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We present a quantum algorithm for simulating the classical dynamics of 2" coupled oscillators (e.g., 2"
masses coupled by springs). Our approach leverages a mapping between the Schrodinger equation and
Newton’s equation for harmonic potentials such that the amplitudes of the evolved quantum state encode the
momenta and displacements of the classical oscillators. When individual masses and spring constants can be
efficiently queried, and when the initial state can be efficiently prepared, the complexity of our quantum
algorithm is polynomial in 72, almost linear in the evolution time, and sublinear in the sparsity. As an example
application, we apply our quantum algorithm to efficiently estimate the kinetic energy of an oscillator at any

time. We show that any classical algorithm solving this same problem is inefficient and must make 22(")
queries to the oracle, and when the oracles are instantiated by efficient quantum circuits, the problem is
bounded-error quantum polynomial time complete. Thus, our approach solves a potentially practical
application with an exponential speedup over classical computers. Finally, we show that under similar
conditions our approach can efficiently simulate more general classical harmonic systems with 2" modes.
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I. INTRODUCTION

The efficient simulation of quantum dynamics is among
the most promising areas of quantum computing [1]. This is
due to having practical applications as well as universality
providing strong complexity theoretic evidence for expo-
nential quantum advantage [2,3]. Several other applications
with similarly favorable qualities are known (e.g., factoring
[4]), but the discovery of more compelling use cases
remains critical for understanding and motivating the value
proposition of quantum computers.

One approach for leveraging the power of Hamiltonian
simulation would be to consider the space of problems that
reduces to it. Hamiltonian dynamics is an example of a
homogeneous, first-order partial differential equation that
gives rise to unitary evolutions. Thus, it is natural to explore
whether other differential equations can be mapped to
Hamiltonian simulation. The goal would be a more natural
(albeit perhaps more narrow) alternative to solving differ-
ential equations compared with methods [5—7] leveraging
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quantum linear systems algorithms [8—10]. Past work has
sought to develop Hamiltonian simulation approaches for a
limited set of other differential equations but thus far has
only succeeded in obtaining polynomial speedups [11-13].

In this paper, we discuss a rich set of problems in
classical dynamics that can be mapped to Hamiltonian
simulation and solved with exponential quantum advan-
tage. As a prominent example, our approach can simulate
the dynamics of exponentially many coupled classical
oscillators in polynomial time. Such systems describe a
variety of physical phenomena including networks of
masses and springs [14], circuits with capacitors and
inductors [15], models of neuron activity [16], and vibra-
tions in molecules [17], materials, and mechanical struc-
tures. More generally, the harmonic approximation (defined
by a quadratic potential) arises as the first-order correction
to equilibrium in bound systems.

That the dynamics of coupled classical oscillators can be
studied via Hamiltonian simulation is perhaps not too
surprising. Solutions to the Schrodinger equation contain
oscillatory terms and interference, and we are effectively
using these properties to simulate the same phenomena
in the classical system. This correspondence was also
presaged by the finding that Grover search can be imple-
mented (in the absence of errors) using mechanical wave
interference [18]. Similarly, the problem of simulating the
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(discrete) classical wave equation is a special case of the
oscillator dynamics problem considered here, and a quan-
tum algorithm to solve the classical wave equation via
Hamiltonian simulation has been studied in Ref. [11].
However, despite the seemingly natural connection, our
mapping involves a number of subtle technical features,
and modern quantum algorithms are required to efficiently
simulate the resultant Hamiltonians.

Besides providing a classical-to-quantum reduction,
another key to obtain exponential quantum advantage for
this problem is the way we encode physical quantities in
quantum states. In our case, this encoding is motivated by
energy conservation (being different from the one in
Ref. [11]). Specifically, we encode quantities related to
the displacements and momenta of the classical system in
the amplitudes of a quantum state. Thus, extracting the full
configuration of the classical system would scale poly-
nomially in the Hilbert space dimension, precluding a large
quantum speedup. Nevertheless, interesting global proper-
ties, like estimating the kinetic or potential energies at any
time, can still be computed efficiently. Likewise, our
methods only provide an exponential speedup for the
dynamics of sparsely coupled oscillator networks when
masses, spring constants, and initial states can be efficiently
computed. Fortunately, many interesting systems meet
those conditions.

Finally, we provide strong evidence that such simu-
lations cannot also be performed efficiently on a classical
computer. In particular, we are able to show that estimat-
ing the kinetic energy of simple instances of these systems
at any time that is poly(n) requires 2%") queries to the
oracles in the worst case and, when the oracles are
instantiated by quantum circuits of poly(n) size, the
problem is bounded-error quantum polynomial time
BQP-complete. Thus, all problems efficiently solved by
a quantum computer can be reduced to an instance of
simulating exponentially many coupled classical oscilla-
tors, which can also be solved efficiently by our approach.

The rest of the paper is organized as follows. In Sec. II
we describe classical systems of oscillators, define the
associated simulation problems of interest, and state our
main results. In Sec. III we show how these problems
reduce to instances of Hamiltonian simulation, giving rise
to an efficient quantum algorithm. We discuss some
applications of this algorithm in Sec. V, emphasizing the
problem of estimating the time-dependent kinetic (or
potential) energies of the oscillators. In Sec. VI A we show
the exponential lower bound for classical algorithms for
this problem in the oracle setting, and in Sec. VI B we show
that this problem is BQP-complete when the oracles can be
accessed via efficient quantum circuits. Finally, in Sec. VII
we generalize our approach to efficiently simulating
classical systems under the harmonic approximation.
Detailed proofs of our claims are provided in the
Appendixes. We also provide a comparison of our results

with those of related work on quantum algorithms for
differential equations in Appendix G.

II. SIMULATING COUPLED OSCILLATORS:
MAIN RESULTS

We consider a classical system of coupled harmonic
oscillators, i.e., N = 2" point (positive) masses mj, ..., My
that are coupled with each other by springs. At any
time ¢ > 0, the displacements (with respect to their rest
position) and velocities of the masses are given by x(z)=
(x1(2),....xx(1))TERY and x(t)=(x,(2),....xy(1))TERY,
respectively, where a(t) = (d/df)a(t) and a(r) =
(d*/di*)a(r). We let k. = K;; > 0 be the spring constants
that couple the jth and kth oscillator, and «;; > 0 is the
spring constant that connects the jth oscillator to a “wall.”
We have described it for dimension D = 1 for simplicity,
i.e., we assigned one coordinate to each oscillator, but the
same formulation holds for arbitrary dimension D by using
D coordinates to represent the position of a single oscillator
(see Fig. 1 for an example).

In the harmonic approximation, the dynamics of
the oscillators can be determined from the initial values

%(0) and ¥(0) and Newton’s equation (for all j €& [N] :=
{1,...,N}):

m¥;(t) = zkjk(xk(l) —x;(1)) —kjx(0). (1)

k#j

In matrix form, this is MX(#) = —FX(r), where MisaN x N
diagonal matrix with entries m; > 0 and F is the N x N
matrix whose diagonal and off-diagonal entries are f;; =
>k Kjx and fj = —«kj, respectively. (Observe that F is the
discrete Laplacian of a weighted graph.) Solutions to Eq. (1)
are well understood and can be expressed in terms of normal
modes [14], which is essentially a way of describing the
system as N uncoupled harmonic oscillators in a different

basis. Classical algorithms that compute X(7) and X(7) have

N
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FIG. 1. An example system of N/2 oscillators in D =2
dimensions. We use x;(f) for the first coordinate of the first
mass and x, (7) for the second coordinate of the first mass, and so
on. Since the first and second mass now correspond to the same
original mass, m; = ms,.
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complexity poly(N) or, equivalently, exp(n). [In this paper
we use exp(m), poly(m), and polylog(m) to mean O(k™),
O(mk), and O(logk m), respectively, for some constant k.
We use “log” to mean logarithm to base 2.]

Our goal is to provide a quantum algorithm for simulat-
ing the dynamics of the classical oscillators efficiently, in
time poly(n). Doing so requires a particular notion of
“simulation,” since any algorithm that outputs the full
vectors X(z) or X(z) would necessarily have complexity
at least linear in N. Specifically, we consider a problem
formulation where the output is a quantum state with
some amplitudes proportional to /7% ;(t) and others to

Vi (x(2) = x,(2)) or \/K;x;(1), and the input masses and
spring constants are provided through oracles in the usual
way; see Appendix A. (Here and throughout this paper, \/x
is the principal square root of x > 0 and /X is the principal
square root of a positive semidefinite matrix X > 0.) The
formal problem is as follows:

Problem 1. Let K be the N x N symmetric matrix of
spring constants k; > 0 and assume it is d-sparse (i.e.,
there are at most d nonzero entries in each row). Let M be
the N x N diagonal matrix of masses m; > 0 and define the
normalized state

(1)) =

R <¢M'5?<z) ) ?

V2E\ iji(1)

where E >0 is a constant, and (1) €RM [M:=N(N +1)/2]
is a vector with NV entries , /k;;x;(t) and N(N — 1)/2 entries
VEik(xj (1) = x,(2)), with k > j. Assume we are given
oracle access to K and M, and oracle access to a unitary
W that prepares the initial state, i.e., W|0) — |y(0)).
Given ¢ > 0 and € > 0, the goal is to output a state that
is e-close to |w(7)) in Euclidean norm.

Our main result is a quantum algorithm that prepares
lw(z)) efficiently.

Theorem 1. Problem 1 can be solved with a quantum
algorithm that makes Q = O(r + log(1/¢)) queries to the
oracles for K and M, uses

G = (’)<Q x log? (AZT’Zmax>> (3)

2-qubit gates, and uses WV once, where 7 := VRd > 1,
N:= Kmax/mmin’ M max 2 m; 2 My > 0, and Kmax 2 Kjk
for all j, k€ [N] are known quantities.

In the O notation above, the asymptotically large
parameters are N, 7, 1 /¢, and my . /M- This complexity
has explicit dependence on n = log(N) that is polynomial.
If 7, log(1/¢), and log(myayx/Mmin) are poly(n), and all
oracles (including W) can be performed with cost poly(n),
then the entire algorithm has complexity poly(n). An
interesting feature of this complexity is that it scales as
the square root of the sparsity d, whereas Hamiltonian

simulation complexities are usually linear in d. The
complexity is also linear in z, which bounds the maximum
number of oscillations of the normal modes after time .

Our algorithm can be used to determine properties of the
system at time ¢. For example, the state |y(¢)) encodes the
velocities and displacements of the oscillators in a way that
makes it easy for the estimation of the kinetic or potential
energies, as we discuss below. We discuss in Appendix F
that other encodings are also possible, and the choice of
encoding may determine which initial states and properties
(observables) are efficient to prepare and measure.
Nevertheless, our main goal is to establish results for this
particular encoding.

The constant in Eq. (2) is E = K(¢) + U(t), where

K(t) = 1X(r)TMX() is the kinetic energy, i.e.,

K() = 5 3 om0, @

and U(r)
o =St

Hence, E is the total energy of the system, which is time
independent as the system is closed. The support of |y (7))
on the subspace spanned by the first N basis vectors is
K(t)/E, which can be estimated via a simple measurement
on |y(1)); see Sec. V. The support on the other subspace is
U(t)/E. As an example of the type of problem that can be
solved by preparing |y/(#)), consider the following.
Problem 2. Given the same inputs as Problem 1 and an
oracle for V C [N], which is a subset of the oscillators,

output an estimate ky (r) €R such that

= 11i(1)"ji(1) is the potential energy, i.e.,

24 ijk(x

k>j

“u(0P). )

|ky (1) — Ky(1)/E| <. (6)
where Ky (1) :=
at time f.

In Sec. V, we prove that our quantum algorithm solves
this problem with high probability with O(1/¢) uses of the
quantum algorithm from Theorem. 1. We also show a
related result for the estimation of the potential energy
stored on a subset V C [N] x [N] of springs at time 7.

Problems 1 and 2 are formulated using a specific input
and output format, and one might wonder if a classical
algorithm could also solve these problems efficiently. The
answer is no: we show that any classical algorithm solving
Problem 2 must make poly(N) or exp(n) queries to the
oracles in general.

Theorem 2. Any classical algorithm that solves Problem
2 with high probability must make 2% queries to the
oracle for K. This lower bound holds even if we further
require that all m; =1, all x; €{0,1}, d <3, and the

5 jev m;x;(1)* is the kinetic energy of V
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initial state is |y (0)) = |0)®4 for some g = poly(n), which
corresponds to £(0)=(0,0,...,0)” and x(0) = (1,0,...,0)".

To provide more evidence of the impossibility of
efficient classical simulations and prove a stronger hardness
result, we define a nonoracular version of Problem 2 and
show that it is BQP-complete. Thus, no classical algorithm
can solve this nonoracular problem efficiently [in time
poly(n)] unless it can also solve every problem solved by
quantum computers in polynomial time. The same obser-
vation essentially applies to Problem 2 as a result. Formally,
to be BQP-complete a problem must be a decision problem
(i.e., a problem where there are only two possible answers),
so we define a decision version of Problem 2 with |[V| =1
and a sparse initial state.

Problem 3. The setup is as in Problem 2, but we are
given efficient quantum circuits [i.e., circuits with
poly(n) gates] to implement the oracles for K and M,
an explicit description of [y(0)), which is required to have
a constant number of nonzero entries, and a label v € [N] of
a single oscillator. We additionally require that z, 1 /¢, and
Mupax/Mmin are bounded by poly(n). The problem is to
decide if K,(t)/E, the kinetic energy of oscillator v as a
fraction of total energy, is at least 1/poly(n) or at most
1/ exp(y/n), promised that one of these holds.

Note that this problem has an input of size poly(n) and
our algorithm for Problem 1 will solve this on a quantum
computer in time poly(n). We then show this problem is
BQP-complete in Sec. VIB.

Theorem 3. Problem 3 is BQP-complete. The problem
remains BQP-complete even if we further require that all
Kjp <4, m;=1,d<4, and the initial state is [y (0)) =
|0)®¢ ® |—) for some g = poly(n), which corresponds to
%(0) = (0,0, ...,0)T and ¥(0) = (+1,-1,0,...,0)7.

Finally, we show that our results can be extended to
address more general classical systems that arise naturally
under the harmonic approximation [14]. In these cases, for
example, the matrix M resulting from Eq. (1) is not
necessarily diagonal and the off-diagonal entries of F are
not necessarily nonpositive. A simple change of variables
takes Eq. (1) to the standard form y(¢) = —A¥(¢), where
¥(t) = VMq(t), and G(r) €RVN are the generalized dis-
placements. We then consider the following generaliza-
tion of Problem 1.

Problem 4. Let A >0 be an N x N real-symmetric,
positive semidefinite, d-sparse matrix. Define the normal-
ized state,

L (W
v =z (00) )

where E >0 is a constant and ji(7) := V/Ay(r) € CV.
Assume we are given oracle access to A and oracle access
to a unitary WV that prepares the initial state [y (0)). Given ¢

and ¢, the goal is to output a state that is e-close to |y(7)) in
Euclidean norm.

The constant E in Eq. (7) is also the energy of the system.
The encoding is different from the one used for Problem 1;

for example, v/A is of dimension N x N and might not be
sparse even if A is. However, the support of |y(¢)) on the
subspace spanned by the first N basis states is still K(¢)/E,
where K(7) is the kinetic energy. We then show the
following result.

Theorem 4. Problem 4 can be solved with a quantum
algorithm that makes

€

0= 0(IAlwitontt/e) min (VAT L))

queries to the oracles, uses O(Q x polylog(N/e)) 2-qubit
gates, and uses )V once.

The O notation hides logarithmic factors in several
parameters that specify the input.

