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Symmetry Classification of Many-Body Lindbladians: Tenfold Way and Beyond
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We perform a systematic symmetry classification of many-body Lindblad superoperators describing
general (interacting) open quantum systems coupled to a Markovian environment. Our classification is
based on the behavior of the many-body Lindbladian under antiunitary symmetries and unitary involutions.
We find that Hermiticity preservation reduces the number of symmetry classes, while trace preservation
and complete positivity do not, and that the set of admissible classes depends on the presence of additional
unitary symmetries: in their absence or in symmetry sectors containing steady states, many-body
Lindbladians belong to one of ten non-Hermitian symmetry classes; if however, there are additional
symmetries and we consider non-steady-state sectors, they belong to a different set of 19 classes. In both
cases, it does not include classes with Kramers degeneracy. Remarkably, our classification admits a
straightforward generalization to the case of non-Markovian, and even non-trace-preserving, open quantum
dynamics. While the abstract classification is completely general, we then apply it to general (long-range,
interacting, spatially inhomogeneous) spin-1/2 chains. We explicitly build examples in all ten classes
of Lindbladians in steady-state sectors, describing standard physical processes such as dephasing, spin
injection and absorption, and incoherent hopping, thus illustrating the relevance of our classification for
practical physics applications. Finally, we show that the examples in each class display unique random-
matrix correlations. To fully resolve all symmetries, we employ the combined analysis of bulk complex
spacing ratios and the overlap of eigenvector pairs related by symmetry operations. We further find that
statistics of levels constrained onto the real and imaginary axes or close to the origin are not universal due to
spontaneous breaking of Lindbladian PT symmetry.
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I. INTRODUCTION

The interplay of symmetries, correlations, and dynamics
lies at the heart of our understanding of complex interacting
quantum many-body systems. It provides a compact and
powerful framework for obtaining universal information
not otherwise available for generic quantum systems.
Hamiltonians are classified by a reduced number of global
antiunitary symmetries and unitary involutions. The behav-
ior under time-reversal, particle-hole, and chiral symmetry
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places them in one of the ten celebrated Altland-Zirnbauer
classes [1]. In turn, the Bohigas-Giannoni-Schmit conjec-
ture [2] states that, if the system is chaotic, the Hamiltonian
displays the statistical behavior of a random matrix from
the same symmetry class. Finally, the correlations of
random matrices are universal and solely determined by
its symmetry class: level repulsion is a direct measure of the
system’s behavior under time reversal, while the spectral
density close to the origin is determined by particle-hole
and chiral symmetry [3-5]. Quantities such as conductance
fluctuations in disordered electronic systems can thus be
inferred solely from the knowledge of invariance under
simple symmetry transformations [1].

Recent years have seen a revival of interest in non-
Hermitian physics [6], which is of relevance, for instance, in
PT-symmetric, dissipative, and monitored quantum dynam-
ics, and also in classical and optical setups. However, the
study of symmetries and correlations of non-Hermitian
quantum matter is much less developed than its Hermitian
counterpart. Non-Hermiticity bifurcates time-reversal and
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particle-hole symmetries into two distinct types each,
while pseudo- and anti-pseudo-Hermiticity are additional
transformations of the Hamiltonian. The symmetry clas-
sification of non-Hermitian Hamiltonians was only
recently settled [7,8], when it was found that there are
38 non-Hermitian symmetry classes, the so-called
Bernard-LeClair classes [9], for point-gap spectra (i.e.,
spectra that can be freely rotated in the complex plane)
and 54 classes [6,10] for line-gap spectra (which cannot).
Similarly to the Hermitian case, there are three classes of
universal bulk level repulsion [11], determined by the
behavior under transposition. Long-range correlations
can be understood in terms of the dissipative spectral
form factor [12—14] and its local deformations [15]. The
statistics on, or near, the real axis for real asymmetric
matrices are also well understood [16-18]. In general,
analytical results are only available for the three standard
and the three chiral Ginibre classes [19-25], although
there is an increasing body of numerical results for the
many other classes [26-31].

Perhaps more importantly, non-Hermitian Hamiltonians
provide an effective description of open quantum dynamics
only when quantum jumps can be neglected, for instance,
for short times or postselecting jump-free quantum trajec-
tories. A complete description of an open quantum system
coupled to a Markovian (i.e., memoryless) environment
must go beyond the non-Hermitian Hamiltonian descrip-
tion, and one should consider systems evolving under
the action of Liouvillian superoperators of Lindblad
form [32-34] (Lindbladians for short). It is a question of
fundamental interest to find out how many symmetry
classes can be realized by many-body Lindbladians,
which are far more constrained than arbitrary non-
Hermitian Hamiltonians, specifically by the conservation
of trace, Hermiticity, and (complete) positivity. In other
words, we ask to which subset of the 54-fold classification
do physical open quantum systems belong. Lieu et al. [35]
used causality arguments to argue that there are also ten
classes of single-particle spectra of noninteracting (quad-
ratic) Lindbladians. However, they did not consider
shifting the spectral origin, which avoids the causality
restrictions, as pointed out by Kawasaki et al. [36]. Once
this possibility is accounted for, all 54 classes of non-
Hermitian Hamiltonians can be implemented at the level of
single-particle spectra. The importance of the shift of the
spectral origin, and the associated spectral dihedral sym-
metry, was already noted for many-body Lindbladians by
one of us in Refs. [37,38], but a symmetry classification
was not put forward.

In this paper, we take this fundamental step and show
that many-body Lindbladians possess a rich symmetry
classification: in the absence of unitary symmetries or in
symmetry sectors containing the steady state(s), they
belong to one of ten non-Hermitian symmetry classes;
if however, there are additional unitary symmetries and we

consider non-steady-state sectors, they belong to a differ-
ent set of 19 classes. Remarkably, our classification
does not include any classes with Kramers degeneracy.
It is remarkable to observe that the number of distinct
symmetry classes of Lindbladian dynamics in symmetry
sectors that contain the steady state(s) is exactly the same
(ten) as the number of distinct Altland-Zirnbauer sym-
metry classes of Hermitian steady-state density operators,
although the precise correspondence remains to be
understood.

Our work is qualitatively different from the previous
attempt at a symmetry classification of fermionic open
quantum matter by Altland et al. [39], on the level of both
generality and abstraction. Specifically, Ref. [39] consid-
ers the invariance of the dynamics under linear or anti-
linear and canonical or anticanonical transformations of
fermionic creation and annihilation operators, while our
transformations apply to any kind of Hilbert space
(including second-quantized Lindbladians in Fock space)
and are defined by general transformation properties of
the matrix representation of the Lindbladian. As such, our
classification scheme accurately captures many-body
spectral and eigenvector properties, as relevant, e.g., for
quantum chaos.

The goal of this paper is threefold. First, we establish
the symmetry classification of many-body Lindbladians
and determine conditions that the Hamiltonian and jump
operators must satisfy in a given class (Sec. II). Second,
we propose several experimentally realizable examples of
physical Lindbladians belonging to the full Lindbladian
tenfold way (Sec. III), illustrating the practical relevance
of our abstract classification. Third, we advance the under-
standing of non-Ginibre random-matrix ensembles, by
proposing the eigenvector overlap matrix [40] as a detector
of antiunitary symmetries and studying its statistical
properties (Sec. IV). Specifically, we demonstrate that
the overlap matrix element between symmetry-related
eigenstates together with the complex spacing ratio [41]
provides a unique indicator for the classification.

II. LINDBLADIAN SYMMETRY CLASSIFICATION

A. Matrix representation of the Lindbladian

We consider the quantum master equation for the
system’s density matrix, d,p = Lp, where the Liouvillian
superoperator is of the Lindblad form,

M
Lp=—i[H.pl+ > (LupLy —{LiLy.p}), (1)

m=1

with Hamiltonian H and M traceless jump operators
L,, m=1,....M acting over a Hilbert space H. The
Lindbladian admits a matrix representation (vectorization)
over a doubled Hilbert space H ® H (the so-called
Liouville space), L=Ly+Lp+L;, where the
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Hamiltonian, dissipative, and jump contributions are,
respectively, given by

Ly=-iH®1-1Q H*), (2)
M M .
Lp= _<Z LyL,®1+1® Z(L,‘an)*>, (3)
m=1 m=1

M
L;=2Y L,®L;. (4)

m=1

()* denotes complex conjugation in a matrix representation
with respect to a fixed basis of H (or H @ H). We see
below that the three contributions have different trans-
formation properties. We further define the traceless shifted
Lindbladian [37],

T TrL),L
_ I",C_ _2Zm r m (5)

L =L-al. a=-—== ’
“ AT T Trl

where Z = 1 ® 1 is the identity operator over the Liouville
space. As we show below, the symmetry classification of
Lindbladians is necessarily formulated in terms of £’.

