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Cat states and Gottesman-Kitaev-Preskill (GKP) states play a key role in quantum computation and
communication with continuous variables. The creation of such states relies on strong nonlinear light-matter
interactions, which are widely available in microwave frequencies as in circuit quantum electrodynamics
platforms. However, strong nonlinearities are hard to come by in optical frequencies, severely limiting the
development and applications of quantum-information science with continuous variable in the optical range.
Here we propose using the strong interaction of free electrons with light to implement the desired nonlinear
mechanism, showing its implication by creating optical cat and GKP states. The key to our finding is
identifying conditions on the electron for which its interaction mimics the conditional displacement quantum
gate. The strong interactions can be realized by phase matching of free electrons with photonic structures such
as optical waveguides and photonic crystals in an ultrafast transmission electron microscope (UTEM). Our
approach enables the generation of optical GKP states with above 10 dB squeezing and fidelities above 90% at
postselection probability of 10%, even reaching > 30% using an initially squeezed-vacuum state. We analyze
the different factors that affect the fidelity, such as electron dispersion, inhomogeneity, nonideal interaction,
and limited detection efficiency. Furthermore, the free-electron interaction allows two qubit gates between a
pair of GKP states, which can entangle them into a GKP Bell state. We present a roadmap for realizing such
experiments in a UTEM. Since electrons can interact resonantly with light across the electromagnetic
spectrum, our approach could apply for a generation of cat and GKP states also in other platforms of free-
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electron radiation, from klystrons to free-electron lasers.
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I. INTRODUCTION

The fundamental interaction between an electromagnetic
field and free electrons forms the basis of electrodynamics.
The radiation emitted by the electrons can span a wide
spectral range, extending from radio waves all the way up to x
rays, as in cyclotron radiation, traveling-wave tubes, the
Cherenkov effect, x-ray tubes, and free-electron lasers [1].
The classical properties of radiation, such as intensity and
frequency, can be controlled by the classical electron
characteristics such as its acceleration along a trajectory.
Control of such electron characteristics has been the corner-
stone of free-electron radiation technologies, using either
static electromagnetic fields as in synchrotron radiation [2—4]
or oscillating fields as in Compton scattering [2,5,6].
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Importantly, ever since the work of Glauber and other
luminaries [7-9], it is widely appreciated that the full nature
of light goes far beyond its classical characteristics. There are
also quantum degrees of freedom, such as entanglement and
the degrees of coherence. In general, realizing full control of
the quantum state of light is a long-standing open problem in
quantum optics. The state of light can hold quantum
information in its harmonic-oscillator Hilbert space serving
as a so-called continuous variable (CV) [10], in contrast with
more conventional two-level (qubit) systems that serve as
discrete variables. Substantial efforts are invested in an
efficient generation of quantum-light CV states that could
enable fault-tolerant quantum computing [10-13] and better
quantum-key-distribution protocols [14-16].

Prominent examples of desirable quantum states for use
in CV quantum systems are the Gottesman-Kitaev-Preskill
(GKP) states [11]. These states have been specifically
designed to exhibit robustness against displacement errors
and photon loss, which are the primary sources of noise in
optical systems. Over the years, a diverse range of
approaches have been proposed for GKP-state preparation,
including active stabilization protocols [11,17,18], post-
selection methods [19-28], and passive error correction
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through Hamiltonian engineering [29,30]. So far, GKP
states were demonstrated in the microwave frequency range
in platforms of circuit quantum electrodynamics and ion
traps [17,18,23], recently showing improved quantum
coherence time beyond that of the physical quantum
components [31]. More generally, all the states that enable
universal quantum computation with CVs are part of the so-
called non-Gaussian states [10,32] (states whose Wigner
quasiprobability distribution is not a Gaussian function).
Unfortunately, the desired non-Gaussian states such as
GKP states are yet to be demonstrated in the optical range,
due to the generally weak nature of optical nonlinear-
ities [24,33].

Current theoretical proposals for the generation of
optical GKP states rely on optical Kerr effects [20,27],
cavity QED [28], homodyne measurements of cat states
[22,34], or measurement-based schemes that require pho-
ton-number-resolving detection [24-26]. However, all
these optical schemes are currently limited to the generation
of just a few photons with low fidelities, because they rely
on the intrinsically weak optical nonlinearities or on low
postselection probabilities. This is why no optical experi-
ment so far has reached a non-Gaussian state of sufficient
photon number and sufficient squeezing to be usable for
CV quantum computation. Despite the difficulties in
creating optical GKP states, there is an ongoing intense
search for new mechanisms to generate them and unlock
their prospects for photonic quantum technologies.

Here we propose to exploit interactions between free
electrons and photonic structures to generate GKP states
and other non-Gaussian states that can facilitate fault-
tolerant quantum computing. Our approach provides con-
trol over the quantum state of free-electron radiation by
preshaping the electron wave function before its radiation
emission and postselecting the electron energy afterward.
Specifically, we propose energy-comb electrons as a natural
basis for controlling the photonic states created via the
interaction. A free-electron comb is a superposition of
electron energy eigenstates in which the energies form an
evenly spaced ladder, analogous to an optical-frequency
comb of evenly spaced frequencies. We show how cat states
and multicomponent cat states can be heralded by energy
postselection of comb electrons. Consequent interactions of
multiple comb electrons with appropriate postselections
create more complex photonic states such as the GKP state.
We find that the postselection probability to produce a GKP
state of 10 dB squeezing is >10%, on par with current
leading theoretical proposals for the creation of optical
GKP states [20,22,24-28,34]. We further present more
advanced schemes that increase the probability to >30% by
“seeding” the electron radiation process with a squeezed
vacuum state that can be generated using spontaneous
parametric processes [35]. We identify the shaped-electron
interaction with light as a conditional displacement of the
optical state (conditioned on the electron state). The

conditional displacement together with feed forward allow
for error-correction protocols and universal control of the
harmonic-oscillator quantum state [36]. Finally, we dem-
onstrate how the interactions with comb electrons can apply
gates on two GKP qubits, for example, entangling two
photonic modes into a GKP Bell state—an important step
toward the vision of GKP cluster states for fault-tolerant
quantum computation.

Earlier papers suggested [37,38] and demonstrated [39]
that postselection on shaped free electrons alters the
properties of their emission. In a different approach, with-
out preshaping, free electrons were proposed as single-
photon emitters [40] and recently utilized in an experiment
to create quantum-correlated electron-photon pairs [41].
Moreover, photon addition or subtraction through free-
electron postselection was proposed for generating Fock
states, photon-added coherent states, or photon-subtracted
thermal states [42]. Other recent works unveiled the depend-
ence of the second-order coherence of the emitted light on the
electron’s wave-function duration and shape [43-46]. A
significant research effort over the past decade explored the
shaping of the single-electron wave function in the longi-
tudinal [47-52] and transverse [51-63] directions. Most
importantly for our approach, time-energy shaping of a
free-electron wave function was demonstrated by ultrafast
transmission electron microscopy (UTEM) [47.,48]. Such
temporal shaping has shown in recent years the creation of
coherent free-electron attosecond bunches [49] and free-
electron energy combs [64—-66]. These advances show the
feasibility of the concept we suggest here.