III. REDUCTION TO QUANTUM EVOLUTION

We show how to reduce Problem 1 to time evolution of a
quantum system. A change of variables where (1) :=

VMX(t) allows us to write Eq. (1) as
y(1) = —A¥ (1), 9)

where A := \/M_IF\/M_1 > 0 is positive semidefinite
and real symmetric, and M>0 is the diagonal matrix with
entries m;. Any solution to Eq. (9) satisfies

V(1) + iVAY(1) = iVAR() + iVAF(1)]. - (10)

This is simply Schrodinger’s equation induced by the

Hamiltonian —v/A. Hence its solution is

(1) + iVA§(1) = eVAF(0) + iVAF(0)].  (11)

Unfortunately, we do not have direct access to —V/A, and
casting the problem as quantum evolution with simpler
Hamiltonians requires additional steps. It is possible,
however, to do Hamiltonian simulation with —\/X given
oracle access to A using quantum phase estimation, as we
describe in Sec. VII, but that is less efficient than what we
describe here. The phase estimation approach also gives
rise to a different encoding, and some properties of the
system are not as easy to access. For example, in the
encoding used in Problem 1, the support of |y (7)) in a basis
state is either proportional to the kinetic energy of an
oscillator or to the potential energy stored in a spring, but
this might not be the case in other encodings.

Let B be any N x M matrix that satisfies BB" = A and
H be the block Hamiltonian:
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we(2 ) w

where 0 are matrices of all zeros. (The dimension of each 0
is clear from context.) Note that H acts on the space CN ™
and functions as the “square root” of A, since the first block
of HZ is A. Schrodinger’s equation induced by H is
(1)) = —iH[y (1)), (13)
where |y (¢)) € CN™M is the state of a quantum system at

time t.
It can be verified by direct substitution that

ﬂn> )

v e (e

is a valid solution to Eq. (13). Hence, we have

<il?i(;'zt)> = ( ili(j?()o) ) 13)

which lets us compute ¥(7) and B'%(¢) using Hamiltonian
simulation. This generalizes Eq. (11) since B is not
necessarily —v/A. (This formulation also stores the posi-
tions and velocities in different components of the vector,
but this is a minor difference.)

To match the state representation of Problem 1, we need
to choose B such that ji(f) = B¥j(r) = Bfv/Mx(r), where
ji(t) € CM [for M = N(N + 1)/2]. We can express ji(t) in
the basis {|j, k):j < k€ [N]}, which is of size M. Since F
is a graph Laplacian, we can obtain B from the incidence
matrix of F given by

T it = k
VMB|j.4) = { Rl = k) it <k

(16)

This choice satisfies vMB(v/MB)f=F, and hence BB" =
A, because we can write F=v/M (> B|j.k) (j.k|BT)vM
and each term in this sum describes the interaction between
the jth and kth oscillators,

VMB|j. j){(j. jIBIVM = k;;|j) (j

, (17)
and for j < k,

VMBIj. k) (j. k[BTVM = k(1) (j] + [K) (K]
= 1) (k| = 1) (G])- (18)

These reproduce F once we perform the sum. To obtain the
action of B we apply v/ M~ to Eq. (16).

Note that a similar approach based on the incidence
matrix was taken in Ref. [11] to provide a quantum
algorithm that simulates the wave equation. The setting
considered in that paper corresponds to the special case of
our problem where the graph is spatially local, and the
masses and spring constants are uniform.

IV. QUANTUM ALGORITHM

Our quantum algorithm solves Problem 1 by preparing
lw(0)) and simulating H for time 7.

Access model. The Hamiltonian H is built from the
matrix of spring constants K (or F) and M. As we wish to
avoid complexities that are polynomial in N, we require
succinct representations of these matrices. For maximum
generality, we assume that access to M and the d-sparse K
is provided by a black box, similar to that used in prior
quantum algorithms [19,20]. The black box is a unitary S
that computes the masses m; on input j and the nonzero
entries of K, ie., kj, on input (j, k), as well as their
locations. This black box readily gives query access to H in
Eq. (12), which is also d-sparse. Its entries are & /k ;. /m;,
and these factors can be applied using the values of m; and
Kjx; see Appendix A.

Simulation of H. Time evolution with the sparse H can
be simulated using one of the methods in Refs. [21-24],
which apply an approximation of the exponential e~H.
Such methods are tailored to our access model and achieve
almost optimal scaling in the parameters e, d, t, and
|IH|| . the largest entry of H in absolute value. Here

[IH|| ax is at most v/X, which is defined in Theorem 1.

Complexity. The complexity of our approach is deter-
mined by the simulation of H for time ¢ from the initial
state. We consider the query complexity Q of the number of
calls to S, and we allow inverses and controlled forms of
these oracles. This query complexity can also be taken to
include the unitary for preparing the initial state, but only
one call to that preparation is needed. We also consider the
gate complexity G, which is the number of additional
elementary gates, which could, for example, be single-qubit
gates and CNOT gates. We describe these as ‘“2-qubit gates”
in Theorem 1 for simplicity.

Using Ref. [23], the Hamiltonian evolution may be
simulated with

O(tA +log(1/e€)) (19)

calls to a block encoding of H, where the block encoding
gives a factor of 1/A. In Appendix A we show how to block
encode H with A = v/2Rd using O(1) calls to S, and so
Eq. (19) gives the total query complexity Q given in
Theorem 1 since 7 := t\/ﬁ. The reason for the square root
dependence on the sparsity is then because the algorithm
involves simulation of H, which is effectively the square
root of the d-sparse operator A. Note that Xd is an upper
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bound on ||A||, implying that v/Rd is an upper bound on the
largest frequency of the normal modes. See Appendix A for
a more technical explanation.

To achieve final error ¢, each block encoding should be
given within error

¢ = O(e/[z + log(1/e€)]), (20)

which will determine the gate complexity. In Lemmas 8
and 9 of Appendix A we also show that it suffices to
represent the relevant inputs, i.e., masses and spring
constants, with a number of bits, that is,
O( 10g<mmax/(mmin€l)) and Fe = O( 10g(1/€/)), respec-
tively, to achieve error ¢ in the block encoding. The gate
complexity for the arithmetic is essentially O(r,,r,), and
there is also another contribution O(n) to the gate
complexity for other operations in the block encoding
(e.g., for inequality tests and other state preparations).
Hence, we can bound the overall gate complexity as
G = O(Q10g*(Nmyay/ (Mimin€’))). Substituting the value
of ¢’ from Eq. (20), this gives

G:O<Qlog2<%%>>, (1)

which is the expression provided in Theorem 1. To
simplify this expression we used the fact that
log ((z +1log(1/€))/€) <log((z+ (1/€))/€). Because
we consider complexity for large z and 1/¢, we can upper
bound that by log(z/€?) = O(log(z/¢)).

In Theorem 1 we have not quantified the state prepa-
ration complexity (i.e., the complexity of W), since
Problem 1 assumes )}V is given as an input. However,
in many situations this preparation can often be performed
efficiently. One example is when we have oracles to
separately prepare states with amplitudes proportional to

I'm =

%(0) and X(0). In Appendix E, we show the query
complexity to prepare |w(0)) is Qini = O(\/Emaxd/E),

where

m KN K, N
Enax = 22 [FO)P + 22 5O (22)
is the energy of N uncoupled oscillators of mass m,,
and spring constants k., with similar initial conditions.
We also establish the gate complexity G, =

O(Qinilog2 (NEmax/ (E€))) :

V. EXAMPLE APPLICATION

Our quantum algorithm can simulate classical oscillators
in time polynomial in n under some assumptions. As we are
concerned with dynamics and seek to preserve the speedup,
we focus on computing certain time-dependent properties
of the system. In particular, we explain how to use the
quantum algorithm to solve Problem 2, i.e., to estimate the

kinetic energy of all or some oscillators V C[N] at
any time.

Theorem 5. Let )V be an oracle for V, i.e., a unitary that
performs the map V|j) = —|j) if j€V and V|j) = |j)
otherwise, and 6 > 0. Then Problem 2 can be solved with
probability at least 1 —0 by a quantum algorithm that
makes O(log(1/8)/€) uses of V and the quantum circuit
that prepares |y(7)) (along with its inverse and controlled
version).

When V =|[N], the potential energy is U(t) =
E—Ky(t), and a solution to Problem 2 provides an
estimate of U(#)/E as well. As usual, we include controlled
applications of the oracle 1, which means that the global
phase is distinguishable (this way we have that V = [N] is
distinct from V = {}). Although here we focus on estimat-
ing kinetic energies, a similar idea can be used to estimate
the potential energies stored on a subset of springs at any
time, as we discuss below.

To prove Theorem 5, we note that Ky (f)/E =
(w(t)|Pyly(t)), where Py, = (1 —V)/2 is the projector
onto V. This expectation, which is the support of [y/()) on
the subspace spanned by the basis states whose labels
correspond to V (i.e., a subspace of that spanned by the first
N basis states), can be obtained by making measurements
on many copies of |y(¢)), but that approach is not optimal
(i.e., the scaling is quadratic in 1/¢). The problem reduces
to estimating (y/(7)|V|w(r)) with additive error at most 2¢
and error probability 6. A method based on high-confidence
amplitude estimation [25] then provides the result in
Theorem 5.

Hence, when |y/(#)) can be efficiently prepared and V
can be efficiently implemented, we can obtain an estimate
of Ky(#)/E with error ¢ and high probability in time
polynomial in #. If in addition E is known or is efficiently
computed, this translates to an efficient estimation of Ky ()
with error ¢E.

A related result shows that our quantum algorithm can be
applied to estimate the potential energy of a subset of
oscillators.

Problem 5. Given the same inputs as Problem 1 and an
oracle for V C [N] x [N], which is now a subset of springs
(edges) labeled as (j,k) with k > j, output an estimate
ity (1) € R such that

|ty (1) = Uy(1)/E| <€, (23)

where
1 2
Uy(t) =5 E Kjix;(t)

+50 D> k() -xd0)? (24)

k>j:(jk) eV

is the potential energy of the springs in V at time ¢.
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By noting that Uy (7)/E is the support of |y (7)) on the
subspace spanned by the basis states |j,k) such that
(j, k) €V, the problem reduces to estimating the expect-
ation of another unitary V on |y(r)). Like in the prior
example for the kinetic energy, this can be done efficiently
using our quantum algorithm as follows.

Theorem 6. Let )V be an oracle for V, i.e., a unitary that
performs the map V|j, k) = —|j, k) if (j,k)€V and
Vl|j, k) = |j, k) otherwise, and & > 0. Then, Problem 5
can be solved with probability at least 1 — § by a quantum
algorithm that makes O(log(1/8)/€) uses of W and the
quantum circuit that prepares |y/(¢)) (along with its inverse
and controlled version).

VI. IMPOSSIBILITY OF EFFICIENT
CLASSICAL SIMULATIONS

An important question is whether our quantum algorithm
results in an exponential quantum speedup, or whether it can
be efficiently simulated by classical algorithms. We address
this question in two ways: (i) by showing that our approach
can solve an oracular problem—the “glued-trees” problem of
Ref. [26]—in poly(n) time, while Theorem 2 is implied by
Ref. [26], and (ii) by showing that our approach can simulate
any quantum circuit of size L acting on ¢ qubits in poly(L, q)
time. More precisely, we show that Problem 3 is BQP-
complete, thereby proving Theorem 3. Although our results
use physical systems that may seem artificial (e.g., resulting
interactions between oscillators are not spatially local), they
are strong evidence that no polynomial-time (in n) classical
algorithm for simulating systems of coupled classical oscil-
lators exists. Our results also add a new problem to the list of
“natural” BQP-complete problems [27].

A. Oracle lower bound

At a high level, in the glued-trees problem of Ref. [26],
we are given oracle access to the adjacency matrix of a
sparse graph with an ENTRANCE vertex, and the goal is to
find the EXIT vertex. We map this problem to a system of
masses and springs by putting a unit mass at each vertex
and a spring of unit spring constant at every edge. Then we
show that if the system starts at rest except with the
ENTRANCE vertex having unit velocity, after polynomial
time, the EXIT vertex will have inverse polynomial
velocity, and thus it is a special case of Problem 2.
Formally, we study the following problem.

Problem 6. Consider a network of N = 2" — 2 masses
coupled by springs, where M = 1, and K coincides with
the adjacency matrix of a graph consisting of two balanced
binary trees of depth n “glued” randomly as in Fig. 2 [i.e.,
the spring constants are k;; = 1 if (j, k) is an edge of the
graph or kj = 0 otherwise]. Each mass (vertex) of the
network is labeled randomly with a bit string of size 2n.
The network contains two special and verifiable masses,
ENTRANCE and EXIT, which correspond to the roots of

FIG. 2. A network of N =2"*! —2 coupled oscillators ob-
tained by randomly gluing two binary trees. Each mass is m; = 1
for all j€[N] and is labeled by a random bit string of size 2n.
Edges denote springs of constant kj; = 1. The goal is to find the
label of the EXIT mass given the label of the ENTRANCE mass
and given oracle access to the network.

both trees. Given oracle access to K and the label of the
ENTRANCE mass, the problem is to find the label of the
EXIT mass.

This problem is equivalent to that studied in Ref. [26]
where the authors presented an efficient quantum walk
based algorithm while showing that no classical algorithm
can solve the problem efficiently in this oracular setting. In
that work the root vertices do not have the extra edge that
connects them to a wall, so they can be easily verified as
they are the only vertices of degree two. We add these extra
edges to simplify the analysis below; this small change
allows us to use some results on the spectral properties of
the adjacency matrix already studied in Ref. [26]. With this
change, the oracle to access K allows us to verify whether a
certain vertex is a root or not, since they are the only
vertices (or masses) with nonzero diagonal spring con-
stants; i.e., k;; = 1 only if j corresponds to ENTRANCE or
EXIT and k;; = 0 otherwise. Since our problem is a minor
modification of the glued-trees problem, and any oracle
query to our problem can be answered using a single oracle
query to the glued-trees problem, the original classical
lower bound of Ref. [26] implies that our problem requires
29" queries to solve classically.

We then show that our quantum algorithm for simulating
coupled classical oscillators can also be used to solve
Problem 6 efficiently. This is a different approach from that
of Ref. [26] as we are not simulating the quantum walk but
rather the classical dynamics obtained from Newton’s
equation with a quantum algorithm. This shows that our
quantum algorithm cannot be simulated classically effi-
ciently in the oracular setting in general. Our main claim is
the following lemma, which we prove in Appendix B.

Lemma 7. Let X(0)=(0,0,...,0)" and X(0)=(1,0,...,0)7,
where the first and last components refer to the initial
conditions of the ENTRANCE and EXIT masses in the
network of Fig. 2, respectively. Then, there exists a time
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t = O(poly(n)) at which the kinetic energy of the EXIT
mass is K, (1) == 3 (igxir(2))> = Q(1/poly(n)).

Given this lemma, itis easy to see that Problem 6 is a special
case of the problem of estimating the kinetic energy, Problem
2. The quantum algorithm can prepare |w(¢)) efficiently
under the conditions of Lemma 7. Because Lemma 7 proves
that the kinetic energy of the EXIT mass will be inverse
polynomially large after time r = O(poly(n)), a projective
measurement on |y (7)) will return the label of the EXIT with
probability Kgxir(7)/E = Q(1/poly(n)), where the energy
is E = (gntrance(0))? = 5 in this case. Since the EXIT
mass can be verified with the oracle by assumption, the
probability of finding the label of EXIT can be made a
constant close to 1 after O(poly(n)) repetitions of the
previous procedure, giving an overall query and gate com-
plexity O(poly(n)). Since Problem 6 requires 22(*) queries to
solve classically, this yields the exponential lower bound in
Theorem 2.