B. Superoperator symmetries

Just as for the Hamiltonian case, the symmetry classi-
fication of the Lindbladian follows from the behavior of its
irreducible blocks under involutive antiunitary (superoper-
ator) symmetries. More precisely, if there is a unitary
superoperator U/ that commutes with the Lindbladian £,

ULU™ =L, (6)

we can block diagonalize (reduce) £ into sectors of fixed
eigenvalues of Y. For the moment, let us assume no such
unitary symmetries exist and the Lindbladian is irreducible;
we consider unitary symmetries in Sec. Il D. We look for
the existence of antiunitary superoperators 7 ;, such that
L satisfies

T LT =+L, T2 = +1, (7)

T LT =-L, T2 = +1. (8)
Since £ is non-Hermitian, it can also be related to its
adjoint through antiunitary superoperators. To this end, we
look for the existence of antiunitaries C, implementing:

C.LiCT =+L£, ==+l 9)

c.Lic' =-£, =+l (10)

We need not consider the existence of more than one
antiunitary of a given kind, since their product is unitary

and commutes with £ while we assume £ to be irreducible.
On the other hand, the combined action of antiunitaries of
different types gives rise to new unitary involutions. In the
absence of antiunitary symmetries, these unitary involu-
tions can still act on their own and we look for unitary
superoperators P and Q., such that £ transforms as

PLP =—£, P2=1, (11)
Q.L107' =4+£, Q2 =1, (12)
Q Lot =-L, Q2 =1. (13)

Furthermore, the unitary involutions can either commute
or anticommute with each other and with the antiunitary
symmetries; that is,

PT =eprTP, PC = epcCP, (14)
o7 = GQTTQ, QC = GQCCQ’ (15)
QP = €7JQPQ, (16)

where alle = +1and 7, C, and Q canbe one of 7, C_, or
Q., respectively. Only three of the ¢ are independent, say,
€pr, €97, and epg. The remaining two are determined by
€pc = €EpQ€pT and €oc = €97-

The symmetries of Eqgs. (7)—(13) describe two indepen-
dent flavors of time-reversal (7", and C, ) and particle-hole
(7 _ and C_) symmetries, chiral or sublattice symmetry (P)
and pseudo- and anti-pseudo-Hermiticity (Q, and O_).
In the Bernard-LeClair classification scheme [9], 7, are
referred to as K symmetries, C; as C symmetries, P as P
symmetry, and Q, as Q symmetries. Carefully accounting
for all inequivalent combinations of independent sym-
metries, the values of the square of the antiunitary sym-
metries, and the commutation or anticommutation relations
of the unitary involutions gives 38 non-Hermitian sym-
metry classes [7-9,42] for point-gap spectra and 54 classes
for line-gap spectra [6,10]. In the Hermitian case, the
classification simplifies to the symmetries of Egs. (7), (10),
and (11), and leads to the tenfold classification of Altland
and Zirnbauer [1].

C. Lindbladians without unitary symmetries

The spectrum of the Lindbladian cannot be freely rotated
since there is a preferred axis of symmetry (the negative
real axis), and hence Lindbladians belong to one of the 54
line-gap spectra classes. However, not all these symmetry
classes can be realized in Lindbladian dynamics because of
the special structure of the Lindblad superoperator.

First, we notice that because £ preserves the Hermiticity
of the density matrix, (Lp)" = Lp", the eigenvalues of £
come in complex-conjugate pairs and we always have a 7
symmetry squaring to +1, given by Eq. (7) with 7, = S,
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where /C is the complex-conjugation superoperator defined
by Kp = p* and KLK™! = L*, and the SWAP operator S
exchanges the two copies of the doubled Hilbert space,
S(A ® B)S = B ® A for any operators A, B, and satisfies
8% = +1. Obviously, the same conclusion holds for the
shifted Lindbladian £'. There are 15 symmetry classes out
of the 54 that satisfy 72 = +1 (dubbed Al, AL, AL,
BDI', DIII', BDI, CI, BDI,,, BDI._, BDI_,, BDI__,
CIL,_, CI.,, CI__, and CI_,). Second, a transposition
symmetry C, is also allowed and determines the bulk level
repulsion [11].

By considering the bare Lindbladian £, it would seem
we have exhausted the possible symmetries. Indeed,
because L is trace preserving and completely positive,
its spectrum always has a zero eigenvalue (corresponding
to the steady state) and the remaining eigenvalues have
nonpositive real parts, which forbids any possible sym-
metries that reflect the spectrum across either the origin or
the imaginary axis [43], i.e., 7 _ and C_. On the other hand,
the spectrum of the shifted Lindbladian £’ is centered at the
origin and there are eigenvalues with both positive and
negative real parts. Hence, both 7_ and C_ are allowed
symmetries of £'. This is an immediate consequence of the
well-known fact that while the involutive symmetries are
usually stated as in Egs. (7)—(13), they need only hold up to
addition of multiples of the identity. For instance, we can
modify Eq. (8) to

T_LTZ'=-L + 207, (17)

for some real constant a. If we take a to be as defined in
Eq. (5), the previous equation can be rewritten as a standard
symmetry condition for £’:

T LT =L, (18)

The C_, P, and Q_ symmetry transformations in
Egs. (10), (11), and (13) have to be redefined in the same
way. On the other hand, no redefinition of 7, C,, and Q
symmetries is necessary, as we can trivially add —aZ to
both sides of Egs. (7), (9), and (12) to rewrite them in terms
of L£'. The possibility of shifting the spectrum is usually
ignored because shifts in energy are irrelevant; i.e., we can
always choose Hamiltonians to be traceless. However, the
trace of the Lindbladian is not arbitrary and generalized
transformations in terms of £’ have to be considered.
Before proceeding, we note that instead of organizing the
15 classes in terms of the antiunitary symmetries present
besides the 7, symmetry, it will also prove convenient to
alternatively label a class by its unitary involutions P and
Q.. This also offers a check on our counting of the classes:
there is one class with no unitary involutions; if there is one
additional unitary involution, it can be either P, O, or Q_,
and in each case it can either commute or anticommute
with 7, i.e., 3 x 2 = 6 classes; if two additional unitary

involutions are present we can, without loss of generality,
consider them to be P and Q (the other two combinations
are obtained by taking one of P or Q_ and their product as
the two independent involutions, since the product PQ, is
a Q_ symmetry), which either commute or anticommute
with each other and with 7, i.e., 2 x 2 x 2 = 8 classes;
there is no class with the three involutions since the product
PO, Q_ is a unitary symmetry commuting with the
Lindbladian, which we assume not to exist; in total, we
thus have 1 +6+ 8+ 0 =15 classes. The P and O,
symmetries of the Lindbladian then induce antiunitary
symmetries through the relations

T_=PT,, C.=9Q 7T, and C,=9.T,. (19)
Furthermore, the square of the antiunitary symmetries and
the commutation relations of the unitary involutions are
related by

T2 =epr, T3, (20)

Czi = GQiT,T%,- = GPT+€Q¥T+€PQ¥T%,-- (21)

These two ways of labeling symmetry classes are equiv-
alent and are used interchangeably in what follows. In the
remainder of this section and in Sec. III, we use the
unitary involutions, while the discussion of random
matrix universality in Sec. IV is based on antiunitary
symmetries.

One might be tempted to conclude that no further
restrictions on the symmetries of £’ exist and, thus,
that there are 15 symmetry classes of many-body
Lindbladians. However, the Lindbladian is not an arbi-
trary superoperator with 72 = 1 symmetry, and has an
additional structure in terms of the Hamiltonian and jump
operators. In Sec. ITE, we derive the conditions these
operators must satisfy in order to implement a super-
operator symmetry of the Lindbladian. Based on these
conditions, in Sec. IIF we argue that, remarkably, a
C2 = —1 symmetry is not allowed. Since there are five
classes out of the 15 (DIIIT, BDI,_, BDI__, CI,,, and
CI_,) with C> = —1, a Liouvillian without unitary sym-
metries belongs to one of ten non-Hermitian symmetry
classes, which are listed in Table I together with their
defining relations and matrix realizations.

D. Lindbladians with unitary symmetries

Let us now consider the consequences of a unitary
symmetry {{ commuting with the Lindbladian. These
symmetries come in two types [44] (strong and weak).
If the Hamiltonian and jump operators jointly satisfy the
symmetry relations,

u,H =[u,L,] =0, m=1,...M, (22)
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TABLE I.  Non-Hermitian symmetry classes with 72 = +1 and C2 # —1, which can realized by Lindbladians with unbroken 7
symmetry. For each class, we list its Bernard-LeClaire (BL) symmetries, the nomenclature following Ref. [7], the squares of its
antiunitary symmetries, its unitary involutions and their commutation relations [as defined in Eqgs. (14)—(16)], and an explicit matrix
realization. In the second column, we have adopted a shorthand notation, where the commutation relations of P symmetry are indicated
with a subscript in the class name (class AL, say, is denoted Al + S, in Ref. [7]). Moreover, these class names are not unique (for
instance, class Al is also known as D, and class BDI_ Las CIL, DII__, or BDIL [71). In the matrix realizations of the last column, A,
B, C, and D are arbitrary non-Hermitian matrices unless specified otherwise and empty entries correspond to zeros.

BL symmetry Class 735 C2 Ci T2 epr. €97, €971, €po, €po Matrix realization
1, K Al 41 A=A
2, PK Al 1 - o 41 ( B) A= A"
A "B=B*
3, PK AL 41 - o =1 -1 ( A*)
A
4, QC BDIT  +1 -+ +1 - .- +1 A B A=AT=A*=AT
(BT C)’B:_B*
C=C'=Cc=CT
5, QC BDI +1 +1 +1 A B A=-AT=-AT = A*
(—BT C)’ -5
C=-C=-Cl=c*
6, QC CI +1 -1 -1 (A B)A:A*
-B* -A*)"B=BT
7, PQC BDI,, +1 +1 41 +1  +1 +1 +1 A B\ A=A"
C D| B=-B
AT CT "C=-C
BT DT D = D*
8, PQC BDI_, +1 +1 +1 -1 -1 +1 -1 A I
(AT )’A:A
9, PQC Cl,_ +1 -1 +1 +1 +I1 +1 ~1 ( A) A=AT=AT = A*
B "B=B'=BT =p*
10, PQC Cl_ +1 -1 +1 -1 -1 +1 +1 A B
BT C | A=AT
A* _B* ’C*CT
-B"  C*

then both unitary superoperators,

U, =u®T and Urp=1Q u*, (23)
commute with the Lindbladian and we refer to them as a
Liouvillian strong symmetry [44]. There are n quantum
numbers in each copy in the doubled Liouville space
'H ® H (where n denotes the number of distinct eigenvalues
of u), which are conserved independently. The Liouville
space thus splits into n? invariant subspaces (symmetry
sectors) and there are generically n distinct steady states, one
in each diagonal sector with equal quantum numbers in the
two copies.

If the relations of Eq. (22) are not all satisfied simulta-
neously, but

UZULUR:u®u* (24)

still commutes with £’, we call it a weak Liouvillian
symmetry [44]. There are between n and n(n — 1) invariant
subspaces (depending on the precise form of the symmetry u)
and generically a single steady state (in the symmetry sector
with eigenvalue 1). For additional details, see Ref. [44].

We block diagonalize £', such that each block has a well-
defined eigenvalue of ¢/ (weak symmetry) or U, , Uy (strong
symmetry). For a given block to belong to a certain symmetry
class, the antiunitary symmetries 7, and C,. and the unitary
involutions P and Q. defining that class must act within the
block; i.e., they must commute with the projector onto that
block. If they mix different blocks (because they connect
eigenstates in different symmetry sectors), the superoperator
symmetry is broken in those blocks, although the full
Lindbladian possesses the symmetry.

