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Randomized benchmarking (RB) protocols are the most widely used methods for assessing the
performance of quantum gates. However, the existing RB methods either do not scale to many qubits or
cannot benchmark a universal gate set. Here, we introduce and demonstrate a technique for scalable RB of
many universal and continuously parametrized gate sets, using a class of circuits called randomized mirror
circuits. Our technique can be applied to a gate set containing an entangling Clifford gate and the set of
arbitrary single-qubit gates, as well as gate sets containing controlled rotations about the Pauli axes. We use
our technique to benchmark universal gate sets on four qubits of the Advanced Quantum Testbed, including
a gate set containing a controlled-S gate and its inverse, and we investigate how the observed error rate is
impacted by the inclusion of non-Clifford gates. Finally, we demonstrate that our technique scales to many
qubits with experiments on a 27-qubit IBM Q processor. We use our technique to quantify the impact of
crosstalk on this 27-qubit device, and we find that it contributes approximately 2/3 of the total error per

gate in random many-qubit circuit layers.
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I. INTRODUCTION

Quantum computers suffer from a diverse range of errors
that must be quantified if their performance is to be
understood and improved. Errors that are localized to
single qubits or pairs of qubits can be studied in detail

*jordanh@berkeley.edu

"Present address: Alice & Bob, 53 Boulevard du General
Martial Valin, 75015 Paris, France.

“Present address: Google Quantum AI, Mountain View,
California, 94043, USA.

§tjproct@sandia.gov

IPresent address: PsiQuantum, Palo Alto, California, 94304,
USA.

IPresent address: IonQ, College Park, Maryland, 20740, USA.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2160-3308/23/13(4)/041030(38)

041030-1

Subject Areas: Quantum Information

using tomographic techniques [1,2]. However, many-qubit
circuits are often subject to large additional errors, such as
crosstalk [3-8], that are not apparent in isolated one- or
two-qubit experiments. There are now techniques for
partial tomography on individual many-qubit circuit layers
(also called “cycles”), including cycle benchmarking [9]
and Pauli noise learning [10-12]. But quantum computers
can typically implement exponentially many different
circuit layers, and it is feasible to characterize only a small
subset of them.

Randomized benchmarks [5-8,13-31] make it possible
to quantify the rate of errors in an average n-qubit layer, by
probing a quantum computer’s performance on random
n-qubit circuits. However, established randomized bench-
marks cannot measure the performance of universal layer
sets in the many-qubit regime, where quantum computa-
tional advantage may be possible. Those randomized
benchmarks that can be applied to universal layer sets,
such as standard randomized benchmarking (RB) [15,16]
and cross-entropy benchmarking (XEB) [27-29], require
classical computations that scale exponentially in the

Published by the American Physical Society
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number of qubits (n). XEB requires classical simulation of
random circuits that are famously infeasible to simulate for
more than approximately 50 qubits [28]. This is because
XEB requires estimating the (linear) cross entropy between
each circuit’s actual and ideal output distributions. Standard
RB of a universal layer set is restricted to even smaller n,
because it requires compiling and running Haar random
n-qubit unitaries [15]. This compilation requires classical
computations that are exponentially expensive in n and
results in circuits containing O(2") two-qubit gates [32].
Because of the large overhead, even standard RB on
Clifford gates—which has lower overheads and nonexpo-
nential scaling—has been implemented only on up to five
qubits [5,6,8]. Existing RB protocols can be used for
heuristic estimates of the performance of a universal gate
set—e.g., by synthesizing Clifford gates from a universal
gate set [33] or by separately benchmarking Clifford gates
with standard RB and a nonuniversal set of non-Clifford
gates with dihedral RB [18] or interleaved RB [22,34-37].
However, these approaches do not holistically assess a
universal gate set, and they typically require strong
assumptions on the types of gate errors to be accurate.
In this paper, we introduce and demonstrate a simple and
scalable technique for RB of a broad class of universal gate

(a) Randomly sampled circuit layers
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FIG. 1. Scalable randomized benchmarking of universal gate
sets. (a) Randomized mirror circuits combine a simple reflection
structure with randomized compiling to enable scalable and
robust RB of universal gate sets. (b) Data and fits to an
exponential obtained by using our method—MRB of universal
gate sets—to benchmark a universal gate set on n =1, 2, 3, 4
qubits of the Advanced Quantum Testbed and the average error
rates of n-qubit layers (rg, where Q is the layer sampling
distribution) extracted from these decays. (c) We benchmark
each connected set of n qubits for n = 1, 2, 3, 4, enabling us to
map out the average layer error rate (rq) for each subset of qubits.

sets. Our technique uses a novel kind of randomized mirror
circuits, shown in Fig. 1(a), and advances on a recently
introduced method—mirror RB (MRB)—that enables
scalable RB of Clifford gates [6]. Mirror circuits
[6,7,12] use a layer-by-layer inversion structure that ena-
bles classically efficient circuit construction and prediction
of that circuit’s error-free output. The idea of layer-by-layer
inversion was explored in the earliest work on RB [13,14],
and recently it was shown that the addition of Pauli frame
randomization [38] to Clifford mirror circuits enables
reliable error rate estimation [6,7,12]. The randomized
mirror circuits we introduce here combine layer-by-layer
inversion with a form of randomized compilation [39] to
enable reliable and efficient RB of universal gate sets. MRB
on universal gate sets consists of running randomized
mirror circuits of varied depths and computing their mean
observed polarization [6], a quantity that is closely related
to success probability. The mean observed polarization
versus circuit depth is fit to an exponential decay, as shown
in Fig. 1(b). As in standard RB, the estimated decay rate is
then simply rescaled to estimate the average error rate of
n-qubit layers. MRB, therefore, preserves the core strengths
and simplicity of standard RB and XEB while avoiding
the classical simulation and compilation roadblocks that
have prevented scalable and efficient RB of universal
gate sets.

We use MRB to study errors in two different quantum
computing systems, based on superconducting qubits. We
demonstrate our method on four qubits of the Advanced
Quantum Testbed (AQT) [40] and on all of the qubits of a
27-qubit IBM Q quantum computer (ibmq_montreal) [41].
In our experiments on AQT, we use MRB to quantify and
compare the performance of three different layer sets on
each subset of n qubits (for n = 1, 2, 3, 4), including a layer
set containing non-Clifford two-qubit gates [see Figs. 1(b)
and 1(c)]. In our demonstration on ibmq_montreal, we
show that our method scales to many qubits by performing
MRB on a universal gate set on up to 27 qubits.

Multiqubit MRB enables probing and quantifying cross-
talk, which is an important source of error in contemporary
many-qubit processors [3—5,7] that cannot be quantified by
testing only one or two qubits in isolation. We quantify the
contribution of crosstalk errors to the observed error rates in
our experiments on AQT and further divide the error into
contributions from individual layers and gates. The tech-
niques we introduce for these analyses complement other
established RB-like methods for estimating the error rates of
individual gates—such as interleaved RB [34,36,42] and
cycle benchmarking [9]. We use MRB to study how cross-
talk errors vary on ibmq_montreal as n increases, with n
ranging from n = 1 up to n = 27. We find that crosstalk
errors dominate in circuit layers with n > 1 qubits.

This paper is structured as follows: In Sec. II, we
introduce our notation and define the error rate that our
method measures. In Sec. III, we define the MRB protocol.
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In Sec. IV, we present theory and simulations that show that
MRB is reliable. In Secs. V and VI, we present the results of
our experiments on AQT and demonstration on IBM Q’s
quantum processors, respectively.

II. DEFINITIONS AND PRELIMINARIES

In this section, we introduce our notation and back-
ground information related to our method. In Sec. Il A, we
introduce the notation and definitions used throughout this
paper. In Sec. II B, we introduce the type of random circuits
whose error MRB is designed to measure. In Sec. I C, we
describe the gate sets that our method can be used to
benchmark; i.e., we state the conditions that a gate set must
satisfy if it is to be benchmarked with MRB.

A. Definitions

We begin by introducing our notation and definitions. A
k-qubit gate g is an instruction to perform a particular
unitary operation U(g) € SU(2*) on k qubits. We consider
only k = 1, 2, and we use G, and G, to denote a set of one-
and two-qubit gates, respectively. In this work, G, contains
only controlled rotations about the X, Y, or Z axis, denoted
CP, and defined by

U(CPy) = [0)(0] @ T+ |1)(1] ® @27, (1)
where 6 is the angle of rotation and P is the axis of
rotation. Our experiments use four of these gates, which we
write as ¢S = CZ,,, ¢’ = CZ_,,, cphase = CZ,, and
cnot = CX,. We denote the single-qubit gate that is a
rotation by @ about P by Py. An n-qubit, depth-d circuit is a
length-d sequence of n-qubit layers C = L;L,_y...L,L;.
An n-qubit layer L is an instruction to perform a particular
unitary operation U(L) € SU(2") on those n qubits. In this
work, we use layers that consist of parallel applications of
only one-qubit gates or only two-qubit gates. We use L(G)
to denote the set of all layers constructed by parallel
applications of gates from the gate set G. Often, it is
convenient to think of random circuits and layers as random
variables, and when we do so we use the L font; e.g., we
often use L to denote a layer-valued random variable,
meaning that L =L with probability Q(L) for some
distribution Q over L(G). We use L~' to denote an
instruction to perform the operation U(L)™!

For a layer or circuit L, we use /(L) and ¢( ) to denote
the superoperator for its perfect and imperfect implemen-
tations, respectively, so U(L)[p] = U(L)pU'(L). We
assume that ¢p(L) is a completely positive trace-preserving
map. We often represent superoperators as matrices, acting
on states represented as vectors in Hilbert-Schmidt space
(denoted by [p))). A layer L’s error map is defined by
E(L) = ¢p(L)U'(L). The entanglement fidelity (also called
the process fidelity) of ¢(L) to U(L) is defined by

F($(L),UL)) = F(&) = (ol ® E(L))[lp)(elllp)  (2)

1
= ST ()
where ¢ is any maximally entangled state of 2n qubits [43].
Throughout, we use the term “(in)fidelity” to refer to the
entanglement (in)fidelity.
Our theory makes use of the polarization of a channel &,
which is a rescaling of £’s fidelity given by

4" 1

r(€) :4”_1F(5)—ﬁ,

(4)

as well as stochastic Pauli channels. An n-qubit stochastic
Pauli channel &y .,) is parametrized by a probability
distribution {&p } over the 4" Pauli operators (P,,), and it has
the action

Z epPpP, (5)

PEP,

pauh {ep} [p

with » pep ep = 1. For a stochastic Pauli channel, the

total probability of a fault, i.e., the probability it applies a
nonidentity Pauli operator, is 1 — &, = 1 = F(Epuuife,))-

B. Q-distributed random circuits

In this work, we aim to estimate the average error rate €q
of circuit layers sampled from a distribution Q. We now
introduce a natural family of circuits—which we call
Q-distributed random circuits—that we use in our method
in order to estimate eq. Q-distributed random circuits are
similar to the circuits used in XEB and other benchmarking
routines. They are defined in terms of a customizable
gate set G and sampling distribution Q over that gate set.
This gate set consists of one- and two-qubit gate sets
G =(G;,G,), and Q is determined by two probability
distributions Q and Q, over n-qubit layer sets L(G;) and
L(G,), respectively. An Q-distributed random circuit with a
benchmark depth of d is a circuit-valued random variable
C,; = Ly,...LLL,, where the d odd-indexed layers are Q,
distributed and the d even-indexed layers are Q, distrib-
uted. These circuits consist of interleaved layers of one- and
two-qubit gates, so it is useful to define a composite layer to
be a pair of layers of the form L = L,L,, where L, € L(G,)
is a layer of one-qubit gates and L, € L(G,) a layer of one-
qubit gates. We denote the set of all composite layers by
L(G). An Q-distributed random circuit of benchmark depth
d then consists of d composite layers that are Q distributed
over L(G) with Q(L,L;) = Q(L1)Q(L,).

C. The gate set and sampling distributions

Our technique requires certain conditions of the gate set
G = (G, G,) and the sampling distributions Q; and €. In
order to construct the circuits required for our method, the
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gate set and sampling distributions must satisfy the follow-
ing properties.

(1) G, is aset of CPy gates (defined in Sec. II A) and is
closed under inverses. Examples of valid G, are
{cnot} and {cs,cs’}.

(2) Gy is closed under inverses, conjugation by Pauli
operators, and multiplication by the single-qubit Pauli
axis rotation Py for each CPy € G,. This is guaranteed
to hold if G, is the set of all single-qubit gates SU(2).

In addition, we require that our circuits are highly

scrambling. To ensure that our circuits are highly scram-
bling, we require that our gate set and sampling distribu-
tions satisfy the following conditions.

(1) Gy is a unitary 2-design over SU(2). Examples of
valid G; are the set of all single-qubit gates SU(2)
and the set of all 24 single-qubit Clifford gates C;.

(2) G, contains at least one gate with € # 0; i.e., it must
contain at least one entangling gate.

(3) Q-distributed layers quickly randomize and delocal-
ize errors. Informally, this means that any Pauli error
is mapped to a distribution over many different
errors before another error is likely to have occurred.
Formally, we require that, for all Pauli operators
P, P #1,, there exists a constant k < 1/¢ such that

: 1
7 B THPUL L)PUL L)) <8+ 47

(6)
where Plp] = PpP and P’[p] = P/pP' L. ....L are

Q-distributed random layers, 6 < 1, and ¢ is the
expected infidelity of an Q-distributed random layer.
While we require that k < 1/& for our theory, this
condition on k can be relaxed when n > 1, because
errors that occur on spatially separated qubits cannot
cancel even if they occur in sequential circuit layers.
Note that Eq. (6) is not equivalent to requiring that a
length k sequence of Q-distributed layers is a good
approximation to a unitary 2-design [because we do
not require that 5§ = O(1/4")].
(4) Q, is the uniform distribution over G;.
(5) €, is invariant under exchanging any subset of the
gates in a two-qubit gate layer L with their inverses.
The above conditions are sufficient to ensure our circuits
are highly scrambling but not necessary. In particular, our
method can be generalized to single-qubit gate sets G, that
only generate a unitary 2-design and to distributions €,
other than the uniform distribution. However, this compli-
cates the analysis, so we do not consider this more general
case herein.

III. SCALABLE RANDOMIZED BENCHMARKING
OF UNIVERSAL GATE SETS

In this section, we introduce our method for MRB of
universal gate sets. In Sec. III A, we introduce the family of

randomized mirror circuits used in MRB. In Sec. III B, we
explain the MRB data analysis and define the complete
MRB protocol.

A. Randomized mirror circuits for universal gate sets

Our protocol uses a novel family of randomized mirror
circuits [6,7,31] that we now introduce. The structure of
these randomized mirror circuits allows our protocol to
measure €q, the average error rate of n-qubit layers sampled
from Q (see Sec. IVA for the precise definition of eg),
without expensive classical computation. One approach to
estimating eq is to run Q-distributed random circuits of
varied depths and then estimate the decay in the (linear)
cross entropy between these circuits’ ideal and actual output
probability distributions [27,29]. This is because the decay
rate of this cross entropy is known to be approximately equal
to €q [27,29]. The problem with this method is that the
classical computation cost of computing the ideal output
probability distribution scales exponentially in the number
of qubits (n) when the gate set is universal [28], limiting it to
n < 50. To estimate ¢ without expensive classical compu-
tation, our protocol runs Q-distributed randomized mirror
circuits, which use an inversion structure to transform an
Q-distributed random circuit into a circuit with an efficiently
computable outcome.

We construct a specific randomized mirror circuit on n
qubits with benchmark depth d via the three-step procedure
shown in Fig. 2. This procedure consists of first sampling a
circuit C; consisting of an Q-distributed random circuit
preceded by an initial layer of random single-qubit gates
that randomizes the state input into the circuit (enabling
estimation of the circuit’s fidelity using the method in
Ref. [44]). We then append the inverse of C| to obtain C,, a
simple form of mirror (or motion-reversal) circuit which, if
run perfectly, always outputs a single bit string. Finally, C,
is randomly compiled, to prevent systematic coherent
addition or cancellation of errors between the Q-distributed
random circuit and its inverse—which is essential for
reliable estimation of €. The exact procedure is as follows.

(1) Sample a random circuit.—Construct a circuit C; =

LaplL,,---LiLg Lo consisting of

(a) alayer L, sampled from €, which consists of a
single-qubit gate on each qubit, and

(b) d/2 composite layers L;L , where L; is sampled
from Q; and Ly, is sampled from €2,.

