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Symmetry-protected topological (SPT) phases are many-body quantum states that are topologically
nontrivial as long as the relevant symmetries are unbroken. In this work we show that SPT phases are also
well defined for average symmetries, where quenched disorders locally break the symmetries, but restore
the symmetries upon disorder averaging. An example would be crystalline SPT phases with imperfect
lattices. Specifically, we define the notion of average SPT phase for disordered ensembles of quantum
states. We then classify and characterize a large class of average SPT phases using a decorated domain wall
approach, in which domain walls (and more general defects) of the average symmetries are decorated with
lower-dimensional topological states. We then show that if the decorated domain walls have dimension
higher than (0 + 1)D, then the boundary states of such average SPT phases will almost certainly be long-
range entangled, with probability approaching 1 as the system size approaches infinity. This generalizes the
notion of t’Hooft anomaly to average symmetries, which we dub “average anomaly.” The average anomaly
can also manifest as constraints on lattice systems similar to the Lieb-Schultz-Mattis theorems, but with
only average lattice symmetries. We also generalize our problem to “quantum disorders” that can admit
short-range entanglement on their own, and develop a theory of such generalized average SPT phases
purely based on density matrices and quantum channels. Our results indicate that topological quantum
phenomena associated with average symmetries can be at least as rich as those with ordinary exact

symmetries.
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I. INTRODUCTION

Symmetry classifies matter [1,2]. In the realm of
symmetry-protected topological (SPT) quantum phases
[3-6], symmetries are required in order to sharply distin-
guish different states of matter. For example, in topological
insulators (TIs) [7,8] the U(1) charge conservation and
time-reversal symmetries must be preserved to distinguish
topological and trivial insulators. In more general terms, a
nontrivial SPT state is short-range entangled (SRE) in the
sense that it can be adiabatically connected to a trivial
unentangled product state, but such adiabatic paths are
forbidden if the “protecting symmetry” is preserved.

A natural question is, how exact does the protecting
symmetry have to be? Specifically, if we have some
quenched disorders that locally break the protecting
symmetry, but on average still respect the symmetry (such
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as magnetic impurities in TIs), could the state still be in
some topologically nontrivial phase? In other words, could
average symmetry protect nontrivial topological phases?

Previous studies have shown that some features of SPT
phases in clean systems survive “statistically symmetric”
disorder present on the boundary, which lead to the concept
of “statistical topological insulator” [9,10]. One example is
the three-dimensional (3D) weak TI, made by stacking
layers of a 2D TI. The surface state of the 3D weak TI is
protected against Anderson localization even with strong
disorder, if the translation symmetry along the stacking
direction is restored by disorder averaging [11,12]. A
similar delocalization appears on the surface of a 3D strong
TI subject to a random magnetic field with zero mean [13],
and even richer phenomena were discussed in the presence
of interactions [14—18].

Key questions, however, remain unanswered. Previous
studies focused on the effects of disorders on the boundary.
It is then natural to ask, are the bulk topological phases
sharply defined with average symmetries? If so, what are
their signatures in the bulk, and how could we classify such
phases? This question is particularly relevant for SPT
phases protected by crystalline symmetries [19-21], since
impurities and lattice defects are ubiquitous in crystalline
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solids and the symmetry of an ideal lattice in reality is
respected at best only on average. Of course when the
material sample is of high quality, one can treat the ideal
lattice as a good approximation. However, if the disorders
become non-negligible, does the entire notion of crystalline
SPT phase lose its meaning?

Even for the boundary physics, the problems were
tackled on a case-by-case basis in existing literature.
Given a symmetry group G that contains an average
symmetry G, how do we systematically decide whether
the boundary has to be nontrivial in some way? For free-
fermion states this issue was discussed in Ref. [9], but for
interacting systems the question is largely open. In the
standard theory of clean SPT phases, the nontriviality of the
boundary is ultimately guaranteed by the quantum anomaly
(more precisely, t’Hooft anomaly), which is decided by the
bulk topological invariant. Familiar examples include
the (34 1)D TI surface protected by parity anomaly,
and the integer quantum Hall edge protected by chiral
anomaly. So the question about boundary properties can be
rephrases as, does the notion of quantum anomaly exist for
average symmetry? If anomaly can indeed be defined, how
does such “average anomaly” constrain the infrared (IR)
dynamics of the boundary theory?

Systems with t’Hooft quantum anomaly do not only
appear on the boundary. An important class of such
examples includes lattice systems with Lieb-Schultz-
Mattis (LSM) constraints [22-24]. The most familiar
example is a translation invariant lattice spin system with
SO(3) spin rotation symmetry and a spin-1/2 moment per
unit cell. It is known that this system has a mixed t’Hooft
anomaly between the discrete lattice translation and spin
rotation symmetries [25]. As a consequence, the low energy
dynamics cannot be trivial: either the symmetry will be
spontaneously broken or the system will form some long-
range-entangled ground state that is either topologically
ordered or gapless. Similar t’Hooft anomalies also arise for
other internal symmetries as long as they admit projective
representations, and for other lattice symmetries such as
rotation and reflection [26]. Recently, it was shown in
Ref. [27] that, at least for (1 + 1)D spin chains with SO(3)
symmetry, the LSM constraint holds even if the translation
symmetry becomes only an average symmetry. Even
though the argument in Ref. [27] does not make explicit
connection to anomaly, it does suggest that the LSM
anomaly should exist for arbitrary dimensions and for
more general symmetries (such as time reversal). Making
this connection more explicit, precise, and general is an
open direction of great importance.

In this work we address all of the above issues. The key
is to realize the following.

(1) SPT phases, whether in the bulk or on the boundary,
are characterized by the properties of symmetry
defects. The symmetry defects, e.g., twisted boundary
conditions and gauge fluxes, may carry quantized

invariants that can be used to define different phases.
A well-known example is that in the bulk of a 3D T1, a
unit magnetic monopole carries half-integral electric
charge [28-30].

(2) Foran average symmetry G in a disordered ensemble,
even though the ground state in each disorder reali-
zation is not a G eigenstate, we can still define defects
associated with G for the entire ensemble—all we
need is to modify the disorder potential accordingly.

Therefore, by characterizing the defects, or equivalently
domain walls of the average symmetries, we obtain an
understanding of average SPT phases. Essentially, lower-
dimensional states can be decorated onto the domain walls,
similar to the case of clean SPT phases. This “decorated
domain wall” [31] picture turns out to be powerful both in
the bulk and on the boundary.

A. Summary of results

We highlight the main results of this work below. This
part also serves as a map for the rest of this paper.
(1) In Sec. II, we carefully define various basic notions.

(i) We consider a disordered ensemble of local
Hamiltonians H;, where [ labels different dis-
order realizations. We consider quenched dis-
orders that are spatially uncorrelated, up to
some exponentially decaying tales.

(i) We consider two types of symmetries: an exact
symmetry is a symmetry for any disorder
realization, namely H; is invariant under an
exact symmetry for any [; an average sym-
metry, in contrast, does not keep each individual
H; invariant, but transforms H; to a different
disorder configuration Hp with the same reali-
zation probability. We consider cases where the
ensemble of bulk ground states {|¥;)} does not
spontaneously break any symmetry (exact or
average).

(iii) Similar to the study of SPT phases in clean
systems, we demand each H; to have a gapped
unique ground state |¥;). Furthermore, we
demand different realizations to be adiabati-
cally connected to each other while preserving
the exact symmetries: |¥;) = Uy|¥y), where
Uy represents a finite-time local Hamiltonian
evolution, or equivalently a finite-depth local
unitary circuit. Ground state ensembles that
satisfy these conditions are dubbed short-
range-entangled ensembles.

(iv) We define two short-range-entangled ensem-
bles to belong to the same average SPT phase if
their Hamiltonians can be continuously tuned to
each other while keeping the ground states
symmetric and short-range-entangled.

(2) In Sec. III, we argue that a powerful way to think
about average SPT phases is to study topological
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TABLE L

defects, such as domain walls and vortices, asso-
ciated with the average symmetry. For an ensemble
that preserves the average symmetry, these topo-
logical defects should proliferate at arbitrarily large
length scale. To construct nontrivial average SPT
states, we decorate the average-symmetry defects
with nontrivial topological phases protected by the
exact symmetry. For example, if we introduce
magnetic disorders in a three-dimensional strong
topological insulator [32], we have two-dimensional
domain walls of time-reversal breaking (introduced
by the magnetic impurities) percolating throughout
the bulk, and each domain wall is decorated with an
integer quantum Hall state.

The decorated domain wall approach allows us to
systematically classify average SPT phases. The
simplest case is bosonic systems with total symmetry
G = K x G, where K is exactand G is average: within
the group-cohomology formalism, such average SPT
phases are classified by (Theorem 1):

d+1

ZH‘”“P(G,HP(K,U(I))). (1)

p=1

In particular, group-cohomology states protected
solely by G [classified by H*!(G,U(1))] becomes
trivial as G becomes an average symmetry. This result
also applies when G is the average lattice symmetry,
appropriate for realistic crystalline systems, and K is
the exact internal symmetry. The result can also be
extended to states beyond group cohomology. In
Table I we list the classification of bosonic SPT
phases for several simple symmetry classes, in space
dimensions 1, 2, 3, including those beyond group
cohomology.

In Sec. IV, we show using a modified flux-insertion
argument that, when nontrivial states are decorated on
domain walls with dimensions higher than (0 4 1)D
[e.g., p > 1 in Eq. (1)], the boundary state is almost
certainly long-range entangled (or long-range corre-
lated). More precisely, the probability for a sample

Classification of bosonic average SPT phases in

some symmetry classes, in space dimension d = 1, 2, 3. The
classification in parentheses are those with long-range-entangled
boundary states.

Symmetry (I1+1)D 2+1)D 3+1)D
7™ 0 0 0

(z5)®) 0 0 7, (Z,)
Z, x 7™ Z, (0) Z; (Z,) 75 (Z5)
7, x (Z5)™) 7, (0) 73 (2,) 73 (73)
77 x 7 7, (Z,) Z, (Z,) 7 (2

“

®

(6)
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(a single state in the ensemble) to have boundary
correlation length & exceeding any finite value &,
approaches 1: P(£ > &) — 1, as the system size
L — oo (Theorem 2). We anticipate that these non-
trivial boundary states will result in measurable
signals such as low-temperature thermal conductance.
In contrast, if states are decorated on (0+ 1)D
domain walls [e.g., p =1 in Eq. (1)], then the
boundary state for all disorder realizations can be
short-range entangled—the only nontrivial feature in
this case is that different disorder realizations may not
be adiabatically connected in the presence of such
mildly anomalous boundary. In Table I we list, in
parenthesis, those states that do (almost certainly)
have long-range-entangled boundary states.

The above result on average anomaly is used in
Sec. IV C to show a Lieb-Schultz-Mattis constraint
for systems with average translation symmetry,
where each lattice unit cell contains a projective
representation of the exact on-site symmetry [such
as spin-1/2 moment for SO(3) or Kramers doublet
for time reversal]. We argue that in such systems the
ground state will almost certainly be long-range
entangled (or long-range correlated), with probabil-
ity approaching 1 as the system size L — oo.