Following the previous considerations, we immediately
conclude that the presence of commuting unitary sym-
metries enriches the symmetry -classification of the
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Lindbladian and allows us to go beyond the tenfold
classification: if the 7 = KS symmetry is broken by U/
and no other independent 7, symmetry is realized, the
irreducible block of the Lindbladian belongs to one of 19
symmetry classes with no 7, and C3 # —1. Note that the
same arguments put forward in Sec. IIF that prohibit a
C2 = —1 symmetry also preclude a 72 = —1 symmetry.
Moreover, in these classes, because of the absence of 7
symmetry, the existence of a P or Q. symmetry is
independent of the existence of a 7_ or C, symmetry,
respectively, and, therefore, a careful counting leads to 19
independent symmetry classes. Remarkably, the projection
of the Lindbladian into a symmetry sector that contains a
steady state (eigenvalue zero) always preserves the 7
symmetry, as we discuss in detail below for the two cases of
strong and weak symmetries. 72 = +1 symmetry is only
broken in the blocks without the steady states (i.e., without
the eigenvalue zero), which correspond to short-lived
transient dynamics. We thus reach the conclusion that
many-body Lindbladians admit a (10 + 19)-fold symmetry
classification: in the absence of unitary symmetries or in
the presence of unitary symmetries in all symmetry sectors
containing the steady state(s), the Lindbladian belongs
to one of ten non-Hermitian symmetry classes with
T 2+ = +1; if, however, there are additional unitary sym-
metries and we consider non-steady-state sectors, the
Lindbladian may belong to a different set of 19 classes
with broken 7, symmetry.

The simplest way to break 7, symmetry occurs when U
and 7, K do not commute, and hence do not share a
common eigenbasis. As an example, we mention the case
of a Liouvillian strong symmetry: since the transformation
acts as a symmetry of each copy of Hilbert space indi-
vidually, by definition it does not commute with the SWAP
operator implementing the 7, symmetry. Then, the 7 is
unbroken in the blocks with the same quantum number in
both copies (the blocks containing the n steady states) and
is broken in the remaining.

However, even if 7 ,K and U commute, the 7
symmetry can be broken if 7, does not commute with
the projector onto a specific subspace. Since U/ has complex
unimodular eigenvalues and the 7, symmetry involves
complex conjugation, states in the sector with quantum
number e are transformed into states in the sector with
quantum number e~ under the action of 7 ,. The 7,
symmetry is preserved in the sectors with quantum
number +1 and broken in all others. The sector with
quantum number +1 always exists (and contains the steady
state) [44], while the additional 7 -unbroken sector with
eigenvalue —1 might or might not exist (it does for a Z,
symmetry, which will be relevant below).

Before concluding this section, let us briefly comment on
the impossibility of implementing a Lindbladian class with
C% = —1. Indeed, as we show in Sec. I F, the existence of a
C2 = —1 symmetry always requires the presence of a

strong symmetry. Moreover, we also show that, under
quite general conditions, the C2 = —1 symmetry, when it
exists, always breaks the strong symmetry it induces.
Therefore, even when a C2 = —1 symmetry exists (with
physical consequences such as Liouvillian or open system
version of Kramers degeneracy [45]), it does not define a
symmetry class with C2 = —1 (which has consequences,
for instance, for level statistics). The same argument also
implies thata 72 = —1 symmetry cannot exist. Hence, if a
unitary symmetry breaks the 7. = KS symmetry, an
alternative 72 = —1 symmetry cannot be implemented,
supporting our counting of 19 classes above.

In summary, many-body Lindbladians have a tenfold
classification in the absence of unitary symmetries. The
presence of the latter allows for 19 additional classes
beyond the tenfold way. Since the Lindbladian is specified
in terms of its Hamiltonian and jump operators, it is
natural to ask what conditions these operators must satisfy
for the Lindbladian superoperator to belong to one of the
classes discussed above. We address this question in the
next section.

E. Conditions on the Hamiltonian
and jump operators

In this section, we derive sufficient operator conditions for
inducing superoperator symmetries of the Lindbladian. We
see that these conditions are different for the three contri-
butions to the Lindbladian, Ly, £y, and £;. We state the
conditions in terms of the unitary involutions P and Q.. As
mentioned above, they could be alternatively expressed in
terms of the antiunitary symmetries 7 _ and C,.

1. Jump term

To impose superoperator P and Q. symmetries on L,
we impose operator P and Q. symmetries on the jump
operators. Since we always work with traceless jump
operators, we do not need to consider the symmetries of
the shifted jump operators. Furthermore, we do not require
that each L,, transforms to itself under the symmetries, only
that the complete set of jump operators is closed under it.
More precisely, we consider L,, that satisfy

M
pa mPa *epazpmnl‘na

n=1

pi=+1, (25)

QaLL Z an ns q% =+1, (26)

where a = 1, 2, €,,¢L, = 1, p, and ¢, are unitary and
Hermitian, and P and Q are M x M unitary Hermitian and
unitary symmetric matrices, respectively. Note that the
index a allows for more than one symmetry of each type,
but that it is also possible that only one exists, in which
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case p; = p, or q; = g,. Next, we define the unitary
superoperators:

Pab = Pa ® pz’ ,Pib = +1’ (27)

Qab =44 ® q;;, ng =+1. (28)

It is straightforward to check that P, acts as either a
commuting, unitary, or an anticommuting, chiral, sym-
metry of £; [defined in Eq. (4)]:

,Pab’cltpg}f = ZZ(pa ® pZ)(L ® L%)(pa ® PZ)

L L
2€pa€pb§ P,..P;,

mnp

oLy ® LY
= che bﬁj, (29)

where we use Eq. (25) and the unitarity of P. If ¢}, = €%;,,
P, acts as a commuting unitary symmetry of L;; if
€pa = —€hy, it acts as a chiral symmetry.

Similarly, we can show that Qab acts as a Q. symmetry
of £;, depending on the signs €%, f]b: if ef, = €Ly, Qup

acts as a Q symmetry; if €5, = —¢ gp» 8 @ Q_ symmetry.
2. Dissipative term
The conditions of Eq. (25) and (26) are not enough to
generate symmetries of L. For instance, a chiral symmetry
Pa» Eq. (25), does not modify the term Y, Li,L

Pa (ZLLLm> Pa' = palhpa' PaLnpi!
m m
=+> LiLy. (30)
and, hence,
PahﬁD,P;g = +£D’ (31)

i.e., the condition of Eq. (25) only leads to a commuting
unitary symmetry of Lp, not to a chiral symmetry. To
generate a P symmetry, we have to require that the jump
operators additionally satisfy

& a
LhL =——1, 32

where a is defined in Eq. (5). In that case, Eq. (31) reads as

Pab‘cDP;[l = _‘CD -+ 20{1 < PabCID a_bl = —£ID, (33)
in accordance with Eq. (17). Note that, for this particular
symmetry only, we actually have £}, =0. We thus see
that it is the dissipative contribution that forces us to

consider the symmetries of the shifted Lindbladian. One
particular way of satisfying Eq. (32), which we encounter
in the examples below, is to have each jump operator
individually satisfy

LiL, = —%’"u, (34)

for some a,, € R.
Similarly, we can see that a pseudo-Hermiticity trans-

formation, Eq. (26), transforms the term Zm LLLm as

qa (ZmLLLmyq; P= LuLh, (35)

and hence we must impose a condition on the commutator
or anticommutator of L,,. If we impose that

> AL} Ly} = —al. (36)

then 9, acts as a Q_ symmetry:
QuLlpt Q) = —Lp+2aT & QL0 = =L}, (37)

Again, it will often prove convenient for each jump
operator to satisfy this condition individually; i.e.,

{Lm, m} = _a/mﬂ’ (38)

for some ), € R. If we instead impose that

> L. L] =0 (39)
(or [L,,, L}] = 0 for each jump operator), then Q,,;, acts as
a Q, symmetry, QL] b = Lp-

3. Hamiltonian term

Finally, we address the conditions one has to impose
on the Hamiltonian such that Ly possesses P and Q.

symmetries. We start from the symmetries of the
Hamiltonian:
paHpZ' = €y H, (40)
anCIa = ean (41)

Note that for the full Lindbladian to satisfy a superoperator
symmetry, the matrices p, and g, have to be the same
as those in Egs. (25) and (26). Under the action of the
superoperator P, Ly transforms as

,Pab‘CH,P;l} = _i[paHp_l ® 1-1 ® ( prgl)*]
=—i(el,H® 1 —eHbﬂ ® H*). (42)
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H

For P, to be a symmetry of L, we must have e’,}'a = €pp-

Then, if e}, = e]’fb = —1, we have
PulyPl=i(HR1-1Q H*)=—Ly; (43)

ie., P, acts as a ‘P symmetry, while if e,’,’a = ellf,} = +1, it
acts as a commuting unitary symmetry.

Proceeding analogously for the pseudo-Hermiticity
transformations, we find €, = efﬁ,. If el = efb =1,
then Q,, acts as Q, symmetry, and if e}, = e} = +1,
it acts as a Q_ symmetry.

Finally, we note that in the case of real Hamiltonian
and jump operators, we can define a modified super-
operator Q,, = Q,,S whose action on Ly is reversed:
if eff, = ef;b = +1, Q,p isa Q. symmetry, whileitisa Q_
symmetry if e}, = e/, = —1. Similarly, if the Hamiltonian
is real and the jump operators are symmetric, we can define
Pup = PaupS, such that if eff, = ey = +1, P is a P
symmetry of L, while it is a commuting unitary symmetry
when €}, = €fl, = —1. In either case, the action on £, and
Lp is not modified.