B. BQP-completeness

To prove this, we start from the standard BQP-complete
problem of simulating universal quantum circuits, i.e., the
problem of determining some property of the output state
|p) = Up...U,|0)®4, where L = poly(q). The unitary
gates U, belong to a universal set such as {H, X, Toff},
where H and X are single-qubit Hadamard and Pauli X (bit
flip) gates, and Toff is the 3-qubit Toffoli gate. (Without
loss of generality, all Hadamard gates can act on the last
qubit, a property that is not necessary, but we use it to
simplify the presentation of the proof.) The specific
problem is that of deciding if |¢) is essentially the all-
zero state or has almost no overlap on it; see Problem 7. In
Appendix C we show that this problem reduces to one in
which the kinetic energy of a specific oscillator is either
exponentially close to zero or at least 1/poly(g) large. This
is essentially Problem 3 for n = O(q).

We use the standard Feynman-Kitaev construction
[28,29] to encode the U,’s into a Hamiltonian with an
extra “clock” register. One property of this construction is
that evolution under the Hamiltonian is known to apply
the sequence of gates U,...U; on a given initial state
[with 1/poly(g) amplitude]. We want this Hamiltonian
to be the matrix A of a corresponding system of coupled
oscillators. This way we could use the connection between
classical and quantum systems discussed in Sec. III,
which suggests that the evolved state of the oscillators
encodes the amplitudes of |¢). However, this has two
problems.

(1) The off-diagonal entries of the Hamiltonian would
not be real negative numbers; i.e., they cannot be
related to spring constants.

(2) The evolution of the oscillators is induced by the
V/A rather than A, so the evolution property of the
Hamiltonian does not apply.

The first problem is due to the fact that Hadamard gates
have negative matrix entries. To fix this, we observe that
the same effect can be obtained using an operator with
non-negative entries and an ancilla in the |-):=
(1/4/2)(|0) — |1)) state [30,31]. This operator is no longer
unitary, but this poses no additional problems as it is only
being encoded in a Hamiltonian that, at this stage,
corresponds to a system of oscillators coupled by springs.
The second problem is addressed by showing that the

spectral properties of /A are such that there is an
appropriate evolution time ¢ = poly(g) after which the
evolved state of the oscillators indeed encodes the output
of the quantum circuit with 1/poly(g) amplitude.

Formally, we consider problem instances, i.e., systems of
coupled oscillators, where N = (L + 1)297!, M = 1, and
A=Fis

L

A=41y =D (IDE+ 1+ |1+ 1)) @ W, (25)
=1

The matrix Ty is the N x N identity matrix. The 297! x
24+! matrices W, are real symmetric and act on one more
qubit than do the U; matrices. We define them as W, =
U, ® 1, if U, is the X or Toff gate acting on the space of ¢
qubits. When U, is a Hadamard gate, which acts on the last
qubit (the gth qubit), we replace it by the following 4 x 4
matrix acting on qubits ¢ and g + 1:

1

5 (26)

S = O =
- o = O
_— 0 O =
S = = O

This matrix acts like Hadamard on qubit ¢ when qubit
g + 1is set to |—). Thus the entries of W, are non-negative
in this case as well, the off-diagonal entries of A are
{0,-1/ V2, -1 }, and all diagonal entries are 4. Hence, the
off-diagonal entries of the matrix K are {0, 1/ V2, 1} and
one can show that «;; >0 for all j&[N]. These spring
constants can be efficiently accessed using Eq. (25). The
gates U; are 2-sparse, implying that the W,’s are also
2-sparse, and A and K are 4-sparse. These properties are
outlined in Theorem 3.

For our proof, we consider the initial condition
for the N oscillators where X(0) = (0,0, ...,0)7, X(0) =
(+1,-1,0,...,0)7, so that the energy is E = 1. Labeling
each oscillator j€[N]| by (I,r), where I€[L + 1] and
r€[2¢*1], the oscillator under consideration is the one
with /=L + 1 and r = 1. In Appendix C we show that
computing the kinetic energy of this oscillator after time
t = poly(q) = polylog(N) solves the above BQP-complete
problem. In addition, this classical system satisfies all of
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our conditions for the quantum algorithm to be efficient
(i.e., the problem is in BQP).

VII. GENERALIZED COORDINATES

In general, when modeling a classical system using the
harmonic approximation, Newton’s equation can be simply
written as y(r) = —A¥(r), where ¥(r) €RN encodes the
generalized coordinates and A > 0 is of dimension N x N.
To prove Theorem 4 we use a standard approach based on
quantum phase estimation [32-34] to first estimate the
eigenvalues of H® := —X ® A, which are y, ; == (—1)"4;,
within certain precision that gives the eigenvalues of H
within precision O(e/t). Here, 4; > 0 are the eigenvalues of
A, and n€{0,1} determine the eigenvalues of —X as
(=1)", with eigenstates |Ox) =|—) and |lx) = |+). We
specifically use a standard QFT-based approach to phase
estimation (PE), where QFT stands for quantum Fourier
transform. This eschews the need for measurement and in
turn maps (within small error) each eigenvector of H® via

b,|x)

|’7X’/1j> = |’7X»/1j> (\/ 1=46,; Z

x:|x=y, ;|<epg
+ V 5r1-j|¢r/-,j>>’ (27)

where |¢, ;) is some unspecified error state of the ancillas
of unit norm, > [b,]* =1, §,; < Spg. and epg and Spg
need to be set according to the error requirements. The

states |x) encode the eigenvalue estimates of H®). From
each estimate x, we obtain the eigenvalue estimate of H by
taking its sign and computing a square root, i.e.,

sgn(x)y/|x|. Then we apply a phase factor yielding

|’7Xv/1j>< = 5’” Z e—itsgn(x)mbx|x>

xilx=y, [<epg
n \/_6,,,,,-|¢,’7,,>>. (28)

Last, we invert quantum phase estimation and other
operations to (approximately) uncompute the estimated
eigenvalues. The result is, for a value of the error tolerances
where dpg = O(€?) and

€pp = 0<max (ﬁj—j)) (29)

—itH

a unitary approximating e within error €. The result is
implied by the complexity of quantum phase estimation
that requires O(||A||naxd10g(1/8pg)/€pg) queries to the
oracle. See Appendix D for details.

VIII. CONCLUSION

We introduced an approach to simulating systems of
coupled classical oscillators using a quantum computer. We
showed how to map Newton’s equations for these dynamics
(coupled second-order ordinary differential equations) to
the Schrodinger equation (a first-order partial differential
equation), with polylogarithmic overhead in the number of
oscillators under certain assumptions. Using this mapping,
we demonstrated that any classical algorithm that simulates
these classical dynamics requires at least 2°(") queries to
the oracle, and that they can provide solutions to BQP-
complete problems, and would thus require exponential
time to solve classically under reasonable complexity
theoretic assumptions. We also generalized our approach
to the simulation of other classical harmonic systems.

While providing a large quantum advantage in certain
contexts, these techniques also have significant limitations.
For example, the approach is only efficient for computing
particularly large or global properties and when masses and
spring constants can be computed in time polylogarithmic
in system size. Another feature of our algorithm is that its
complexity is (almost) linear in the evolution time 7, a
scaling that might not be avoided in general [19,35,36],
being efficient only if ¢ is also polylogarithmic in system
size. This would discourage applications where, for exam-
ple, N = poly(z) (and when fast forwarding is not pos-
sible). This feature is expected to arise when simulating
physical systems with geometrically local interactions, and
for initial states that are locally supported. In these
examples, the relevant system size is determined by the
“light cone,” whose size in D spatial dimensions would
scale as N ~ tP. Nevertheless, even for these examples our
quantum algorithm would still result in significant quantum
speedups (e.g., superquadratic), suggesting a new applica-
tion area for quantum computers [37].

As many systems from molecular vibrations, to struc-
tural mechanics, to electrical grids, to neuronal activation
can be modeled within the harmonic approximation, and
since interesting dynamical features can appear at relatively
short times (e.g., ¢ independent of N), we expect that there
exist specific applications that meet all the requirements for
our quantum algorithm to be efficient. Such applications
will then benefit from this speedup with appreciable real-
world impact; identifying them is one important next step
in this line of research.

Last, we note that our classical-to-quantum reduction
provides yet another way to think about quantum algo-
rithms. For example, once mapped to a one-dimensional
system, the glued-trees problem of masses and springs
becomes a simple wave propagation problem. Since waves
propagate ballistically, it is now clear why our quantum
algorithm, whose complexity is mainly dominated by
evolution time but not by the number of masses, works in
this case. Another example results from Grover’s classical
system of coupled pendulums [18] that, after using our
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reduction, provides another way to solve the unstructured
search problem with O(t) queries, where t = O(v/N).
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APPENDIX A: ACCESS MODELS AND BLOCK
ENCODING OF B AND H

We provide more details on the access model used for
our quantum algorithm, which is similar to that used in
prior quantum algorithms [19,20]. The black box or oracle
S allows us to perform the map

J.€) = 1j.a(j.£)).

for any je[N]|:={l,...,N} and ¢ €[d], where d is the
maximum number of nonzero entries in any row of K (i.e.,
the sparsity), and a(j, ) is the column index of the #th
nonzero entry in the jth row of K. The same black box
allows us to perform the maps |, k,z) = |j. k. z @ Kj) and
|j.z) = |j.z @ m;), forany j, k € [N], where z, k., and 77,
are assumed to be given as bit strings. (One could use three
different oracles for these maps, but we combine them into
one that we call §.) Specifically, if my,, > m; for all
J €[N], then |m;) denotes a basis state determined from the
bits in the binary fraction m; = my,[.b;1b;,...], where
b;;€{0,1}. Similarly, if ky,,, > k;; for all j, k € [N], then
|jr) denotes a basis state determined from the bits in the
binary fraction & j =Kpax [-Cjx.1Cjx2-- -], Where ¢y ; € {0, 1}.
This access model simplifies some calculations and does
not require knowing the important quantities in any
specific units.

Similar to Refs. [19,20], we assume that any number of
bits can be given as the output of S, with it still being
accounted for as a single oracle call. However, for compu-
tations with this output, we will only use a limited number
of bits, the choice of which is governed by the parameters
of the problem, particularly the approximation errors. In
particular, we denote by r,, and r, the number of bits used
to represent m; and k. Then m; = my,m;/2" and
Kjk = KmaxKji/2'=. These approximations as well as the
choices for r,, and r, are discussed below, where we show
how to use S to gain access to B or H.

(A1)

1. Access to B and H

We explain how to use S and other gates to access H, the
Hamiltonian in Eq. (12). This access is required by
Hamiltonian simulation methods in Refs. [21-24]. We do
this by showing a block encoding of the relevant matrices
using known methods for state preparation via inequality
testing [38], i.e., by constructing a unitary such that one of its
blocks approximates H/A, where A is needed for normali-
zation reasons and given below. We explain how to imple-
ment that unitary operation using elementary gates.

In our construction, we start by providing a block
encoding of B (and B"). This is the N x M matrix
discussed in Sec. III. Because M = N(N + 1)/2 is not a
power of two in general (N = 2"), it is convenient to pad B
with zeros so that its dimension is N x N2, instead. That is,
here we consider and describe the simulation of H in a
larger-dimensional space, where many amplitudes of the
evolved state will be zero and the others will coincide with
those of |y(7)) in Eq. (2). With this padding, the matrices B
and H will then be of dimension N x N? and 2N? x 2N?2,
respectively, in the following analyses. First we prove the
following.

Lemma 8. Lete' > 0, myuy > m; > Myin and Kpax > Kjg
forall j, k € [N], and R := k0 /Mpmin. Consider the d-sparse
N x N? matrix B obtained from Sec. III (with the padding).
Then, there exists a unitary (/g acting on 2n + r + 2 qubits
with r = O(log(1/¢€’)) that provides a block encoding of
B to within additive error ¢’ as follows:

Hm ® (01" ® (012U (1y & 1y ® [0)72)

1

< /

—ZNdBH <€, (A2)
The quantum circuit that implements /g makes O(1) uses
of S and its inverse, in addition to O(n+log?(Mpyay/
(mpin€’))) 2-qubit gates.

Next, we use this result to provide a block encoding for
the 2N? x 2N? matrix H.

Lemma 9. Let € >0, m; > my;, and Ky, > K for all
Jj,k€[N], and W=k, /My, Consider the d-sparse
2N? x 2N? matrix H obtained from Sec. III (with the
padding). Then, there exists a unitary Uy acting on 2n +
r 4+ 4 qubits with r = O(log(1/¢’)) that provides a block
encoding of H to within additive error ¢’ as follows:

1
H <0|®r+3uH|0>®r+3 _

\/2N—dH <¢€. (A3)

The quantum circuit that implements Uy uses a
controlled version of /g and its inverse once, and addi-
tional O(n) 2-qubit gates (e.g., CNOT gates and single-
qubit gates).
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Combining Lemmas 8 and 9, a block encoding for H/A,
where A :=+/2Rd, can be implemented within additive
error O(¢’) in spectral norm using the oracles S, together
with its inverse and controlled versions, O(1) times, in
addition to O(n + 1og?(Mupay/ (Myin€’))) 2-qubit gates.

2. State preparation using inequality testing

Before presenting the proofs of the lemmas, we revisit
how inequality testing can be used for state preparation
[38], since our constructions use this approach, which is
more efficient than controlled rotation of an ancilla qubit as
in Ref. [8]. Let {f,....y} be such that ;> 0 can be
expressed using r bits (see below) and g > pg; for all
J €[N]. Assume we have access to an oracle that, on input
|j,z) outputs |j,z @ f;), where z and j8; € [2'] are given as
bit strings of size r (we will fix z = 0...0). That is, in this
notation, |3 ;) is a basis state, and the bits are obtained from
the binary fraction f; = f[.b;...b,]. The method in
Ref. [38] can be used to perform the following:

710) = 1) (%|o>®f|o> n |w,~>), (Ad)

where |w;) is a state orthogonal to [0)®”|0). The basic steps
of the method are as follows.
(1) Apply the oracle to compute /3 ; 1.e., perform the
map |j) = |j. ;).
(2) Prepare the equal superposition state of r ancilla
qubits, i.e., (1/27/2) 32 |x).
3) Apply inequality testing to prepare

(2 [)0) + 50 ).

(4) Apply Hadamard gates on the r ancilla qubits.
(5) Apply the inverse of the oracle to reverse the
computation of f;; 5 i.e., perform the map |j, p ) >
7. 0).
After these operations there will be amplitude /_3]»/2r =
p;/p on [0)®7|0). This is because the amplitude can be
found by taking the inner product of the state in step 3 with
(1/2772) 3%, |x)|0). The method requires one use of the
oracle and its inverse, in addition to O(r) Hadamard gates
for steps 1 and 4, and O(r) gates for the inequality test in
step 3. It is also possible to compute more complicated
functions of the oracle by rearranging the inequality in step
3, which is the method we will use here.

B (1/27%)x

3. Proof of Lemma 8

We consider a block encoding of B for simplicity, and
later use it to provide a block encoding of B by taking the
conjugate transpose. Using the padding described above,
the dimension of B is N> x N and its entries are of the
form /k;/m; or zero; specifically, the definition of B in
Sec. III [obtained from Eq. (16)] implies

= w)- (5 E0). oo

We will construct a unitary L that is a block encoding of
BT following simple steps and then explain how these can
be simulated with quantum circuits. The steps require using
a work register of qubits for some computations that we
discard at the end.

(1) Apply a unitary that performs the map

®"|—>—Z|f

(2) Apply the oracle S for the positions of nonzero
entries of K to map |£) to |a(j,¢)) according
to Eq. (Al).