In Sec. V, we consider fermion systems. First, in
Sec. VA we discuss some free-fermion examples:
weak and strong topological insulators, in two and
three dimensions. As a demonstration of the power
of our approach, we reproduce, in a simple manner,
several nontrivial results from previous literature.
We then systematically consider (3 + 1)D fermion
systems in two symmetry classes: AIl class
[U(1)x7 with Kramers doublet fermions] and AIII
class [U(1) x 7. In both cases we consider average
time-reversal symmetries. The AII class is relevant
for electronic solids with spin-orbit interactions,
with magnetic impurities that locally break time
reversal; the AIII class is relevant for quantum Hall
plateau transitions with average particle-hole sym-
metry. We show that for the AIl case, the classi-
fication is reduced from Z3 in the clean case to Z3;
for the AIII case, the classification is reduced from
Zg X Zy to Z4 X Z,. All these nontrivial states have
long-range-entangled surface states with probability
one, except for the n = 2 state in the Z, factor of
Alll, in which the surface state can be short-range
correlated for each individual disorder realization.
The anomaly structure for the AIII case is consistent
with numerical simulations on multicomponent
quantum Hall plateau transitions.

In Sec. VI, we further generalize our problem to
quantum disorders, where disorders are described by
quantum mechanical degrees of freedom that can
form nontrivial (but still invertible) many-body
entanglement within themselves. This converts our
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problem to the study of SPT phases in mixed states

—a problem that has been recently studied [33] in

the context of open quantum systems. We find the

following.

(i) States protected solely by the average sym-
metry, including invertible states that do not
need any symmetry, become trivial.

(i1)) Time-reversal symmetry always behaves as an
average symmetry.

(iii) Bosonic SPT phases described by elements in
Eq. (1) are still nontrivial. For this statement,
we give a careful justification in (1 + 1)D in
terms of the string order parameters, and give a
plausibility argument in the more general cases.

We end with a discussion on open questions in Sec. VIIL.

II. GENERALITIES

Let us begin by introducing some useful concepts and
physically defining our questions more precisely. To start,
we consider a fixed lattice Hilbert space with a local tensor
product structure H =@®; H; (i labeling lattice sites) and an
ensemble of local Hamiltonians {H;} and their ground
states {|¥;)}, with probability {P;}. For concreteness the
Hamiltonian takes the form

Hy=Hy+ Y (v10; +He), (2)

where v/ is a quenched disorder potential (I labeling a

particular realization and i labeling a lattice site), O is a
local operator, and H, is the disorder-free part of the
Hamiltonian. We require the disorder to be at most short-
range correlated; namely, Tvl should decay exponentially
with |i — j|.

We now consider two types of global symmetries. The
exact symmetry K commutes with both the disorder-free
part and the disordered part of the Hamiltonian, for any
individual realization of the disorder. The average sym-
metry (or statistical symmetry) [9,13,18,27] G only com-
mutes with H, and is broken by each realization of the
disorder potential, so effectively the disorder potential v
transforms nontrivially under G (¢ € G:v — g-v). We
then require the probability distribution P[v;] = P; to be
invariant under a G transform (P[g-v] = P[v]), so the
entire statistical ensemble stays invariant; hence the name
average (or statistical) symmetry. For example, a random
magnetic field 4(x) is odd under time reversal 7 :h — —h,
and time reversal would be an average symmetry if
P(h) = P(—h). In real materials, the most common exam-
ples of average symmetry are crystalline symmetries such
as lattice translation: in each sample the symmetries are
broken by impurities and lattice defects. It is typically the
case that the impurities and defects appear randomly at
different positions with equal probability, which makes the
lattice symmetries valid on average. However, to keep the

disorder potentials short-range correlated, we do need to
keep the impurities and defects dilute so they do not inter-
act with each other (the strength of impurity scattering
potential is unrestricted, on the other hand). For internal
symmetries such as time reversal, a natural way to
effectively obtain average-symmetric disorder is to start
with an exact symmetry, then break it spontaneously but
with the order parameter varying randomly in space—the
most famous example of this kind is a spin glass order (for a
concrete example, see Ref. [15]).

For simplicity we often focus on cases where the full
symmetry of the ensemble G is given by K x G. But we
note that, in general, G is given by the group extension,

1-K—-G->G—1, (3)

where K C G is a normal subgroup. § may or may not
contain an antiunitary (time-reversal) element. We also
assume that both K and G act locally (namely their actions
within each lattice unit cell are unentangled), so they do not
suffer from any t'Hooft anomaly—we come back to this
issue later when discussing boundary properties.

We now proceed to define the analog of symmetric short-
range-entangled states, but for the entire statistical ensemble
{H,, |¥;), P;}. It is natural to consider cases in which each
individual |¥;) is SRE (and symmetric under K); namely,
each H; is gapped with a unique symmetric ground state.
However, for our purpose this is not enough: we would like to
forbid the ensemble from containing states in different SRE
phases (possibly protected by K) separated by topological
phase transitions [34]. We therefore have the following.

Definition 1.—A K-symmetric SRE ensemble is one that
only contains K-symmetric SRE ground states {H;, |¥;)},
with any pair of states being adiabatically connected to
each other while preserving K.

Note that we impose the symmetric SRE condition on all
states in the ensemble, including those rare states with
vanishing probability in thermodynamic limit. This is to
avoid potential subtleties from Griffiths-like singularities.
We expect this no-rare-region restriction to be physically
reasonable far away from quantum phase transitions. The
interplay between rare-region effects and topological phase
transitions is a fascinating subject that we leave to future
studies.

To study symmetric SRE states, we further demand that
the ensemble of states {|¥;)} does not break the sym-
metries spontaneously. For exact symmetries this simply
means that each individual state |¥;) does not break the
symmetries (i.e., is not a cat state), which is guaranteed by
the symmetric SRE condition. The question is slightly
subtler for average symmetries. One could, for example,
detect spontaneous breaking of an average symmetry G by
measuring the average magnitude of the integrated order
parameter,
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where ¢, is some local order parameter (defined near site i)
that transforms nontrivially under G, (---) denotes the
expectation value with respect to a particular quantum state,
and the overline denotes the disorder (ensemble) averaging
(we use this notation throughout this paper). If the
ensemble spontaneously breaks G, we expect M to be
proportional to the volume L¢. For symmetric ensembles
we expect a smaller scaling—for example, a trivial para-
magnetic state will have M ~ O(L%/?).

The above way of detecting spontaneous breaking of
average symmetries, however, is not very convenient for
our purpose. In this work, instead, we guarantee the
absence of spontaneous G breaking primarily through
proliferation of domain walls (or other defects such as
vortices). Essentially, we demand that at sufficiently large
length scale (larger than the correlation length), domain
walls (or other appropriate defects) will always appear to
restore the statistical G symmetry. At low enough dimen-
sions (2D for discrete symmetries), such domain wall
proliferation is always guaranteed by the Imry-Ma
theorem [35].

Next we define the notion of continuous symmetric
deformation—the analog of symmetric adiabatic evolution
—for our SRE ensembles. This task is relatively straight-
forward: we continuously deform both the Hamiltonians
[Hy and O; in Eq. (2)] and the probability distribution of
the disorder P[v], such that (1) both the Hamiltonians and
the disorder correlations remain short ranged and (2) the
ensemble of states remains symmetric and SRE throughout.

We are now ready to define the notion of average SPT
phases.

Definition 2.—Two SRE ensembles, with exact sym-
metry K and average symmetry G, belong to the same
average SPT phase if and only if there is a path of
continuous symmetric deformation connecting the two.

As in most other topology problems, it is impractical to
check all continuous paths between two states. Instead it is
much more useful to construct topological invariants to
distinguish different phases. This is the task of the next
section.

: (4)

III. DECORATED DOMAIN WALL APPROACH

In this section, we generalize the decorated domain wall
approach [31], a powerful construction for standard SPT
phases, to the study of average SPT phases. Let us first
review the idea of constructing standard SPT phases by the
decorated domain wall (more generally, symmetry defect)
construction in clean systems [31], where all symmetries
are exact. Starting from a phase in (d + 1)-dimensional
space-time, in which G is broken spontaneously, a sym-
metric state can be obtained from condensation of

G-domain walls. Nontrivial SPT phases are produced by
decorating codimension p (with respect to the space-time)
topological defects of G with (d — p + 1)-dimensional
SPT phases protected by the unbroken symmetry K before
the domain wall proliferation. In order for the condensation
of G-domain walls to be gapped with a unique ground state
in the bulk, there is a set of consistency conditions for the
defect decoration [36], such that G defect of each codi-
mension is free of K anomaly. In this scheme the protected
surface states appear naturally: topological defects that end
at the surface carry the nontrivial boundary modes of
the lower-dimensional SPT phases protected by the sym-
metry K.

For simplicity let us tentatively assume G to be discrete
and unitary—the more general cases are similar in con-
clusions but more subtle in details. The decorated domain
wall approach can be equivalently formulated as follows:
consider the SPT state |¥), and act on it with the symmetry
element g € G, but only in a (large enough) subregion A
(say, with a disk geometry): U = [];c4 U, (U, is the local
g generator). The symmetric SRE nature of |¥) implies that
acting with Uj,;‘ has nontrivial effect only near the boundary
of A [37-39]; namely, U4 |¥) = VI*|¥), where V* is a
unitary operator that is nontrivial (nonidentity) only near
the boundary JA. In this case a decorated domain wall
simply means that V4 creates a nontrivial phase in one
dimension lower. Similar considerations can be carried out
for defects with higher codimensions [36] and for anti-
unitary symmetries [40].

Now we add quenched disorder that breaks the G
symmetry to the system. One can imagine that now the
system consists of patches with different symmetry-
breaking patterns, which are pinned by the symmetry-
violating disorder. In two adjacent patches, the states are
related by an action of the broken symmetry. As a result,
the interface between two adjacent patches naturally
realizes a G-domain wall. The idea is that, similar to
the case in clean systems, we can decorate the domain
walls with nontrivial lower-dimensional invertible phases,
such as SPT phases protected by the exact symmetry.
When the disorder has a random distribution so that the
G symmetry is restored on average, one again gets a
G-defect network, extending over the entire system.

The above picture is very similar to the standard (exact
symmetry) SPT phase, but with one important difference:
for standard SPT phases the domain walls proliferate as
coherent quantum superpositions, with well-defined phase
factor associated with each domain wall configuration—for
example, the bosonic Z, Levin-Gu state [41] has a (—1)
factor for each Ising domain wall; for average SPT phases,
however, the domain walls proliferate through classical
probability, with no analog of quantum phase factors.
Therefore, SPT states that are nontrivial due to such phase
factors in the domain wall superpositions have no analog in
average SPT phases.

031016-5
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Let us try to make the decorated domain wall picture for
average SPT phases more precise. Consider a particular
realization, say, {v;} in Eq. (2), with the ground state |¥).
Now consider a different realization, with 9; = v; for i
outside of a region A, and #; = gv;g”" inside the region A
(for example, for Ising symmetry ¥; = —v; for i € A), and
denote the corresponding ground state as |‘§’) These two
disorder realizations have essentially identical probability.
The absence of spontaneous G breaking, together with the
SRE nature of the ensemble, implies that for large enough
A, the two should look identical deep inside A, and should
differ only by a g action deep inside A—the only potential
nontrivial difference can only happen near the boundary dA.
Formally,

UGl¥) = Vi |®). (5)

with V94 defined nontrivially only on dA. If we choose a
different disorder realization, say, v} with ground state |¥'),
we can similarly define # and |¥). By assumption
(Definition 1), all these states are connected through some
K-symmetric adiabatic evolutions (or K-symmetric finite-
depth unitary circuit). Moreover, the evolution connecting
|¥) to |¥) (call it W) and that connecting |'P) to [¥') (call it
W’) must be identical deep inside A and differ only by
conjugating ¢ deep inside A. These facts are enough to
show that

Ul = (Vi)' |¥), (6)

where (V94)" and V* only differ by an adiabatic evolution
on 0A. In other words, the topological nature of V?A does
not depend on the choice of disorder realization, even
though nonuniversal properties of VgA certainly do depend
on details of the disorder potential. Similarly, one can show
that the topological nature of V94 also does not depend on
the choice of the region A, as long as A is large enough—
essentially, Definition 1 requires different domain wall
configurations to be adiabatically connected to each other,
which in turn requires the decorating phases on the domain
walls to remain the same no matter where the domain walls
move to. The only way to change the topological property
of VZA is to go through a phase transition—at least for some
of the states in the ensemble.