II. RESULTS

A. Creation of quantum state of light
using coherent free-electron combs

Before presenting the theory and main results, we start
by introducing the key novel element of our proposal for
generating optical cat and GKP states: the interaction
between a quantized mode of light and a free electron.
The radiation by a free electron by and large has been
considered to be completely classical, and this classicality
underlies much research in electron-based light sources
even today [67,68]. Such a “classicality” has long been
justified from a quantum-mechanical perspective by equat-
ing the electron to a classical current [8], which generates a
coherent state, the most classical state of light. However,
the true quantum nature of the electron is that of a free
quantum particle with a continuous spectrum that can
undergo single-photon-emitting transitions at nearly arbi-
trary frequencies. By understanding the electron along
these lines, treating the electron-light interaction in a fully
quantized theory, many new and exotic quantum effects
emerge. While one might expect the quantum electron-light
interaction to be similar to the interaction of two-level
systems with light captured by the Jaynes-Cummings and
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Rabi model, many new effects emerge due to the continu-
ous spectrum of the electron [42]. Many of these new
effects arise from the fact that the electron can emit and
absorb many photons, as has been extensively experimen-
tally tested in recent years. Moreover, many new effects
also emerge by shaping the electron wave function via
electron optics, creating complex superpositions of
motional states.

That all said, in many cases, free electrons are “natural”
generators of coherent states of light. This capability of
electrons, in addition with the ability to generate complex
superposition states, as we now show, leads to the ability to
create superpositions of macroscopically populated coher-
ent states, i.e., Schrodinger cat states, also enabling the
possibility of generating GKP states. The main technical
result of this work is that free-electron-light interactions
implement conditional displacements, which, beyond the
application proposed here, should lead to many new
developments in the physics of free-electron radiation.

The process we propose for creating desired non-
Gaussian quantum states consists of three building blocks
(Fig. 1): (a) generation of shaped electrons (i.e., comb
electrons), (b) efficient free-electron-photon interaction (in
the strong-coupling regime), and (c) electron energy post-
selection. We assume a highly paraxial electron with energy
much higher than that of the photon with which it interacts,
yet energy uncertainty smaller than the photon energy. This
condition is frequently realized in transmission and scan-
ning electron microscopes, as exemplified by different
experiments in photon-induced near-field electron micros-
copy (PINEM) [47-52,61,63-66,69-72], and explained
theoretically in Refs. [73,74].

Using a quantum-optical framework, the interaction
between a free electron and an optical mode is captured
by the scattering matrix (as first proposed in Refs. [78,79]
and demonstrated experimentally in Ref. [70])

S = explgoba’ — gob'al, (1)

where a, a' are the annihilation and creation operators for
the photonic mode; b, b' (satisfying bb" = b'bh = 1, like
the quantum rotor [80]) are operators describing an electron
translation in energy, which correspond to the emission or
absorption of a single photon.

Equation (1) shows that the interaction between an
electron and an optical mode is approximately analogous
to the beam-splitter interaction of two optical modes [8].
However, a key difference between Eq. (1) and a beam-
splitter interaction is that the electron ladder operators
commute ([b, b'] = 0) in contrast with the photonic oper-
ators that do not commute ([a,a’] = 1). This contrast
makes a big impact on the central features arising from
electron interactions, creating both fundamental and

technical differences relative to other schemes in the field
(elaborated in a dedicated section below).

A general electron wave function is described as a
superposition of monoenergetic states |n), = |E + nhw),,
each describing an electron shifted by a multiple of the
photon energy nhw. We use the term “monoenergetic” for an
electron state with an energy width smaller than the photon
energy Aw, which is a standard condition satisfied in PINEM
experiments (e.g., Refs. [47-52,61,63-66,69-72]). The con-
dition to consider the electron as occupying such a discrete
ladder of energy states is that the electron interacts predomi-
nantly with a single optical mode of frequency w. In
conventional PINEM experiments that probe stimulated
interactions, this condition is ensured by the pump-laser
linewidth, which creates a narrow-bandwidth excitation. In
the spontaneous (nonpumped) case we consider here, the
condition to consider the electron as on a discrete ladder is
that it predominantly emits into a single optical mode. Using
this notation, the electron translation operators satisfy
b¥n), = |n+1),, b|n), = |n—1),. We choose the state
|0), as the initial electron state before it is shaped into a comb.

The coupling constant g is a dimensionless complex
parameter that describes the interaction strength and the
phase between the optical mode and the free electron.
9gq is defined using the electric field E of the optical mode
normalized to the amplitude of a single photon, with v being
the electron velocity and r; being its transverse location:
9o=(q./hw) [E (r,.z)e"/*dz [78]. Equivalently, gq
can also be derived from the Green’s function of
the optical structure [81]: |go|* = (¢2uo/nh) [ImG_ (r .
T, z’;a))e‘i“’(z_z/>/lfdzdz’. In general, g, is a function of
(x,y) in the transverse direction. It can be precisely con-
trolled by the distance of the electron beam from the
evanescent part of the optical mode.

The free-electron wave function can be shaped in the
time domain, i.e., undergo a temporal modulation induced
by the interaction as in PINEM [47-52,61,63-66,69—72] or
the pondermotive interaction [82-84]. In this paper, we
consider electrons shaped as energy combs with a perio-
dicity of multiple photon energy NAw and equal phases
(see Supplemental Material [85] Sec. I). Such an ideal
electron comb can be approximated by shaping a mono-
energetic electron using multiple frequencies [75] or
multiple interaction stages [76]. The next section shows
that these combs can be used for heralding different cat
states, under certain energy postselection conditions.