F. Absence of C% = —1 symmetry
and Kramers degeneracy

We now show that, under fairly general conditions,
classes with C2 = —1 do not exist in the Lindbladian
classification. The proof proceeds in two steps. First, we
show that, because of the two-copy tensor-product structure
of the Lindbladian, a C2 = —1 symmetry always implies
the existence of a Liouvillian strong symmetry. Then, we
show that, by construction, the C:=-1is always broken
by the strong symmetry it induces. As a consequence, if
degenerate Kramers pairs exist, they do not occur in the
same symmetry sector, and none of the blocks of the
Lindbladian displays, by itself, Kramers degeneracy.
Importantly, the absence of Kramers pairs inside individual
symmetry sectors is a rather universal result of systems
with a two-copy structure and symmetric intercopy cou-
pling, as it is also observed for fermionic Lindbladians
[46] and for a Hermitian two-site fermionic Sachdev-Ye-
Kitaev Hamiltonian [47], where an identical argument
holds. The same mechanism also prevents the existence
of a T i = —1 symmetry, which does not affect the ten
classes with unbroken 7, swap symmetry, but it is
fundamental in the counting of the 19 classes with broken
7T, symmetry (as it precludes any additional classes
with 72 = —1).

The first part of the proof is completely general. Let us
assume that a superoperator symmetry Q, =gq, ® g}
of the Lindbladian exists. From Eq. (21), we have that
Cc: = €g,7,- The commutation relation of Q_ with 7 is
given by

Q+T+ = (% ® QI*;)]CS
=KS(q, ® q;,)
=T7.9.09:.'9, ® (45'q.)"],  (44)

We want to impose that C2 = -1 Q, 7, =-7,09,.
Clearly, that is not possible if ¢, = ¢q,, ie., if the
Hamiltonian and jump operators have a single Q_ operator
symmetry. Consequently, we must consider a Q, sym-
metry of the form

Q+ = {q ® 937 (45)

with ¢, # q,. Furthermore, to implement the unitary
involution Q. , the Hamiltonian and jump operators must
satisfy egll = 652 =—1 and 521 = (;'22, according to the
previous section. The former condition further precludes
that one of the ¢g;, is the identity operator. It then
immediately follows that the product ¢;g, commutes with
the Hamiltonian and all jump operators and thus imple-
ments a Liouvillian strong symmetry.

To conclude the proof, we must show that if the C: =1
symmetry exists, it is always broken by the strong
symmetry it induces. Let us define matrices ¢;,, #;, and
1, through the relations

49192 = €1292q1 and gy, = 'Il,2‘ff,2- (46)
Because ¢, ; are unitary, it immediately follows that £, and
11, must also be unitary. To proceed, we make the mild
assumption that &, and #7;, are unimodular complex
numbers (i.e., proportional to the identity). This assumption
holds for any g, and ¢, that can be expressed as a string of
Pauli operators (which is true for the spin-chain examples
of Sec. III and for fermionic models not discussed in this
paper [28,46,47]). While the proof we present in the
following strictly holds only in this case, we believe the
argument extends to general g, written as sums of such
Pauli strings (for which e, and #5;, are more general
unitary matrices) and, consequently, that sectors with
C% = -1 do not exist in general.

Proceeding under the assumption that €}, is a complex
unimodular number, we take the strong symmetry to be
implemented by the unitary

U= qq, (47)

which satisfies u?> = e, and u* = n;n,u. Since u defines a
strong symmetry, both

Uy =u®T and Up=TQu" =nm(1@u) (48)
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are independently conserved, with eigenvalues p; p = e}éz.
The projectors onto the conserved sectors are

—_—

1 _
PfR = (I jZZ/{L,R/PL.R) = E(Ii 5121/2UL,R)~ (49)

2
We can now start imposing conditions on the choice of
operators. The C2 symmetry squares to

Cl=(2.7,.)=(q ® ¢5)(q, ® q})
= e12(9192 ® 4}95)

= 8122/{LZ/{R. (50)
Since we want C2 = —1, we must be in a sector of UL g
with quantum numbers p; pre;, = —1. On the other hand,

for C, to act inside a given symmetry sector of u, it must
commute with the projector. The commutation relation is
given by

C, Pf,R =Q. 7, PfR

=(1 ® C]E)P;,SL]ZT+
B 1
2
= PRPeRC,. (s51)

T+ 8%2ML.R)Q+T+

From this, it follows that p; pre;, = +1, in contradiction
with the condition we found above. We conclude that either
C_. acts inside a sector but squares to +1, or it squares to —1
but connects different sectors. In either case, a definite
symmetry sector does not belong to a class with C2 = —1.

As noted in the previous section, one might define an
alternative symmetry operator Q, = (¢; ® ¢3)S. The
calculation proceeds in the same way as above, and we
find again two contradicting conditions: to have (2 = —1,
we require 7,7, = —1, while for C to act inside a single
symmetry sector, we must have 717, = +1.

To conclude this section, note that the existence of
72 =—1 or C> =—1 symmetries does not imply a
strong symmetry because the jump operators must satisfy
eél # efﬂ and, consequently, the product ¢ g, anticommutes
with the jump operators and can lead, at most, to a weak
symmetry. On the other hand, if the 7 | = KS symmetry is
broken, the same argument prevents the implementation of
an alternative 72 = —1 symmetry. Hence, Lindbladian
symmetry classes have either 72 = +1 or no 7 ...

G. Generalization to non-Markovian and
non-trace-preserving open quantum dynamics

After the developments of the previous sections, we are
now in the position to make the remarkable observation that
the classification we have developed is not restricted to
Lindbladian dynamics, but to all Hermiticity-preserving

dynamics, including non-Markovian and even non-trace-
preserving dynamics.

To see this, we start from the fact that the Liouvillian
generator A of any Hermiticity-preserving quantum master
equation, d,p = Ap, can be written in the form [48]

M
Ap =—ilH.p] +{T.p} + 2> yuLupLh. (52)

m=1

where, in addition to the Hamiltonian and jump operators,
we have a second independent “Hamiltonian” I" = I'", and
the real rates y,, can be negative in general. Furthermore,
we could also assume all of H, L,,, 7,,, and I" to be time
dependent. In the most general case, the master equation (52),
while Hermiticity preserving, is not necessarily positivity
preserving [48]. Trace preservation, d,Trp = Trd,p = 0, is
enforced by the restriction

M
=Y yuLhL,. (53)
m=1

Additionally, Markovianity is implemented by considering
only positive rates y,, > 0. Then (and only then) they can be
absorbed into the jump operators, L,, — /7, L,,, and we
recover the Liouvillian of Lindblad form Eq. (1), A = L.

As before, the Liouvillian A can be vectorized as
A = Ay + Ap + Ay, where the Hamiltonian Ay and jump
A contributions are still given by Egs. (2) and (4),
respectively (apart from the real scalar rates y,, that do
not change the classification), while the dissipative con-
tribution Ap is now given by

Ap=T®1+1QI". (54)

It is now immediately clear that the classification (or, more
precisely, the set of admissible classes) is not changed in this
more general case. There is always a 7% = 1 symmetry
implemented by the SWAP operator (which can be broken by
a Liouvillian strong symmetry), while the impossibility of
C? = —1and 7% = —1 symmetries is imposed by the jump
contribution and is, hence, unchanged. We thus have ten
classes with unbroken 7 symmetry and 19 additional ones
with broken 7 symmetry.

What does change is the class to which a particular
physical example is assigned. On the one hand, the jump
operators no longer need to satisfy the strict conditions of
Sec. TE2 [Egs. (32), (36), and (39)], which facilitates
finding examples in the classes with more symmetries.
On the other hand, we have to impose constraints on the
matrix I". More specifically, we consider that it admits the
following symmetries:

parpa_] = egarﬂ (55)
qarqgl = elz;ar’ (56)
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where the unitary operators p, and ¢, are the same as those
in Secs. IIE 1 and ITE 3, but the signs ¢}, and ¢}, are
independent from the ones in the Hamiltonian and the jump
contribution. Now, following exactly the same steps as in
Sec. I1E 3 but noting that there is a factor-of-i difference
between how H and T'" appear in the Liouvillian, we
conclude that (i) P, [defined in Eq. (27)] acts as a P
symmetry if ¢},, = €}, = —1 and as a commuting unitary
symmetry if el;a = egb = +1; (i) Q4 [defined in Eq. (28)]
acts as a Q, symmetry if eg, = ¢}, = +1 and as a Q_
symmetry if ef, = e, = —1; (iii) if T" is real symmetric,
then we can define the alternative symmetry superoperators
Py =PupS and O,y = P,,S, as discussed in Sec. I1E 3,
with the conditions on eg,, €;, unchanged.

Since Hermiticity preservation is a physical constraint
that one can hardly imagine to be relaxed, we conclude
that our framework provides the most general symmetry
classification of the dynamical generators of open quan-
tum matter.

H. Physical consequences for correlation functions

Before proceeding with specific examples of the clas-
sification developed so far, we derive general statements
about the dynamics of open quantum systems described
by any Lindbladian (or more general Liouvillian) with
involutive global symmetries. Most importantly, we show
that when the involutive symmetry involves a minus sign
(P or Q_) we can derive a time-reversal-like invariance
property for an observable in a time-dependent state, or a
related correlation function.

We start with the case of a P (or 7_) symmetry. For any
fixed observable O and state p that are invariant under the P
operation, i.e., that satisfy the properties PO = O and
Pp = p, we define the nonequilibrium correlation function,

F(1) = Tr[Op(1)], (57)

where p(t) = exp{Lt}p is the state evolved under the
Lindbladian £ for time 7. If £ satisfies Eq. (11), it
follows that

F(t) = e 2 Tr[OPe“"Pp] = e~ 2 Tr[Op(—1)], (58)
or, equivalently,
F(—t) = ™ F(t). (59)

For general open quantum systems, the quantity F(—¢) is
not well defined: —£ does not generate a completely
positive semigroup and, given a state at time f, we can
only propagate it forward in time, not backward. The
remarkable relation Eq. (59) tells us, however, that in
systems with a P symmetry, F(—¢) is written in terms of
two well-defined quantities [F(¢) and exp{2ar}] and is thus

itself well defined. This opens the possibility of knowing
the past of a dissipative system solely from the knowledge
of its future. In particular, this feature could improve error-
canceling schemes on noisy intermediate-scale quantum
devices in combination with the recent proposal
of Ref. [49].