(2) Construct a simple mirror circuit.—Add to the

circuit C; the layers in step 1 in reverse order, with
each layer replaced with its inverse. The result is a
circuit:

C, = LangllLl‘l...Lgdl/zL;}zLd/ngd/z...Lngl Ly,
(7)

such that U(C,) =L

041030-4
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FIG. 2. Randomized mirror circuits over universal gate sets. To
construct a randomized mirror circuit of benchmark depth d (and
total depth 2d + 2), we first sample a random depth d + 1 circuit.
This circuit alternates between layers of randomly sampled one-
qubit gates and layers of randomly sampled two-qubit gates. It
can be thought of as consisting of a single initial layer of random
one-qubit gates followed by d/2 composite layers (see the inset).
We then append to this circuit its inverse, i.e., the circuit in reverse
with each layer replaced with its inverse. This creates a depth
2d + 2 circuit that, if run perfectly, always returns the all-zeros bit
string. This circuit is susceptible to systematic addition or
cancellation of errors between the two halves of the circuit. To
prevent this unwanted effect, we then apply randomized compil-
ing to the circuit. We insert a layer of random single-qubit Pauli
gates (cyan) after each one-qubit gate layer. In order to guarantee
that this randomly compiled circuit still always, if run perfectly,
returns a single bit string s, our procedure (i) changes the rotation
angles in the two-qubit gates (orange) if these gates are not
Clifford gates, (ii) adds in single-qubit Pauli axis rotations
following the two-qubit gates (red), and (iii) adds in correction
Pauli gates (purple) prior to each single-qubit gate layer. The
yellow boxes show gates that are compiled together to create the
final circuit of depth 2d + 2. This circuit contains d composite
layers, which we call its benchmark depth.

(3) Randomized compiling.—Construct a new circuit M
by starting with C, and replacing layers using the
following randomized compilation procedure, which
reduces to standard Pauli frame randomization [39]
when the two-qubit gates are all Clifford gates. To
specify our procedure, we first write C, [Eq. (7)] in
the form

Cy="LauiLo, La---Lo,y,Lapprilo,,. LapLo,, -
X LILHI Lo,

where Ly, ,  is a dummy (empty) two-qubit gate
layer, so that C, consists of alternating layers of one-
and two-qubit gates. Then,

(a) for each single-qubit gate layer L; in C,, sample
a uniformly random layer of Pauli gates P; that
in the following procedure is inserted after and
then compiled into L;.

(b) Replace each two-qubit gate layer Ly, in C, with
a new two-qubit gate layer 7 (L, P;_;) that is
constructed as follows: For each gate CP in Ly,
with control qubit g; and target qubit g, con-
sider the instructions in P;_; acting on ¢; and gy,
denoted by P;_;; and P;_;;, respectively. If
U(P;,_yj) =1 or Z, then add CP, acting on
(gj-qx) to T(Lg,Pi_;) where ¢=0 if
[UP),U(P;_1;)] =0 and ¢ = —0 otherwise.
If U(P;_,;) =X or Y, then add CP, acting
on (q;.qx) to T(Ly,P;,_y) where ¢ =—0 if
[U(P),U(P;_;x)] =0 and ¢ = 6 otherwise.

(c) For each single-qubit gate layer L; in C,
with i > 0, we define a layer of single-qubit
gates P{_, that undoes the effect of adding P;_,
into the circuit—meaning a layer such that
U(P{_\T(Ly,P;1)Pi_y) = U(Ly). Because
G, is restricted to only controlled Pauli-axis
rotations, the correction takes the form
U(P;_;) = U(P;_ Pg,), where Pj consists of
single-qubit Pauli axis rotations. If L; is not
immediately preceded by a two-qubit gate layer,
then P = L. Otherwise,

U(Py) =U(Pi-1Lg,PiyT (Lo, Piy)™").  (8)

i

(d) Replace each single-qubit gate layer L; in
C, with a recompiled layer R(P,L;P{,),
defined by

U(R(PiLin_l)) = U(PiLin—l)- (9)

This randomized compilation step transforms the layer pair
LiLQi into R(PiLin—l)T(LH,J Pi—l)’ where

U(R(P;L;P;_\)T (Lg,, P;y)) = U(P;,L;Lg,P;_y).  (10)

The final circuit produced by this procedure (M) has the
property that U(M) = U(P4,); i.e., its overall action is an
n-qubit Pauli operator. So, if run perfectly, M returns a
single bit string (s,,) that is determined during circuit
construction with no additional computation needed.

The final depth-d randomized mirror circuit has the form

M = R(P4 1Ly PS)MR(PoLy), (11)
where

M =T(Ly' . P))R(P4LT' Py_y)... R(Pyjri1 L) Paya)
X R(Pd/ZLd/ZPZ/Z—])"'R(PlLlpg)T(LQI’PO)
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is the circuit obtained after applying randomized compi-
lation to the d/2 composite layers sampled from Q and
their inverses.

B. RB with non-Clifford randomized mirror circuits

We now introduce our protocol—MRB for universal gate
sets. Our protocol has the same general structure as
standard RB [15] and many of its variants: An exponential
decay is fit to data from random circuits. However, our data
analysis method is different from standard RB. We use the
same analysis technique as MRB of Clifford gate sets [6].
In particular, for each n-qubit circuit C that we run, we
estimate its observed polarization (6]

Y [y P

k=0

where £, is the probability that the circuit outputs a bit
string with Hamming distance k from its target bit string
(sc). As shown in Ref. [6] and discussed further below, the
simple additional analysis in computing S simulates an
n-qubit 2-design twirl using only local state preparation and
measurement.

A specific MRB experiment is defined by a gate set G, a
sampling distribution €, and the usual RB sampling
parameters (a set of benchmark depths d, the number of
circuits K sampled per depth, and the number of times N
each circuit is run). Our protocol is the following.

(1) For a range of integers d > 0, sample K randomized
mirror circuits that have a benchmark depth of d,
using the sampling distribution €, and run each one
N > 1 times.

(2) Estimate each circuit’s observed polarization S.

(3) Fit S, the mean of S at benchmark depth d, to

S, = Ap?, (13)
where A and p are fit parameters, and then compute

ro = 4" =11 -p)/4". (14)

IV. THEORY AND SIMULATIONS OF MRB
ON UNIVERSAL GATE SETS

In this section, we present a theory for MRB of universal
gate sets that shows that our method is reliable. We show
that the average observed polarization (S;) decays expo-
nentially and that the MRB error rate (rg) approximately
equals the average error rate of Q-distributed layers (eg). In
Sec. IVA, we define eq, the error rate that MRB is designed
to measure. In Sec. IV B, we show that ro & €q assuming
Pauli stochastic error on each circuit layer. In Secs. IV C
and IVD, we present theory and simulations of the
performance of MRB under general Markovian errors to

further validate our method. In particular, we show that the
randomized compilation step of our circuit construction
guarantees that all errors in the circuit are twirled into Pauli
stochastic error (implying that rg~eqp) under the
assumption that all two-qubit gates are Clifford gates.

A. The error rate of Q-distributed random circuits

Our claim is that rq is a reliable estimate of the average
error rate eq, of Q-distributed n-qubit circuit layers. We now
make this claim precise by defining eq. Surprisingly,
defining the error rate that our method (or any other RB
method) should aim to estimate is challenging. RB proto-
cols are often formulated as methods for measuring the
mean infidelity of a set of n-qubit gates or layers, but this is
subtly flawed: The mean infidelity is not an observable
property of a set of physical gates—it is not ‘“gauge
invariant” [45]. One solution to this problem, which we
adopt herein, is introduced in Ref. [46]: The rate of decay of
the mean fidelity of a family of random circuits, as a
function of increasing circuit depth, is (approximately)
gauge invariant. This decay rate can, therefore, be what an
RB protocol aims to measure.

Our protocol aims to estimate the rate at which the
fidelity of Q-distributed random circuits decays with depth.
The average fidelity of Q-distributed random circuits with
benchmark depth d (F,) is given by

Fy= EFU(Ca). #(Ca)). (15)

The requirement that our Q-distributed circuits are highly
scrambling, which is guaranteed by our restrictions on G
and Q (see Sec. I C), ensures that F'; decays exponentially
and, therefore, has a well-defined rate of decay. In Sec. IV,
we show that F,; decays exponentially in depth for our
circuits, i.e., F,~Ap& + B, for constants A and B. We
then define

€q = <4n - 1)(1 - prc>/4n' (16)

We choose eg to be this particular rescaling of p,., because
Pre corresponds to the effective polarization of a random
composite layer in an Q-distributed random circuit—i.e.,
the polarization in a depolarizing channel that would give
the same fidelity decay—and so €g, is the effective average
infidelity of a layer sampled from Q. When stochastic Pauli
errors are the dominant source of error, e is approximately
equal to the average layer entanglement infidelity (see
Appendix A 3).

B. MRB with stochastic Pauli errors

We now show that rq ~ e¢q under the assumption of
stochastic Pauli errors on each circuit layer. A more detailed
derivation can be found in Appendix A. Throughout this
section, we treat circuits and circuit layers as random
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variables. We assume each circuit layer has gate-dependent
Markovian error ¢p(L) = E(L)U/(L). We model the error on
state preparation and measurement (SPAM) and the first
and last circuit layers of a randomized mirror circuit
[R(PoLy) and R(Pyy Ly PS), respectively] as a single
global depolarizing error channel Egpamlp] = rspamp +
(1 = yspam) (L, /2") occurring immediately before the final
circuit layer. We assume Egpayy 18 independent of L and the
target bit string of the circuit.

We start by showing that the mean observed polarization
[Eq. (12)] of randomized mirror circuits, which is measured
in the MRB protocol, equals the mean polarization of the
overall error map of a randomized mirror circuit. An
implementation of the depth-d randomized mirror circuit
M, [whose structure is given in Eq. (11)] can be expressed
in terms of its error and its target evolution U(P,, ) as

M) = UPL UL ErMaU(Lo),  (17)
where
Eeit (M) = EspamEerr(My) (18)
= EspanEr a1 p,) €1 €L Eray py (19)
and
L =uL)™ UL ELuULy). UL, (20)

Equation (18) defines an overall error map for My, which
includes the error from the d/2 Q-distributed circuit layers
and their inverses (after randomized compilation). To
extract the polarization [Eq. (4)] of this error map, we
average over the initial circuit layer L,, making use of a
fidelity estimation technique that requires only single-qubit
gates: The fidelity of any error channel £ can be found by
averaging over a tensor product of single-qubit 2-designs
[44]. In particular, for any bit string y € {0, 1}",

qn

(€)=

D (=1/2)"e(x + ylEloY - ﬁ

xe{0,1}"
(21)

where & = E_[U(L)"EU(L)] and L = ®”_,L;, where each
L; is a independent, single-qubit 2-design [44]. Applying
Eq. (21) to Eq. (17), we find that

7(5eff(Md)) = [ES(Md)v (22)

L

where S(M,) denotes the observed polarization [Eq. (12)]
of M. Therefore, the mean observed polarization over all
depth-d randomized mirror circuits is

S'd = l\[/llzd}/(gcff(Md))' (23)

Equation (23) says that the average observed polarization
S, which is estimated in the MRB protocol, is equal to the
expected polarization of the error channel of a depth-d
randomized mirror circuit.

We now show how S, depends on the error rate of layers
sampled from Q. To do so, we use the fact that a depth-d
randomized mirror circuit consists of randomized compi-
lation of a circuit consisting of a depth-d/2 Q-distributed
random circuit C,/, followed by its inverse. These two
depth-d/2 circuits are both Q distributed (even after
randomized compilation), but they are correlated. In
particular,

Sq= 7(5SPAM) E y(U(Cyp2)Eer(Cy/,)U(Cypa)™

Caa

X Seff(Cd/Z))’ (24)

where E(Cy/p) is the overall error map for C, [ice.,
#(Cyn) = U(Cypr)Eei(Cyypn)] and 5eff(Cd/z) denotes the
average error map over all possible circuits C’ resulting
from applying randomized compilation to C}} /o Expressing
Eq. (24) in terms of the mean observed polarization of the
overall error map on an Q-distributed random circuit, we
have

Sq= V(ESPAM)(I:S/Z - Ag), (25)
where
Iy= ([57(&&(001)) (26)
and

Ag=E Y(U(Cyp2)Eeit(C7)U(Cyya) ™ Eeri(Cupa))

Cap

- (E 7EalCap))” (27)

Cap2

Equation (25) shows that S, ~ 7(Espam )3 an it |Ag| is
small. If S, and T, /> decay exponentially, Eq. (25) relates
their decay rates—i.e., rq = €q if Ag = 0. Aq quantifies
the correlation between the overall error map of a depth-
d/2 Q-distributed random circuit and the overall error map
of its randomly compiled inverse. We conjecture that |Ag|
is typically small for physically relevant errors, which is
supported by our simulations (see Sec. IV D) and prior
work [6].

We now show that the expected polarization of
Q-distributed random circuits (I';) decays exponentially.
Together with the assumption that |Ag| is small, this
implies that S, decays exponentially. To show that T,
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decays exponentially, we assume that the error on each
composite layer £(L) is a stochastic Pauli channel [Eq. (5)].
This assumption implies that E(C,) [Eq. (19)] is the
composition of a stochastic Pauli channel for each
composite layer of M, each rotated by a unitary. This
allows us to relate the polarization of & (M,) to the
polarizations of the error channels of individual circuit
layers using the scrambling condition required for
MRB [Eq. (6)].

Because of the scrambling condition on the gate set and
sampling distribution for MRB [Eq. (6)], the polarization of
the effective error channel of Q-distributed random circuits
is approximately equal to the product of the polarizations of
the layers’ error channels. Specifically, the expected polari-
zation of the overall error map is

P = Er(EL)+5 28)

where & = O(de(5+ ke)) and e is the average layer
infidelity. Because circuits longer than d = O(1/¢) have
negligible polarization, we need consider only the case
where de = O(1). Because ke and § are small, & is
negligible. In the small-n limit, Eq. (28) follows, because
Eq. (6) implies that depth-k Q-distributed random circuits
rapidly converge to a unitary 2-design (as a function of k).
In this case, errors in Q-distributed random circuits are
rapidly scrambled into global depolarizing errors, which
implies that the polarizations of the circuit layers approx-
imately multiply. For n = 3, our circuits do not quickly
converge to a 2-design, but in Appendix A 3 we show that
Eq. (6) implies that error cancellation is negligible in
Q-distributed random circuits, from which it follows that
I'; decays exponentially at a rate determined by the
expected layer polarization.

We have shown that the expected polarization of the
overall error map of Q-distributed random circuits decays
exponentially, and we now relate its decay rate to the decay
rate of the observed polarization of randomized mirror
circuits, thereby relating rqo and ¢g. Combining Eq. (28)
with Eq. (25), we have

5= rsomn)( (ErEL)) - 80).  29)

Assuming that Ag is small, Eq. (29) implies that S, and ',
have approximately the same decay rate, which implies
that rg ~ €q.

C. MRB with general errors

The theory presented above (Sec. IV B) shows that MRB
is reliable whenever stochastic Pauli errors dominate over
all other possible errors (e.g., coherent errors). In practice,
stochastic error is not always dominant, which our protocol
addresses with the randomized compilation step (see

Fig. 2). The purpose of this step is to, upon averaging,
convert all types of errors into stochastic Pauli errors [39]—
in which case the theory presented above can be used to
infer that rq & €. When MRB is implemented on a gate set
in which all of the two-qubit gates are Clifford gates, this
noise tailoring follows from standard randomized compi-
lation theory [39]. In Appendix B, we show that, with a
Clifford two-qubit gate set, the error in MRB circuits is
twirled into Pauli stochastic noise under the assumption
that the error map on the single-qubit gates is independent
of the Pauli gates with which they are compiled. In actual
devices, it is common for the single-qubit gate layers to
have errors that are gate dependent but much smaller than
the two-qubit gate errors, in which case this result holds
approximately [39].