B. Creation of N-component cat states

Let us focus on the creation of multicomponent cat states
[9] (known as multilegged cat states), which can be described
as |caty),, o Y= exp(=2zikm/N)|exp(2zim/N)a),,
where |a),, describes a coherent state. To create the N-
component cat state, we prepare a comb electron [comby,), o«
>o% o |Ey+nNhw), with an energy spacing of Nhw
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FIG. 1. Generating optical cat and GKP states using free electrons. A scheme of free-electron-based cat- and GKP-state generation
divided into three main stages. (a) Preparation stage: A monoenergetic electron is shaped into a comb with an energy spacing of Naw.
The case illustrated here shows N = 2. The shaping of free electrons can be implemented using a few harmonics [75] or a few points of
interaction [76]. Further preparation of the electron, such as collimation for an extended interaction, can be done with electron lenses and
deflectors that are common in transmission electron microscopes. (b) Light-emission stage: The electron then interacts with a photonic
structure, emitting photons into an optical mode. The coupling efficiency g = go(x,y) can be tuned by changing the electron-beam
transverse location (in xy) relative to the structure. The preferred structures are ones designed to guide light in a waveguide or cavity
such that the guided mode is phase matched with the electron, achieving a stronger coupling constant (higher gq). (¢) Postselection
stage: The electron is measured, heralding the generated photonic state. In the case illustrated here, if the measured energy is even
(k = 0), an even cat state is created |a),, + | — a),. If the measured energy is odd (k = 1), an odd cat state is created [@),p, — | — @) -
The measurement can be done via EELS equipped with a fast detector [41,77]. (d) Examples of Wigner functions for the photonic states
that can be generated via our scheme: A cat state can be generated using an electron comb and a postselection of its energy. A GKP state
can be generated using multiple comb electrons with a specific sequence of postselections as described in Table I. (g = 4 and /7/2 for
the top and bottom panels, respectively).

N—1

1
|‘pout> = S|le> = EZ C§V|C0mb1?/k>e ® |Cat5(\/>ph’
k=0

[Fig. 2(a)]. We further define the shifted combs to be
|comb?), = b™ |combY),, noting that any |comb}), is
invariant under »". The infinite comb is an idealized case
that can be approximated by a finite comb with Gaussian
weights. We consider the effect of the Gaussian comb on the
fidelity of the generated photonic state, as described in
Supplemental Material [85] Sec. V.

(2)

where |cat5‘\,>ph = (1/ck) >SN0
the kth order of the N-component cat state [9], and c’;, is a
normalization factor that captures the probability of post-

e*iZﬂmk/N |ng2imiz/N>ph is

Assuming an initially empty optical mode (vacuum state
|0)pn) the joint state of the photonic state and a comb
electron is |¥;,) = [combY), ® |0),h- The interaction is
described by the scattering matrix S from Eq. (1) that acts

on the joint state in the following manner (Supplemental
Material [85] Sec. II. 2):

selecting the kth cat.

After the interaction, we postselect the electron energy to
have a certain value kA@w (modulo NAaw), which heralds the
emission of a cat state |cat§‘\,)Ph [Figs. 2(a)-2(f)]. For
example, for the case of N =2 (i.e., energy spacing
2hw) and postselection of even or odd electron energies
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FIG. 2. Characterization of the N-component cat states emitted from a free electron. (a) When a comb electron with an energy spacing
of Ziw emits photons of energy hw, (b) the Wigner function of the photon takes the form of a coherent state. (c¢) When a comb electron
with an energy spacing of 27w is postselected for even or odd energies after emitting photons of z®, (d) the photonic Wigner function
takes the form of even or odd cat states. (¢) When a comb electron with an energy spacing of 4a® is postselected after emitting photons
of hiw, (f) the photonic Wigner function takes the form of the different four-component cat states. (g) Energy spectra of Gaussian electron
combs (energy spacing of 2w) with a standard deviation of ¢ = 4 (red) and ¢ = 8 (black) in units of photon energy (9o = \/#/2). Such
states can be created with high fidelity by three PINEM-type interactions with classical laser light, as described in Ref. [76]. (h) The
fidelity of the postselected even cat states after interaction with the Gaussian comb electron. The average fidelity for ¢ = 4 is 0.97 and
for ¢ = 8 s 0.99 (Supplemental Material [85] Sec. V. 2). (g = 4 for all panels in this figure. Additional examples with lower g, values
are provided in the second panels of Figs. 3(a), 4(a), and 4(c) showing the creation of various kitten states.).

(k = 0/1), the electron radiation takes the form of the even
or odd Schrodinger cat state [Figs. 2(c) and 2(d)], i.e., a
superposition of two coherent states with opposite signs
(9q) on and | —90) on)- This process of postselecting even or
odd cat states is analogous to a conditional displacement on
the photonic mode, where the comb electron plays the role
of the conditioning qubit. For any N value, the amplitudes
of the cat-state components are proportional to the coupling
constant gg. The probability to postselect an N-component
cat state |cat’1§,>ph is given by (Supplemental Material [85]

Sec. 11.3)

1 1
Plfvzmkmzzm

N—1 2
—i27km) i

> e e go)

m=0

C. Creation of GKP states

To create a photonic state in a superposition of many
coherent states, we consider multiple comb electrons with
2hw spacing (combg)e) interacting consequently with an
optical mode. For commuting interactions, the electrons
can arrive simultaneously as in a multielectron pulse, under
the condition of negligible electron-electron repulsion. For
now, the optical mode is initiated with a vacuum state
before the electron interactions; i.e., the electrons create the
desired GKP states through a form of spontaneous emis-
sion, rather than a stimulated process.

Consider an interaction with m + n comb electrons, with
n of them measured to have an odd energy and m of them
measured to have an even energy. For a general initial
photonic state [y;),,, the final photonic state after the

interaction is (Supplemental Material [85] Sec. III. 1):
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W i)on & (Dg, +D—g,)"(Dyg, = D_g,)"Wi)pn
<2206
X DgQ(M+n—2i11—2n2) l//i>ph’ (4)

where D, = exp(goa’ — goa) is the displacement oper-
ator [8], and (') = [m!/n;!(m —n,)!] are the binomial
coefficients (similar to grid states proposed by Ref. [22]).
Equation (4) provides the possibility to generate different
superpositions of coherent states including the squeezed
vacuum state.

Superpositions of coherent states that form 2D grid
states are possible if considering electron combs with
energy spacing higher than 2Am, or by having two
different interaction constants (Supplemental Material [85]

TABLE 1.

Sec. III. 2). Among the different 2D grid states, the most
attractive are the square- and hexagonal-GKP states
[11,86,87]. These GKP states are desired since they enable
fault-tolerant universal quantum computation with Gaussian
operations [32]. We propose several schemes for the creation
of such states (Table I).