Next we consider Q. (equivalently, C,) symmetries.
Because these symmetries relate £ to its adjoint £, we
must consider correlation functions of two observables,
or fidelitylike correlation functions of two states, p and o.
Focusing on the latter case, we define

Gpo(1) = Trlop(1)], (60)

and consider states that are themselves invariant under the
symmetry transformation, Qyp =p and Q.o =o0. If L
has a Q_ symmetry, Eq. (13), we find, proceeding as
before, that

G/m'(_t) = esz(rp(l)v (61)

which, besides reversing time also swaps the two states.
If, instead, the Lindbladian has a Q_ symmetry, Eq. (12),
no time reversal takes place and

Gpolt) = Gy 1): (62)
i.e., G is symmetric under the exchange of the two states
o and p.

III. PHYSICAL EXAMPLES: TENFOLD WAY
IN DISSIPATIVE SPIN CHAINS

In the following sections, we realize the tenfold way of
many-body Lindbladians with unbroken 7, symmetry in
spatially inhomogeneous spin chains. In Sec. III C, we
also present an example with a strong symmetry and,
hence, sectors with broken 7, symmetry. Throughout,
we consider chains of L spins 1/2, represented by local
Pauli operators ¢ = 19 @0t @ 124 a=x,y, z,
j=12,...,L, with periodic boundary conditions
o7, =of. We realize all ten symmetry classes by con-
sidering simple jump operators routinely used in the
literature (dephasing, incoherent hopping, and spin injection
or removal) and choosing an appropriate Hamiltonian. We
thus conclude that the symmetry classes we discuss in this
work are not an exotic theoretical artifact, but are ubiquitous
and implementable in current experimental setups.

A. Dephasing. Classes BDI, ,, CI,_, BDI__,
CI__, BDI', and AI

As a first example, we consider local dephasing jump
operators,

Lj = V750 (63)
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where y; are arbitrary positive dephasing rates. The trace
of the Lindbladian is a=-23;y; and the shifted
Lindbladian reads as

L
L=-HQT+1QiH+2)Y y6iQ®0c. (64)
J=1
Introducing the global spin operators,
L
=[]t = (08, (T =+1. (65
j=1

for a = x, y, z, we can immediately check that the jump
operators satisfy

(L, 2} = {L,, ¥} = [L;.%7] = 0. (66)

The dephasing Lindbladian is extremely rich, as the jump
operators are real, Hermitian, and unitary. They thus satisfy
all the conditions for symmetries of £;, Egs. (32), (36),
and (39), allowing for the implementation of all three types
of symmetries P and Q. and realizing many different
symmetry classes, depending on the choice of Hamiltonian.

First, we consider a transverse-field Hamiltonian with a
time-reversal-breaking interaction (not restricted to nearest
neighbors):

H =

J

L
g} + D _Kuojoj, (67)
=1 Jj<k

with g7 and K arbitrary real coupling constants. The

Hamiltonian satisfies
[H, 2| ={H,2} ={H,%*} = 0. (68)

From Eqgs. (66) and (68), it follows that the Lindbladian
admits the commuting unitary symmetry (weak Liouvillian
symmetry):

U =3 @3, (69)

with eigenvalues +1. Accordingly, the Liouville space
(C?)®L @ (C*)®L splits into two sectors of positive or
negative transverse parity ({* = £7). Moreover, Egs. (66)
and (68) imply that
P=2Q@%Y and Q,6 =XQ®ZX° (70)
act as chiral symmetry and pseudo-Hermiticity of both
the jump and Hamiltonian contributions. Both these sym-
metries and 7, = KS commute with /* and, hence, act
within the irreducible blocks of the Lindbladian. To
identify the symmetry class of the (shifted) Lindbladian,

we check the commutation relations of the P and Q.
operators:

PT, = (-1)EUT P, (71)
Q+T+ = T+ Q+, (72)
Q. P=(-1)Pa,. (73)

Depending on the chain length and the parity sector, the
Lindbladian belongs to different classes: for even L and
even parity (U* = +7), it belongs to class BDI, | (recall
Table I); for even L and odd parity (* = —Z), to class
CI__; for odd L and even parity, to class BDI_,; and for
odd L and odd parity, to class CI, _. We note that the same
symmetry classification holds if we add a second set of
“dephasing” operators L; = 70}

As a second example, we choose a generic, time-reversal
invariant XYZ Hamiltonian in a transverse field,

H = Hyy; +

L
j=

47} 74
1

with

Hyyz = Z‘];ko‘/xo‘li + J;kajv(r,y( + 500k (75)
Jj<k

and J9, arbitrary real coupling constants. The Hamiltonian
again commutes with X*, but the anticommutation relations
with 2Y and X% are broken. As before, the Lindbladian
admits U~ [Eq. (69)] as a weak Liouvillian symmetry.
Because the Hamiltonian is real and the jump operators are
real and symmetric,

P=yp(Z®1)S and O, =S  (76)

act as chiral symmetry and pseudo-Hermiticity of the jump
and Hamiltonian contributions. Here, p, denotes the trans-
verse parity, i.e., the eigenvalue of U*, and is introduced
in the definition of P to ensure that P?> = +1 in both
symmetry sectors. Both these symmetries and 7, com-
mute with (/* and satisfy

PT, =T, P, (77)
Q.7,.=T7,9,, (78)
Q.P = UPQ,. (79)

The different parity sectors of the Lindbladian belong to
different symmetry classes, this time irrespective of the
chain length: in the sector of even parity (U* = +1),
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the Lindbladian belongs to class BDI, ,, whereas in the
sector of odd parity (U* = —T), it belongs to class CI,_.
If we assume a more general Hamiltonian, we reduce the
set of symmetries of the Lindbladian. If we add a second
transverse component of the magnetic field, say,

L
H = Hyyz; + Z(ijf; + hjo3). (80)

=

we break the transverse parity conservation and all the
commutation relations of the Hamiltonian. Consequently,
the Lindbladian is irreducible and chiral symmetry P is
broken. Q, =& still implements a pseudo-Hermiticity
transformation commuting with 7, and, hence, the
Lindbladian belongs to class BDI'.

Adding a third component to the magnetic field, i.e.,
setting

L
J=1

implies there is no longer a nontrivial basis in which the
Hamiltonian is real and prevents the choice of the SWAP
operator S as a pseudo-Hermiticity operator. Since there are
no symmetries of the Lindbladian besides 7, this case
belongs to class AL

B. Spin injection or removal. Classes BDI and CI

We now consider a set of jump operators describing spin
injection into the chain (which can occur in the bulk or at
the boundaries),

L.

J
where a; are arbitrary real coefficients. The same consid-
erations apply to the jump operators describing spin
removal, L; =5 07 - In addition, we take the XYZ
Hamiltonian of Eq. (75), which commutes with all three
%2, Since the jump operators satisfy

LI =L; YL =-L; and {L;X}=0, (83)
we see that the longitudinal parity,
U = 3° @ 3%, (84)

is conserved as a Liouvillian weak symmetry, but the

transverse parity U~ is not. Furthermore, the jump operators
; T — 2

satisfy {L;,L;} = ajl;,
2 2 : Tro_ 2

—ajoj, nor unitary, LJ-Lj—aj(ﬂj—af)/Z L}, can,

therefore, only satisfy a OQ_ symmetry [according to

Egs. (32), (36), and (39)]. We take

but are neither normal, [LJT, Lj=

Q =@y (85)

as the pseudo-Hermiticity superoperator, which satisfies the
commutation relation:

O T, =(-D)-UT, Q.. (86)

For even L, the spin-injection Lindbladian belongs to
class BDI in the even parity sector U* =7 and to class
Cl in the odd parity sector (({* = —Z). For odd L, the result
is reversed.

C. Incoherent hopping. Class BDI'
and beyond the tenfold way

Next, we consider jump operators describing a two-site
XY interaction,

Lj = M}"k“}"“ﬁ + M‘,V-kOifGi, (87)

with arbitrary complex couplings M7. In the case
y

My, = My,

operators satisfy

they describe incoherent hopping. The jump

[Ljis 2] = [Ljgo 2] = [L e, ] = 0. (83)

Choosing the XYZ Hamiltonian in a longitudinal field,

L
H=Hyy, +» I, (89)
=1
that satisfies
[H,Z] =0, (90)

the longitudinal parity X is a Liouvillian strong symmetry;
i.e., the Lindbladian conserves independently left and right
longitudinal parity, U5 LU; = £ and U LU = L, with

U; =2*@1 and U;=1Q X (91)
As discussed in Sec. IID, a Lindbladian with a strong
symmetry preserves the 7, symmetry in steady-state
sectors and breaks it in all others. In this case, there is
thus a 72 = +1 symmetry in the sectors with even total
longitudinal parity, U* = U;U% = +Z, while it is broken
for odd total parity, U* = —7.

Because the jump operators are normal but not unitary
[i.e., satisfy Eq. (39), but not Eq. (32) or (36)], Lp
only admits a Q. symmetry. Because, additionally, the
Hamiltonian and jump operators are symmetric, the
pseudo-Hermiticity superoperator is given by Q, =S8
and it commutes with the 7, operator as stated in
Eq. (77). Then, it follows that for even parity, U* = +Z,
the Lindbladian belongs to class BDI', while for odd parity,
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U* = -1, it belongs to class AT, which is outside the
tenfold classification of Table 1.

D. Simultaneous dephasing and incoherent hopping.
Classes AT, and AI_

We now consider dephasing and incoherent hopping to
occur simultaneously and choose jump operators,

L = \/Tjxe (05 + Njxe0i07), (92)
with real y;, and complex 7., which satisfy
{Ljwes T} = {Ljge, 2} = [Ljsp, ] = 0. (93)

We take the same Hamiltonian as in Eq. (67), which
satisfies the commutation relations of Eq. (68). This
Lindbladian again conserves transverse parity U~ as a
weak Liouvillian symmetry and has two symmetry sectors.