(3) Apply the oracle S two more times to compute 7;
and &j; ie., perform the map [j,0) > |j, 7))
and |j, k,0) > [j, k. Ky).

(4) Prepare the equal superposition state of r ancilla
qubits, i.e., (1/272)3°%, |x), where r is given below.

(5) Using coherent arithmetic, compute the square of x
and multiplications needed for the inequality test,

(A6)

Kmax’?jk mmaxﬁ/lj (A7)
9

I

where r, and r,, are the numbers of bits of kj

and m;, respectively, also determined below. This

gives the factor in the amplitude approximately
K Jjk / (m j&)

(6) Reverse the computation of the arithmetic for
Eq. (A7) and the oracles for m; and k. This
transforms the working registers back to an all-zero
state.

(7) Apply inequality testing (outputting the result in an
ancilla qubit) and a controlled-SWAP operation to
perform the map |j)|k)|0) — |k)|j)|1) if k < j or
leave the state |j)|k)|0) invariant otherwise.

(8) Apply HZ on the ancilla qubit of the previous
step to implement |0) > (1/4/2)(|0)+[1)) and |1)+>
(1/v2)(=[0)+[1)).

The previous sequence of unitaries define Z/l To
show that the method is correct, consider steps 1 -6. If
we discard the working registers (used to store 71;, k ;; and
perform the arithmetic), these steps combined implement

approximately
Z|k ,/ |0 Y®710) + o)),

for some state |w;) that is orthogonal to [0)®"|0) on the
ancilla qubits. We want the error in this approximation to be

17)10)®"+10)

(A8)
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O(€'), and we show how to achieve this below. Step 7 is
then needed to rearrange the sum depending on whether
k < jork > j, according to Eq. (AS5). This step transforms
Eq. (A8) to

0 [0
k>j J

1 . Kj r /
g D, A0 + o). (49

k<j

where |@)) is still orthogonal to [0)®"|0) on the ancilla
qubits. Applying step 8 to Eq. (A9), and considering the
part of the state where the ancillas are in |0)]0)®"|0) only,
we obtain

A (i -3 o ) 0r0reo)

k>j k<j J

(A10)

This coincides with Eq. (AS) if we drop the normalization
factor and project onto the subspace specified by
|0)|0)®7]0) of the ancillas. Hence, the sequence of steps

defines the desired unitary U/}, that satisfies, for all j € [N],

1.
0[® 2147171 ]0)®"|0)Y® 2 »,, B|j). All
(0] 1/)10)2"]0) T 1) (Al1)
Equivalently, (Ty ® (0/®" @ (0| )Ug(ly ® Ty ®

|0)®7+2) ~.(1//28d)B.

Note that the factor of 1/+/d comes from a single sparse
state preparation (with amplitudes /x;,/m;). In contrast,
the block encoding based on Ref. [20] involves a matched
preparation and inverse preparation, each of which gives a
factor of 1/ \/d for an overall factor of 1 /d for Hamiltonian
simulation. In particular, the state preparation as in Lemma
4 of Ref. [20] gives a factor of 1/1/d, then the step of the
walk as in Eq. (23) of Ref. [20] involves a matched
preparation and inverse preparation to implement the
reflection.

The above steps can be implemented with a quantum
circuit as follows. The unitary in step 1 [Eq. (A6)] is simply
obtained from the action of log(d) Hadamard gates if d is a
power of 2, or otherwise can be performed with high
precision by amplitude amplification (see Appendix E.2 of
Ref. [34]). The gate complexity is O(log d) = O(n), with
an amplitude for success that is very close to 1. When
allowing arbitrary qubit rotations in the gate set, as we do
here, then the amplitude for success can be made exactly
one, so we need no correction here. The gate complexity in
step 4 depends on the number of bits needed to represent
m;, Kji, and x with sufficient accuracy. The leading-order

gate complexity is O(r> + rr,,) for computing x> and

x*xm;. We also need to multiply by Ry /Knex =

Muax/ Mmin- The number of bits needed is no more than
that in x> x i » which is O(r + r,,), giving gate complex-
ity O((r + r,,)?). The divisions by powers of 2 just involve
bit shifts with no gate cost. The gate complexity for the
inequality test is linear in the number of bits, so is smaller
than the multiplication cost.

It suffices to set r = O(log(1/€’)) for overall precision
O(¢€), since this choice would imply that the coefficients
in Eq. (A8) are given with that precision. To choose
'ms T, We note that our computations of m; and «j; are
effectively done within additive error 8,, = O (M., /2")
and 6, = O(Kpax/2"*), Tespectively, since m; and & give
m; and kj; relative to my,, and Ky, That is, we are
effectively giving the factor in the amplitude:

Kk +5K

For additive error O(¢’) in the above, we can let §,, =
O(me'); ie., m; is computed within multiplicative error
O(¢'). This choice would imply r,, = O(log(my.y/
(Mpin€’))). Similarly using the error propagation
formula for k; indicates that the error is largest for small
K jk» 0 the choice of r, would depend on k,,;,. However, the
worst the error can be is rounding down a value by §, to
zero, which would imply an error O(y/8,/Kmax)- That
implies we can choose &,=0O(kn.(€)?) and, there-
fore, r, = O(log(1/¢€)).

These choices of numbers of bits imply the complexity
of the squaring and multiplications at most O(log? [,/
(myin€’)]). Last, all unitaries in steps 7 and 8 can be
implemented with gate complexity O(n) using standard
techniques. These imply the gate complexities stated in
Lemma 8. u

(A12)

4. Proof of Lemma 9

The result of Lemma 9 is a direct consequence of
Lemma 8. Recall that

(v o)
H-=- :
BY 0

where we use 0 to denote all-zero matrices whose dimen-
sions are clear from context. Assuming that B is of
dimension N x N? following Lemma 8, then H would be
of dimension (N + N?) x (N + N?). However, because it is
easier to work with square matrices, we will further pad B
and BT with more zeros, to make them of dimension
N? x N2, implying that the dimension of H is now
(2N?) x (2N?). That is, H acts on a space of 2n + 1 qubits.
[The evolved state will have nonzero amplitude on a sub-
space of dimension N + M only, where M = N(N + 1)/2.]
The previous padding is equivalent to replacing B|j, k) —
(B|j.k)) ®[0)®" and (j. k|B" — ({j. k|BT) ® (0/®".

(A13)
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With this small modification, Lemma 8 implies

(1x ®10)(0[®" @ (0/®™2)Ug(1y ® Ty ® |0>®r+2)>

H 0
Xd _<<ﬂN ® Ty ® (0182t} (1y ® |0)(0]®" ® |0)®+2) 0

or, equivalently, (H/v/2Rd) = (0|®+?Uy|0)®"+2, where

Uy = —[0)(1] ® [(Ty ® 0)(0|®" @ 1$"*)Ug] + H.c.

(A14)

(A15)

Here, H.c. denotes the conjugate transpose of the first term. This operator is not yet unitary because |0) (0|®" is not unitary
(it is a projector). However, it is simple to construct a block encoding for a projector as follows. We bring one additional
ancilla and implement a conditional unitary operation on the state of the ancilla that is

[+)(+ ® (2[0)(0[®" = Ty) + =) (= ® T.

(A16)

Applying (0] - -|0) to this operator gives the block encoding,

OI(+)(+] ® (210)(0[%" = Ty) + |[=)(~[ ® Tx)[0) =10){0[®",

which implements the desired projector. We write (/4 for
this unitary when acting on the system of 2n + 1 qubits (the
space associated with H) plus r 4 3 ancilla qubits. Hence,
our block encoding for H is

1
———H = (0|®BUK|0)®+3, Al8
o] (0] ul0) (A18)
where
Uy = _ucond(|0><1| @1 ® uB) +H.c. (A19)

Here 1, acts on the extra qubit used for block encoding the
projector.

Simulating U/ with a quantum circuit requires applying
a controlled version of Uy and Z/{I; once, in addition to a
simple X gate on the controlled qubit. Simulating {/.,,q can
be done with gate complexity O(n), since it requires
applying a conditional phase on |0)®". m

APPENDIX B: ORACLE LOWER BOUND AND
PROOF OF LEMMA 7

Consider the glued-trees oscillator network in Fig. 2. Let
any node represent a unit mass (i.e., m; = My, = Mppip = 1
for all j € [N]) and each edge represent a spring of constant
1 [ie., kjx = kmax = 1 if (j, k) is an edge and kj =0
otherwise]. The ENTRANCE and EXIT masses are addi-
tionally connected to a wall each with a spring of constant

(A17)

also 1. We write X(r) € RN and X(r) € RY for the positions
and velocities of the masses, where we assume their motion
is constrained to one spatial dimension, such as the
“horizontal” direction. Although we do not know the actual
names of the masses a priori, our labels are such that j = 1
refers to the ENTRANCE, j = 2, 3 refer to the masses in
the second column, and so on, until j =N = ontl 9
represents the EXIT mass. The energy of the system is
E=T(t)+ U(t), where

() =33 G0 (B1)
U() = 5 S k(1) = xe())? + 11 (1 ()2
Jk>j
£ S (i (1)? (B2)

2

are the kinetic and potential energies, respectively.
Newton’s equation gives then a set of N coupled second-
order differential equations:

(1) = —AR(1), (B3)

where A is the (N x N)-dimensional symmetric matrix:
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V2 V2 V2
°

V2 V2 V2
@ L 4 [ @
Z1 29 z3 Zn—1 Zn
FIG. 3.

3 -1 -1 0 0
-1 3 0 -1 0
-1 3 0
0 -1 0 3 0
A =
3 0 -1 0
0 3 0 -1
: -1 0 3 -1
0O 0 0 0 0 -1 -1 3
(B4)

Note that A = 31y — A, where A is the adjacency matrix of
the graph constructed from the two binary trees randomly
glued, if we disregard the edges that connect the roots to
their respective walls, and Ty is the N x N identity matrix.
Also, A is positive semidefinite because it is symmetric and
diagonally dominant. This property also follows from the
potential being U(t) = $X(r)"AX(r) > 0 for all X(r) €R",
which implies A > 0. In fact, A is positive definite: The
matrix A’ = A — |1)(1| — [N){N| represents the above
network of oscillators where the masses at the roots are
not connected to any wall. Hence, A’ contains a non-
degenerate eigenvector of eigenvalue zero corresponding to
the translations of the system, i.e., the eigenvector
luy) = (1/4/N) >_;lj). The only way for A to contain
an eigenvalue zero is if this eigenvector |u;) was also an
eigenvector of |[1)(1|+ |[N)(N|, which is not the case.
Nevertheless, while A>0, its smallest eigenvalue is expo-
nentially small in 7 since the expectation (u;|A|u;) =2/N
is an upper bound on the smallest eigenvalue.

We would like to show the following property. If X(0) =
(0,0,....,0)" and X(0) = (1,0, ...,0)7, then X(¢) is such
that the magnitude of its Nth entry, corresponding to EXIT,
is at least polynomially small in n for a time 7 that is at most
polynomial in n [i.e., the kinetic energy of the Nth
oscillator is Q(1/poly(n))]. For these initial conditions,
the solution to Eq. (B3) implies

X(r) = cos <m/X> x(0). (B5)

The matrix A, and hence V/A, possesses a symmetry that
allows one to simulate the dynamics of the N oscillators by
considering that of 2n oscillators in one spatial dimension,

Zn+1 Zn+2 22n—2 Z22n—1 Z22n

The 2n x 2n matrix A = 31,, — A viewed as the adjacency matrix of a weighted graph.

instead. (A similar idea was used in Ref. [26] to prove that
the quantum algorithm solves the problem efficiently.) To
show this, we define 2n real components:

1

7)(t) = —= xi(1), B6

l( ) mjelt%lumn J( ) ( )
where N, is the number of masses in the /th column and
[€[2n]; that is, N; =21 if I <n and N, =22 if
[ >n+ 1. Then, for the masses in any column that is
not the ENTRANCE (I =1), EXIT (I =2n), or the
randomly glued masses where / = n and / = n + 1, simple
manipulations of Eq. (B3) give

Z(t) = V22 (1) = 32)(t) + V22, (1).  (BT)

For the masses in the remaining columns, Eq. (B3) gives

21(1) = =321 (1) + V22(), (B8)

20(1) = V22,01 (1) = 32,(1) + 22,1 (1), (BY)
Zu1 (1) = 22,(1) = 32,11 (1) + V22,0(1).  (B10)
Zaa (1) = V222,11 (1) = 322, (). (B11)

Then, if Z(¢) := [z,(2), ..., 22,()]T €R?", Eq. (B3) implies
(B12)

where A is a (2n) x (2n) real-symmetric and tridiagonal
matrix that, in bra-ket notation, can be written as

n—1

A= 3§:|l><ll —\5<Z(|l><l+ U+ 124+ 1))

=1

S <|1><1+1|+|z+1><z|>)

I=n+1

—2(|n){n+ 1| + |n + 1)(n]). (B13)

Hence, we have effectively reduced the dimension of the
system from N to 2n when symmetries are considered. The
matrix A is 31,, — A, where A is the 2n x 2n adjacency
matrix of the graph constructed from the glued binary trees
in the new coordinate system defined above (see Fig. 3).
The matrix A is also positive, with its smallest eigenvalue
being exponentially small in n, and any two eigenvalues
separated by a gap that is at least A’ = Q(1/n%). In
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particular, if Z(0) = (0,0, ..., 0)7, the solution to Eq. (B12)

implies

(B14)

3(1) = cos (MX) 3(0).

We are interested in the magnitude of z,,(¢) = iy(t) or,
more specifically, the kinetic energy of the Nth oscillator.
Similar to Ref. [26], rather than considering a fixed ¢, we
will consider an average over t as follows:

r[r . r[r
Poxn(1) = [ arlia (P =7 [ dtzn (P, (B15)

Here, T > 0is set below and Pgx;r(7) is the average kinetic
energy of the Nth oscillator from time t =0 to t =T
renormalized by the energy E = 1/2 for the above initial
conditions; for our algorithm, Pgxr(7) coincides with the

|

PEXIT<°°) = Tli_{EOPEXIT(T)

T—-oo

2n

LI'=1
2n

= —Z 2n[4:) (A1) (1]A;) (4 |2n)

1
=§Z|</11|1>|2|</11|2”>|2
=1
1 2n
=32l
1 2n
2—2 (A1) ]2

1

4n’

Nl*—‘

average probability of projecting |y(#)) into a basis state that
corresponds to the EXIT mass. Thus, the goal reduces to
showing that there exists 7 = O(poly(n)) such that
Pexir(T) = Q(1/poly(n)). If we prove this, then
Eq. (B15) automatically implies the existence of ¢ =
O(poly(n)) such that Ky(r) = Q(1/poly(n)), which is
our main goal. Finding such ¢ can be done classically by
simulating Eq. (B12) in time polynomial in .
We can write

(21| % (VA 4 emitVRY 1),

Zon(1) = (B16)

Let {|/11>, .
matrix A of eigenvalues 4, < 4, <

) } be the 2n eigenvectors of the adjacency
- < Ay,. These are
also eigenvectors of VA of eigenvalues y; := /3 — 4; > 0.
This implies

lim % (AT dt<2n|%(ei1\/1§ + e—it\/z)|1><l|%(giz\/z n e—n\/Z)|2n>>

> (nla) 1) 1 e a2 fim . [ dcos(er) costor)

(B17)

To obtain this we used limy_(1/7T) [I dte™ 1) = §;,, limp_o(1/T) [I dt e"7F77) = 0 since the eigenvalues are
positive, |(4;|1)| = |(4;|2n)| for all / € [2n] due to a reflection symmetry of the network (i.e., the adjacency matrix of the
graph in the line is invariant under the transformation / <> 2n — [ + 1), and also the Cauchy-Schwarz inequality for the last
line as there are 2n different eigenvectors. This would already prove the desired result, but we are interested in finite times
T < oo and, more precisely, showing a similar bound for T = O(poly(n)).

