an entity
of an altogether different type, remains so far unanswered.
While probing phenomena where the quantum degrees of

freedom of gravity could directly be tested remains prohibi-
tive with current or near-term technologies, determining

whether spacetime could exist in a superposition of distinct
classical configurations is a substantially easier, if still
challenging, endeavor. A first proposal in that direction
was put forth by Feynman [1], who presented a Gedanken
experiment in which a mass capable of generating a gravi-
tational field is placed in a superposition of different spatial
locations; such a mass could induce—via the gravitational
interaction—a superposition in a second test mass, and the
physical existence of such quantum coherences (mediated by
gravity) can be tested, at least in principle.
In quantum as well as postquantum theories, correlated

superpositions naturally lead to the notion of entangle-
ment [2]. Therefore, further developing the above idea
leads to the natural prediction that no classical gravitational
field can entangle two quantum mechanical systems [3–5].
Recently, proposals seeking to detect gravitationally gen-
erated entanglement [3,6–15] have prompted a discussion
of the conclusions that could be drawn from these experi-
ments regarding the quantum nature of gravity [16–24].
The concept underlying these proposals is the creation of
coherently delocalized quantum states of two masses, in
such a way that different branches of the wave function of
one mass have different distances to those of the other
mass. As a result of the gravitational interaction, evolution
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in time will assign diverging phases to those components,
effectively entangling the two systems. Such entanglement
can then be detected experimentally in various ways. For an
introduction to these topics, we refer the reader to the recent
review [25].
It is worth noting that besides the impossibility of

entanglement generation, a classical gravity would be
subjected to several other constraints that may also have
observable consequences. For example, the continuous
measurement to which a quantum source should be sub-
jected by hand of a classical gravity should produce a
decoherence effect [3,26–31]. Other proposed experiments
seek to exploit the spatial superposition of source masses
[6,7,32–34], or aim to detect the possible non-Gaussian
signatures of a genuine quantum theory of gravity [35].
For the sake of this discussion, let us focus our attention on

the gravitational entanglement proposals. In layman’s terms,
the main idea underlying these proposals is to “challenge”
gravity to create an entangled state between separated
systems, starting from a situation where no entanglement
is present. If the gravitational interaction—assumed to be
local—were to be mediated by a classical field, the time
evolution operator it could induce on the system would
necessarily [3,4,8,28,29,36] be representable as a sequence
of local operations assisted by classical communication
(LOCC) [37]. This is sometimes known as the LOCC
theorem. Since LOCCoperations cannot turn an unentangled
state into an entangled one [38,39], the above task is
impossible to accomplish for a classical gravity. To generate
that entanglement, instead, gravity will have to resort to its
quantum nature, assuming it has one, and by doing so it will
reveal it to us. Note that here we have implicitly assumed a
very specific meaning for the term classical gravity, namely,
any gravitational interaction between quantum objects that
can be effectively described by LOCC operations. This, in
turn, also sets themeaningof the termquantumgravity as any
gravitational interaction that cannot be described by LOCC
operations. This delineation, which is a matter of choice,
establishes the nomenclature we will adhere to for the
remainder of this article.
The main issue with the experimental implementation of

the above proposals is that placing in a coherently delocal-
ized quantum state masses that are sufficiently large to
generate an appreciable gravitational field has proved to
be a formidable task. To get an idea of the challenges
associated with these proposals, consider that the heaviest
mass for which spatial superposition, in the form of matter-
wave interference, has been observed is a large molecule of
mass ∼4 × 10−23 kg [40]. By contrast, the smallest source
mass whose gravitational field has been measured is just
below 100 mg [41].

A. The idea

As we have seen, the gravitational entanglement pro-
posal rests on the LOCC theorem. However, it does not

exploit its full power: On the contrary, the only conse-
quence drawn from the theorem is that no entanglement can
be generated by a classical gravitational field when the
system is initially prepared in some unentangled state. Even
if applied to all unentangled inputs—which is often not
considered—this amounts, in quantum information par-
lance, to the statement that LOCC operations are non-
entangling. However, one key insight from the theory of
entanglement manipulation is that the set of nonentangling
operations is much larger than that of LOCCs [37,42].
For an extreme example of this difference, consider
the swap operator, acting on a bipartite system AB as
FABjψiAjϕiB ¼ jϕiAjψiB: This operation cannot generate
any entanglement when acting on an unentangled state, yet
it is highly non-LOCC—indeed, it involves the perfect
exchange of quantum information between the two parties,
which cannot be accomplished with a classical communi-
cation channel [43]. In other words, there is no way for two
separate parties Alice and Bob who do not have access to a
quantum communication channel—e.g., an optical fiber—
to successfully exchange two unknown quantum states
jψiA and jϕiB.
What the above discussion teaches us is that there are so

many more constraints that a quantum evolution should
obey, besides the mere absence of entanglement generation,
in order for it to be a genuine LOCC. As a result, the
failure to observe entanglement generation does not imply
the classicality of the gravitational interaction, in the same
way as observing an entirely entanglement-free swap
jψiAjϕiB ↦ jϕiAjψiB should not lead us to conclude that
the underlying process is purely classical—on the contrary,
there must be some exchange of quantum information
going on between A and B. The fundamental general
question we will tackle here is, how do we decide whether
a particular set of observations of a process is incompatible
with an LOCC dynamics?
In a nutshell, our main contribution is to answer the

above question by figuring out some of the constraints that
every LOCC model should obey. We dub these constraints
LOCC inequalities, because the role they play here is
somewhat similar to the role of Bell inequalities in the
theory of quantum nonlocality [44]: As the violation of a
Bell inequality certifies that the underlying process, whose
inner workings we ignore, is unequivocally nonlocal, in the
same way the violation of one of our LOCC inequalities
certifies that the unknown evolution undergone by the
system cannot be LOCC; i.e., it cannot be explained by
introducing a mediator which is a local classical field. We
then proceed to show how these LOCC inequalities can be
applied to rule out the LOCCness of a time evolution
associated with a gravitational Hamiltonian, even when no
entanglement whatsoever is generated at any point in time
during the process.
Another way to look at our conceptual step forward is

that while analyzing gravitationally interacting quantum
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systems we do not look only at the preparation of a single
output state. Rather, we consider an ensemble of possible
input states and their resulting output. In this way, we can
better characterize the channel that describes the full
dynamics under gravity after a set time. This is a substantial
conceptual improvement, because quantum channels, mod-
eling the result of the time evolution to which open
quantum systems are subjected, are more general and thus
harder to simulate than states. It is also a practically relevant
improvement, because, as we have seen with the swap
example above, there are several dynamical processes that
never involve any entanglement but are still impossible to
reproduce by classical means. Resorting to these dynamical
tests has the potential to bypass the many problems
related with entanglement generation and maintenance in
realistic experimental environments, while retaining the
capability of testing the quantum nature of the gravitational
interaction.
To understand how this is possible at all, let us start by

looking at a simple toy model. Imagine two identical
quantum harmonic oscillators with masses m and frequen-
cies ω, oscillating along the same straight line, and whose
centers are separated by a distance d. The local Hamiltonian
takes the form H1 þH2 ¼

P
2
i¼1½12mω2x2i þ ðp2

i =2mÞ�. At
this point, we would like to include the gravitational
interaction into the picture. If gravity is to be quantized,
general arguments [25] suggest that this can be done, in the
low-energy limit, by simply adding the Newtonian potential
to the local Hamiltonian and treating the resulting expression

H1 þH2 þHG ¼
X2
i¼1

�
1

2
mω2x2i þ

p2
i

2m

�
−

Gm2

jd − x1 þ x2j
;

ð1Þ

where the gravitational constant is given by G ¼ 6.6743×
10−11 m3 kg−1 s−2, as a quantum Hamiltonian acting on the
bipartite system [25]. For a fully consistent derivation of this
claim,we refer the reader toRef. [17]. If the positionvariance
of each oscillator is much smaller than d, we can perform a
Taylor expansion of HG. Furthermore, although this is not
strictly necessary, we can also assume that the gravitational
interaction ismuchweaker than the local harmonic potential,
i.e., ðGm=d3ω2Þ ≪ 1; in this situation, we can safely make
the rotating-wave approximation aswell. This yields the total
effective Hamiltonian [25]:

Heff ¼
X2
i¼1

�
1

2
mω2x2i þ

p2
i

2m

�
þGm2

d3

�
x1x2 þ

p1p2

ðmωÞ2
�
:

ð2Þ

Let us assume that the two-oscillator system starts off in the
product coherent state jαi⊗ jβi, where α; β∈C [45]. After
some time t, it will have evolved to the state

e−ðit=ℏÞHeff ðjαi⊗ jβiÞ ¼ jeiωt½cosðγtÞα− isinðγtÞβ�i
⊗ jeiωt½cosðγtÞβ− i sinðγtÞα�i; ð3Þ

where γ ¼ ðGm=d3ωÞ. Note that this is a product state, i.e., it
contains no entanglement; the same can be said of the initial
state. However, there exists no ðα; βÞ-independent LOCC
protocol implementing the transformation jαi⊗ jβi →
e−ðit=ℏÞHeff ðjαi⊗ jβiÞ for all α, β [46]. To see why this must
be the case, consider a time t0 such that γt0 ¼ π=2. Then

e−ðit0=ℏÞHeff ðjαi⊗ jβiÞ ¼ j−ieiωt0βi⊗ j−ieiωt0αi: ð4Þ

Up to an immaterial local phase −ieiωt0 , we have effectively
swapped the two systems. As we discussed above, this is not
possible by means of local operations and classical commu-
nication alone, without the assistance of some quantum
communication channel andwithout knowing the values ofα
and β. Therefore, if we could ascertain that the quantum
systems evolve as in Eq. (3) for arbitrary coherent state
inputs, we could immediately rule out the classicality of the
gravitational field.
Although we take this qualitative observation as the

starting point of our discussion, more work is needed to
turn it into quantitative—and testable—predictions. Indeed,
in any realistic scenario uncontrolled sources of noise will
always alter the ideal time evolution Eq. (3). What we can
observe, at best, is some approximate version of Eq. (3),
and our intuition tells us that if the approximation is
sufficiently good, the impossibility of implementing the
dynamics via LOCC should nevertheless hold. And indeed,
this intuition can be rigorously validated by employing our
LOCC inequalities.
Although motivated by the quest for detection of the

quantum nature of gravity, the scope of our analysis is
actually broader. In fact, the scheme we present here is
general enough to be applicable to any interaction whose
quantum nature we wish to certify. Our main conceptual
contribution in answering this question is that we do away
with any assumption on what particular LOCC operation
the unknown interaction may implement. When applied to
gravity, this is especially crucial: indeed, on the one hand, it
is perfectly conceivable that the nature of the gravitational
field is classical instead of quantum [47], while on the other
hand, there is currently no consensus as to what a classical
theory of the gravitational field interacting with quantum
sources should look like. Proposals that are more or less
ambitious range from collapse models [28,48–52] to fully
fledged theories [53–55]. Because of all these theoretical
alternatives, our treatment should and will encompass any
possible LOCC implemented on a multipartite quantum
system. In this conceptually comprehensive setting, the
above question becomes technically challenging, because
the set of LOCCs is well known to be exceedingly difficult
to characterize mathematically [37].
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B. Summary of results

Our first contribution is to identify a relevant quantum
information theoretic task, simulation of a unitary dynam-
ics on an ensemble of states via LOCCs, and to define a
quantitative figure of merit for it, the LOCC (or classical)
simulation fidelity, that in principle can be measured
experimentally. This is described in abstract terms in
Sec. III A, while in Sec. III B we explore how this scheme
could be applied to design a very general class of experi-
ments to determine the quantum nature of gravity.
Our first main theoretical contribution is Theorem 7 in

Sec. III C, where we state our most general LOCC inequal-
ity. This takes the form of an upper bound on the maximal
fidelity that an LOCC channel can achieve when attempting
to simulate a given global unitary U on a multipartite
quantum system initially prepared in an unknown pure
state taken from an ensemble fpα;ψαgα. By applying it, we
can benchmark the aforementioned experiments; that is, we
can determine quantitatively the threshold above which a
successful detection of the quantum nature of gravity can
be claimed (under our assumptions). To prove Theorem 7
we employ mathematical tools taken from quantum infor-
mation science, mainly the min-entropy formalism, the
Choi-Jamiołkowski isomorphism, the theory of LOCC
operations, and the positive partial transpose (PPT)
entanglement criterion. As a consequence, our approach
actually yields upper bounds on the simulation fidelity
achievable with PPT-preserving operations, which are a
strictly larger and more powerful class than LOCC
operations.
In Sec. IV we describe a particular family of thought

experiments involving gravitationally interacting quantum
harmonic oscillators, initially prepared in random coherent
states. A detailed exposition can be found in Sec. IVA.
Applying the general results of Theorem 7 to this setting is
itself technically challenging, and the associated calcula-
tion constitutes one of our main mathematical contribu-
tions. In Sec. IV B we solve this problem by means of
Theorems 10 and 11; a simplified expression is obtained by
looking at experiments taking place on small enough
timescales (Theorem 12). In Sec. IV C we look at some
concrete examples, while in Sec. IV D we consider possible
implementations of our proposal with torsion pendula,
touching upon some of the associated experimental chal-
lenges. Finally, in Sec. V we summarize our work, com-
paring our proposal with some existing ones and discussing
relative strengths and weaknesses.
The technical proofs of Theorems 10–12 are presented in

Appendixes D–F. We strive to achieve a high level of
mathematical rigor, which is in itself one of our foremost
conceptual contributions. For example, most of our approx-
imations come with rigorous quantitative estimates. As a
by-product of our approach, we show how one can rederive
and in fact extend previous results on the theory of quantum
benchmarks for teleportation [45,56–60]. This is detailed in

Appendix A. Besides being more general, our proofs have
the advantage of being more transparent and shorter.
Let us summarize the organization of the paper as follows.

In Sec. II, we introduce our notation: quantum states and
channels, continuous-variable systems and Gaussian oper-
ations, entanglement theory, and conditional min-entropy. In
Sec. III A, we define the task of unitary simulation via
LOCCs. We describe how this could be applied to detecting
the quantum nature of gravity in Sec. III B. A general LOCC
inequality is derived in Sec. III C. In Sec. IVA, we describe
a particular family of experiments with gravitationally
interacting harmonic oscillators.Applying the general results
of Theorem 7 to this setting results in Theorems 10–12
in Sec. IV B. Proofs of these results can be found in
Appendixes D–F. Some examples are examined in
Sec. IV C, while experimental considerations and compar-
isons with prior proposals are deferred to Sec. IVD. Finally,
Sec. IV E is devoted to a more detailed assessment of a
possible setup based on torsion pendula. A thorough dis-
cussion of the implications of our findings is presented in
Sec. VA. Therewe also compare our proposal with previous
proposals, highlighting the main conceptual differences and
the practical consequences these entail.

II. NOTATION

This section contains a description of the (rather stan-
dard) notation to be used throughout the paper.
A generic quantum system is mathematically described

by a complex Hilbert space H, not necessarily finite
dimensional. A prominent role in the theory is played
by two spaces [61] of operators acting onH: that of all trace
class operators, T ðHÞ, equipped with the trace norm

kXk1 ≔ Tr
ffiffiffiffiffiffiffiffiffi
X†X

p
; ð5Þ

and that of all bounded operators, BðHÞ, equipped with the
operator norm

kXk∞ ≔ sup
jψi∈H;kjψik¼1

kXjψik: ð6Þ

For example, physical states are represented by density
operators, i.e., positive semidefinite trace class operators
with trace one. The simplest such states are pure states, of
the form ψ ¼ jψihψ j for some jψi∈H with unit norm
kjψik ¼ 1. The resemblance between two states ρ and σ of
the same quantum system can be quantified via the
Uhlmann fidelity, or simply the fidelity, defined by [62]

Fðρ; σÞ ≔ k ffiffiffi
ρ

p ffiffiffi
σ

p k21: ð7Þ
Importantly, if one of the two states is pure, then Eq. (7)
reduces to the overlap; i.e.,

Fðρ;ψÞ ¼ hψ jρjψi: ð8Þ
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A generic quantum measurement is represented by a
normalized positive operator-valued measure (POVM)
([63], Definition 11.29). In our case, we will mostly care
about the case of binary measurements, modeled by pairs of
bounded operators ðE0; E1Þ on H satisfying Ei ≥ 0 for all
i ¼ 0, 1 and E0 þ E1 ¼ 1. This measurement carried out
on the state ρ yields as outcome i∈ f0; 1g with probability

PðijρÞ ¼ Tr ρEi: ð9Þ
Consider now two generic quantum systems A, A0 with

Hilbert spacesHA;HA0 . A quantum channelΛ from A to A0,
denoted Λ∶A → A0, is a physically implementable trans-
formation between states of A and states of A0 [64]. It can be
represented mathematically by a linear map Λ∶T ðHAÞ →
T ðHA0 Þ that is in addition completely positive [65] and
trace preserving.

A. Continuous-variable systems

An n-mode continuous-variable system has Hilbert
space Hn ≔ L2ðRnÞ. Arranging the dimensionless canoni-
cal operators x̄j; p̄k in a vector

r̄ ≔ ðx̄1; p̄1;…; x̄n; p̄nÞ⊺; ð10Þ

which we will call the modewise decomposition, the
canonical commutation relations take the form

½r̄; r̄⊺� ¼ iΩ1Hn
; Ω ≔

�
0 1

−1 0

�⊕n

; ð11Þ

where Ω is referred to as the standard symplectic form.
Sometimes it is useful to construct also the annihilation
and creation operators, defined by aj ≔ ðx̄j þ ip̄jÞ=

ffiffiffi
2

p

and a†j ≔ ðx̄j − ip̄jÞ=
ffiffiffi
2

p
, respectively, whose commutation

relations can be written as ½aj; ak� ¼ 0 and ½aj; a†k� ¼ δj;k.
Acting repeatedly with creation operators on the vacuum

state j0i, defined via ajj0i ¼ 0 for all j, yields the Fock
states. Considering for the moment only the single-mode
case n ¼ 1, these are indexed by k∈N and are given by
jki ≔ ðk!Þ−1=2ða†Þkj0i. Other notable states are the coher-
ent states, parametrized by a complex number α∈C and
given by

jαi ≔ e−jαj2=2
X∞
k¼0

αkffiffiffiffi
k!

p jki: ð12Þ

These states form an overcomplete set, in the sense thatR ðd2α=πÞjαihαj ¼ 1 ([63], Exercise 12.6). Multimode
coherent states are simply product states of single-mode
coherent states, i.e.,

jαi ≔ jα1i⊗ � � �⊗ jαni; ð13Þ
where α ¼ ðα1;…; αnÞ⊺ ∈Cn.

Again in the multimode case of arbitrary n, the dis-
placement (unitary) operator associated with a real vector
δ∈R2n is defined by

Dδ ≔ e−iδ
⊺Ωr: ð14Þ

When acting on the vacuum state, displacement operators
yield coherent states. More precisely, we have that

Dδj0i ¼ jαδi; ð15Þ

where αδ ¼ ð1= ffiffiffi
2

p ÞðδX þ iδPÞ, δX ≔ ðδ1; δ3;…; δ2n−1Þ⊺,
and δP ≔ ðδ2; δ4;…; δ2nÞ⊺.
A 2n × 2n real matrix S is called symplectic if it pre-

serves the quadratic form Ω, i.e., if SΩS⊺ ¼ Ω. Symplectic
matrices form a group, called the symplectic group. To any
symplectic matrix S we can associate a unique unitary
operator US on the Hilbert space Hn, called the Gaussian
unitary corresponding to S, such that

U†
SrUS ¼ Sr; ð16Þ

where the vector of operators on the right-hand side is
intended to have components ðSrÞj ¼

P
k Sjkrk. From

Eq. (16) it is not difficult to verify that displacement
operators transform according to the rule USDδU

†
S ¼

DSδ under the action of Gaussian unitaries.
Crucially, the group of Gaussian unitaries is generated by

the evolutions induced by quadratic Hamiltonians. Here, a
Hamiltonian is called quadratic if it is of the form Hq ¼
1
2
r⊺Qr for some 2n × 2n real symmetric matrix Q, and the

associated evolution is the unitary operator e−iHq (without
loss of generality, we incorporated the time in the
Hamiltonian.). It turns out that

e−ði=2Þr⊺Qr ¼ US; S ¼ eΩQ: ð17Þ

Also, the correspondence S ↦ US is a group isomorphism
between symplectic matrices and Gaussian unitaries.
A special subgroup within the symplectic group is formed

by orthogonal symplectic matrices K, which in addition
to KΩK⊺ ¼ Ω also satisfy the orthogonality condition
KK⊺ ¼ 1. A remarkable property of the corresponding
Gaussian unitaries, also called in this case “passive uni-
taries,” is that they send coherent states to coherent states.
Specifically, if K is orthogonal symplectic, then

UKjαi ¼ jKαi ∀ α∈C: ð18Þ

Williamson’s theorem states that any real positive
definite 2n × 2n matrix W > 0 can be brought into the
normal form

S−1WS−⊺ ¼ ⨁
n

j¼1

�
νj 0

0 νj

�
ð19Þ
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via symplectic congruence. Here, S−⊺ denotes the inverse
transpose of S, and the numbers νj > 0 are called the
symplectic eigenvalues of W. Since these depend only on
W, we will often denote them by νjðWÞ. Using the fact that
S−⊺Ω ¼ ΩS for every symplectic S, it is not difficult to
show that they can be computed as

spðWΩÞ ¼ f�iν1ðWÞ;…;�iνnðWÞg; ð20Þ
where spðXÞ is the spectrumofX. For a givenW > 0with the
aboveWilliamson’s decomposition and an arbitrary δ∈R2n,
we can define the corresponding Gaussian operator by

G1½W;δ�≔DδUS

�
⨂
n

j¼1

X∞
k¼0

2

νjþ1

�
νj−1

νjþ1

�
k
jkihkjj

�
U†

SD
†
δ;

ð21Þ

where jkij is the kth Fock state on the jth mode. It turns out
that the right-hand side of Eq. (21) does not depend on the
particular choice of Williamson’s decomposition for W, but
only on W and δ themselves. Indeed, W and δ can be
recovered from G1½W; δ� via the formulas

δ ¼ Tr ½G1W; δr�; W ¼ Tr ½G1W; δfr; r⊺g� − δδ⊺; ð22Þ
with fX; Yg ≔ XY þ YX denoting the anticommutator.
Note that Tr G1½W; δ� ¼ 1; moreover, G1½W; δ� ≥ 0 if and
only if νj ≥ 1 for all j ¼ 1;…; n, which in turn happens if
and only ifW þ iΩ ≥ 0. When this is the case, G1½W; δ� is in
fact a density operator, and is called aGaussian state.Wewill
refer to W as its covariance matrix and to δ as its mean (or
displacement) vector. AGaussian state is called centered if its
mean vanishes. Using Eq. (16), it is not difficult to verify that
for all Gaussian unitaries US it holds that

USG1½W; δ�U†
S ¼ G1½SWS⊺; Sδ�: ð23Þ

Another formula that we will find useful is that for the
maximal eigenvalue of a Gaussian operator, which, inciden-
tally, coincides with its operator norm [Eq. (6)]. Indeed, one
sees from Eq. (21) that

λmaxðG1½W; δ�Þ ¼ kG1½W; δ�k∞ ¼
Yn
j¼1

2

νjðWÞ þ 1
: ð24Þ

See also Ref. [66, Eq. (346)], for a related statement. To
deduce Eq. (24) from Eq. (21), it suffices to observe that the
spectrum is invariant under unitary action, so that

spðG1½W; δ�Þ ¼ sp

�
⨂
n

j¼1

X∞
k¼0

2

νj þ 1

�
νj − 1

νj þ 1

�
k
jkihkjj

�

¼
�Yn

j¼1

2

νj þ 1

�
νj − 1

νj þ 1

�
kj
∶ k1;…; kn ∈N

�
;

ð25Þ

where we used the shorthand νj ¼ νjðWÞ. Now, due to the
fact that jðν − 1Þ=ðνþ 1Þj ≤ 1 for all ν ≥ 0, it is clear that the
maximum eigenvalue of G1½W; δ� coincides with the eigen-
value ofmaximummodulus, and hence alsowith the operator
norm of G1½W; δ�—which, being self-adjoint, is such that
kG1½W; δ�k∞ ¼ maxλ∈ spðG1½W;δ�Þjλj. To calculate the right-
hand side, it suffices to set k1 ¼ … ¼ kn ¼ 0 in Eq. (25),
which yields precisely Eq. (24).