When either j equals one of k, Z, or Ren j, = 0, the jump
operators are, up to a numerical prefactor, unitary (and,
by consequence, normal), and hence, according to
Egs. (32), (36), and (39), £p admits all of P and O,
symmetries. However, since the Hamiltonian is not time-
reversal symmetric (i.e., is not real in any basis that is
trivially related to the representation basis), a Q_ symmetry
of Ly requires that both operators ¢, and ¢, in Q,, =
q. ® q; (recall Sec. Il E 3) commute with H, which would
imply g, = q, = X*. This is, however incompatible with a
Q_ symmetry of L, since it would require that one of ¢,,,
q, commutes with the jump operators and the other one
anticommutes (recall Sec. IIE 1). Noting that the jump
operators are non-Hermitian, we can also exclude a Q.
symmetry. We thus conclude that the Lindbladian only
possesses P symmetry, which is implemented by the
unitary operator:

P=xXQ7%. (94)
Because of the commutation relation with the 7 symmetry,
PT. = (- T P, (95)

we find that the Liouvillian belongs to class Al if L and the
parity U* are both even or both odd, and to class AL if one
of L or U* is even and the other odd.

IV. RANDOM-MATRIX CORRELATIONS
AND UNIVERSALITY

Having established the tenfold classification of irreduc-
ible Lindbladians and presented physical examples of
all classes, we now look for signatures of random matrix
universality in each of those classes. As we have seen
above, a Lindbladian class can be labeled by its antiunitary
symmetries 7 _ and C. or, equivalently, the closely related

unitary involutions P and Q. , see Eq. (19). In this section,
we will use 7_ and C..

A. Spectral consequences of antiunitary symmetries

We start by reviewing the constraints the antiunitary
symmetries 7 . and C, impose on the eigenvalues and
eigenvectors of the Lindbladians [11], which are schemati-
cally summarized in Fig. 1.

We argued in Sec. II that C_ and 7 _ symmetries reflect
the spectrum of £ across the origin or imaginary axis. Let
us make this statement more precise. We denote the
eigenvalues of the vectorized shifted Lindbladian by 4,
and the, in general distinct, right and left eigenvectors by
o) and |¢h,), respectively, i.e.,

£/|¢a> - ﬂa|¢a>7 (96)
L pa) = 25| ba)- (97)

Let us first consider the presence of a 7, symmetry.
Applying 7, to Eq. (96) and using Eq. (7), we obtain

LT o)) = 2a(T 1 |¢a)); (98)

that is, 7 ,|¢,) is also a right eigenvector of £ with
complex-conjugated eigenvalue. When 7, is unbroken,
the spectrum of £’ is symmetric about the real axis. This
is illustrated in Fig. 2, where we show the spectrum of £’ in
the complex plane for the incoherent hopping example of
Sec. III. Recall that this example has four strong-symmetry
sectors, labeled by the pair of longitudinal parities (U5, U%).
As is clearly visible, and in agreement with our predictions,
the full spectrum, see Fig. 2(a), and the spectra of the two

)\E — _X; Im()\a) )‘OU |¢a>7 |¢a>
9) = T-lga) @ e,
|$a) = T-|¢a)
T.

c_ Re(h)
Ag=—Aa _ Ag = \S
[9a) = C-[da) ¢ * ¢m) = T|ba)
[¢=) = C-|da) |6a) = Tila)
FIG. 1. Schematic action of the antiunitary symmetries 7 . and

C4 on the eigenvalues and eigenvectors of £'. The eigenvalue
problem is defined in Eqgs. (96) and (97) and we depict a
representative eigenvalue 4, in the complex plane, together with
its image 4; under the symmetries 7, and C. 7, 7 _, and C_
reflect the spectrum across the real axis, imaginary axis, and
origin, respectively, while C, maps an eigenvalue to itself. 7 .
map right eigenvectors to right eigenvectors (and left eigenvectors
to left eigenvectors), while C. map left eigenvectors to right
eigenvectors (and vice versa).
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Full spectrum U=+T U=-T
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_tof ’ Lo 110
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-0} . ’ . < ’ * 1-Nq-10
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Re(Ay) Re(Ay) Re(Ay)
FIG. 2. Spectrum of £’ in the complex plane for the incoherent hopping chain of length L = 3 discussed in Sec. III C. The remaining

parameters are given in the Appendix. The Lindbladian has four strong-symmetry sectors labeled by the pair (14,13 ) and represented
in different colors. For visual clarity, we present the full spectrum in (a), the two sectors with even parity—for which 7", is unbroken,
contain a steady-state each, and eigenvalues come in complex-conjugated pairs in each—in (b), and the two sectors with odd parity—for

which 7 is broken—in (c).

sectors with total parity U* = U; Uy = +Z, see Fig. 2(b),
are symmetric about the real axis since 7, is unbroken,
while 7, connects the two sectors with ¢/° = —7 and does
not act inside of each (i.e., is broken), leading to each pair of
complex-conjugated eigenvalues to be split between the two
sectors; see Fig. 2(c).

Proceeding similarly, we find that if there is a 7 _
symmetry, 7_|¢,) is a right eigenvector with eigenvalue
—Ay; 1.e., the spectrum is symmetric about the imaginary
axis. We conclude that the presence of 7 _ leads to a
dihedral symmetry of the Lindbladian spectrum, a phe-
nomenon first pointed out in Ref. [37].

If there is an antiunitary symmetry C., then the operator
implementing it connects left and right eigenvectors.
Indeed, for C, we have

L(Co¢a)) = 4(Cilda)): (99)

that is, C, |¢,) is a left eigenvector of £ with the same
eigenvalue as |¢,). Accordingly, this symmetry does not
affect the global shape of the spectrum. Furthermore, if
C2 = —1, then each eigenvalue is doubly degenerate, a
phenomenon dubbed non-Hermitian Kramers degeneracy.

Finally, if there is a C_ symmetry, C_|¢,) is a left
eigenvector of £’ with eigenvalue —4,; i.e., C_ reflects the
spectrum across the origin. Therefore, the presence of
this symmetry also implies the dihedral symmetry of the
spectrum.

From the data in Table I and the preceding discussion, we
conclude there are eight classes with dihedral symmetry
and two without (AI and BDI"). We illustrate this in Fig. 3,
where we show the spectrum of £’ in the complex plane
for two examples of Sec. III: the dephasing spin chain
belonging to class BDIL, |, which presents dihedral sym-
metry, and the incoherent hopping chain in class BDI',
which does not.

B. Complex spacing ratios

We now move to the random matrix signatures of the
different antiunitary symmetries. First, we consider (bulk)
local level statistics, which are sensitive to the value of Cﬁ
(we denote the absence of the symmetry as C2 = 0). Local
level statistics are most conveniently captured by the
distribution of complex spacing ratios (CSRs) [41]. (The
alternatives, the bare complex spacing distribution [50] and
the dissipative spectral form factor [13], require a cum-
bersome unfolding procedure [15].) CSRs have become a
popular measure of dissipative quantum chaos, ranging
from studies of random Lindbladians [51-54] to nonunitary
quantum circuits [55], non-Hermitian Anderson transitions
[56,57], and two-color QCD [27], among others. We define
the CSR as [41]

AN =12,
= g (100)

where ANN and ANNN are the nearest and next-to-nearest

neighbors of 1, in the complex plane. By definition, z,, is

BDL,,|[(b) BDI*

*?
'

A .ﬁ.. s

(T4 : e
o
Im(A;)

Re(Aq) Re(Az)

FIG. 3. Spectrum of £’ in the complex plane for (a) the
dephasing spin chain with Hamiltonian Hyy, + Hy (Sec. IIL A)
and (b) the incoherent hopping chain (Sec. III C). In both cases,
we consider L = 4 and the remaining parameters are given in the
Appendix. The dephasing spin chain belongs to class BDI, |, and
the spectrum of the shifted Lindbladian has dihedral symmetry,
while the incoherent hopping chain belongs to class BDIT and its
spectrum does not display dihedral symmetry.
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constrained to the unit disk. Since they are defined in
terms of the two nearest eigenvalues, CSRs only measure
correlations up to a few level spacings. As a consequence,
they can only be sensitive to the symmetry C,. Indeed, the
other three antiunitary symmetries correlate eigenvalues
that are, in a many-body system, exponentially many level
spacings apart (reflected across the real or imaginary axis,
or the origin).

For random matrices, the CSR distribution acquires a
characteristic donutlike shape, with the details of the
distribution only dependent on the value of CZ; see
Figs. 4(a)—4(c). The three types of level repulsion are
usually denoted as A (C2 = 0), AI' (C2 = +1), and AIl
(C2 = —1) [11]. Level repulsion in class AIl" does not
occur in Lindbladian symmetry classes.

To identify random matrix universality in the examples
of Sec. IIl, we randomly sample disordered spin chains
and compute the CSR distribution. Details on the numeri-
cal simulations, including the values of the parameters
for each example, are given in the Appendix. To make a
more quantitative comparison with the random-matrix
theory (RMT) results, it is convenient to consider the
marginal radial p(r) and angular p(0) distributions of the
CSR expressed as z, = r,exp{if,}. They are shown in
Figs. 4(d) and 4(e) for the three bulk RMT ensembles. In
Fig. 5, we compare them with the marginal distributions
for all the physical spin-chain examples discussed in

Imz
Imz

-1.0-05 00 05 10 -10-05 00 05 10 -10-05 0.0 05 1.0
Rez Rez Rez

p(6)

— RMT, Al*
~— RMT, A
—— RMT, All*

0.0 ] 0.2 0.4 0.6 0.8 10 -3 -2 -1 0 1 2 3
r 2]

FIG. 4. Complex spacing ratio distribution of random matrices
in the three bulk classes A, AIT, and AIIT. The distribution of z in
the complex plane (a)—(c) has a characteristic donutlike shape.
The hole at the origin and the low probability at small angles
@ = 0 are a sign of level repulsion and increase from class A" to
A to AII". We obtain these distributions numerically from exact
diagonalization of an ensemble of 2!° x 2! random matrices
with 28 realizations. We note that good analytical approximations
exist for class A [25,58], but not for classes AI" and AII*. A more
quantitative comparison can be done by studying the marginal
(d) radial and (e) angular distributions. These distributions are
compared against the physical spin-chain results in Fig. 5.

Sec. III, finding excellent agreement with RMT predictions
when the length L of the chain becomes large. Our results
illustrate RMT universality in the full tenfold classification
of Lindbladians with unbroken 7 _ symmetry.