Using again the reflection symmetry of the network, for T < oo the average success probability can be

written as
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Pesn(T) = 3 (2l 1) (1) G2 - [ dros(on costr)

Lr

= NP P [ dreostinycostre)

Lr

_ %Z<1|/11>|4%/0Tdt[1 + cos(2e7,)] + Z|(l|/1,>|2|<1|,1,,>|2%AT dt cos(ty,) cos(tyy)

Il

1 1 1 1 [T
=SSl 5 Nt [ dreosim) + SNRPIARAR 7 [ drcosterycostrn)
1

[

T
— Porr(oo Z| - / drcos2tr) + S (1A P14

1 [T
| —/ dt cos(ty;) cos(tyy), (B13)
P T Jo

where we used the identity cos?(a) = 1[I + cos(2a)]. Then, the correction to Pgxyr(c0) for T < oo is such that

T 1 LT
|Pexrr(T) = Pexrr(e0)] = | Y [(1A)(1]Ar) | — | dtcos(ty) cos(typ)+5 Y [(1A)[*= [ dtcos(2ty))|.  (B19)
T 0 245 T Jo
Note that, for [ # [,
1/T L1 /sin[T(y; +yr)] | sin[T(r; —yr)] 1
— dt cos(ty;) cos(tyy ——'—( + < — B20
‘T 0 (1r2) cos(ire) T2 it Yi—rr TA (B20)

where A is the minimum spectral gap between any pair of eigenvalues y;, that is, A :=min |y, — 7l
(Also, |y, +yr| > A if 1 #1'.) Also, if we order the eigenvalues so that y;,; > y; for all [ = [2n—1], for [ >2 we
have y; > A and

1
T

1
T2TA

sin(2ty;)
2y,

T
‘%/ dtcos(2ty))| = (B21)

0

For [ = 1, the eigenvalue y; is exponentially small in n and the corresponding average can be O(1). Combining these
equations and using the reflection symmetry of the network, we obtain

Prxar(T) — Perr(o0 _TA; GADRIGDR + g7 SIGIDI + 5 Il
1) A2+ =1
< DIl + 3 A
< e (B22)
=rA 20V

where we also used >, |[(1]4;)]*> = 1. We need to show that both these terms are small.

In Ref. [26] it has been shown that the eigenvalues 4;’s are separated by spectral gaps bounded by A’ = Q(1/n?). The
same follows for the y,’s. More precisely, suppose that the two closest eigenvalues of Aare3—-1<6and3— (A4 A7).
Then, the two closest eigenvalues of VA are separated as
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<L (B24)

A=V3-1-3-(1+A4) 1
TA ~ 8n

:m<1—\/1—3A_/2>

It is also possible to show that |(1]4;)|* is exponentially

>3- [1 — (1 _ 3A//1>} small in n. Consider the vector
A/
2 1
Vi [02) Z r——*zm )+ ;;71 el (B29)
> —=. (B23)
V6

: : In—ly
Then, since A’ = Q(1/n%), we have A = Q(1/n%). This  1ne length of this vector is />77,(1/27"7) =
implies that we can choose T = O(n*) so that, for example, y/1 —1/2" being exponentially close to 1. In addition,
|

n—1 n 2n—1
3 1
Alm)=3|vl>—\/—<z\/227|1+1>+l§;\/w|1 l;lm l;zm >>

n 1 n—1 1 2n—1 1
=3lv —\/§< I+ >—2— n+1)+|n
| 1> = /23+n—l| > ; V2 14n— l 1;2‘ /Dl=n Z R /22+l n 2 (| > | >)

1 1 2n—1 1
=3|vy) ——|n) - —— 2n n+1)—=2=(n+1)+|n
1 Z /2—2+nl 2| > n— 1 ];QW \/2n—1| > | > 2(' > | >>
1
=3v 3| 2n
1
= 1)+ 2n). B26
i 2\/2'1_—1' > (B26)
|
This implies [|A(|oy)/||v))[)]| = O(1/v2") and that We note that numerical solutions show a stronger result,

lv1)/[Ilo1)|| is exponentially close to the normalized  where ¢ « n suffices. See Fig. 4 for an example.
eigenvector of lowest eigenvalue as the spectral gaps are

at least A =Q(1/n%); that is, |[(lvg)/[[[o)l]) = [4)] =

O(1/exp(n)). Since the first entry of |vy)/|||vy)] is osh ﬂ
O(1/exp(n)), these results imply |(1]4;)[=O(1/exp(n)). ”
Combining these bounds, and for the choice of T above, ol
we obtain - ”
1 QZ 0.3 n
|Pexir(T) — Pexir(o0)| < 3 +0O(1/exp(n)). (B27) = wl
Together with Eq. (B17), this gives ol
1 L L : | i
Pexir(T) 2 5= O(1/exp(m)).  (B28) T = i z
n t

which is the desired result: we can choose 7 = O(n*) so  FIG. 4. Numerical simulation of the network in Fig. 2
that the average probability Pgxr(T) is Q(1/n), implying ~ for n =20 (N = 22! —2). Initially ¥(0) = (0,0,...,0)" and
the existence of r€[0,7] with the desired property  ¥(0) = (1,0,...,0)7. Attime ¢ ~ 2n, |y (¢)| becomes significant.
lxn ()] = Q(1/poly(n)). m  Similar behavior is observed for larger values of n.
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APPENDIX C: BQP-COMPLETENESS AND
PROOF OF THEOREM 3

In this appendix our goal is to show Theorem 3, which
establishes that Problem 3 is BQP-complete. A problem is
BQP-complete if it is in BQP and if it is BQP-hard, which
means that every problem in BQP can be reduced to it by
classical polynomial-time reductions. Since we have already
established that Problem 3 is in BQP (a consequence of
Theorem 1), we only need to show it is BQP-hard.

To show our problem is BQP-hard, we start the reduction
from the following BQP-complete problem:

Problem 7. Given a quantum circuit on g qubits with
L = poly(q) gates over the gate set of Hadamard, Pauli X,
and Toffoli acting on the initial state |0)®9, decide if the
output state has overlap at least 1 — 1/ exp(,/q) with |0)®7
or has overlap at most 1/ exp(,/g) with [0)®7, promised
that one of these is the case.

This problem is easily seen to be in BQP. It is BQP-hard
by reduction from the standard BQP-complete problem,
which has a similar input, but the goal is to decide a
different property of the output state: Upon measuring the
first qubit of the output state, we have to decide if it is 1
with probability at least 2/3 or 1 with probability at most
1/3, promised that one of these is the case. By known
results, we can assume our gate set is real and contains only
Hadamard and Toffoli, since this is a universal gate set for
real quantum computation, which is computationally as
powerful as complex quantum computation [39,40]. We
also add the single-qubit Pauli X gate so that we can create
the state |1) from |0), as we want the computation to start
with all qubits in state |0). Also, the X and Toffoli gates
generate SWAP gates, and we can then assume that all
Hadamard gates act on the same qubit. This property will
be useful to simplify the presentation of the proof, but it is
not necessary, and one could in principle allow Hadamard
gates to act on any qubit.

Given such a circuit, we can amplify the constants 2/3
and 1/3to 1 —1/exp(q) and 1/ exp(q) by running O(q)
copies of the circuit in parallel and taking the majority
vote of the first output qubits of all circuits. Now we have
a new circuit on O(g?) qubits whose first qubit is almost
certainly [with probability 1 —1/exp(q)] |1) when the
answer is yes and almost certainly |0) when the answer is
no. We then use an additional qubit and copy this answer
to that qubit. Since the qubit we are copying is exponen-
tially close to being |0) or |1), let us assume it is one of
these, and this will only introduce an error of 1/exp(q).
We then run the circuit’s inverse on the remaining qubits
to restore them to the all-zero state. The resulting output
state is now exponentially close to all zeros if the addi-
tional qubit was also zero, which happens when the input
was a no instance. If it was a yes instance, the additional
qubit we added will be exponentially close to |1), and
hence the overall state will have almost no amplitude on
the all-zeros state.

Thus deciding if the output state of a O(g?) qubit circuit
of size poly(q) is 1 — 1/ exp(q) close to the all-zeros state
or has at most 1/ exp(gq) overlap on the all-zeros state is
BQP-complete. This yields the stated result by renaming ¢
to g2. (Our proof below does not require the closeness to be
exponentially small, and it would suffice to have inverse
polynomial closeness, as long as this polynomial was
smaller than all the other polynomials appearing in the
problem.)

1. From a circuit to a network of oscillators

We now show that our quantum algorithm for simulating
coupled classical oscillators allows us to solve the BQP-
complete problem above. We begin with the given quantum
circuit on g qubits with L = poly(q) gates. If the gates are
U, to Uy, the output of this circuit is U;...U;]|0)®4. Our
goal is to decide if this state is essentially [0)®¢ or has
essentially no overlap with |0)®9. The unitaries U, to U
are either the single-qubit gates Hadamard H or Pauli X
(tensored with identity on all other qubits) or the 3-qubit
Toffoli gate Toff (tensored with identity on all other qubits).
These gates are

S

() (0 )) e
V22
1 000 0 OOTPO
01 0 0 O0O0O0OO
001 0O0O0O0O

Toff — 00 01 0O0O0O 1
000 O0T1TO0O0O
000 O0O0OT1O0O0
000 O0O0OO0OTO01
00 0O0O0OO0OT1TO

in the corresponding 1-qubit and 3-qubit subspaces. It will
be very useful in our context that these are real as the
resulting Hamiltonian will have real entries, which we
require because the kj; are real.

From this circuit we will create a network of N
oscillators, where N = (L + 1)2¢%!. It is convenient to
label each oscillator j € [N] using two indexes j — (I, r),
where [€[L + 1], r€[29™], and j = (I — 1)2¢F! + r. We
will call the oscillator with / = L + 1 and » = 1 the output
oscillator. In our construction, the N x N matrix of spring
constants K that describes the couplings between oscil-
lators, which depends on the U,’s, is 4-sparse and each
entry is bounded as kj; < 4. We will have all masses be

m; = 1. Note that A = VM'FYM™' = F and y(r) =
VMX(t) = X(t) in this case. This simplifies our analysis.
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In the following, we show that for our oscillator network,
there exists a time ¢ = polylog(N) such that, for the initial
conditions where x(0)=(0,...,0)”, &, (0) = 1, x,(0) = —1,
and x;(0) = O forall j > 2, the kinetic energy of the output
oscillator is either exponentially close to O (when the
original circuit had almost no overlap with |0)®9) or
1/polylog(N) (when the original circuit’s output is very
close to |0)®9). Since our algorithm allows us to estimate
the kinetic energy of a given oscillator to additive
1/polylog(N) precision, we can distinguish these two
cases with complexity O(polylog(N)). The initial quantum
state [y(0)) is simply |—) tensored with the all-zeros state,
and hence easy to prepare. This proves that Problem 2 is
BQP-complete even with these constraints on the initial
conditions, ¢, ¢, M, and K, which is the desired result.

We now provide the details of this construction. We use
the bra-ket notation for specifying vectors and matrices,
which is convenient for relating properties of the classical
system with properties of quantum states. We will specify
our oscillator network using the A matrix, instead of the K
matrix. This real matrix is positive semidefinite and has
non-negative entries on the diagonal and nonpositive
entries on the off diagonal. The standard Feynman-
Kitaev [28,29] circuit-to-Hamiltonian construction gives
us a Hamiltonian of the form

i(|l><l+ I+ 1+ 1)) @ Wi, (€2)

where W is the [th gate in the circuit, i.e., U;. We cannot let
A equal this Hamiltonian, since the matrix is not positive
semidefinite and there are off-diagonal entries of both
signs. The first issue is easily fixed by adding a multiple of
the identity, but it will require some work to fix the second
issue. We will adjoin an additional qubit to work in a
slightly larger space. Formally, we consider the following
Hilbert space:

H = Heock ® Hcomp ® H,. <C3)
Here, H.jocx 18 the (L + 1)-dimensional Hilbert space that is
used to describe the state of the clock [i.e., corresponding to
the first register in Eq. (C2)], which is used to track the
progress of a simulated quantum computation on a state in
Heomp ® Ho, where Homp is 29 dimensional and H,, is two
dimensional. The purpose of H o, i8 to store the state of
the given quantum circuit at a time given by the clock. The
purpose of H, is to address the issue on the off-diagonal
entries raised above. The off-diagonal entries of A need to
have the same sign, but our gate set includes a gate H with
entries of both signs. We address this by providing a
resource state |—) = (1/+/2)(|0) = |1)) in the last register
which we use to effectively create negative signs in a
subspace although the operators will only have positive

entries. Similar constructions that create Hamiltonians with
non-negative entries have been used within the context of
Hamiltonian complexity; see Refs. [30,31], for example.

We will map our circuit to a system of oscillators that
satisfy the assumptions made in Problem 1 by choosing the
couplings to implement an “encoded” sequence of gates
{Wi}, as

L

A =41y = (IDI+ 1+ |1+ 1)) @ W,
=1

(C4)

where each W, corresponds to an encoded version of the /th
gate in the original circuit, which is either a Hadamard, X,
or a Toffoli, and Ty is the identity matrix on the system of
dimension N. Notice that W, lives in H o, ® H,, whereas
the original unitaries U, lived in H oy, SO we encode each
gate into a larger space with 1 additional qubit.

We want all the entries in the encoded versions of
Hadamard, X, and Toffoli to be non-negative, which will
make the off-diagonal entries nonpositive in A due to
Eq. (C4). Let us start with the Hadamard matrix. Without
loss of generality, because we can swap qubits, we assume
the Hadamard always acts on qubit ¢, the last qubit of
Heomp- We describe our encoded Hadamard gate via the
following positive-valued real-symmetric block matrix
acting on the last qubit of H yy, and H,:

1 /1, 1,
Hepe = —2= < .
V2\1, X
This can be seen to act as a logical Hadamard when acting

on a state of the form |y)|—) because of the following
block-encoding result:

(C5)

(12 ® (- Hoe(12© )
-(mer(y )oen)
1 /1 1
V2 (1 —1>

=H. (Co6)
Note here that unlike a conventional block encoding, the
encoded Hadamard gate H,,. is not a unitary operation.
However, it block encodes a unitary operation within the
logical subspace where the Hilbert space H, contains the
state |—), which is sufficient for our purposes as it
represents the Hadamard gate as a real-symmetric matrix
with positive entries.

The Toffoli and X gates have non-negative entries and so
we define the encoded Toffoli and X gates on Homp ® H,
as simply U; ® T,. The action of this matrix on the first
register (Hcomp) is a Toffoli gate or X gate, independent
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of the second register (H,). Finally, as in the standard
circuit-to-Hamiltonian construction, the initial state that we
use is |/ = 1) ® |0)®7 on the first two spaces, and |-) on
the last space, as discussed. As mentioned above, the W,’s,
which are not necessarily unitary on the entire Hilbert space
(but act as unitaries on the subspace where the last register
is |—)), have non-negative entries € {0, 1/+/2,1} and are
of sparsity at most 2.