The above arguments establish the (topological part of)
V94, the “decoration” on the domain walls, as a robust
property describing the corresponding average SPT phases.

A. Topological response from replica field theory

Similar to the standard SPT theory, the decorated domain
wall construction can be rephrased as a topological
response theory for background gauge fields. For this
purpose, we work with the path integral and use the replica

trick: we replicate the Lagrangian N, times to obtain the
action

S = /dtddx;ﬂqﬁa(x, 1), v(x)] +/dde[1;(x)], (7)

where ¢ represent all the dynamical degrees of freedom, o
is the replica index, and v is the disorder potential. The first
term represents the dynamics of ¢’s and their interactions
with v, and the second term generates the classical
probability of the disorder potential. Note that while the
dynamical fields ¢(x, t) depend on both space and time, the
disorder potential »(x) only varies in space and is constant
in time.

The replicated action Eq. (7) is, by definition, invariant
under the full symmetry group G. The disorder potential v is
invariant under the exact symmetry K, but transforms
nontrivially under the average symmetry G. There is no
obstruction in coupling the theory in Eq. (7) to a back-
ground gauge field in G, call it AY. The only subtlety is that
since » is constant in time, any gauge transformation
associated with G must be constant in time. This then
requires the G gauge field, denoted as A%, to be trivial
along the time direction. Since the time component of a
gauge field couples to the symmetry charge, the constraint
on G gauge field is simply a reflection of the fact that G
charge is not conserved for our system, and one cannot use
G charges to distinguish different phases of matter. The
spacial components of Ag, on the other hand, are not
constrained. In fact, the average-symmetry defects, dis-
cussed in the decorated domain wall construction, can be
precisely described using the spacial components of Ag
following standard procedures. For example, a nontrivial
holonomy of A along a spacial cycle represents a twisted
boundary condition for both the dynamical fields and the
disorder potential.

We can now formally integrate out the dynamical fields
¢, and obtain the partition function that depends on the
background gauge field AY and the space-time (d + 1)-
manifold X. For an invertible phase (such as SPT phase) in
a clean setup, the global properties are included in a
topological quantum field theory (TQFT) as the imaginary
phase of the Euclidean partition function [42],

IN(Z[X, A]) ~ iy [X, A] + - - - 8)

in which the terms omitted are irrelevant below the bulk
energy gap. In the presence of quenched randomness, the
disorder-averaged effective action can be obtained from the
replica limit [43],

S[X, A9 = In Z[X, AY]
1

N—r(Z[X,Ag}N’—l), ©)

= lim
N,—0
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where the overbar denotes the disorder average. Analogous
to clean systems, the topological term that survives the
replica limit N, — 0 in Eq. (9) encodes the topological
properties of the disorder system.

Here we make a side remark. The maximal symmetry
group (let us denote it by G) of the actions in Eq. (7) is not
the “full symmetry group” G that acts diagonally on all
replicas. For example, if G = K x G, then G =KV xG,
since each replica can transform under K independently

while leaving the Lagrangian invariant. More generally, G
is defined by the following morphism of short exact

sequences:

1— KN GN- G- 1
4 1l FT (10)
1 —— KNr g G 1

Here, F is the diagonal map, and we ignore the (in general
discrete) rotation symmetry among the replicas. Coupling
the overall G symmetry to backgrounds enables us to
calculate quantities such as

lim (070%) ~(0)(0%). (1n)

where a # f# and O, O, are arbitrary operators. Physically
these quantities encode nontrivial sample-to-sample fluc-
tuations in the disordered ensemble. Since we assume
(Definition 1) that different disorder realizations are adia-
batically connected, we do not expect such sample-to-
sample fluctuations to play an important role in our
discussions. One can, however, ask whether by relaxing
our assumptions we can discover nontrivial topological
properties associated with sample-to-sample fluctuations
(such as a topological analog of the universal conductance
fluctuation [44]), as may be captured by coupling to G
gauge field. We leave this intriguing possibility for future
study.

We are now ready to classify and characterize a large
class of average symmetry-protected topological (ASPT)
phases. For SRE phases for which the ground state is
unique and gapped on any closed spatial manifold, this
problem is equivalent to the classification of associated
invertible TQFTs [see Egs. (8) and (9)], studied by the
cobordism theory [42,45-47]. The static disorder modifies
the classification by constraining the space-time configu-
rations of the background fields of average symmetries; i.e.,
it quenches the holonomy of A along the time cycle. For
example, a clean topological phase remains nontrivial if
and only if the corresponding TQFT remains nontrivial
given this constraint. Next, with some simple examples, we
illustrate how the topological response theory naturally
leads to the decorated domain wall construction.

B. Simple examples: Group cohomology
states with G=K x G

Let us consider a bosonic SPT phase described by group
cohomology [5]. For simplicity we also assume G = K x G;
namely, the group extension Eq. (3) is trivial. In this case the
group cohomology classification in (d + 1)-dimensional
space-time can be rewritten by the Kiinneth formula,

HH(G.U(1)) = %H"“"’(G,H”(K,U(l))), (12)
p=0

in which the corresponding coefficient group is twisted if G
or K contains time reversal [46]. This mathematical formula
can be understood from the perspective of topological
effective actions. For a bosonic system, the topological
action in Eq. (8) can be expressed as an integral of a local
Lagrangian L over space-time,

Sy = 21 / c (13)
X

where L is a (d + 1)-dimensional cocycle, built out of flat
background gauge fields [and w;(TX), the first Stiefel-
Whitney class of the space-time, which can be viewed as
the time-reversal gauge field]. In particular, £ may be written
as a cup product £ = L, U L,, where L, and L, are two
cocycles constructed from the background gauge fields in the
theory, whose degrees sum to (d + 1). As the effective action
of a SRE phase, we require £ to be gauge invariant on any
closed space-time. For a compact X, the Poincaré duality
HP(X) = H,y_,(X) (with the coefficient in any ring)
enables us to rewrite the action as

Siop =21 | Ly, (14)
Ly

where ﬁz is the Poincaré dual (with respect to X) of the
cocycle £,.

To make connections between current discussion and the
decorated domain wall picture, note that if the cocycle £, is
taken to be the background gauge field A® of a symmetry
G, the Poincaré dual surface £, is simply a G-domain wall.
The action in Eq. (14) hence describes an effective
(d — 1 + 1)-spacetime-dimensional topological phase, liv-
ing on the wall. This precisely corresponds to the SPT
phase decorated on the codimension-1 G-domain wall.
Gauge invariance of £ ensures the consistency between the
decoration and the fusion rules of the domain walls. The
same argument also holds for defects of higher codimen-
sions, where £, are cocycles of higher degrees built out of
AC. Therefore a physical interpretation of an element of
H'=r(G,HP(K,U(1))) in Eq. (12) is a consistent
decoration of a p-dimensional G defect by a K-SPT phase
in p-dimensional space-time.
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When static randomness turns G into an average sym-
metry, A can have nontrivial holonomies only around
spatial cycles. Equivalently, this means the symmetry

defect £, extends along time, while its spatial position
is pinned. A straightforward observation is that the topo-
logical action of the p =0 element [i.e., the group
cohomology HY!'[G,U(1)], with twisted coefficient if G
contains time reversal] in Eq. (12) becomes trivial if the
holonomy of A® around time cycle is quenched, i.e.,
J.A® =0. For example, the Levin-Gu state [41] has
partition function S =7 [a U a U a [a € H'(X, Z,) being
the background Z, gauge field], and is trivial if a along the
time direction is set to zero. This confirms our physical
expectation based on the domain wall proliferation picture
at the beginning of Sec. III.

In contrast, the effective actions of elements in Eq. (12)
with p > 0 remain nontrivial. The physical picture is
precisely the decorated domain walls discussed at the
beginning of Sec. III. We therefore conclude with the
following theorem.

Theorem 1.—Bosonic SPT phases with symmetry G =
K x G (K being exact and G being average) described
within group cohomology are classified by

d+1

> HE (G HP (K, U(1))). (15)

p=1

Namely, only mixed topological response between G and
K (or pure response for K alone) remains nontrivial as G
becomes average symmetry.

Going beyond group-cohomology classification, at least
for bosonic systems with G = K x G, is not too compli-
cated. The only new ingredient is that on the domain walls
we can also decorate nontrivial invertible topological
phases, resulting in mixed “gauge-gravity” topological
response [48]—essentially, the cocycles in Eq. (14) can
also involve characteristic classes of the space-time itself.
Such response will remain nontrivial as G becomes average
symmetry. For example, decorating the chiral Ey state [49]
on the average time-reversal domain walls results in the so-
called efmf state [50-52] in (3 4+ 1)D protected by the
average time-reversal symmetry. So we conclude that as G
becomes average symmetry, a nontrivial K x G boson SPT
phase in the clean limit becomes trivial if and only if the
SPT phase is characterized by a pure G-gauge response (no
K-gauge field or gravity involved).

In Table I we list the classification of bosonic SPT phases
for some simple symmetry classes, in space dimensions 1,
2, 3, including states beyond group cohomology.

So far we have analyzed clean SPT phases and showed
many of those remain nontrivial as G becomes average
symmetry. From a different perspective, however, in our
analysis we exhaust all the possible ways to decorate the
domain walls. Therefore, what we obtain is also a complete

classification of average SPT phases, at least within the
decorated domain wall picture. We note that, once we go
beyond the simple case of G = K x G, the completeness
of this classification is no longer guaranteed, and we
shall explore this extremely intriguing possibility in future
study.

C. Application: Crystalline SPT phases

For the purpose of classifying SPT phases, crystalline
symmetries can be treated with internal symmetries on the
same footing. This fact, known as the “crystalline equiv-
alence principle” [21], allows us to apply results in this
section to crystalline SPT phases in realistic crystals, where
the lattice symmetries are only preserved on average.

Many physically relevant examples can be described as
G = K x G, where K is an exact internal symmetry [e.g.,
time reversal, spin SO(3), etc.] and G represents the lattice
symmetries such as translation, rotation, and reflection. For
boson (or spin) systems, Eq. (15) then gives the group-
cohomology classifications. States beyond group cohomol-
ogy are classified similarly, with nontrivial invertible states
decorated on domain walls.

We can also give a simple example of crystalline SPT
phase that is nontrivial in the clean limit, but becomes trivial
once the crystal symmetry becomes average symmetry:
consider a (2 + 1)D SPT state with C,-rotation (inversion)
symmetry. The only nontrivial state, which is the crystalline
counterpart of the Levin-Gu state [41], can be constructed by
putting a nontrivial C, charge at the C,-rotation center. When
the C, symmetry becomes average, the notion of “nontrivial
C, charge” no longer makes sense; therefore, the state
becomes trivial.

It is illuminating to compare the decorated defect
pictures in three different types of SPT phases.

(1) In the standard internal symmetry SPT phases, the
defects condense into quantum superpositions. In other
words, the defects proliferate quantum mechanically.