B. Separable states

Assume that the quantum system of interest A is
multipartite, which we will write A ¼ A1…An; concretely,
this means that HA admits the tensor product structure
HA ¼ HA1

⊗ � � �⊗HAn
. Then we can identify a special

class of states on A called the (fully) separable states; a state
ρA is separable—or, more pedantically, separable with
respect to the partition A1∶ A2∶ � � � ∶An—if it admits the
decomposition

ρA ¼
Z

dμðψA1
;…;ψAn

Þ ψA1
⊗ � � �⊗ ψAn

ð26Þ

for some Borel probability measure μ on the product of the
sets of local (normalized) pure states.
It is often of interest to determine whether a given state is

separable or not. To address this issue, quantum informa-
tion scientists have developed a number of criteria that
may help to reach a decision efficiently for certain states.
The positive partial transposition criterion for either
finite-dimensional [39,67,68] or continuous-variable sys-
tems [45,69–71] is the most important for the scope of
this work.
To describe it we first need to introduce the notion of

partial transposition. Given a multipartite quantum system
A ¼ A1…An and some J ⊆ ½n� ≔ f1;…; ng, the partial
transposition is a map ΓJ∶ HSðHAÞ → HSðHAÞ on the
space of Hilbert–Schmidt operators on HA whose action
ΓJðXÞ ¼ XΓJ is defined by�

⨂
j∈ J

XAj
⊗⨂

k∉J
XAk

�
ΓJ ≔ ⨂

j∈ J
X⊺
Aj
⊗⨂

k∉J
XAk

ð27Þ

on product operators, and extended by linearity and
continuity to the whole HSðHAÞ. It is easy to see that
ΓJ is an involution, i.e., ðXΓJÞΓJ ¼ X, and that moreover it
is an isometry on the Hilbert spaceHSðHAÞ equipped with
the Hilbert-Schmidt scalar product, in formula

Tr½XY� ¼ Tr½XΓJYΓJ � ∀ X; Y: ð28Þ
In practice, for us this will mean that when one takes the
partial transpose of a trace class operator (e.g., a state), one
is guaranteed to end up with a Hilbert-Schmidt and thus
bounded operator, but not with a trace class operator.
In Eq. (27), the transposition ⊺ is taken with respect to

fixed orthonormal bases of the local spaces HAi
, for
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i ¼ 1;…; n; although the definition of ΓJ does depend on
it, this choice of bases turns out to be immaterial in
applications. We will therefore assume that an orthonormal
basis has been chosen on eachHAi

, but we will not specify
it unless it is necessary for computations. The PPT criterion
is then easily stated as follows.
Lemma 1 (PPT criterion [67]). Every separable state ρA

on A ¼ A1…An satisfies that ρΓJ
A ≥ 0 for all J ⊆ ½n�.

The proof of this fact leverages Eq. (26) together with the
observation that the transposition acts as complex con-
jugation on pure states, i.e., ψ⊺ ¼ ψ�.
Remark 2. Clearly, the above criterion yields a nontrivial

condition only when 1 ≤ jJj ≤ n − 1, i.e., when J is neither
empty nor the full set [n]. Moreover, the conditions ρΓJ

A ≥ 0

and ρΓJc

A ≥ 0, where Jc ¼ ½n�nJ is the complementary set to
J within [n], are equivalent. Therefore, in Lemma 1 we can
assume without loss of generality that 1 ≤ jJj ≤ bn=2c.
When A ¼ A1…An is an n-mode continuous-variable

system, a natural choice for a local orthonormal basis is the
Fock basis. Since with respect to this basis x⊺ ¼ x and
p⊺ ¼ −p, the corresponding partial transposition can be
interpreted as a “partial time reversal.” It will be of interest
for us to be able to compute the partial transpose of any
n-mode Gaussian operator. Using Eq. (22) and the above
observation, it is not difficult to see that

G1½W; δ�ΓJ ¼ G1½ΣJWΣJ;ΣJδ�;

ΣJ ≔ 1AJc
⊕ ⨁

j∈ J

�
1

−1

�
: ð29Þ

C. LOCC channels

In this paper we aim to study dynamical processes
involving the gravitational interaction. Therefore, we need
to translate the above theory from the state to the channel
setting. A channel A → A0 is a linear, completely positive,
and trace preserving map that takes as input trace class
operators acting on the Hilbert space of A and outputs
operators acting on the Hilbert space of A0. If both
A ¼ A1…An and A0 ¼ A0

1…A0
n are multipartite, then cer-

tain channels A → A0 can be realized by means of local
(quantum) operations on each of the parties 1;…; n assisted
by classical communication among those parties (LOCC)
[37]. The set of such channels will be denoted by LOCC, or
LOCCðA → A0Þ if there is need to specify the input and
output systems.
In some sense, LOCC channels generalize separable

states. Therefore, it is not surprising that Lemma 1 can be
extended to provide a necessary criterion for a channel to be
LOCC. To do this, we need a systematic way to connect
states and channels; this can be done thanks to the Choi-
Jamiołkowski isomorphism [65,72]. We will now describe
it briefly assuming for simplicity that the input system A
has finite dimension d ≔ dimHA ¼Qn

i¼1 dimHAi
.

Given a channel Λ∶A → A0, let us consider a copy
A00 ≃ A of the system A, and let us construct the maximally
entangled state on AA00 as

jΦAA00
d i ≔ 1ffiffiffi

d
p
Xd
l¼1

jliAjliA00 : ð30Þ

Up to an irrelevant normalization factor, the Choi-
Jamiołkowski operator associated with Λ is defined by

DAA0
Λ ≔ dðIA ⊗ ΛA00→A0 ÞðΦAA00

d Þ: ð31Þ

Now, the following generalizes Lemma 1 to the channel
setting.
Lemma 3 (Refs. [37,73]). Let A ¼ A1…An and A0 ¼

A0
1…A0

n be multipartite systems, and let Λ∶A → A0 be an
LOCC. Then the Choi-Jamiołkowski operatorDAA0

Λ defined
by Eq. (31) is separable with respect to the partition
A1A0

1∶ � � � ∶AnA0
n, and, in particular

ðDAA0
Λ ÞΓJ ≥ 0 ∀ J ⊆ ½n�; ð32Þ

where the partial transposition ΓJ is over all systems Aj; A0
j,

for j∈ J.
As explained in Remark 2, also here we can assume

without loss of generality that 1 ≤ jJj ≤ bn=2c.

D. Conditional min-entropy

We now introduce and discuss two quantities known as
max-relative entropy and conditional min-entropy.
Definition 4 (Ref. [74]). Let X, Y be bounded self-adjoint

operators, not necessarily positive semidefinite. Their max-
relative entropy is given by DmaxðXkYÞ ≔ logdmaxðXkYÞ,
where

dmaxðXkYÞ ≔ inf fλ > 0∶ X ≤ λYg; ð33Þ

with the convention that log 0 ¼ −∞ and log inf∅ ¼ þ∞.
A simple yet useful observation is the following: If X and

Y > 0 are such that Y−1=2XY−1=2 is a bounded operator,
then

dmaxðXkYÞ ¼ λmaxðY−1=2XY−1=2Þ; ð34Þ

where λmaxðZÞ denotes the maximal eigenvalue of Z.
Definition 5 (Ref. [75], Definition 6.2). Let LAB be a

(not necessarily positive semidefinite) bounded operator
on a bipartite quantum system AB. Define its conditional
min-entropy as

HminðAjBÞL ≔ −inf
ξB
f−DmaxðLABk1A ⊗ ξBÞg

¼ − log inf
ξB

dmaxðLABk1A ⊗ ξBÞ; ð35Þ
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where the optimization runs over all normalized quantum
states ξB on B, and once again we convene that − log 0 ¼
þ∞ and − log inf∅ ¼ −∞.
The conditional min-entropy of an arbitrary operator

cannot in general be represented in closed form. However,
the optimization in Eq. (35) is a semidefinite program; as
such, for finite-dimensional systems it can be solved
efficiently, i.e., in time polynomial in the dimension [76].

III. GENERAL DYNAMICAL EXPERIMENTS
TO TEST THE QUANTUM NATURE

OF AN INTERACTION

A. Unitary simulation via LOCCs

The quantum information-theoretic task that underpins
our proposal for detecting the quantum nature of an
interaction is that of simulation of a unitary by means of
LOCCs. We can define it in rigorous terms by using the
language of quantum hypothesis testing. For a general
introduction to this subject, we refer the reader to the
excellent textbooks by Hayashi (Ref. [77], Chap. 3) and
Tomamichel (Ref. [75], Sec. VII. 1). Let A ¼ A1…An and
A0 ¼ A0

1…A0
n be two n-partite quantum systems. To define

the task, we need two ingredients. The first is a source that
outputs random pure states of A drawn from the ensemble

E ¼ fpα;ψαgα; ð36Þ
where ψα ¼ jψαihψαj, and pα is the probability for it to be
drawn. This means that the source produces the state ψα

with probability pα. The index α could be discrete or
continuous, in which case p will become a probability
measure over some measure space. The second ingredient
is an isometry

U∶ HA → HA0 ; ð37Þ
that connects A with A0. Both E and U are publicly known.
At the beginning of each round, a pure state is drawn

from E and then handed over to an agent G, who knows the
ensemble but not its particular realization. G takes one of
the following two actions on the system.

(NH) Null hypothesis: G applies U.
(AH) Alternative hypothesis: G attempts to simulate
U by implementing a suitably chosen LOCC chan-
nel Λ∈LOCCðA → A0Þ.

These two options are depicted in Fig. 1.
After G has carried out one of these two actions, the

output system A0 is sent to a verifier V, who knows α but not
the strategy adopted by G. The goal of V is to decide
between the null hypothesis, corresponding to the pure
quantum state ψ 0

α ≔ UψαU†, and the alternative hypoth-
esis, corresponding to a possibly mixed state ΛðψαÞ.
Remember that V knows ψα and U, and hence ψ 0

α, but
not Λ. In attempting to decide between (NH) and (AH), V
can make one of two distinct errors.

(1) the type-1 error consists in guessing (AH) while
(NH) holds;

(2) conversely, the type-2 error consists in guessing
(NH) while (AH) is true.

These two errors are not necessarily equally consequential,
an observation on which the study of asymmetric hypoth-
esis testing is founded [78–82]. In our setting, the goal of G
is to maximize the probability that V incurs a type-2 error,
that is to say, the probability that G’s attempt to simulate
U via LOCCs goes undetected.
In our case, we are particularly interested in a simple test

that V can carry out. While this is not necessarily optimal in
the most general sense, we will see that in many important

(a)

(b)

FIG. 1. (a) Quantum systems A1;…; An, initially prepared in a
random pure state fpα;ψαgα, evolve with a coherent global
isometry U. (b) The same systems undergo an evolution modeled
by an LOCC. In both cases, at the end the value of α is revealed,
and the system is subjected to the binary measurement
ðψ 0

α; 1 − ψ 0
αÞ, where jψ 0

αi ≔ Ujψαi.
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cases it is experimentally realizable with conceivable
technology. Knowing both ψα and U, and thus being able
to calculate ψ 0

α, V can carry out the quantum measurement
represented by the POVM ðψ 0

α; 1 − ψ 0
αÞ on the unknown

state. If the outcome corresponding to ψ 0
α is obtained, V

guesses (NH), otherwise (AH). In this way, assuming that
the measurement is ideal the probability of a type-1 error is

P1 ¼
X
α

pαTr½ψ 0
αð1 − ψ 0

αÞ� ¼ 0; ð38Þ

while the corresponding type-2 error probability evaluates to

P2 ¼
X
α

pαTr½ΛðψαÞψ 0
α�: ð39Þ

Knowing thatV will carry out the above test,G now attempts
to maximize P2. We call the maximal value of P2 that is
obtainable by G the LOCC simulation fidelity (or the
classical simulation fidelity) of the isometry U on the
ensemble E. It is given by

FclðE; UÞ ≔ sup
Λ∈LOCCðA→A0Þ

X
α

pαTr½ΛðψαÞψ 0
α�: ð40Þ

As the name suggests, this is nothing but the maximal
average fidelity [cf. Eqs. (7) and (8)] between the target state
ψ 0
α and its simulation ΛðψαÞ. The external optimization in

Eq. (40) corresponds toG choosing thebest possible strategy,
i.e., the LOCC that minimizes the average probability of the
simulation being detected, among those allowed. Since G
does not know α, the selected LOCC should work well
simultaneously for most of the α’s.
An elementary yet helpful observation is the following.

Since local unitaries, i.e., unitaries of the form VA ¼ ⊗j VAj

and V 0
A0 ¼ ⊗j V 0

A0
j
, are by construction LOCCs, and the

set of LOCCs is closed by composition, the simulation
fidelity cannot change by preprocessing or postprocessing
via local unitaries. Thus, we present the following lemma.
Lemma 6. Let U∶ HA → HA0 be an isometry, and let

VA ¼ ⊗j VAj
, V 0

A0 ¼ ⊗j V 0
A0

j
be a pair of local unitaries. For

every ensemble E ¼ fpα;ψαgα of states on A, it holds that

FclðE; V 0
A0UVAÞ ¼ FclðE; UÞ: ð41Þ

In Sec. III below, we will apply the above scheme to the
case where A1;…; An are massive quantum systems and U
is a unitary involving some local terms and an interaction of
purely gravitational nature. The LOCC simulation ofU will
then correspond to the dynamics induced by a classical—
and local—gravitational field. However, it is worth
remarking once again that the above scheme can actually
test the quantum nature of an arbitrary interaction between
quantum systems. Finally, a note of caution: Here and in the
rest of the paper the term “quantum nature,” referrred to a
dynamical process undergone by a multipartite system, is to

be understood as indicating the “non-LOCCness” of the
channel modeling the process.

B. Class of experiments to look
for the quantum nature of gravity

We consider massive quantum systems A1;…; An,
subjected to local Hamiltonians H1;…; Hn and inter-
acting exclusively via gravity, as modeled by some
Hamiltonian HG. The total Hamiltonian can thus be written
as Htot ¼

P
n
j¼1 Hj þHG; accordingly, the time-evolution

operator associated to some time interval t will be repre-
sented by the unitary

U ¼ exp

	
−
it
ℏ
Htot



¼ exp

	
−
it
ℏ

�Xn
j¼1

Hj þHG

�

ð42Þ

acting on A. Since we want to initialize the system A ¼
A1…An in a (random) pure state ψα, ideally all such states
should be easy to prepare.
Suppose that for a certain system A, unitary UA as in

Eq. (42), and ensemble fpα;ψαgα, we have computed the
LOCC simulation fidelity FclðE; UÞ in Eq. (40). We now
imagine to run the experiment depicted in Fig. 1 many
times independently, drawing the initial pure states at
random in an i.i.d. fashion. If gravity behaves as a quantum
Hamiltonian, then in the case of ideal measurements we
will always get the outcome (NH) corresponding to a null
hypothesis guess. On the contrary, if gravity behaves as a
local classical field, then we will get the outcome (AH)
corresponding to an LOCC simulation guess with fre-
quency at least 1 − FclðE; UÞ. That is to say, and this is the
key point, if we obtain (AH) with frequency lower than
1 − FclðE; UÞ, we can conclude that gravity did not behave
as a local classical field.

C. General LOCC inequality

The above reasoning should convince the reader that our
role as theoreticians is to compute the number FclðE; UÞ as
accurately as possible. Unfortunately, this is in general a
mathematically intractable task, because the expression in
Eq. (40) involves an optimization over the set of LOCCs,
which is notoriously hard to characterize [37]. On second
thought, however, one sees that an exact computation is not
needed; even an upper bound such as FclðE; UÞ ≤ f, where
f∈ ½0; 1Þ, would suffice for our purposes, because it would
allow us to state that obtaining (AH) with frequency lower
than 1 − f [and hence of 1 − FclðE; UÞ] is direct evidence
of the quantum nature (i.e., non-LOCCness) of the gravi-
tational interaction. In this sense, the status of the inequality
FclðE; UÞ ≤ f is in some ways analogous to that of a Bell
inequality in the theory of nonlocality [44]. As an exper-
imental violation of a Bell inequality provides a definitive
proof that the underlying process producing the correla-
tions is nonlocal, similarly the experimental violation of an
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inequality of the form FclðE; UÞ ≤ f would prove that the
dynamics undergone by the system does not conform
to any LOCC model. In light of this reasoning, we shall
refer to any such inequality as an LOCC inequality. With
this terminology, we can now say that our first contribution
is a general LOCC inequality whose right-hand side is
efficiently computable for any ensemble of pure states
fpα;ψαgα and any isometry U.
Theorem 7 (General LOCC inequality). Let E ¼

fpα;ψαgα be an ensemble of pure states ψα ¼ jψαihψαj
on A ¼ A1…An. For an isometry U∶ HA → HA0, where
A0 ¼ A0

1…A0
n, set jψ 0

αiA0 ≔ UjψαiA. Then the associated
simulation fidelity satisfies

FclðE; UÞ ≤ min
J⊆½n�

exp ½−HminðA0jAÞRΓJ �

¼ min
J⊆½n�

inf
ξA

dmaxðRΓJ
AA0 kξA ⊗ 1A0 Þ

¼ min
J⊆½n�

inf
n
κ∶RΓJ

AA0 ≤ κξA ⊗ 1A0
o
; ð43Þ

where ½n� ¼ f1;…; ng, the state RAA0 is defined by

RAA0 ≔
X
α

pαðψ�
αÞA ⊗ ðψ 0

αÞA0 ; ð44Þ

the symbol ΓJ denotes the partial transposition over all
subsystems Aj; A0

j, for j∈ J, the optimizations in Eq. (43)
are over κ ≥ 0 and states ξA, and the conditional min-
entropy HminðA0jAÞRΓJ is defined as in Eq. (35).
If jψαi ≔ ⊗n

j¼1 jψα;jiAj
is a product state for all α, we can

also state the simplified bound

FclðE; UÞ ≤ min
J⊆½n�

dmax

�
RΓJ
AA0

���RΓJ
A ⊗ 1A0

�
; ð45Þ

where RA ≔ TrA0RAA0 , and dmax is defined by Eq. (33).
With the above hypotheses, the right-hand side of Eq. (45)
is at most 1. In both Eqs. (43) and (45), we can assume
without loss of generality that 1 ≤ jJj ≤ bn=2c.
Before we prove the above result, it is worth discussing

why it is useful. Inequality Eq. (43) constitutes a genuine
LOCC inequality, in the form of a general upper bound on
the LOCC simulation fidelity Eq. (40). Although the right-
hand side of Eq. (43), which depends essentially on the
conditional min-entropy, is not a closed-form expression
but rather the result of an optimization itself [cf. Eq. (35)],
such an optimization, being a semidefinite program, is
efficiently solvable in time polynomial in the dimension
(see the discussion in Sec. II D). This is to be compared
with the optimization defining Fcl, which involves the
mathematically intractable set of LOCCs and thus cannot
be tackled effectively from a computational standpoint.
That being said, since to design experiments to test the
quantum nature of gravity we will need to apply the
above result to infinite-dimensional systems composed

of quantum harmonic oscillators, the more explicit upper
bound Eq. (45) will turn out to be quite helpful.
Another important point is that the right-hand side of

Eq. (43) is a continuous function of the initial states and of
the unitary evolution U, because the conditional min-
entropy is itself continuous, as established by Ref. [83],
Lemma 21. This means that small experimental uncertain-
ties in the states or the unitary will not invalidate our tests.
On a different note, the setting of the above Theorem 7

subsumes that of classical simulation of teleportation. In
that context, our bound Eq. (45) reproduces an important
benchmark for quantum experiments known as the classical
threshold, whose computation in a variety of contexts has
been the subject of intensive investigation [56–60,84–89].
In Appendix Awe explain how our techniques can be used
to immediately recover and generalize many of these
results, with the added benefit of more transparent proofs.
Example 8.Let us pause for amoment and look at a simple

yet very instructive application of Theorem 7. Consider a
bipartite system A ¼ A1A2, with both A1 and A2 having
dimension d. Let the swap operator FA1A2

act on it as

FA1A2
jψiA1

jϕiA2
≔ jϕiA1

jψiA2
: ð46Þ

(In this case, A0 ≃ A is simply a copy of A.) We want
to simulate the action of the swap on the ensemble
EH×H;d ≔ fψ⊗ϕgψ ;ϕ, where ψ ¼ jψihψ j and ϕ ¼ jϕihϕj
are independent, Haar-distributed local pure states. As we
discussed in the Introduction, the swap operation comes up
naturally when considering a simple model of two gravita-
tionally interacting quantum harmonic oscillators. At the
same time, our intuition suggests that its LOCC simulation
fidelity should be bounded away from 1 as the swap
operation can create entanglement in the presence of local
ancillas [43]. Now, due to Theorem 7 we can make this
intuition quantitative. To do so, it suffices to compute the
state RAA0 in Eq. (44) as

RAA0 ¼
Z

dψ
Z

dϕ ψ�
A1

⊗ ϕ�
A2

⊗ ϕA0
1
⊗ ψA0

2
; ð47Þ

where dψ and dϕ denote the local Haar measures. Setting
J ¼ f2g and noting that ψ⊺ ¼ ψ� is simply the complex
conjugate vector, this yields

RΓ2

AA0 ¼
�Z

dψ ψA1
⊗ ψA0

2

��
⊗
�Z

dϕϕA2
⊗ ϕA0

1

�

¼ 2SA1A0
2

dðdþ 1Þ⊗
2SA2A0

1

dðdþ 1Þ ; ð48Þ

where S ≔ ð1þ FÞ=2 is the projector onto the symmetric
subspace. Equation (48) can be easily proved by using the
techniques ofRef. [90].One first notes that σ ≔

R
dψ ψ ⊗ ψ

is invariant under conjugation by any operator of the form
U⊗ U, where U is a generic d × d unitary. States with
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this property are precisely the linear combinations of the
projectors onto the symmetric and antisymmetric subspaces.
Since σ is furthermore supported onto the symmetric sub-
space, we conclude that it must be proportional to the
corresponding projector.
Observing that RΓ2

A ¼ RA ¼ 1=d2 is the maximally
mixed state and remembering Eq. (34), the bound in
Eq. (45) yields immediately

FclðEH×H; d; FÞ ≤ d2λmax

�
2SA1A0

2

dðdþ 1Þ⊗
2SA2A0

1

dðdþ 1Þ
�

¼
�

2

dþ 1

�
2

: ð49Þ

This bound is strictly larger than that in Refs. [91,92] (equal
to 1=d2; see, e.g., Ref. [92], Proposition 4) because the
setting considered there requires simulation over all pos-
sible input states, while we only look at an ensemble of
product states. We will see later that Eq. (49) is in fact tight;
i.e., the LOCC simulation fidelity in this case turns out to
be exactly equal to 4=ðdþ 1Þ2: for the optimal strategy, A1

and A2 measure locally with the uniform POVM ðψÞψ ,
where ψ ranges over all pure states, and send a classical
description of the outcome to the other party, who recon-
structs the corresponding state locally.
To interpret the above result [Eq. (49)] consider the case

of two qubits, d ¼ 2. The ensemble EH×H; 2 can then be
described geometrically in simple terms: it is constructed
by drawing at random, and independently, two pure states
distributed uniformly on the surface of the Bloch sphere. In
this simple setting, the above bound implies that the best
fidelity with which an LOCC can simulate a swap operation
applied to such a random product state is 4=9 ≈ 0.44. As
our intuition suggested, the LOCC simulation fidelity is
bounded away from 1. Remember from the discussion
around Eq. (4) that the swap operation can indeed appear in
a simple model of gravitational interaction between two
quantum harmonic oscillators. In this context, and under
our assumptions to be detailed later, any experiment of the
type described in Sec. III B that detects an LOCC simu-
lation (AH) fewer than 5=9 ≈ 56% of the times could be
considered as indicating the quantum nature of gravity.
We are now ready to provide a complete mathematical

proof of Theorem 7. The reader who is rather interested in
the applications of this general result to gravitationally
interacting systems can jump to Sec. IV.
Proof of Theorem 7. For the sake of simplicity, we

consider here the case where A is finite dimensional and the
ensemble is discrete. The general case where both of these
assumptions are lifted is deferred to Appendix B. Fix some
J ⊆ ½n�, and pick κ ≥ 0 and a state ξA such that

RΓJ
AA0 ≤ κ ξA ⊗ 1A0 : ð50Þ

Consider that

FclðE;UÞ¼ sup
Λ∈LOCC

X
α

pαhψ 0
αjΛðψαÞjψ 0

αi

¼1 sup
Λ∈LOCC

X
α

pαhðψ�
αÞAðψ 0

αÞA0 jDAA0
Λ jðψ�

αÞAðψ 0
αÞA0 i

¼2 sup
Λ∈LOCC

Tr½RAA0DAA0
Λ �

¼3 sup
Λ∈LOCC

Tr½RΓJ
AA0 ðDAA0

Λ ÞΓJ � ð51Þ

≤
4

sup
Λ∈LOCC

κ Tr½ξA ⊗ 1A0 ðDAA0
Λ ÞΓJ �

¼ sup
Λ∈LOCC

κ TrA½ξATrA0 ðDAA0
Λ ÞΓJ �

¼5 sup
Λ∈LOCC

κ TrA½ξA1A�

¼ κ: ð52Þ

The above steps can be justified as follows. In step 1 we
introduced the unnormalized Choi-Jamiołkowski state
of Λ, defined by Eq. (31), and used the formula

M⊗ 1jΦdi ¼ 1⊗M⊺jΦdi; ð53Þ
valid for any d × d matrix M, to compute

hψ�
αψ

0
αjDΛjψ�

αψ
0
αi ¼ dTr½ψ�

α ⊗ ψ 0
αðI ⊗ ΛÞðΦdÞ�

¼ dTr½1⊗ ψ 0
αðI ⊗ ΛÞððψ�

α ⊗ 1ÞΦdÞ�
¼ dTr½1⊗ ψ 0

αðI ⊗ ΛÞðð1⊗ ψαÞΦdÞ�
¼ dTr½ψ 0

αΛðTr1½ð1⊗ ψαÞΦd�Þ�
¼ Tr½ψ 0

αΛðψαÞ�
¼ hψ 0

αjΛðψαÞjψ 0
αi: ð54Þ

Note that here we omitted the subscripts identifying the
systems for simplicity, and we introduced the notation Tr1
for the trace over the first tensor factor in the third to last
line. Continuing with the justification of Eq. (51), in step 2
we introduced the state RAA0 defined by Eq. (44), while
in step 3 we applied the partial transposition over J;
this leaves the trace unchanged, as per Eq. (28). In step
4 we applied the operator inequality Eq. (50), which is
made possible by the fact that ðDAA0

Λ ÞΓJ ≥ 0 because of
Lemma 3. Finally, in step 5 we observed that

TrA0 ½ðDAA0
Λ ÞΓJ � ¼ ðTrA0DAA0

Λ ÞΓJ

¼ d ½TrA0 ðIA ⊗ ΛA00→A0 ÞðΦAA00
d Þ�ΓJ

¼ d ðTrA00ΦAA00
d ÞΓJ

¼ d

�
1A
d

�
ΓJ

¼ 1A; ð55Þ
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thanks to the fact that Λ is trace preserving, and moreover
TrξA ¼ 1 by hypothesis. Thanks to the definition of
conditional min-entropy Eq. (35), taking the infimum over
J ⊆ ½n�, κ, and ξA such that Eq. (50) is obeyed yields
Eq. (43). This concludes the proof of Eq. (43). Additional
technical details are deferred to Appendix B.
To derive Eq. (45), it suffices to take as ansatz ξA ¼ RΓJ

A
in the second line of Eq. (43). This is possible if
ψα ¼ ⊗j ψα;j because in that case

RΓJ
A ¼ TrA0RΓJ

AA0

¼
X
α

pαðψ�
αÞΓJ

A

¼
X
α

pα⨂
j∈ J

ψα;j ⊗ ⨂
k∈ Jc

ψ�
α;k

≥ 0; ð56Þ

and TrAR
ΓJ
A ¼ TrARA ¼ TrAA0RAA0 ¼ 1, so that RΓJ

A is
indeed a density operator. The fact that the right-hand
side of Eq. (45) is at most 1 amounts to the operator
inequality:

RΓJ
AA0 ≤ RΓJ

A ⊗ 1A0 : ð57Þ

This can be verified as follows.
(i) ψΓJ

A0 ≤ 1A0 holds for all pure states jψiA0 ∈HA0 and
for all J ⊆ ½n�, as one can see, e.g., by writing out the
Schmidt decomposition of jψiA0 with respect to the
cut A0

J∶ A0
Jc ;

(ii) in particular, ðψ 0
αÞΓJ

A0 ≤ 1A0 for all α;
(iii) thanks to the fact that ðψ�

αÞΓJ
A ≥ 0 because jψ�

αi is a
product state (Lemma 1), we deduce that

ðψ�
αÞΓJ

A ⊗ ðψ 0
αÞΓJ

A0 ≤ ðψ�
αÞΓJ

A ⊗ 1A0 ; ð58Þ

which immediately implies Eq. (57) upon multiply-
ing by pα and summing over α.