The first scheme we present is for the creation of square-
GKP states. We choose 4m interactions of comb electrons
(Jcomb), with coupling constant go, = i/m/8. We post-
select all of them to have even energies [Fig. 3(a), first row).
Then, we introduce m additional interactions of electrons in
the state [comb)), with coupling constant go, = /7/2,
again postselecting even energies [Fig. 3(a), second row].
Overall, the total number of electrons used in this scheme is

=5 m. In order to control the coupling-constant’s
phase, one can change the phase of the laser used to shape
the electron comb or change the region of the mode with

Different protocols for the creation of grid coherent states using electron combs. Rows 1-4 describe different protocols for

the creation of approximated square GKP states, with different g, values. Row 5 shows a protocol for the creation of approximated
square GKP states when starting from squeezed vacuum rather than from vacuum. Rows 6—8 show similar protocols for the creation of
approximated hexagonal-GKP states. Row 9 shows a protocol for the creation of magic GKP states using comb electrons of 4A®
spacing. The column gg iy refers to the highest coupling constant used as part of the protocol. Py gg is the probability to achieve GKP
with approximately 10 dB squeezing. N, is the number of electron interactions required for achieving this squeezing value. The
postselection column describes the sequence of postselections necessary to create the state, where E/O stands for even/odd electron

energies.
Post
Initial state Interaction description Jomax Pioas (%) N,  selection  Final state
1 |0) om om  (2mY (2m 1 /z 5 24 EE \O>GKP
’ m=0 "2:0( n ) ( ny )D"\ﬁ (r11=m) D\/%(nz—m)m)r)h Vi
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FIG. 3. A scheme for creation of the GKP state: squeezing and postselection probability. (a) The evolution of the Wigner function of
the photonic state after each electron interaction and postselection. The first interactions all have the same coupling constant
go1 = iy/7/8 , together squeezing the vacuum state. We then shift the phase of the interaction by /2, so the later interactions all have a
coupling constant go, = \/71'/_2 transforming the squeezed-vacuum state into a GKP state. (b) Creation of GKP state directly from an
initial squeezed-vacuum excitation, i.e., seeding the electron-photon interaction with a squeezed vacuum in the optical mode. The GKP
state is alternating between the approximated |0>§th and |1)I()3hl<P , showing that each interaction resembles the X gate for the GKP states.
(c) The coefficients of the photonic state at every step of the process are described analytically using a Pascal triangle. This description
simplifies the calculation of the postselection probabilities in Eq. (6) (Supplemental Material [85] Sec. IV). (d),(e) The squeezing
parameter and postselection probability of the final GKP state as a function of the number of electron interactions: comparing photonic
initial conditions of vacuum (a) and squeezed vacuum (b).

which the electron interacts. For electrons with the same
coupling-constant phase, the order of interaction and order
of postselection do not matter because displacement with
similar directions are commutative. This fact greatly
simplifies the current scheme and the ones below.

The resulting approximated GKP state is (Supplemental

Material [85] Sec. III. 3)

[GKP)" o Z Z
1\/_ ny—2m) |0>

=0n,

x D\/’i_'(2n]—m) (5)

For an even or odd m, this state approximates the ideal
GKP of a logical zero or one state |0)GF /[1)GKP. We recall
that the ideal GKP states can be written as [86,87]

GKP
X ZD §2n1+;¢ t\/—n2| >Ph’ (6)

nez

where u =0/1 defines the logical GKP qubits
0)ShF/[1)SRF, respectively. When the number of elec-
trons m approaches infinity, the approximated state
[Eq. (5)] approaches the ideal GKP [Eq. (6)]. To calculate
the squeezing of the approximated state, we rewrite Eq. (5)
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in the x-quadrature representation (more details including
the p-quadrature are found in Supplemental Material [85]
Sec. III. 3):

GKP'(x) zm: ( " )cos“m[\/z_r(x +mv/7)/2]

n;=0 n

« e~ H—vACm-m)P. (7

Equation (7) describes a series of peaks with a distance of
2./7 shifted by 0\/z for even or odd m. We note that the
cos*™ term closely approximates a comb of Gaussian peaks
(instead of delta functions). The squeezing parameter is given
by the variance of the peaks (of the corresponding probability
distribution), which scales like A2 2 1/(1+ zm). The
corresponding squeezing parameter is defined as
|

1D ez + D_ fm)" (Ds sz + D) 10l

Sqg = 10log,o(1/A2) = 10log,(1 + zm), which thus
grows logarithmically in the number of electrons. We choose
m interactions for gq, and 4m for gq; such that the squeezing
is similar in the x and p representations. This way, Figs. 3(d)
and 3(e) can present a single squeezing parameter by
showing a data point every five electron interactions. The
ideal GKP [u)5" is obtained at the limit of m — co.
Substituting m =3 shows that N, = 15 electrons are
required to achieve approximately 10 dB squeezing
[Fig. 3(d)], which is the estimated squeezing level for
fault-tolerant quantum computing (reaching the quantum
error-correction threshold) using CVs [88,89].

The postselection probability to obtain the state [GKP')}
is (illustrated in Fig. 3(e) and detailed in Supplemental
Material [85] Sec. IV. 3)

Piekpyn =

The postselection probability to produce the GKP of 10 dB
squeezing (m = 3) according to Eq. (8) is approximately
10% [Fig. 3(e)]. As expected, the probability in Eq. (8)
decreases for larger m, i.e., for a larger number of electrons
N,. However, the probabilities decay rather slowly with N,
like approximately 5/(N,z) (Supplemental Material [85]
Sec. IV. 3), which leaves us with relatively high success rates.
This fact may seem somewhat surprising when recalling that
the success probability of postselecting the first electron is
close to 50%, and that multiple postselections often scale
exponentially in this probability. An exponential scaling
would have caused the entire scheme to be impractical, and
thus it is highly encouraging to instead find a power-law
scaling in the number of electrons.

To increase the success probability of creating a GKP
state further, one can stimulate the interaction with a
squeezed-vacuum state [Fig. 3(b)]. We consider a
squeezed-vacuum state in the initial photonic mode before
the interaction |y;),, = S(£)[0),, with S(£) being the
squeezing operator exp(3 &*a* — 5 £a™?), and & = re’” being
the squeezing parameter [8]. For seeding a squeezed
vacuum into the optical mode, one can use mature
techniques like spontaneous parametric down-conversion
or spontaneous four-wave mixing. After the interaction of
N, electrons with the squeezed-vacuum state (where

9q = \/7/2, 0 = 0), the resulting photonic state becomes
(Supplemental Material [85] Sec. III. 4)

Ne Ne
IGRP"Y o Z( ' )D Vi woS©@ 0 ()

45m (8)

[

which is an approximation of GKP states [22]. Writing
Eq. (9) in the p representation:

2
GKP’(p) « exp (—%e‘”) (1 + e 2vmr)Ne —(10)

A comparison with the x representation is discussed in
Supplemental Material [85] Sec. III. 4. The probability of
postselecting all electrons with even energies is
(Supplemental Material [85] Sec. IV. 4)

2N
1 3 o |
P\GKP”)Q’; = 4N. < . ¢ ) e—ﬂ(Ng—n)2|coshr+smhr|2. (1 1)
n=0

The probability here decays more slowly, like 1/y/N.x,
because there is one axis rather than two for the displace-
ment interactions.

We calculate the squeezing parameter of the optical GKP
state as a function of the number of electrons N, and find
Sqg = 10log,o(e™>" + N,z) (Supplemental Material [85]
Sec. III. 4). To achieve 9.8-dB squeezing for the GKP state
[Fig. 3(d)], we need just three electrons. The postselection
probability to produce this state according to Eq. (11) is
31.25% [Fig. 3(e)].