(i1) In crystalline SPT phases, the crystalline defects,
such as crystalline unit cells, rotation axes, and
reflection planes, are static [20,53-56].

(iii) In average SPT phases, the average-symmetry de-
fects are static in each disorder realization, but they
proliferate probabilistically in the ensemble of states.

In this sense, the average SPT phases are somewhat in
between internal and crystalline SPT phases. As we have
discussed in this section, although subtle distinctions
between average and standard SPT phases do exist, the
overall pictures are quite similar in terms of decorated and
proliferated defects (domain walls).

1. Example: Mirror-symmetric
topological crystalline insulator

As an example, we present a detailed discussion of
an average mirror-symmetric topological crystalline
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insulator [57]. Generalizations to other average crystalline
SPT phases will be straightforward.

We consider a three-dimensional free-fermion insulator
with charge U(1) and mirror reflection M, : z - —z. The
simplest nontrivial state has one Dirac cone on the surface.
Within band theory, the bulk state is characterized by a
“mirror Chern number” [57] n,, = 1. Furthermore, it has
been demonstrated [58] that this state remains nontrivial
even with interactions as long as the gap remains open
during the adiabatic turning on of the interactions. In real
space, this state can be adiabatically deformed to a
particularly simple limit [20]: on the mirror reflection
plane z =0, we decorate an integer quantum Hall
(IQHE) state with o, =1, and on the other reflection-
invariant plane at z = L/2 ~ —L/2 (where L is the system
size, and periodic boundary conditions are assumed), we
decorate an opposite IQHE state with 6,, = —1. In the
absence of mirror symmetry, the state can be adiabatically
trivialized through a generalization of the Thouless pump
[59], which pumps the IQHE state at z =0 to z = L/2
through one side of the bulk (say, the right side).
Specifically, the pump is an adiabatic deformation on the
right-hand side of the system H_.((7) from time 7 = 0 to
7 = T (T does not scale with L), such that away from z = 0
and z = L/2 we have H(T) = H(0),andatz =0 and z =
L /2 the IQHE layers are eliminated at = T. The left-hand
side of the system cannot undergo the same pump because
it would add another pair of IQHE layers to the reflection-
invariant planes. As such, adiabatic pumping is not allowed
with exact mirror symmetry.

When mirror symmetry is preserved only on average, it
requires the probability distribution of the Hamiltonians to be
mirror symmetric: P[H .| = P[H_.]. We now argue that,
even with average mirror symmetry, the above adiabatic
pumping is still not possible without violating the basic
assumptions in Sec. II. For the disordered ensemble, the
adiabatic deformation from 7 = 0 to 7 = T is specified for
each disorder realization I: H'(7) = Y, H!(z), where H! is
the local Hamiltonian density around site i for realization /,
and by assumption the probability distributions of H; at
different i are uncorrelated up to exponential tales (Sec. II).

Suppose we have one realization I, in which H 20>0 (7) pumps
away the IQHE layers at z = 0 and z = L/2, and H" (7)

z<0
does not pump anything nontrivial. The average mirror
symmetry, together with the short-range-correlated nature
of the disorders, tell us that for any z5 > O there must be

another disorder realization /, in which H £‘<0 and H ;‘} <L)
do not pump anything, while H, f)]< 1<z, Pumps a pair of IQHE
layers to z = 0 and z = z;. This means that, at the final time
t=T,H él%zO has anontrivial IQHE ground state, while H iLzO
has a trivial ground state (a similar conclusion also holds for
any zo < 0). Therefore, the total Hall conductivity 6., =
> . 04,(2) € Z must fluctuate from sample to sample and
cannot be zero for all realizations {/}. Since states with

different total o, cannot be deformed to each other without
closing the gap, we conclude that the above deformation
process must close the energy gap for some disorder
realization. This establishes the nontriviality of the mirror
SPT state.

D. Brief comments on general cases

If the exact and average symmetries form nontrivial
group extensions Eq. (3), then we do not have the Kiinneth
formula and the decorated domain wall construction will in
general become more complicated.

Let us first review the idea of decorated domain walls in
clean systems in the general cases (with possibly nontrivial
group extensions). In D-spatial dimensions, the construc-
tion starts with a phase in which the G symmetry is broken
spontaneously. Such a phase admits domain wall excitations,
such that a domain wall labeled by an element g € G
interpolates between two symmetry-breaking patterns
related by a g action. A G-symmetric state can be obtained
by quantum disordering the symmetry-breaking phase, i.e.,
condensing G-domain walls. Itis known that the domain wall
condensation may give rise to a nontrivial G-SPT phase, if
one decorates a G defect in the symmetry-breaking phase,
i.e., a domain wall or a (multi)domain wall junction, of
codimension p with a (D — p)-dimensional SPT phase
protected by the unbroken K symmetry [31]. Crucially, in
order for the condensation of G defects to be SRE, the
following consistency conditions must be satisfied.

(1) G defects of each codimension should be free of K
anomaly. Namely, the defects can be gapped without
breaking K.

(2) K is preserved during a continuous deformation of
the G-defect network.

(3) There is no Berry phase accumulated after a closed
path of continuous deformation.

Physically, the third condition is required since the many-
body wave function is single valued; the G-domain walls can
be condensed without breaking K once the second consis-
tency condition is respected; and the first condition guaran-
tees the resulting state to be gapped with a unique ground
state. The wave function of the gapped G-SPT phase
produced is a superposition of all domain wall patterns.
These consistency conditions may be formulated mathemati-
cally by the Atiyah-Hirzebruch spectral sequence (AHSS).
See Refs. [36,60] for details. In the decorated domain wall
scheme the protected surface states appear naturally: topo-
logical defects that end at the surface carry the nontrivial
boundary modes of the lower-dimensional SPT phases
protected by the symmetry K.

Now we make G an average symmetry and decorate
nontrivial invertible states on G domain walls. The first two
conditions above should still be satisfied, since we are
interested in SRE ensembles (Definition 1). The third
condition, however, does not seem to be necessary, since
the domain walls no longer form coherent superpositions.
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This leaves the possibility of intrinsically disordered
average SPT phases that have no counter parts in clean
systems. This intriguing possibility is beyond the scope of
this work, and will be reported in a subsequent study.

IV. AVERAGE ANOMALIES AND
BOUNDARY PROPERTIES

For ordinary SPT phases, itis well known that a nontrivial
bulk leads to nontrivial boundaries. Specifically, the boun-
dary theory will have ' Hooft anomaly that matches the bulk
topological response. The t"Hooft anomaly imposes power-
ful constraints on the IR boundary dynamics. For example,
the anomalous boundary cannot be symmetrically gapped
with a unique ground state. A natural question is, how does a
nontrivial bulk average SPT phase constrain its boundary
dynamics? Or equivalently, what are the consequences of an
average anomaly?

As we see below, the answer to the above question
depends on the dimensions of the decorated states on the
proliferated domain walls. There are two different catego-
ries that we discuss separately.

A. Trivial case: (0+1)D decoration

Let us illustrate the physics with a simple example. We
start from the (1 + 1)D cluster model [61,62]:

Hcluster = _Zzn—lxnzn+lv (16)
n

in which X and Z are Pauli matrices. The cluster chain is in
a SPT phase protected by a Z, x Z, symmetry, which is
generated by

K = [[X211,
n

We then add to the Hamiltonian in Eq. (16) disorder that
violates one of the Z, symmetries, say G, but restores it on
average. For example, we add the following term,

G = [[Xan- (17)

Hgis = —thnzzm (18)

where h,,’s are on-site potentials distributed uniformly in
[-6, 8. The disorder Hamiltonian is symmetric under K,
while it respects G only on average.

The cluster chain Eq. (16) can be interpreted as deco-
rating a nontrivial K charge at each G-domain wall, and
then condensing the domain walls to get a Z, x Z,
symmetric topological phase. Once the random field is
turned on, the G-domain walls no longer condense as the G
symmetry is explicitly broken for each disorder realization.
However, for each realization, there will in general be many
G-domain walls, and each domain wall still traps a

nontrivial K charge. The resulting state is therefore a

nontrivial Z, x Z™ SPT phase.
We can in fact push our model to strong disorder regime,
and obtain a much simpler effective model:

H = —Z(zznxzn+1zzn+2 + hanZay), (19)

n

where h,, € {£1} are independent binary random varia-
bles defined on each even-integer site. The ground state of
each individual Hamiltonian is simply an unentangled
product state, with each even site in |Z,, = h,,) and
odd site in |X,, .| = hy,ho,.2). This ensemble has the
same domain wall decoration pattern as the previous model
[as can be checked explicitly using Eq. (5)], and is therefore
an equally valide (but much simpler) representation of the
Zy X Zgav) SPT phase.

The fact that each disorder realization simply gives an
unentangled product state is true even when the system has
boundaries. This immediately means that our “average
cluster chain” does not have nontrivial boundary state—
unlike the clean cluster model which has a robust ground
state degeneracy once put on an open chain. This can also be
understood directly from the edge state: each end of the clean
cluster chain forms a two-dimensional projective represen-
tation of Z, x Z,, in which the generators of G and K act as
anticommuting Pauli matrices o, and o, respectively. Now
adding, even only on the boundary, a random G-breaking
field ho, will lift the edge degeneracy completely.

We demonstrate that the Z, x Z;V) cluster chain does
not have nontrivial boundary dynamics. The boundary,
however, does have a notable feature: the K charge is fixed
by sgn(h) which fluctuates from sample to sample. This
means that different samples will not be symmetrically and
adiabatically connected to each other, violating one of the
key assumptions of our SRE ensemble (Definition 1). So
our SPT state is similar to the standard SPT states, in the
sense that when the system has boundaries the state cannot
stay SRE—although in the above example it violates the
SRE condition in a rather trivial way.

It is straightforward to generalize the above observations
to all the average SPT states, in any dimensions, in which
only (0 -+ 1)D states are decorated on average-symmetry
domain walls. Such states can be continuously deformed to
a limit where each disorder realization simply gives a
product state, without any interesting boundary dynamics.
This aspect is in fact familiar in crystalline SPT phases
[53,63]: if we decorate (0 + 1)D states [for example, some
integer U(1) charges] on crystalline defects (such as in each
unit cell of translation symmetries), we obtain crystalline
SPT phases without nontrivial boundary dynamics—
instead, we obtain a variety of atomiclike insulators that
are not symmetrically and adiabatically connected to
each other.
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B. Nontrivial cases: Higher-dimensional decoration

We now move on to the much more interesting cases
with higher-dimensional domain wall decorations. We
employ a modified version of flux-insertion argument
commonly used in the study of topological phases. Let
us again illustrate with a simple example.

Consider a (2 + 1)D boson SPT phase, with the exact
symmetry K = SO(3), average symmetry G = Z,, and full
symmetry G = SO(3) x Z,. The only nontrivial element in
H'[G,H*(K,U(1))] has a topological action,

Stop = 7[/ au wgo(3), (20)
X

where a is the background Z, field and wioG) is the second
Stiefel-Whitney class of the SO(3) probe field. This state
has a simple physical picture in terms of decorated domain
walls: on each Z, domain wall there is a Haldane chain
protected by the SO(3) symmetry.

Let us now put the system on a space manifold with
boundary, and ask how likely it is for the ground state |¥),
for one realization of the disorder potential v, to be short-
range entangled. We argue below that such “uninteresting”
ground state must be very rare as the system size becomes
large. The trick is to use the partial symmetry transform to
create domain walls, similar to the argument used in
Sec. III, but now with a spacial boundary.