The matrix F = A contains all the desired properties to
describe N coupled oscillators. Its off-diagonal entries are
ajkE{O,—l,—l/\/f}, for j,k€[N], j# k. This agrees
with the assumptions that the off-diagonal elements in F are
negative given in Sec. IIl. All diagonal entries are a;; = 4,
which similarly agrees with the requirement in Sec. III that
the diagonal elements of F are positive. The spring
constants of the system are such that x;; = —aj, for j#k

and then KjkE{O, l/ﬂ,l}. Also, k;; = aj; — Zk# Kjx =
4 = iz @jr- The matrix K has a nonzero diagonal entry
and it can have at most 3 nonzero off-diagonal entries. For
example, if W, =H,, and W, | = Toff or W,,; =X,
then the corresponding row will have at most 3 nonzero
matrix elements off the diagonal with coefficients 1/ \/E for
two and 1 for the remainder. Maximizing over all such
possibilities Zk# ajp <1+ 2/+/2 in our construction, we
obtain k;; > 0. (Since the Hadamard gates act on the same
qubit, we do not have two consecutive Hadamard gates in
our circuit.) The matrix of spring constants K is then
4-sparse and each entry satisfies x;; < 4. Given j € [N], itis
possible to compute all neighbors a(j,#) of j, where
¢ € [4], and the corresponding nonzero spring constants, in
polynomial time from the polynomial-sized representation
in Eq. (C4). This gives an efficient circuit to query the
matrix K as in Sec. IV. Now that we have established that a
query to the elements of the oscillator can be efficiently
simulated, we will now turn to showing that the classical
dynamics under an exponentially large A can implement an
arbitrary quantum computation.

2. Solving the original problem using the
dynamics of oscillators

As discussed above, the initial state we want to use is
|l =1) ® |0)®7 ® |-). As a vector, this is a vector with the
first entry equal to +1/ V2, the second entry equal to

—1/+/2, and the remaining entries zero. Using our prob-
lem’s encoding in Eq. (2), this corresponds to the initial
state where y,(0) = 1, ,(0) = —1,y;(0) = O forall j > 2,
%(0) = 0, and E = 1. This corresponds to all the oscillators
starting at their rest positions, with the first oscillator
having velocity +1, the second one having velocity —1,
and the remaining oscillators being stationary.

When the initial conditions are such that X(0) = (0, ...,
0)7, the solution to Newton’s equations is even easier to
describe, and Eq. (11) implies

i) = 3() = Re{elﬁfi(O)} - cos(\/Xt) 50).  (C7)
In the rest of this section we want to understand the
behavior of ¥(¢) for our initial conditions.

We start by defining an N x N matrix A’, which is
obtained from A in Eq. (C4) by replacing W, - U, ® 1,
when U, is a Hadamard gate (i.e., A’ is allowed to have off-
diagonal entries of both signs). We do this for simplicity to
remove the dependence on the |—) state in the ancilla.
Specifically, let U; € {H, X, Toff} and

L
A =41y = > (IDI+ 1+ 1+ 1){I) @ U; @ 1,. (C8)

=1

The block-encoding property of Eq. (C6) implies

¥(1) = cos(\/Xt))L;(O)
_ Cos(ﬁt)u =1)®0)% ® |-)

:cos( A’t)|l:1>®|0>®‘1®|—>. (C9)

That is, W, and U; ® 1, act identically on the subspace
specified by |—). As a corollary, the velocities of the
oscillators are such that the last register remains in |—).
The matrix A’ is also 4-sparse and satisfies A’ > 0,
implying that VA’ is a well-defined N x N Hermitian
matrix that is row computable.

We define the N x N select unitary (U := 14),

L
S=Y I+ 1)(I+1|@U,..Uy® 1y, (C10)
=0

which implements the unitary in the circuit up to U; when
the first registeris | + 1), i.e., a vector in RE*! with entry 1
in position / + 1 and zeros elsewhere. Note that S and S*
leave any vector represented as |/ = 1) ® |y), [y) € C*'",
invariant. We also define the N x N Hermitian matrix:

X = 41, _i(|z><z+ 4 14+ 1)0]) & Tyrnr.

=1

(C11)

Then, by inspection of Eq. (C8), we obtain from the fact
that each U, in our gate set is Hermitian and unitary

A’ = SXS'. (C12)

Since Uy = T, for our initial conditions y(0)=|l/=
1) ®[0)*®|-).
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(1) = cos(\/ﬁz)u —1)® 0% ® |-)
_ sCos(\/ir)sw —1)®[0)® ® |-)

- sCos(\/it)u = 1) ® 0% @ |-). (C13)

Since X acts trivially on Heomp ® Ho, it is useful to define

L

X/ =41 = Y (D + 1+ |1+ 1)
=1

), (C14)
implying

(1) = SCOS(\/iz)u — 1) ® (0% @ |-)

- s[cos(fi(';)u - 1>} ®0)® ® |-). (CI5)

This compact expression for the vector of velocities is
useful to show the desired result.
In general, we can write

L+1

=S a(,
=1

with a;(7) € R, because the Taylor expansion of the cosine

cos(VX't) |l = 1) (C16)
(v¥7)

function has only even powers of v X'. Then

(1) = s[cos(\/ﬂ)u - 1>} ®1[0)%7 @ |-)

=Y a0 ® (Ury...Ug0)®) ® |-).  (C17)
=1

Hence, when the first register in the tensor product is
[ =L + 1, the second register is U, ...U;|0)®4, and recall
that our goal was to decide if this state was close to or far
from |0)®4.

So if we measure the output state, in the case where the
circuit’s output was close to [0)®4, we will see |L + 1)]0)®4
with probability [I —1/exp(y/@)]la1 () = 5lap.1 (1)
and if the circuit’s output had 1/exp(,/g) overlap with
|0)®9, then we will see |L+ 1)[0)®¢ with at most
1/ exp(y/q) probability.

So all we have to show is that there exists a ¢ =
polylog(N) such that |a;.(7)]> = Q(1/polylog(N)) =
Q(1/poly(g)), which will allow us to distinguish the
two cases by using our algorithm O(polylog(N)) =
poly(g) times.

3. Establishing inverse polynomial overlap

It is not too hard to establish inverse polynomial overlap
a1 (1) = Q(1/polylog(N)) for = polylog(N). (In
fact, it is possible to get perfect overlap as we discuss in
the next section.) To prove this result, we use some

known results on the spectral properties of X'. Its eigen-
vectors are

L+l
0=\ ()0 ©9
and the eigenvalues are
—4—2cos(- M (C19)
B L+2)’

where [ € [L + 1]. Note that 6 > y; > 2. The |¢;)’s are also
the eigenvectors of v/ X', whose eigenvalues are y; := /7,

and /6 > Y > V2. LetA; = 7141 — ¥, be the spectral gaps
of X’ and note that A; > 0 and A;/y; > 0. The spectral

gaps of VX' satisfy (for [ €[L])

T d

4-2
L L+2xe [iz/( L+2) (l+1)7z/(L+2)] dx cos(x)

Vi1 —
p3 , sin(x)

= min SE— A

L + 2 xetn/(L+2).(1+1)x/(L+2)] y /4 — 2 cos(x)

> " min i) a0

T L+ 2xelin/(L+2).(1+ )5/ (L+2)] /2

This derivative is zero at x = 0 and z, which is outside the
region of values of x. The derivative will therefore take its
smallest (nonzero) values at the nearest allowed values of x:

)C:LL+2 and x:’T;Lij;) (C21)
We have (L > 1)
sin< z ) - sin(M> > T
L+2 L+2 )= 2L+2
Thus we have
=125 (175) ()

Hence, the smallest spectral gap of VX', A’ = min, (7}, | —
7)), satisfies A" = Q(1/L?).

The amplitude a; () that we are interested in can be
written as
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a1 (t)=(L+1|cos (JE) 1)

[ 2 & wl
!
2<L—|— 1| cos(vX'r) g s1n< >|¢,>

pr _(ml(L+1) . [ al
:L—H;cos(yﬂ) sm( 12 > sin <L—|—2>

L+1
2 +

) zl
15 (=1)"""sin? (L f 2) cos(yjr).  (C24)
=1

Recall that the probability of measuring |L + 1) after
evolving with v/ X’ for time ¢, when the initial state is |1), is

2\ 2 nl xl
2_ 1)V gin? 2
lorg 1 ()] <L—|—2> E (=1)"*"sin <L+2> sin <L—|—2>

LI'=1

X%(eit(y;ﬂ;,) +emry) ity Jreit(—y}—y})),

(C25)

where we used that cos(6) = 5 (e + e7).

- 1)+ sin? al N\ of 7l
Z Z sin® ( —— | sin
o L+2 L+2

=0

and

Hence, when we analyze >~

Eq. (C25) and where the phases are =Ty,

T

=0

> 71 l’

. 1+1’ 2( zl > : 2< nl'
Z Z sin? [ —— | sin e
- - L+2 L+2

2 L+1

Z ()]ar1(7) |——Zf <L—2kZ> >

2 \2 (L+2)?
s (i) () 5
— L+2 L+2 4

If [ # I, Eq. (C23) implies |y, —y) | > /[2(L+2)*] > A,
and |y; + 7| > 2v/2 for all [, I'. Then, for any e > 0, there
exists a probability distribution f(¢), where r € {0, 1, ..., T}

and T = O((L +2)*log(1/€)), such that f(r) >0,
o f() =1, and
T 7 ! /

Zf(t)elt(}’/—}’,r) <e, % l;é l/, (C26)

=0

T
Z M) <6 VL (C27)

=0

In other words, the absolute value of the Fourier
transform of f(r) for frequencies @ such that |w| > A/
is upper bounded by . One choice for f(¢) is the probability
distribution obtained by taking m = O(log(1/¢)) samples
{11, ..., t,,} from a uniform distribution where t; € {0, 1, ...,
T'}, T' = O(L?), and outputting ¢ = >, t;. Other choices
can be found in Ref. [41]. This also implies

<eZsm < ) 2( ! >
e L+2

. (L+2)2_3(L+2)
N 4 8
L+2)?2
< eg, (C28)
4
() 2r) l ﬂl/
rtry)| < sin2( >sin2< )
) = 6% +2 L+2
L+2)?
= e%. (C29)

f(®)|az 1 (2)]?, the terms that dominate the sum are those that correspond to [ = I’ in
That is, the above equations give

< 2. (C30)

The second term on the left-hand side can be computed and is 3/4(L + 2), which gives

T

Z Dlap (1)

=0

3

T4L+2) (C31)

‘S2€.

Let us choose € = 1/[4(L + 2)]. This implies that the average > f(¢)|a, . (#)|* is Q(1/L) and recall that T = O(L?).

Then, there must exist a = O(L?) such that |a; . (1)|> =

Q(1/L).
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Now we are done, since we can run the algorithm for all
t=1,...,T, since there are only poly(L) = polylog(N)
values. Alternatively, we can find the desired ¢ by simulat-
ing VX forall times ¢ = 1,2, ..., T on a classical computer
at cost that is also polynomial in L or polylog(N). Note that
although our proof does not pin down a specific ¢ for which
this works, numerical simulations show that a fixed time
t = O(L) suffices for any L.

4. Bonus: Establishing perfect overlap

While the argument above completes the proof of BQP-
completeness, we observe that it is also possible to obtain
laz+1(t)] =1 in the proof above, which is equivalent to
perfect transmission of a disturbance down a spin chain,
which was solved in Refs. [42—-44]. The principle is to
adjust the weights of the operator X’ as

X/ = byl 1) (1= g (1D 1]+ 1+ 1)),
=0 =1

(C32)
|

Ha(a+j)+cle+j)+U(L=1)]

.

I(L+1=0)(L=l+a+c)(I-1+a+c)((I-j=1)*>=(a—c)?)

2+ij+a-c)(l4+a+c+j)—s(a—c)(1+j)a+c+)) ifl=jj+1,

where we have adjusted the first sum to be consistent with
the notation in Ref. [44]. The weights b; and u; are adjusted
so that the eigenvalues are proportional to the squares of a
sequence of integers. Provided the matrix is persymmetric
(sob; = by_yand u; = uy ,,_;), then ™VX"|1) gives exactly
|L + 1) for some 7. In particular, in Ref. [42], X’ has the
eigenvalues 2k> for k = 0 to L, which gives the perfect

transfer for t = =/ V2.

Here we cannot use that exact result, because
that would imply certain values for the diagonal
entries of X’ (and hence A) for which the Hamiltonian
would not correspond to a system of coupled oscillators.
For our case, it will suffice if the diagonal entries are at
least 2v/2 times the off-diagonal entries. To obtain the
larger on-diagonal entries we can use the analysis in terms
of para-Racah polynominals in Ref. [44]. For odd
L =2j+ 1, one takes [from Eq. (2.9) of Ref. [44], and
using a = 1/2]

ifl#7j,j+1
o (C33)

A(L-20)(L—2112)
%(a —co)?(1+j)*(a+c+j)?

u, =

We have flipped the sign of the matrix in Ref. [44] to be
consistent with our usage here. The eigenvalues as per
Eq. (3.11) of Ref. [44] are (again flipping the sign from that
work)

Jos = (s +a)?,
j'2.9Jr1 = (S + C)z’

s=0,...,],

s=0,...]. (C35)
We then get the appropriate set of eigenvalues if
a—c=1/2. The matrix is persymmetric if a = 1/2.
We will also use L, = L + 1 in the notation to simplify
the form of the expressions. Taking @ = L, /2 + 1/4 and
¢=1L,_/2+3/4, we obtain

4b,=5L2/2—1/4—2(1—L/2)%,  (C36)

16u; = (2L, — 1)(L% - ?). (C37)
Exactly the same result is obtained for odd L = 2 using
the expressions in Eq. (4.4) of Ref. [44]. In either case it is
found that the eigenvalues are § (L + k + 1/2)? for k = 0

ifl#j+1
ifl=j+1.

(C34)

|
to L. Then one can evolve directly to [ = L + 1 for t = 2z,
so that |a; ,(27)| = 1. Alternatively, one can divide the X’
given here by L? so the coefficients are O(1), and evolve
for time 27L.

For the relative values of b; and u;, we need to show

b2 V2 + i), (C38)

for / =0 to L. Here we use the convention that uy = 0,
which is given by the formula above. For /[ =0 we
want by > /2u;, so Eq. (C38) can still be used with
the convention uy = 0. Note that both b, and u,; take
their maximum values in the center, but b; is nonzero
at the boundaries whereas u; is close to zero. This
means that b;/\/u; is smallest for [ = L/2, and there
the ratio is approximately 10/3, which is significantly
larger than 2\/5.

To show this inequality more rigorously, we can use the
concavity of u; as a function of / and the concavity of the
square root function to give
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\/ 8ty = \/5(\/”—1"‘ Vi),

where u; /, is using the same function of / (even though it

is only meaningful to give coefficients for integer /). We
find that

(C39)

b} = 8upyp =1+ 16(L% = L3)[1 + (1 = B)p]
+16L% (3 — {9 — B[5 + 42— p)AI}).
(C40)

with = (I+1/2)/L,. Because we consider values of
1 €0, L], we need only consider g € [0, 1]. The expression
(3=p{9—p[5 +4(2—-p)p]}) is positive; it has its mini-
mum of 1/2 at # = 1/2. The expression L4 — L% is non-
negative, and 1 + (1 — )f is positive for g€ 10, 1]. As a
result,

b 2 Bupy
= b=\ /8up i 2 V2(ur + i),

as required.

(C41)

APPENDIX D: PHASE ESTIMATION APPROACH
AND PROOF OF THEOREM 4

We provide proof of Theorem 4, which provides a
method for simulating the dynamics of a broader family
of classical systems under the harmonic approximation
than the previous method described in Theorem 1, at the
price of reduced scaling with the desired error tolerance e.

Proof of Theorem 4. We describe the simulation of
H = -X ® VA, where X is the single-qubit Pauli bit flip
operator and /A is the principal square root of A, using a
standard quantum phase estimation (QPE) approach. In this
approach, we run QPE with a unitary that is a walk operator
built from a block encoding of H? := —X ® A, ie., a
unitary that contains H®) /A in a block, where A > 0 is due
to normalization reasons. This QPE provides estimates of
the eigenvalues of the walk operator, which can be converted
into estimates of the eigenvalues of H®) and ultimately of H.
Once these estimates are obtained, simulation of H is simply
applying a phase that is a product of the eigenvalue estimate
and t. Last, we reverse QPE and other calculations to
uncompute the estimated eigenvalues.