The reason for the relatively high success probabilities is
that the electron-photon scattering matrix S of Eq. (1)
causes the quantum state to gradually converge into the
ideal GKP states. The closer the photonic state reaches, the
better the success probability becomes. Destructive inter-
ference in the electron wave function reduces the
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FIG. 4. Schemes for the creation of different GKP states and their characterization. (a) Creation of the magic GKP state |H>§1FP (third

row in Table I). (b) Creation of the hexagonal-GKP state |0), (sixth row in Table I). (c) Creation of the hexagonal magic state |T)

GKP
ph

(seventh row in Table I). (d),(e) The squeezing parameter and postselection probability of the GKP states in (a)—(c) as a function of the

number of electrons.

probability of the electron acquiring odd energies after the
interaction, and thus increases the postselection probability.
The sequential application of the electron interaction and

postselection (with the coupling constant gg, = \/7/2)
causes a convergence into the GKP states, shifting between
the |0)G<" and the |1) 3" GKP states for an even and odd

number of interactions, respectively. Using the terminology
of quantum-error correction, two consequent interactions
are a stabilizer for the GKP state [11] (Supplemental
Material [85] Sec. VII). We find a similar convergence
for the other GKP states for different interaction parameters
as listed in Table 1. In all these cases, the interactions with
comb electrons define stabilizers for the corresponding
GKP states, making such fundamental interactions pre-
cisely suited for the creation of GKP states.

D. Creation of hexagonal-GKP and magic states

Our approach enables the creation of additional types of
GKP states such as the hexagonal GKP [Fig. 4(b)].

Examples are summarized in Table I, each requiring
different coupling constants with different relative phases
between the sets of interactions. The magic GKP states
[Figs. 4(a) and 4(c)], first proposed by Ref. [90], enable
universal quantum computation without requiring addi-
tional non-Gaussian elements [91]. We show how magic
states can be created by using comb electrons. For example,
for the square-GKP magic state |H) 5" shown in Fig. 4(a),
we propose a scheme involving N, = 2m electrons (pre-
sented in the third row of Table I): having m interactions

with coupling go; = iy/7/2 postselected for even energies,
followed by additional m interactions with coupling gq, =

\/7/2 postselected for even energies. Similarly, the hex-

agonal-GKP magic state |T)3 " shown in Fig. 4(c) can be
created as shown in the seventh row of Table I.

In all these schemes, the electron state could be thought
of as the analog of an ancilla qubit performing a conditional

displacement, which was shown to create GKP states in
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different physical systems [17,18]. However, the electron
interaction can also go beyond the existing proposals for
GKP generation by creating states that have no analog with
an ancilla qubit.

Indeed, the ninth row of Table I describes the creation of
GKP magic states using |comb),, i.e., electron comb
separated by 4hw, reaching 10 dB squeezing with six
electrons of this type. This electron state can simplify the
creation of magic states and certain operations on GKP
states such as entangling gates between two GKP qubits.
Interestingly, such an electron comb with higher-energy
spacing is no longer analogous to an ancilla qubit but is
instead analogous to an ancilla qudit (e.g., [comb), is the
analog of a four-level system). Such electron combs
provide additional degrees of freedom, such as conditional
displacements with qudit states, opening new possibilities
for generation of CV states, various gate operations, and
error-correction protocols with fewer electrons or a simpler
preparation. It could be intriguing to translate these con-
cepts to other areas of quantum information and propose
analog qudit implementations in trapped ions and cir-
cuit QED.

E. Creation of entangled GKP states:
Toward cluster states

It is insightful to recast the electron-photon interaction to
the language of quantum gates. Specifically, the same comb
|

{ [+’ g + =i 1)

SIS — )G

phl ph2 phl

Both options are GKP Bell states. Postselecting the electron
will generate one of these Bell states according to the
measured electron energy. The electron state |comb), acts
like a conditional rotation gate for the GKP square state
(similarly, for the hexagonal-GKP state, a |comb2> . can be
used).

Looking forward, it is important to consider prospects of
scaling up our scheme, aiming toward the generation
of multimode entangled GKP states. Increasing the rate
of GKP generation can be done through temporal or spatial
multiplexing. Above-GHz electron-pulse rates can be
achieved using GHz streaking cavities or using photoemis-
sion with high-repetition-rate fs lasers. Alternatively, a
cathode array can be used to generate parallel electron
beams that interact with parallel waveguides.

Both temporal and spatial multiplexing [95-98] can
facilitate the creation of entanglement between GKP states,
toward the vision of a GKP cluster state. Specifically,
multiplexing in time can be used to create cluster states
[99]. Multiplexing in space of neighboring modes can be

oho »  for postselecting [comby),,

electrons used above to create the GKP state enable
implementing quantum gates such as the Pauli X, Y, and
Z for the GKP states (Supplemental Material [85] Sec. VII).
We now combine this approach with the ideas developed in
Ref. [92] to induce entanglement between two photonic
modes. A free-electron interaction with two photonic
modes can entangle them by performing two-qubit gates
(e.g., controlled NOT), creating a GKP Bell state. To see
that, we consider an electron that interacts with two
photonic modes, e.g., by placing two cavities along the
electron trajectory. The combined interaction is then
described by two scattering matrices S;,5,, each related
to the interaction with a different photonic mode. The free
electron acts as a flying qubit, allowing the entanglement of
multiple GKP states along its trajectory. This is a desired
property for quantum hardware with high connectivity for
creating shallow quantum circuits [93,94].
As an example, consider the following initial state:

Winitial) = |00mbg>e|o>§hl(1p|0>§g’ (12)

which corresponds to an (qudit) electron comb with a

spacing of 471w and two photonic modes (|0)G", [0)55F) in

a GKP state. Following the interaction of this electron
comb with both modes, we postselect the electron energy.
The result is (see Supplemental Material [85] Sec. VI)

(13)

for postselecting |comb?), .

|

done using configurable electron-beam splitters. Lastly,
electrons can also interact with multiple modes in parallel
or sequentially, allowing yet unexplored ways for entan-
gling different optical modes.

F. Fidelity estimation

We now turn to estimate the fidelity of the cat and GKP
states. Different considerations can lower the fidelity in
practical settings, including detector efficiencies, deviation
from the ideal comb, variance in the constant coupling gq,
the bandwidth of the optical mode (or multimode),
dispersion of either the electron or the photonic modes,
aberrations for the temporal and transversal electron-beam
focusing, and electron-electron repulsion. That said, we can
give a strong indication of the robustness of the proposed
approach. Consider a standard deviation Ag, in the value of
gq (the variation is taken to be in the amplitude for this
example). Such deviations in PINEM experiments result,
for example, in transverse nonuniformities in the field
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E.(r1,z). We find that the fidelity for the case of a two-
component cat state goes like «x1 — Agé, with Agg < 0.25
[Sec. V.5 and Fig. 1(b) in the Supplemental Material [85] ].