Let us start by assuming that |¥) (under a particular Z,-
breaking disorder realization v) is short-range entangled,
with exponentially decaying connected correlation func-
tions and a nonzero energy gap. Now take a large enough
subregion A that includes a segment on the physical edge
(Fig. 1), and flip all the random Z,-breaking fields » inside
A, so that we are now considering a different disorder
realization with

D(x € A) = —v(x € A), p(xeA)=v(x€A). (21)

We denote the ground state under 7 as |¥). Similar to the
bulk argument [Eq. (5)], we expect that

FIG. 1. The decorated domain wall picture in the presence of a
physical edge.

Uil¥) = V), (22)

with V2 creating an SO(3)-protected Haldane chain on
domain wall dA (not including the segment on the physical
edge). But contrary to the bulk argument in Sec. III, the
domain wall 0A itself has boundaries—it terminates on the
physical edge at two points. If |¥) is also short-range
entangled (with correlation length much shorter than the
edge segment), then V%4 will create a pair of half-integer
spins at the two ends of dA. Since we assume SO(3) to be
exactly preserved, the two spins should be locked into a
singlet, which leads to a nontrivial correlation at large
distance—the state effectively becomes long-range
entangled. But this should not happen, as the left-hand
side of Eq. (22) is clearly short-range entangled: it is just a
depth-1 unitary U4 acting on a short-range-entangled state
|¥). Therefore, the assumption that |¥) is short-range
entangled must be wrong. To make Eq. (22) valid, |¥) must
already have a singlet pair distributed at the two ends of dA,
so that acting on it with the Haldane chain creation operator
V9 removes the singlet pair and recovers a short-range-
correlated state.

Once we understand the long-range-correlated (or
entangled) nature of |P), it is obvious that such states
can be created in many other ways: we can change the
region A so that dA end at a different point on the physical
edge; we can also have multiple such regions that lead to
many long-range singlets on the edge. Crucially, all such
states appear with same probability as |¥), since, by
definition of the average Z, symmetry, flipping the sign
of the random potential v in a region larger than correlation
length should not change its realization probability.
Therefore, as the system size goes to infinity, there are
infinitely many ways to create long-range entanglement out
of a short-range-entangled state, with essentially equal
probability. This in turn means that a short-range-entangled
state |¥) can appear at most with a vanishing probability.

The above argument generalizes to other average SPT
phases, as long as the nontrivial invertible states being
decorated on the domain walls (defects) are higher
than (0 + 1)D.

Theorem 2.—An average SPT phase with decoration
dimension p > (0+ 1) will have long-range-entangled
boundary state with probability approaching 1 in the
thermodynamic limit.

We emphasize that the above statement does not require
ensemble averaging: even for a single sample of disorder
realization (which is what we have in real experiments), the
boundary theory will be long-range entangled in the
thermodynamic limit. Our result also indicates that even
with a single sample, in the thermodynamic limit the
boundary will have gapless, delocalized excitations. The
delocalized gapless excitations will contribute to various
measurable quantities such as thermal conductance.
Although a detailed account of the dynamical features of
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the boundary theory may be complicated and require a case-
by-case study, we expect the boundary thermal conductance
to scale as a power law in temperature 7" even in the strong
disorder regime. Furthermore, the nontrivial thermal con-
ductance will disappear once a symmetry-breaking field is
turned on, which in principle makes the signal distinguish-
able from phonon contributions. Such phenomenon could
serve as a practical way to experimentally detect nontrivial
boundary states with average anomaly.

The nontrivial boundary state, even within a single
disorder realization, suggests that the bulk SPT phase
should also be well defined and nontrivial for a single
disorder realization. However, at this point we do not have a
theoretically controlled way to define or describe such
ASPT phases with single disorder realization. This is an
interesting question for future investigation.

In Table I we list, in parentheses, those states that do have
long-range-entangled boundary states (with probability
approaching unity).

C. Application: Lieb-Schultz-Mattis constraints
with average lattice symmetries

Readers familiar with random spin chains will recognize
the long-range-entangled state constructed in Sec. IV B as
essentially the random singlet state [64—66]. Indeed, with-
out any change in the argument, we can replace the average
Z, symmetry in the example of Sec. IVB with a Z
symmetry. By the spirit of crystalline equivalence principle
[21] we can interpret this Z as lattice translation. The
corresponding bulk system is a stack of SO(3) Haldane
chains with an average translation symmetry perpendicular
to the chains. On the boundary we obtain a disordered spin-
1/2 chain with average translation symmetry. The result of
Sec. IV B then becomes a disordered version [27] of the
Lieb-Schultz-Mattis theorem [22], which states that a
disordered spin-1/2 chain with average translation sym-
metry must stay long-range entangled with probability one.
The random singlet state with arbitrarily long-ranged
singlet pairs is a classic example of such states.

Using the crystalline equivalence principle [21], we can
conclude that all the generalized LSM anomalies for other
lattice symmetries [26,67] (rotation, reflection, etc.) still
imply long-range entanglement (with probability 1) when
the lattice symmetry becomes average.

Let us provide a more direct and detailed argument for the
simple case of (1 + 1)D systems with average lattice trans-
lation symmetry. Consider a spin chain with exact on-site
symmetry K, with the Hilbert space for each lattice unit cell
forming a projective representation w,. € H>(K,U(1)). For
concreteness we can think of K = SO(3) and the system
being a spin-1/2 chain, although this will not be necessary.

Now assume that for some disorder realization (with a
local Hamiltonian H = ), H,), the ground state |¥) is
short-range entangled with a finite correlation length £. Let

us then consider a different Hamiltonian H =", H;,
defined with a large subregion (a long segment) A, such that

(1) for i far outside A, H; = H,,

(2) for i deep inside A, H; = H,_,,

(3) for i near the boundary 0A, H; can take any value in

the ensemble.

Essentially we have translated the Hamiltonian inside
region A by one unit cell, which is the translation analog
of the partial symmetry operation in Sec. IV B. This
disorder realization will have a different probability with
H, but crucially the two probabilities only differ by a
constant factor, depending on details at dA but independent
of either the size or location of region A (as long as A is
large enough).

Since we assume the original state |¥) to be short-range
correlated with a clear energy gap, the change in a local
Hamiltonian term (say, at i) should only affect properties
near i. So the new ground state |¥) should be identical to
|¥) far out of A, and be identical to the translated version
T.|¥) deep inside A. However, these two conditions imply
that at each boundary JA there is an extra half-integer spin
(or projective representation in general). In order to form a
symmetric state, these two half-integer spins have no
choice but to form a singlet with each other (since regions
deep inside and far outside of A are determined already).
This creates a long-range correlation across the large
region A.

Let us make the above argument more explicit in terms
of reduced density matrices. We denote a subsegment deep
inside A as A_, the region far outside A as A_+, and the
remaining two regions (the left-hand and right-hand boun-
daries) as 0dA; and 0dAg. We further denote A_ as A_
translated to the right by one unit cell, éZL as 0A; plus one
unit cell right to it, and 0A r as 0Ap minus its leftmost unit
cell. We now consider reduced density matrices from the
state |¥) (denoted as p) and from the state |¥) (denoted as
p). For a SRE state, at each of the four entanglement cuts
(let us denote them as a, b, ¢, d from left to right) we can
extract an element of w € H*(K,U(1)) from the entangle-
ment spectrum [37] [for K = SO(3) this Z, number is just
measuring the parity of singlet bonds across each cut].
Since we have a nontrivial w,. € H*(K,SO(3)) per unit
cell, we have the relations w, — @, = @, X |0A;| and
@, — Wy = Wy X |0Ag|. Now the SRE nature of |¥) and
the relation between H and H imply that p(A,) = p(A.)
and p(A_) = p(A_). Therefore, at each of the four entan-
glement cuts we should have w = @ (now b and ¢ are
translated from b and ¢ by one unit cell). However, this
means that for the two boundary regions, @, — @, = @, X
(|0A.| = 1) and &, — @y = wy. % (|0Ag| + 1). Therefore,
the two regions 0A L U 0A r cannot be short-range entangled
—the only way to have a symmetric state is for the two

regions, separated by X: to entangle with each other.
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We can now make the above argument for any large
region A, even multiple of them. Since the probability to
create such long-range correlation does not depend on the
size and location of A, we again conclude that for such
systems, short-range-entangled ground state must be
extremely rare, with at most vanishing probability as
system size L — oo.

We note that for K = SO(3), a similar average LSM
theorem has been shown in Ref. [27]. Our argument here is
more general, although the conclusion is not as strong—for
example, we make no direct statement about averaged
correlation functions or energy gaps.

V. FERMIONIC EXAMPLES

The insight we obtained in Sec. III works equally well
for systems with fermions and/or beyond the group-
cohomology classification. In this section, we first discuss
some known examples of nontrivial free-fermion ASPT
states from previous literature. As a demonstration of the
power of our approach, we reproduce several nontrivial
results in a straightforward manner. We will then system-
atically discuss two particularly interesting symmetry
classes of fermionic ASPT phases, namely (3 + 1)D
fermionic TIs in symmetry class AIl and AIIl. We study
the former using a systematic decorated domain wall
construction similar to that in Ref. [20], and the latter by
examining the reduction of the clean classification.

A. Known examples

3D TL—The (3 + 1)D Fu-Kane-Mele topological insu-
lator [32], protected by charge U(1) and Kramers time-
reversal symmetry, can be viewed as decorating (2 + 1)D
time-reversal domain walls in the bulk with integer quan-
tum Hall states with Hall conductance o,, =1 (mod2).
Since the decoration dimension is p =2+ 1 > 0 + 1, the
state will remain nontrivial, with nontrivial surfact states, as
we break time reversal to an average symmetry [the total
symmetry being U(1)x(2Z%)%]. This is in agreement with
Ref. [13], where it was found that the TI surface remains
delocalized even in the presence of magnetic impurities.

3D weak TL.—The (3 + 1)D weak topological insulator
[32], protected jointly by charge U(1), Kramers time-reversal
and translation symmetry, can be viewed as a stack of
(2 + 1)D Kane-Mele topological insulator [68] [protected
by U(1)xZ27] in one spacial direciton (call it 2). The layers
being stacked can be viewed as (2 + 1)D defect of the
translation symmetry. So the decoration dimension here is
p =2+ 1> 0+ 1. This means that if we break translation
symmetry down to an average symmetry while keeping
U(1)xZ} exact (a very natural condition for realistic
crystals), the state will remain nontrivial with nontrivial
surface states [the total symmetry being [U(1)xZ%) x Z*] ].
This agrees with Refs. [11,12], where it was found that the

surface theory remains delocalized even with average trans-
lation symmetry.

2D TI.—The (2 + 1)D Kane-Mele topological insulator
[68], protected by charge U(1) and Kramers time-reversal
symmetry, can be constructed [69] via decorating (0 + 1)D
time-reversal defects (intersections of domain walls) with
odd-integer U(1) charge. Since the decoration dimension is
p =0+ 1, as we break time reversal down to an average
symmetry, even though the bulk is still considered non-
trivial in our definition, the edge state can be trivialized [the
total symmetry being U(1)x(Z1)*]. This agrees with
Refs. [14,15], where it was found that the helical edge
state of the Kane-Mele TI can become localized when time-
reversal symmetry is broken (spontaneously or explicitly)
to an average symmetry.

