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Symmetries as the Guiding Principle for Flattening Bands of Dirac Fermions
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Since the discovery of magic-angle twisted bilayer graphene, flat bands in Dirac materials have become a
prominent platform for realizing strong correlation effects in electronic systems. Here we show that the
symmetry group protecting the Dirac cone in such materials determines whether a Dirac band may be
flattened by the tuning of a small number of parameters. We devise a criterion that, given a symmetry
group, allows for the calculation of the number of parameters required to make the Dirac velocity vanish.
This criterion is employed to study band flattening in twisted bilayer graphene and in surface states of
3D topological insulators. Following this discussion, we identify the symmetries under which the vanishing
of the Dirac velocity implies the emergence of perfectly flat bands. Our analysis allows us to construct
additional model Hamiltonians that display perfectly flat bands at certain points in the space of parameters:
the first is a toy model of two coupled 3D topological insulator surfaces, and the second is a quasicrystalline
generalization of the chiral model of twisted bilayer graphene.
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I. INTRODUCTION

Since the discovery of superconductivity and correlated
insulating states in magic-angle twisted bilayer graphene
(TBG) [1-4], moiré materials have drawn tremendous
attention as a tunable platform for creating novel electronic
effects. The main feature of TBG is that by tuning the twist
angle between the graphene layers one can tune the Dirac
velocity at the Dirac cones to vanish to a remarkable degree
of precision. The vanishing of the Dirac velocity is
accompanied by a large density of states (DOS) at charge
neutrality, thereby enhancing correlation effects. Following
the example of magic-angle TBG, similar fine-tuned
systems were shown to exhibit band flattening, with some
examples being twisted trilayer graphene [5-8], twisted
superconductors [9,10], and moiré patterns on the surfaces
of 3D topological insulators (TIs) [11-13].

The emerging plethora of flat-band Hamiltonians in fine-
tuned materials raises the question of how generic this
phenomenon is. In other words, what characterizes the set
of systems for which fine-tuning a small set of parameters
leads to the formation of flat bands or almost flat bands?
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This question is interesting both from the theoretical and a
practical point of view, as a criterion for band flatness
should be a useful guide in searching for new materials
where exotic correlated phenomena may be found.

In this work, we focus on flat bands in systems harboring
Dirac fermions, and more specifically on the conditions for
flattening a band by making the Dirac velocity vanish. This
scenario is relatively convenient to analyze theoretically, as
it requires the knowledge of the Bloch Hamiltonian at only
a single k point. The choice to focus on the Dirac velocities
can also be motivated by noting that generically an upper
bound to the bandwidth may be estimated by a Debye-like
approximation to the band dispersion. More rigorously, in
many cases of interest (see the examples discussed below)
the quadratic order of the band dispersion near the k point
vanishes by symmetry. In these cases, the vanishing of the
Dirac velocity guarantees that the DOS diverges at least as
(SE)~'/3 near the Dirac point. Note that a quadratic band
touching (QBT) cannot be obtained when the Dirac points
are fixed by the symmetries of the system (for example, by
a rotation symmetry) as a result of the 7 Berry phase of the
Dirac cone [14].

We begin in Sec. II by defining an algebraic criterion:
We show that the symmetry group G acting on the Dirac
cones determines the number of parameters (e.g., twist
angle, pressure, etc.) that should generically be tuned to
make the Dirac velocities vanish. This criterion is used to
analyze different symmetry groups which can protect a
Dirac cone and to find the classes which allow for the
tuning of a small number of parameters to obtain vanish-
ing Dirac velocities.

Published by the American Physical Society
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In Sec. III we apply our criterion to the analysis of two
systems of interest. The first one is band flattening
of TBG, where we show that the existence of an
approximate particle-hole symmetry is necessary for the
vanishing of the Dirac velocity. The second system is
surface states of 3D TIs under a periodic potential. We
show for such systems that the Dirac velocity at charge
neutrality can be made to vanish entirely by varying a
C,-symmetric potential. The resulting system might en-
able a platform for realizing strongly interacting phases on
the surface of a TL

The vanishing of the Dirac velocity may be the first step
toward a further increase of the DOS that culminates in a
perfectly flat band [15-17]. The first example of a model
that exhibits such a band was a toy model of TBG [15]. In
Sec. IV we extend the ideas raised by Ref. [17] and our
discussion of the vanishing Dirac velocity to discuss the
symmetry requirements that are needed to obtain exactly
flat bands in general settings. We show that such flat-band
Hamiltonians naturally arise in Dirac Hamiltonians with an
external SU(2) gauge field by tuning a small number of
parameters. For Hamiltonians in class CI of the Altland-
Zirnbauer classification [18], we show that the flat-bands
condition is equivalent to the vanishing of the Dirac
velocity. For Hamiltonians with more general symmetries,
we show that the flat bands can be found by considering the
vanishing of the velocity in a modified version of the
original Hamiltonian, which is in class CIL.