In the case where we have oracle access to K, then A =
BB and we can obtain a block encoding of A—and hence
of H®—from the block encodings of B and Bf. These
were given in Appendix A. This approach would imply
A = 2Rd. In the case of generalized coordinates described
in Sec. VII, where we assume oracle access to d-sparse A
but not K, then H® can be block encoded using standard
methods with A = O(||[H?||,.xd) = O(||A||,nuxd) [24].
Let |4;) denote the eigenvectors of A of eigenvalue

A; 2 0. Then, we can write |ny)|4;) = |nx.4;) for the
eigenvectors of H®), where 7€{0,1}, and [0y) = |-)
and |1y) = |+) are the eigenvectors of X. The correspond-
ing eigenvalues of H® are Y = (=1)"4;. Our first step is
to estimate the eigenvalue y, ; within fixed error, and then
propagate that error into the maximum error that can be
observed in (—1)" \//Tj, which is the corresponding eigen-
value of H, using an arithmetic circuit on the outputs of the
QPE routine. Phase estimation can be used to provide a
confidence interval S, ; for the eigenvalue estimates of
H®, which we call x. That is, for all x€S,; that are
estimates of y, ;, and for a given epg, we define ¢, ;(x) :=
x—vy,; and S, ;= {x:¢, ;(x) €[—epg.epg|}. To describe
the contribution to estimates outside the confidence inter-
val, we use a state |¢, ;) of unit norm and an amplitude
m where §, ; > 0 depends on 7 and j,and 1 — 6, ; is the
confidence level when the input state is |17y, 4;). Eventually,
we will set 6, ; < épg for all n and j, where 6pg > 0 is
determined below. Then, when implementing QPE on input
eigenstate |ny,4;) and using a unitary that provides
eigenvalue estimates of H® (e.g., a walk operator), the
state is approximately transformed as

Inx, A7) =[x, 4;) (\/ [y Z b.|x) + \/5;|¢,”>>

XES,;

(D1)

for some unit vector b that gives the probability distribution
|b,.|? for phase estimates within the confidence interval (the
states |x) can be basis states that encode the estimates of
Yy.;)- When performing QPE using Kaiser windows [34],
the number of invocations of the walk operator (i.e., the
query complexity) built from the block encoding of H® is
then [45]

O(Alog(1/6pg)/epe) = O(||Allmaxd10g(1/5pg)/ €pE)-
(D2)

The walk operator we use in QPE combines the block
encoding of H® with other 2-qubit gates, including a
reflection on some ancilla qubits [46]. That is, each use of
the walk operator requires (1) uses of the oracle to access
A. The ecigenvalues of the walk operator are then
T ettacsin(4i/A)  The actual eigenvalues of H®, which
are y, ;, can be estimated by QPE using the walk operator,
then taking the sine of the result to give an estimate of
v/ A Note that |y, ;|/A < 1 forally€{0, 1} and j € [N].
Aiming for epg/A uncertainty in the phase estimation of
arcsin(4;/A) yields the following estimate in y, ;/A:

|7y.;/ A — sinfarcsin(y,, ;/A) + epg/A]| < epg/A.  (D3)
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Then, in QPE we are first obtaining an estimate x = y,, ;+
€,;(x), where the error ¢, ;(x) satisfies |, ;(x)| < epg
within a (1 — &pg) confidence level. We want to convert
this estimate into an estimate of an eigenvalue of H, i.e., an

estimate of (—1)"/2; = sgn(y,,;)\/I7, ;|- Which s obtained
by computing sgn(x)+/|x|. This gives the error

A, j(x) = sgn(x) /|| = sgn(z, )/ |7,

= sgnfyy,; + €,;(*)]

- Sgl’l(]/,”') \/ |y;1,j|’

which we seek to bound. In the case where y, ; > 0 (i.e.,
n=0and y, ; = 4;), we have

senll; + e, ()1 s+ e, (0] = /4

7 + €45 (%)]

(D4)

Ay, (x)| =

. (D3)
|

(1) For a > 1, we can prove the inequality by using

and in the case where 7, ; <0 (i.e., 7 =1 and y, ; = —4;),

we have
18,56) | = [sen[=2; + &, (0] /1= &+ € (0)] 4 /4
(Do)
If we replace ¢, ;(x) with —e, ;(x) this becomes
senld; + €, (/s + 6,0l = 3], (D)

and so bounding the expression for the case 7 = 0 will be
sufficient to account for all cases. To find the bound for this
case we will show that for any a €R,

sgn(1 +a)\/|1 + a| — 1| < V2min(|a|, \/]a]). (D8)

There are four cases to consider to prove this expression.

l+a<l+a+2Va=V1+a<l++a
= +Vlit+a-1<+a

= sgn(l+a)y/[l +a]—1%

Since +/|a| < |a| for a > 1, this proves the inequality.

(2) For a€|0, 1], we can use

|al.

Vi+a<l4+a=/|1+a|-1<]|q

= sgn(l+a)y/|[l +a|—1<al

(D10)

Since |a| < \/|a| for a €0, 1], this proves the inequality.

(3) For ae[-1,0],

Vil+al2|1+al = |1+al-1>a
=1-|1+a|/<-a

= ‘sgn(] +a)\/|1+a|- 1‘ <lal.

(D11)

Again for a €[—1,0] we can use |a| < /|a|. This time we need to take the absolute value because /|1 + a| < 1.

(4) For a < —1, we can use

0<(la|-2)?=4(la| - 1) < a?
= 2¢/]a] =1 < |al
= (la| = 1) +2y/]a| =1+ 1 <2/
= Vlal = 1+1<V2[a|

= ‘sgn(l +a)\/|1+a|- 1‘ < V2al.

That also implies that it is upper bounded by v/2|a|.

(D12)
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The result gives us the bound on the error in the signed
square root as follows:

|A, ;(x)| < min (ePE, [2/4, \/2€PE>.

(D13)

A, ;= max
x:|x=y, ;| <epg

Hence, from the estimate x of y,, ; within error at most epg,
we can compute an estimate of (—1)" \//1_ the eigenvalue
of H, within error at most A, ; as above.

To implement eIXOVA ye apply a phase factor propor-
tional to the estimated eigenvalue from QPE. Then the state
after applying the phase factor is transformed as

|77X’ /1/> = |77X’ lj><\/ 1- 611,]' Z bxe—itsgn(x)\/M|x> + V 57/,]'|¢77.j/>>

XES,;

e \/_|’7X’ (V On.j Z bee™™10|x) + /5, 1, )

XES,;

A [(m >l V)
XES,;

(\/ 17] Z b _”Al” - 1 |)C + \/ ‘4’;7/

XES,;

The states |¢,, ;) and |¢, ;) are states of the ancillas of unit
norm, supported in the space orthogonal to {|x):x€S, ;}.
After the phase was applied, we need to invert QPE. The
inverse phase estimation and projection onto the zero state
of the ancillas that were used to estimate the eigenvalues
corresponds to applying

(il = > bilx (D15)
XES,;

to give

_lt f|ﬂx, > l:\/1_5n.j+\/5n.j<’~1n.j|¢rz,j>

+/T=3,; > [bufP(e7) — 1)

XES,;

B ()= Gl )| (D16)

The error can be bounded from the Euclidean

distance between the above state and the correct state
—lt

\f|’7x, ;). Using 8, ; < &pg, this distance is upper
bounded by

—+/1—=0pg +3+/0pg +

where the expectation value is on the probability distribu-
tion given by |b,|% This can be further upper bounded by

1— 5PE —ith, ;(x) _ 1>7

(D17)

I’I;%XA”JI—I— 4/ OpE. (D18)

(D14)

“140)

To appropriately bound the error by e as required by
Problem 4 we can take

4 5PE = 6/2, (D19)
s0 Spg = €2/64. Because measurement of the phase with
this confidence level has a factor O(log(1/pg)) in the

complexity in Eq. (D2), it corresponds to a factor of
O(log(1/€)). Then for

maxA, ; < max min (ePE, 12/, \/2€pE>

m.J
= min (€PE 2/m1n/1 ir \/ 2€PE> 5 (D20)
V J
to satisfy max, ; A, ;t < €/2, we can take
€y/min;A; ¢?
epg = max <7”€—2> (D21)
21v/2 8t

Using these expressions in Eq. (D2) gives us an overall
query complexity,

T
O<|A||maxdlog(1/€) rmin (L A 2_2)> (D22)
for the phase estimation approach. This is the stated result.
There are further elementary 2-qubit gates arising from
three main areas.
(1) Computing sgn(x) \/W the estimate of the eigen-
value of H, multiplying by #, and then applying the
phase factor. The dominant complexity is that from
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computing the square root, which scales using
Newton iteration and textbook multiplication as
O(log?(1/€)). The phase rotation then requires a
linear number of controlled rotation gates based on
the target, which in turn requires at most
O(log(1/€)) 2-qubit gates to implement. Thus
the former cost dominates.

(2) The gates for the implementation of the block
encoding will be logarithmic in N and the allowable
error of the block encoding. Because the allowable
error in the block encoding needs to be e divided by
the number of block encodings in the phase esti-
mation, there will be logarithmic factors in many of
the parameters here.

(3) The gate complexity of preparing the control states
for phase estimation with optimal confidence inter-
vals is at most linear in the dimension of this control
register [47], which is the same as the number of
oracle calls. This is the least significant contribution
to the complexity and gives no logarithmic factors.

In quoting the complexity we give the logarithmic factor in
N coming from implementing the block encoding, but for
simplicity use @ and do not explicitly give the logarithmic
factors in other parameters. L]

APPENDIX E: INITIAL STATE PREPARATION

Our algorithm for solving Problem 1 accepts as input a
circuit WV that prepares an initial state of the form in Eq. (2)
for ¢ = 0. In this appendix we explain how we might create
such a circuit given only the ability to separately create
superpositions over the initial positions and initial veloc-
ities. Our construction is related to that in Lemma 8 of
Appendix A.

As in Sec. IV, we consider a setting where the N x N
matrices M and K can be queried through the use of a
unitary S that gives the positions and nonzero entries of
these matrices.

Lemma 10. Let K be the N x N symmetric and d-sparse
matrix of spring constants, Kp, > kjx = 0, M>0 be the
N x N diagonal matrix of masses, and my,, > m; >0,
where k.x and mp,, are known. Assume we are given
access to K and M through an oracle S, and access to a
unitary {/ that performs the map

al0) = [0)[%(0). A1) = [1)[F(0)),

where

N

£(0)) = "50)).  1%0)) = x,(0)[)
: 2

are normalized states that encode the initial states of the
oscillators in their amplitudes, and @ and f are known

norms of the vectors ¥(0) and ¥(0), respectively. Then,

there exists a quantum algorithm that prepares a state that is
e-close in Euclidian norm to

7o)

where E > 0 is a known constant (the energy of the classical
oscillators) and /i(0) € RM for M = N(N + 1) /2 is a vector

whose entries are , /&;;x;(0) or | /K (x;(0) — x.(0)), k > j.
The quantum circuit makes Oini = O(\/Enaxd/E) uses of

U, S, and its inverses, in addition to

Gini = O( V Emaxd/E X pOlylog(NEmdx/(Ee)))

2-qubit gates. Here E.. = (Mpa/2) Zj ()'cj(O))z—i—
(kmax/2) >; (x;(0))* is the energy of a system of N
uncoupled oscillators where all masses are m,,,, and all
individual spring constants are k,,,,, and for the same initial
conditions.

Proof. For ease of implementation, we can encode the
state on 2n + 1 qubits, where n = log(N). In this space, the
initial state is represented as

lw(0)) = (E1)

(E2)

O RO R S

+iY /R (35(0) (E3)

j<k

—xk<o>)|j>k>].

First we rotate a qubit and apply the state preparation
oracle as

1
|0> = 2 2(\/ maxa|0 \/ 2Kmax ﬂ|1
\/mmaxa +2Kmaxdﬂ
1 .
M |0)|X(0
%mmaxa%zfcmaxdﬂz[ IO

i/ 2emadBI1)[5(0))]

The way we have described the oracle for X(0) and ¥(0)
allows for the case where a or f may be zero, in which case
U can be arbitrary on that subspace because it has no effect
on the state above. Then our goal is to apply v'M to the
¥(0)) portion, and Bfv/M to the |%(0)) portion.

The most challenging part is for applying B¥v/M. To do
this, we essentially apply the same construction in Lemma
8 in Appendix A, but for block encoding B +/M rather than
B'. First consider the operation where we prepare a
superposition over d values in an ancilla to give

d
Z (E5)
,,ﬂ:

(E4)

%!
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This preparation is simple if d is a power of 2, and
otherwise can be performed using O(logd) = O(n) gates
via amplitude amplification (see Appendix E.2 of
Ref. [34]). We can then apply the oracle for the positions
of nonzero entries of K to map k to the nonzero entry in
row j, and obtain

22> 5(01)

There may be less than d values of k for each j such that
Kjx # 0, but the oracle may be chosen to give dummy
values of k to pad it out to d. These will later be eliminated
because kj; is actually zero for those values of j, k.

> k.

ke [N]:k;#0

(E6)

"y [_Z R0

k>j

INNI0) + > Vi x;(0

In the usual way, we can use the oracle for the matrix
entries of k. to output its value, and perform an inequality
test with an ancilla in an equal superposition to apply a
factor corresponding t0 /K j/kmax (Which is no greater
than 1) [38]. This will give us, with an amplitude
corresponding to the amplitude for success,

)i Ik)- (E7)

\% KIl’ldX Z \/_x

We then perform an inequality test, and perform a con-
trolled swap based on the result of the inequality test. This
gives the state

iKY+ /e x;(0 (E8)

k<j

|J>|k>|1>}

where the third register is the qubit flagging the result of the inequality test. Then we perform a Z gate on that qubit and

relabel the third sum to give

— [Z VR (0

Projecting onto the |+) state on the ancilla qubit then gives

W{Zr

where the amplitude is indicating the amplitude for success.

O + D /A (x5

j<k

ININ0) + D~ /R i)k} (0 )|0>—xk(0)|1>)} (E9)

j<k

0) - xk<o>>|j>|k>} , (E10)

To apply vM to the |5c'(0)> portion, we can simply perform the same inequality testing procedure from Ref. [38] to apply

a factor of /m;/my,, and give

%(0)) >

V mmax

Z\/_/x/ 1)

(E11)

Combined, the preparation on these two parts of the state gives

1
\/mmax a2 + 2Kmax dﬁz
N

1 [Z VOO R

¢mmaxa + 2max P

O) L)AL + iy /K (x;(0) = xe (0D 1)) k) |

j<k
(E12)

which is the correct state [Eq. (E3)], but subnormalized indicating that it is not produced deterministically and we need to

use amplitude amplification.

The number of amplitude amplification rounds scales as the inverse of the amplitude, so the complexity in terms of «, f3,

E is
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(E13)

o= ).