B. Class AII

Let us systematically consider 3D TIs protected by
U(1)x7 symmetry (class All), in which U(1) is the electron
charge conservation and 7 is time reversal, with 72 = —1
when acting on fermionic operators. Importantly, 7 pre-
serves the U(1) charge. We consider the case where 7°
becomes an average symmetry, while charge conservation
remains exact. As illustrated in Sec. III, the ASPT phases in
our symmetry setting can be constructed by decorating a
(3 — p)D fermionic U(1) SPT phase on each codimension-p
(with respect to the 3D space) 7 -symmetry defect. The first
two consistency conditions listed in Sec. III D need to be
satisfied. In the disorder setting, the first condition ensures
each state in the mixed ensemble is U(1) symmetric and SRE,
while the second guarantees any pair of states can be
adiabatically connected without breaking U(1)—this is
precisely our definition for a U(1) symmetric SRE ensemble.
Specifically, the construction follows the guideline below.

(i) One starts from the top codimension p =0, and

decorates 7 defects of increasing p successively.

(i) The quantum anomalies must cancel out on codi-
mension-p defects, given all previous decorations
with codimensions p’ < p.

(iii) After the p = 3 decoration, the second consistency
condition in Sec. III, i.e., the constraints on con-
tinuous deformations of domain walls, must be
satisfied.

In this section, we present the decorated defect construction
in a physical way. A rigorous AHSS calculation is found in
the Appendix.

Let us start with codimension-0 defects, namely, the 3D
patches in which 7 is broken by the disorder. It is known
that fermionic SPT phases protected by U(1) symmetry are
classified by the spin® cobordism group of a point,
Qi (PY) [45,47.70,71]. In particular, there is no 3D
nontrivial phase protected by U(1) alone. Therefore, all
3D patches are in the trivial U(1) symmetric SRE phase.

We then move on to codimension-1 7-domain walls
between the patches. Since two adjacent patches are both in
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the same (trivial) phase, the wall in between traps no
anomalous surface mode and can thus be gapped without
breaking the U(1) symmetry. One now decorates the
T -domain wall with 2D U(1) SPT phases. There are two
nontrivial choices: the integer quantum Hall (IQH) state and
the Kitaev Eg state [72], each of which has a Z classification.
We label the two integers by n; and ng for the IQH state
and the Eg state, respectively. The elementary Eg state with
ng = 1 has 8 chiral bosons at the edge, which can be thought
of as protected by a gravitational anomaly, whose “probe
field” is the background space-time geometry.

Naively, one may expect decorating 2D layers labeled by
different integers leads to different 3D SPT phases.
However, this is not the case. The easiest way to see this
is to consider decorating an IQH state with n; = 2 on the
T -domain wall. When a domain wall is cut open at the
surface of the system, a helical edge state with chiral central
charge ¢ = 2 appears. We can deposit n; = £1 IQH states
on the surfaces of the domains, such that at the surface
T -domain wall boundary there arises chiral modes with
¢ = —2. The two counterpropagating modes can be trivi-
alized by turning on a coupling, resulting in a unique
gapped ground state both in the bulk and on the surface
[73]. The same argument also applies to the Eg decoration,
which implies that the indices n; and ng are only defined
modulo 2. This argument resembles the operation of
adjoining layers in Ref. [20]. In summary, for p = 1 we
have two possible decorations, each of which is labeled by
Z, [74]. One more comment is that hereafter we require
any two defects that can be smoothly deformed into each
other to be decorated by the same lower-dimensional phase.
This is due to the assumption that states in different
disorder realizations should be adiabatically connected
(Definition 1).

Next we proceed to codimension-2 7 defects, i.e., the
ID intersections of 7 -domain walls. We should first
examine whether the possible decorations in lower codi-
mensions lead to any quantum anomaly. A 1D domain wall
intersection is shown in Fig. 2(a), with an IQH or Eg

(@ (b)

FIG. 2. (a) An intersection of two 7 -domain walls, which is
decorated by an IQH or Ejy state, viewed from the top. Solid lines
represent an IQH or Eg state on each half plane, with chiralities of
edge modes indicated by the arrows. (b) To see there is no gapless
chiral mode at the intersection, note that it can be smoothly
deformed into two disjoint walls.

decorated on each domain wall. (Remember that the edge
chirality is defined only mod2.) The intersection has no net
chirality and can thus be gapped without U(1) symmetry
breaking [75]. We then consider decorating a domain wall
intersection with 1D fermionic SPT phases protected by the
exact U(1) symmetry. However, there is no nontrivial 1D
SPT phase protected by U(1) alone. Therefore, we do not
have any new decoration at codimension 2.

One can repeat the same procedure for codimension-3 7°
defects, namely, 0D points, each of which is an intersection
of three domain walls. It is straightforward to see that a 0D
defect can always be gapped without breaking the exact
U(1) symmetry, given all the previous decorations. The
reason is simply that there is no nontrivial U(1) SPT phase
in 1D, whose anomaly inflow can protect a zero mode in
0D as a boundary state. As a result, for each quenched
realization of disorder pattern, 7 -symmetry defects in all
codimensions can be trivially gapped out.

By assumption in Definition 1, we demand that the U(1)
charge must be conserved when the 7 -domain walls are
deformed continuously. The decorations by the IQH and
the Eg state are consistent with this constraint, as shown by
an explicit spectral sequence calculation in the Appendix.
On the other hand, one may decorate each OD 7 -defect
point using OD U(1) SPT states. These U(1) SPT states
have a Z classification, whose physical meaning is the U(1)
charge quantum number carried by the OD ground state. For
symmetry class All, a 7 transformation preserves the U(1)
charge. The only decoration consistent with the fusion rule
of 0D 7 defects is the trivial one [note that OD pointlike 7°
defects can annihilate in pairs; thus, decorating charges on
them is forbidden since it breaks the U(1) charge con-
servation during the deformation of 7 defects], which is
described by the cohomology H*(Z,,Z) =0 [76]. As a
result, there is no new possible decoration at 0D (codi-
mension 3).

At this point, we have exhausted all possible decorations
on 7 defects of all codimensions, and have also ensured the
consistency, i.e., the domain wall condensation has a
unique gapped ground state with the decorations described.
We thus reach our final result: when 7 is restored on
average, 3D TIs in symmetry class All are classified by Z2,
generated by placing an IQH state or an Eg state on the 7°
domain wall, respectively. Moreover, since both decora-
tions are extended in space (2D), from Theorem 2 we
conclude that all the nontrivial ASPT phases in this
symmetry class have long-range entanglement on the
surface with probability one in the thermodynamic limit.

The classification of clean 3D TIs in class All is Z3
[47,77,78]. In comparison, our Z% classification for the
ASPT phase in this symmetry class misses one nontrivial
state. The missing state, known as eTmT state, can be
obtained from the domain wall condensation approach with
some nontrivial phase factors in the domain wall conden-
sate. As we explain in Sec. III, such a state is no longer
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nontrivial when the symmetry becomes average, as coher-
ent superpositions are replaced by classical probabilities,
and the notion of superposition phase factors is no longer
well defined. From the topological response point of view,
the topological effective action of the eTmT state reads [46]

Stop = ”/ W?, (23)
X

where w; is the first Stiefel-Whitney class (“time-reversal
gauge field”) of the world volume of the (3 + 1)D bulk.
The average nature of time reversal gives the constraint

[ wy =0, (24)

under which the TQFT in Eq. (23) vanishes identically.

C. Class AIII

We now study the disorder classification of 3D TIs with
symmetry group U(1) x 7 (class AIII), with 7, sometimes
also called “particle-hole symmetry” as in quantum Hall
context, being an average symmetry. Unlike the electric
charge, now the U(1) charge is odd under time reversal.

For simplicity, here we explicitly focus on the clean SPT
phases, classified by Zg x Z, [78], and ask which of these
phases remain nontrivial as 7 becomes an average sym-
metry. The Z, factor corresponds to the e m state, which
as we show in Sec. V B remains nontrivial in the presence
of disorder. Similarly, the n = 1 state in Zg can be under-
stood as decorating an IQHE state on the 7 -domain walls,
which remains nontrivial as argued also in Sec. V B. The
n = 4 state in the Zg factor is known to be equivalent to the
bosonic eTmT state, so from our argument in Sec. V B it
should become trivial once 7 becomes average. The only
nontrivial question now is what happens to the n = 2 state.

In the clean setup, this state can be constructed by
decorating a unit U(1) charge at each 0D intersection of
three 7 -domain walls [79]. This is a nontrivial decoration
pattern, as the U(1) charge decorated at each OD 7 defect
cannot be removed as long as U(l) remains exact.
Mathematically, 3D TIs in class AIIl are classified by
the cobordism group ngc (pt) = Zg x Z,, which is an
iterated extension of

H' (ZZ, 72T @ 77) = Z, x Z,, (25)
by H3(21,77) = 7,, (26)
by H3(21,77) = 7,. (27)

The physical meaning is that n» = 2 mod4 elements in the
Zg factor have a U(1) charge decorated on each codimen-
sion 3 (0D) time-reversal defect. So we conclude that the
bulk state should remain nontrivial as 7 becomes average

symmetry. However, since the U(1) SPT phase decorated
on the 7 defect is in OD (a charge), there is no protected
surface state for the n = 2 state based on the discussion in
Sec. IVA.

To summarize, the final classification for 3D TTIs in class
AIIl with average time-reversal symmetry is Z4 X Z,, in
which the n = 2 state in the Z, factor has no symmetry-
protected long-range entanglement on the surface.

We make a comment in connection to the (disordered)
integer quantum Hall plateau transition. The average
particle-hole symmetry, relating filled and empty Landau
levels, emerges naturally at the plateau transition. The
resulting U(1) x 7@) has the same anomaly as the n = 1
state in the Zg factor (in clean limit). Our result shows that
the plateau transition in two-layer systems (n = 2 in Zy),
even though being technically “anomalous,” is not pro-
tected to be long-range entangled. This is consistent, in a
nontrivial manner, with the numerical fact that such
transition can indeed be Anderson localized.

VI. GENERALIZED QUANTUM DISORDER:
A QUANTUM CHANNEL APPROACH

So far we have treated disorder as purely classical
degrees of freedom. However, real disorders, such as
impurities in solids, are quantum mechanical, and in
principle can develop interesting quantum entanglement
within themselves (even though these may not be ener-
getically favorable in typical conditions). In this section, we
generalize our considerations to disorders that can develop
invertible quantum many-body entanglements. This is a
minimal quantum mechanical generalization of disorder, as
the disorder potential still remain short-range correlated.
We dub such disorders invertible quantum disorders. The
observables of our interest, however, will still only live in the
“dynamical” Hilbert space that does not involve the disorder
degrees of freedom. In other words, the disorders are traced
out, leaving behind a mixed state. This motivates us, in this
section, to develop a SPT theory for such a mixed state based
purely on the density matrix p = >, P;|¥;) (¥;| (I labeling
each “disorder realization” in the generalized sense), without
referring to any parent Hamiltonian. For this purpose, we first
need to modify some notions in Sec. II, including SRE
ensembles, exact and average symmetries, so that these
notions are defined purely in terms of the density matrix p.

A. Symmetries and short-range entanglement

As mentioned in the Introduction, in clean systems a SPT
phase has a symmetric SRE ground state, which cannot be
deformed to a trivial product state using a finite-depth
quantum circuit if certain symmetries are imposed. To be
clear on what states one should consider in the presence of
invertible disorder, we need a mixed state generalization of
a SRE state and the symmetry conditions to which it is
subject.
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Let us consider a discrete lattice A in d-dimensional
space. The total Hilbert space H is a tensor product of local
Hilbert spaces placed at each lattice site, H =®;c5 H,;. One
can define the notion of SRE mixed state, purely based on
the density matrix, following Hastings [80].