Our MRB protocol can be applied to all controlled
rotations around Pauli axes, i.e., all CP, gates. When the
two-qubit gates are not all Clifford gates (i.e., when
0 # 0, 7), the randomized compilation method used in
our circuits is not equivalent to standard randomized
compilation. In this case, we cannot use standard random-
ized compilation theory to guarantee that all coherent
errors on the two-qubit gates are twirled into stochastic
Pauli errors. Ineffective twirling of coherent errors on two-
qubit gates could result in coherent cancellation of the
errors in a layer of two-qubit gates and its inversion layer
in the second half of the mirror circuit (as happens in a
simple mirror circuit, or standard Loschmidt echo [7]).
In Appendix C I, we prove that our randomized compila-
tion method largely—but not entirely—prevents this error
cancellation. We consider the sensitivity of our method to
general Hamiltonian errors on each gate g € G,. We model
these errors by an error map &(g) = e™s, where

M, = Z 8?’(,.P,,HP(Z.P,, (30)
Pa*Pb

and Hp p, is the two-qubit Hamiltonian error generator
indexed by the Pauli operators P, and P,, as defined in
Ref. [47]. We show that ro depends on all Hamiltonian
errors in CP, gates except one particular linear combination
of the Hamiltonian errors on CP, and CP_, gates, when
0#0,7 (i.e., when CPy is not a Clifford gate). In
particular, ro is insensitive (at first order) to egif +
egﬁ;g when 0 # 0, z. This is the sum of over- and under-
rotation Hamiltonian errors in the CPy gate and its inverse.
In Appendix C2, we discuss how our technique could
be adapted to remove this limitation. Note that if
G, = {cs,cs'}, as is the case in our simulations (below)
and some of our experiments (Sec. V), then rg is insensitive
(at first order) to £3°, + €5, However, it is sensitive to all
other linear combinations of the Hamiltonian errors on the
cs and cs' gates.
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D. Simulations

We now use numerical simulations to investigate the
robustness of MRB, studying whether the MRB error rate
(rq) closely approximates the error rate of Q-distributed
layers (eq). Our theory for MRB suggests that MRB is
particularly robust when the two-qubit gates are Clifford
gates and when all errors are stochastic Pauli errors.
Therefore, we simulate MRB with non-Clifford two-qubit
gates and for both stochastic and coherent errors. We
simulate MRB for n-qubit layer sets constructed from
the gate set G; = SU(2) and G, = {cs,cs'} andn = 1, 2,
4, with all-to-all connectivity. We use a sampling distri-
bution €, for which the two-qubit gate density is & = 1/2
[48]. In these simulations (and our experiments), each
single-qubit gate is decomposed into the following
sequence of X,/, and z, gates:

U0, . A) = Z_y_p/oXp/2Zr20Xz/2Z—pimj2-  (31)

Here, X/, is a 7/2 rotation around the X axis, and z, is a
rotation around the Z axis by 6 €[0,2x). Note that even
when a shorter sequence of gates can implement the
required unitary [e.g., u(0,0,0) implements the identity
so it could be implemented with no gates] we always use
this sequence of five gates. Therefore, the only difference
between any two single-qubit gates is the angles of the
Z, gates.

We simulate three different families of error model:
stochastic Pauli errors, Hamiltonian errors, and stochastic
and Hamiltonian errors. These error models are specified
using the error generator framework in Ref. [47], and they
consist of gate-dependent errors specified by randomly
sampling error rates for each type of error and each gate.
We simulate error models that are crosstalk-free (note that
our theory encompasses crosstalk errors), so each error
model is specified by the rates of each type of local error on
each gate. In particular, for an m-qubit gate, we randomly
sample 4™ — 1 stochastic error generators, or 4" — 1
Hamiltonian error generators, or both, depending on the
error model family. We sample the error rates so that
the infidelity of each two-qubit gate is approximately ¢, and
the infidelity of each one-qubit gate is approximately 0.1¢,
where ¢ is a parameter swept over a range of values (see
Appendix D). These error models have perfect state
preparation and measurements. The effect of SPAM error
on the polarization is approximately independent of bench-
mark depth, and, therefore, we expect MRB to be robust to
SPAM error. In Appendix D, we present simulations
compare the MRB error rate in error models with perfect
measurements to error models with bit flip and amplitude
damping measurement error. We find that these measure-
ment errors do not significantly impact the resulting MRB
error rate.

Figure 3 shows the results of our main simulations. It
compares the true average layer error rate per qubit

€Q,perQ: 1-(1—€Q)l/nz€g/7’l (32)

to the observed MRB error rate per qubit

rQ,peerl_(l_rQ)l/n%rQ/n (33)

in each simulation, separated into the three families of error
model (1o error bars are shown, computed using a standard
bootstrap). Figures 3(a)-3(c) show that rq = €q in every
simulation, which means that our method closely approx-
imates the error rate of Q-distributed layers for all of these
error models.

For stochastic error models [Fig. 3(a)], the relative error
Srel = (T per@ = €qperq)/€qperg N the MRB estimate of
€q perq 18 small: |5, | < 0.04, and the mean |6, | is 0.007 for
all sampled error models. This is consistent with, and
supports, our theory for MRB with stochastic errors. The
relative error is larger for Hamiltonian error models—the
mean relative error is 0.04 and |6,| < 0.21 for all error
models. We expect larger relative error for some
Hamiltonian error models, because MRB is insensitive to
some Hamiltonian errors (see Sec. IV C)—but note that the
uncertainty due to finite sample fluctuations (o) is larger in
these simulations. For stochastic Pauli errors [Fig. 3(a)], the
uncertainty in rq perq is small, because there is little variation
in the performance of circuits of the same depth (the mean
uncertainty in rg g 18 0.5%). For Hamiltonian errors
[Fig. 3(c)], the uncertainty in rq e is larger (the mean
uncertainty is 3%), as individual circuit performance varies
widely due to coherent addition or cancellation of error
being highly dependent on the circuit structure (as in all RB
methods, we expect coherent errors to add or cancel in
individual MRB circuits).

Arguably the most relevant simulations for real-world
quantum computers are those with both stochastic and
coherent errors [Fig. 3(b)]. In these simulations, we sample
random combinations of stochastic and Hamiltonian errors
(so the dominant source of error varies across these
models). We find that rq = eq holds to a good approxi-
mation for typical error models sampled from this ensemble
(the mean relative error is 0.017, |5,4] < 0.11 for all
models, and the mean uncertainty in rg perq is 1.4%).

To investigate whether there is evidence for ro system-
atically underestimating (or overestimating) e€q, we plot the
relative error divided by its uncertainty o | [Figs. 3(d)-3(f)].
For n =1 qubit, there is no evidence that MRB is signifi-
cantly biased toward under- or overestimating e with these
error models. In contrast, we find that MRB slightly but
systematically underestimates e for n > 1 qubits. This
underestimate can be explained by the correlation between
the error in an Q-distributed circuit and its randomly
compiled inverse, which determines the difference between
ro and eq (see Sec. IV B). When the circuits contain two-
qubit gates—which in our simulations (and in most real
systems) have higher error rates than one-qubit gates—the
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FIG. 3.

Investigating the reliability of MRB using simulations. We simulate MRB on 7 all-to-all-connected qubits for n = 1, 2, 4 with

the gate set (G, G,) = (SU(2), {cs, cs}) with randomly sampled gate-dependent errors. From left to right, the columns show results
from simulations with crosstalk-free error models consisting of (a),(d) only stochastic errors, (b),(e) a combination of stochastic and
Hamiltonian errors, and (c),(f) only Hamiltonian errors (see Sec. IVD for details). (a)-(c) The MRB error rate per qubit

[rapeqg = 1—=(1 - rq)'/"] versus the average composite layer

error rate per qubit [€g perg = 1 — (1 — €0)'/"] for each randomly

sampled error model. The MRB error rate rq closely approximates eqg, and the agreement is closest under purely stochastic errors.
(d)—(f) The relative error 6, = (7' perg — €0 perq)/ €a perq divided by its uncertainty o for each randomly sampled error model (o5, is
calculated via a standard nonparametric bootstrap). The MRB error rate rq is biased toward very slightly underestimating eq, for n > 2

qubits, which is expected from our theory (see the main text).

error in a circuit is typically highly correlated with the
number of two-qubit gates in the circuit. As a result, the
correlation between a circuit and its randomly compiled
inverse is typically larger when the circuits contain a variable
number of two-qubit gates, causing rq to slightly under-
estimate €gq.

V. EXPERIMENTS ON THE ADVANCED
QUANTUM TESTBED

We use MRB to benchmark universal gate sets on the
Advanced Quantum Testbed (AQT) [40], a quantum com-
puting test bed platform based on superconducting qubits.
We perform our experiments on four qubits (Q4-Q7)
of an eight-qubit superconducting transmon processor
(AQT@LBNL Trailblazer8-v5.c2). These four qubits are
coupled to their nearest neighbors in a linear geometry (see
Fig. 4). Below and throughout this paper, estimated quan-
tities include error bars where possible [49]. All error bars are
lo and are written using standard concise notation; i.e.,
r = 1.2(3)% means r = 1.2% with a standard error of 0.3%.

A. Experiment design

One of the advantages of MRB is that it can benchmark a
wide variety of n-qubit layer sets, and we use this flexibility

to explore the performance of three distinct layer sets on
AQT. Each layer set is defined by a set of single-qubit
gates G;, a set of two-qubit gates G,, a two-qubit gate
density & and the connectivity of the qubit subset (see

FIG. 4. The Advanced Quantum Testbed. We perform MRB
experiments on four qubits (Q4—Q7) of AQT’s eight-qubit super-
conducting transmon processor (AQT@LBNL Trailblazer8-
v5.c2). The processor includes eight fixed frequency transmons
coupled in aring geometry. Each qubit (purple) has its own control
line (orange) and readout resonator (cyan) coupled to a shared
readout bus (red) for multiplexed readout.
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Sec. II). In our experiments, we investigate three different
choices for (G;,G,): (SU(2),{cs,cs}), (SU(2), {cz}),
and (C;, {cz}), where C; is the set of all 24 single-qubit
Clifford gates. These circuits contain strict barriers between
all layers, including between the single- and two-qubit gate
layers that make up each composite layer.

MRB enables benchmarking each layer set on any
connected set of qubits, and the error rates on subsets of
a device can be used to learn about the location and type of
errors. We benchmark n-qubit layer sets for every possible
connected set Q C {Q4, 05,06,07} of n qubits with
n=1, 2, 3, 4, resulting in ten different qubit subsets.
Independently benchmarking every connected subset of
qubits allows us to study the spatial variation in gate
performance in detail and determine the size of crosstalk
error in circuits with three and four qubits (see Sec. V C).
For each RB experiment, we sample K = 30 circuits
at a set of exponentially spaced benchmarking depths
(d=0,2,4,8...).

For each of the three gate sets (G;, G,) and each qubit
subset O, we run experiments with a two-qubit gate density
of ¢ = 1/2. To investigate the effect of varying £, we also run
experiments with £ =1/8 for one of the gate sets—
(SU(2), {cs,cs’})—and every Q. For each qubit subset,
we therefore run four MRB experiments, defined by [50]

(1) G, =SU(2), G, = {cs,cs'}, and & = 1/8;

(2) G, =SU(2), G, = {cs,cs'}, and & = 1/2;

(3) G, =SU(2), G, = {cz}, and ¢ = 1/2; and

(4) Gl = Cl? Gz = {CZ}, and (;: = 1/2
Further experiment details are provided in Appendix E.

B. Estimating average error rates of universal layer sets

Figure 5 summarizes the results of the 3 x 10 MRB
experiments in which we vary the gate set (G;,G,)—
corresponding to each row in Fig. 5—and the subset of
qubits benchmarked Q, but we keep the expected two-qubit
gate density constant (¢ = 1/2). The main output of an
MRB experiment is an average layer error rate (rq),
obtained by fitting the mean observed polarization [S,,
defined in Eq. (12)] to an exponential decay. This error rate
is a function of (G, G,, Q, £), so we denote our estimated
error rates by (G, G,, Q, &) whenever we need to refer
to a particular error rate. These error rates quantify the
performance of random circuits on this device and enable
us to compare the average performance of the gate sets
we test.

Figures 5(a)-5(c) show MRB data and fits to an
exponential, for each of the three gate sets and & = 1/2.
For each MRB experiment, we show the mean observed
polarization (S,) versus benchmark depth, the distribution
of the observed polarization versus benchmark depth, and
the fit of S, to S; = Ap?. Data for a single representative
subset of qubits of each size (n = 1, 2, 3, 4) are shown.
In all cases, we observe that S, is consistent with an

exponential decay in d, providing experimental evidence
for our claim that S, decays exponentially under a broad
range of conditions.

Figures 5(d)-5(f) show the estimated error rates (rg) for
each qubit subset that we benchmark, for each of the three
different gate sets. Each rq is a rescaling of the decay rate
of the fitted exponential [see Eq. (13)]. By comparing
Figs. 5(d)-5(f), we can compare the average error rates of
n-qubit layers constructed from three different gate sets,
two of which are universal and one of which contains
only Clifford gates and, therefore, is not. By comparing
Figs. 5(e) and 5(f), we find that the average error rate of a
layer set is approximately independent of whether single-
qubit gates are sampled from SU(2) or from C, (the single-
qubit Clifford group)—that is, r(SU(2),{cz},Q,1/2) ~
r(Cy,{cz},Q,1/2) for all ten subsets of qubits Q. All
single-qubit gates in our experiments are implemented
using a composite u(@,¢,A) gate [see Eq. (31)] that
contains two X, gates and three z, gates. This is the
case even for unitaries that do not require two X,/, pulses,
such as the identity. The difference between any two single-
qubit gates is, therefore, only in the angles of the three z,
gates within Uu(0, ¢, 1). These gates are implemented by in-
software phase updates on later pulses [51], so it is
expected that these “virtual gates” cause negligible errors.
The observed similarity between the average performance
of these two gate sets is consistent with this expectation
(numerical values for all estimated ro are included in
Table I). Note, however, that the observed similarity
between the average success rates of circuits in which
the single-qubit gates u(0,¢,4) are sampled from two
different distributions does not imply that the success rate
of an individual circuit is independent of the values of 8, ¢,
and 4 in its u(0, ¢, 1) gates—see Appendix E 2 for further
discussions.

Our experiments include MRB on n-qubit layers
containing two non-Clifford two-qubit gates—cs and
csf—and we now turn to these results. Comparing
Figs. 5(d) and 5(f), we observe that the error rates for
layers containing cs and cs’ gates are all almost equal
to, but slightly larger than, the error rates for layers
containing cz gates. The largest relative difference is in
the experiments on the three-qubit set {Q4, 05, Q6}:
r(SU(2), {cs,cs’}, {04, 05,06},1/2) = 1.64(5)% and
r(SU(2),{cz},{0Q4,05,06},1/2) = 1.48(4)%. The three
different two-qubit gates (cs, cs', and ¢z) on each qubit
pair are a priori expected to have similar error rates, due to
their similar calibration procedures. The slightly larger
error rates for ¢s and cs' are cross-validated using cycle
benchmarking [9] (see Sec. VD for a quantitative com-
parison). Therefore, these results are experimental evidence
for the robustness of MRB with non-Clifford two-qubit
gates (see Secs. [IVC and IV D for a discussion of and
theory for MRB of non-Clifford two-qubit gates).
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FIG. 5. Randomized benchmarking of universal gate sets on four qubits of the Advanced Quantum Testbed. We use MRB to
benchmark n-qubit layers constructed from three different gate sets, on each connected n-qubit subset of a linearly connected set of four
qubits {Q4, 05, 06,07} in an eight-qubit superconducting transmon processor (AQT@LBNL Trailblazer8-v5.c2). The rows
correspond to results from three different choices of gate set, each consisting of a two-qubit gate set G, and a single-qubit gate
set G;. From top to bottom, the rows correspond to a universal gate set containing two non-Clifford entangling gates and the set of all
single-qubit gates [G, = {cs,cs'}, G, = SU(2)]; a universal gate set containing a Clifford entangling gate and the set of all single-
qubit gates [G, = {cz}, G; = SU(2)]; and a nonuniversal, Clifford gate set [G, = {cz}, G| = C,, where C, is the one-qubit Clifford
group]. (a)—(c) MRB decays for the qubit subsets {04}, {04, 05}, {04, 05, 06}, and {Q4, 05, 06, Q7}. Violin plots and points show
the distribution and mean, respectively, of the MRB circuit’s observed polarization (S,) versus benchmark depth (d). The curve is a fit of
the mean of S, (S,) to S; = Ap?. The average error rate of an n-qubit layer (r) is given by rq = (4" — 1)(1 — p)/4". The observed S,
decays exponentially, as predicted by our theory for MRB. (d)—(f) The estimated error rate rq, for each qubit subset that we benchmark.
(g)—(1) Predictions for the average layer error rate of three- and four-qubit subsets (hatched) based on the experimental one- and two-
qubit error rates (unhatched) and the assumption of no crosstalk errors. The difference between (d)—(f) and (g)—(i) quantifies the
contribution of crosstalk errors to the average error rate of an n-qubit layer, for n = 3, 4. For all three gate sets and n = 4, we see that
crosstalk errors are contributing approximately 0.7% error to rq, which is approximately 1/3 of rg.

C. Estimating crosstalk errors

Crosstalk is an important type of error in current quantum
processors, but it is challenging to quantify [4]. Multiqubit
MRB captures crosstalk errors, and it enables us to quantify
the contribution of crosstalk errors to the average error rate
of n-qubit layers. To do so, we compare the observed
increase in ro with n [Figs. 5(d)-5(f)] to predictions for
ro that assume no crosstalk errors. The excess observed
error above these predictions is then attributed to crosstalk.