Finally, the restrictions on J follow from Remark 2. ▪
Remark 9. The above proof yields an upper bound not

only on the LOCC simulation fidelity, but indeed on the
a priori possibly larger PPT simulation fidelity. This is
given by a formula similar to Eq. (40), but where the
supremum over LOCC operations is replaced by a
supremum over all PPT quantum channels [93,94], i.e.,
over all quantum channels whose Choi state has a positive
partial transpose.

IV. PROPOSED IMPLEMENTATION

We proceed with a discussion of an experimental
concept in which the quantum nature of the gravitational
interaction could be tested in principle. Following a
discussion of the required experimental parameter ranges,
we then proceed to make the setting more concrete with a

discussion of torsion pendula. We come to the conclusion
that albeit being extremely challenging experimentally,
such a setup can conceivably satisfy all the constraints
that have been identified here. The conceptual develop-
ment of these experiments, their analysis by means of
Theorem 7, and the transfer to a realistic physical system
represent one of our main contributions. In particular,
on the mathematical side the computation of the right-
hand side of Eq. (45) will pose substantial technical
challenges.
In a nutshell, the systems we consider are one-dimen-

sional quantum harmonic oscillators that interact exclu-
sively gravitationally, with otherwise arbitrary spatial
geometry, and that are initialized in coherent states drawn
from i.i.d. Gaussian ensembles. More in detail, consider a
system of n one-dimensional quantum harmonic oscillators
A1;…; An as in Fig. 2. The jth particle has mass mj and is
bound to move on a straight line oriented in direction n̂j,
where n̂j ∈R3 is a unit vector. It is confined in the vicinity

of a center located at R⃗0
j by a harmonic potential with

frequency ωj. The position of the jth particle is thus

R⃗j ¼ R⃗0
j þ xjn̂j, so that the total Hamiltonian of the system

is of the form

Htot ¼
X
j

�
1

2
mjω

2
jx

2
j þ

p2
j

2mj

�
−
X
j<k

Gmjmk

kd⃗jk − xjn̂j þ xkn̂kk
:

ð59Þ

For what follows, it will be useful to define the angles θjk,
θkj, and φjk (see Fig. 2) by the relations

cos θjk ≔ n̂j · d̂jk;

− cos θkj ≔ n̂k · d̂jk;

cosφjk ≔ n̂j · n̂k; ð60Þ

where d̂jk ≔ d⃗jk=kd⃗jkk, and d⃗jk ≔ R⃗0
k − R⃗0

j .

A. The concept

Our proposal for the setting considered in Sec. III B is
now completely specified as follows.
(1) The systems Aj ¼ A0

j are the one-dimensional quan-
tum harmonic oscillators described above (Fig. 2),
placed in space with arbitrary geometry.

(2) The unitary U to be simulated is simply the time-
evolution operator U ¼ exp½−ðit=ℏÞHtot� associated
with the total Hamiltonian Eq. (59).

(3) The oscillators are initialized in coherent states
drawn independently from i.i.d. centered Gaussian
ensembles with variance 1=λ, where λ > 0 is a fixed
parameter. In other words, the ensemble E takes
the form
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Eλ ≔ fpλðαÞ; jαihαjgα∈Cn ;

pλðαÞ ≔
�
λ

π

�
n
e−λkαk2 ; ð61Þ

where jαi is the multimode coherent state defined by
Eqs. (12) and (13), and kαk2 ≔Pn

j¼1 jαjj2.
(4) Under assumptions (I)–(III) discussed below, the

final states jψ 0
αi ≔ UAjαiA turn out to also be

coherent. Therefore, importantly, the final binary
measurement ðψ 0

α; 1 − ψ 0
αÞ discussed in Sec. III A

can always be realized by local operations, namely,
by (a) applying local displacement operators on the
oscillators, and then (b) performing a phonon
counting measurement ðj0ih0j; 1 − j0ih0jÞ on each
oscillator locally. The outcome “ψ 0

α” then corre-
sponds to a zero-phonon detection on all modes.

Let us assume for simplicity that all parameters
mj;ωj; djk (j ≠ k) are of the same order of magnitude
m, ω, d. We will analyze the above setting employing four
assumptions, which we state now for clarity.

(I) The spatial amplitude of the local oscillations is
much smaller than the distance between the oscil-
lator centers. In formulaffiffiffiffiffiffiffiffiffiffi

nℏ
λmω

r
≪ d: ð62Þ

This assumption is needed to make the system
mathematically tractable. We can use it to perform
a Taylor expansion of the Hamiltonian Eq. (59).

(II) Gravity represents the dominant contribution to the
interaction Hamiltonian, which is well approximated
by Eq. (59). This entails that the functional form
of the gravitational potential should be the one
predicted by Newton’s law for distances of order

d and masses of order m [95]. Also, another relevant
contribution to the interaction could come from
Casimir forces. In the case of spheres with radii R
and under assumption (I), these are negligible
compared to gravity provided that [15]

d ≫ R; ð63Þ

ðd − 2RÞ6 ≫ 207

36π

�
ε − 1

εþ 2

�
2
�
mP

m

�
2

R6; ð64Þ

where ε is the dielectric constant of the material of
which the spheres are made, and mP is the Planck
mass mP ≔

ffiffiffiffiffiffiffiffiffiffiffiffi
ℏc=G

p ¼ 2.18 × 10−8 kg. The pres-
ence of other forces, e.g., due to static dipole
moments of the test masses, may lead to even more
stringent constraints [96], but as such dipole mo-
ments and hence the forces may, at least in principle,
be removed, we choose to neglect them here.

(III) There are at least two oscillators Aj, Ak with almost
identical oscillation frequenciesωj, ωk, i.e., such that

jωj − ωkj ≪
Gm
d3ω

: ð65Þ

Moreover, if two oscillators Aj, Ak do not satisfy
Eq. (65), then their frequencies satisfy

Gm
d3ω

≪ jωj − ωkj: ð66Þ

Finally, if all frequencies are almost identical accord-
ing to Eq. (65), we also require that

Gm
d3ω

≪ min
j

ωj: ð67Þ

If Eq. (65) is not obeyed for any pair j, k with j ≠ k,
the rotating-wave approximation will wash out all effects
due to the gravitational interaction, making its detection
virtually impossible. Positing Eq. (66), instead, is not
strictly necessary to enable the mathematical analysis of
this experiment, but we do it anyway because it simplifies
the final expressions considerably. In fact, in what follows
we will often formally assume that all oscillators are
characterized by almost identical frequencies. In this case
we can rephrase (III) as follows.
(III’) All frequencies ωj are equal to ω up to a relative

precision Δω ≔ maxj≠k jωj − ωkj, and it holds that

Δω
ω

≪
Gm
d3ω2

≪ 1: ð68Þ

B. Quantitative analysis

Because of assumption (I), the interaction part of
Hamiltonian Eq. (59) can be Taylor expanded up to the
second order. Since constant terms are physically irrelevant,

FIG. 2. A system of one-dimensional quantum harmonic
oscillators. The various angles are defined in Eq. (60). Note that
for the most general three-dimensional arrangement the two
dashed lines will not intersect.
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they can be neglected right away. Terms that are linear in
the canonical operators xj, instead, do have a physical
effect, but since they involve no interaction, they do not
affect the LOCC simulation fidelity anyhow. More for-
mally, linear terms in the Hamiltonian result in local
unitaries, and Fcl is invariant by local unitaries thanks
to Lemma 6. As we argue in detail in Appendix C, these
considerations lead us to replace the original Hamiltonian
Eq. (59) with the effective Hamiltonian

Heff ¼
ℏ
2
r̄⊺ðω12n þ g̃Þr̄; ð69Þ

where we employed the rearranged and dimensionless
vector of canonical operators

r̄ ¼ ðx̄1;…; x̄n; p̄1;…; p̄nÞ⊺; ð70Þ

x̄j ≔
ffiffiffiffiffiffiffiffiffi
mjω

ℏ

r
xj; p̄j ≔

1ffiffiffiffiffiffiffiffiffiffiffiffi
ℏmjω

p pj ð71Þ

[note the different ordering with respect to Eq. (10)], and
we defined the matrix

g̃ ≔
�
g 0

0 0

�
;

gjk ¼

8>><
>>:
P
l≠j

Gml
d3jlω

ð1 − 3cos2θjlÞ j ¼ k;

− G
ffiffiffiffiffiffiffiffi
mjmk

p
d3jkω

ðcosφjk þ 3 cos θjk cos θkjÞ j ≠ k:

ð72Þ
It is worth remarking at this point that although the single-
body terms do not contribute to the LOCC optimization and
thus do not change the LOCC simulation fidelity, they need
to be known with precision, because they will influence the
final state and hence the final measurement.
The Hamiltonian Eq. (69) is now purely quadratic. Hence,

the time-evolution operator resulting from letting Eq. (69) act
for some time twill be a Gaussian unitary. Thus, to make use
of Theorem 7 we need to compute the right-hand side of
Eq. (45) for an a priori arbitrary Gaussian unitary. This
calculation, which turns out to be highly nontrivial, is one of
our main technical contributions.

Theorem 10 (LOCC inequality for Gaussian unitaries).
Let S be an arbitrary 2n × 2n symplectic matrix. Denote the
corresponding Gaussian unitary over n modes by US [see
Eq. (16) for a definition]. For λ > 0, consider the Gaussian
i.i.d. ensemble Eλ of n-mode coherent states with variance
1=λ defined by Eq. (61). Then the classical simulation
fidelity defined by Eq. (40) can be upper bounded by

FclðEλ; USÞ ≤ min
J⊆½n�

2nð1þ λÞnQ
2n
l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ λþ jzlðλ; S; JÞj

p ; ð73Þ

where zlðλ; S; JÞ is the lth eigenvalue of the Hermitian
matrix

ð1þ λÞS−1iΩJS−⊺ − iΩJ; ð74Þ

and

ΩJ ≔ ⨁
j∈ J

�
0 1

−1 0

�
⊕ ⨁

k∈ Jc

�
0 −1
1 0

�
ð75Þ

with respect to a modewise decomposition. In Eq. (73), we
can assume without loss of generality that 1 ≤ jJj ≤ bn=2c.
The proof of this theorem is quite involved and is

presented in Appendix D. However, what is of interest
here is its application to the setting we are studying. This is
captured by the following theorem.

Theorem 11 (LOCC inequality for gravitationally inter-
acting oscillators). Consider a three-dimensional array of n
one-dimensional quantum harmonic oscillators with iden-
tical frequencies ω, characterized by masses mj, angles
θjk;φjk, and distances djk, as defined in Fig. 2. Fix λ > 0,
and assume that the oscillators are initialized in coherent
states drawn from the Gaussian i.i.d. ensemble Eλ with
variance 1=λ defined by Eq. (61). Under assumptions (I),
(II), and (III’) discussed above, the overall dynamics is
approximately equivalent, up to local unitaries, to a
Gaussian unitary USeff, where

Seff ¼
�

cosðgt=2Þ sinðgt=2Þ
− sinðgt=2Þ cosðgt=2Þ

�
ð76Þ

is an orthogonal symplectic matrix, and the symmetric
matrix g is defined in Eq. (72). The associated classical
simulation fidelity Eq. (40) can be upper bounded by

FclðEλ; e−ðit=ℏÞHtotÞ ≈ FclðEλ; USeff Þ

≤ min
J⊆½n�

2nð1þ λÞnQ
n
l¼1½2þ λþ jwlðλ; gt; JÞj�

:

ð77Þ
In Eq. (77), we denoted by wlðλ; gt; JÞ the lth eigenvalue
of the Hermitian matrix

ð1þ λÞeiðgt=2ÞΞJe−iðgt=2Þ − ΞJ; ð78Þ

and ΞJ is the n × n diagonal matrix with entries

ðΞJÞjk ¼
8<
:

þ1 if j ¼ k∈ J;

−1 if j ¼ k ∉ J;

0 if j ≠ k:

ð79Þ

In Eq. (77), we can assume without loss of generality
that 1 ≤ jJj ≤ bn=2c.
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A complete mathematical proof of the above result can
be found in Appendix E.
One of the notable consequences of the above

Theorem 11 is that the effective dynamics that the system
undergoes can be approximated, up to local displacements,
by a Gaussian unitary USeff , where Seff is an orthogonal
symplectic matrix. As we know from Eq. (18), such a
passive unitary maps coherent states to coherent states.
(Note that the local displacement operators that result from
the first-order terms we ignored in Appendix C also share
this property.) Since the system is initially prepared in a
coherent state, it then follows that the global state of the
system is at all times an (approximate) coherent state; in
particular, due to Eq. (13) it is approximately separable at
all times. Therefore, and rather remarkably, Theorem 11
allows us to detect the non-LOCCness of a dynamical
process in which no entanglement is present at any point in
time. The situation is somewhat reminiscent of what
happens in quantum cryptography. The famous Bennett-
Brassard “BB84” secret key distribution protocol [97] has
no entanglement at any time but can be proven to be secure
nevertheless. Indeed, at the root of the security proof of
Ref. [98] is the fact that the security of BB84 is guaranteed
for as long as the quantum channel that is being used has
the capability to establish entanglement in principle.
An important corollary of this discussion is that the final

measurement, represented by the POVM ðψ 0
α; 1 − ψ 0

αÞ ¼
ðjα0ihα0j; 1 − jα0ihα0jÞ, where jα0i ¼ jα01i⊗ � � �⊗ jα0ni is
the coherent state at the end of the protocol, can be
implemented locally by means of a relatively elementary
procedure. It suffices to

(i) apply a local displacement operator Dð−α0Þ ¼
Dð−α01Þ⊗ � � �⊗Dð−α0nÞ, which can be done by
simply shifting the equilibrium position of each
oscillator at the right time, and

(ii) measure whether each oscillator contains 0 versus at
least 1 phonon. This corresponds to carrying out the
POVM ðj0ih0j; 1 − j0ih0jÞ. We then declare success
(i.e., we guess the null hypothesis) if and only if all
oscillators are found to have 0 phonons.

The fact that the final measurement is conceptually simple
and that it can be implemented locally on each oscillator
could simplify the experimental requirements considerably.
Let us remark that this feature is not by construction; it is
rather a somewhat unexpected consequence of the fact that
the state of the system is approximately coherent at all
times, as predicted by Theorem 11.
The dependence of the right-hand side of Eq. (77) on λ

and t may seem a bit obscure. To find a simplified and
somewhat more instructive expression, we can make use of
two facts: (a) the effect of the gravitational interaction
integrated over time will likely be very weak in a practical
experiment, thus we can expand the right-hand side of
Eq. (77) for small times; (b) since λ > 0 is ultimately a
parameter of the experiment, we can try to optimize it in

order to obtain maximum sensitivity. In fact, in all cases of
practical interest it turns out that the optimal way to do so is
to take λ to be very small—ideally, λ → 0. To see why,
remember that we are trying to challenge a classical
gravitational force to simulate (approximately) the correct
dynamics on an arbitrary collection of coherent states
drawn from i.i.d. Gaussian ensembles with variance 1=λ.
It is intuitively expected that the smaller λ, i.e., the greater
the indeterminacy on the input coherent state, the more
difficult it will be to carry out such a simulation. While we
do not have full control over Fcl, the same qualitative
behavior should be found in our upper bounds given by
Eqs. (73) and (77). And indeed, this is seen to be the case in
all practically interesting settings. Let us therefore formal-
ize the following assumption.
(IV) The variance 1=λ of the Gaussian ensemble and the

run-time of the experiment t satisfy that

max

�
λ; n

Gmt
d3ω

�
≪ 1: ð80Þ

The origin of the second inequality can be understood by
considering the special case n ¼ 1 in Eq. (3) where
Gmt=ðd3ωÞ ¼ π yields the perfect swap and hence the
most nonlocal channel possible. Waiting any longer does
not add or is even detrimental to the discrimination of
classical from quantum behavior.
The reader could wonder why we cannot take directly

λ → 0. Although this would not constitute a problem
mathematically for the statements of Theorems 10 or 11,
both of which make perfect sense and yield a nontrivial
bound for λ → 0, it would technically violate assumption (I)
[cf. Eq. (62)]. Simply put, in that case the coherent state
ensembles become so spread out that higher-order terms in
the Taylor expansion of the gravitational Hamiltonian can no
longer be neglected. Fortunately, the lower bound on λ
imposed by Eq. (62) is often many orders of magnitude
below the other relevant parameter, i.e., the run-time mea-
sured in units of the timescale of the system,Gmt=ðd3ωÞ. It is
therefore possible to take λ to be much smaller than
Gmt=ðd3ωÞ while at the same time obeying Eq. (62).
If this is true in theory, in practice having an ensemblewith

a large variance 1=λmay prove challenging. For this reason,
we prefer to separate the more conservative assumption (IV)
above from the strengthened assumption (IV’) below, which
requires more experimental control to be implemented, but,
on the other hand, yields a further simplification as well as a
better scaling of the sensitivity with t.
(IV’) The variance 1=λ of the Gaussian ensemble and the

run-time of the experiment t satisfy that

nℏ
md2ω

≪ λ ≪
Gmt
d3ω

≪
1

n
: ð81Þ

[Note that the first inequality is a rephrasing of
Eq. (62), i.e., assumption (I), and the latter is implied
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by Eq. (80), i.e., assumption (IV).] Note that Eq. (81)
implies in particular that

t ≫
nℏd
Gm2

: ð82Þ

If in addition to assumptions (I), (II), and (III’), we take
also either assumption (IV) or even assumption (IV’), we
obtain a simplified version of Theorem 11 as follows.

Theorem 12 (LOCC inequality, short-time expansion).
Under the same hypotheses of Theorem 11, if in addition
assumption (IV) above is met, then the upper bound in
Eq. (77) can be expanded for small times as

FclðEλ; USeff Þ ≤ 1 −max
J⊆½n�;
jJj≤n=2

XjJj
l¼1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ t2s2lðJÞ

q
− λ
�
þ Δ;

ð83Þ
where

Δ ¼ Oðtkgk∞ max fλ; tkgk∞gÞ: ð84Þ

Here, kgk∞ is the operator norm [Eq. (6)] of the matrix g
in Eq. (72), which depends only on the geometry of the

system—typically, kgk∞ ∼ nðGmt=d3ωÞ. Also, fslðJÞgjJjl¼1

are the singular values of the jJj × ðn − jJjÞ sub-block gJ;J
c

of g; in other words, labeling rows and columns of gJ;J
c
with

j∈ J and k∈ Jc, respectively, we have that

gJ;J
c

jk ≔ gjk ¼−
G ffiffiffiffiffiffiffiffiffiffiffimjmk
p
d3jkω

ðcosφjkþ 3cosθjk cosθkjÞ: ð85Þ

If also assumption (IV’) is satisfied, then the expansion in
Eq. (83) can be further simplified to

FclðEλ; USeff Þ ≤ 1 − ηtþOðmax fnλ; ðnkgk∞tÞ2gÞ; ð86Þ

where the sensitivity η is given by

η ≔ max
J⊆½n�;
jJj≤n=2

1

4
k½g;ΞJ�k1: ð87Þ

The proof of Theorem 12 can be found in Appendix F.
In the above statement, the singular values of a matrix X

are simply the eigenvalues of
ffiffiffiffiffiffiffiffiffi
X†X

p
. If X ¼ X† is

Hermitian—more generally, normal—then its singular
values are simply the absolute values of its eigenvalues.
The trace norm kXk1 ≔ Tr

ffiffiffiffiffiffiffiffiffi
X†X

p
[cf. Eq. (5)] is the sum

of the singular values; for Hermitian X, it coincides with
the absolute sum of the eigenvalues xl of X, in for-
mula kXk1 ¼

P
l jxlj.

Importantly, the estimate Eq. (86) reveals that under
assumption (IV’) the classical simulation fidelity decreases

linearly with time. The figure of merit for the scheme is
reduced to the simple quantity η, which depends only on
the geometry of the problem. This very desirable feature is
a consequence of the fact that we could effectively take
λ → 0 by virtue of the stronger assumption (IV’). In light of
these considerations, it makes sense to call the quantity η
defined by Eq. (87) the “sensitivity” of a given configu-
ration. On a different note, we remark that if only (IV)
rather than (IV’) is met, then Eq. (83) reveals that our upper
bound on Fcl decreases only quadratically with the run-
time t, for very small t.
Finally, it is worth noting that the remainder term Δ in

Eq. (83) can be controlled mathematically. Therefore, the
order-of-magnitude estimates in Eq. (84) can be made fully
rigorous. We do so in Appendix F, where we prove a rough
estimate

Δ ≤
n
2

h
λðetkgk∞ − 1Þ þ etkgk∞ − 1 − tkgk∞

i
þ n2

8
t2kgk2∞:

ð88Þ

Here, kgk∞ is the operator norm [Eq. (6)] of the matrix g in
Eq. (72), which can be readily computed given the geo-
metric configuration of the oscillators. Upper bounding
kgk∞ can however also be done in full generality for all
such configurations. Doing so yields the explicit bound

Δ ≤
n
2
ðλðes − 1Þ þ es − 1 − sÞ þ n2s2

8
;

s ≔ γtmin f6ðn − 1Þ; 288 lnðn − 1Þ þ 966g;

γ ≔
GðmaxjmjÞ
ðminj≠kd3jkÞω

; ð89Þ

also proved in Appendix F thanks to the geometrical result
of Appendix G. Observe that if s is sufficiently small,
as our assumptions guarantee, we have that es − 1 ≈ s and
es − 1 − s ≈ s2=2, implying that

Δ ≈
n
2

�
λsþ s2

2

�
þ n2s2

8
¼ Oðns maxfλ; nsgÞ; ð90Þ

which in turn entails Eq. (84).

C. Examples

1. Two oscillators on a line

As discussed in the Introduction, the simplest system to
which we can apply the above results is that formed by two
identical quantum harmonic oscillators with masses m and
frequencies ω, oscillating along the same line and whose
centers lie at a distance d (Fig. 3).
In that case we have n ¼ 2, and the angles defined by

Eq. (60) are θ12 ¼ 0 ¼ φ12 and θ21 ¼ π. Thus, Eq. (72)
becomes
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g2;L ¼ 2γ

�−1 1

1 −1

�
; ð91Þ

where

γ ¼ Gm
d3ω

ð92Þ

is the characteristic frequency here. The bound in Eq. (77)
can then be evaluated straightforwardly. First of all, as
explained in Theorem 11 the only nontrivial choice for J is
J ¼ f1g. In this case, the matrix in Eq. (78) is just

ð1þ λÞeðit=2Þg2;LΞJe−ðit=2Þg2;L − ΞJ

¼ ½ð1þ λÞ cos ð2γtÞ − 1�σz þ ð1þ λÞ sin ð2γtÞσy; ð93Þ

where σy and σz denote the second and third Pauli matrices,
respectively. Therefore

w1ðλ; gt;JÞ ¼−w2ðλ; gt;JÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1þ λÞcosð2γtÞ− 1�2þð1þ λÞ2sin2ð2γtÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þ 4ð1þ λÞsin2ðγtÞ

q
; ð94Þ

implying that the bound in Eq. (77) in this case becomes

Fcl ≤ f2;Lðλ; tÞ ≔
4ð1þ λÞ2

ð2þ λþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ 4ð1þ λÞ sin2ðγtÞ

p
Þ2 ;

ð95Þ

where γ is defined by Eq. (92). Note that

f2;Lð0; tÞ ¼
1

½1þ j sinðγtÞj�2 ; ð96Þ

which yields a dependence f2;Lð0; tÞ ¼ 1 − η2;LtþOðt2Þ
with

η2;L ¼ df2;Lð0; tÞ
dt

����
t¼0

¼ 2γ ð97Þ

in Eq. (86). The function f2;Lðλ; tÞ is plotted in Fig. 4 for
several values of λ, including λ ¼ 0.