We consider whether our approach is limited by
decoherence times (i.e., T;, T,). The free electron is a
fundamental particle, and thus in freespace it does not
experience decay by spontaneous emission like atoms,
ions, and superconducting qubits. For example, T,-like
effects could result from interactions of electrons with their
environment inside the electron microscope. These inter-
actions involve excitations of current loops in the tubes and
thermal-magnetic field noise [100], which are at frequen-
cies much lower than the optical range that we analyze here,
and are thus negligible. In contrast, the interaction of
electrons with unwanted modes and excitations [101]
(e.g., surface plasmons, phonons, other waveguide modes)
in the structure may seriously affect the coherence of the
electrons. According to a recent work [102], these multi-
mode effects could be optimized to be as small as possible
by designing the geometry and refractive indices of the
waveguide appropriately.

T, effects are partially analogous to electron dispersion
because dispersion changes the phases of the electron energy
components. Such phase changes deform the electron comb,
reducing the fidelity of the generated photonic state. Our
calculations consider the effect of electron dispersion, which,
for example, imposes an upper limit on the interaction length.
T, effects may also arise from spontaneous emission in the
shaping process by randomly broadening the energy peaks of
the comb, creating uncertainties in its phase after propaga-
tion. Another potential source of T,-type decoherence is the
distortion of the comb’s phases by electron optics [103]
smearing the comb due to different path lengths in the
electron beam (the electron path on the perimeter of the beam
traveling a longer path relative to the center of the beam). This
effect may limit consequent interactions of the same electron
with multiple cavities, depending on the quality of the comb
at the Talbot distance and depending on the optimization of
the electron optics to minimize temporal aberrations.

We note that there is a difference between dispersion and
T, since the dispersion of the electron is not a random
process and does not involve coupling to external degrees
of freedom (like a bath). The dispersion can be utilized to
shape the electron wave function and is in fact essential to
the generation of electron combs. Moreover, due to the
quantum Talbot effect, the deformation of the electron
comb is reversed at certain distances, leading to multiple
revivals of the comb (eventually limited by the ratio
hw/o,). These quantum revivals are somewhat analogous
to the spin-echo effect yet arising through propagation and
without requiring coherent-control pulses.

The fidelity is also limited by the quality of the comb
electron. Any Gaussian comb has two characterizing
features: its envelope width and the energy width of the
individual peaks (coherent and incoherent broadening).

The width of each energy peak can create an error in the
detection due to some overlap between adjacent peaks. For
high fidelity, the ratio between the energy of the photon and
the standard deviation of each peak should be above 3
standard deviations for error rates below 1%. For the
telecom range, the photon energy is 0.8 eV; this means
that the standard deviation of the electron energy width of
each peak should be approximately 0.13 eV (approximately
0.3 eV FWHM), which is achievable in TEM and even
UTEM [104]).

Another consideration is the finite-energy width of real-
istic electron combs that approximate the infinite width of the
ideal comb. A wider electron comb increases the fidelity
[Sec. V. 3 and Fig. 2(h) in the Supplemental Material [85] ],
but only up to a certain propagation distance, because a wider
comb experiences stronger dispersion that distorts the phases
of the comb peaks, limiting the fidelity. Strong coupling
(99 > 0.5), as necessary for GKP generation, requires long
phase-matched interactions [64—66,105] on the order of
100 pm (for 200 keV electron combs and photons of
1550 nm). Since the phase distortion by dispersion grows
linearly with the distance (Supplemental Material [85]
Sec. V. 6), there exists a different optimal electron energy
width for each interaction distance and each required fidelity;
i.e., too wide a comb will in fact smear the phase due to
electron dispersion, resulting in lower fidelities [Sec. V. 6 and
Fig. 1(c) in Supplemental Material [85] ]. These consider-
ations create an inherent trade-off between the fidelity and
coupling strength gq. Ourresults show that despite this trade-
off, there is a wide range of parameters for which we can
create the photonic states necessary for CV fault-tolerant
quantum computing.

The fidelity of the generated GKP state depends on the
electron detection efficiency and the electron number dis-
tribution. Assuming that the electron number distribution
follows Poisson statistics with parameter 4 (which can be
controlled, for example, by the intensity of a laser triggering
electron photoemission), the optimal A in terms of the
probability of getting a GKP with squeezing above 10 dB
is A = 5. To estimate the fidelity for each postselected state,
we further include the electron detection efficiency # in the
calculation. Typical electron detection efficiencies in hybrid
pixel direct electron detector cameras [41,106,107] are n =
0.95 and can be as high as n = 0.99, yielding a lower bound
on the fidelity of 95% (Supplemental Material [85] Sec. V. 7).

To provide concrete fidelity estimates for GKP states
created by approximated electron combs, we consider a
Gaussian envelope for the electron energy spectrum as in
Ref. [76]. The Gaussian envelope is preferable since it
maximizes the first moments while minimizing higher-order
moments of the electron energy spectrum. We estimate that
creating an approximate GKP state [Eq. (5)] with 98%
fidelity requires a standard deviation of 30 peaks
(Supplemental Material [85] Sec. V.5). As an example,
we consider such an electron with mean kinetic energy of
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200 keV. We choose the distance between the electron energy
peaks to match the energy of a photon at 775 nm, so the
emission is into a GKP state at 1550 nm. The fidelity of the
GKP state created by such a comb can remain above 97% for
an interaction distance of up to 160 pm. Such a distance is
sufficient to create the strong-coupling strength g, as was
predicted in Ref. [78] and shown in Ref. [105]. These papers
and the others discussed below show that each of the
necessary components toward the realization of our proposal
has been demonstrated in a separate experiment in recent
years. Taken together, these advances help us envision a
roadmap toward the full experimental demonstration of free-
electron generation of optical GKP states.

II1. DISCUSSION

A. Roadmap toward an experimental realization

The realization of free-electron-driven optical GKP
states requires addressing important challenges in each
of the three stages of the process [Figs. 1(a)-1(c)].

First, in the preparation stage [Fig. 1(a)], multiple har-
monics [75] or multiple interactions [76] are necessary to
shape the electrons into high-quality combs. Recently, strong
electron shaping with a continuous-wave laser was demon-
strated [70,71], instead of the short laser pulses used in
previous experiments of this kind [47-52,61,63,65]. This
mode of operation allows for coherent electron shaping (i.e.,
temporal modulation) with less complicated synchronization
for the interactions between the electron and the shaping
light. However, for the continuous-wave interaction to be
efficient enough (the combs we consider in Fig. 1 of
Sec. V. 6 in the Supplemental Material [85] have coupling
g=+N gq ~ 50, with N being the mean number of pho-
tons), Refs. [70,71] utilized grazing angle conditions for
phase-matched or quasi-phase-matched interactions. Such
grazing angle conditions require strong electron lenses to
create a small electron-beam diameter together with small
convergence angles. These conditions can be met in TEMs,
which provide such lenses, in addition to the required
deflectors, electron spectrometer, and a fast camera.