We predict rq for sets of three or more qubits from the
observed rq values for each one- and two-qubit subset
(note, however, that this is not the only possible way to
predict rq). This prediction is built on a simple theory for
MRB. We model ro by

rg = ZQ(L)eL,

Lel

(34)
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TABLE I. RB error rates on AQT. The RB error rates for every RB experiment we run on AQT. We benchmark
each connected subset of four linearly connected qubits and use three different gate sets.

r({cs,cs'}, r({cs,cs'}, rore({cs,cs'},  r{cz},SU(2), r({cz},C,
Qubit subset (Q) SU(2),Q,1/8) SU(2),Q,1/2) SU(2),Q,1/2) Q,1/2) Q,1/2)
04 0.25(3)% 0.18(2)% 0.27(2)%
05 0.12(1)% 0.12(1)% 0.12(1)%
06 0.118(4)% 0.108(5)% 0.1133)%
Q7 0.079(1)% 0.080(2)% 0.080(1)%
(04, 05) 0.50(3)/ 0.77(3)% 0.87(4)% 0.73(2)% 0.67(2)%
(05, 06) 0.54(3)% 0.86(3)% 0.81(3)% 0.81(2)% 0.76(2)%
(06,07) 1.05(4)% 1.05(4)% 0.99(4)% 1.04(3)% 0.98(2)%
(04, 05, 06) 1.04(4)% 1.64(5)% 1.48(4)% 1.51(4)%
(05,06,07) 0.97(3)% 1.63(3)% 1.61(4)% 1.61(3)%
(04, 05, 06, 07) 1.36(3)% 2.48(5)% 2.45(5)% 2.34(5)%

where ¢; is the infidelity of a G;-dressed layer L, which
consists of a specific layer of two-qubit gates—i.e., L is
labeled by the two-qubit gate layer—followed by a layer of
random single-qubit gates [from either SU(2) or C,].
Equation (34) is justified by our theory for MRB (see
Sec. IV), but note that it holds only approximately, unless
each layer’s error channel is an n-qubit depolarizing
channel. The fidelity F =1 —¢ of a tensor product of
channels is the product of those channels’ fidelities. So,
under the assumption that there are no crosstalk errors, the
infidelity of L is given by ¢, = [[,c, Fy where g are
the G, -dressed gates in the G;-dressed layer L and F , is the
fidelity of g. Therefore,

e =1-— H(l—eg),

geL

(35)

where ¢, = 1 - F.

To predict €; using Eq. (35) [and then rq using Eq. (34)],
we need estimates for e, for every possible G,-dressed gate
g- That is, we need estimates for (i) €igie(p;) for each qubit
Qie {04, 05, 06,07}, where idle(Qi) is the G,-dressed
idle gate on Qi, and (ii) €,(p; ;) for each connected pair of
qubits {Q1i, Qj}, where ¢g(Qi, Qj) is a two-qubit gate on
{Qi, Qj} uniformly sampled from G,. Each of these
quantities can be estimated from the observed one- and
two-qubit MRB error rates. Using Eq. (34), we have

(G, {Qi}) = €idie(0i)s

because each single-qubit MRB circuit simply consists
of repeating the G,-dressed idle gate. Similarly, using
Eq. (34), we have

(36)

r(G,,G,,{0i,0j}.¢)
=&ey0i.0j) T (1 =&) (1 —€igie(0i) ) (1 = €idie(0j))  (37)

because each G-dressed layer in a two-qubit MRB circuit
is either (with probability &) a G,-dressed two-qubit gate

sampled uniformly at random from G, or a G,-dressed idle
on each qubit (with probability 1 — ¢).

Using Egs. (35)—(37) and explicit expressions for Q(L),
we obtain analytic expressions for our crosstalk-free
predictions of rq for the three- and four-qubit layers.
These predictions are shown in Figs. 5(g)-5(i). The cross-
talk-free predictions are significantly smaller than the
observed experimental values, shown in Figs. 5(d)-5(f).
For each gate set, the predicted four-qubit rq is approx-
imately 25% smaller than the observed value. The cross-
talk-free predictions for {Q4, 05,06} are 13%-19%
smaller than their observed values, and the crosstalk-free
predictions for {Q5, 06, Q7} are 20%-27% smaller than
their observed values. The difference between the exper-
imental error rates and the crosstalk-free predictions, shown
in Fig. 6, is a quantification of the contribution of crosstalk
errors to the average rate of errors in three- and four-qubit
random circuits in this system. We note that one contri-
bution to the difference between the observed rq and the
crosstalk-free prediction is the difference between idle

1.001 @, =SU@2) G;=SU0(2) G =C;
= Gy = {cs,cs'} Gy = {cz} G = {cz}
S 0.75

8
g 0.50
i: 0.25
0.00
Q4Q5Q6Q7 Q4Q5Q6Q7 Q4Q5Q6Q7

Qubit Subset

FIG. 6. Estimating crosstalk errors on AQT. We estimate the
contribution of crosstalk errors to the layer error rate rq forn = 3,
4 qubits by taking the difference between each experimental error
rate (rq) and a corresponding prediction (rg preq) Obtained from
the experimental one- and two-qubit error rates and the
assumption of no crosstalk. We find that crosstalk contributes
approximately 0.2%-0.4% to rq for n = 3 (which is 1/8-1/4 of
rq) and approximately 0.7% to rg for n = 4 (which is 1/3 of rg).
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gates that occur in parallel with a two-qubit gate and idle
gates that occur in single-qubit circuits. The idle that occurs
in parallel with a two-qubit gate is a 200 ns idle (the
duration of a two-qubit gate on this device), whereas the
idle gate that occurs in a one-qubit circuit is a 60 ns idle.
Our prediction methodology implicitly assumes that these
two idle gates have the same error rate. However, we
conjecture that the contribution from this difference is
small, because idle gates in this system are relatively
low error.

D. Estimating the error rates of individual gates

An MRB experiment is primarily designed to estimate a
single error rate (rg) that quantifies the average error rate of
an n-qubit layer. However, it is also often useful to quantify
the error in specific layers, e.g., to identify high-error gates.
Information about the error rates of individual layers is
contained within the MRB data (e.g., RB data can even be
used for full tomography [52,53]), and we extract it using a
scalable model fitting method. Specifically, we fit a four-
qubit depolarizing error model to the four-qubit MRB data
to estimate the error rates of individual G;-dressed layers
(Fig. 7). To validate our results, we compare the infidelities
we estimate to independent estimates obtained from an
established technique: cycle benchmarking [9], which is a
method for estimating the infidelity of individual many-
qubit gate layers. Figure 7 shows that our estimates are
broadly similar to the those obtained from cycle

4
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FIG. 7. Estimating the infidelity of dressed four-qubit layers.
Estimates of the error rates of individual G,-dressed layers
containing a single two-qubit gate (cs, csf, or cz), obtained
by fitting an n-qubit depolarizing model to the four-qubit MRB
data. This scalable analysis technique enables extraction of
additional information about each layer’s error from MRB data.
To validate our results against an established technique, we
compare to infidelities independently estimated using cycle
benchmarking [9]. We observe qualitative agreement. The cycle
benchmarking experiments measure the infidelities of layers
dressed with one-qubit gates sampled from a different gate set
(the Pauli group) to those used in our MRB experiments, so exact
agreement is not expected.

benchmarking, differing by at most 23%, and note that
we would not expect exact agreement [54]. This demon-
strates the potential of MRB to go beyond average error rate
estimation and provides an alternative to, e.g., interleaved
RB. In Appendix E 3, we discuss the depolarizing model fit
as well as two additional methods for estimating the error
rate of individual layers from MRB data and compare their
predictions (Figs. 15 and 16 in Appendix E).

E. Comparison to direct RB

One of the purposes of our experiments is to test the
reliability of MRB. To investigate whether rg ~¢eq in
experiment (as claimed by our theory), we compare the
results of MRB to an alternative, established RB technique:
direct RB (DRB) [5]. DRB is a streamlined variant of
standard RB. Both DRB and standard RB are inefficient
when applied to universal gate sets—as they have costs that
scale exponentially with the number of qubits—but they are
feasible in the very-few-qubit regime. We choose to
compare MRB to DRB, because these two methods have
the same flexible circuit sampling and they are designed to
measure the same error rate: €q. In contrast, standard RB
benchmarks a gate set that forms a group, e.g., SU(2"), and
it measures an error rate for a uniformly random element of
that group—so this error rate cannot be directly compared
to r, Q-

An n-qubit, benchmark depth-d DRB circuit for a
universal layer set is constructed by first sampling a
depth-d circuit C with layers sampled from some distri-
bution Q—exactly as with MRB. As shown in Fig. 8(a),
this circuit C is then embedded between (i) a circuit that
implements an n-qubit Haar random unitary and (ii) a
circuit that returns the qubits to the computational basis.
Note that both (i) and (ii) require circuits of one- and two-
qubit gates whose size grows exponentially in n [we
compile a SU(2") unitary into a circuit of X,/,, Zy, and
Cz gates using the Qsearch package [55,56] ]. We, therefore,
run DRB on all n-qubit subsets only up to n = 3.

In our DRB experiments, we use the same layer
sampling distribution as in our G, =SU(2), G, =
{cs,cs'}, and £ = 1/2 MRB experiments. So the DRB
error rates we are measuring—which we denote by
rore(SU(2), {cs,cs'}, @, 1/2) for qubit subset Q—are
equal to the equivalent MRB error rates r(SU(2),
{cs,cs},@,1/2) if both DRB and MRB are working
correctly. Figure 8 compares these DRB and MRB error
rates for each one- and two-qubit subset. For each of these
qubit subsets, the two error rates differ by no more than 2.
Because of the overhead in implementing a Haar-random
unitary from SU(2"), the three-qubit DRB circuits are so
large that the polarization of all » =3 DRB circuits is
S, =~ 0, even for the d = 0 circuits, so we are not able to
obtain reliable estimates of rprp for either three-qubit
subset. The rapid decrease in the d = 0 polarization (Sj)
with increasing n is shown in the inset in Fig. 8(b).
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FIG. 8. Validating MRB by comparison to DRB. (a) The structure of DRB circuits, which is a method for benchmarking an n-qubit
layer set, when applied to a universal gate set. DRB is known to be reliable, but it is exponentially expensive in n for universal gate
sets—because, for a universal gate set, its circuits start by implementing a Haar random unitary from SU(2"). (b) The error rates
obtained when running equivalent DRB and MRB experiments, on every one- and two-qubit subset of the four qubits we benchmark on
AQT. The close agreement between the DRB and MRB error rates is experimental evidence that MRB is reliable. The inset shows the
polarization at benchmark depth d = 0 (S,) for n-qubit DRB with n = 1, 2, 3. The rapid decay in S, is due to the overhead in
implementing a Haar-random unitary, and it makes DRB of universal gate sets infeasible on more than around 2-3 qubits.

This demonstrates that DRB cannot be used to benchmark
universal gate sets on more than around 2-3 qubits (and
note that standard RB requires running even larger circuits
than those used in DRB).

VI. 27-QUBIT IBM Q DEMONSTRATION

To investigate what many-qubit MRB can reveal about
errors in current many-qubit hardware, we run MRB on a
27-qubit IBM Q device (ibmq_montreal, a Falcon r4
processor). We use the universal gate set G; = SU(2)
and G, = {cnot}, and we sample layers with a two-qubit
gate density of £=1/4. Our circuits contain barriers
between each layer of gates, as in our experiments on
AQT (Sec. V). We choose a single qubit subset Q
containing n qubits for 15 exponentially spaced n up to
n = 27. This is illustrated in Fig. 9(b), for 6 of the 15 qubit
subsets. For each qubit subset, we sample and run 25
circuits at each of a set of exponentially spaced depths.

Figure 9(a) shows the observed polarization versus
benchmark depth for six representative values of n. Even
for n = 27, where we observe an average layer error rate of
rq = 28(1)%, we obtain a d = 0 average observed polari-
zation of Sy~ 40%. This demonstrates that MRB is
practical on many qubits, even when the error rate per
layer is O(10%). For all n, we observe that the mean
observed polarization is consistent with an exponential
decay, as expected. Figure 9(b) shows the error rate per
qubit [rgpeq =1— (1= ro)!/" ~ro/n] versus n. Our
circuits have a fixed expected two-qubit gate density (of
& = 1/4). Therefore, rq perq is independent of n for n > 2 if
(i) the error rate of one-qubit gates and the error rate of
two-qubit gates is invariant across the device and (ii) there

are no crosstalk errors. Instead, we observe that rq perq
rapidly increases from rqpeq~0.2% for n =2 up to
raperg & 1.2%—an increase of approximately 500%.

To quantify the contribution of crosstalk errors to the
observed increase in the per-qubit error rate with n, we first
need to quantify the spatial variations in the one- and two-
qubit gate error rates (meaning the error rates of those gates
when all other qubits are idle). We use one- and two-qubit
MRB to measure the error rates of each one-qubit subset and
each connected two-qubit subset of the 27 qubits. Because of
the large number of qubits, it would require running more
circuits than is feasible to implement independent one-qubit
MRB experiments on each qubit (27 MRB experiments) and
independent two-qubit MRB experiments on each con-
nected pair of qubits (30 MRB experiments). Instead, we
implement all 27 one-qubit MRB experiments simultane-
ously [3]. The resultant one-qubit MRB error rates, there-
fore, include contributions from single-qubit gate crosstalk
errors. We run the 30 two-qubit MRB experiments in eight
groups, selected to minimize the closeness in frequency
space of the qubits in each group. These two-qubit MRB
error rates, therefore, include some contributions from two-
qubit gate crosstalk, but the experiments are designed with
the aim of minimizing this contribution. We also run five
isolated two-qubit MRB experiments and observe that the
simultaneous two-qubit MRB error rates are a factor of
between 1.5 and 2.5 times larger than the corresponding
isolated MRB error rates (see Table III).

We use the set of measured one- and two-qubit MRB error
rates to predict the n-qubit rq that would be observed if there
are no two-qubit gate crosstalk errors, using Eqs. (34)—(37)
[57]. Figure 9(c) shows the predictions for the per-qubit error
rate ro perg- Forn > 1, these predictions (blue diamonds) are
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FIG. 9. Randomized benchmarking of a universal gate set on a 27-qubit IBM Q processor. We run MRB on n-qubit subsets of the
ibmq_montreal processor, for 15 exponentially spaced n from n = 1 to n = 27. (a) The MRB decays and fits to an exponential for the
six subsets of qubits illustrated in (b). The observed polarization decays exponentially in all cases. Because of the minimal overhead in
MRB circuits, we obtain an exponential decay even for 27 qubits and can extract a low-uncertainty estimate of the average error rate of
27-qubit layers [rq = 28(1)%]. (c) The observed error rate per qubit rq peq = 1 — (1 — rq)"/" & ro/n (red circles) versus n increases
rapidly with n, even though the circuits have a constant expected two-qubit gate density & = 1/4. This increase in rq perq is due to two-
qubit gate crosstalk, not spatial variations in gate error rates. This is confirmed by comparison to predictions for rg yerq (blue diamonds)
obtained from one- and two-qubit error rates, for each one-qubit and connected two-qubit subset, and the assumption of no crosstalk.
(d) The ratio of the observed (rq perg) to predicted (rq perg prea) PET-qubit error rate shows that crosstalk errors cause the per-qubit error
rate ropeq (0 increase by approximately 250%-300% when n > 15. (e) The one- and two-qubit error rates are obtained using
simultaneous one-qubit MRB on all 27 qubits (blue boxes) and two-qubit MRB, on all pairs of connected qubits, run simultaneously on

the qubit pairs in eight distinct groupings (the purple and green boxes show two such groups).

much smaller than the observations (red circles). This
prediction accounts for spatial variations in the one- and
two-qubit error rates and includes contributions from one-
qubit gate crosstalk errors (and some contributions from two-
qubit gate crosstalk). Therefore, we can conclude that the
additional observed error is due to crosstalk caused by the
two-qubit gates, and it lower bounds the total contribution of
crosstalk errors to rq. Figure 9(d) shows the ratio R of the
observed to the predicted error rate per qubit rg perq, VErsus n.
R grows approximately linearly from R ~ 0.2 atn = 2 up to
R ~?2.5 at n =~ 13 and then saturates at between R ~ 2.5 and
R =~ 3.0. One possible explanation for this is two-qubit gate
crosstalk errors with finite spatial radius; i.e., two-qubit gates
cause increased errors on other qubits within some distance
of the target qubits.

VII. DISCUSSION

Scalable benchmarking methods are needed to quantify
the integrated performance of medium- and large-scale

quantum processors. In this paper, we introduce a scalable
method for RB of universal gate sets that uses a novel and
customizable family of randomized mirror circuits. We
present a theory for our method, showing that it reliably
measures the error rate of a random n-qubit circuit layer
sampled from a user-specified distribution Q. We demon-
strate MRB on multiple gate sets in both simulations and
experiments, demonstrating that it is reliable and that it is a
powerful tool for understanding errors in many-qubit
circuits. Our method can be viewed both as an adaptation
of standard RB and its variants, to enable efficient and
scalable benchmarking of universal gate sets, and as an
adaptation of XEB that removes XEB’s inefficient circuit
simulation step. It, therefore, provides a link between two
widely used benchmarking methodologies, and so we
anticipate that the ideas introduced here will lead to further
advances in randomized benchmarking.