2. Many oscillators on a line

A natural generalization of the above scheme features n
identical oscillators, all with masses m and frequencies ω,
aligned and equally spaced (Fig. 5) at distance d. To
simplify the analysis, it is useful to imagine that n is even
and to look at the short-time limit only.
A tight upper bound on Fcl, i.e., a lower bound on η [see

Eq. (87)], can be found by taking J ¼ f1; 3;…; n − 1g as
the set composed of all odd numbers between 1 and n − 1
(included). This yields

ηn;L ≥
1

4
k½g;ΞJ�k1 ¼ kKðnÞk1; ð98Þ

where KðnÞ is an ðn=2Þ × ðn=2Þ real (but not symmetric)
matrix with entries

KðnÞ
ij ¼ 2γ

j2ði − jÞ − 1j3 ; ∀ i; j ¼ 1;…; n=2; ð99Þ

and γ is given by Eq. (92). The trace norm of KðnÞ turns
out to grow linearly in n, when n is very large. Rather
interestingly, the coefficient associated with this linear
growth can be computed analytically. We have that

FIG. 3. Two harmonic oscillators aligned.

FIG. 4. The right-hand side of the LOCC inequality Eq. (95)
plotted as a function of γt for several values of λ. Observe the
approximately linear decrease with time of f2;Lð0; tÞ for small
times t, in line with the prediction of Theorem 12.

FIG. 5. Four identical oscillators aligned.
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kKðnÞk1 ∼ nγζL ðn → ∞Þ; ð100Þ

where ζL is given by

ζL ≔
Z

π

−π

dϕ
2π

j1þ e−iϕ=2χ3ðe−iϕ=2Þj ≈ 1.267; ð101Þ

where, for jzj ≤ 1 and s > 1,

χνðzÞ ≔
X∞
l¼0

z2lþ1

ð2lþ 1Þν ð102Þ

denotes the Legendre chi function [99]. These functions are
related to more familiar objects such as the polylogarithm
LiνðzÞ ≔

P∞
l¼1ðzl=lνÞ by the functional equations [99]

χνðzÞ ¼
1

2
½LiνðzÞ−Liνð−zÞ� ¼ LiνðzÞ− 2−νLiνðz2Þ: ð103Þ

The key observation that is needed to compute the trace
norm of KðnÞ is that it is a Toeplitz matrix, i.e., a matrix
whose entries are constant along each diagonal. A famous
result stemming from the work of Szegő [100] and
formalized by Avram [101] and Parter [102] (see also
the textbook [103]) allows us to compute asymptotic
averages of (functions of) the singular values of a large
Toeplitz matrix by looking at the periodic function whose
discrete Fourier coefficients generate the entries of the
matrix. The details are left to the reader.
The above analysis shows that for large n and very short

times t (see Theorem 12) it holds that

Fcl ≲ 1 − nζLγt ≈ 1 − 1.267 nγt: ð104Þ

By virtue of Eq. (97) we know that placing n=2 pairs of
oscillators far apart from each other yields a dependence
Fcl ≲ 1 − nγt. Therefore, the single-line configuration
explored here constitutes a genuine sensitivity improve-
ment over a mere parallel repetition of the oscillator pair
investigated above.
At this point, we could continue the list of examples by

considering more general (e.g., genuinely three-dimen-
sional) configurations of oscillators. While this is certainly
instructive, it is worth remarking that we have not been able
to find any configuration that yields a faster increase of the
sensitivity with n (equivalently, a faster decrease of our
upper bound on Fcl) than that in Eq. (104). It therefore
seems that the best configuration to run our experiment
may be like that depicted in Fig. 5, with a very large
number n ≫ 1 of oscillators.
Remark 13. The sensitivity in Eq. (104) grows linearly

with n. Could another configuration of oscillators yield a
better scaling in n, maybe a quadratic one? It is not too
difficult to see that with our techniques it is not possible to
obtain anything substantially better than a linear scaling.

Indeed, going back to Eq. (87) and using Proposition 119 in
Appendix G, one sees that

η ¼ Oðn lnðnÞÞ: ð105Þ

Therefore, already with this rather crude estimate we see
that only a logarithmic improvement over a linear scaling is
possible. As we mentioned, in all the families of examples
we have examined, the actual dependence of the sensitivity
on n seems to be at most linear.

D. Some experimental considerations

Here we would like to further discuss the above
assumptions (I), (II), (III’), and (IV). Starting from
assumption (II), the first observation is that requiring the
Casimir effect to be negligible compared to the gravita-
tional interaction effectively determines a minimal scale for
the system. Indeed, substituting in Eq. (64) the expression
m ¼ 4

3
πR3ϱ for the mass of a sphere of density ϱ yields

immediately

ðd − 2RÞ6 ≫ 207

64π3
m2

P

ϱ2

�
ε − 1

εþ 2

�
2

: ð106Þ

Using the values for gold, i.e., ϱ ¼ 1.93 × 104 kg=m3 and
ε ¼ 6.9, gives

ðd − 2RÞ6 ≫ 0.58 × 10−25 m6: ð107Þ

The ratio between right-hand and left-hand side is < 0.1
provided that

d − 2R≳ 10−4 m ¼ 100 μm: ð108Þ

To fix ideas, let us take

d ¼ 125 μm; R ¼ 12.5 μm; ð109Þ

which also satisfies Eq. (63). We are thus experimenting
with gold spheres of mass m ≈ 1.58 × 10−10 kg.
We now move on to assumption (III’). Note that

m
d3

≈ 80.8 kg=m3: ð110Þ

The second inequality in Eq. (68) then yields

ω ≫
ffiffiffiffiffiffiffiffi
Gm
d3

r
≈ 7.34 × 10−5 Hz: ð111Þ

If the above condition is satisfied we can look at the first
inequality in Eq. (68), which becomes

ðΔωÞ · ω ≪
Gm
d3

≈ 5.39 × 10−9 Hz2: ð112Þ
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Therefore, the oscillators have to be manufactured with a
precise control on the associated frequency. For the sake of
continuing the discussion, let us assume that ω ∼ 10−3 Hz
and Δω ∼ 10−7 Hz.
Taking n ¼ 100, η ∼ nGm=ðd3ωÞ, and Fcl ≤ 0.9 in

Eq. (86), we infer that the run-time of a single repetition
of the experiment is

t ∼ ð1 − 0.9Þ d3ω
nGm

≈ 185 s; ð113Þ

or approximately 3 min. This satisfies the inequality in
Eq. (82), whose right-hand side is of the order of 8 × 10−7 s.
The only remaining inequality is Eq. (81), which

constrains the possible values of λ. With the above choices,
observing that nℏ=ðmd2ωÞ ≈ 4.26 × 10−12, we see that
Eq. (81) would become

4.26 × 10−12 ≪ λ ≪ 10−3 ≪ 10−2; ð114Þ

which leaves an ample margin of choice for λ so that the
hypotheses of Theorem 12 are met. Let us remark in
passing that 1=λ is the total variance for all the n oscillators
combined. The variance per oscillator is instead 1=ðnλÞ.
Therefore, λ≲ 10−3 is not as unrealistic as it may seem at
first sight, as it requires us to prepare single-mode coherent
states of amplitude jαj≳ ffiffiffiffiffi

10
p

.
Besides these considerations, any experiment like the

one we are proposing will be extremely sensitive to noise.
In Appendix H we provide an analysis of some of the main
sources of noise and the isolation conditions that they
impose. These include, among others, random fluctuations
in mass taking place outside of the apparatus, due, for
instance, to atmospheric turbulence or change in temper-
ature; the effect of collisions between our test masses and
some of the gas molecules filling the chamber where the
experiment is taking place; decoherence induced due to
black-body radiation; and the deleterious effect of electric
and magnetic stray fields.

E. Assessment of a concrete experimental setup

Taking into account all the considerations above, we now
look into a potential experimental implementation of this
concept, by considering a minimal arrangement with two
oscillators. In order to guarantee that their interaction is
resonant, Eq. (112) tells us that their frequencies should
differ by an amount much smaller than Gm=ðd3ωÞ, which
in turn implies that the frequency of each individual
resonator needs to be fixed to the same degree of precision.
We are thus looking for high-Q, low-frequency oscillators,
or more precisely, mechanical resonators that satisfy
ω2=Q ≪ Gm=d3, where Q ¼ ω=Δω is the quality factor.
We identify torsion pendula as promising candidates for
this purpose. A torsion pendulum consists of a rigid body
with a moment of inertia I suspended from a thin wire that

is attached to a fixed point; see Fig. 6(a). Differential forces
acting on the suspended object in a direction orthogonal to
the wire induce rotations of the object in the horizontal
plane, producing a torsion of the wire. The wire resists this
deformation by applying a restoring torque T that, for
sufficiently small rotations, is directly proportional to the
twisting angle θ; that is,

TðθÞ ¼ −τθ; ð115Þ

where τ is referred to as the torsion constant. Thus, the
torsional degree of freedom behaves as a harmonic oscil-
lator

θ̈ þ 2γθ̇ þ ω2
Iθ ¼ 0; ð116Þ

where the angular frequency is given by ωI ¼
ffiffiffiffiffiffiffi
τ=I

p
, and γ

is a damping constant that accounts for dissipation due to
friction, which may arise both from the surrounding
medium and from the internal wire structure. The torsion
constant τ depends only on the geometry of the wire and is
proportional to the fourth power of its diameter. Wires
made of different materials can be manufactured with
diameters down to the micrometer scale, resulting in torsion
constants as low as τ ≈ 10−10 Nm=rad, corresponding to
angular frequencies in the order of millihertz and Q factors
as high as 105 [104]. Thus, the operating parameter regime
of the torsion pendula falls well within the requirements
of Eq. (112).
In order to use torsion pendula in the envisioned

protocol, we require to bring the torsional degree of
freedom into the quantum regime and gain the ability to

(a) (b)

Magnetic
damper

Mirror

Beam
splitter

Detector

Laser

FIG. 6. Optomechanical torsion balance. Panel (a) shows a
sketch of a torsion pendulum with a dumbbell-shaped body
suspended from a thin wire with torsion constant τ. A magnetic
damper attached to the wire damps mechanical modes other than
the torsional one [105]. Panel (b) presents a scheme of the
optomechanical system composed of the torsion pendulum and
two optical cavities. The light output of each cavity is a measure
of the position of the corresponding edge of the pendulum.
Independent measurements of the position of each end of the
pendulum can be added or subtracted to discriminate between
purely rotational motion and pendular swinging.
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prepare and detect coherent states of motion. To the best of
our knowledge, ground-state cooling of torsion pendula has
not yet been demonstrated; however, we see no funda-
mental limitation that would prevent this possibility. One
way to achieve this would be to couple the pendulum to an
optical cavity and use the toolbox of optomechanical
techniques [106,107]. In this scheme, one of the ends of
the pendulum would act as a movable mirror and together
with a second, fixed mirror form an optical cavity. In this
way, not only one but two cavities could be coupled to the
mechanical resonator, one at each end of the torsional
pendulum; see Fig. 6(b). This would have the advantage
that it would allow for differential measurement and
control of the pendulum, and in this way increase the
control precision, by allowing the rejection of common
pendular oscillatory modes. As a matter of fact, the
coupling of torsion pendula to cavities has been studied,
both theoretically [108,109] and experimentally [110,111].
However, reaching the resolved sideband regime, where the
mechanical frequency of the pendulum is larger than the
linewidth of the cavity, is daunting with mechanical
frequencies in the order of millihertz, as desired for our
protocol. Therefore, sideband cooling will most likely not
be available in our desired arrangement, and one has to
resort to some sort of feedback cooling [112]. In
Appendix I we analyze this possibility and conclude that
ground-state cooling of the torsional degrees of freedom of
a pendulum is, in principle, possible, provided that tech-
nical noise sources can be brought below the thermal noise
threshold.

1. State preparation

Once our system has been cooled down to the ground
state, we would like to generate a coherent state of motion.
In general, preparing a coherent state starting from the
ground state of an oscillator amounts to displacing either
the oscillator or its equilibrium position by a distance
proportional to the size of the target coherent state. This can
be done in several ways. For example, a displacement of the
equilibrium position can be achieved by applying a con-
stant torque on the wire, while a force acting on the
oscillator for a finite time can be used to displace it.
Provided that our degree of control over the force or the
torque is sufficiently precise, this could be used to prepare a
coherent state. The force can be applied by an additional
actuator, for example, by the use of Coulomb interaction if
the oscillator is charged, or, as for the feedback force
described in Appendix I for cooling, by use of the
optomechanical coupling. In the following, we heuristically
describe one possible way of preparing a coherent state by
use of the optomechanical coupling.
The dynamics of the optomechanical system for each of

the cavities is described by the Hamiltonian (ℏ ¼ 1)

H ¼ ωcava†aþ ωIa
†
θaθ þ gðaθ þ a†θÞa†a; ð117Þ

where a and aθ are the annihilation operators for the
cavity field and the rotational degree of freedom of the
pendulum, respectively. Here, ωcav is the frequency of
the cavity field, and g ¼ ωcava

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=ðIωIL2Þ

p
gives the

strength of the optomechanical coupling. In the interaction
picture, the Hamiltonian transforms as

Hint
I ðtÞ ¼ gðaθe−iωI t þ a†θe

iωI tÞa†a: ð118Þ
For the parameters discussed earlier, we find ourselves in
the regime g=ωI ≈ 103 ≫ 1. Thus, for times t ≪ 1=ωI ≈
100 s, we can neglect the time dependence of the
Hamiltonian and find that the corresponding time-evolution
operator amounts to a displacement acting on the torsional
degree of freedom with a parameter α ¼ gta†a proportional
to the number of photons in the cavity:

D ¼ e−iga
†atðaθþa†θÞ: ð119Þ

Therefore, by injecting in one of the two cavities a Fock
state jni, a coherent state jα ¼ gnti can be prepared.
Similarly, a displacement in the opposite direction α ¼
−gnt can be achieved by exciting the other cavity instead.
However, thus far we have ignored the decay of the

cavity field, which can significantly constrain the acces-
sible coherent states. For example, consider that a single
photon state is injected into the cavity. This will remain
inside the cavity only for a time 1=κ, amounting to a total
displacement of α ¼ g=κ ≈ 10−6, for the parameters dis-
cussed above. To circumvent this limitation, we envision a
single photon source that injects photons into the cavity at
the same rate κ that the photons leave the cavity. In this
way, we also gain the ability to control the start and end
time of the displacement, by turning the single photon
source on and off, achieving a total displacement α ¼ gtsing,
where tsing is the time that the single photon source is on.
With this method achieving coherent states with displace-
ment parameter α ≈ 10, as required by Eq. (114), would
take a time t ¼ α=g ≈ 1 s.

2. Gravitational interaction

With our torsion pendulum in the quantum regime and
the ability to prepare an arbitrary coherent state, we now
look into the prospects of coupling it to a second torsion
pendulum through gravitational interaction. To that end, we
place two torsion pendula with their equilibrium orienta-
tions standing parallel to each other and separated by a
distance d, as depicted in Fig. 7. A Faraday shield is placed
between the two pendula [7] in order to avoid photons
incident on either pendulum scattering into the other one, in
this way suppressing any potential optical interaction
between the two oscillators [113]. The shield will also
suppress undesired electric interactions, e.g., due to stray
charges, Casimir force, or induced dipole moments [7]. In
order to act also against undesired magnetic interactions

LAMI, PEDERNALES, and PLENIO PHYS. REV. X 14, 021022 (2024)

021022-20



arising, for example, from stray magnetic moments in the
body of the pendula, the shield can be further improved by
adding to it a layer made of a mu-metal.
The distance d is chosen to guarantee that Casimir forces

between the pendula and the shield are always weaker than
the gravitational force between the two pendula. Strictly
speaking, this is an overestimation of the required mini-
mum distance. In fact, if the shield behaves as a perfect wall
with no mechanical degrees of freedom, the Casimir
interaction of the wall with each pendulum will never
result in an interaction between the pendula, and thus, it
would be enough to choose the distance as to prevent the
spheres from sticking to the shield. In this case, the only
requirement would be to consider the modification of the
local dynamics of each oscillator in the light of this Casimir
interaction, which, for small oscillations, will simply
amount to a constant force and thus to a displacement of
the equilibrium position of each oscillator. On the other
hand, if the shield exhibits mechanical oscillatory modes,
these could, at least in principle, mediate an undesired,
nongravitational interaction between the torsion pendula.
Still, the condition that the Casimir force between the
pendula and the shield is smaller than the gravitational
force between the pendula would, in general, lead to an
overestimation of d. This is because the effective inter-
action strength between the pendula mediated by the shield
would decrease with the detuning between the oscillation
frequencies of the shield and the pendula, which for a stiff
shield is expected to be large. In any case, and to be on the
safe side, we will stick to this stringent requirement, which,

as we will see now, results in a surface-to-surface separa-
tion distance ds that is anyway negligible with respect to the
size of the spheres, and thus it will not affect the total
distance d significantly.
In order to compute ds, we first estimate the maximum

displacement that each pendulum is expected to have.
According to Eq. (114), for a system of two oscillators,
these have to be prepared in coherent states drawn at
random from a normal distribution of width Δα ≈

ffiffiffiffiffi
10

p
.

Thus, the maximum angular displacement of each
oscillator will be given by θmax ¼

ffiffiffiffiffi
10

p
Δθzpm, withΔθzpm ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℏ=ðIωIÞ
p

the width of the rotational ground state. For the
parameter regime discussed here, this corresponds to
Δθzpm ≈ 10−13 rad, and thus, the angular displacements to
be expected during the experiment are upper bounded by
θmax < 10−12 rad. The variations in distance between the
centers ofmass of the gravitationally interacting spheres and
the shield are of the order of aθmax ≈ 10−13 m, and thus,
completely negligible compared to the radius of the sphere,
R ¼ ½3m=ð4πρÞ�1=3 ≈ 2 × 10−3 m.Herewe have assumed a
sphere of gold with mass density ρ ≈ 1.9 × 104 kg=m3. The
Casimir force between a metallic plate and a sphere can be
computed to a good approximation using the proximity
force theoremwhen the radius of the sphereR is much larger
than the surface-to-surface distance ds between the sphere
and the plate. The formula is [114]

FC ¼ −
π3ℏc
360

R
1

ds
: ð120Þ

Wewant to determine the minimum value of ds abovewhich
the ratio Fg=FC > 1, where Fg is the gravitational force
between the spheres. The ratio is given by

Fg

FC
¼ 640

π

G
ℏc

ρ2R5
d3s

ð2Rþ 2ds þ dthÞ2
; ð121Þ

where dth is the thickness of the shield. Assuming that
R ≫ fds; dthg, we find that the required bound for ds is
given by

ds >

�
π

160

ℏc
G

1

ρ2R3

�
1=3

: ð122Þ

For the parameters of our discussion, this amounts to
ds > 10−6 m, which is again a distance much smaller than
the radius of the spheres. Thus, for subsequent calculations,
we can assume, to a good approximation, that d ≈ 2R.
For small rotation angles θA and θB, the relevant,

instantaneous distances between the centers of mass of
the four gravitationally interacting masses are given by
q1 ¼ dþ aðθB − θAÞ and q2 ¼ d − aðθB − θAÞ; see Fig. 7.
For the parameters of our torsion pendula, the rest of the
separation distances, e.g., between the front end of one

FIG. 7. Gravitational interaction between two torsion balances.
Two torsion pendula are placed with their equilibrium orienta-
tions (dashed lines) in parallel and let interact through gravity. An
electromagnetic shield of thickness dth is placed in between the
two pendula to suppress electromagnetic interactions, EM shield.
The minimum distance between the surface of any sphere and the
EM shield is given by ds. The rotational degrees of freedom of
each pendulum are monitored through their coupling to two
cavity fields (red lines).
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pendulum and the rear end of the other one, are 2 orders
of magnitude larger, resulting in gravitational forces 4
orders of magnitude weaker, and thus we will ignore them
in the rest of our analysis. As discussed earlier, at low
energies the gravitational interaction can be described by a
Hamiltonian term of Newtonian form, which in our case,
with two pairs of interacting masses, takes the form

Hgrav ¼ Gm2

�
1

q1
þ 1

q2

�
: ð123Þ

For each pair, we can expand the interaction around
q − d ¼ 0 provided that aΔðθA − θBÞ ≪ d:

Gm2

q
≈
Gm2

d
−
Gm2

d2
ðq−dÞþ 2Gm2

d3
ðq−dÞ2þ �� � : ð124Þ

The term of our interest is the third term in the expansion,
which is the first to introduce a quantum interaction
between the Hilbert spaces of the two pendula. In particu-
lar, the form of the gravitational interaction between the
rotational degrees of freedom of each pendulum, after
summing over both pairs of particles, is

Hgrav ¼ � � � þ ℏγðaθ þ a†θÞðbθ þ b†θÞ; ð125Þ

where the interaction strength is given by

γ ¼ 8Gm2

d3
a2Δθ2zpm ¼ 4Gm2a2

d3ωII
; ð126Þ

and aθ and bθ are the annihilation operators of rotational
excitations in pendula A and B, respectively. Assuming
again the dumbbell shape of our pendulum I ¼ 2ma2 and
taking d ≈ 2R, as discussed earlier, we get

γ ¼ 8π

3

Gρ
ωI

≈ 1.6 × 10−4 Hz: ð127Þ

We check that this satisfies the regimes required to convert
the interaction in Eq. (125) to the form of a beam-splitter
interaction. That is, Δω ¼ ω=Q ≪ g and ω ≫ g. For the
first relation we find that 10−8 ≪ 10−5, while for the
second 10−3 ≫ 10−5; thus, the check is satisfactory.
Therefore, it seems that the proposed experimental

arrangement is able to reach, at least in principle, all the
required parameter regimes. The experiment would pro-
ceed according to the following protocol.
(1) Both pendula are feedback cooled down to their

rotational ground states.
(2) The values of the initial coherent states are drawn

from a normal probability distribution of width
given by Eq. (114).

(3) Each pendulum is optomechanically prepared in the
corresponding coherent state.

(4) The system is let to evolve coherently for a time t,
under gravitational interaction.

(5) The expected state of the pendula at time t is
computed, assuming the interaction follows a
beam-splitter evolution.

(6) A displacement operation is applied to bring the
states computed in the previous step into the
ground state.

(7) The position of the pendula is monitored through
their interaction with the optical cavities to detect if
they are in the ground state.

(8) The protocol is repeated a statistically significant
number of times and the probability of finding the
oscillators in their ground states is computed.

(9) This is compared to the upper bound on the classical
simulation fidelity for the corresponding time as
given by Eq. (95).

(10) If the value is found to be higher, we have falsified
that gravity acts as an LOCC channel.

From the steps above, no. 4 poses the greatest challenge.
Our analysis in Sec. IV C indicates that, for a two-oscillator
system, the bound on the classical simulation fidelity
decreases approximately as f2;LðtÞ ≈ 1–2γt for times
t ≪ 1=ð2γÞ. Thus, in order to observe a drop in the
simulation fidelity of, say, 0.01, with the parameters of
our proposal, we need to let the oscillators interact
coherently for a time t ≈ 102 s. For an oscillator of quality
factor Q in contact with a thermal bath at temperature T th,
one should expect phonon gains at a speed given by the
heating rate Γh ¼ kBT th=ðℏQÞ. For small coherent states, as
the ones considered here, a single phonon gain would be
enough to displace the system by a distance on the order of
the coherent state size. Thus, to guarantee that less than one
phonon enters the system during each experimental run, we
require that Γht < 1, which, for the times considered here,
translates into the condition

T th

Q
< 10−13 K: ð128Þ

Admittedly, this is a very challenging condition to
achieve experimentally. Considering temperatures in the
order of millikelvin, e.g., achievable by attaching the
pendulum to a dilution refrigerator, this would still require
quality factors on the order ofQ ¼ 1010. This is 5 orders of
magnitude above the largest reported quality factors for
torsion pendula [104,115]. For some types of wire materi-
als, such as sapphire [116], improvements in quality factors
are to be expected from operation at lower temperatures.
Further improvements could be achieved from operation at
smaller amplitudes [115], as required by our proposal, and
from an enhancement of the vacuum conditions. Moreover,
efforts to improve torsional quality factors overQ > 108 by
suppressing dissipation mechanisms, such as surface losses
or clamping losses, are under way for the construction of a
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gravitational-wave antenna based on torsion pendula
[116,117]. Whether all of this will be enough to reach
the quality factors required by our proposal remains to be
seen. To enhance clarity, we have condensed the suggested
set of experimental parameters in Table I.
Before we close this section and move on to the con-

clusions, we refer the interested reader toAppendixH,where
we discuss in some depth the main sources of noise that are
likely to affect our experimental proposal.