We employ our discussion of exactly flat bands in
Sec. V where we discuss two new model Hamiltonians
which realize such exactly flat bands, along with an in-
depth analysis of a recently proposed model. The first
example is a continuum model with a C, symmetry, which
can be thought of as a toy model of two TI surfaces
with spin-flipping tunneling and an in-plane position-
dependent magnetic field. The second example is a model
of a quadratic band-touching Hamiltonian first proposed
by [19], on which our analysis can be used to prove
analytically the existence of exactly flat bands. The last
model is a quasicrystalline generalization of the chiral
TBG Hamiltonian. While the latter model does not have
well-defined bands, we show it to host “magic angles”
with an extensive degeneracy at charge neutrality.

Section VI concludes with a discussion of possible future
directions. The appendixes contain a more rigorous defi-
nition of our algebraic criterion, reviews of known results
published elsewhere, technical proofs, and a discussion of
edge cases that are not treated in the main text.

II. CONDITIONS FOR THE VANISHING
OF THE DIRAC VELOCITY

A. Zero-velocity codimension

Consider a two-dimensional Bloch Hamiltonian H (k)
whose band structure has Dirac points for certain values of
k. The velocity operators at the Dirac points are defined by

oH (k)
ok;

(1)

vV =

The Dirac velocities (that is, the dispersion of the Dirac
cone close to the Dirac point) are calculated using first-
order perturbation theory of v acting on the degenerate
wave functions at the Dirac cone. They are the eigenvalues
of the matrices

p(yi)mn - <l//mlvi|l//n>’ (2)

where y,, are the degenerate Bloch wave functions at
the Dirac cone. We use the notation p(0) to denote the
projection of the operator O onto the subspace spanned
by {w,,}. Most commonly m = 1, 2, but we also consider
the cases of np degenerate Dirac cones, for which
m=1,...,2np. We note that when the degenerate Dirac
cones are protected by a local unitary symmetry [such as
SU(2) spin rotation or a translation symmetry], we can
consider each eigenspace of the symmetry separately as a
single Dirac cone.

Our main interest is the condition for the Dirac velocities
to vanish at some points in the space of parameters. We
assume that H is controlled by a set of d parameters
ai, ...,az. We define the zero-velocity codimension 0y
to be the codimension of the manifold in the space of a;
for which p(v,) = p(v,) = 0. Roughly speaking, if the
Hamiltonian H can have a vanishing Dirac velocity, d, is
the number of parameters that should be tuned to make the
velocity vanish. Our goal in this section is to show how
can be calculated from the symmetries that preserve the
Dirac cone.

Let G be the group of symmetries that preserve the Dirac
cone. For such symmetries p(G) is a representation of G,
for g € G being a unitary operator. In the case where g is an
antiunitary operator we obtain an antiunitary representation
by multiplying the matrix p(g),,, by the complex-
conjugation operator K. Since the elements g relate states
lw;) only to one another, they satisfy

p(9)p(vi)p(9)~" = plgvig™). (3)

forall g € G. Note that lattice symmetries can relate v, and
v,. The tuples (p(v,).p(v,)) are therefore elements of the
linear subspace V of tuples of 2np-dimensional Hermitian
matrices that satisfy Eq. (3). We have

(ZEZ\;) =f221f1<a,,...,ad>(gg>, @

where f/(a, ..., a,) are real-valued and (M, ,, M, ) give a
basis for V. Consequently, J; is the dimension of V.
Equation (4) is then the statement of how the symmetries
of the Dirac cones define ;. In the absence of symmetries
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FIG. 1. The trajectory of p(v,) for a varied parameter a. Panels

(a) and (c) depict the trajectory of |v,| and p(v,) [f , are defined
in Eq. (4)]. Since the trajectory in f,, does not cross zero the
Dirac velocity does not vanish. Panels (b) and (d) are similar but
with §; = 1. The additional constraint on f;, allows |v,| to
vanish on certain values of a.

protecting the Dirac cones, Eq. (4) means trivially that the
matrices p(v;) can be expanded in a basis of Hermitian
matrices, and d; is the dimension of all possible tuples of
such matrices, given by 8n% (for example, with n;, = 1, M;
could be any of oy, ., giving a total of 8 tuples).