Using two quantum processors, we demonstrate MRB of
a gate set consisting of cnot and arbitrary single-qubit gates
on up to 27 qubits and MRB of a gate set with non-Clifford
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two-qubit gates (cs and ¢s') on up to four qubits. Our results
provide evidence that MRB with non-Clifford gates is a
robust method for determining a processor’s error rate per
gate layer and that these error rates can be used to understand
the magnitude of various types of errors. Additionally, our
results show that MRB on many qubits reveals and quan-
tifies errors not present in one- and two-qubit circuits,
highlighting the importance of scalable benchmarks.
Comparisons of RB error rates predicted from crosstalk-
free models and our experimental results show evidence of
large crosstalk errors in both of the devices we benchmark,
and, importantly, our methods make it possible to quantify
the size of these crosstalk errors.

We anticipate that a variety of interesting benchmarking
methods can be constructed using MRB and extensions or
adaptations of this method. For example, we anticipate that
MRB can form the foundation of methods for estimating
the error rates of individual gates and layers, within the
context of many-qubit circuits. In this work, we demon-
strate a simple example of such a technique—fitting MRB
data to a depolarizing model—and we expect that a variety
of robust methods could be developed that would comple-
ment or advance on existing methods for this task
[9,12,42], such as interleaved RB. For example, MRB
can potentially be adapted to extend the averaged circuit
eigenvalue sampling protocol [12] to universal gate sets.
Furthermore, we anticipate that MRB can be adapted to
construct scalable “full-stack” benchmarks based on ran-
dom circuits, such as a scalable variant of the widely used
quantum volume benchmark [30].

All data and code for our simulations and experiments
will be provided upon reasonable request. All circuit
sampling and simulations are performed using pyGSTi [59].

ACKNOWLEDGMENTS

This material is based upon work supported by the
Laboratory Directed Research and Development program
at Sandia National Laboratories and the U.S. Department of
Energy, Office of Science, National Quantum Information
Science Research Centers, Quantum Systems Accelerator.
This work was also supported by the U.S. Department of
Energy, Office of Science, Office of Advanced Scientific
Computing Research Quantum Testbed Program under
Contract No. DE-AC02-05CH11231. Sandia National
Laboratories is a multi-mission laboratory managed and
operated by National Technology & Engineering Solutions
of Sandia, LLC (NTESS), a wholly owned subsidiary of
Honeywell International Inc., for the U.S. Department of
Energy’s National Nuclear Security Administration (DOE/
NNSA) under Contract No. DE-NA0003525.

Any subjective views or opinions that might be
expressed in the written work do not necessarily represent
the views of the U.S. Government. The DOE will provide
public access to results of federally sponsored research in

accordance with the DOE Public Access Plan. We acknowl-
edge the use of IBM Quantum services for this work. The
views expressed are those of the authors, and do not reflect
the official policy or position of IBM or the IBM
Quantum team.

APPENDIX A: MRB WITH STOCHASTIC
PAULI ERRORS

In this appendix, we provide further details on the
theory presented in Sec. IV B, showing that the MRB
error rate (rq) approximately equals e [Eq. (16)] under the
assumption of stochastic Pauli errors.

1. Determining the observed polarization
of MRB circuits

We start by proving Eq. (23), which says that the mean
observed polarization [Eq. (12)] of randomized mirror
circuits equals the mean polarization of the overall error
map of a randomized mirror circuit. We start by defining an
overall error map for our mirror circuit, which captures all
errors in the circuit. We can define an overall error map for
a circuit C by rewriting ¢(C) with all errors moved to the
beginning of the circuit. For a general depth-/ circuit with
gate-dependent errors,

$(C) = E(LJU(L))...E(L)U(L)E(LU(Ly)

= U(L)- ULDULEL ... ELEL . (A1)

where

5{_1 =UuL) L UL)TTELHUL,).. UL, (A2)
Applying Eq. (A1) to our randomized mirror circuit allows
us to express the error in M, (which is the mirror circuit
without the initial and final layers) as a single error channel
following the initial randomized state preparation layer L.

We find that ¢(M,) can be expressed as

P(My) =h(R(P 141 L5'P9))p(My)p(R(PoLy))
=U(R(Py41L5 PSMU(Py) EspamEetr (M) U (Lo)

=U(P UL Eeer(MgU(Ly), (A3)

where
Eeit(My) = EspamEerr(My) (A4)
— 5SPAM5/T(|_;]1 P '5|/_;;2‘€I/.d/2 .. ‘g/ﬂLnl Po) (A5)

To obtain Eq. (A3), we use the reflection structure
of  randomized  mirror  circuits—in  particular,
UR(P 41 L5 PHOM,) = U(P4, L5'Py), where Py and
P4, are the Pauli gates that are recompiled into L, and
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Ly!, respectively, in the randomized compilation step. The
Pauli gate P, | determines the target bit string of M,—i.e.,
UM)|0) =U(P4.1)|0) = |b). The overall error map
Eqr(My) [Eq. (AS5)] contains the error from the d/2
Q-random circuit layers and their inverses (after random-
ized compilation), and it is composed of unitary rotations of
the error channels associated with each circuit layer.

In the MRB protocol, we compute each circuit’s
observed polarization S [Eq. (12)]. We now show that
the observed polarization S(M,) is related to the polariza-
tion [Eq. (4)] of M,’s overall error map (introduced above).
Using the expression for ¢(M,) in Eq. (A3), the probability
of measuring bit string x on circuit M, is given by

P, = (xUP s ULG") Eerr (MU (Lo) [0 (A6)

= (x + bULG ) Eer M)U(Lo)I0). (A7)
The layer L consists of single-qubit gates independently
sampled from single-qubit unitary 2-designs. We now
average over the initial circuit layer L,, making use of a
fidelity estimation technique based on single-qubit gates:
The fidelity of any error channel £ can be found by
averaging over a tensor product of single-qubit 2-designs
[44]. In particular, for any bit string y € {0, 1}",

4n

(€)=

S (/2 x4 yIEO) =

xe{0,1}"
(A8)
where € = E_[U(L)"€U(L)] [44] and L = ®_,L;, where
each L; is a independent, single-qubit 2-design. This

implies that the expected observed polarization of M, over
LO is

4n [ 1\ % 1
ES(My) =—— ——) EP.| -
Lo( 2 4"—1[;<x%:k< 2) Lo } 4n —1

qn |: Z ( l)h(xfb) :| 1
- = EP,| ——
4" —1 TR 2 Lo 4" —1

= Y(Seff<Md))7

where y(€) denotes the polarization of £ [Eq. (4)].
Equation (A9) follows from Eq. (A8). Averaging over
all depth-d randomized mirror circuits, the mean observed
polarization is

(A9)

Sd = l\[i?’(geff(Md))- (A10)

Equation (A10) says that the average observed polarization
S, which is estimated by the MRB protocol, is equal to the
expected polarization of the error channel of a depth-d
mirror circuit.

2. Relating the observed polarization of MRB
circuits and Q-distributed random circuits

Above, we related the mean observed polarization (S,,),
which determines the MRB error rate, to the expected
polarization of the overall error map of a depth-d random-
ized mirror circuit. We now use this result to derive
Eq. (25), which relates the mean observed polarization
of depth-d randomized mirror circuits to the expected
polarization of the overall error map of a depth-d/2
Q-distributed circuit. In combination with the theory in
Appendix A 3—which shows that S, and the mean
polarization of the overall error map of Q-distributed
random circuits decay exponentially—the relationship
we derive here implies that ro % €q.

Our goal is to relate the rate of decay of S, to the rate of
decay of the fidelity of Q-distributed circuits (F,)
[Eq. (15)]. We start by expressing F, in terms of the
expected polarization of the overall error map of a depth-d
Q-distributed circuit. Applying Eq. (Al) to a depth-d,
Q-distributed random circuit C,; = L Ly,...LoLy,, we
obtain an overall error map for C,;, E.4(C,), which is
defined by ¢(C,) = U(C,)E+(C,). We define I' to be the
average polarization of the error map of a depth-d mirror
circuit:

fd = EY(geff(Cd))- (A11)

To relate S, to T';, we use the fact that a depth-d
randomized mirror circuit consists of randomized compi-
lation of a depth-d /2 Q-distributed random circuit followed
by its inverse. These two depth-d/2 circuits are both Q
distributed (even after randomized compilation), but they
are correlated. Below, we show that the polarization of the
mirror circuit’s overall error map depends on the covariance
between the error in a depth-d/2 Q-distributed circuit and
its randomly compiled inverse. We can write the overall
error map in Eq. (A5) as a composition of two error maps—
an overall error map for a random circuit and an overall
error map for its randomly compiled inverse:

geff(Md) = ESPAMgeff,2<Md)geff,1(Md)7 (AIZ)

where

!

Seff,l(Md) = E{R(Pd/zLd/ch )”.gT(LF’]'PO)’

df2—-1
Eetr2(My) = SIT(L;II P ERP Y L3,Pus2)
= L{(C)Seff(T(Lgll, Pa)... R(Paj2+1 L;}de/z))

X U(C),

and
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C = R(Pypi1LgpPap) R(PajsLappPyn_y)---
X R(PLyP§)T (Lg,. Po).

C is the first half of M, and it is a depth-d/2 Q-distributed
random circuit that has randomized compilation applied to
it. By substituting Eq. (A12) into Eq. (A10), we obtain

Sq = l\[%}’(gspAMgeff,z(Md)geff,l (M) (A13)

= Y(gsPAM)l\[AE 7 (Eeir2a(My)Eeir1(My)), (Al14)

d

where, to go from Eq. (A13) to Eq. (A14), we use the
assumption that Egpap 1S a global depolarizing channel.
Applying randomized compilation to an Q-distributed
random circuit creates a new random circuit that is also Q
distributed. This is due to the conditions we require of Q,
and Q, (Q, is the uniform distribution, and €, is invariant
under replacing a subset of a layer’s gates with their
inverses). Therefore, we can replace the average over all
depth-d randomized mirror circuits in Eq. (A14) with an
average over all depth-d/2 Q-distributed random circuits:

Sq= }’(5SPAM)C[E y(U(Cyp2)Eeit(Cg)y)
a/2

X U(Cy) " Eett(Cyp2)), (A15)

where geff(C;/lz) denotes the average over all possible
circuits C' resulting from applying randomized compilation

to C;},. Expressing Eq. (A15) in terms of Ty, [Eq. (A11)],
we have

Sa = r(Espam) ([, — Aa), (Al6)

where

Ag = C[E y(u(Cd/Z)geff(CE/lz)U(Cd/Z)_1geff(Cd/z))

d/2

~ (E r(Ear(Cap))” (AL7)

Cap2

3. Fidelity decay of Q-distributed random circuits

In this section, we show that the fidelity of Q-distributed
random circuits decays approximately exponentially in
depth, assuming stochastic Pauli errors, when n is suffi-
ciently large that 1/4" is negligible (in the small-n case,
Q-distributed random circuits rapidly converge to a
2-design, from which it follows that the fidelity decays
approximately exponentially). In this section, we use the
notation L, to denote the sequence of composite layer-
valued random variables L,L, ;...L,. We assume that each
composite layer has a stochastic Pauli error channel, i.e.,
¢(L) = EU(L), where L is a stochastic Pauli channel.

We use the stacked representation of superoperators,
U=UQ®U*. We use P, to denote the n-qubit Paulis,
excluding the identity. We use P to denote the super-
operator representation of a Pauli P.

We first prove a useful lemma that follows from the
properties of the layer sampling distribution required for
MRB (see Sec. II C). MRB requires that the layer sampling
distribution is invariant under the randomized compilation
procedure defined in Sec. III A, which implies that the
distribution of unitaries induced by our layer sampling
distribution is invariant under left and right multiplication
by Paulis, i.e., for all P, P’ €P,,,

(A18)

where L is sampled from a layer sampling distribution Q
that satisfies the conditions in Sec. II C. Using this fact, we
obtain the following lemma.

Lemma 1.—Let L be a circuit layer-valued random
variable sampled from an MRB layer sampling distribution
Q. Let Py, P,, P;,P,€P, be Pauli operators. If either
(l) P] SéPz Or(ll) P3=,6P4, then

ETr(@(L)™ (P, @ P3U(L)(P3 ® P)) = 0. (A19)

Proof.—We first consider the case where P; # P,.
Because Q is invariant under right multiplication by
Paulis, we can insert a right-multiplying Pauli O:

ETr(U(L)™ (P ® Py)U(L)(P3 ® P}))

= ETr(QU(L) (P, ® PYULIQ(Py ® P3).  (A20)

where Q is a Pauli superoperator. We can rewrite
Eq. (A20) as

ETr(U(L)™ (P ® P3U(L)(P3 ® P}))
= ETrU(L)~'(P1 ® PHUL)(Q ® 07)(P3 ® P})

x(0® Q")) (A21)

:[EU(Q7P3)’7(Q,P4)TY(U(L)_I(P1®P§)M(L)(P3 ®P})),
(A22)

where n(P,Q)= -1 if P and Q anticommute and
n(P,Q)=1if P and Q commute. If P; # P4, then there
exists some Pauli Q such that Q anticommutes with P; and
commutes with P, (otherwise, we would have [PQ, P'] =0
for all P’ € P,,, which implies PQ =T and, hence, P = Q).
Taking Q to be such a Pauli, we have
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ETr(@(L)™ (P ® P)U(L)(P5s ® P}))

— ETHU(L) (P @ PYULIPs ® P). (A2
Therefore, [ETr(U(L)‘I(Pl ® P;)UL)(P; ® P;)) = 0.

Similarly, to address the case where P; # P,, we use the
invariance of the sampling distribution under left multipli-
cation by Paulis to obtain

ETr(U(L)™' (Py @ P3)U(L)(P3 ® Py))

—ETrU(L) Q(P, ® P QU(L)(P, ® P})  (A24)

=Em(Q.P1)n(Q.P2)Tr(U(L)™ (P1®P)U(L)(P3 @ P})).
(A25)

Using an argument analogous to the previous case, we
conclude that if P, # P, then [ETr(Z/{(L)‘l(Pl ® P3) x

UL)(P; ® P;)) =0. L]

We now show that the fidelity of Q-distributed random
circuits decays approximately exponentially. Our theory
shows that the expected polarization of Q-distributed
random circuits is given by Eq. (26):

fd = gzﬂgeff(od))

d

= B UL UL E UL ELUL)),

(A26)

where E. is the overall error channel of a depth-d Q-
distributed random circuit. Analogously, the expected
fidelity of these circuits is given by

gEdF(geff<Cd))

= E P U(L) T EU(L)- ELUL)).

(A27)

We now show that the expected process fidelity decays
exponentially in benchmark depth (d), from which it
follows that the polarization y(E.;) decays exponentially
(as n > 1). We use the Pauli unraveling of the circuit: We
expand each error channel as £, = > pcp yp(L;)P. We
then expand the fidelity [Eq. (A27)] as a sum of terms
corresponding to sequences of Paulis in the Pauli unrav-
eling. Equation (A27) becomes

F(Eetr) 41—,”_[ ’’’’’ L,z[ 7Pd(Ld>'-'7P1(Ll)Tr(u<L1;d)_1Pdu(Ld)-"P2U(L2)Plu(|-l>)] (A28)
3| E b (W)U P PULIPUL))| (A29)

The sum in Eq. (A29) has 4" terms, each with a different
sequence of d Pauli superoperators Py, P,, ..., P,, which
represents a possible sequence of Pauli errors in a depth-d
circuit. We separate these terms by the number of errors in
the Pauli sequence, i.e., the number of indices i such that
‘P; #1,,. Throughout this section, we assume that indices
for circuit layers and Paulis satisfy 1 <i < d. We use the
term error pattern to refer to a description of the locations
in a Pauli sequence where errors occur, which we describe
by the set of indices S such that P; # I, if and only if i € S.
We call an error k-separated if there are no errors within k
layers of the error; i.e., there is a k-separated error on layer i
if P;#1 and j ¢ S for all j # i such that |i — j| < k.
We expand Eq. (A29) by dividing the terms in the sum
over Paulis Py, ..., P; up by their error patterns to get

d d d
LCUENEN ) (AR SEED SURNEEY

..... i—

(A31)

where c¢; is the sum of all terms in Eq. (A29) in which the
error pattern has |S| = j errors and contains a k-separated
error and 4; is the sum of all terms in Eq. (A29) with an
error pattern with |S| = that does not contain a k-
separated error. By the cyclic property of the trace, all
terms with exactly one error have no contribution to the
fidelity:

X Tr(u(l-l;d)_lu(l-il+1;d)7)i1u(|-1;i1)):| =0. (A32)

It remains to show that ¢; and h; are negligible for j > 2.
First, we use the scrambling condition on our gate set and
sampling distribution to show that the c¢; are small.