Another important consideration that may limit exper-
imental realizations is that the shaping method itself can
reduce the electron-beam quality by introducing transverse-
momentum components. For example, if the shaping is
performed using a PINEM interaction with a mirror [61],
each photon emitted or absorbed will give the electron a
transverse kick on the order of 10 prad. In our case, we talk
about a few dozen photons absorbed or emitted during the
interaction, which will result in a few-hundred-prad deflec-
tion. To reduce this effect, the comb preshaping could be
done with light that has momenta primarily along the
electron propagation direction, such as in certain optical
waveguides.

Second, the light-emission stage [Fig. 1(b)] requires
strong coupling (gq > 0.5) between the electrons and the

optical mode, together with suppression of interaction with
the nondesired modes (close to unity ideality, as analyzed in
Ref. [102]). The highest g, reported so far was close to unity
[105], which is at the scale of the values needed for GKP
generation. Such a g, value was demonstrated using a
structure supporting hybrid modes of surface-plasmon polar-
itons and photons in a waveguide [105]. The disadvantage of
this scheme is the lossy nature of such polaritons. Theoretical
proposals for similar coupling efficiencies with smaller
losses are based on electron interaction with microcavities
[78], or with photonic crystal flat bands [108]. The value of
gq can be further increased, even much above unity, using a
longer phase-matched interaction and a highly confined
optical mode [78]. Phase-matched electron interaction
lengths of up to 500 um have been demonstrated [65], while
maintaining its coherence [66]. We estimate that an inter-
action of about 150 pm is required for a large enough g,
while still maintaining low enough distortions of the comb
phase due to dispersion accumulated during the propagation.
Moreover, the optical mode must have a substantial part of its
energy in vacuum and have a longitudinal polarization to
ensure efficient evanescent coupling to the electron (as
shown in Ref. [105]).

These interaction conditions also depict the timescale over
which the emission occurs, which in the case of a 60 pm
structure and 200 keV electrons is approximately 800 fs. This
timescale also corresponds to the bandwidth of the emitted
radiation, which is then about 10 nm for emission at 1550 nm.
The photonic losses should be negligible over the interaction
length and timescale, as is indeed the case in state-of-the-art
dielectric waveguides and microcavities. Typical losses in the
range of 0.1-1 dB/cm are negligible for an interaction
extending over less than a millimeter. Other losses that arise
from out-coupling could be mitigated as in other photonic
technologies (quantum and classical).

An important consideration for the light emission stage is
the requirement that the electron interacts predominantly
with one optical mode; i.e., the electron coupling strength
(9q) with a specific mode is much larger than with other
modes. To satisfy this condition, we can rely on established
electromagnetic simulations, like the ones used in electron
energy-loss spectroscopy (EELS) [81], which are known to
show good agreement with experiments [41,50,70,71].
Finding a satisfactory structure design can be achieved
by exploiting optimization methods from nanophotonics
such as dispersion engineering and photonic inverse design
[109]. Interestingly, a recent paper [105] showed a hybrid
photonic-plasmonic structure with coupling of order unity
into a single mode (so far, relatively broadband and lossy).
Another recent paper [102] optimized over designs of
silicon-nitride-on-silica waveguides, finding a concrete
low-loss design with coupling of order unity. This
Ref. [102] also shows that coupling ideality to a single
mode can be above 0.9 (so far, at the expense of weaker
coupling). It is still an open question to find the
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fundamental laws that govern the designs of such structures
and their limits in the most general case.

Even for multimode structures that are far from having
ideal coupling to a single mode, we can enhance the
interaction with a single desired mode by pumping it with
a weak coherent state, or a weakly displaced squeezed
vacuum. An alternative solution is creating the GKP states
such that each photon is a superposition of multiple spectral
modes. In such a scenario, the coherent width of each
electron energy peak needs to be wider than the spectral
width of the photoemission. The coherent energy width of
electrons emitted from typical cathodes is on the order of
0.3eV [110,111]. To keep this value wider than the spectral
width of the photon emission, a minimal phase-matched
interaction length of approximately 30 pm is required,
which fits well with the other constraints of typical
experiments in this field.

We propose two platforms for experimental realiza-
tions, depending on the desired technique in quantum-
information processing. For measurement-based computa-
tion schemes, the electron can radiate the light directly into
an integrated open waveguide. This waveguide can later be
brought to interact with other waveguides, to create
entanglement between multiple GKP states, form a cluster,
and eventually perform quantum computation or commu-
nication. These kinds of platforms are the ones sought after,
for example, by Ref. [112]. This approach necessitates
multiple electrons per pulse for GKP generation or single-
electron pulses for multicomponent cat-state generation.
Open photonic waveguides support a relatively wide
emission bandwidth. This allows, in principle, for produc-
tion of GKP states with high repetition rates (limited by the
electron emission rates). However, the high rate comes at
the price of a more complicated dispersion engineering
throughout the photonic chip.

In contrast, for gate-based quantum computation, the
electron can radiate into a waveguide that is part of a
microcavity. In this case, we envision multiple electrons
brought on demand to interact with the same photonic
mode, performing multiple operations on it, without
affecting the coherence time of the cavity (thus avoiding
the reduction of coherence when coupling ancilla qubits to
cavities in other platforms such as circuit QED). As we will
discuss in a future work, such systems can use electrons to
implement nonlinear operations that control and entangle
the cavity modes, even in spatially separated cavities [92].
The quality factor of the microcavity will be decided by the
need to satisfy the phase-matching condition and the need
to maximize the coupling strength gq, limiting the lifetime
of the encoded GKP state.

Third, the electron postselection stage [Fig. 1(c)] neces-
sitates coincidence measurements and direct detection of
individual electrons. Such measurements are already pos-
sible due to advances in electron-counting direct detectors.
Recent experiments reported coincidence of electron

energy loss with x-ray emission [113] and with optical
photon emission [41,77] using single-photon detectors.
One advantage of free-electron generation of GKP states
arises from the developments in fast electron-counting
detectors (direct-detection schemes). Since free electrons
are energetic particles, the bounds on their detection
efficiency are completely different from those for photons.
Because of this fundamental difference, it should ultimately
be easier to achieve a simultaneous detection of multiple
electrons than to achieve a similar photon-counting detec-
tion with photons.

B. Analogies between electron-photon
and photon-photon interactions

Let us follow the approximate analogy between Eq. (1)
and a beam splitter. We can “translate” the electron to an
approximate harmonic oscillator to compare our proposed
protocols with the known approaches for creation of GKP
using beam splitters and postselection [22,24-26,34]. This
kind of translation helps in emphasizing the advantage of
the free-electron platform: Experiments with electrons
enable the creation of states that are extraordinarily hard
to make with photons in the optical range.