In the case of 6, = 1, Eq. (4) reduces to

p(vy) M,

(") (). s
p(v;) are then fixed up to a real parameter and we obtain a
vanishing Dirac velocity whenever f vanishes (see Fig. 1).
In that case, we can make the Dirac velocity vanish exactly
by tuning a single parameter. In Fig. 1 we show the
trajectory for p(v,) for 6, =2 and 5, =1 as we vary a
single parameter. Noticeably, the Dirac velocity can vanish
exactly as a is varied only when 6, = 1. In general, given
that we have d parameters and 6, equations, the dimension
of the zero-velocity solutions is d — d,. Note that, since f in
Eq. (5) is a continuous function, a change of sign in the
Dirac velocity implies the existence of a point where it
vanishes. Also, this sign is in agreement with the sign of v,
obtained in perturbation theory, e.g., in Ref. [15].

A slightly more rigorous definition of J; is given in
Appendix A. We show there that if the Dirac velocity is
made to vanish at some point @ in the parameters space,
there exists a manifold of dimension d — 5, around @ in
parameter space where the Dirac velocity remains zero. The
proof relies on the assumption that the gap between the
Dirac point and the rest of the bands does not close. Such
closing of the gap results in the Dirac-cone wave functions

not being continuous and can create a boundary to the zero-
velocity manifold. We treat an example of such gap closing
in Appendix F.

B. Calculation of §, for different symmetry groups

We now follow the principles outlined above to calculate
0y for different symmetry groups G which preserve the
Dirac point. The symmetry groups we choose to focus on
may contain two antiunitary symmetries ®, IT that anti-
commute (®) and commute (IT), with the operators v;, as
well as their unitary product X:

{00} = [0 1] = {v,.Z} =0 (6)

In cases where the system has local time-reversal 7" and
particle-hole P symmetries that map the Dirac cone onto
itself, they may serve as © and II, respectively. Such is the
case for a Dirac cone on the surface of a three-dimensional
TIL. When T, P map between different Dirac cones, such as
in the case of TBG, we can combine them with other
unitary symmetries to form ©®, I1. We will identify these
combinations when we discuss examples of the latter case.
In general, we do not demand that the symmetries are local.
Furthermore, while we assume that the symmetries either
commute or anticommute with the Hamiltonian, we define
them only by the commutation relations Eq. (6) and not by
their commutation or anticommutation relations with the
Hamiltonian.

When the symmetry group G exists, the symmetries
constrain the possible representations of the two compo-
nents of the velocity operator (v,, v,). However, as long as
the relations Eq. (6) do not distinguish between v, and vy,
they are not enough to constrain J; to 1, since for any
M, = (M,, M,) that satisfies them, M; = (M, —M,) will
do as well, leading to 6, > 2. To find cases for which , =1
we need an additional symmetry that acts differently on
v, and v,. We therefore consider also a (unitary) reflection
symmetry R which takes x — —x and thus satisfies

{R.v.} = [Rov,] =0, (7)

Our main result in this section is a calculation of d;
for all symmetry groups constructed from 0, I, X, R.
Since O, IT are antiunitary, different symmetry groups are
given by different choices of &7 p = X1 defined by

@2 - f@.
I = &pp. (8)
Besides the sign choice of £y, different symmetry
groups are distinguished by allowing R to either commute

or anticommute with ©, Il, . Namely, for R fixed by
R? = +1 we can choose
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TABLE I. 6, for the symmetry groups (with ©, I, X, and/or R
symmetries) which preserve a single Dirac cone. Zero indicates
the absence of a symmetry, while + denote the square of the
symmetry. The signs at the subscripts of R indicate whether R
commutes or anticommutes with the other symmetries. The
calculation of J; here assumes the presence of a C; or Cy4
symmetry. See Table II for an elaborated calculation of J;. See
Ref. [9] for a discussion of the example in row 3, Sec. III A for a
discussion of rows 5 and 6, and Sec. I1I B for discussion of row 7.
SC refers to superconductors.