We start by considering the terms that make up ¢,. We
break ¢, up into terms for each error pattern {i,i,}
contributing to ¢,, and we bound the contribution of each
of these terms:
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= _ch{,.l,iz}, (A33)
where
Hivi} = <4in> ’ z,;eﬂ% _____ Kl}:[hl’ﬂ ) ll)yP (Li )Tr(u<|-d-'-Ll)_1u<Li2+1;d)Pi2u(Li1+1;i2)7)i1u(|-1;i1))]'
- (A34)

We now use the scrambling condition [Eq. (6)] to derive a bound on cy; ;,;. We can simplify Eq. (A34) to

1
Clivi} — <4—,,> Z K H J’ﬂ ) zl)YP,»Z(Liz)Tr(u(Lil+1;i2)_1Pi2u(Li,+l;i2)Pil):|' (A35)
Py P, ep; iy, i

Now, we define the unitarily rotated error channel

ULL)T"PLULL) = dpp (PP, (A36)

PP

where dp p depends on U(L;,) and P;,, but we suppress this dependence. Substituting Eq. (A36) into Eq. (A35) and
applying Lemma 1, we get

{}:G) > (¢ [Hn D) BT bl (6, (o AL 10 P 1P

iy ,,GPH j<,]j>,2 in2iziy iy>i>1
(A37)
1
= (4—n> Z ( |:H}’]I ] L H [7]1,,(Li)]7P,1(Lil)VP,-Z(LQ)
P'IP epP; ]<,1 ,>,2 inziziy Iy>1>10)
X Z dP,P’Tr(u(LilJrl;iz—l)_l(P®P/*)U(Li1+l;iz—l)73i,)> (A38)
PP EP,
1
= <4—n) Z < [Hh } F H [Vﬂ,,(Li)]VP,-](Lil)YP,-z(Liz)
P1 GPH /<|l>2 222 ih>1>10
X Z dP.PTr(u(Lil+1;i1—k)_1pu(|-i1+1;i1—k)Pi1))' (A39)
PeP,

We now apply the scrambling condition [Eq. (6)] and use the definition of the layer infidelity to obtain an upper bound on

Cliyip}+

[Hn } E v, (Li)re, (L, depa) (A40)

2>z>z|+| i Ly oLy PeP;

C{il,iz} S Z <(1 — g)d (ix—i1+1)

P, .P;, €P;

s ;em(u—e)d S ][Hm I|LE 7, L, (1)9). (A41)

1
Letting e = 1 — E,[y; (L)] be the expected layer infidelity, Eq. (A41) becomes

Cliviy < (1 —e)F 2625 (A42)
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Equation (A42) bounds the value of each term in the
expansion of ¢, given in Eq. (A33), and the number of
terms in cy; ;) is bounded by d(d - k) /2.

We now bound ¢; for j > 2. Again, we start by bounding
the contribution of each individual error pattern S that
contributes to ¢;, i.e., each S such that |S| = j and S contains
a k-separated error. Let S = {i}, i,, ..., i;} be an error pattern

|
Cs =\~
n
4 P; mes
P aeees P G[P’,*,

i i
1
(), 9) (It

x ULy )7 Pid(Li i) Pi UL, ))} :

.....

meS

< [

meS

.....

> eI ([

with j > 2 and i; < i, <--- < i}, and assume that i, —
i, >kandi, —i,_; > kforsomeq < j(weaddress casesin
which the first or last error is k separated later). We expand
the errors before and after the k-separated error in layer i, in
terms of tensor products of Paulis and then apply the
properties of our layer distribution to bound the value of
cs. First, using the cyclic property of the trace, cg becomes

(UL 1) Pi o UL PRld(Li 11,)Pi) | (A43)

>Tr (P; U(L ,1+1)---u<|—i2+1;i3)Pizu(l—ilﬂ;iz)Pil

(A44)

We expand two unitaries, corresponding to the layers of the circuit before and after k error-free layers, in terms of tensor

products of Paulis:

Piqu(Liq_]+1;iq)'"u(Li2+l;i3)Pizu(Lll+lzz)Ptlu(Lll—&-lzq Z bpp (P ® P™), (A45)
PP EP,
UL i) P ) UL )P UL 1) = Y dpp (P @ P). (A46)
PP eEP,
Using Egs. (A45) and (A46), Eq. (A44) becomes
1
o=(3) X B (I nw)( I ) (Ilet)]
Pil ""Pfj EP, iq+l;”r%iiq+k m>iqlz~i§71<iq mes
< (5. (P © P 13,0 (P ® PU(L )| (A4)
P\.Py.Py.P,EP,

Using Lemma 1, Eq. (A47) becomes

1
(0, Bt
o P[],...,P[je[p; Ly,....Ly

3 [T )

meS
ig+1<m<ig+k

H y]l,, (Lm

meS
m>ig+km<iq

)

>) (m]lypm(Lm)

X l: Z (bP’PdP/’P/Tr('PU(Lqu;qu)_IU(L,-[IH;,-W)P/) —|—Tr(U(Lqu;qu)_IU(Liq+1;iq+l))b“d“)} . (A48)
P.P' eP;

Because y; (L) <1 for all L,

(#)
Cg S o
4 P

;em L"'ﬂ?"‘" K

g ij mes

H }’11,,

)

) ( Tl

m>ig+km<ig

(X b T 13, ) PUL 1, JP) + 4011 ). (A49)

P.P'eP;

Applying Eq. (6), we have
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ﬂ < Z bppdp pd+ bl,ldl,l>-

PP eP;

(A50)

We then bound sums of dp p and bp p coefficients and use the fact that Eq. (6) implies b, ; < 6 to bound ¢, in terms of the
average layer infidelity and &:

s< Y  E B K [ n,,(Lm)> (l |7pm(Lm)>}26 (A51)
P;,..P,ep; fq Sigtklaeeeed mes mes
L A m>ig+hm<ig—k
<2(1 —e)2els, (A52)

where the final inequality follows from the definition of . Equation (A52) bounds the contribution of the term with error
pattern S to the polarization of depth-d Q-distributed random circuits. The number of possible error patterns S with |S| = j
of the type considered in our argument above (i.e., error patterns with |S| = j and contain a k-separated error that is not the
first or last error) is bounded by k(7).

There are two additional types of error pattern § that contribute to ¢;: (i) i} — i, > kand (i) i, — i,_; > k. These two cases
essentially reduce to the two error case. In case (i), all errors after the first error can be expanded in terms of the Pauli basis:

), 5 ()T
i i " m m
1
_(4_">P XP:EP*LI,.[?,L > KWI;ISVM> (};[SVP,,,(

e ‘PPep,

)Tr u(Lt]+11 ) 173,-j...U(Li2+1;i3)'PizU(LilH;iz)Pil ):| (A53)

Lm>)Tr<u<Lil+1;i2>-1dp,P/<P ® P'>u<L,»1H;,»2>7>,»I>] (AS4)

(2), 5 5 ) (s ] oo
< (1 —g)d*gls. (A56)

The argument for case (ii) is analogous, doing an expansion of all errors except the last error. For each case (i) and case (ii),
the number of possible error patterns S with |S| = j is bounded by k(“;*7").

As in the previous section, our arguments bound cg for each valid error pattern S with |S| > 3. Therefore,

d d—k d=2k
d—k—1 . d—2k—-1 o
E c; <2k < _ >(1 — &) hiels + (d — 2k — 2) E < , )(1 — &) kgls

d—k d=2k
d—k—-1 . d-2k-1 .
< 2ke ( . )(l—s)d‘k'18/5+(d—2k—2)£E ( ) >(1—£)d‘2k‘fs/‘15
J

We need not consider circuits with depth larger than
O(1/¢), because the circuit depth at which the polarization
becomes negligible is O(1/¢)—because when de g 1 at
least one error is almost certain to occur. Therefore,
Eq. (A59) implies that the c; terms have a negligible
contribution to the fidelity F (Eeff)

We bound the contributions of the c¢; terms to F(E).
We now argue that contribution of the 4; terms is also

i (A57)

=2
] (A58)
(A59)

negligible. These terms represent error patterns in which
every error is within k layers of another error, so that our
scrambling condition cannot guarantee that the probability
of error cancellation is negligible. Instead, we argue that the
total probability of these error patterns is negligible.
Because the contribution of an error pattern to the fidelity
is bounded by its probability, this bounds the contribution
of the h; terms to the fidelity:
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d d
Zhj SZPr(errorin layer/)Pr(an errorinlayers I —k,l—k+1,...,1—1,1+1,142,...,1+ k|error in layer ),

Because we consider only d = O(1/¢) (see the argument
above), we have de = O(1). Since we have ke < 1 from
our scrambling condition, it follows that dke? is small, and,
hence, h j is small.

We also note that, as d gets large, it is highly likely that
an error pattern contains a k-separated error, and we can
show that the probability of no k-separated layers is
exponentially suppressed. We can break a depth-d circuit
into d/2k+ 1 pieces of 2k+ 1 layers to bound the
probability of there being no k-separated errors—if one
of these blocks of 2k + 1 layers consists of an error with k
error-free layers before and after it, then there is a
k-separated error. When de/2k + 1 > 1, we can bound
the probability of there being no block of this form (which
we call a k-separated block) using a Chernoff bound:

Pr(no k-separated block)

17T d 2dk+1 1
< ] —— | ——¢(1— P .
JXP( 2[2k+18( O+ 5(1—5)2’<D’

(A64)

this bound implies that /; is bounded by an O(e~%/¥) term,
which is small in the regime where dke > 1.

Using the bound given by Eq. (A59) in Eq. (A31), we
obtain an expression for the fidelity of Q-distributed
random circuits:

d d d
F(Eer) = <[E711,,(|—)> + Z cj+ Z h; (A65)
=1 =2
d
= ([Eyﬂ (L)) + 0. + 0 (A66)
=(1-¢e)9+5, (A67)

where ¢ is the expected infidelity of a layer of an
Q-distributed random circuit,

(A60)

(A61)

(A62)

(A63)

6 =5, + b = O(de(8 + ke)), (A68)
and & is negligible for d = O(1/¢). Because the average
layer polarization is y =4"/(4" —1)(1 —¢) = 1/(4" = 1)
and n > 1 (by assumption), 1 — e =y, up to a negligible
O(1/4") constant. Therefore, the polarization decays as
v(Eetr) = Pl + 0. (A69)
where p,. = E| (y(£(L))) is the expected polarization of an
Q-random layer and & is a negligible constant.

APPENDIX B: MRB WITH CLIFFORD
TWO-QUBIT GATES

The theory presented in Sec. [V B (which is presented in
detail in Appendix A) assumes stochastic Pauli noise on
each circuit layer to derive the exponential decay of the
observed polarization of mirror circuits. However, stochas-
tic error is not always the dominant error in a processor. Our
method uses a randomized compilation procedure to
convert error into stochastic Pauli error. In this appendix,
we prove that, when all two-qubit gates in an MRB
experiment are Clifford, the error in randomized mirror
circuits is twirled into Pauli stochastic error, under the
assumption that the error map on the one-qubit gates is
independent of the Paulis with which they are compiled.

We consider a depth-d randomized mirror circuit (treated
as a random variable), which we write as

My = R(PyiLg'POT (L' PO R(PLTPG))..
X R(Paj211L5),Pa) R(PajaLajsPin_y)- -

x R(PLiP§)T (Ly,, Po)R(PoLy)- (B1)

When the two-qubit gate layers consist of two-qubit
Cliffords of the form CPy, they are not changed by the

randomized compilation step of our circuit construction.
Therefore,
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My = R(Pyyi Ly POLG R(PLT' PG ) .. R(Paj2 1L oPas2) R(PajalajaPi/ ) R(P1LIPG)Ls R(Poly).  (B2)

We assume the error on the single-qubit gates is independent of the Paulis they are recompiled with—i.e.,
P(R(P'L,P)) = E(L)U(R(P'L;P)). Using this assumption, an implementation of the circuit M, can be written as
Pp(My) = E(LgHUR(P41L5 PG)E (L, U (LG HELTHURPLTPG_,)). .
X 5('—51,1/2)7/{“-5;/2)5(LZ}2)U(R(PW2+1 LZ/IQPd/2))E(Ld/z)u(R(Pd/zLd/zpfl/z_] )

x E(Ly,, )U(Lg,,)E (L1 U(R(Paja-1Laja-1Pg5))-.-E(Lo, ULy, )E(Lo)U(R(PolLy)). (B3)

We now push the error on the single-qubit gate layers through the two-qubit gate layers, defining new error channels that
represent the error on a composite layer. Equation (B3) becomes

p(My) = E(LGHUR(P 441 L5'PY)EU(LG! )U(R(PdLl_lP§—1))~-~521/2+1U(|-9_,,1/2)U(R(Pd/z+1LE/lzpd/z))g(Ld/z)

XUR(P /2L as2Pg o)) U (Lo, JUR(Paja-1Lap1Pg a5))- .. E ULy U(R(Poly)). (B4)
where
! -1 . d
& — LU e L) 1<l (B5)
/ -1 d .
& =ELy,, ULy, )" ELi UL, 5<is d. (B6)

We group the error channels into error channels & that represent the error in a composite layer. Now, we use the structure
of the randomized compilation procedure to twirl the error. The dressed layers can be expanded in terms of the original
sampled layer and the Paulis inserted in randomized compilation as

ULy U(R(PLPE) =U(P L L Py, 1<isd (B7)
: N _ . d .
UL JURP L P)) =UPL )L Laki P, 5 <i<d (B8)
Rewriting Eq. (B4) using these expansions, we have
p(My) = E(LGHUP 41 L5 PHEU((PY)™'LY! Ll_lpfz—l)--'521/2+1u((P2/2+1)_ILEJ/ZLZ}zpﬁ/z)E(Ld/z)
X U((Pé/z)_l Lo, Ld/z—lPZ/z_l)EQ/zU((PZ/z_l)_l Lo, o, Ld/2—2P2/2_1)-“g/lu((Pi‘)_l Lo, Lo). (B9)

where each correction layer P¢ is a uniform random Pauli, because the two-qubit gates are Clifford. Averaging over the
uniform random n-qubit Paulis Py, Py, ..., P,, which equivalently averages over the correction Paulis P{,..., P§ 1o
performs a Pauli twirl, converting the error channels into Pauli stochastic error channels. Performing this average, Eq. (B9)

becomes

Pp(My) = E(LgHUP 1 LgSU(LG LT Sappitd (L) L3 )10)S(Lajp)U(Lg,, Lapr-1)SaaUh (Lo, Laja-a)...Silh(Lo, L)
(B10)

where S; = EpP&P~! and S(Lyp) = [EF,Pé'(Ld/z)P—1 are  the random Paulis inserted in randomized compilation.
stochastic Pauli channels, each of which captures the error ~ Therefore, we expect our method to be sensitive to all
from one composite layer. All error, except the error on the ~ errors when the two-qubit gates are chosen to be
final circuit layer, is twirled into stochastic Pauli noise by ~ Clifford gates.
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APPENDIX C: MRB WITH NON-CLIFFORD
TWO-QUBIT GATES

In this appendix, we show that, when applied to a gate set
containing non-Clifford two-qubit gates, MRB is sensitive
to all Hamiltonian errors on those two-qubit gates except
one linear combination of errors on a non-Clifford two-
qubit gate and its inverse. We then discuss possible
adaptations to our protocol that would guarantee sensitivity
to all Hamiltonian errors on non-Clifford two-qubit
gates.

1. Sensitivity of errors in non-Clifford
two-qubit gates

In Appendix B, we show that, when the two-qubit gate
set used in MRB contains only Clifford gates, the error in
the two-qubit gates is twirled, upon averaging, into sto-
chastic Pauli noise. This guarantees sensitivity to gen-
eral errors on the two-qubit gates. We now consider

|

(M) =

=E(T (L', P))U((P

circuits with non-Clifford two-qubit gates and show that
randomized mirror circuits are sensitive to most
Hamiltonian errors on the two-qubit gates, to first order.
We assume there is no crosstalk error, and all two-qubit
layers are sampled independently, so that we expect the
only systematic coherent cancellation of errors to come
from a layer and its inverse. We also assume there is no
error on the single-qubit gates. To see the effect of error in a
two-qubit gate on a randomized mirror circuit to first order,
it is sufficient to consider mirror circuits resulting from
applying our circuit construction procedure to a single two-
qubit composite layer L = L Ly, where Ly = CPy is a
two-qubit gate and L, is a one-qubit gate layer. After
mirroring and randomized compilation on L, we have the
ClrcultM:T(Lgl,Pz)R(Ple_]Pi)R(PlLIPS)T(L(),Po),
where P, P, and P, are random two-qubit Pauli layers.
The ideal operation M implements is U(M) = (P5)~'P,,.
An imperfect implementation of M can be expressed as

E(T(Ly', PO))U(T (Ly", Po)R(PLLy POR(PILy P§))E(T (Lg, Po)U(T (Lg, Py)) (C1)
= E(T(Ly", PO)YU(T (L', Py)PoPG)E(T (Lo, Po))U(T (Lo, Po)) (C2)
= E(T(Ly" P)U((PS) ™' Ly P§)E(T (Lo, Po))U(T (L. Po)) (C3)

$) "' PoT (Lg,, Po)~" (P§) ' P§)E(T (Lg, Po))U(T (Lo, Py)) (C4)
= E(T(Ly", PY))U((P5)™ PoT (Lg, Po) ™ )E(T (Lo, Po))U(T (Lg, Py)), (Cs5)
My~ S e e, (co

where we use the definitions of the two-qubit gate layer
7 (Lgy, P) and the correction layers P to rewrite the unitary
evolution.