V. DISCUSSION AND CONCLUSIONS

A. Discussion

Let us summarize our contribution. We have described a
general class of experiments that are capable, in principle,
of testing the quantum nature, or non-LOCCness, of an
interaction (Sec. III B and Theorem 7). Within this class,
we have isolated a family of experiments based on gra-
vitationally interacting quantum harmonic oscillators, pin-
pointing the assumptions (I)–(III) [plus the optional
assumptions (IV)–(IV’)] that need to be met in order for
our analysis to apply. These n oscillators are initialized
in a random, normally distributed coherent state jαi ¼
jα1i⊗ � � �⊗ jαni and are subsequently left to interact exclu-
sively via gravity. Theorem 11 shows that the state of the
system after some time is well approximated by a coherent
state jα0i¼ jα01i⊗ � ��⊗ jα0ni, which we can compute know-
ing α and the interaction Hamiltonian. The final step of the
protocol is to implement the POVM ðjα0ihα0j; 1 − jα0ihα0jÞ,
whose outcomes we labeled with (NH) and (AH), respec-
tively. This can be done locally, without any entanglement
assistance, by first applying the tensor product displacement
unitary Dðα0Þ ¼ Dð−α01Þ⊗ � � �⊗Dð−α0nÞ and by then
measuring each oscillator separately with the POVM
ðj0ih0j; 1 − j0ih0jÞ. The global outcome (NH) corresponds
to the case where all oscillators are found in the vacuum
state, while (AH) corresponds to any other case.

Let us assume that the experiment we described in
Sec. III B could indeed be realized, and that a careful
investigation of the apparatus were to reveal that assump-
tions (I)–(III), and maybe even assumption (IV) or (IV’),
are really obeyed. We would then use either Theorem 11 or
even Theorem 12 to compute the relevant LOCC inequality,
namely, an upper bound of the form

FclðEλ; e−ðit=ℏÞHtotÞ ≤ F ð129Þ

on the LOCC simulation fidelity. By running many rounds
of the experiment, we could check whether the empirical
frequency pNH associated with the outcome (NH) violates
the above LOCC inequality, i.e., it satisfies

pNH >
?
F ≥ FclðEλ; e−ðit=ℏÞHtotÞ: ð130Þ

If that is the case, what can we conclude? We propose that
the answer to this question is that one of the following must
be true.
(A) Either gravity somehow “knows” the initial state of

the system ψα and uses this knowledge to bypass the
above theoretical bounds, reproducing at the output
the correct state with high fidelity, or

(B) the dynamical map induced by the gravitational
interaction between two or more bodies cannot be
described by LOCC operations alone.

This is, of course, provided that the assumptions stated
above are taken for granted. The crux of the argument is
that if (A) is false, and hence gravity does not know the
initial state of the system, then all it can do via LOCCs is to
reproduce the outcome (NH) with frequency at most Fcl.
This contradicts Eq. (130).
Concerning (A), note that even an agent subjected to

locality constraints can reproduce the output state of the
gravitational dynamics with high fidelity provided that they
know the input ψα. Indeed, as remarked below Theorem 11,
the output state will be well approximated by a coherent
state, which is separable by virtue of Eq. (13) and can
therefore be created from product states by means of
LOCCs. This reasoning shows that the experiment we
have described, as it stands, cannot exclude a sort of
superdeterministic explanation in which gravity is indeed
described by a local and classical gravitational field, the
behavior of which is however correlated with our choice of
ψα—that, remember, we assumed to be unknown to the
agent simulating the unitary dynamics. In other words, our
LOCC inequalities have loopholes, in the same way as Bell
inequalities do. And in precisely the same way, it is not
difficult to envisage how such loopholes could be closed, at
least in principle.
To this end, one could use quantum mechanics and

causality to generate the randomness needed to draw the
state ψα from the ensemble Eλ. Because of the fact that Eλ is
a Gaussian coherent state ensemble, there is a conceptually

TABLE I. Proposed set of parameters. Here, symbols represent
the following magnitudes:m and R are the mass and the radius of
each sphere composing the pendulum; a, τ, and ωI are the arm
length, torsion constant, and oscillation frequency of the pen-
dulum; ds is the surface-to-plate distance between the sphere and
the Faraday shield; d is the distance between the equilibrium
positions of the two pendula; γ the gravitational coupling between
them; t the experimental time of each experimental run; and
T th=Q the ratio between the environmental temperature and the
quality factor.

Parameter Value Parameter Value

m (Kg) 10−4 ds (m) >10−6

R (m) 2 × 10−3 d (m) ≈2R
a (m) 10−1 γ (Hz) 1.6 × 10−4

ωI (Hz) 7 × 10−3 t (s) 102

τ ðNm=radÞ 10−10 T th
Q (K) 10−13
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simple way to do so. Before the experiment takes place,
each oscillator should be paired with another, identical one,
and the two should be prepared in a two-mode squeezed
vacuum state jΨðrÞi ≔ ½1= coshðrÞ�P∞

k¼0 tanh
kðrÞjkki,

where r > 0 is the squeezing parameter. The n ancillary
oscillators are then sent to a remote location. As the
experiment begins, a heterodyne measurement represented
by the POVM ðjzihzjÞz∈C is carried out on every ancillary
oscillator, and the outcome z ¼ ðz1;…; znÞ is transmitted at
the speed of light toward the main laboratory. Following the
measurement, the state in the main laboratory has immedi-
ately collapsed to the coherent state jαi, where α ¼
z tanhðrÞ is distributed normally [as in Eq. (61)] with
variance 1=λ ¼ cosh2ðrÞ. The gravitational dynamics then
starts to act on the system, although no information about
the value of z (equivalently, of α) has reached the main
laboratory yet.
When the signal containing α arrives, the appropriate

measurement ðψ 0
α; 1 − ψ 0

αÞ is carried out on the main
oscillators. The idea here is that the information on α
reaches the main laboratory only at the end of the experi-
ment; therefore, a malicious gravitational field would
not have been able to use it to reproduce the final state
with LOCCs only. Admittedly, this route may not be the
most practical. Indeed, as we have seen in Sec. IV D, the
experiment could well take minutes to complete; this would
mean that the remote location should be a few light minutes
away from the main laboratory. Nevertheless, it shows that
a solution is conceptually possible.
As for (B), note that it does not imply that gravity be

described by a quantum field; in fact, it does not tell us
much about how a theory of quantum gravity might look.
It merely implies that whatever gravity is, it cannot be
universally described by LOCC operations. This excludes,
for example, the notion of a classical field mediating the
interaction, that is, a field that takes a specific value at each
point in space and interacts locally with matter.
If the empirical frequency pNH in Eq. (130) is close to 1,

then our experiment is also telling us something more,
namely, that the dynamics of the system is represented to a
good approximation by the unitary operator corresponding to
the quantum Newtonian Hamiltonian Eq. (59). What hap-
pens instead if the dynamics is really genuinely quantum, but
it is not modeled by the Newtonian Hamiltonian Eq. (59),
intended as a quantum operator? In that case the results of
the experimentmaywell be inconclusive, simply because the
measurement we are carrying out, ðψ 0

α; 1 − ψ 0
αÞ, is not the

right one to detect the final state of the system. Testing an
alternative form of a quantum dynamics should be in
principle possible by modifying that final measurement.
At this point it is prudent to note that the test described

here requires some prior knowledge, specifically about the
type of unitary evolution that the particles undergo when
only subjected to gravitational interaction. This, in turn,
requires knowledge of the mass of the test particles and of

their distances. In real-world experiments, we will never
know the quantities with absolute precision (see also
AppendixH for a more in-depth analysis of the main sources
of noise and imperfections that we anticipate). We empha-
size, however, that some degree of uncertainty in this regard,
such as imprecise knowledge of mass, does not immediately
invalidate our approach. Our LOCC inequality is a continu-
ous function of the density matrix and the unitary operation
involved. This follows from our Theorem 7, given that the
key quantity in question, the conditional min-entropy, is
known to be continuous, as established in Ref. [83].
Consequently, while small uncertainties in the state or the
unitary operation may reduce the gap between the highest
fidelity achievable byLOCCgravity and byquantumgravity,
due to the continuity of these properties only substantial
uncertainties would render the test inconclusive.
We may also dispense with the requirement of prior

knowledge assumed so far by employing process tomog-
raphy on the channel created by the gravitational inter-
action, and possibly by other interactions, between Alice
and Bob’s particles. This can, once again, be accomplished
by introducing coherent states on both Alice and Bob’s
particles and subsequently applying quantum state tomog-
raphy through local measurements on the states resulting
from this interaction. In principle, this method is sufficient
to determine the characteristics of the channel without the
need for prior channel knowledge. However, it is worth
noting that this approach is more resource intensive in
terms of experimental resources compared to the previously
presented protocol.
Finally, let us discuss how our proposal compares with

previous ones. Most of the recent literature has focused on
the idea of certifying the non-LOCCness of gravity by
detecting the entanglement it generates, either in a matter-
wave interferometer [6,8,15,118], or between modes of
light [10], or else between quantum harmonic oscillators
[9,13,14]. As previously mentioned, the main advantage of
our approach is that it does away with the need to detect
entanglement in the system altogether. This is because our
theoretical bounds can certify the non-LOCCness of the
dynamics even when entanglement is never present in the
system.
To see how this conceptual distinction actually turns into

a practical advantage, let us have a closer look at previous
proposals such as Refs. [9,13]. Note that the interaction
Hamiltonian considered, e.g., in Ref. [9], Eq. (2), is
essentially the same as our Eq. (2). Also, the base case
considered in Ref. [9], that of two massive harmonic
oscillators initialized in their ground states and interacting
exclusively via gravity, is very similar to our setting, which
features coherent states, i.e., displaced ground states. In
light of these similarities, it is remarkable that the signals
predicted by the two schemes are so different: while
following Ref. [9] one finds that the two oscillators achieve
a maximum entanglement of the order of 2Gm=ðd3ω2Þ ¼
2γ=ω after a time t ≈ π=ð2ωÞ, where γ ≔ Gm=ðd3ωÞ is as
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in Eq. (92), in Sec. IV C we have shown that the right-hand
side of our LOCC inequality, i.e., our upper bound on the
classical simulation fidelity, decreases as 1 − 2γt down to
its smallest value 1=4, achieved for t ¼ π=ð2γÞ. Therefore,
while waiting for longer boosts the signal in our scheme,
at least in principle, the maximum signal strength in
Refs. [9,13] is bounded at all times by the typically small
number 2γ=ω, at least in the absence of squeezing—more
on that below. We believe that this advantage may prove
important in practical implementations.
The technical reason that explains this fundamental

difference is that the interaction Hamiltonian considered
in both Refs. [9,13] as well as in our work, of the form x1x2,
contains in fact two interaction terms of different types: (i) a
beam-splitter term of the form a†bþ ab†, which does not
generate entanglement when the initial state is coherent,
and (ii) a two-mode squeezing term of the form abþ a†b†.
Since only entanglement generation is considered in
Refs. [9,13], it is only term (ii) that plays a role there.
The key drawback of that approach, however, is that such a
term is strongly suppressed by the rotating-wave approxi-
mation. On the other hand, since we do away with the need
to generate entanglement, the signal we predict, which
comes mainly from term (i) and thus survives the rotating
wave approximation, is substantially stronger.
It is important to note that although Refs. [9,13] do

discuss the case of entanglement generation starting from
coherent states, this is done mainly for explanatory pur-
poses, while the actual proposal there revolves around
employing squeezed states of motion. This is a possible
solution to obtain a decisive signal boost also in the
entanglement-based scheme. However, preparing squeezed
states is bound to entail a substantial increase in overall
experimental complexity, while in our proposal we only
employ much more easily attainable coherent states. For
this reason, we believe that our scheme may have distinc-
tive advantages over the squeezing-based ones.
The same considerations also apply when we compare

our proposal to others based on matter-wave interferometry.
These involve relatively large masses with their centers of
mass prepared in a superposition of two distinct coherent
states, that is, in a Schrödinger-cat-like state. Preparing
these states requires the introduction of nonlinearities in the
Hamiltonian, either by adding an ancillary system, e.g., a
two-level system, or by modifying the trapping potential to
contain terms of order higher than quadratic. Arguably,
both of these options entail experimental challenges sig-
nificantly greater than that of preparing coherent states.
Indeed, as we mentioned in the Introduction, the heaviest
object for whichmatter-wave interference has been observed
is a largemoleculewith mass∼4 × 10−23 kg [40], still much
too small to generate any appreciable gravitational field.
Another proposal to which it is worth comparing

our own is that contained in the recent work [119]. In
that proposal, maps that can generate entanglement are
distinguished from maps that cannot, even though no

entanglement is actually generated during the experiment.
In spite of this apparent similarity—the absence of gen-
erated entanglement—there are at least three crucial
differences between [119] and our work.
The most important one from the conceptual standpoint,

and certainly the most relevant for practical applications, is
that although they contain no entanglement, the initial
states of Ref. [119] are still highly delocalized states of
relatively large masses. Such states are precisely what is
required in entanglement-based proposals, and preparing
them is well known to be exceptionally challenging from an
experimental point of view. In this sense, the experimental
difficulty associated with the protocol in Ref. [119] is
comparable to that of entanglement-based tests. The initial
states required by our proposal, on the contrary, are simple
coherent states, arising naturally as (displaced) ground
states of harmonic oscillators. As such, they are more
easily obtained than the delocalized states of Ref. [119].
The aim of the proposal in Ref. [119] is to certify that

the dynamics induced by gravity is not a nonentangling
map—i.e., it can generate entanglement. This stands in
contrast with our framework, which aims to detect the
non-LOCCness of the dynamics. Importantly, the class of
nonentangling operations is strictly larger than the class of
LOCC maps. That is, there are nonentangling maps that are
not LOCC [120]—in fact, the two classes lead to very
different entanglement manipulation rates [121,122]. Our
result is therefore strictly more powerful as it allows us to
discriminate whether gravity is of non-LOCC form (and
therefore non-classical), even if it would not have the
ability to generate entanglement. Furthermore, our setup
allows us to test for even finer graduations, as different
classes of operations, and thus different underlying physi-
cal models of gravity, will lead to their own fidelity
thresholds, which may then be tested in our experiment.
In this sense, our test is more refined not only than that in
Ref. [119], but also than experiments that test merely the
generation of entanglement.
Finally, the nonentangling maps excluded by the witness

found in Ref. [119] are only those that satisfy the
population-preservation hypothesis. While this is certainly
a reasonable assumption in the context of that work, we
would like to remark that our non-LOCC inequalities are
much more general: their violation allows us to automati-
cally exclude all LOCC processes, without any restriction.
In summary, the majority of the existing literature has

focused on utilizing widely spread states, such as the
aforementioned squeezed Gaussian and Schrödinger-cat
states, for their ability to boost the rate of entanglement
generation in entanglement-based tests [123]. However,
besides the already discussed challenges in their prepara-
tion, these states also represent an increased dissipation
channel, as their delocalization not only enhances the
interaction between the objects of interest but also the
interaction of each of the bodies with their environment. In
contrast, in our proposed test, the interacting bodies remain
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at all times in separable coherent states. We consider this
another significant advantage of our protocol over previous
ones, as this eliminates the obstacles related to state
preparation and also removes the decoherence associated
with highly delocalized systems.
Naturally, our proposal is not without challenges. The

primary ones lie in achieving the necessary long coherence
times, high-quality factors, and low environmental temper-
atures, which themselves require important experimental
progress. While comparing these difficulties to those
associated with entanglement-based tests may be elusive,
as the two frameworks ultimately present their own unique
sets of challenges, we believe that our proposal opens a
new experimental avenue. This is bound to be inherently
enriching and positive, as it allows the exploration of
diverse paths toward a shared goal.

B. Conclusions

The weight of modern physics lies on two well-tested
albeit ill-matching pillars, namely, general relativity and
quantum mechanics. While a marriage between the two
has been sought right since their birth at the dawn of the
20th century, the truth is that physicists still await an
invitation to the wedding. Arguably, one of the aspects that
is delaying this is the lack of access to experiments where
the source of a measurable gravitational field exhibits
quantum properties such as superposition of its center of
mass. Typically, this has been considered to be an exper-
imentally inaccessible regime with state-of-the-art technol-
ogy; a perception that might be changing with the advent
of quantum technologies, and in particular with that of
quantum optomechanics, which is showing an ever-
improving quantum control of massive systems. While a
direct test of the quantization of the gravitational field
remains a daunting task, indirect ways of testing quantum
aspects of gravity have recently stirred the physics commu-
nity. In particular, significant interest has been raised toward
experiments that could, in principle, test whether the gravi-
tational interaction between masses with quantum mechani-
cal degrees of freedom can be reproduced by using only local
operations and classical communication. To the best of our
knowledge, all of the existing proposals in this respect rely on
looking for the generation of entanglement mediated by
gravity, a phenomenon that is impossible to reproduce if the
interaction is modeled by an LOCC channel.
Here we have shown, in stark contrast, that entanglement

is not a necessary ingredient for this type of test. To achieve
this we have established a general LOCC inequality, i.e., an
upper bound on the fidelity that an LOCC protocol can
achieve when trying to reproduce certain classes of unitary
evolutions. This can then be tested for a subset of states,
although, under such an evolution, these same states never
get entangled. Finding final output state fidelities above the
computed threshold would thus violate the LOCC inequal-
ity, indicating that the evolution is not of an LOCC type.

This has immediate implications for the experimental
efforts to implement this type of tests. Entanglement-based
tests of gravity require the generation of large spatial
superpositions of massive systems, a task of significant
experimental challenge. Our result shows that this is not
necessary, thereby removing one important obstacle toward
this goal. We have provided a detailed analysis of the
prospects for an experimental implementation of our ideas
and shown that, while technology would still require
significant improvement, these requirements are not harder
to meet than those of entanglement-based tests. In fact,
while our experiment would necessitate similarly low
dissipation rates, it does not require the generation of
coherently delocalized quantum states, which is extremely
challenging experimentally, nor the detection of entangle-
ment, which, for gravitational experiments, is expected to
be extremely small and fragile to all sorts of decoherence
sources, and thus very challenging to detect.
In short, our result represents a conceptual shift with

respect to the established notions regarding tests of quan-
tum aspects of gravity with quantum technologies, and with
it it opens the door to a novel class of experiments.
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APPENDIX A: DETOUR: CLASSICAL
THRESHOLDS FOR TELEPORTATION
AS A SPECIAL CASE OF THEOREM 7

The usefulness of our methods, and in particular of
Theorem 7, is best illustrated by applying it to the simplest
possible case, that inwhich there are only two parties (n ¼ 2)
and the A2 and A0

1 subsystems are trivial, A1 ≃ A0
2 are

isomorphic, and moreover UA→A0 ¼ 1A1→A0
2
is the identity

channel. Although this setting is not immediately relevant to
the application considered here, it has been the subject of
extensive investigation in the context of classical simulation
of teleportation. Indeed, the task at hand consists in simulat-
ing a perfect teleportation channel A1 → A0

2 on an ensemble
of pure states E using only operations that are LOCC with
respect to the splitting 1∶2, that is, using measure-and-
prepare (MP) channels A1 → A0

2, i.e., channels of the form

ΛðXA1
Þ ¼Pl Tr½XA1

EA1

l �ρðlÞA0
2
, where ðElÞl is a (discrete)

POVM, and ρðlÞA0
2
are states. The quantity

P2 ¼ FclðE; 1A1→A0
2
Þ ¼ sup

Λ∈MPðA1→A0
2
Þ

X
α

pαTr½ΛðψαÞψα�;

ðA1Þ
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i.e. the maximal average fidelity obtainable by such a
simulation, is also known in this context as the classical
threshold. This quantity has garnered a lot of attention as a
benchmark for quantum experiments, and has been com-
puted in a variety of scenarios: (a) for Haar-random ensem-
bles of qubit and qudit states [56–59]; (b) for Gaussian
ensembles of coherent states [45,60]; (c) for ensembles of
general Gaussian states [84–87]; and finally (d) for ensem-
bles of continuous-variable states invariant under some
group action [88,89]. With our methods it is possible to
recover several of these results swiftly and with a muchmore
transparent proof.Applied to this special case, our Theorem7
gives the bound

FclðE; 1A1→A0
2
Þ ≤ inf

n
κ∶
X
α

pαψα ⊗ ψ 0
α ≤ κξ⊗ 1

o
:

ðA2Þ

Below, we show how to recover from this two classic results.
(a) Haar-random qudit states. Let EH; d be the ensemble

composed of all qudit states with the Haar measure.
Then it is known that [56–59]

FclðEH; d; 1A1→A0
2
Þ ¼ 2

dþ 1
: ðA3Þ

While a lower bound on the left-hand side is easy to
find by making an appropriate ansatz for the measure-
and-prepare channel Λ in Eq. (A1), a matching upper
bound can be derived from Eq. (A2) by remembering
from Eq. (48) thatZ

dψ ψ ⊗ ψ ¼ 2S
dðdþ 1Þ ; ðA4Þ

where S is the projector onto the symmetric sub-
space, and then by making the ansatz ξ ¼ 1=d and
κ ¼ 2=ðdþ 1Þ. Note that Eq. (A3) implies that the
bound on the classical simulation fidelity of the swap
operation we found in Eq. (49) is in fact tight: indeed,
one can always simulate a swap by teleporting each
state on the other side separately.

(b) Ensembles of coherent states. Let p be a phase-
invariant probability distribution on the complex plane
C; i.e., pðeiφαÞ ¼ pðαÞ for all φ∈R and α∈C. Then
one can consider the ensemble of coherent states
Ep ¼ fpðαÞ; jαihαjgα∈C. A notable ensemble of this
kind is the Gaussian ensemble pðαÞ ¼ pλðαÞ ¼
ðλ=πÞe−λjαj2 , where λ > 0, which will play a key role
later in the paper. In Ref. [60] (see also Ref. [45],
Sec. VIII.1.2), it was shown that the corresponding
classical threshold evaluates to

FclðEpλ
; 1A1→A0

2
Þ ¼ 1þ λ

2þ λ
; ðA5Þ

converging in particular to 1=2 as λ → 0, and thus the
ensemble becomes very spread out. Once again,
establishing a lower bound on FclðEpλ

; 1A1→A0
2
Þ is

relatively easy—a heterodyne measurement is the
right ansatz—and the difficult part is to prove an
upper bound. The main drawbacks of the proof of the
upper bound in Ref. [60] are that (i) it is somewhat
lengthy—it occupies six pages in Ref. [45] (pp. 232–
237)—and (ii) it cannot be easily generalized to
arbitrary phase-invariant distributions. We can solve
both of these issues with the help of our Theorem 7.

Proposition 14. For any phase-invariant probability
distribution p on C, it holds that

FclðEp; 1A1→A0
2
Þ ≤ inf

q
sup
N ∈N

μN
XN
k¼0

1

qk

�
N
k

�
ðA6Þ

≤ sup
N ∈N

μN
XN
k¼0

1

νk

�
N
k

�
; ðA7Þ

where the infimum is over all probability distributions q
on N, and

μN ≔
1

N!

Z
d2αpðαÞe−2jαj2 jαj2N; ðA8Þ

νk ≔
1

k!