Through the use of bulk CSR, we can only resolve the
value of C2 (which is manifest in some panels of Fig. 5,
where we group together results for different symmetry
classes that share the same level repulsion). We now discuss
numerical signatures that can also distinguish the values
of C2 and T2.

C. Statistics of real and imaginary eigenvalues
and eigenvalues close to the origin

In Hermitian systems, particle-hole and chiral sym-
metries manifest themselves in the eigenvalues near the
origin, because these symmetries reflect the spectrum
across it. Not only are universal local correlations in this
region distinct from the bulk, even the spectral density is
universal in a certain microscopic limit and determined
only by the symmetry [3-5]. The same reasoning leads to
the speculation that in order to obtain local information on
C_ and 7, symmetries, we need to restrict our attention
to the vicinity of the axis of symmetry of the spectrum. The
effects of these symmetries on the correlations near the
origin have been addressed in the Ginibre [22,23] and non-
Ginibre classes [28], while universal statistics of real
eigenvalues were studied for the real Ginibre [16-18]
and non-Ginibre classes [29].

First, we point out that the statistics of the eigenvalues
closest to the origin, employed in Ref. [28] as a signature of
different symmetry classes, are affected by the existence of
exact zero modes of £ in some of our families of spin-1/2
chains. The existence of these zero modes for all realiza-
tions of disorder induces additional level repulsion from
the origin, altering the distribution of nonzero eigenvalues
closest to it. As an example of this phenomenon, we
mention the chain with spin injection, belonging to class
BDI, which supports two exact zero modes. In principle, if
the number of zero modes does not scale with system size,
one could study the distribution of the eigenvalues closest
to the origin for each number of zero modes.

More critically, we also find that for our examples in
disordered spin chains, the statistics of eigenvalues on or
near the axes of symmetry are nonuniversal because of the
spontaneous breaking of PT symmetry [37]. In Ref. [29] it
was found that, in the ergodic regime (in which RMT
behavior is expected), the number of real eigenvalues in the
spectra of some physical non-Hermitian Hamiltonians is
universal and equal to the random matrix value VD,
with D the Hilbert space dimension. In contrast, for
Lindbladians with dihedral symmetry, the fraction of real
and imaginary eigenvalues and its statistics depend on the
relative strength ¢ of the non-Hamiltonian part of the
Lindbladian (g can be, for instance, the dephasing strength
y or the spin-injection rate a). For g < gpy, with finite
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Deph., Hy, U*=+I, classes BDIL,, and BDI_,

Deph., Hy, U*=-T, classes CI__ and CI,_
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FIG. 5.

Complex spacing ratio distribution of all the spin-chain examples discussed in Sec. III. In each panel, we show the marginal

radial distribution for different chain lengths (colored lines) and compare it with the random matrix prediction of Fig. 4 (black line). In
the insets, we show the marginal angular distribution. In all cases, we observe excellent agreement with the universal RMT result as L
increases, while there are also very strong finite-size effects, which complicates a comparison for L = 5 and 6.

size-dependent critical gpz, all eigenvalues of the shifted
Lindbladian £’ reside on the cross formed by the real and
imaginary axes (PT-unbroken phase) [37]. At g = gpr
(the first exceptional point), a pair of eigenvalues on the
cross collides and shoots off into the complex plane,
spontaneously breaking PT symmetry, and, consequently,
reducing the number of real or imaginary eigenvalues. As
g increases further, more collisions of eigenvalues occur.
The change in the number of real eigenvalues for the
dephasing spin chain in class BDI, , as a function of y is
illustrated in Fig. 6. Concomitantly with the nonuniver-
sality of the number of eigenvalues on the axes of
symmetry, we also find their statistics to be nonuniversal
and depend sensitively on the coupling g. As a conse-
quence, we are not able to employ the statistics of,
say, purely imaginary eigenvalues as a diagnostic of the
symmetries and RMT universality in Lindbladian classes.

We expect that for g > gpr, i.e., deep in the PT-broken
phase, the number of real and imaginary eigenvalues
becomes universal and their statistics obey RMT. In
particular, in the thermodynamic limit, we expect gpr — 0
[37], and, hence RMT statistics for all nonzero dissipa-
tion. However, since we have only access to relatively
small system sizes and the disorder changes the precise
value of gpy from realization to realization, we do not
pursue this question further in this work, and instead turn
to an alternative signature of the different symmetries that
works at any coupling g.

D. Eigenvector overlaps

Having ruled out the prospect of inferring antiunitary
symmetries of Lindbladians through local spectral infor-
mation near the symmetry axis, we turn to the possibility of
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(a) y=0.001 (b) . y=0.05 gHc) . y=11
10F 10 ' tet
5t ' 5t . . 4+
3 3 R 3
E 0 E 0 - oo : : e e o LY E 0 )
-5r l -5F -4t
H 10k ]
_10F : 10 st .
-0.010 -0.005 0 0.005 0.010 -0.3-0.2-0.1 0 0.1 0.2 0.3 -8 -4 0 4 8

Re(Aa)

Re(Ay) Re(A,)

FIG. 6. Spectrum of £’ in the complex plane for the dephasing spin chain with Hamiltonian Hyy, + Hy (Sec. IIl A) for L = 4 and
different dephasing strengths y. The remaining parameters are given in the Appendix. For small y (a), PT symmetry is unbroken and the
whole spectrum lives on the real and imaginary axes. For large enough y (b), a series of exceptional points occurs, with a pair of
eigenvalues on one of the symmetry axes colliding and shooting off into the complex plane, spontaneously breaking PT symmetry. For
very large y (c), most of the spectrum lives in the complex plane. This phenomenon of spontaneous PT symmetry breaking renders the
number of real and purely imaginary eigenvalues, and their statistics, nonuniversal, and we do not use them to characterize the

symmetries and correlations of Lindbladians.

using nonlocal bulk information. To that end, we consider
the Chalker-Mehlig eigenvector overlap matrix [40,59]:

Oaﬂ = <$a|$ﬂ><¢ﬂ|¢a>'

(101)
Note that this definition applies only in the case of classes
without non-Hermitian Kramers degeneracy. If each eigen-
value is doubly degenerate and the eigenspace dimension
is two, each element Oa/; becomes itself a 4 x 4 matrix,
and additional care has to be exerted. Since classes with
Kramers degeneracy do not occur in the Lindbladian
classification, we defer such considerations to future work
and do not consider this case further in this paper.

The overlap matrix, in particular the distribution of its
entries and the first moments, have been intensely inves-
tigated for the Ginibre ensembles [40,59-63]. The diagonal
overlaps O,, are sensitive to C2, a claim we have confirmed
numerically. However, since local eigenvalue statistics—
measured, for instance, by CSR—are already sensitive to
this symmetry, we do not employ it in this paper.

Instead, we propose that the off-diagonal overlaps O,;,
where {|¢,). [ho)} and {|¢s). |¢pa)} are connected by an
antiunitary symmetry 7 ;. or C_, are sensitive to the value of
the square of that symmetry. More concretely, we begin by
making the following empirical observations for random
matrices.

(1) If |¢z) x C_|¢,), the overlaps O,; (denoted Off{)
for clarity) are all non-negative if C> = +1, and all
nonpositive if C2 =—1. If C2 =0 (i.e., if the
symmetry is absent and the eigenvectors are inde-
pendent), the overlaps are still real for spectra with
dihedral symmetry, and the fraction of positive and
negative matrix elements is 1/2 each. For classes
with no C_ symmetry and no dihedral symmetry, the
overlaps are complex.

(2) If |¢pz) x T _|¢,) and T2 = —1, the overlaps O,

(denoted 0'Z-)) all vanish identically. If 72 = +1
or 0, they assume arbitrary complex values.

In turn, these two statements can be proven in general by
a variation of the proof of Kramers degeneracy. Let us
denote by A one of the four antiunitary operators 7 , or C,.
Then, for any two vectors y and ¢, we have

(wlAp) = (Ay|A2h)" = A*(Ay|g)" = A*(p|Ay).
(102)
where we use the antiunitariry of 4 and the fact that A?

is either 1. In order to prove assertion 1, following
Sec. IVA, we note that

|¢~56z> = C—|¢a>’ |¢&> = C—‘&(l>’

where, without loss of generality, we set a possible
proportionality constant to one. Then, using Eq. (102),
the overlap matrix reads

0% = (PalC_1b ) (PalCl1b0)
— C2(ho|C_| ) (BalCL )
= C2[(¢halC_|ba) P,

(103)

(104)
and we conclude that the overlap matrix element 055-;) has
the same sign as C2, proving assertion 1. In order to prove
assertion 2, we note instead the relation between the two
right eigenvectors:

(ba) = T _|pa)- (105)
Using Eq. (102), it immediately follows that
(ol T_da) = T2 (Dol T _|¢a)- (106)
If 72 = —1, this matrix element and, consequently, the
overlap
Ol = (Pl T_|a) (Pl TEp0) (107)

vanish identically, proving assertion 2.
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FIG. 7. Decision tree illustrating the possibility of distinguishing the full Lindbladian tenfold classification by jointly employing the

dihedral symmetry of the spectrum, the complex spacing ratio distribution (denoted as O for bulk level repulsion of class A and +1 for

() (T.)

class AI"), the sign of the off-diagonal eigenvector overlap O, ", and whether or not the overlaps O,;’ are identically zero.

Very importantly, explicit knowledge of the operator Cy  where D is the sector dimension; the overlaps 05,? are
or 7, is not required to compute the respective eigen-

vector overlaps. To construct the overlap matrix, the
eigenvalues are ordered by increasing real part and, for
each pair of complex conjugated eigenvalues, by increas-

the elements O,,_| »,; and, finally, the overlaps Og‘) are
the elements Oy,_1 p_24:1 a0d Oay p 2412

The overlaps 0') and 0( ) , together with the CSR

aa
distribution, are enough to dlstmguish the ten Lindbladian

. . . . . . C

Ing imaginary part. _Wlth this ordering, the ov_erlaps Ogaf) classes with unbroken T symmetry, as illustrated in
lie on the main diagonal O,, of the matrix OO,ﬁ; the Fig. 7. We compute Oaa . A=C_.T_. in the bulk for
overlaps 05,%) are the antidiagonal elements O, p_,1, the randomly sampled disordered spin chains of each

TABLEII.  Signatures of C_ and 7 _ symmetries in eigenvector overlaps for all the spin-chain examples discussed in Sec. III. Each set
of examples (dephasing, spin injection or removal, incoherent hopping, and simultaneous incoherent hopping and dephasing) realizes
different classes depending on the choice of Hamiltonian, conserved parity sectors, and the parity of the chain length L. The examples
are listed in the same order as discussed in Sec. III. For each, we give the corresponding symmetry class, the values of the square of the

(c,)

two antiunitary symmetries C_ and 7 _, whether the sign of the off-diagonal overlap O,;’ is mostly non-negative or nonpositive,

together with the fraction of times this happens, and whether the off-diagonal overlap 0< ) is mostly zero or nonzero, together with the

fraction of times this happens. We see that the criteria we put forward for the values of C% and 72 are always satisfied at least 99.9% of
the time and all the predictions of Sec. III are verified.