We now consider the effect of general gate-dependent
Hamiltonian errors on the two-qubit gates on ¢p(M ). We write
the error in terms of elementary error generators, as defined in
the error generator formalism in Ref. [47]. We model the error
on each two-qubit gate g as £(g) = eMs, where

o0m) ~u((ps)- o) (1) +

Pa'Pb

PavPb

and where Hp p, is the two-qubit Hamiltonian error gen-
erator indexed by the Pauli operators P, and P,,. Using this
expression for the error and expanding Eq. (C5) to first order
in the error rates gif,ﬂ, p,» We have

P, )+ UCT (o Po) ) (S i JUCT (P ) (€7

PPy

Equation (C7) expresses the implementation of M in terms of its target evolution and a first-order correction. The circuit is
insensitive to an error to first order when the correction term vanishes, which occurs when

PP,

<Z€P11Lb o-P2 HPa-Pb> —I—Z/I( LQ,PO <Z£P o Pit) Hp pb)u(T(Lg,Po)) =0.

(C8)
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Satisfying Eq. (C8) requires that the coefficient of each
elementary error generator Hp p is 0, which results in a
system of 15 linear equations for each of 16 choices of
two-qubit random Paulis P, and P, used in randomized
compilation. The randomized mirror circuits are sensitive
to an error if, for some choice of P, and P,, the system
cannot be satisfied when the error is nonzero. The two-
qubit gate set G, is closed under inverses, so, in addition to
mirroring L = L, L, as we have done above, we can mirror
L,L_, to get an analogous set of linear equations.
Considering all of the equations from mirroring L;L,
and L,L_,, we have a system of 2 x 16> x 15 linear

. . . (2] _ —0 _
equations. The solutions to this system are €p p =¢€p. p, =

1.

OV (P,.Py)#(P.P) and &f, = €5 p. This means that,
to first order, the mirror circuits are not sensitive to the
sum of Hp p errors on CP, and CP_y, as we can change
€§ p + €5 without changing the error in any of the mirror
circuits. This is a result of the structure we use for our
mirror circuits. Below, we discuss how our method can be
adapted to address this insensitivity.

2. Adaptations of MRB

While our simulations and experiments suggest non-
Clifford MRB is a robust method, when our randomized
mirror circuits contain non-Clifford two-qubit gates they
are not sensitive to some coherent errors on these gates. In
Appendix C 1, we show that MRB circuits containing non-
Clifford two-qubit gates are not sensitive to one linear
combination of the Hamiltonian errors in these gates
because of the correlations between the randomized com-
pilation and the two-qubit gate that is applied, which
prevent error from being perfectly twirled into stochastic
noise. This shortcoming in our method is due to our choice
of structure for our randomized mirror circuits. However,
circuit mirroring is a flexible technique that can be applied
to a variety of circuit structures, and here we discuss several
adaptations of our method utilizing this flexibility that
address the error insensitivity in MRB.

Our method involves sampling random circuits with
layers sampled from a user-specified distribution Q over
circuit layers. Different choices of circuit structure can
address the shortcomings of our method and make other
scalable benchmarks. We could guarantee sensitivity to all
errors with more complex sampling of the Q-distributed
random circuit. For example, to benchmark a two-qubit gate
set G, = {cs,cs'}, we could generate circuits containing
cs, cs', and cz gates and implement the ¢z gate by two
consecutive cs or cs' gates. This MRB experiment would be
sensitive to the H ; errors on the ¢s and cs' gates that our
MRB experiment is insensitive to (see above).

Our MRB protocol performs inversion layer by layer,
and an alternative method to guarantee sensitivity to all
errors is to use more complex inversion strategies that
reduce the correlation in the gate layers in the two halves of

a mirror circuit. One option is to invert multiple circuit
layers at a time, through computing the inverse of the
layers and compiling an inverse circuit—and similar ideas
to this have recently been used to implement RB of
continuously parametrized gates [60]. However, compila-
tion can be computationally intensive with many qubits.
Alternatively, we can modify the inversion layers by adding
in additional gates while maintaining a circuit that is
logically equivalent to the inverse.

APPENDIX D: SIMULATIONS OF MRB

In this appendix, we provide further details about our
simulations of MRB, which are discussed in Sec. IV D.

1. Error models for MRB simulations

We simulate MRB with three classes of error models—
stochastic, Hamiltonian, and stochastic + Hamiltonian.
Our models are defined based on the error generator
formalism in Ref. [47]. Error rates are specified as
elementary error generators of a postgate error map. We
include qubit-dependent Hamiltonian errors and Pauli
stochastic errors on the x,, and single-qubit idle gates
with Hamiltonian error rates sampled in the range [0, 4/10]
and stochastic Pauli error rates sampled in the range
[0,5/10]. The stochastic and Hamiltonian errors are each
split randomly across the three Paulis. We also include
qubit-dependent Hamiltonian errors and Pauli stochastic
errors on the ¢S and cs' gates with Hamiltonian error rates
sampled in the range [0, 4] and Pauli stochastic error rates
sampled in the range [0, s], spread at random across the 15
two-qubit Pauli errors.

To generate error models, we start with an overall error
parameter p and select s and A such that h> 4 s = p.
We generate models with p € [0.001,0.2475] for 150
evenly spaced values for the one-qubit models and
p €10.0001,0.075] for 150 evenly spaced values for the
two- and four-qubit models. In the stochastic error models,
we set # = 0. In the Hamiltonian error models, we set
s = 0. In the stochastic + Hamiltonian error models, we
generate s € [0, p| at random and set 1 = \/p — 5.

For each error model, we run a randomly generated set of
MRB circuits consisting of K = 300 circuits at each
benchmark depth d € {2/|0 < j <8}. We approximate
the error rate in Q-distributed random circuits (eg) via
sampling. For each depth d € {2/|0 < j < 8}, we run K
randomly generated depth-d/2 Q-distributed random cir-
cuits, each followed by a perfect projective measurement
onto the target state.

2. Simulations of MRB with measurement error

We simulate MRB with two types of measurement
error—amplitude damping error and bit flip error. For each
type of measurement error, we perform simulations where
only a single qubit has measurement error and where each
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qubit has measurement error. We compare these results to
simulations of MRB with no measurement error.

To generate each error models, we sample a stochastic +
Hamiltonian gate error models via the method in
Appendix E 3 with overall error parameter p, with p =
0.1 for single-qubit error models and p = 0.02 for two- and
four-qubit error models. We define our measurement error
using the single-qubit elementary error generators Sy, Sy,
and Ay y defined in Ref. [47]. To add bit flip error of

strength p,, to a qubit, we apply the error exp(p,,S,)
immediately before measurement. To add amplitude damp-
ing error to a qubit, we apply the error exp(p,,(Sx + Sy —
Ay y)) immediately before measurement. We use 80 evenly
spaced values of p,, € [0.0001,0.0801]. We run simulations
with measurement error on a single qubit and on all qubits.
In models with measurement error on all qubits, we sample
a uniform random value p €0,2p,,] for each qubit and
apply error of strength p to that qubit. In models with

Bit flip error Bit flip error Amplitude damping Amplitude damping
No measurement error all qubits one qubit all qubits one qubit
0.40 0.40 0.40 0.40 0.40
(a) (b) (c) (d) (e)
_ 035 0.35 0.35 0.35 0.35
S
£ 0.30 0.30 0.30 0.30 0.30
g
0.25 0.25 0.25 0.25 0.25
0.20 0.20 0.20 0.20 0.20
0.2 0.3 04 02 0.3 0.4 0.2 0.3 0.4 0.2 0.3 04 0.2 0.3 0.4
€0, per@ €Q, per@ €Q, perQ £Q, per@ €0, per@
0 ‘ ; ‘
T 40 [ 1-0.271
3 :
E
§ 30
2 20
o
& 10
£
=]
=
-2.5 0.0 2.5 -2.5 0.0 2.5 -2.5 0.0 2.5 -2.5 0.0 2.5 -2.5 0.0 2.5
Orell 06, Orell 05, OreilOs,,, Orell O, Orell 06,
Il 1qubit [ 2 qubits 4 qubits
FIG. 10. Investigating the reliability of MRB in the presence of measurement error. We simulate MRB with error models with no

measurement error (a),(f) and with four types of measurement error: (e),(j) amplitude damping error on one qubit, (d),(i) amplitude
damping error distributed across all qubits, (c),(h) bit flip error on one qubit, and (b),(g) bit flip error distributed across all qubits. For all

simulations, we use the gate set G

= ({cs,cs}, SU(2)) and randomly generated Hamiltonian and stochastic gate errors. (a)—(e) We

compare the MRB error rate per qubit g e to the actual per-qubit error rate €q perg, estimated via sampling. We observe close
agreement between the MRB error rate and ey with each type of measurement error. (f)—(j) The distribution of the relative error

Orel = (rQ.perQ
dashed line) is shown for each distribution.

- eg.perQ) /€q perq divided by its uncertainty o5, for models with each type of measurement error. The mean &y (red

Bit flip error Bit flip error Amplitude damping Amplitude damping
all qubits one qubit all qubits one qubit
2 {(@) 2 {(b) o 2 {(c) oy .. . 2 {(d) % , . .
OGRS R S | e
S o ' o - f 4
: (s ‘\? M S M ‘el
© ° .>' ‘.. 00 0% 7 c.. ° ° yosd ‘. o ’ “.:O. ‘.'Q e
L 4 °
21 = -21{e® ° -2 14 -21q
0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08
Expected measurement Measurement Expected measurement Measurement
error rate per qubit error rate error rate per qubit error rate
I 1qubit [ 2 qubits 4 qubits
FIG. 11. MRB with varied-strength measurement error. We simulate MRB with the gate set G = ({cs, cs'}, SU(2)) with randomly

generated gate errors and four types of measurement error: (a) bit flip error distributed across all qubits, (b) bit flip error on one qubit,
(c) amplitude damping error distributed across all qubits, and (d) amplitude damping error on one qubit. We plot the relative error in the

MRB error rate 8, = (7 perq

— €0 perq)/ €q perq divided by its uncertainty o5, versus the strength of the measurement error. We observe

no systematic change in the error in the MRB error rate with as the strength of measurement error changes.
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measurement error on one qubit, we apply a fixed meas-
urement error of strength p,, to one qubit.

Figure 10 shows the results of these simulations. We
observe that ro = €q across all types of measurement error
models we sample, providing evidence that measurement
error does not significantly impact the performance of
MRB. Furthermore, the distribution of /o5, the relative
error in MRB error rates divided by its uncertainty, is
similar for all types of error model we test. The mean
Ore1/ 05, differs by under 0.015 between error models with
and without measurement error. Figure 11 shows 6,/05,,
as a function of the measurement error parameter p. We
observe no systematic change in the error in MRB with the
rate of measurement error.

APPENDIX E: AQT EXPERIMENTS

In this appendix, we provide further details about our
experiments on AQT, which are discussed in Sec. V.

1. Experiment design

A specific set of MRB circuits for a given (G,, G;, Q, &)
is obtained by sampling K circuits at a set of benchmark
depths. We use K = 30 and a set of exponentially spaced
benchmarking depths (d =0,2,4,8...). For the MRB
designs in which £ = 1/2, we do not independently sample
the circuits for the three different gate sets. Instead, to
sample a depth-d circuit on qubits Q for each of our three
gate sets,

(1) we sample a depth d/2 circuit C for the

({cz},SU(2)) gate set;

(2) we create a correlated sample for the ({cz}, C,) gate
set by replacing the SU(2) gates in C with gates
sampled from Cy;

(3) we create a correlated sample for the ({cs,cs’},
SU(2)) gate set by replacing each ¢z gate in C with
either ¢s or ¢s' at random; and

(4) we independently convert each of the three circuits
in (1)—(3) into a randomized mirror circuit.

Because the marginal distribution for the sampling of each
circuit set is unaffected by this procedure, it does not impact
the RB error rates we estimate (except by correlating their
uncertainties), but it allows us to perform an interesting
per-circuit comparison (see Appendix E 2).

To enable comparison to an established technique, we
also run direct RB circuits, which are described in Sec. V E.
This resulted in a total of 16 194 circuits. In the experiment,
we randomize the order of this circuit list and run each
circuit 1000 times in turn. We repeat this three times in
succession, to enable us to look for substantial changes in a
circuit’s success probability that signify drift. We use
standard statistical testing methods [61] to identify circuits
in which the success probability changes between the three
runs and discard that data. We perform qutrit classification
in the readout; i.e., the readout is calibrated to resolve the

“2” leakage state from the two computational basis states.
Whenever a circuit outputs 2, the result is discarded.

2. Comparing MRB circuits with Clifford
and Haar-random single-qubit gates

The observed similarity between the average success
rates of circuits in which the single qubit-gate gates
u(@, ¢, 1) are sampled from two different distributions
(see Sec. V B) does not imply that the success rate of an
individual circuit is independent of the values of 9, ¢, and A
in its u(0, ¢, 1) gates. We design our experiments so that
each circuit in the (SU(2),{cz}, @, 1/2) experiment is
identical to a circuit in the (C;, {cz},Q, 1/2) experiment
except for the values of each of the single-qubit gate’s
parameters. We can, therefore, use our data for each such
circuit pair (Cy, C,) to investigate whether circuit success
rates depend on the values of the phase shifts. Figure 12
shows the observed polarization S for Cy versus S for C,
for each pair of circuits (Cy, C,) that differ only by the
values of the phases in z, gates. There are many circuit
pairs that have very different S; e.g., there is a circuit pair
for which S~ 0.9 for one circuit and S~ —0.3 for the
other (note that —1/2 < § < 1). Figure 12(b) shows that
the spread in the differences between the observed polari-
zation of circuit pairs is largest for single-qubit circuits
(6 =0.147) and decreases as the number of qubits
increases (o6 = 0.052 for n = 4). The substantial variance
in observed polarization differences implies strongly struc-
tured errors, e.g., coherent errors. Even for perfect z, gates,
the value of each phase shift impacts how errors in other
gates propagate through a circuit [62,63].

3. Estimating the error rates of individual gates

A single MRB experiment is designed to estimate a
single error rate rq that quantifies the average rate at which
an n-qubit layer causes an error in Q-random circuits. But
we can also use MRB to extract information about the error
rates of particular layers. In Sec. VD, we present one
method for doing so—fitting to a depolarizing model. In
this appendix, we explain this method and present two
alternative methods. These methods are complementary, as
they trade off rigor for complexity. Note that one possible
method for estimating the error rates of individual gates
using MRB is to run an interleaved [42] version of MRB
(and interleaved standard RB has been previously used to
measure the error rate of a cS gate [34]). We do not explore
this here, although we note that interleaved MRB would
inherit all of the known problems with interleaved standard
RB [37,52].

a. Estimating gate error rates using
a varied-densities heuristic

MRB uses flexible sampling of the circuit layers, as each
composite layer is sampled from some distribution Q. By
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FIG. 12. Comparing the success rates of circuits that differ only by virtual phase gates. Our experiments are designed so that each
randomly sampled circuit containing ¢z and single-qubit Clifford gates [the ({cz}, C,) gate set] differs from a randomly sampled circuit
containing ¢z and Haar-random single-qubit unitaries [the ({cz}, SU(2)) gate set] only by the angles in its z, gates. Here, we compare
the observed polarization of each pair of circuits that differ only by the angles in these virtual z, gates. For many of these circuit pairs
(Cy,Cy), C; and C, have very different observed polarizations, meaning that they have very different success rates. (a) The observed
polarization for the ({cz}, SU(2)) circuits and their corresponding Clifford circuits. (b) The difference in observed polarization between

({cz},SU(2)) circuits and their corresponding Clifford circuits.

running MRB experiments with the same layer set L but
different sampling distributions {Q;,,, ...} over L, we
can (approximately) ascertain the average error rates of
different subsets of gates by applying basic linear algebra to
{rq,.rq,. ...} [5]. In our experiments, we run MRB for the
gate set ({cs, cs'}, SU(2)) with two different Q defined by
two different two-qubit gate densities: &= 1/2 and
& = 1/8. We focus on the three two-qubit sets of connected
qubits. Using Eq. (37), for each two-qubit subset Q, we

have that
<”1/2> <1/2 1/2>(€1>
ris)  \7/8 1/8)\e )’

where r: = r(Gy, {cs.cs'}, Q. £), ¢ is the infidelity of the
dressed layer consisting of dressed idles on each qubit in @,
and ¢, is the mean of the infidelities of G,-dressed cs and
cs' gates applied to the qubits Q. We solve these linear
equations to estimate ¢,, for all three connected qubit pairs.
These estimates are shown in Fig. 13(a), and we call this

method the two-densities heuristic, as it is based on the
approximate relation of Eq. (34) [64].