Z
d2αpðαÞe−jαj2 jαj2k: ðA9Þ

In particular, for pðαÞ ¼ pλðαÞ ¼ ðλ=πÞe−λjαj2 we recover
Eq. (A5).
Proof. We start by computing the operator appearing in

Eq. (A2), which in this case takes the formZ
d2α pðαÞjαihαj⊗ jαihαj

¼1
X∞

h;k;h0;k0¼0

jhihkj⊗ jh0ihk0jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h!k!h0!k0!

p
Z

d2α pðαÞe−2jαj2αhþh0 ðα�Þkþk0

¼2
X∞
N¼0

XN
h;k¼0

jhihkj⊗ jN −hihN − kjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h!k!ðN −hÞ!ðN − kÞ!p Z

d2α pðαÞe−2jαj2 jαj2N

¼3
X∞
N¼0

μN
XN
h;k¼0

jhihkj⊗ jN −hihN − kj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
N
h

��
N
k

�s

¼4
X∞
N¼0

2NμN jϕNihϕN j: ðA10Þ

Here, in 1 we used Eq. (12); in 2 we noticed thatR
d2α pðαÞe−2jαj2αhþh0 ðα�Þkþk0 ¼ 0 unless hþ h0 ¼ kþ

k0 ≕N, due to the phase invariance of p; in 3 we employed
the definition of μN , given by Eq. (A8); finally, in 4 we
defined the states
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jϕNi ≔ 2−N=2
XN
k¼0

ffiffiffiffiffiffiffiffiffiffiffi�
N
k

�s
jki⊗ jN − ki: ðA11Þ

Note that the jϕNi are orthonormal states, because each of
them belongs to a different subspace of fixed total photon
number N, whose corresponding projector we denote by

ΠN ≔
XN
k¼0

jkihkj⊗ jN − kihN − kj: ðA12Þ

Now, to prove Eqs. (A6) and (A7) we resort once more
to Eq. (A2). Setting ξ ≔

P∞
k¼0 qkjkihkj, we see that the

operator inequality

X∞
N¼0

2NμN jϕNihϕN j ≤ κξ⊗ 1; ðA13Þ

is satisfied if and only if

2NμN jϕNihϕN j ≤ κ ΠNðξ⊗ 1ÞΠN

¼ κ
XN
k¼0

qkjkihkj⊗ jN − kihkj ðA14Þ

for all N ∈N. Remembering that bjψihψ j ≤ A if and only if
ψ ∈ suppðAÞ and bhψ jA−1jψi ≤ 1, where the inverse of A is
taken on the support, it is immediate to deduce from this
that the minimal κ for which this can hold is given by the
right-hand side of Eq. (A6). The inequality in Eq. (A7),
instead, is obtained by making the ansatz qk ¼ νk, where νk
is given by Eq. (A9).
Finally, for theGaussian case a straightforward calculation

shows that μN ¼ λð2þ λÞ−N−1 and νk ¼ λð1þ λÞ−k−1, so that
μN
P

N
k¼0ð1=νkÞðNkÞ ¼ ð1þ λÞ=ð2þ λÞ for allN ∈N, recov-

ering the results of Hammerer et al. [Eq. (A5)] [60]. ▪

APPENDIX B: PROOF OF THEOREM 7
WITH GENERAL INFINITE-DIMENSIONAL

ENSEMBLES

Throughout this appendix, we explain how to modify the
proof of Theorem 7 to adapt it to the general setting where
E ¼ fdμðαÞ;ψαg is a general ensemble of possibly infinite-
dimensional states ψα ¼ jψαihψαj, where jψαi∈H and the
only assumption on H is that it is separable as a Hilbert
space. Here, μ is a generic probability measure on some
measure space, and accordingly Eq. (40) takes the form

FclðE; UÞ ≔ sup
Λ∈LOCCðA→A0Þ

Z
dμðαÞTr½ΛðψαÞψ 0

α�; ðB1Þ

while Eq. (44) becomes

RAA0 ≔
Z

dμðαÞðψ�
αÞA ⊗ ðψ 0

αÞA0 : ðB2Þ

Clearly, it suffices to prove Eq. (43), as Eq. (45) follows
exactly as in the proof of Theorem 7 presented in the main
text. To achieve this, we modify Eq. (51) as follows: Let us
take a generic LOCC operation Λ∈LOCC and consider
κ > 0 such that RΓJ

AA0 ≤ κξA ⊗ 1A0 . Then

FclðE; UÞ

¼
Z

dμðαÞhψ 0
αjΛðψαÞjψ 0

αi

¼1
Z

dμðαÞ lim
d→∞

hðψ�
αÞAðψ 0

αÞA0 jDAA0
Λ;djðψ�

αÞAðψ 0
αÞA0 i

≤
2
lim inf
d→∞

Z
dμðαÞhðψ�

αÞAðψ 0
αÞA0 jDAA0

Λ;djðψ�
αÞAðψ 0

αÞA0 i ðB3Þ

¼3 lim inf
d→∞

Tr½RAA0DAA0
Λ;d�

≤
4
lim inf
d→∞

κ

¼ κ: ðB4Þ

The most delicate step in the above calculation is 1. There,
we introduced the unnormalized Choi-Jamiołkowski
state DAA0

Λ;d defined over the first d basis vectors, formally
given by Eqs. (31) and (30), but where now fj1i; j2i;…g
is a possibly infinite Hilbert basis of HA. Calling
Πd ≔

P
d
l¼1 jlihlj, one observes that Eq. (53) can be

modified so as to give M⊗ 1jΦdi ¼ 1⊗ ðΠdM⊺ÞjΦdi
for any bounded operator M. Then, as in Eq. (B5) we
compute

hψ�
αψ

0
αjDΛ;djψ�

αψ
0
αi

¼ d Tr½ψ�
α ⊗ ψ 0

αðI ⊗ ΛÞðΦdÞ�
¼ d Trð1⊗ ψ 0

αðI ⊗ ΛÞððψ�
α ⊗ 1ÞΦdÞÞ

¼ d Tr½1⊗ ψ 0
αðI ⊗ ΛÞðð1⊗ ðΠdψαÞÞΦdÞ�

¼ d Tr½ψ 0
αΛðTr1½ð1⊗ ðΠdψαÞÞΦd�Þ�

¼ Tr½ψ 0
αΛðΠdψαΠdÞ�

¼ hψ 0
αjΛðΠdψαΠdÞjψ 0

αi; ðB5Þ

which implies in particular that

lim
d→∞

hψ�
αψ

0
αjDΛ;djψ�

αψ
0
αi ¼ hψ 0

αjΛðψαÞjψ 0
αi ðB6Þ

due to the strong convergence of ΠdψαΠd to ψα as d → ∞
for each α. This completes the justification of 1 in Eq. (B3).
Continuing, in 2 we applied Fatou’s lemma, in 3 we
used Eq. (B2), and finally 4 follows as in Eq. (51). This
completes the proof of Theorem 7 in the general case.
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APPENDIX C: TAYLOR EXPANSION OF THE
HAMILTONIAN OF GRAVITATIONALLY

INTERACTING HARMONIC OSCILLATORS

Consider a system of n particles, each bound to a one-
dimensional harmonic oscillator (Fig. 2). We assume that
these particles interact with each other gravitationally, and
that the oscillation amplitude is much smaller than the
distance between the oscillator centers. In this appendix, we
employ this approximation to perform a Taylor expansion
of the total Hamiltonian.
In what follows, we denote the position of the jth center

with R⃗0
j ∈R3, the angular frequency of the harmonic

oscillator with ωj, the mass of the particle with mj, the
direction of the oscillation line with n̂j ∈R3, where
kn̂jk ¼ 1, and the position of the particle along that line
with xj ∈R. The position of the jth particle is thus

R⃗j ¼ R⃗0
j þ xjn̂j. Remembering that we set d⃗jk ≔ R⃗0

k − R⃗0
j ,

we see that the gravitational interaction between particles i
and j contributes

−
Gmjmk

kR⃗j − R⃗kk
¼ −

Gmjmk

kd⃗jk − xjn̂j þ xkn̂kk
ðC1Þ

to the total energy.
We start by computing

kd⃗jk − xjn̂j þ xkn̂kk−1 ðC2Þ

¼1 1

djk

����d̂jk − xj
djk

n̂jþ
xk
djk

n̂k

����−1
¼ 1

djk

�
1−

2

djk
ðxjn̂j · d̂jk − xkn̂k · d̂jkÞ

þ 1

d2jk
ðx2j þ x2k − 2xjxkn̂j · n̂kÞ

�
−1=2

¼2 1

djk

�
1−

2

djk
ðxj cosθjkþ xk cosθkjÞ

þ 1

d2jk
ðx2j þ x2k − 2xjxk cosφjkÞ

�
−1=2

¼3 1

djk

�
1þ 1

djk
ðxj cosθjkþ xk cosθkjÞ

−
1

2d2jk
ðx2j þ x2k − 2xjxk cosφjkÞ

þ 3

8

�
2

djk

�
2

ðxj cosθjkþ xk cosθkjÞ2þ third-order terms

�

¼4 −
1

2d3jk
ðð1− 3cos2θjkÞx2j þð1− 3cos2θkjÞx2k

− 2ðcosφjkþ 3cosθjk cosθkjÞxjxkÞ
þ constantþ linear termsþ third-order terms: ðC3Þ

Here, in 1 we introduced the notation djk ≔ kd⃗jkk and

d̂jk ≔ ðd⃗jk=djkÞ, in 2 we defined the angles θjk; θkj;
φjk ∈ ½0; π� via the relations (60), in 3 we Taylor expanded

ð1þ zÞ−1=2 ¼ 1 −
1

2
zþ 3

8
z2 þOðjzj3Þ ðz → 0Þ; ðC4Þ

and finally in 4 it is understood that a linear term is a
generic addend cjxj, while a third-order term is of the
form cjklxjxkxl.
The Hamiltonian of the system can therefore be

expressed as

H¼5
X
j

�
1

2
mjω

2
jx

2
j þ

p2
j

2mj

�
−
X
j<k

Gmjmk

kd⃗jk − xjn̂jþ xkn̂kk

¼6
X
j

�
1

2
mjω

2
jx

2
j þ

p2
j

2mj

�
þ 1

2

X
j<k

Gmjmk

d3jk

× ðð1− 3cos2θjkÞx2j þð1− 3cos2θkjÞx2k
− 2ðcosφjkþ 3cosθjk cosθkjÞxjxkÞ
þ constantþ linear termsþ third-order terms

¼
X
j

�
1

2
mjω

2
jx

2
j þ

p2
j

2mj

�

þ 1

2

X
j

�X
k∶k≠j

Gmjmk

d3jk
ð1− 3cos2θjkÞ

�
x2j

−
1

2

X
j≠k

Gmjmk

d3jk
ðcosφjkþ 3cosθjk cosθkjÞxjxk

þ constantþ linear termsþ third-order terms

¼7
X
j

ℏωj

x̄2j þ p̄j
2

2

þ 1

2

X
j

�X
k∶k≠j

Gℏmk

d3jkωj
ð1− 3cos2θjkÞ

�
x̄2j

−
1

2

X
j≠k

Gℏ ffiffiffiffiffiffiffiffiffiffiffimjmk
p

d3jk
ffiffiffiffiffiffiffiffiffiffiffi
ωjωk

p ðcosφjkþ 3cosθjk cosθkjÞx̄jx̄k

þ constantþ linear termsþ third-order terms; ðC5Þ

where 5 is just Eq. (59), in 6 we plugged Eq. (C3),
and finally in 7 we employed the dimensionless vari-
ables x̄j; p̄j defined by Eq. (71). The quadratic term in
Eq. (C5), specialized to the case where ωj ≡ ω for all j,
yields Eq. (C5).
Thus, to complete the motivation of Eq. (69) it only

remains to justify why we can neglect the constant and
linear terms appearing in Eq. (C5). The constant terms
clearly commute with everything else and amount to an
overall phase, so they can safely be ignored. What about the
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linear terms? As it turns out, they can be ignored, too,
because the unitary evolution corresponding to a sum of
linear and a quadratic Hamiltonian can be expanded as

e−ðit=ℏÞðHlinþHqÞ ¼ e−ðit=ℏÞH̃line−ðit=ℏÞHq ; ðC6Þ
where H̃lin ≠ Hlin is a new linear Hamiltonian, but theHq on
the right-hand side is the same as on the left-hand
side. The above observation can be proved in many
ways, but the most immediate is perhaps via the
Baker-Campbell-Hausdorff formula, which dictates that
e−ðit=ℏÞðHlinþHqÞeðit=ℏÞHq can be rewritten as an exponential
of −ðit=ℏÞHlin plus a complicated expression involving
nested commutators of −ðit=ℏÞðHlin þHqÞ and ðit=ℏÞHq;
since there is only one quadratic term, which naturally
commutes with itself, and the canonical commutation
relations Eq. (11) lower the degree of any expression
involving commutators by 2, a little thought reveals that
only linear terms can survive any chain of nested commu-
tators of this sort. Thus, e−ðit=ℏÞðHlinþHqÞeðit=ℏÞHq must be the
exponential of a linear operator. Now, since H̃lin ¼

P
j cjxj

and xj acts only on the jth oscillator, we see that e−ðit=ℏÞH̃lin ¼
⊗j Vj is in fact a product unitary. Thanks to Lemma 6, this
has no effect on the LOCC simulation fidelity.

APPENDIX D: PROOF OF THEOREM 7

This appendix is devoted to the presentation of a
complete mathematical proof of Theorem 10. To apply
Theorem 7 to the Gaussian coherent state ensemble
described in the statement of Theorem 10, we first need
to compute the operator RAA0 given by Eq. (44) for the case
of interest. This is given by

RAA0 ≔
Z

d αpλðαÞjα�ihα�jA ⊗ ðUSjαihαjU†
SÞA0 ; ðD1Þ

where the systems A, A0 are composed of n modes each.
Note that

RA ¼ TrA0RAA0

¼
Z
Cn

dnαpλðαÞjα�ihα�j

¼ ⊗
n

j¼1

Z
C
d2αj

λ

π
e−λjαjj2 jαjihαjjAj

¼ ⊗
n

j¼1
ðτ1=λÞAj

; ðD2Þ

where

τν ≔
1

νþ 1

X∞
n¼0

�
ν

νþ 1

�
n
jnihnj ¼

Z
d2z

1

πν
e−jzj2=νjzihzj

ðD3Þ

is the thermal state with mean excitation number ν ≥ 0,
expressed in the rightmost side of the above equation by
means of its P representation [124], Eq. (4.5.36). This
suggests that we should take a thermal state as an ansatz for
ξA in Eq. (43). In the interest of rigor, we will choose ξA ¼
ðτ⊗n

1=λμ
ÞA to be a thermal state with a slightly larger mean

photon number than 1=λ. Here, μ > 0 is a parameter that we
will take to 0 later on, and λμ is defined by

λμ ≔
λ − 2μ

1þ μ
: ðD4Þ

The precise functional dependence of λμ on μ is immaterial,
as long as λμ > λ for all μ > 0 and limμ→0þ λμ ¼ λ. The
specific choice in Eq. (D4) is made for convenience.
For every fixed J ⊆ ½n�, we then obtain that

FclðEλ; USÞ≤
1
liminf
μ→0

dmax

�
RΓJ
AA0kðτ⊗n

1=λμ


A ⊗ 1A0

�
¼2 liminf

μ→0
λmax

��
τ−1=21=λμ

⊗n
A RΓJ

AA0
�
τ−1=21=λμ

⊗n
A

�
¼3 liminf

μ→0
λmax

�
ðQAA0

μ ÞΓAJc
ΓA0

J

�
: ðD5Þ

The above steps are justified as follows: in 1 we used
Theorem 7, and in particular Eq. (43), employing as
ansatz ξA ¼ ðτ⊗n

1=λμ
ÞA [see Eq. (D3)]; in 2 we leveraged

Eq. (34)—we will soon see that what is enclosed in
brackets is indeed a bounded operator—and omitted a
tensor product with 1A0 for brevity; finally, in 3 we
introduced the operator

QAA0
μ ≔

��
τ−1=21=λμ

⊗n
A RΓJ

AA0
�
τ−1=21=λμ

⊗n
A

�
ΓAJc

ΓA0
J

¼ �τ−1=21=λμ

⊗n
A RΓA

AA0
�
τ−1=21=λμ

⊗n
A ; ðD6Þ

where we chose the local Fock basis as the one with respect
to which we are taking the transposition, and noted that a
thermal state is diagonal in this basis.
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Continuing, we compute

QAA0
μ ¼4

Z
dnαpλðαÞðτ−1=21=λμ

Þ⊗n

A
jαihαjAðτ−1=21=λμ

Þ⊗n

A
⊗ ðUSjαihαjU†

SÞA0

¼5 UA0
S

�
⨂
n

j¼1

Z
C
d2αj

λ

π
e−λjαjj2

�
τ−1=21=λμ

jαjihαjjτ−1=21=λμ

�
Aj

⊗ jαjihαjjA0
j

�
ðUA0

S Þ†

¼6 UA0
S

�
⨂
n

j¼1

Z
C
d2αj

λð1þ λμÞ
πλμ

e−ðλ−λμÞjαjj2
��� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ λμ
q

αj
ED ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ λμ
q

αj

���
Aj

⊗ jαjihαjjA0
j

�
ðUA0

S Þ†

¼7 UA0
S

�
⨂
n

j¼1

U
AjA0

j
φμ

�Z
C
d2αj

λð1þ λμÞ
πλμ

e−ðλ−λμÞjαjj2 j0ih0jAj
⊗
��� ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ λμ
q

αj
ED ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ λμ
q

αj

���
A0
j

��
U

AjA0
j

φμ

�†�ðUA0
S Þ†

¼8 UA0
S

�
⨂
n

j¼1

U
AjA0

j
φμ

�Z
C

d2βj
2þ λμ

λð1þ λμÞ
πλμ

e−½ðλ−λμÞ=ð2þλμÞ�jβjj2 j0ih0jAj
⊗ jβjihβjjA0

j

��
U

AjA0
j

φμ

�†�ðUA0
S Þ†

¼9 1

μn

�ð1þ λμÞλμ
λμðλ − λμÞ

�
n

UA0
S

�
⨂
n

j¼1

U
AjA0

j
φμ

��
j0ih0jA ⊗ ðτ⊗n

1=μÞA0

��
⨂
n

j¼1

U
AjA0

j
φμ

�†
ðUA0

S Þ†

¼10 1

μn

�
1þ λ

2þ λ
þ oð1Þ

�
n
UA0

S ω
AA0
μ ðUA0

S Þ†: ðD7Þ

The above steps can be justified as follows. In 4 we used
Eqs. (D1) and (D6). In 5 we decomposed every operator
except US modewise. In 6 we noticed that

τ−1=21=ζ jβi ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ ζ

ζ

s
e ζjβj2=2j

ffiffiffiffiffiffiffiffiffiffiffi
1þ ζ

p
βi; ðD8Þ

for all β∈C and ζ > 0, as can be verified directly by
writing everything out in Fock basis. In 7 we set
φμ ≔ arccosð1= ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ λμ
p Þ, introduced the beam-splitter

unitary acting on two modes defined by

Uφ ≔ eφða†b−ab†Þ; ðD9Þ

where a, b are the annihilation operators of the first and
second mode, respectively, and recalled that

Uφjβ; γihβ; γj ¼ jβ cosφþ γ sinφ;−β sinφþ γ cosφi;
ðD10Þ

for all β; γ ∈C. Incidentally, Uφ is the Gaussian unitary
[cf. Eq. (16)] corresponding to a rotation matrix—which is,
in particular, symplectic. Namely,

Uφ ¼ URð−φÞ; RðφÞ ≔
�
cosφ − sinφ

sinφ cosφ

�
: ðD11Þ

In 9 we changed variable, setting βj ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ λμ

p
αj, and

leveraged Eq. (D3). Finally, in 10 we noted that
limμ→0þ½ð1þλμÞλμ=λμðλ−λμÞ�¼ð1þλ=2þλÞ, and defined
the state

ωAA0
μ ≔

�
⨂
n

j¼1

U
AjA0

j
φμ Þðj0ih0jA ⊗ ðτ⊗n

1=μÞA0

��
⨂
n

j¼1

U
AjA0

j
φμ

�†
:

ðD12Þ

Now, from Eq. (D5) we continue by writing

FclðEλ; USÞ
≤ liminf

μ→0
λmax

�
ðQAA0

μ ÞΓAJc
ΓA0

J

�
¼11
�
1þ λ

2þ λ

�
n
liminf
μ→0

1

μn
λmax

�
ðUA0

S ω
AA0
μ UA0

S
†ÞΓAJc

ΓA0
J

�
; ðD13Þ

where 11 comes from Eq. (D7).
We now need to evaluate the rightmost side of Eq. (D13).

To do so, it is instrumental to observe that the operator
whose maximal eigenvalue we need to calculate is the
partial transpose of a centered Gaussian state, and thus
it is itself a centered Gaussian operator with trace one.
Denoting with W its quantum covariance matrix, we can
thus write

ðUA0
S ω

AA0
μ UA0

S
†ÞΓAJc

ΓA0
J ¼ G1½WJ;μ; 0�; ðD14Þ

where the right-hand side is defined by Eq. (21). We can
compute the operator norm of the above operator thanks to
Eq. (24), provided that we first compute WJ;μ. Start by
observing that ωAA0

μ is a centered Gaussian state, too, for all
μ > 0. We will denote its covariance matrix by V½ωAA0

μ �. We
have that
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V½ωAA0
μ �

¼12
� ðcosφμÞ1 ðsinφμÞ1
−ðsinφμÞ1 ðcosφμÞ1

� 1 0

0
�
2
μþ1

�
1

!

×

�ðcosφμÞ1 −ðsinφμÞ1
ðsinφμÞ1 ðcosφμÞ1

�

¼ 1

ð2þλμÞμ

 ð2ð1þλμÞþμð2þλμÞÞ1 2
ffiffiffiffiffiffiffiffiffiffiffiffi
1þλμ

p
1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
1þλμ

p
1 ð2þð2þλμÞμÞ1

!
;

ðD15Þ

where 12 is because

V½UθρU
†
θ� ¼

�
cos θ sin θ

− sin θ cos θ

�
V½ρ�

�
cos θ − sin θ

sin θ cos θ

�
ðD16Þ

holds in general for all two-mode states ρ and all angles
θ∈R, with Uθ being as usual the beam-splitter unitary
Eq. (D9). This follows immediately by combining
Eqs. (D11) and (23). Hence,

WJ;μ ¼ V
h
ðUA0

S ω
AA0
μ UA0

S
†ÞΓAJc

ΓA0
J

i
¼13
�ΣA

Jc

ΣA0
J

��
1A 0

0 SA0

�
V½ωAA0

μ �

×

�
1A 0

0 S⊺A0

��ΣA
Jc

ΣA0
J

�

¼
�ΣA

Jc

ΣA0
J SA0

�
V½ωAA0

μ �
�ΣA

Jc

S⊺A0ΣA0
J

�
; ðD17Þ

where in 13 we used Eqs. (23) and (29), introducing the
matrices

ΣA
Jc ¼ ⨁

j∈ J
1Aj

⊕ ⨁
k∈ Jc

�
1

−1

�
Ak

;

ΣA0
J ¼ ⨁

j∈ J

�
1

−1

�
A0
j

⊕ ⨁
k∈ Jc

1A0
k
; ðD18Þ

which represent the partial transpositions with respect to
AJc and A0

J.
Now, including the factor μ−n coming from Eq. (D13),

let us write

1

μn
λmax

�
ðUA0

S ω
AA0
μ UA0

S
†ÞΓAJc

ΓA0
J

�
¼ 1

μn
λmaxðG1½WJ;μ; 0�Þ

¼14 1

μn
Y2n
l¼1

2

1þ νlðWJ;μÞ

¼15 2
2n

μn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4n
l¼1

1

1þ jsplðWJ;μΩAA0 Þj

vuut

¼16 2
2n

μn
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðWJ;μΩAA0 Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4n
l¼1

1

1þ jsplðΩAA0W−1
J;μÞj

vuut

¼17 2
2n

μn
1

ð2μ þ 1Þn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4n
l¼1

1

1þ jsplðΩAA0W−1
J;μÞj

vuut : ðD19Þ

The above steps are justified as follows: 14 comes from
Eq. (24); in 15 we leveraged Eq. (20) and introduced the
notation splðMÞ for the lth eigenvalue of a matrix M
(the order is not important here); in 16 we observed that the
inverse of the eigenvalues of an invertible matrix coincide
with the eigenvalues of the inverse matrix; finally, 17 is a
consequence of the fact that

detðWJ;μΩAA0 Þ ¼ detWJ;μ ¼
�
2

μ
þ 1

�
2n
; ðD20Þ

as becomes clear by looking at Eqs. (D15) and (D17) and
recalling that det S ¼ 1 as S is symplectic.
Plugging Eq. (D19) into Eq. (D13) yields

FclðEλ;USÞ≤
�
2ð1þ λÞ
2þ λ

�
n

× liminf
μ→0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4n
l¼1

1

1þjsplðΩAA0W−1
J;μÞj

vuut : ðD21Þ

We will next show how to evaluate the limit in Eq. (D21).
Proceeding formally from Eq. (D15), one can see that

V½ωAA0
μ �−1 ¼

� ðcosφμÞ1 ðsinφμÞ1
−ðsinφμÞ1 ðcosφμÞ1

�� 1 0

0 μ
2þμ 1

�

×

� ðcosφμÞ1 −ðsinφμÞ1
ðsinφμÞ1 ðcosφμÞ1

�
: ðD22Þ
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Thus,

lim
μ→0

V½ωAA0
μ �−1 ¼

� ðcosφ0Þ1 ðsinφ0Þ1
−ðsinφ0Þ1 ðcosφ0Þ1

��
1 0

0 0

�

×
�ðcosφ0Þ1 −ðsinφ0Þ1
ðsinφ0Þ1 ðcosφ0Þ1

�

¼ 1

2þ λ

�
1 −

ffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1

−
ffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1 ð1þ λÞ1

�
; ðD23Þ

where in the last line we remembered that φμ ≔
arccosð1= ffiffiffiffiffiffiffiffiffiffiffiffiffi

2þ λμ
p Þ. Therefore, from Eq. (D17) we see that

W−1
J;0 ≔ lim

μ→0
W−1

J;μ

¼18
�ΣA

Jc

ΣA0
J S

−⊺
A0

�
V½ωAA0

μ �−1
�ΣA

Jc

S−1A0 ΣA0
J

�

¼19 1

2þ λ

�ΣA
Jc

ΣA0
J S

−⊺
A0

��
1 −

ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1

−
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1 ð1þ λÞ1

�

×

�ΣA
Jc

S−1A0 ΣA0
J

�

¼ 1

2þ λ

�ΣA
Jc

ΣA0
J S

−⊺
A0

��
1

−
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1

�

× ð 1 −
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1 Þ
�ΣA

Jc

S−1A0 ΣA0
J

�

≕20
1

2þ λ
LJL

⊺
J: ðD24Þ

Here, in 18 we recalled Eq. (D17), in 19 we used Eq. (D23),
and in 20 we defined

LJ ≔
�ΣA

Jc

ΣA0
J S

−⊺
A0

�
ð 1 −

ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
1 Þ

¼
� ΣA

Jc

−
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
ΣA0
J S

−⊺
A0

�
: ðD25Þ

Thanks to Eq. (D24) and using the continuity of the
spectrum [125], Chap. II, Sec. V. 1, we can take the limit
μ → 0 explicitly in Eq. (D21), obtaining that

FclðEλ; USÞ ≤
�
2ð1þ λÞ
2þ λ

�
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY4n
l¼1

1

1þ jsplðΩAA0W−1
J;0Þj

vuut :

ðD26Þ

Now,

spðΩAA0W−1
J;0Þ

¼21 sp
�

1

2þ λ
ΩAA0LJL

⊺
J

�

¼22 sp
�

1

2þ λ
L⊺
JΩAA0LJ

�
∪ f0;…; 0|fflfflffl{zfflfflffl}

2n times

g

¼23 sp
�

1

2þ λ
ðΩJ − ð1þ λÞS−1ΩJS−⊺Þ

�
∪ f0;…; 0|fflfflffl{zfflfflffl}

2n times

g

¼24 1

2þ λ
spðiZλ;S;JÞ ∪ f0;…; 0|fflfflffl{zfflfflffl}

2n times

g: ðD27Þ

Here, in 21 we plugged in the expression Eq. (D24) for
W−1

J;0. In 22, instead, we recalled that for two matricesM, N
of sizes h × k and k × h, respectively, if h ≥ k, then

spðMNÞ ¼ spðNMÞ ∪ f0;…; 0|fflfflffl{zfflfflffl}
h−k times

g: ðD28Þ

In 23 we calculated

L⊺
JΩAA0LJ ¼ ðΣA

Jc −
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
S−1A0 ΣA0

J Þ
�ΩA

ΩA0

�

×

� ΣA
Jc

−
ffiffiffiffiffiffiffiffiffiffiffi
1þ λ

p
ΣA0
J S

−⊺
A0

�
¼ ΣJcΩΣJc þ ð1þ λÞS−1ΣJΩΣJS−⊺

¼ ΩJ − ð1þ λÞS−1ΩJS−⊺; ðD29Þ

where in the last line we observed, according to Eq. (75),
thatΣJcΩΣJc ¼ ΩJ and analogouslyΣJΩΣJ ¼ −ΩJ. Finally,
in 24 we introduced the 2n × 2n Hermitian matrix:

Zλ;S;J ≔ ð1þ λÞS−1iΩJS−⊺ − iΩJ: ðD30Þ

From the above calculation, we see that the nonzero eigen-
values of ΩAA0W−1

J;0 coincide in modulus with those of Zλ;S;J,
which we denoted in the statement of Theorem 10 with
zlðλ; S; JÞ. Continuing from Eq. (D26), we thus obtain that

FclðEλ; USÞ ≤
�
2ð1þ λÞ
2þ λ

�
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY2n
l¼1

1

1þ 1
2þλ jzlðλ; S; JÞj

vuut

¼
�
2ð1þ λÞ
2þ λ

�
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiY2n
i¼1

2þ λ

2þ λþ jzlðλ; S; JÞj

vuut
¼ 2nð1þ λÞnQ

2n
l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ λþ jzlðλ; S; JÞj

p : ðD31Þ

To conclude the proof, it suffices to minimize over J ⊆ ½n�.
Because of the fact that exchanging J with Jc amounts to the
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substitution Zλ;S;J ↦ Zλ;S;Jc ¼ −Zλ;S;J, and the above upper
bound only depends on the modulus of the eigenvalues, we
see that restricting to subsets Jwith jJj ≤ bn=2c suffices. The
same conclusion can be reached by appealing to Remark 2.