The monoenergetic electron state |n), is analogous to a
Fock state of many photons (high enough in the harmonic-
oscillator ladder so that aa’|n)[p™* ~ a’a|n) ). The states

we define as [comb}),, i = 0, 1 are the electron analogs of
intense Schrodinger cat states (with large amplitudes). We
can see this analogy by noting that b|combé’0>e =
lcomb)!). as expected from even and odd cat states.
This connection arises because the b and b’ electron
operators are displacement operators on the electron wave
function. Nevertheless, note that this analogy is not perfect
and using a different perspective—looking at the Wigner
functions—shows that the electron comb state is equivalent
to the GKP state rather than the cat state.

Previous works in quantum optics found how to create
optical GKP states using beam splitters and optical cat
states [22]. However, these schemes rely on a priori
generation of the cat states, which are difficult to generate
reliably (especially with substantial photon numbers).
Currently, to the best of our knowledge, there is no practical
way to create such states with sufficient photon numbers for
the GKP schemes. From this point of view, our free-
electron scheme has certain advantages because the analog
of the cat state is the comb electron, which several labs have
already demonstrated experimentally [65,70,71]. The cre-
ation of a sufficient-quality comb electron is becoming a
standard experiment, whereas the creation of an optical cat
state of sufficient photon number is a formidable task.

Another important insight arising from this approximate
analogy pertains to the postselection that is necessary in
these schemes. Many schemes in the photonic case rely on
the photon number resolving the detection. Such photonic
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measurements have a relatively low detection rate and suffer
from high measurement errors, especially for large photon
numbers. In contrast, the analogous measurement in the
electron case is electron spectroscopy, which can measure the
exact change in electron energy over a range of thousands of
photons. This technology provides a substantial advantage
over photonic detection, which, for example, enables high-
repetition-rate generation of GKP states limited only by the
electron emission rates. Additionally, since the electrons are
very energetic particles (5 orders of magnitude above the
optical photon energy), the quantum efficiency of their
detection can be very close to unity.

C. Applications of the general concept
in other physical systems

It is interesting to search for other opportunities to apply
the schemes we develop here in places where a similar
scattering matrix arises. Any physical mechanism that is
described by such a scattering matrix may now be facili-
tated for the creation of quantum states of light. For
example, a single-photon optical-frequency comb going
through a ) medium can generate photonic-squeezed
states at a frequency corresponding to half the difference
between the spectral peaks of the comb (typically MHz to
THz, depending on the frequency comb). The emitted
photonic-squeezed state is then heralded by a spectrometry
measurement of the frequency comb photon. If a large-
enough y?) could be achieved (corresponding to a large
gq), our approach would enable us to directly
create photonic GKP states using single-photon frequency
combs.

Alternative routes of using the approach in this work are
exploiting existing experiments that already create bunched
electron pulses and beams. For example, above-threshold
ionization and free-electron lasers create bunched-electrons
beams that can often contain multiple electrons per bunch.
We propose launching bunched electrons with temporal
modulation of the 7/ hw state |combg>e (i.e., energy spacing
of 2Aw) into an undulator with double the period (27/Aw) to
trigger electron radiation at frequency A®. In such a scenario,
our work predicts that the resulting undulator radiation will
be squeezed and heralded by measuring the electrons’
energy. This approach can create squeezed-x-ray states using
highly relativistic electrons. Moreover, if a large effective gq
can be achieved in undulators (e.g., using highly charged ions
[114]), then such an undulator radiation would take the form
of cat states and GKP states. This way, we envision future
free-electron lasers that create cat states in spectral regions
such as THz and x rays, where no other methods currently
exist for the creation of such quantum states.

IV. SUMMARY AND OUTLOOK

In summary, this paper demonstrates how shaping and
postselecting free electrons can generate N-component cat

states and grid states that are desired for CV quantum-
information processing. Furthermore, we show how multi-
ple electrons can create GKP states in an approach that
resembles breeding schemes [22,28,34]. Recent experi-
mental achievements show the feasibility of our proposal,
for example, the necessary preshaping of free electrons into
wide coherent energy combs was demonstrated in several
recent experiments [65,70,71]. Controlling the comb spac-
ing can be achieved using a PINEM-type interaction driven
by harmonics of the fundamental laser frequency [49,75] or
by multiple points of interaction [76]. In future works, we
envision combining transverse and longitudinal shaping to
scale this scheme to large GKP cluster states.

Taking a wider perspective, the comb electrons can
themselves encode quantum information, as shown by
the recent proposal [115] and observation [69] of free-
electron qubit schemes. We note that in terms of their
Wigner functions, optical GKP states are equivalent to
electron combs with a spacing of 27w, where the logical
|0). (|1),) state is the even (odd) electron energy comb. This
equivalence has certain similarities to the idea of encoding
CV quantum information on a single-photon frequency
comb [116]. Using this description, each comb electron can
be thought of as an ancilla qubit, which through its
interaction with the optical mode performs a conditional
displacement on the photonic state.

Interestingly, the ability to perform a conditional dis-
placement arises naturally from the fundamental interaction
of free electrons, in contrast to other systems such as ion
traps and circuit QED, where additional complexity is
required to generate the needed effective interaction. For
example, in trapped ions, such conditional displacement
can be achieved using Mglmer-Sgrensen gates [117,118],
which requires arrangements of bichromatic fields and
can induce significant phase instability. In circuit QED
schemes, the conditional displacement arises from additional
effective nonlinear terms in the dispersive regime [ 17], which
can induce photon-dependent qubit dephasing, relaxation
times, and other unwanted effects [119]. In the case of
electrons, the nature of their interaction enables us to directly
extend the concept of GKP creation and propose more
advance schemes such as the creation of multicomponent
cat states and GKP states [e.g., using [comb}),, as in Fig. 2(f)
and Table I row 9]. The duration of free-electron interaction is
relatively short, lasting only about a picosecond. This enables
very swift gate operations that are limited only by electronics
response times and laser repetition rates (subnanosecond
scale in current technology). For comparison, consider the
conditional displacement gate, which in circuit cavity QED
typically takes approximately 1 ps [31], whereas in ion traps,
it was so far shown to take hundreds of microseconds [18].
Nevertheless, such a comparison should also consider that
lifetimes of optical modes (hundreds of nanoseconds) are
significantly shorter than in circuit QED and in ion traps
(hundreds of microseconds and milliseconds, respectively).
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Therefore, for free electrons interacting with optical modes,
the bottleneck for active error correction would probably lie
in much faster electronics capable of decision-making with
nanosecond timescale. The creation of conditional displace-
ment, together with regular displacements, enable quantum-
error correction of GKP qubits as in Ref. [17]. Single-qubit
universal control of such electrons was shown in Ref. [115].
Combining such operations, our work provides a novel
mechanism for quantum-error-correction schemes based
on free-electron interactions. Such interactions provide the
necessary components toward a vision of free-electron-
assisted fault-tolerant photonic quantum computation in
the optical region.
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