Definition 3.—Let p be the density operator of a mixed
state, acting on the Hilbert space H. p is SRE if it has a SRE
purification. Specifically, there exist the following.

(i) An enlarged Hilbert space H' =H ® D, con-
structed by tensoring in additional degrees of free-
dom on each site.

(i) A SRE pure state |y) defined in the Hilbert space
‘H’, such that

llp = tep(jw) Wl <e, (28)

with vanishing € in the thermodynamic limit (the
system size L — oo0). Here the || --- ||, denotes the
trace norm, which for a Hermitian operator is the sum
of the absolute values of its eigenvalues.

Physically, a SRE mixed state is one that can be obtained
from a SRE pure state by tracing out ancillas defined
locally on each site. In disorder systems, it is instructive to
think of the ancillary space D as describing the disorder and
the partial trace of D as encoding how the system of interest
(in the Hilbert space H) is affected by the interaction with
disorder. For this section, we focus on disorder ensembles
that are SRE in the sense of Definition 3. We should
emphasize that such purification is in general not unique,
and we will not focus on properties that are sensitive to
details of the SRE purification—its mere existence is
enough for our purpose.

Analogous to the clean case, the density operator p and
quantum circuits implemented on p are subject to some
symmetry conditions. For a moment, let us focus on on-site
unitary symmetries. As before, we consider two distinct
types of symmetries in this work. The first is the exact
symmetry, intuitively, the symmetry respected by all
possible realizations of disorder. We denote the exact
symmetry group by K. For each element k € K, there is
a corresponding unitary operator U(k) acting on H, which
forms a linear representation of K:

U(k) = ®ien ui(k), (29)

where u;(k) is the (linear) representation of K on a single
sitte i € A. We generalize the concept of symmetric
quantum state to mixed ensembles as follows.

Definition 4.—A SRE mixed state p has an exact unitary
symmetry K, if there exist

(i) an enlarged Hilbert space H’ with symmetry action,

S(k) =U(k) ® 17, (30)

(ii) a SRE purification |y) of p, defined in the enlarged
space H', such that |y) is an eigenstate of S(k) for
each k € K.

Note that the ancillary Hilbert space D is in a trivial
representation of K. It is not difficult to show that, if a SRE
p has an exact symmetry K, it can be decomposed into an
incoherent sum of pure states, which are all eigenstates of
U(k) with the same eigenvalue.

We now define average symmetry G for our mixed state.
The hallmark of an average symmetry is that disorders
also transform nontrivially. This motivates the following
definition.

Definition 5.—A SRE mixed state described by a density
operator p has an average unitary symmetry G if

(i) there exists a SRE purification |y) of p, defined in an

enlarged space H’ with symmetry action

S(g) = U(g) ® U(g)". (31)

such that |y) is an eigenstate of S(g) for each
element g in group G.

We emphasize that the ancillary space D is in a nontrivial
representation of G. With this definition, a density matrix p
with average symmetry G commutes with the operator
U(g) (both viewed as operators acting on the Hilbert space
of interest H):

U(g)p = tp[(U(9)P) U (g) ® U(9)"lw)(wl]
= trp[(U(9)") ) (w|U(g) ® U(9)”] = pU(g).
(32)

which is consistent with our expectation for a “statistical
symmetry” that is respected on average. A key difference
from an exact symmetry is that, when we simultaneously
diagonalize the density operator p and U(g), p is written as
an incoherent sum of pure states, with in general different
charges under G.

We are now ready to discuss relations between SRE
ensembles. In the standard theory of SPT states, quantum
states are divided into equivalence classes, where two states
are in the same phase if and only if they can be connected
by a symmetric finite-depth local unitary. Naturally, for
mixed ensembles, the state equivalence relation can be
defined using “symmetric finite-depth” quantum channels
[33]. In general, a quantum channel, which is a completely
positive trace-preserving map between density operators,
can be realized by a unitary acting on an extended system
[81]. We therefore define symmetric finite-depth local
quantum channels as follows.

Definition 6.—A quantum channel £ on a system with
Hilbert space H is a symmetric finite-depth local quantum
channel if it has a purification to a unitary W on a space
H" = H ® A, such that for some ancilla state |a) € A,
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E(p) = tra[W(p & |a)(a)WT]. (33)

Specifically, we have the following.

(i) The ancillary space A, which is a tensor product of
local degrees of freedom at each site, should not be
confused with the space D that is used to purify the
density operator p. However, A carries the same
symmetry representation as the disorder (and the
space D).

(ii) W is a finite-depth local unitary on H".

(iii) W is composed of gates that commute with S(k) =
U(k) ® 14 and S(g) = U(g) ® U(g)*, but do not
commute with U(g) that acts on H alone.

(iv) The ancilla state |a) is a product state symmetric
under U(g)™.

One can easily check that a symmetric quantum channel
preserves exact and average unitary symmetries of an
ensemble. Physically, this means that when we apply the
quantum channel, the mixed ensemble does not exchange
K charge with the ancillas in .4. On the other hand, the total
G charge of H and A is conserved, though there can be
charge exchange between them.

We now comment on time-reversal symmetry 7. As time
reversal is antiunitary, there is no way for the ancillary
Hilbert space D to transform trivially like Eq. (30).
Meanwhile, one cannot tell whether a mixed state is an
exact or average eigenstate by the 7 ‘“‘charges” when
written as an incoherent sum, since time-reversal eigen-
value is a basis-dependent quantity. At best we can define a
mixed state p to be time-reversal invariant when

TpT~' =p. (34)

An equivalent statement is that p has a purification |y)
defined in an enlarged Hilbert space H’, such that |y) is an
eigenstate of time-reversal symmetry 7. We therefore
conclude that, with quantum disorders, time-reversal sym-
metry always behaves as an average symmetry.

After introducing the mixed state generalization of SRE
states and the definition of symmetric quantum channels,
we are now ready to define the concept of average SPT
phases in terms of the density operator p.

B. Average symmetry-protected topological phases

We now propose the following channel definition of
average symmetry-protected topological phases in the
presence of invertible quantum disorders.

Definition 7.—Consider two SRE ensembles p; and p,,
with exact symmetry K and average symmetry G.

(i) p; and p, are in the same ASPT phase if there exist

two symmetric finite-depth local quantum channels
E and &, such that both [|E(p;)—p»l||; and
[|E'(p2) — p1]|; vanish in the thermodynamic limit.

(i1) In particular, a symmetric SRE p is a trivial ASPT

phase if it is two-way connectable to a product state.

Namely, there exist two symmetric finite-depth local
quantum channels £ and &', such that

Jim [lp = E(pa)|l; = 0,
Jim [[pg = E'(p)|l; = 0. (35)

Here the density operator p. represents a pure
symmetric product state in the Hilbert space H
and L is the linear size of the system.

Several comments follow. (1) A SPT phase in a clean
setting is an eigenstate of the protecting symmetry. As an
analog, an ASPT phase is a mixed ensemble symmetric
under the pertinent exact (average) symmetries. This
property is preserved by symmetry finite-depth local
quantum channels. (2) Quantum channels are generically
not invertible, and form a semigroup under composition.
Consequently, the above definition for an ASPT phase is an
equivalence relation, according to which states are divided
into equivalence classes (phases). The physical idea is that
two SRE mixed states are in the same ASPT phase if we
can prepare each one from the other, using a symmetric
finite-depth local channel (potentially with ancillas). In
particular, a SRE ensemble is trivial when it can be
prepared in this way starting from a trivial product state.
(3) When constructing the symmetric finite-depth local
channel, the maximal width of the gates is bounded by
some constant. The depth of a channel is allowed to be
polylog(L) to simulate an adiabatic evolution more accu-
rately [82-84]. However, crucially, we require it to be
sublinear in the system size L.

We also note that states nontrivial under our mixed state
definition are also nontrivial under the definition used in
Sec. II, since classical disorders form a subset of invertible
quantum disorders. However, states that are nontrivial in
the sense of Sec. II may not be nontrivial in our current
context.

One consequence of Definition 7 is that a SPT phase in
clean system p = |¥)('¥|, which is nontrivial under any
symmetric finite-depth circuit, may become trivial under a
symmetric finite-depth channel. As defined in Definition 6,
both H and the ancillary space A transform faithfully under
the average symmetry. For an arbitrary SPT state [y,)
protected solely by the average symmetry G, one can find a
G-SPT state |y, ') defined in A, such that the state |y,) ®
|1//§1>A can be prepared from a trivial product state by a
finite-depth local unitary with gates that commute with
S(9) = U(g) ® U(g)*. This statement is known as the
invertibility of SPT states [85,86]. On the other hand,
starting from a G-SPT state |y/,), one can always construct
a symmetric finite-depth local unitary, which brings
W)yl ® [a){a] 10 pa ® ly,) [ After wacing out
A, this implies |y,) becomes trivial in the mixed state
setting, according to the definition Eq. (35). This logic also
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applies to any nontrivial invertible phase [such as the chiral
Eg state in (2 + 1)D], as we can also bring the ancillary
degrees of freedom into the appropriate inverse state. In this
sense, “‘gravitational response” becomes a trivial concept in
the mixed state setting.

C. Simple example

We now discuss an example of nontrivial average SPT
phases under the definitions used in this section. The simplest
example is in fact the one discussed in Sec. IV A, where one
of the Z, symmetries in the Z, x Z, cluster chain becomes
an average symmetry due to a random field perturbation.

One way to characterize the clean cluster model
is the nonlocal string order parameter in the ground state
[37,87]:

lim <sz—1 HXZkZZn+1> # 0. (36)

[n—m|—>c0 —m

The string order is made out of the symmetry operator G
in the middle (but acting in a finite region), multiplied
by two local end point operators [88]. One can con-
struct a similar string order for the symmetry K, i.e.,
Zom HZ;}n Xs111Z,,, which also has long-range order in
the ground state. For later convenience, we denote a string
order associated with a symmetry K by Sk, which is
constructed by the symmetry operator sX (acting in a finite
region) in the middle, multiplied by some local end point
operators: Sg = O sKO%.

The topological nature of the cluster SPT phase is
encoded in the symmetry charge of the end point operators:
in order for the string order associated with symmetry K
(G) to have long-ranged order, its end point operators must
be odd under symmetry G (K). In contrast, in a trivial SPT
phase, e.g., a paramagnetic chain H;, = — >, X,,, the end
point operators of a string order with a nonzero ground state
expectation cannot carry any nontrivial charges. These
distinct quantized charges indicate the two models must be
separated by a phase transition.

We now add the random field,

Hdis = _ZhZHZva (37)

where h,,’s are on-site potentials distributed uniformly in
[-68,5]. The ensemble of ground states now has exact
symmetry K generated by Ising spins on the odd sites,
while the Ising symmetry on the even sites G is only an
average symmetry.