APPENDIX E: PROOF OF THEOREM 11

Most of the heavy lifting needed to prove Theorem 11
has been already done while establishing Theorem 10.
Before we do the rest and provide a complete proof of
Theorem 11, it is worth stating a technical lemma that will
play an important role in the argument. In it, we formalize a
very simple version of the rotating-wave approximation.
Lemma 15. Let X be a Hermitian matrix, and let Z be any

matrix of the same size as X. Then,

lim
κ→∞

e−iκXeiðκXþZÞ ¼ eiPXðZÞ; ðE1Þ

where PXðZÞ ≔
P

j PjZPj is the “X-pinched” operator Z,
defined via the eigenprojectors Pj of X.
Proof. Let the spectral decomposition of X be

X ¼Pj λjPj, where each λj is a distinct eigenvalue of
X, so that λj ≠ λj0 for j ≠ j0. From the discussion in
Ref. [125], Chap. II, Secs. 2.1 and 2.3, we see that for
sufficiently small ϵ the spectral decomposition of X þ ϵZ is
of the form X þ ϵZ ¼Pj

P
k λjkðϵÞPjkðϵÞ. Here, λjkðϵÞ ¼

λj þ ϵzjk þ oðϵÞ and PjkðϵÞ ¼ Pjk þ oð1Þ as ϵ → 0, where
Pjk (zjk) are the kth eigenprojector (the kth eigenvalue) of
the jth block of PXðZÞ [cf. Ref. [125], Chap. II,
Eqs. (2.38)–(2.40)]. Note that

P
k Pjk ¼ Pj þ oð1Þ

[cf. Ref. [125], Chap. II, Eq. (2.39)], so that
Pj0Pjk ¼ δj;j0Pjk. Putting all together

e−iκXeiκðXþZ=κÞ

¼
�X

j0
e−iκλj0Pj0

��X
j

X
k

eiκλjkð1=κÞPjkð1=κÞ
�

¼
X
j;j0

X
k

e−iκλj0þiκλjkð1=κÞPj0Pjkð1=κÞ

¼
X
j;j0

X
k

eiκðλj−λj0 Þþizjkþoð1Þðδj;j0Pjk þ oð1ÞÞ

⟶
κ→∞

X
j

X
k

eizjkPjk

¼ eiPXðZÞ; ðE2Þ

which completes the proof. ▪
We now move on to the proof of Theorem 11.

Since the effective Hamiltonian Heff is given by Heff ¼
ðℏ=2Þr̄⊺ðω12n þ g̃Þr̄ [see Eq. (69)], due to Eq. (17) we have
that

e−ðit=ℏÞHeff ¼ US; S ¼ eΩðω12nþg̃Þt; ðE3Þ

whereΩ is as usual the standard symplectic form defined in
Eq. (11). Since we are estimating the LOCC simulation
fidelity, thanks to Lemma 6 we can freely apply a local
unitary. We thus make the substitution

e−ðit=ℏÞHeff ↦
�
⨂j e

iðℏω=2Þðx̄2jþp̄2
j Þ
�
e−ðit=ℏÞHeff : ðE4Þ

Since

⨂j e
iðℏω=2Þðx̄2jþp̄2

j Þ ¼ eiðℏω=2Þ
P

j
ðx̄2jþp̄2

j Þ ¼ eiðωt=2Þr̄⊺ r̄; ðE5Þ

and the correspondence S ↦ US is a group isomorphism
[cf. discussion below Eq. (17)], at the level of symplectic
matrices the substitution Eq. (E4) amounts to

S ↦ e−ωtΩeΩðω12nþg̃Þt: ðE6Þ

At this point, since the right-hand side is a symplectic
matrix we could directly apply Theorem 10. Although this
is certainly possible, here we want to leverage assumption
(III’) above to simplify the resulting expression. To do so,
we observe that because of assumption (III’), and in
particular of Eq. (68), the oscillation frequency ω is much
larger than the entries of g̃. Taking formally the limit
ω → ∞ amounts to making the rotating-wave approxima-
tion. We can do so rigorously by appealing to Lemma 15,
which entails that the effective dynamics is well approxi-
mated by the symplectic matrix

Seff ≔ lim
ω→∞

e−ωtΩeΩðω12nþg̃Þt ¼ ePiΩðΩg̃tÞ; ðE7Þ

where

PiΩðZÞ ≔
1

2
ðPþZPþ þ P−ZP−Þ ¼

1

2
ðZ þ ΩZΩ⊺Þ ðE8Þ

is the iΩ-pinching operation, and P� are the spectral
projections corresponding to the eigenvalues �1 of iΩ,
so that iΩ ¼ Pþ − P−. It is easy to verify that

Seff ¼ PiΩðΩg̃Þ ¼
1

2
ðΩg̃þ g̃ΩÞ ¼ 1

2

�
0 g

−g 0

�
: ðE9Þ

Therefore,

ePiΩðΩg̃tÞ ¼
�

cos ðgt=2Þ sin ðgt=2Þ
− sin ðgt=2Þ cos ðgt=2Þ

�
ðE10Þ

is indeed an orthogonal symplectic matrix.
Note that the right-hand side of Eq. (73) is a continuous

function of S, so that we can take the limit ω → ∞ on S first
and then compute the upper bound on Fcl via Eq. (73).
Therefore, in the limit where assumptions (I), (II), and (III’)
are met, and therefore in particular the above rotating-wave
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approximation can be made, we can compute an upper
bound to FclðEλ; e−ðit=ℏÞHtotÞ by evaluating the right-hand
side of Eq. (73) for S ¼ Seff given by Eq. (76).
To perform this calculation effectively, it is useful to

introduce the 2n × 2n complex matrix

V0 ≔
1ffiffiffi
2

p
�

1n 1n
i1n −i1n

�
; ðE11Þ

which satisfies

ΩJ ¼
�

0 ΞJ

−ΞJ 0

�
¼ V0ðiΞJ ⊕ ð−iΞJÞÞV†

0 ðE12Þ

as well as

Seff ¼
�

cosðgt=2Þ sinðgt=2Þ
− sinðgt=2Þ cosðgt=2Þ

�
¼ V0ðeiðgt=2Þ ⊕ e−iðgt=2ÞÞV†

0; ðE13Þ

where we use the shorthand notation X ⊕ Y ≔
�X 0

0 Y

�
.

Hence,

V†
0ðð1þ λÞS−1eff iΩJS

−⊺
eff − iΩJÞV0

¼1 V†
0ðð1þ λÞS−1eff iΩJSeff − iΩJÞV0

¼ ð1þ λÞðV†
0SeffV0Þ−1ðV†

0iΩJV0ÞV†
0SeffV0 − V†

0iΩJV0

¼2 ð−ð1þ λÞe−iðgt=2ÞΞJeiðgt=2Þ þ ΞJÞ
⊕ ðð1þ λÞeiðgt=2ÞΞJe−iðgt=2Þ − ΞJÞ

¼3 ð−ðð1þ λÞeiðgt=2ÞΞJe−iðgt=2Þ − ΞJÞ⊺Þ
⊕ ðð1þ λÞeiðgt=2ÞΞJe−iðgt=2Þ − ΞJÞ: ðE14Þ

Here, in 1 we used the fact that Seff is an orthogonal matrix, 2
follows fromEqs. (E12) and (E13), and in 3we noticed that g
is real symmetric.Remembering that fwlðλ; gt; JÞgl¼1;…;n is
the spectrum of ð1þ λÞeiðgt=2ÞΞJe−iðgt=2Þ − ΞJ, the above
calculation, togetherwith the observation that amatrix and its
transpose have the same spectrum, entails that

spðð1þ λÞS−1eff iΩJS
−⊺
eff − iΩJÞ

¼ fwlðλ; gt; JÞgl¼1;…;n ∪ f−wlðλ; gt; JÞgl¼1;…;n: ðE15Þ

Computing the right-hand side of Eq. (73) using this
information yields immediately the rightmost side of
Eq. (77), thereby concluding the proof.

APPENDIX F: PROOF OF THEOREM 12

We will now argue that if in addition to assumptions (I),
(II), and (III’), also assumption (IV) is met, then we can

expand the right-hand side of Eq. (73) according to
Eq. (83), with Δ scaling as in Eq. (84), with explicit
estimates reported in Eqs. (88) and (89). This will prove the
first claim in Theorem 12. Let us start by noting that the
matrix in Eq. (78) can be expanded as

ð1þ λÞeðit=2ÞgΞJe−ðit=2Þg − ΞJ ¼ λΞJ þ
it
2
½g;ΞJ� þ T;

ðF1Þ

where T is formally defined by Eq. (F1), and contains terms
of order λGmt=ðd3ωÞ or ½Gmt=ðd3ωÞ�2. Although we do
not indicate this explicitly, T depends on λ, gt, and J. To
estimate its magnitude, it is useful to introduce the Hilbert-
Schmidt norm, defined for an N × N matrix X by

kXk2 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrX†X

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i;j¼1

jXijj2
vuut : ðF2Þ

Let us now present a simple auxiliary lemma.
Lemma 16. For all matrices X, Y, it holds that

keXYe−X − Yk2 ≤ ðe2kXk∞ − 1ÞkYk2; ðF3Þ

keXYe−X − Y − ½X; Y�k2 ≤ ðe2kXk∞ − 1 − 2kXk∞ÞkYk2:
ðF4Þ

Proof. We will use several properties of two matrix
norms, namely, the Hilbert–Schmidt norm Eq. (F2) and
the operator norm Eq. (6). For a general introduction to
the topic, see the monograph by Bhatia [126], Sec. IV. 2.
We will make use of only two special cases of Hölder’s
inequality [126], Corollary IV.2.6; i.e.,

kXYk2 ≤ min fkXk∞kYk2; kXk2kYk∞g; ðF5Þ

kXYk∞ ≤ kXk∞kYk∞; ðF6Þ

valid for all pairs of matrices X, Y. As an immediate
application of Eq. (F6) as well as of the triangle inequality,
note that the operator norm of the matrix-valued function

ΔNðXÞ ≔ eX −
XN−1

k¼0

Xk

k!
¼
X∞
k¼N

Xk

k!
; ðF7Þ

where N ∈Nþ is a positive integer, satisfies that

kΔNðXÞk∞ ≤
X∞
k¼N

kXkk∞
k!

¼ δNðkXk∞Þ; ðF8Þ

where on the right-hand side we have the scalar version of
ΔN , i.e. δNðxÞ ≔ ex −

P
N−1
k¼0 ðxk=k!Þ. We are now ready to

delve into the proof of Eq. (F3), for which we write
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keXYe−X − Yk2 ¼ k½1þ Δ1ðXÞ�Y½1þ Δ1ð−XÞ� − Yk2
≤
1 ½kΔ1ðXÞk∞ þ kΔ1ð−XÞk∞
þ kΔ1ðXÞk∞kΔ1ð−XÞk∞�kYk2

≤
2 ½2δ1ðkXk∞Þ þ δ1ðkXk∞Þ2�kYk2
¼ ½ðδ1ðkXk∞Þ þ 1Þ2 − 1�kYk2
¼ ðe2kXk∞ − 1ÞkYk2: ðF9Þ

Here, 1 comes from repeated applications of Eqs. (F5) and
(F6), and in 2 we used Eq. (F8).
The proof of Eq. (F4) is entirely analogous. We have that

keXYe−X−Y− ½X;Y�k2
¼kð1þXþΔ2ðXÞÞYð1−XþΔ2ð−XÞÞ−Y− ½X;Y�k2
¼kðXþΔ2ðXÞÞYð−XþΔ2ð−XÞÞþΔ2ðXÞYþYΔ2ð−XÞk2
¼kΔ1ðXÞYΔ1ð−XÞþΔ2ðXÞYþYΔ2ð−XÞk2
≤
3 ðkΔ1ðXÞk∞kΔ1ð−XÞk∞þ2kΔ2ðXÞk∞ÞkYk2
≤
4 ðδ1ðkXk∞Þ2þ2δ2ðkXk∞ÞÞkYk2
¼δ2ð2kXk∞ÞkYk2; ðF10Þ

which is precisely Eq. (F4). In the above calculation,
3 comes from Eqs. (F5) and (F6), while 4 is because
of Eq. (F8). ▪
With Lemma 16 at hand, we observe that

kTk2 ¼
����ð1þ λÞeðit=2ÞgΞJe−ðit=2Þg −ΞJ − λΞJ −

it
2
½g;ΞJ�

����
2

≤
1
λkeðit=2ÞgΞJe−ðit=2Þg −ΞJk2
þ
����eðit=2ÞgΞJe−ðit=2Þg −ΞJ −

it
2
½g;ΞJ�

����
2

≤
2 ffiffiffi

n
p ðλðetkgk∞ − 1Þ þ etkgk∞ − 1− tkgk∞Þ: ðF11Þ

Here, 1 is simply the triangle inequality, while in 2 we
applied Lemma 16 together with the observation that
kΞJk2 ¼

ffiffiffi
n

p
because ΞJ has only n nonzero entries, all

of modulus 1 [see Eqs. (79) and (F2)].
Now, let

fw0
lðλ; gt; JÞgnl¼1 ≔ sp

�
λΞJ þ

it
2
½g;ΞJ�

�
ðF12Þ

denote the spectrum of the matrix representing the first-
order term on the right-hand side of Eq. (F1). We will omit
for the time being the dependence on λ, gt, and J, and write
simply w0

l. Now, since the remainder term T is small, we
expect w0

l ≈ wl upon reordering, where wl is the spectrum
of the left-hand side of Eq. (F1). This intuition is in fact

correct, and we can make it rigorous by using a classic
result in perturbation theory known as the Hoffman-
Wielandt theorem [127], Theorem 6.3.5. It states that
(up to reordering w0

l) we can makeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
l¼1

jwl − w0
lj2

s
≤ kTk2: ðF13Þ

In our case this is easily seen to imply that

Xn
l¼1

jwl − w0
lj≤

3 ffiffiffi
n

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
l¼1

jwl − w0
lj2

s

≤
4
nðλðetkgk∞ − 1Þ þ etkgk∞ − 1 − tkgk∞Þ;

ðF14Þ
where 3 is just the Cauchy-Schwarz inequality, and 4
comes from the Hoffman-Wielandt theorem together
with Eq. (F11).
This whole endeavor of estimating the difference

between wl and w0
l is rewarding because—as it turns

out—we can easily compute analytically the w0
l. Let us

see how this is done. Decompose the space as
Cn ¼ CjJj ⊕ CjJcj, and set for brevity m ≔ jJj and K ¼
KðJÞ ≔ gJ;J

c
. Using the fact that ΞJ ¼

� 1m 0

0 −1n−m

�
with respect to this decomposition, we notice that

i
2
½g;ΞJ� ¼

�
0m −iK
iK⊺ 0n−m

�
: ðF15Þ

Thus,

λΞJ þ
it
2
½g;ΞJ� ¼

�
λ1m −itK
itK⊺ −λ1n−m

�
: ðF16Þ

The eigenvalues of the above matrix can be computed
straight away. In fact, for a generic x∈R we can evaluate
its characteristic polynomial as

det

��
λ1m −itK
itK⊺ −λ1n−m

�
− x1n

�

¼5 ð−λ − xÞn−m det

�
ðλ − xÞ1m −

t2

−λ − x
K⊺K

�
¼6 ð−1Þn−mðλþ xÞn−2m det½ðλ2 − x2Þ1m þ t2K⊺K�: ðF17Þ

Here, 5 is because of Schur’s formula [128], Theorem 1.1

det

�
A B

C D

�
¼ detðDÞ detðA − BD−1CÞ; ðF18Þ

valid when D is invertible (to prove the identity of two
polynomials, it suffices to do so on a dense set, so we can
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always assume that x ≠ −λ). In 6 we took a factor ðλþ xÞm
inside the determinant—note that by assumption m ¼
jJj ≤ n=2. The n roots of the polynomial in Eq. (F17),
which are nothing but the numbers fw0

lgl¼1;…;n defined by
Eq. (F12), are easy to find: there is x ¼ −λwith multiplicity

n − 2m, and the 2m additional roots x ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ t2s2l

q
(here, l ¼ 1;…; m), where sl ¼ slðJÞ are the square roots
of the eigenvalues of K⊺K ¼ ðgJ;JcÞ⊺gJ;Jc , i.e., the singular
values of K ¼ gJ;J

c
. Thus, up to reordering

fw0
lgl¼1;…;n ¼

n
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þ t2s2l

q o
l¼1;…;m

∪ f−λgl¼2mþ1;…;n:

ðF19Þ

Before we put everything together, we need to look more
closely at the functions appearing in the right-hand side of
Eq. (77). Define

fðλ; wÞ ≔ 2ð1þ λÞ
2þ λþ jwj : ðF20Þ

Start by observing that the variation of f in w for fixed λ is
bounded by

jfðλ;wÞ−fðλ;w0Þj ¼ 2ð1þ λÞ
ð2þ λþ jwjÞð2þ λþjw0jÞ jjwj− jw0jj

≤
2ð1þ λÞ
ð2þ λÞ2 jw−w0j

≤
jw−w0j

2
: ðF21Þ

On the other hand, it also holds that

j1 − fðλ; w0Þj ≤ jw0j − λ

2
ðF22Þ

and that

����fðλ; w0Þ −
�
1 −

jw0j − λ

2

����� ¼
���� jw0j2 − λ2

2ð2þ λþ jw0jÞ
����

≤
jw0j2 − λ2

4
; ðF23Þ

as long as jw0j ≥ λ. The last ingredients we need are a
couple of elementary lemmata.
Lemma 17. Let ak; bk ∈ ½0; 1� (k ¼ 1;…; N) be N pairs

of numbers between 0 and 1. Then,

����YN
k¼1

ak −
YN
k¼1

bk

���� ≤XN
k¼1

jak − bkj: ðF24Þ

Proof. Setting b0 ¼ aNþ1 ¼ 1, we have that

����YN
k¼1

ak −
YN
k¼1

bk

����
¼
����XN
k¼1

ðb0…bk−1ak…aNþ1 − b0…bkakþ1…aNþ1Þ
����

¼
����XN
k¼1

b0…bk−1ðak − bkÞakþ1…aNþ1

����
≤
XN
k¼1

jak − bkj; ðF25Þ

as claimed. ▪
Lemma 18. Let δk; δ0k ∈ ½0; 1� (k ¼ 1;…; N) be N pairs of

numbers between 0 and 1. Then,

����YN
k¼1

ð1 − δkÞ − 1 −
XN
k¼1

δ0k

���� ≤XN
k¼1

jδk − δ0kj þ
X

1≤h<k≤N
δhδk:

ðF26Þ

Proof. From Lemma 17 we infer immediately that

0 ≤ 1 −
YN
k¼1

ð1 − δkÞ ≤
XN
k¼1

δk: ðF27Þ

The above inequality is of course well known; see, e.g.,
Ref. [129], Chap. 2, Sec. 58. Setting δ0 ¼ 0, we have that

XN
k¼1

δk −
�
1 −

YN
k¼1

ð1 − δkÞ
�

¼
XN
k¼1

δk

�
1 −

Yk−1
h¼0

ð1 − δhÞ
�
;

ðF28Þ

and, hence,

0 ≤
XN
k¼1

δk −
�
1 −

YN
k¼1

ð1 − δkÞ
�

≤
XN
k¼1

δk
Xk−1
h¼1

δh

¼
X

1≤h<k≤N
δhδk; ðF29Þ

where we made use of Eq. (F27). Putting all together, we
have that
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����YN
k¼1

ð1 − δkÞ − 1 −
XN
k¼1

δ0k

����
≤
XN
k¼1

jδk − δ0kj þ
����YN
k¼1

ð1 − δkÞ − 1 −
XN
k¼1

δk

����
≤
XN
k¼1

jδk − δ0kj þ
X

1≤h<k≤N
δhδk; ðF30Þ

where in the last line we employed Eq. (F29). ▪
We now have that

���� 2nð1þ λÞnQ
n
l¼1 ð2þ λþ jwljÞ

−
�
1 −

XjJj
l¼1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ t2s2l

q
− λ
������

¼7
����Yn
l¼1

fðλ; wlÞ −
�
1 −

1

2

Xn
l¼1

ðjw0
lj − λÞ

�����
≤
8
����Yn
l¼1

fðλ; wlÞ −
Yn
l¼1

fðλ; w0
lÞj

þ
����Yn
l¼1

fðλ; w0
lÞ −

�
1 −

1

2

Xn
l¼1

ðjw0
lj − λÞ

�����
≤
9 Xn

l¼1

jfðλ; wlÞ − fðλ; w0
lÞj þ

Xn
l¼1

����1 − fðλ; w0
lÞ −

jw0
lj − λ

2

����
þ

X
1≤l<k≤n

½1 − fðλ; w0
lÞ�½1 − fðλ; w0

kÞ�

≤
10 1

2

Xn
l¼1

jwl − w0
lj þ

1

4

Xn
l¼1

ðjw0
lj2 − λ2Þ

þ 1

4

X
1≤l<k≤n

ðjw0
lj − λÞðjw0

kj − λÞ

≤
11 1

2

Xn
l¼1

jwl − w0
lj þ

t2

2

Xm
l¼1

s2l þ t2
X

1≤l<k≤m
slsk

¼12 1
2

Xn
l¼1

jwl − w0
lj þ

t2

2
kKk21

≤
13 n
2

�
λðetkgk∞ − 1Þ þ etkgk∞ − 1 − tkgk∞

�
þ n2

8
t2kgk2∞:

ðF31Þ

The above steps are justified as follows: in 7 we recalled
the expression of w0

l, given by Eq. (F19); 8 is simply the
triangle inequality; in 9 we used Lemma 17 for the first
term—note that fðλ; w0Þ∈ ½0; 1� as long as jw0j ≥ λ, which
is the case here—and Lemma 18 for the second; 10 follows
from the estimates in Eqs. (F21)–(F23); in 11 we leveraged
once again the expressions in Eq. (F19), and noticed that

jw0
lj − λ ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jw0

lj2 − λ2
q

; continuing, in 12 we remembered

that the trace norm can also be written as the sum of
the singular values, which in our case implies that

kKk1 ¼
P

m
l¼1 sl; finally, in 13 we employed Eq. (F14)

and observed that

nkgk∞ ≥ kgk1 ≥
���� i2 ½g;ΞJ�

����
1

¼
����
�
0m −K
K⊺ 0n−m

�����
1

¼ 2kKk1;

ðF32Þ

thanks to the calculation in Eq. (F15).
To complete the proof of Eq. (83) with the estimate on Δ

given by Eq. (88), it suffices to apply Eq. (F31) to the right-
hand side of Eq. (77). The universal bound in Eq. (89),
which implies immediately the big-O estimate in Eq. (84),
can be obtained by using in addition Proposition 19, proved
in Appendix G below. There, by means of a geometric
reasoning we show that in a three-dimensional space it is
impossible to pack n oscillators in such a way that one of
them is close to all of the others. This in turn implies that
kgk∞ ≤ γmin f6ðn − 1Þ; C1 lnðn − 1Þ þ C2g, where γ is
given by Eq. (89), and C1, C2 are some universal constants
that do not depend on n.
We now move on to Eq. (86). To derive it from Eq. (81)

using assumption (IV’), i.e., Eq. (81), it suffices to observe
that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 þ t2s2lðJÞ
q

¼ tsl þOðλÞ; ðF33Þ

in turn implying that

1 −max
J⊆½n�;
jJj≤n=2

XjJj
l¼1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ t2s2lðJÞ

q
− λ
�

¼ 1 − tmax
J⊆½n�;
jJj≤n=2

XjJj
l¼1

slðJÞ þOðnλÞ

¼ 1 − tmax
J⊆½n�;
jJj≤n=2

kKðJÞk1 þOðnλÞ

¼ 1 − tmax
J⊆½n�;
jJj≤n=2

1

4
k½g;ΞJ�k1 þOðnλÞ

¼ 1 − ηtþOðnλÞ; ðF34Þ

where we remembered the calculation in Eq. (F32), and
defined the sensitivity η as in Eq. (87). How does the above
remainder OðnλÞ compare to the error terms inherited from
Eq. (84), which are of the form O½λnðGmt=d3ωÞ� and
Of½nðGmt=d3ωÞ�2g, provided that kgk∞ ∼ nðGm=d3ωÞ, as
in all cases of practical interest such as that in Sec. IV C 2?
It is not difficult to see that nλ is much larger than the
former by virtue of Eq. (80); hence, the total error can be
expressed as in Eq. (86). Note that we expect η to be of the
order of

η ∼ n
Gm
d3ω

; ðF35Þ

LAMI, PEDERNALES, and PLENIO PHYS. REV. X 14, 021022 (2024)

021022-38



so that by virtue of Eq. (81) we have that

ηt ≫ max

�
nλ;

�
n
Gmt
d3ω

�
2
�
; ðF36Þ

confirming the validity of the expansion in Eq. (86). This
concludes the proof of Theorem 12.