(ED)

b. Estimating gate error rates by fitting depolarizing
error models

The two-densities heuristic is built on the standard MRB
data analysis, which extracts a single error rate (rq) from
each MRB experiment design. But data from even a
single MRB experiment contains a lot more information
about each gate’s errors than is contained in rq; e.g., RB
data can contain sufficient information for complete

tomography [52,53]. In principle, this information can
be extracted by fitting error models to MRB data—as
demonstrated in simulations with two-qubit standard RB
[53]. However, fitting an error model to data typically
requires simulating the circuits under that error model, and
this simulation is, in general, exponentially expensive in the
number of qubits. Simplified, scalable approximations are,
therefore, useful. One model that satisfies these criteria is a
model in which each gate’s error is modeled by a single
error rate, and the error map for a layer of gates is a
depolarizing channel [7].

Our depolarizing model summarizes the errors in each
dressed one- and two-qubit gate (g) with a single, indepen-
dent error rate €. The error channel for each dressed n-qubit
layer L is modeled by an n-qubit depolarizing channel with
an infidelity e, given by e, =1 —[[ e (1 —¢,). This
means modeling the error channel for each dressed n-qubit
layer L by

D, lpl =rp+(1-7L) > (E2)

on ’

with

yL—ﬁ[MH(l—eg)—l} (E3)

geEL

This error model is illustrated in Fig. 13(b). We also
model the readout on each qubit with an independent
error rate €p;, where the readout error on an n-qubit
circuit is an n-qubit depolarizing channel with infidelity
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FIG. 13.

Fitting error models to MRB data and estimating gate error rates. We fit two types of error models to MRB data to estimate the

infidelity of individual circuit layers. (a) By running two MRB experiments with two different two-qubit gate densities &, we can
estimate the mean infidelity of a set of one or more two-qubit gates—here, cs and cs’—using basic linear algebra (see Appendix E 3 a).
We call this procedure the two-densities heuristic. The estimates of the average gate error obtained from the two-densities heuristic
(orange) are compared to independent estimates obtained from two more rigorous but more complex and computationally intensive
procedures: fitting each set of two-qubit MRB data to (i) a depolarizing model (light blue) and (ii) a stochastic Pauli errors model (dark
blue). (b) To fit a depolarizing model, we assign an error rate to each dressed layer and an error rate to each qubit’s readout. (c) To fit a
Pauli stochastic model, we assign a Pauli stochastic channel to each possible gate except the virtual z, gates and each qubit's readout.

eg = 1 = [Ipica(l —€g;). Under this error model, the
observed polarization of a circuit C = LyL,...L; is
S(C) = r(L1)r(L2)...y(La)r(R). (E4)
The parameters of this depolarizing model are a set of
error rates—an ¢, for each G;-dressed one- and two-qubit
gate g and an ey, for the readout on each qubit Qi. To
estimate these parameters, we use a least-squares fit of
Eq. (E4) to the observed polarizations of the MRB circuits.
We separately fit the parameters of the depolarizing model
to the data from MRB circuits on different numbers of
qubits (n =1, 2, 3, 4), so that we can study how the error
rates of the gates change with n, due to crosstalk errors.
Fitting Eq. (E4) to the data from two-qubit MRB circuits
results in estimates of the infidelity of each two-qubit
dressed layer containing a two-qubit gate from G, (and an
estimate for e, the dressed two-qubit idle). We can,
therefore, use these fits to compare to the two-densities
heuristic (above). Figure 13(a) compares the mean of the
entanglement infidelities of the dressed cs and cs' gates,
obtained from this fit, with the estimate from the two-
densities heuristic. The estimates of both methods are
between 1.1% and 1.5%, with the estimates differing by
0.5%-2.1%, which cross-validates the two methods.
Fitting Eq. (E4) to the data from four-qubit MRB circuits
provides estimates for the entanglement infidelities of all 15
dressed four-qubit layers used in our experiments. Figure 14
shows the estimated infidelity for each of the nine G, -dressed
layers that consist of a single dressed two-qubit gate applied

to one of the three connected qubit pairs (in parallel with
dressed idles on the other two qubits). These infidelities are
between 2% and 3.1%, and they vary between qubit pairs and
between gates (Cs, cs', and ¢z). We quantify the contribution
of crosstalk errors to these infidelities by also predicting the
infidelities of these four-qubit layers from the dressed gate
error rates obtained from fitting the depolarizing model to the
one- and two-qubit data. Shown in Fig. 14, these predicted
infidelities are smaller than those estimated from the four-
qubit data by up to 60%. Crosstalk errors are a large
proportion of the total infidelity in these four-qubit layers.

To validate our results, we compare the infidelities we
estimate to independent estimates obtained from an estab-
lished technique: cycle benchmarking [9], a technique for
estimating the infidelity of individual many-qubit gate
layers. Figure 14 shows that our estimates are broadly
similar to those obtained from cycle benchmarking, differ-
ing by at most 23%. Moreover, we expect only rough
agreement with the cycle benchmarking estimates, for two
reasons: (i) the cycle benchmarking experiments are
implemented on a different day (they are run immediately
after the gates are calibrated), and (ii) cycle benchmarking
estimates the error rate of layers that are dressed by random
Pauli gates (whereas our layers are dressed by Haar-random
gates or random single-qubit Clifford gates).

c. Estimating gate error rates by fitting
Pauli error models

Fitting data to an n-qubit depolarizing model is scalable,
but the actual error map for each layer is unlikely to be
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FIG. 14. Estimating the infidelity of dressed four-qubit layers. By fitting error models to MRB data, we can estimate the infidelity of
each G,-dressed layer used in the MRB circuits. Here, we show four different estimates of the infidelities of four-qubit layers containing
a single ¢s, ¢s', or ¢z gate on one of the three connected pairs of qubits. We fit a simple n-qubit depolarizing model to (i) the four-qubit
data and (ii) the one- and two-qubit data and use both models to estimate the infidelity of four-qubit G,-dressed layers. The estimates
from fitting to the one- and two-qubit data do not account for any additional crosstalk errors that occur in four-qubit layers, so the
additional error estimated when fitting to the four-qubit data is a quantification of crosstalk. We also fit a more sophisticated stochastic
Pauli error model to the four-qubit circuit data, resulting in comparable estimates to those obtained from the simple depolarizing model
(which uses a scalable, less computationally intensive analysis). To validate our results against an established technique, we compare to
infidelities independently estimated using cycle benchmarking [9]. We observe qualitative agreement. The cycle benchmarking
experiments measure the infidelities of layers dressed with one-qubit gates sampled from a different gate set (the Pauli group) to that
used in our MRB experiments [SU(2) or C,, the single-qubit Clifford group], and these experiments are implemented on a different day
than the MRB circuits, so exact agreement is not expected.
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FIG. 15. Comparing error models for two-qubit MRB data. For each pair of qubits we benchmark, we fit two error models, a
depolarizing error model and a Pauli stochastic error model, to the data from the two-qubit RB experiments. Here, we compare the
simulated observed polarization based on the fit models to the observed observed polarization for each circuit.
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FIG. 16. Comparing error models for four-qubit MRB data. We fit two error models, a depolarizing error model and a Pauli stochastic
error model, to the data from our four-qubit MRB experiments. Here, we compare the simulated observed polarization based on the fit
models to the observed polarization for each circuit. The mean-squared error in the observed polarization is approximately 40% smaller

for the Pauli stochastic model than the depolarizing model.

global depolarization. For example, a global depolarizing
channel causes highly correlated errors, whereas physically
we expect many errors to be local errors. We, therefore, fit a
more physically well-motivated model against which to
compare our estimates for each dressed layer’s infidelity.
Arbitrary Markovian errors on a set of n-qubit layers L can
be modeled by an n-qubit process matrix foreach L € L [1].
But each of these process matrices has O(16") parameters,
resulting in an infeasible number of parameters to estimate
when n = 4. Instead, we fit to a process matrix model of
reduced complexity. This error model is illustrated in
Fig. 13(c). We model the error in each one- or two-qubit
native gate (i.e., each Xz /2, €tC., not each dressed gate, or
each element of G,) by a one- or two-qubit stochastic Pauli
channel [Eq. (5)], respectively. We allow the Pauli error
rates {yp} to be gate and qubit dependent. We fix the error
rates of the z, gate on each qubit to zero (because it is a
virtual gate). We model state preparation error as a tensor
product of single-qubit stochastic Pauli channels before the
circuit, and we model measurement error as a tensor
product of single-qubit stochastic Pauli channels immedi-
ately before readout. We estimate the error rates of all gates
besides z, gates (Cz, ¢S, and ¢S’ on each of three qubit
pairs and X, , and idle on each of the four qubits) and on
state preparation and readout. We fit this model (which has

159 gate error parameters and 24 SPAM error parameters)
to the data from the four-qubit MRB circuits, using
maximum likelihood estimation.

The best-fit model contains a process matrix for each
gate present in our circuits. These process matrices imply
infidelities for each dressed layer. Figure 14 shows the
estimated infidelity for each of the nine four-qubit
G,-dressed layers containing a single two-qubit gate.
The estimates we obtain from the stochastic Pauli errors
model are comparable to those obtained from the depola-
rizing model. Maximum likelihood estimation of a Pauli
stochastic model using data from general circuits is
exponentially expensive in n (due to the circuit simulation
cost), whereas fitting a global depolarizing model is not.
Note, however, that there are a variety of powerful
techniques for efficient estimation of Pauli errors on
Clifford gates, using data from Clifford circuits [9-12]
(including a technique that uses data from Clifford ran-
domized mirror circuits [12]).

APPENDIX F: IBM Q DEMONSTRATIONS

The error rates from all of our MRB experiments on
ibmq_montreal are shown in Tables II and III. Calibration
data from the time of our demonstration is shown in
Table IV.
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TABLE II. Many-qubit MRB on IBM Q. The MRB error rates for every MRB experiment with n > 2 qubits we run on
ibmq_montreal. We benchmark a single-qubit subset Q containing n qubits for 13 exponentially spaced n.
Qubit subset ro
(Q0, Q1, Q2) 0.88(2)
(Q0, Q1, Q2, Q3) 1.39(3)
(Q0, Q1, Q2, Q3, Q4) 1.96(5)
(QO0, Q1, Q2, Q3, Q4, Q5) 2.53(6)
(QO, Q1, Q2, Q3, Q4, Q5, Q7) 3.36(8)
(QO, Q1, Q2, Q3, Q4, Q5, Q6, Q7) 6.7(3)
(QO, Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9) 8.4(4)
(QO0, QI, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11) 11.6(4)
(Q0, Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, Q12, Q13, Q14) 14.4(7)
(QO, Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, Q12, Q13, Q14, QI15, Q16, Q18) 20.4(6)
(Q0, Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, Q12, Q13, Q14, QI5, Q16, Q18, Q19, Q20, Q21) 23.6(9)
(QO0, QI, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, QI12, Q13, Q14, Q15, QI6, Q18, Q19, Q20, Q21, 28(1)
Q22, Q23, Q24, Q25)
(Q0, Q1, Q2, Q3, Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, Q12, Q13, Q14, QI15, Q16, Q18, Q19, Q20, Q21, Q22, 27.909)

Q23, Q24, Q25, Q26)

TABLE III.  One- and two-qubit isolated and simultaneous MRB on IBMQ. We perform simultaneous one-qubit
MRB on all 27 individual qubits of ibmq_montreal. We also perform simultaneous two-qubit MRB on each
connected qubit pair of IBMQ Montreal, in eight groups. We run isolated MRB experiments on five qubit pairs to
compare the error rates from simultaneous and isolated two-qubit mirror RB. Isolated MRB experiments have an
error rate approximately 50% smaller than simultaneous MRB experiments.

Qubit subset rq (isolated MRB) rq (simultaneous MRB)
Q0 0.103(3) 0.104(2)
Ql 0.113(3)
Q2 0.106(2)
Q3 0.105(1)
Q4 0.087(2)
Q5 0.113(3)
Q6 0.33(1)
Q7 0.38(1)
Q8 0.19(1)
Q9 0.149(2)
Q10 0.30(1)
Ql1 0.135(3)
Q12 0.165(6)
Q13 0.118(4)
Ql4 0.106(3)
Q15 0.208(7)
Ql6 0.30(2)
Q17 0.127(3)
Q18 0.31(1)
Q19 0.148(4)
Q20 0.097(2)
Q21 0.205(7)
Q22 0.118(3)
Q23 0.140(5)
Q24 0.121(2)
Q25 0.391(9)
Q26 0.168(2)

(Table continued)

041030-34



DEMONSTRATING SCALABLE RANDOMIZED BENCHMARKING ... PHYS. REV. X 13, 041030 (2023)

TABLE IIL. (Continued)

Qubit subset rq (isolated MRB) ro (simultaneous MRB)
(QO0, Q1) 0.418(5) 0.82(2)
(Q24, Q25) 2.7(1)
(Q14, Q16) 1.23(5)
(Q18, Q21) 1.61(7)
(Q3, Q5) 0.389(5) 0.75(2)
(Q4, QN 1.26(4)
(Q12, Q15) 0.99(3)
(Q19, Q20) 0.72(1)
(Q1, Q2) 0.81(2)
(Q12, Q13) 0.92(3)
(Q22, Q25) 3.15(1)
(Q2, Q3) 0.64(1)
(Q8, Q9) 0.499(8) 0.85(2)
(Q25, Q26) 1.95(6)
Q1, Q4 1.34(3)
(Q6, Q7) 3.31(3)
(Q15, Q18) 1.98(7)
(Q23, Q24) 1.19(2)
(Q7, Q10) 1.30(4)
(Q11, Q14) 0.98(2)
(Q16, Q19) 0.77(2) 1.74(6)
(Q21, Q23) 1.45(6)
(Q8, Q11) 1.10(4)
(Q10, Q12) 0.66(1)
(Q19, Q22) 0.78(2)
(Qs, Q8) 1.00(4)
(Q17, Q18) 0.530(8) 1.29(5)
(Q13, Q14) 0.79(2)

TABLE IV. IBMQ Montreal calibration data. Calibration data from ibmq_montreal from the time of our MRB
demonstrations (September 7, 2021).

Frequency = Anharmonicity Readout Pr (prep 1, Pr (prep O, Readout

Qubit T, (us) T, (us) (GHz) (GHz) error measure 0) measure 1) length (ns)
Q0 99.80 29.03 491 -0.34 0.010 0.015 0.005 5201.78
Q1 159.43 24.69 4.83 -0.32 0.015 0.024 0.005 5201.78
Q2 88.31 107.64 4.98 -0.34 0.016 0.019 0.013 5201.78
Q3 65.10 68.28 5.10 -0.34 0.010 0.011 0.009 5201.78
Q4 128.29  147.35 5.00 -0.34 0.013 0.017 0.008 5201.78
Q5 68.79  100.11 5.03 -0.34 0.013 0.015 0.011 5201.78
Q6 161.18 23.97 4.95 -0.39 0.063 0.060 0.066 5201.78
Q7 141.25 101.48 491 -0.32 0.063 0.061 0.065 5201.78
Q8 78.10 117.90 491 -0.32 0.017 0.020 0.014 5201.78
Q9 96.97 101.53 5.04 -0.34 0.009 0.013 0.006 5201.78
Q10 120.94 86.65 5.08 -0.34 0.009 0.014 0.004 5201.78
Ql1 162.14 46.60 5.03 -0.34 0.015 0.013 0.018 5201.78
Q12 127.39  172.19 4.97 -0.32 0.015 0.025 0.005 5201.78
Q13 119.46 68.34 4.87 -0.34 0.008 0.012 0.004 5201.78
Q14 130.38 105.47 4.96 -0.32 0.009 0.013 0.005 5201.78
Q15 108.30 78.65 5.03 -0.34 0.016 0.024 0.008 5201.78
Qlo6 98.09 44.07 5.09 -0.34 0.014 0.023 0.004 5201.78
Q17 119.27 116.98 5.07 -0.34 0.013 0.015 0.010 5201.78
QI8 87.46 31.94 4.98 -0.33 0.029 0.038 0.020 5201.78

(Table continued)
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TABLE 1V. (Continued)

Frequency  Anharmonicity Readout Pr (prep 1, Pr (prep O, Readout
Qubit T, (us) T, (us) (GHz) (GHz) error measure 0) measure 1) length (ns)
Q19 116.18  164.59 4.98 -0.32 0.010 0.014 0.007 5201.78
Q20 131.79  148.40 5.08 -0.34 0.006 0.008 0.005 5201.78
QI21  131.59 51.46 5.07 -0.31 0.018 0.023 0.014 5201.78
Q22 77.81  145.47 5.06 -0.34 0.019 0.028 0.010 5201.78
Q23 146.96 63.95 4.97 -0.34 0.009 0.015 0.003 5201.78
Q24 121.03 70.31 5.05 -0.34 0.018 0.024 0.012 5201.78
Q25 30.19 38.93 493 -0.32 0.026 0.043 0.009 5201.78
Q26 66.93  127.66 5.00 -0.34 0.013 0.022 0.005 5201.78
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