We assume we know the constants for this lemma to
simplify the amplitude amplification. It is also possible to
perform amplitude amplification when the amplitude is
unknown but bounded [48]. Note that

mmaxa Z mmax (x (E14)

= Kmaxv (El 5)

which is the kinetic energy of the system of oscillators at
t =0 if all masses were m; = mp,,. Also,
1 , 1 5

EKmaxﬂ = E ; Kmax (x,(O)) (El 6)

=t Umax (E17)

1

is the potential energy of a system of N uncoupled oscillators
at r = 0 if all spring constants were k;; = K, and Kz = 0
if j # k' If Emax = Kmax + Umax = (mmax/z)H)_&(O)Hz +
(kmax/2)]|X(0)||* is the total energy of such a system, it
satisfies

Miax @ + 2Kmax dP? < 4E ad. (E18)

The number of amplitude amplification rounds is then

O(\/Emaxd/ E). Each amplitude amplification round makes
two uses of S, ST, and also one use of I/ and U'. Hence, the
overall query complexity of our algorithm that prepares

ly(0)) is
Emaxd
Oini = O( 5 )

To find the accuracy of the block encoding we need to
account for the error due to applying the factors of
VKji/Kmax and /m;/my,, by inequality testing. If we
give the maximum errors in these factors as § [correspond-
ing to log(1/8) bits in the inequality testing], then the error
in Eq. (E12) is upper bounded as

(E19)

: o 00110 + S O + LAl © = xO)IIA)|
\/mmdx + 2Kmdxdﬂ /<§0
Kjk
1 I 1/2
< Max 6x;(0)]7) —|— Kmax 6x;(0)] /)| k) — 6x;(0)|k)|j ]
V/ M @ 4 2 df? | Z b Z ol Z il
/k# Kji#0
’ i[O + e[ v2 3 w00
< Mmax fj 0 + Kmax .X] J k :|
\/mmaxa2 + kaaxdﬁ2 - Jikikjx#0
5 r . 2 271/2
< i [0+ 26500 |
V/ M @+ 2 d? |

=0.

The inequality on the third line is obtained by noting that
we can move from the state on the third line to that on the
second line by the procedure described above, with an
inequality test between j and k, a controlled swap and
phase, then projection onto |+) on the ancilla. Thus, &
corresponds to the error before amplitude amplification,

and it is amplified by a factor of O(\/Epnaxd/E).
If we are aiming for error € in the state preparation, we

should therefore take

E
°= O<€ Emaxd)

Because the state preparation by inequality testing uses
squares, we have a gate complexity that is the square of

(B21)

(E20)

log(1/68) for each step of amplitude amplification, and
therefore the gate complexity from this source is

E d E d
O max 2 max )
< E %\ Ee
Moreover, there are O(log(N)) gates needed to implement
an inequality test and controlled swap for each step of

amplitude amplification. Using d < N, we can give the
overall gate complexity as

(E22)

E_..d E. ..N
10) max 1 2 max . E23
(/5o (2 (£23)
which are the stated results. n
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The factor E,,,,/E in the complexity can become large
when the masses m; or spring constants « ;;, lack uniformity.
In this case, the state [y(0)) is more complicated, and one
has to “pay extra” for its preparation. In addition, the query
complexity in Lemma 10 matches a lower bound for some
instances. For example, consider the case where x;(0) = 0
for all j € [N], which implies #* = 0, and &;(0) = 1/VN
for all j€[N], which implies a> = 1. Let the masses
be mj = = 1, for some unknown j, and mj = 0 otherwise.
Then lw(0)) is simply a state |j) in a computational
basis, and our state preparation algorithm would output the
unknown j with high probability, as in the unstructured
search problem [49]. A lower bound on the query complex-
ity for this case is Q(\/_ ) [50]. Since Epux =3 M@ =1,
E =1[x;(0)]* = 5%, and d = 1 for this instance, the query
complexity of our approach is O(v/N), matching the
lower bound.

APPENDIX F: OTHER ENCODINGS

In Sec. III, we choose a specific encoding for the position
and velocities as a quantum state |y) in Eq. (14), which
satisfies Eq. (13). Let |y (¢)) € CN*M be written as

(o)) = (fﬁ((?)),

where 7(t) € CV and iji(t) € CM. We made the choice of
1(t) = ¥(¢) and ji(r) = B'¥(t) to present our main results.
Nevertheless, other choices also work, and we now discuss
another solution (and problem). This provides us with a
new encoding that is different from the one we used in
Problem 1, and is closely related to the encoding used
in Ref. [11].

Let (1) = Py(t), where P projects out the components
of ¥(t) corresponding to the null space of A (or BY). Let

(F1)

this choice also satisfies Eq. (13). Specifically, we want it to

satisfy
(2(2)) - _iH<iZ’((tr))> - (z_BB‘/ZgD (F2)

We then have

7(1) = P§(1) = AA*P3(1) = BBP3(1) = ~Bji(1).
which establishes the first component of Eq. (F2). Note
that AATP = P, since A" does not act on eigenvectors of
A of eigenvalue zero. Using Newton’s equations [Eq. (9)],

we have

(F3)

ili(t) = —iBTPY(r) = iBTPAY(r) = iBTAPY(1)

= iBTATAPY(¢t) = iBTPY(1) = iB'(), (F4)
which establishes the second component in Eq. (F2).
Hence, evolution under H also allows us to solve the
following variation of Problems 1 and 4.
Problem 8. Let A >0 be an N x N real-symmetric,
positive semidefinite, and d-sparse matrix, and B an N x M
matrix that satisfies BB" = A. Define the normalized state,

1 Py(1)
W) =752 (ot )

where F > 0 is a constant, P is the projector onto the
subspace orthogonal to the null space of A, and B™ is the
Moore-Penrose pseudo-inverse of B. Assume we are given
oracle access to A and to a unitary VY that prepares the
initial state |y/(0)). Given ¢ and e, the goal is to output a
state that is e-close to |w(7)) in Euclidean norm.

Note that the normalizing constant is

(F5)

: 1. - 1. 2
w(t)=—B*Py(t), where B is the Moore-Penrose pseudo- F = Ey(t)TPy(t) + iy(t)TP(BﬂTB*Py(t), (Fo)
inverse of B. This is an M X N matrix that satisfies
BB*B = B and B =B"(BB")" = B'A". We claim that ~ which satisfies

|
2F = (1)"P5(1) + ¥(1)"Py(1) + ¥(1)"P(BY) B PY (1) + (1) 'P(B) B Py(1)

= ¥(1)"PF(1) + 5()) Py (1) = (1) AP(B) B Py(1) - ¥(1)"P(B*) B PAF(1)

Y(0)"P5 (1) + 5(1)"PY(1) = (1) 'PA(BT) B PY(r) — ¥(1)"P(B*) B APY (1)
= (0" PF(r) + () Py(r) - (1) PA(AT) BB Py (1) - §(1)'P(B") BT AT APS(1)
= V(1) PY (1) + 5(1) Py (1) — (1) PBB Py(1) — 5(1) "P(B*) B P (1)
= Y(1)"PF(1) + 5()) Py (1) = (1) Y (1) = ¥(1) "P5 (1)
=0, (F7)
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where we used BBTP = AATP = P. Then, F is indepen-
dent of ¢ and refers to another conserved quantity different
from E. We can use our quantum algorithm to prepare
lw (7)) in Eq. (F5) by simulating H in Eq. (12). The
complexity of Hamiltonian simulation is the same as that
in Theorem 1.

In the encoding used for Problem 8, some amplitudes are
proportional to Py(7), and we have more direct access to the
displacements of the oscillators than that using the encod-
ing in Problem 1. However, preparing |y/(0)) in this case is
expected to be more costly as it involves the action of BT,
This is the reason why the complexity in the quantum
algorithm of Ref. [11] for simulating the wave equation can
be dominated by that of the initial state preparation. That
case is a special instance of Problem 8 where A corre-
sponds to the (discretized) Laplacian.

APPENDIX G: RELATED WORK AND
OPTIMALITY OF OUR APPROACH

Our quantum algorithm provides the solution to a
second-order differential equation, i.e., y(¢) = —Ay(7),
encoded in the amplitudes of a quantum state
lw(z)) defined in Problems 1 and 4. We do this via the
classical-to-quantum reduction given in Sec. III,
which results in a first-order differential equation, corre-
sponding to a Schrodinger equation with a time-indepen-
dent Hamiltonian H that depends on B, where A = BB'.
Prior works have also considered quantum algorithms for
solving first-order differential equations using a variety of
approaches. A prominent example is Ref. [5] and related
results (cf. Refs. [51,52]) that use the quantum algorithm
for linear systems of equations [8,9,53]. Here we argue that
those approaches, while possibly applicable to our prob-
lem, generally yield inefficient quantum algorithms for
Problems 1, 2, 4, and 5 due to issues arising from the
encoding. Indeed, by formulating the problem as a
Hamiltonian simulation problem, and using optimal meth-
ods for the latter, we argue that our approach is the optimal
one for solving these problems. Among other useful
features, our approach does not necessitate a clock register
to encode the solution at all times as in Ref. [5]. More
details follow.

One standard approach to formulate the second-order
differential equation as a first-order one in our case would
be to consider

(1) = (ﬂ(:v _(?>H(t), (G1)
where
(1) = @8) ()

is a vector in R?V that encodes the coordinates of all
oscillators. (We assume that the choice of units is set from
the beginning so that calculations are done with real
numbers.) Another standard approach would be to consider

Ww(t) = <2 j”)mt), (G3)
where
w-(l) e

is also a vector in R*. Equations (G1) and (G3) are also
homogeneous first-order differential equations, whose
solutions can be obtained by applying an exponential
operator to ¥(0) or w(0). Note that (d/dr)||v(¢)|| #0
and (d/dt)||w(1)|] # 0 in general, so we cannot directly
apply Hamiltonian simulation methods using these encod-
ings, as the evolution of these vectors is not unitary.

To solve differential equations that do not conserve the
norm, Refs. [5,51,52] propose a range of quantum algo-
rithms that, for this application, would output (normalized)
quantum states:

i 1 (1)
‘U(I» = - ~ (GS)
VIFOI + 1502 <y<t>)

or

w(r))

! §i()
= - N ) (G6)
B + 1A <Ay<t>)

In Refs. [5,51,52] this is done by approximating the
solutions to the differential equations as solutions to
systems of linear equations. The complexity of this
approach depends on several parameters, in particular
the condition number of the matrix to be inverted. In
Ref. [13] a solution is found by giving the solution to the
differential equation in exponential form, and then using
the linear combination of unitaries (LCU) approach to
approximate the exponential; a related approach that
approximates the exponential operator is given in
Ref. [54]. That approach is not applicable here, because
it requires the matrix to be normal. Here the matrices—the
2 x 2 block matrices including A—are not normal, so the
approach cannot be used. Nevertheless, even disregarding
such difficulties, we show that this way of encoding the
coordinates of the oscillators as in Eq. (Gl) or (G3) is
readily problematic.

To observe this, it suffices to consider the evolution of a
single normal mode of frequency @y, i.e., the eigenvector of
A of eigenvalue (w;)?. We obtain
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¥(t) = dy cos(twy + ¢y), (G7)

where ¢, €R is the initial phase and d; €RY is the
eigenvector of A. Computing the time average we obtain

5O =3 lal? (G¥)
and
50 = 5 o2l
= x5 ). (G9)

(The latter is also the time average of the kinetic energy.) In
a case where A gives rise to normal modes of low
frequency, we have |w;| < 1 (in the corresponding units),
and then

(FOI2) < AF@IP).

The implication is that the support of |v(¢)) is, on average,
mostly concentrated on the subspace spanned by basis
vectors that encode y(7). These do not encode the terms

(G10)

appearing in the kinetic energy or y(f). Hence, the com-
plexity of solving Problem 2 using this encoding, where
|U(#)) is prepared rather than [y(7)), is at least linear in
1/|wy|, which is the factor needed to increase the desired
amplitudes to a constant. This can become unbounded

In the second case we note that the support of |w(7)) is,
on average, mostly concentrated on the subspace spanned

by basis vectors that encode () instead. That is, the case

(|AF(1)]|%) < (||¥(1)]|*) can occur when there are normal
modes of low frequency. To solve Problem 1 or Problem 4,
and especially Problem 5, the second component of the
state must be proportional to By (z) or v/A¥(r), which
requires the application of the pseudo-inverse of B or v/A
to |w(r)). The condition number of these pseudo-inverses is
also polynomial in 1/|w;|; for example, ||(d;)"B| =
|oy| < 1 for low frequencies. This implies that the com-
plexity of solving Problem 1, Problem 4, or Problem 5
using this encoding, where |w(¢)) is prepared rather than
lw(1)), is at least linear in 1/|wy|, which is the complexity
of the most efficient methods to implement the pseudo-
inverse [9]. As in the previous case, this can also become
unbounded if |w;| — 0.

Similar observations follow directly from the results for
the complexity in Refs. [5,51]. There the complexity is
polynomial in the condition number of the matrix that
diagonalizes the matrix appearing in the differential equa-
tions, which is here that with the blocks —A and T, in
Eq. (G1), or the negative of these for w(z) in Eq. (G3). The
matrix that diagonalizes this matrix has condition number

(G11)

max (||, |y ™").
Thus it will become unbounded when |w;|— 0, as
described above. Technically, we cannot use the result as
given in Ref. [5] directly, because the stability condition it
uses requires the matrices appearing in the differential
equations to not have eigenvalues exactly on the imaginary
axis, as is the case here.

An alternative approach to avoid dependence on the
condition number of the diagonalizing matrix is that using
the log-norm [52]. There we would need to subtract the
identity times the log-norm from the original matrix. Here,
the log-norm is

max |1 — w7|/2. (G12)
This means it is always positive, and so subtracting a
multiple of the identity would result in a norm that
exponentially decreases. Hence, the approach of Ref. [52]
would yield a complexity that is exponential in time.

At a high level, our encoding is motivated by the
conservation of energy in time, and places equal emphasis
on those terms that encode the kinetic energy [y(¢)] and the
potential energy [B'¥(7)] of the oscillators. The other two
encodings do not have this feature: |v(¢)) underrepresents
the kinetic energy terms and |w(¢)) underrepresents the
potential energy terms, bringing the issues discussed above.

Last, we provide a comment on the relation between our
results and a closely related result in Ref. [I11] for
simulating the wave equation. In Ref. [11] it is shown
that the wave equation, a second-order and homogeneous
differential equation, can also be mapped to a Schrodinger
equation. Their construction is related to ours in that it uses
a factorization of the (discrete) Laplacian as L = BB, and
indeed it is well known that the wave equation is one
example of a classical system of coupled oscillators where
all masses and springs are uniform, and where the cou-
plings between oscillators are geometrically local (e.g., on
the square grid). However, the encoding used in Ref. [11] is
different from ours; for example, N amplitudes are reserved
to encode the intensity of the wave, which corresponds to
¥(t) in our case. [The component of ¥(z) on the eigenvector
of eigenvalue O of L is projected out.] The other amplitudes
are proportional to B"(#), where B™ is the pseudo-inverse
of B. That is, the state prepared by the algorithm of
Ref. [11] is of the form

(o)

where the constant of proportionality is also time
independent. This is essentially the same encoding as
the one discussed in Appendix F, since Py(7) = y(¢) by
assumption. The length of this vector is preserved in time
since the evolution is unitary. Nevertheless, one implication

(G13)
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of using this encoding to solve Problem 1 or Problem 2 for
this example is the need to invert BT initially, to obtain

amplitudes proportional to B*y(0). The condition number
can be large, i.e., it is O(poly(N)) for the example of the
wave equation, and hence the initial state preparation step
(t = 0) can be inefficient. Indeed, Ref. [11] manages to give
evidence of a polynomial quantum speedup only. In
addition, when considering the wave equation, the system
is geometrically local and implies that N is polynomial in
the evolution time ¢ (i.e., ¢ is exponential in n). In our
problem, however, we can treat a significantly larger set of
instances: we do not impose uniform masses, uniform
spring constants, or even geometrically local interactions,
and we can allow for times # = O(poly(N)). This general-
ity together with our improved encoding are key to
obtaining our claimed exponential quantum speedups for
the problems defined.
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