Example Class c* T2 ReOSIf{) Og')
Deph., Hy, U* = +Z, L even BDI, , +1 +1 >0, 100% #0, 99.98%
Deph., Hy, U* = +Z, L odd BDI_, +1 -1 >0, 100% =0, 99.98%
Deph., Hy, U* = -7, L even Cl__ -1 -1 <0, 100% =0, 99.92%
Deph., Hy, U* = -7, L odd CL, _ -1 +1 <0, 100% #0, 99.99%
Deph., Hyyz; + Hx, U* = +7 BDI, , +1 +1 >0, 100% #+0, 100%
Deph., Hyy; + Hy, U* = -1 CL, _ -1 +1 <0, 100% #0, 100%
Deph., Hyy, + Hx + Hy BDI' 0 0 <0, 50.12% #+0, 100%
Deph., Hyy; + Hxy + Hy + H, Al 0 0 <0, 50.07% #0, 99.999%
Spin inj., U* = +Z, L even BDI +1 0 >0, 100% # 0, 100%
Spin inj., U* = +Z, L odd CI -1 0 <0, 100% #+0, 100%
Spin inj., U* = =7, L even CI -1 0 <0, 100% #+0, 100%
Spin inj., U* = -7, L odd BDI +1 0 >0, 100% #+0, 100%
Inc. hopping, U5 = U5} = +1 BDI' 0 0 <0, 51.01% #0, 100%
Inc. hopping + deph., U* = +Z, L even Al, 0 +1 >0, 50.50% #+ 0, 100%
Inc. hopping + deph., U* = +7, L odd Al_ 0 -1 >0, 50.44% =0, 99.98%
Inc. hopping + deph., U* = —Z, L even Al_ 0 -1 >0, 50.06% =0, 99.94%
Inc. hopping + deph., U* = -7, L odd Al 0 +1 >0, 51.20% #+0, 100%
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()

aa

example. The fraction of positive, negative, and zero O

T) . . .
and of zero and nonzero 02,5, ) in each class are listed in

Table II. We conclude that in all of them, the criteria for C2
and 72 are satisfied for at least 99.9% of realizations
and our examples conform spectacularly to random-matrix
universality, confirming the tenfold classification of many-
body Lindbladians with unbroken 7, symmetry put
forward in previous sections.

V. DISCUSSION, CONCLUSIONS, AND OUTLOOK

In this work, we put forward a symmetry classification
of many-body Lindbladian superoperators and confirm it
through a study of random-matrix correlators in experi-
mentally implementable dissipative spin chains. We find
that Lindbladians without unitary symmetries and
Lindbladians with symmetries in steady-state symmetry
sectors belong to one of ten non-Hermitian symmetry
classes. These classes are characterized by the existence
of a 72 =+1 symmetry implemented by the SWAP
operator. Going beyond sectors with steady states breaks
the 7, swap symmetry between the two copies (bra and
ket) of the system and, consequently, enriches the sym-
metry classification.

Interestingly, we find compelling evidence that C2 = —1
and 72 = —1 symmetries cannot be implemented inside
individual symmetry sectors, reducing the allowed number
of classes of many-body Lindbladian from 54 to 29. This
conclusion does not exclude the possibility of a C2 = —
connecting different sectors. Indeed, such a symmetry can
be implemented between two sectors of odd fermionic
parity [45]. As a consequence, all eigenvalues are doubly
degenerate, but the two eigenvalues of a given pair belong
to different sectors, thus not defining a symmetry class with
Kramers degeneracy.

The C, symmetry of a given class can be detected
through the use of bulk complex spacing ratios, while C_
and 7 _ symmetries require the study of correlations on or
near the axes of symmetry of the spectrum. Because of the
spontaneous breaking of PT symmetry, we find eigenvalue
correlations on these axes not to be useful in practice.
Instead, we propose the eigenvector overlaps between
states connected by the antiunitary symmetry of interest
as a useful new signature of non-Hermitian antiunitary
symmetries. Importantly, they can be computed even when
the explicit form of the symmetry transformation is not
known. The role of these off-diagonal eigenvector overlaps
as a measure of dissipative quantum chaos deserves further
study. We use the sign of different overlaps as a proxy for
the existence or absence of a given non-Hermitian anti-
unitary symmetry, but do not study in any detail their
distributions. While a numerical study is the natural first
step, an analytical investigation following Chalker and
Mehlig [40] might be possible.

Our work complements ongoing effort to characterize
PT-symmetric Lindbladian dynamics [37,38,64—68]. Note
that PT symmetry is nothing but pseudo-Hermiticity of the
dynamical generator. The definition of PT symmetry put
forward in Ref. [66], which we would propose to call a
strong PT symmetry (or strong pseudo-Hermiticity), clearly
implies the existence of a pseudo-Hermiticity transformation
Q. of the Lindbladian but, by allowing for shifts of the
Lindbladian spectrum, our classification goes beyond that
definition and includes Lindbladians with weak pseudo-
Hermiticity (weak PT symmetry). Remarkably, pseudo-
Hermiticity has observable consequences in the transient
quantum dynamics. More concretely, the dihedral symmetry
of the spectrum implies the existence of a time-reversal-like
property of certain correlation functions, despite the dynam-
ics being dissipative. Furthermore, if the pseudo-Hermiticity
is not spontaneously broken, then there is collective decay of
the eigenmodes, as all eigenvalues of the shifted Lindbladian
are either purely real or purely imaginary.

Finally, our work also does not address the relation
between the non-Hermitian classification of dynamical
generators and the Hermitian classification of steady states.
The two classifications are decoupled for quadratic open
quantum systems [35], but it is unclear, at this point, if there
exists any correspondence between the Altland-Zirnbauer
class [1] of the steady state and the corresponding dynami-
cal Bernard-LeClair class of the generator in the many-
body case. A simple one-to-one correspondence cannot
exist because Lindbladians in any of the five classes with
C2 = +1 lead to a featureless steady state proportional to
the identity [as follows from Eq. (39)], but there could still
exist a more limited correspondence between the remaining
five classes and a subset of the Altland-Zirnbauer classes.
We leave a matching of symmetries on both sides (if any
exists) for future work.
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APPENDIX: DETAILS ON THE NUMERICAL
SIMULATIONS

In this appendix, we provide additional details on the
numerical sampling of spin chains and the analysis of
random-matrix correlators.
As mentioned in Sec. III, we always consider spin
chains of L sites with periodic boundary conditions and
consider nearest-neighbor and next-to-nearest-neighbor
interactions. More specifically, we restrict the couplings
J3i"* in Egs. (75) and (87) to J;77), the couplings K j; in
Eq. (67) to K ;,; and K ,,, and the couplings y;, and
Njke 0 BqQ. (92) t0 ¥; i1 j42 and 7; j j10, TESPeECtively.
To perform the statistical analysis of random-matrix
correlations, we consider random (i.e., quenched disor-
dered) spin chains. For a given coupling g, we either choose
a fixed value g = g, or sample it from a box distribution
in [go—dg,go+dg], in which case we denote it as
g = go = dg. The values of the couplings in the different
examples (in the order discussed in Sec. III) are as follows
(we suppress the site indices, which were already dis-
cussed above).
(1) Dephasing, Hy:
g =0+21.

(2) Dephasing, Hyy; + Hyx: vy =1.1£0.9, J* = 1.0,
JY =038, J*=0.55,and ¢t =0£0.7.

(3) Dephasing, Hyy,+Hy+Hy: y=11x£0.9,
J =10, J* =08, J*=0.55 g =0=£0.7, and

y=11£09, K=10, and

¢ =—-0.1£0.9.

(4) Dephasing, Hyy; + Hy + Hy + Hz,:y = 1.1 £0.9,
J'=10, J=08, J=055 g =0£07,
¢ =-0.1£09, and h =0.2+0.3.

(5) Spin injection and removal: a = 0.8 +0.4,

b=07+£05,J"=1.0,J"=0.8, and J* = 0.55.

(6) Incoherent hopping: M* = (0.3 +0.2i) + (0.2 +

0.5i), M» = (0.5 —0.4i) + (0.4 +0.17), J* = 1.0,
JY=038,J° =055 and h =3 +£2.

(7) Incoherent hopping plus dephasing: y = 1.1 0.9,

n=04, K=08, h=0£0.7.

For the examples with a Liouvillian weak symmetry, we
consider chains of length L = 5, 6, 7, and 8, corresponding
to symmetry sectors of size 22/~ = 512, 2048, 8192, and
32768, respectively. For the example with a Liouvillian
strong symmetry, we also consider L =5, 6, 7, and 8,
which, in this case, correspond to sector dimensions of
22L=2 = 256, 1024, 4096 and 16 384, respectively. For the
examples without unitary symmetries, we study chains
of length L =5, 6, and 7, corresponding to irreducible
Liouvillians of dimension L = 22L = 1024, 4096, and
16 384, respectively.

The eigenvalues and eigenvectors are obtained by
numerical exact diagonalization. At least 10 eigenvalues
were considered when computing the complex spacing
ratio distribution and at least 2 x 10° eigenvectors for
the overlap matrix, for which we restrict ourselves to sizes

L =5 and L =6. Since we are interested in the bulk
correlators, we selected only the eigenvalues with both real
and imaginary parts larger than 10~ (in absolute value) and
their corresponding eigenvectors.
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