One can study the behaviors of the string orders in the
presence of this disorder. Since the symmetry G is broken
locally by randomness in each realization of disorder, one
expects the ensemble average of the string order associated
with G to decay exponentially as a function of the length of
the string. On the other hand, if the disorder does not close

1.0 -
0.8 -

n—1
0.6 - ° <ZZm H Xok+1Z2n >

k=m
0.4 o n

¥ <Zi2m—l H X2k22n+l>
k=m
0.2
0.0 -
0 10 20 30 40 50 60
2|n-m|

FIG. 3. The string order parameters associated with K and G,

respectively, in the presence of disorder with 6 = 0.4. The
overline denotes the ensemble average over 50 samples. The
underlying clean model is in the cluster phase, perturbed away
from the exactly solvable point. The numerical study is per-
formed using the density matrix renormalization group technique
[89,90].

the bulk energy gap [which can be checked given the
specific Hamiltonians in Egs. (16) and (18), as long as the
disorder strength 6 is small compared with the bulk gap], by
continuity, we expect that the string order of the unbroken
K with nontrivial end point operators remains long-range
ordered. These expectations are confirmed numerically; see
Fig. 3. One can also add the disorder in Eq. (18) to a trivial
SPT phase, e.g., a trivial paramagnet. In contrast, we find
numerically that both string orders of K and G, with end
point operators odd under the other symmetry, have no
nonzero ensemble average.

Analogous to the clean case, one may wonder if such a
nonzero string order parameter can serve as a characteristic
fingerprint of a “nontrivial phase.” The answer is yes, as we
show below. Specifically, we show that if the ensemble
average of the nontrivial string order parameter S; (asso-
ciated with an element k € K) remains long-range ordered,
the mixed state p cannot be a trivial ASPT phase.

Theorem 3.—Let p be a symmetric SRE ensemble in
which the nontrivial string order S; has long-range order.
The trace norm in Eq. (35) remains nonzero for any choice
of symmetric finite-depth local channel.

Proof.—Consider a symmetric local channel &, con-
structed as that in Eq. (33). The depth of the circuit W
multiplied by the maximum range of each unitary in the
circuit is bounded by some range R, which is sublinearin L.
Suppose we have a string order parameter of the exact
symmetry S, with two end point operators O}(x) and
O} () acting in the Hilbert space H with nontrivial charge
under U(g). The length of the string |x — y| is taken to be
much larger than R. Under the action of the unitary circuit,
S, is mapped to another string operator W/ S, W. In the
region well separated from the end points (with a distance
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larger than R), the string S; remains unchanged, as the
circuit W commutes with the exact symmetry S(k) =
U(k) ® 14. The end point O (x) is mapped by the circuit
to a “local” operator O} (x) = WO/ (x)W, supported on a
region within distance R of x. (The discussion for the right
end point O is the same, hence omitted hereafter.)
Therefore, W'S,W is again a string order parameter
associated with the group element k. [
An important observation is that the new end point
operator O! has the same charge under the average
symmetry G as O, since the circuit W is symmetric:

ﬂm@w@=wﬂww®U@A

=W'U(9) 0. U(g)W. (38)

o|vweuer|w

Remember that O} acts only on H; thus it commutes with
U(g)™. Therefore, when we compute the expectation value
of S in a trivial ensemble, we have

try[Sitra(Wpa W] ~ (0 (x))(0;(v)) = 0. (39)

where p. is a symmetric product state in the enlarged
Hilbert space H”, i.e., pg = pa ® |a)(al, and where (- - -)
denotes the expectation value with respect to this state. To
get Eq. (39), note that S; = OLs*O} and the string s*
between the end points acts trivially on p.. We also use the
cluster decomposition theorem for two well-separated end
points. The nontrivial S(g) charge of Of(/ " then forces the
above expectation value to be zero. As a result, if the
nontrivial string Sy is long-range ordered in p, we have

||p_€(pcl)||l
> [trySilp — ra(WpaWH]I/lISi]] ~ O(1).  (40)

This completes the proof of Theorem 3.

Theorem 3 indicates that a SPT phase whose protection
involves the exact symmetry cannot be prepared from a trivial
product state. This observation is made precise below.

D. Domain walls in an ASPT phase

We now show that for quantum disorders, the decorated
domain wall picture again emerges naturally within the
density matrix description. For simplicity, we use the
cluster chain studied above as an example. In this section,
hereafter, we take g = k = Z,.

For symmetric SRE states, applying the symmetry in a
finite but large region (much larger than the correlation
length) is equivalent to applying a unitary operator just near
the boundary of that region. In (1 + 1)D, the open string s*
effectively only acts near the ends,

s'p(s")" = wpUL U ly) (Wl (U)T(UR)'. (41)

where s* is fractionalized on the symmetric SRE state |y),
and U}, (U?) acts nontrivially only near the left (right) edge.
Note that though the string s* acts as an identity on the
ancillary space D, the operator Ui/ " might act nontrivially
on D. The long-range order of S; = O's*O} implies the

expectation value,
(w|0LULOLURlw) # 0. (42)

for large separations of the two ends. By cluster decom-
position theorem, one has

(w|OLUly) # 0, (43)

and similarly for the right end point. As |y) is symmetric,
when O} is charged under S(g) (like in the case of the
cluster chain), the nonvanishing expectation value requires
the operator U also carries a nontrivial S(g) charge.

Next, instead of the string of the exact symmetry (s¥), let
us conjugate the density operator p by sY (acts on the
Hilbert space H only), a finite but long string of an average
symmetry. Again due to the SRE nature of the purifying
state, we have

T

$9p(s7)" = trps?lur) ()
= trps? ® sy (y(57)' ® (577
= U4 Usly) (| (U) (U, (44)

in which we have to include a corresponding string (s9)?
acting on D, due to the nontrivial G transformation of
the ancillary space [see Eq. (31)]. A nontrivial result of the
cohomology group H?(Z, x Z,,U(1)) [91] states that the

k charge of the operator Ué " should be identical to the g

charge of U 1/ ", and is therefore nontrivial. Since the string
s9 creates a g domain wall at each end point, we thus see
that a domain wall of the average symmetry is decorated by
a nontrivial charge (i.e., a OD SPT phase) of the exact
symmetry. This conclusion is a property of the symmetric
SRE mixed ensemble p, which is independent of the
specific choice of the purification |y).

The above discussion can be generalized to higher
dimensions. For example, in (2 + 1)D, instead of string
operators, we can consider membrane operators. The
details, however, are more involved and we do not attempt
to provide a full exploration. Instead, we make the plausible
conjecture that, similar to the (1 + 1)D examples, the
group-cohomology result Eq. (15) for decorated average
domain walls captures the classification of bosonic mixed
state SPT phases (with invertible quantum disorders).

We close this section by pointing out a connection
between our discussion and Ref. [33], which studied mixed
state SPT phases in the context of open quantum systems.
The definition of exact and average symmetries in this work
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mimics the definition of the strong and weak symmetry
conditions for quantum channels in Ref. [33]. The two
types of channels (or Lindbladians) there can thus be
understood as adiabatically turning on disorder that exactly
or averagely preserves the protecting symmetry of a SPT
phase. It was observed in Ref. [33] that a weakly symmetric
channel is insufficient to preserve SPT phases. This, in our
language, is the statement that a SPT phase protected by
average symmetry alone is trivialized by disorder, pre-
sented in Sec. VI B.

VII. DISCUSSION

We end with some open directions, several of which

were also mentioned in previous sections.

(1) We focus on disordered ensembles in which any two
states (with different disorder realizations) are adia-
batically connected to each other (Definition 1). This
assumption allows us to make controlled arguments,
even without assuming weak disorder strength.
However, it does leave open the possibility of
interesting topological phenomena in disordered
ensembles not satisfying this adiabatic assumption.
For example, in an Anderson localized insulator, the
U(1) charge at each position fluctuates depending on
the local chemical potential, so different disorder
realizations give different U(1) charges, and there-
fore cannot be symmetrically connected to each
other. In Sec. III A we also discuss the possibility of
sample-to-sample fluctuations that are topological in
nature—such phenomena will certainly require us to
go beyond the adiabatic assumption. If such “topo-
logical sample fluctuation” can indeed happen, it
would represent a novel topological phenomenon
that intrinsically requires strong disorder.

(2) It may also be possible to have “intrinsically dis-
ordered average SPT phases” even if the adiabatic
assumption in Definition 1 is kept. As we discuss in
Sec. IIID, among the set of consistency rules
required in the standard decorated domain wall
approach, there is one that is not required in the
context of average SPT phase: the domain walls do
not need to have consistent Berry phase when moved
around, simply because the domain walls are pinned
by local disorders and do not move. This leaves open
the possibility of average SPT phases not allowed in
the clean limit. We will develop the theory of such
phases in more detail in a forthcoming work.

(3) In Sec. IV we show that if the decoration dimension
is greater than (0 + 1)D, then the boundary of
average SPT state should almost certainly be
long-range entangled, with probability approaching
1 in the thermodynamic limit. It will be desirable,
however, to obtain a more direct statement on
(averaged) measurable quantities such as correlation

functions or inverse energy gap. This is a natural
direction for the next step.

(4) Hooft anomaly has been an extremely powerful
nonperturbative tool in the study of strongly coupled
gapless states of matter, including various conformal
field theories that arise in exotic quantum criticality
and even compressible states (some recent examples
include Refs. [67,92]). It is natural to ask whether
the disordered version of these states can also be
fruitfully studied using the average anomalies.

(5) Since we have established the notion of average
symmetry-protected topological phase, an immedi-
ate question is whether the notion of average
symmetry-enriched topological phases can be simi-
larly defined. In particular, are various concepts [93]
in symmetry-enriched topological phases well de-
fined for average symmetry? If so, what are their
consequences?

(6) There are some other scenarios in which mixed
states necessarily appear. One is in open quantum
systems, where finite-depth quantum channels are
naturally realized by fast local Lindbladian evolu-
tions [33,83]. We therefore expect the results in this
work shed light on classification and characteriza-
tion of SPT phases in open systems. There are
several questions that remain unclear. For instance,
can mixed SPT states arise as steady states of
Lindbladian evolutions? Can we formulate a similar
field theory, when the Hamiltonian (Lindbladian) is
time dependent? These open questions are left to
future study.
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APPENDIX: ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCE FOR CLASS AIl

In order to define a fermionic theory in symmetry class
AIl, one should equip the space-time manifold with a pin%.
structure. In (d + 1) dimension, the structure group fits in
the short exact sequence:
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1 - U(l) — pini — O(d—l— 1) -1, (Al)

where the reflection element in O(d + 1) squares to 1 in
Euclidean signature and acts on U(1) by complex con-
jugation. For our purpose, we calculate the cobordism
Q' . using an AHSS with E, page given by

pin§

E}" = HP(BZ, QL

twisted appropriately by Z,. For example, the IQH root
state and the Eg root state are both time-reversal odd, so Z,
acts on their corresponding elements in (. nontrivially.
On the other hand, Z, acts on the U(1) charge trivially. The
E, page in low degree is given by

(pt)), with the coefficient group

20(1)7 | 2(—1)% 2(—1)Z2t2 2(_1)Z2t4
0
U(()l) U(1)  (=1)%t (—1)%*° (—1y%t "
U(l)T (—1)22 (_1)Zzt2 (_1)22t4
0 1 2 3 4 5

in which U(1)7 indicates the coefficient twisted by time
reversal. ¢ is the generator of the cohomology ring
H'(BZ,;Z,) = Z,[t] with 7 in degree one. In this spectral
sequence only the d; differential can possibly be nontrivial.
Given [60,95]

dy = (=1)Sa 50 Do, (A3)
for 72 = —1 when acting on fermions, one can see that the
d5 differential vanishes for elements with total degrees up
to 4. Here, S is the Bockstein of the following sequence in
cohomology:

1 -2, Lo

x2
—Uu() -1, (A4)
such that #: H"(BZ,;U(1)) — H"*1(BZ,;Z,). Physically,
the vanishing of differential means the decorations we
discuss in Sec. V are consistent. The calculation also agrees
with the Z3 classification of class AIl TIs in three spatial

dimensions [77].
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