APPENDIX G: OPERATOR NORM
OF THE g MATRIX

To obtain any concrete estimate from Eq. (F11), we still
need to upper bound kgk∞.
Propostion 19. For any three-dimensional arrangement

of n harmonic oscillators, the operator norm Eq. (6) of the
matrix g defined by Eq. (72) (cf. Fig. 2) satisfies that

kgk∞ ≤ γmin f6ðn − 1Þ; C1 lnðn − 1Þ þ C2g: ðG1Þ

Here, γ ¼ ðGm=d3ωÞ, where d ≔ minj≠l djl is the mini-
mal distance between oscillators and m ≔ maxj mj is the
maximal mass, and C1, C2 are some universal constants
that do not depend on n. One can choose C1 ¼ 288
and C2 ¼ 966.
Proof. We are going to use the simple bound

kXk∞ ≤ max
i¼1;…;N

XN
j¼1

jXijj; ðG2Þ

valid for any N × N Hermitian (or anyway normal) X. To
prove Eq. (G2), a key first step is to notice that for normal X
we have that kXk∞ ¼ maxλ∈ spðXÞ jλj coincides with the
largest modulus of the eigenvalues of X. From this, one can
directly apply Gershgorin’s theorem [130] and conclude.
Alternatively, it is possible to proceed directly: Take an
eigenvector jψi ¼PN

i¼1 ψ ijii∈CNnf0g corresponding
to the eigenvalue λ such that jλj ¼ kXk∞. Choose
i∈ f1;…; Ng such that jψ ij ¼ maxj¼1;…;N jψ jj > 0. Then,

jλjjψ ij ¼
����X

j

Xijψ j

���� ≤
�X

j

jXijj
�
jψ ij; ðG3Þ

which proves Eq. (G2). Applied to the matrix g defined in
Eq. (72), the estimate Eq. (G2) yields, upon straightforward
computations, the bound

kgk∞ ≤ 6γmax
j

X
l¼1;…;n

l≠j

�
d
djl

�
3

; ðG4Þ

where γ ¼ ðGm=d3ωÞ, with m ¼ maxj mj being the maxi-
mum oscillator mass and d ¼ minj≠l djl being the minimal
distance between oscillator centers. How to proceed
from here?

A simple solution is to estimate
P

l∶l≠jðd3=d3jlÞ ≤
n − 1, using the fact that none of the terms in the sum
exceed 1; in this way we arrive at

kgk∞ ≤ 6ðn − 1Þγ; ðG5Þ

which reproduces the first bound in Eq. (G1). This is a good
estimate when n is not too large. However, a little thought
reveals that for large n it cannot be tight. Indeed, there is no
geometrically feasible way of packing a very large number
of points together so that the distance between any two of
them is larger than a constant and, at the same time, one of
them is close to all of the others. In fact, a simple geometric
reasoning shows that for any arrangement of n points
v⃗1;…; v⃗n ∈R3 such that minj≠l kv⃗j − v⃗lk ≥ 1, it holds
that

max
j

X
l∶l≠j

1

kv⃗j − v⃗lk3
≤ 48 lnðn − 1Þ þ 161; ðG6Þ

i.e., the sum on the left-hand side grows at most logarithmi-
cally with n. Before proving Eq. (G6), note that we can
plug it in Eq. (G4) and obtain immediately

kgk∞ ≤ 6γ½48 lnðn − 1Þ þ 161�
¼ γ½288 lnðn − 1Þ þ 966�; ðG7Þ

which concludes the proof.
Let us now prove Eq. (G6). Without loss of generality,

we can assume that the maximum on the left-hand side is
attained for j ¼ n. For k∈Nþ, consider the spherical hulls
of internal radius k and external radius kþ 1 centered on
v⃗n, formally defined by

Sk ≔ fv⃗∈R3∶ k ≤ kv⃗ − v⃗nk < kþ 1g: ðG8Þ

Call k1 < k2 < � � � < km the m distinct positive integers k
with the property that Sk contains at least one of the v⃗l, for
some l ¼ 1;…; n − 1. Set Rk ≔ Sk ∩ fv⃗lgl¼1;…;m. Note
that since no v⃗l can be closer than 1 to v⃗n, all such points
belong to Sk for some k∈Nþ. Also, it holds that

ka ≥ a ∀ a ¼ 1;…; m; m ≤ n − 1: ðG9Þ

Let us try to estimate the maximum cardinality of Rk. To
this end, call B1=2ðv⃗lÞ the open Euclidean ball of radius 1=2
centered on v⃗l. By assumption,

B1=2ðv⃗lÞ ∩ B1=2ðv⃗l0 Þ ¼ ∅ ∀l ≠ l0: ðG10Þ

Moreover, simple geometric considerations show that
⋃v⃗l ∈Rk

B1=2ðv⃗lÞ is contained in a spherical hull of internal
radius k − 1=2 and external radius kþ 3=2, for all k∈Nþ.
With a simple computation we surmise that
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π

6
jRkj ¼

X
v⃗l ∈Rk

volðB1=2ðv⃗lÞÞ

≤
4

3
π

��
kþ 3

2

�
3

−
�
k −

1

2

�
3
�

¼ 8π

�
k2 þ kþ 7

12

�
; ðG11Þ

so that

jRkj ≤ 48

�
k2 þ kþ 7

12

�
: ðG12Þ

Now, we have that

Xn−1
l¼1

kv⃗l − v⃗nk−3 ¼
Xm
a¼1

X
l∶v⃗l ∈Rka

kv⃗l − v⃗nk−3

≤
1 Xm

a¼1

jRka j
k3a

≤
2 Xm

a¼1

48ðk2a þ ka þ 7=12Þ
k3a

≤
3
48
Xn−1
l¼1

l2 þ lþ 7=12
l3

≤ 48

�Xn−1
l¼1

1

l
þ
X∞
l¼1

1

l2
þ 7

12

X∞
l¼1

1

l3

�

≤
4
48

�
lnðn − 1Þ þ 1þ π2

6
þ 7

12
ζð3Þ

�
<48 lnðn − 1Þ þ 161: ðG13Þ

Here, 1 holds because kv⃗l − v⃗nk ≥ k whenever v⃗l ∈ Sk; in
2 we employed Eq. (G12); 3 follows due to Eq. (G9),
thanks to the fact that x ↦ ð1=x3Þðx2 þ xþ 7=12Þ is a
decreasing function; finally, in 4 we used the standard
estimate

P
n−1
l¼1 fðlÞ ≤ fð1Þ þ R n−11 dlfðlÞ, valid when-

ever f∶½1;∞Þ → R is non-negative and monotonically
nonincreasing, and introduced the zeta function ζðsÞ ≔P∞

l¼1 n
−s for s > 1. ▪

APPENDIX H: NOISE SOURCES

In this appendix, we analyze some of the most relevant
sources of noise for the proposal considered in the
main text.
(a) Mass fluctuations. Assume that a mass μ suddenly

appears at a position δ⃗ with respect to one of our
oscillators. The gravitational potential induced on the
oscillating mass m with position xn̂ can be written as

−
Gmμ

kδ⃗ − xn̂k
¼ const −

Gmμ

δ2
ðδ̂ · n̂Þx

þ higher-order terms: ðH1Þ

Introducing the normalized coordinate x̄ ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω=m

p
x

as in Eq. (71) and setting cos θ ≔ δ̂ · n̂, the resulting
approximate effective Hamiltonian takes the form

ΔH ¼ −
Gμ
δ2

ffiffiffiffiffiffiffi
m
ℏω

r
ðcos θÞx̄: ðH2Þ

If the mass μ remains for a time Δt and then suddenly
disappears, the unitary induced by ΔH will be
e−ðiΔt=ℏÞΔH ¼ Dv, where Dv is a displacement oper-
ator [see Eq. (14)], with

kvk ¼ Gμ
δ2

ffiffiffiffiffiffiffi
m
ℏω

r
j cos θjΔt: ðH3Þ

Furthermore, since the mass is far away we can
assume to first order that the effect will be the same
on all oscillators. If a total of t=Δt displacement
operators of this sort act over a time interval t, and
they are uncorrelated with each other, the overall
effective displacement vtot will satisfy

kvtotk ¼ Gμ
δ2

ffiffiffiffiffiffiffiffiffiffiffi
mtΔt
3ℏω

r
; ðH4Þ

where we also used the fact that hcos2θi ¼ 1=3, with
the average being over the entire solid angle. Now, if
the external mass is detected, its effect can be taken
into account when computing the action of the unitary
US. However, if it is undetected, it will increase the
probability of a type-1 error. This will no longer be
zero, as predicted by Eq. (38), but instead will satisfy

1 − Pnoise
1 ¼

Z
d2nα
πn

pλðαÞjhαjU†
SD

⊗n
vtotUSjαij2

¼ jh0jDS−1v⊕n
tot
j0ij2

¼ e−ð1=2ÞkS−1v
⊕n
tot k2

¼ e−ðn=2Þkvtotk2 ; ðH5Þ

where we leveraged the identity U†
SDvUS ¼ DS−1v,

which follows directly from Eq. (16), used Eqs. (15)
and (13), and assumed that S (and thus also S−1) is
an orthogonal symplectic matrix, as established by
Theorem 11. For the sake of simplicity, in the above
calculation we posited that the action of the noise takes
place entirely at the end of the process. While this is
not a realistic hypothesis, it suffices for the purpose of
obtaining an order-of-magnitude estimate of the noise
sensitivity.
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In order for the thought experiment we sketched in
Sec. III B not to be compromised by noise, the type-1
error probability in the noisy setting, Pnoise

1 should still
be smaller than the type-2 error probability, in formula
Pnoise
1 <P2. Consideringas beforeP2¼0.1 andn¼100,

we obtain the requirement that kvtotk2 < 2.1 × 10−3.
Using (H4), this entails that

Gμ
δ2

ffiffiffiffiffiffiffiffiffiffiffi
mtΔt
ℏω

r
< 7.9 × 10−2: ðH6Þ

Considering as above m ¼ 1.58 × 10−10 kg, ω∼
10−3 Hz, t ¼ 185 s, and setting Δt ¼ 1 s, μ ¼ 1 kg,
we obtain an estimate

δ < 670 m ðH7Þ

for the minimal distance from the experiment of toler-
able, kilogram-sized mass fluctuations that happen on
timescales of seconds.
However, there may be a way to further increase this

noise resistance by resorting to a simple trick. Namely,
since far away masses act on all modes in the same
way to first order, i.e., jα1i⊗ � � �⊗ jαni ↦ jα1 þ βi⊗
� � �⊗ jαn þ βi, itmaybepossible to ignore this effect by
focusing only on the relative motion. By doing this, we
would effectively restrict our attention to a sort of noise-
free subspace. A similar idea has been proposed in a
different context in Ref. [131].

(b) Random collisions with surrounding gas molecules.
We now consider as a noise source for our experiment
random collisions with hydrogen gas molecules. Each
molecule has mass m0¼2.016 amu≈3.35×10−27 kg.
At background temperature T, its quadratic average
speed along one fixed axis

v0 ≔ hv2xi ¼
ffiffiffiffiffiffi
kT
m0

s
: ðH8Þ

By comparison, what is the quadratic average speed v
of one of our oscillating masses? This can be deduced
from the fact that jαj2 ∼ 1=λ from the relation

ffiffiffiffiffiffiffiffiffi
hv2i

q
¼

ffiffiffiffiffiffiffiffiffi
hp2i
m2

r
∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏmωjαj2

m2

r
∼

ffiffiffiffiffiffiffi
ℏω
λm

r
: ðH9Þ

Using λ ≥ 4.26 × 10−12 from Eq. (114), we have
that

ffiffiffiffiffiffiffiffiffi
hv2i

p
< 1.25 × 10−8 m=s ≪ v0 as long as

T ≫ 3.79 × 10−20 K. Therefore, the approximationffiffiffiffiffiffiffiffiffi
hv2i

p
≪ v0 covers all realistic regimes.

Now, if the mass m is still and a molecule with
momentum p0 ¼ m0v0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
m0kT

p
bounces off it, it

transfers to the mass a momentum 2p0 cos θ,
where θ∈ ½0; π=2� is the angle of incidence. For the

sake of getting an estimate, let us substitute
cos θ ↦ hj cos θji ¼ 1=2, where the average is taken
on a uniform distribution over the entire solid angle.
The momentum transfer then becomes simply p0.
Taking into account that the natural unit for momen-
tum in a harmonic oscillator with mass m and
frequency ω is

ffiffiffiffiffiffiffiffiffiffi
ℏmω

p
, the corresponding displace-

ment in phase space is thus

Δα0 ¼
p0ffiffiffiffiffiffiffiffiffiffi
ℏmω

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m0kT
ℏmω

r
∼ 5.28 × 10−2

ffiffiffiffiffiffiffiffiffiffiffi
T ½K�

p
;

ðH10Þ

where T½K� stands for the temperature measured in
kelvin. A sequence of N random impacts at random
times will therefore result in a total displacement in
phase space:

Δα ¼
ffiffiffiffi
N

p
Δα0 ∼ 5.28 × 10−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NT ½K�

p
: ðH11Þ

Since at the level of Hilbert space vectors

jhαjαþ Δαij2 ¼ e−jΔαj2 ; ðH12Þ

we would like to have

jΔαj2 ¼ NjΔα0j2 ¼
Nm0kT
ℏmω

≪ 1 ðH13Þ

in order not to destroy the signature of a gravity that
behaves according to quantum mechanics. Naturally,
this constrains the amount of molecule impacts we can
tolerate. Since the impacts are random events, the only
way to reduce their number is reducing the pressure of
the gas our experiment is immersed in. What kind of
low pressures are we talking about?
Let us assume that N impacts occur over a time t on

our mass with side surface area πR2—remember that
we are dealing only with one-dimensional oscillators.
Since each impact transfers on average a momentum
2p0hcos θi ¼ p0, the total momentum transfer per unit
surface area is

N · p0

πR2
¼ N

ffiffiffiffiffiffiffiffiffiffiffiffi
m0kT

p
πR2

: ðH14Þ

Equating the momentum transfer per unit area and per
unit time with the gas pressure P yields

N ¼ πR2tPffiffiffiffiffiffiffiffiffiffiffiffi
m0kT

p : ðH15Þ

The operationally important condition that jΔαj2 ≪ 1
then becomes [132]
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jΔαj2 ¼ πR2t
ℏmω

P
ffiffiffiffiffiffiffiffiffiffiffiffi
m0kT

p
≪ 1; ðH16Þ

or with explicit numbers:

P½Pa�
ffiffiffiffiffiffiffiffiffiffi
T½K�

p
≪ 10−15: ðH17Þ

These conditions are certainly very challenging to
produce experimentally. However, they are entirely
comparable, e.g., with those required in Ref. [8], p. 4,
and indeed vacua at the level of Eq. (H17) have been
achieved experimentally in the context of measure-
ments on antiprotons [134].
It should be noted that this estimate assumes the

limit in which the energy transfer in a single collision
Er exceeds significantly the quantized energy of a
single phonon in the trapping potential ℏω. However,
of interest is also the opposite parameter regime
η2 ¼ ðEr=ℏωÞ ≪ 1, in which it becomes possible that
the recoil from the background gas collision is taken
up by the trapping potential as a whole and not the test
mass which remains in the same motional state. More
specifically, for a coherent state amplitude α, the
probability for the test mass to take up one phonon
of energy ℏω is given by p ¼ η2ð2jαj2 þ 1Þ. In this
situation, well known in ion trap physics as the Lamb-
Dicke regime, the effect of collisional decoherence can
be reduced further [135].

(c) Black-body radiation. For the estimate of the impact
of momentum diffusion due to black-body radiation, it
is particularly important to account for the fact that
the particle is harmonically bound at frequency ω and,
for typical wavelengths of the black-body radiation,
deep in the Lamb-Dicke regime. Indeed, the recoil
energy for a massm due to a photon of wavelength λ is
given by

Er ¼
2π2ℏ2

λ2m
; ðH18Þ

while the energy of a single phonon of frequency ω is
given by

Ep ¼ ℏω: ðH19Þ
At temperature T the wavelength of maximal intensity
is determined by Wien’s displacement law to be

λp ¼ b
T
; ðH20Þ

with b ¼ 2898 μm, whence the condition of the
Lamb-Dicke limit, Er ≪ Ep, then yields

T ≪

ffiffiffiffiffiffiffiffiffiffiffiffi
mωb2

2π2ℏ

s
≈ 2.53 × 107 K; ðH21Þ

which can evidently be assumed to be satisfied. Now
we estimate the probability for a phonon to be excited
during the experiment of duration t. A particle of
radius R will exchange black-body radiation with its
environment with a power 4πσR2T4. Assuming for
simplicity that these photons have the wavelength λp,
then we find the number Nt of scattered photons in the
time interval ½0; t� to be given by

Nt ¼
2tσR2T3b

ℏc
: ðH22Þ

The probability to excite a single phonon given the
coherent state jαi is then upper bounded by

p¼Nt
Er

ℏω
ðjαj2þ 1Þ ¼ 4π2σR2T5

bmcω
ðjαj2þ 1Þt: ðH23Þ

Requiring this quantity to be much smaller than 1
and inserting m ¼ 1.58 × 10−10 kg, R ¼ 12.5 μm,
ω ∼ 10−3 Hz, t ¼ 185 s together with jαj2 ¼ 10, we
find the condition

T ≪ 11 K; ðH24Þ

which is a relatively moderate requirement and com-
pares favorably with Ref. [8].

(d) Electric and magnetic stray fields. While it is evident
that the test mass should be charge neutral to avoid
random accelerations due to fluctuating electric field,
we also need to assess the impact of diamagnetic and
dielectric contributions to electric and magnetic field
gradients. The acceleration of a diamagnetic particle in
a magnetic field is given by

a ¼ χVB
mμ0

∂B
∂x

; ðH25Þ

where μ0 ¼ 4π × 10−6 N=A2 and χ ¼ 6.9 for gold.
For a random but (over the duration of a single shot)
constant choice of B and ∂B=∂x, we find

Δα¼
ffiffiffiffiffiffiffiffiffi
ω

2mℏ

r
χVB ∂B

∂x

μ0
t2 ¼ 7.79× 1011 ·B

∂B
∂x

; ðH26Þ

and for B ¼ 1 nT (achievable using μ-metal shields
[136]) the moderate requirement of

∂B
∂x

≪ 1.3 × 10−3 T=m: ðH27Þ

For the acceleration response of a dielectric body to an
electric field gradient, we find

a ¼ ϵϵ0VE
m

∂E
∂x

; ðH28Þ
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and thus for an electric field gradient of E ¼
1000 V=m (which can be achieved in current levita-
tion experiments [137]), we find

Δα ¼
ffiffiffiffiffiffiffiffiffi
ω

2mℏ

r
ϵϵ0VE

∂E
∂x

¼ 2962
∂E
∂x

t2 ðH29Þ

and the requirement

∂E
∂x

≪ 3.4 × 10−4 V=m2: ðH30Þ

While necessitating some electric and magnetic field
shielding, these represent relatively modest experi-
mental requirements.

APPENDIX I: GROUND-STATE COOLING
OF A TORSION PENDULUM

The idea here would be to produce an effective damping
of the oscillator by applying a force proportional to the
particle’s velocity. For this, we are required to measure
the position and velocity of the pendulum in real time and
adjust the input laser power accordingly, to increase or
decrease the radiation force on the oscillator. The position
is detected by measuring the output light intensity from the
cavity. When the pendulum is displaced, the size of the
cavity is changed, and thus its resonance frequency. Since
the transmissivity of the input mirror depends on the
frequency of the cavity, a change in cavity length affects
the amount of light that enters the cavity. In turn, the
amount of light that comes out of the cavity informs about
its size and, therefore, about the position of the pendulum.
In order for this to be a viable cooling method, it is required
that the measurement rate is greater than the thermal
decoherence rate by Γmeas > Γth=8 [138]. The measurement
rate is the time that it takes to resolve the zero point motion
of the oscillator Δθzpm, and it is given by

Γmeas ¼
Δθ2zpm
2SθθðωÞ ; ðI1Þ

where SθθðωÞ is the spectral density of the angular position
of the pendulum. The thermal decoherence rate is given by
Γth ¼ kBT th=ðℏQÞ, where kB is Boltzmann’s constant and
T th the environmental temperature. Thus, we are looking to
minimize the power spectral density of rotation angle
SθθðωÞ. Once technical noise sources are reduced below
thermal noise, the variance of the angle is dominated by
thermal torque fluctuations [109,111]. This is characterized
by a spectral density

Sθθth ¼ jχðωÞj2 4KBT thIω2
I

Qmω
; ðI2Þ

where χðωÞ is the mechanical susceptibility of the oscil-
lator. The requirement Γmeas > Γth=8 is equivalent to

requiring that the thermal spectral density is below the
spectral density of the standard quantum limit, Sθθth < Sθθsql, a
condition that is achieved provided that

C
nth

> 1; ðI3Þ

where nth ≈ kBT th=ðℏωIÞ is the mean phonon occupation
number at temperature T th, and C ¼ 2g2=ðγκÞ is the
cooperativity of the optomechanical system, with g2 ¼
PcircaωL=ðILcωIÞ the squared optomechanical coupling.
Here, we have Pcirc the optical power circulating inside the
cavity, ωL the laser frequency, L the length of the cavity
when the pendulum is at equilibrium, a is the arm length of
the pendulum, and c the speed of light. Putting all things
together, we get the following condition for ground-state
cooling:

ℏa2QωLPcir

ILωIcκ
> kBT th: ðI4Þ

In order to gain some intuition of how hard it is to achieve
this regime in an experimental setting, let us put some
numbers [111]:

Pcir ¼ 10 W; ωL ¼ ð2πÞ2.8 × 1014 Hz;

L ¼ 9 × 10−2 m; κ ¼ ð2πÞ0.5 × 106 Hz: ðI5Þ

With these values, we obtain

IωI

a2Q
T th < 1.6 × 10−9 kgHzK: ðI6Þ

Let us consider that our pendulum has the shape of a
dumbbell consisting of a bar of length 2a with two balls of
mass m, each attached to one end of the bar, as depicted in
Fig. 6(b). Assuming for simplicity that the weight of the
bar is negligible compared to that of the balls, we can
approximate I ≈ 2ma2. For calculations, let us take m ¼
10−4 kg and a ¼ 10−1 m. Note that this is a mass signifi-
cantly larger than those considered in earlier estimations.
This becomes necessary when considering torsion pendula
in order to achieve the required low frequencies. In the rest
of our analysis we will show that all the required regimes are
satisfied also in this largermass regime. For our choice ofmass
we can reach an angular frequency of ωI ¼ 7 × 10−3 Hz
for the torsional mode, provided a state-of-the-art suspen-
sion wire with torsion constant τ ¼ 10−10 Nm=rad is used.
For these parameters, Eq. (I6) reduces to

T th

Q
> 10−3 K: ðI7Þ

State-of-the-art torque sensitivities in torsion pendula stand
just one order of magnitude above the standard quantum
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limit [111]. Provided that these can reach the standard
quantum limit, for a pendulum with a quality factor of 105,
ground-state cooling might be possible even at room
temperature, while pendula with lower quality factors will
require previous cooling of the thermal bath to cryogenic
temperatures.
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