® II £ R 6 Example

0 0 0 R 2
0 3
0 0 1 R_ 1 Nodal SC with crystalline symmetries
0 2 Nodal SC
0 + 0 R, 1 TBG (approximate)
0 2 TBG (exact), near-commensuration TBG
- + 1 R_, 1 Z,TI surface states with
crystalline symmetries
0 2
- 0 0 R. 2
0 3 Z, TI surface states (general)

RO = (,OR,
RII = ¢1IR,
RZ = (53R, (9)

Again, {g//x = *1 and, assuming that all are present,
{s = Lolp- In the case where we have both ©, IT we use the
notation R . to denote the commutation or anticommu-
tation relations, while a single subscript is used in the
classes where we have only one of I1, ®, . The resulting
family of symmetry groups is similar to that considered
in the Altland-Zirnbauer classification with reflection
symmetry [18,20-23].

We calculate 6, for np = 1, 2. Table I presents the results
for np = 1. Table II presents the same case with more
details and Table III presents the results for np =2
(Tables II and III are presented in the Appendixes). The
tables are constructed as follows. Assuming that the Dirac
cone is np-times degenerate, for each symmetry group we
construct a representation p. We then look for the possible
representations of v,, v, which satisfy the commutation
relations with the symmetry operators obtained from
Egs. (6) and (7). Finally, we assume the presence of a
crystalline symmetry relating v,, v, such that &; is
determined only by the dimension of possible p(v,).
Examples of such symmetry are C3 and C, symmetries,
where C, is a rotation of the system by 27/n.

A similar analysis can be straightforwardly extended to
np-fold degenerate Dirac cones for higher njp, include
additional symmetries, or extend to three-dimensional
Weyl and Dirac nodes [24].

III. APPLICATIONS
A. Magic angles in TBG

As a first application of our analysis, let us consider the
band flattening in TBG. Since the two Dirac points are
fixed in different k points, we calculate 6, for a single Dirac
cone. Time reversal 7 maps between the two valleys of
the electronic band. However, when multiplied by C,, we
obtain an antiunitary symmetry that preserves the Dirac
point and commutes with the velocity operators, such that it
may serve as I1. Furthermore, the C; symmetry preserves
the Dirac point as well (see a review of the TBG
Hamiltonian and symmetries in Appendix B). We fix the
representation of these symmetries on the two Dirac point
wave functions to be

p(C3) — ei(2ﬂ/3)67_’
p(CT) = 0K, (10)
which is dictated by the requirements that p(C,7) should
be antiunitary, should square to +1, and should satisfy
p(C3)p(C,T)p(C3)~" = p(C,T). For the Dirac cone to

be C; symmetric we must have {v,,v,} =0 such that
Eq. (4) becomes

fil@)o, + fr(a)o,,
p(vy) = fi(a)oy, — fr(a)o,. (11)

"b
—~
<

=
~—
I

Evidently, these two symmetries are not sufficient to ensure
that the Dirac velocity may be made to vanish with a
variation of a single parameter a. Luckily, TBG at small
twist angle @ has an additional approximate unitary
particle-hole symmetry [broken by a term of order O(60)]
given by [25]

C: nyoK. (12)

where #; are the Pauli matrices acting on the layer indices.
This symmetry can be combined with the exact symmetry
C, . to form an additional symmetry that preserves the
Dirac cone (see Appendix B for a review of the symmetries
of TBG). Thus, under the approximation of a small twist
angle the operator CC,, maps x — —x and anticommutes
with the Hamiltonian at low energies. Consequently, it
commutes with v, and anticommutes with v,. Choosing its
representation to be o, it fixes f, = 0. Consequently, the
magnitude of the Dirac velocity is given by |f;(a)|, which
may be made zero when f; changes sign.

This calculation leaves us with an important lesson: in
TBG, both the exact and the approximate symmetries are
necessary for the Dirac velocity to vanish at the magic
angle. Indeed, by diagonalizing the Bistritzer-MacDonald
(BM) Hamiltonian [1], we find that when one does not
impose the approximate symmetry to be exact, the Dirac
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FIG.2. The Dirac velocity vp of the BM model [Eq. (B1)], with
and without the additional C symmetry, as the twist angle 6 is
varied near the magic angle. The C symmetry is imposed by
setting € = 0 in the h(0) terms.

velocity does not reach zero when 6 is varied. It instead has
a minimum value of ~4 x 107 x v, where v is the Dirac
velocity at zero coupling between the layers. The value of
vp as the twist angle is varied, with and without the
approximate C symmetry, is depicted in Fig. 2.

In magic-angle TBG the C symmetry is weakly broken
by a symmetry-breaking term proportional to the small
twist angle 8. When the twist angle is not small, for
example, when the layers are slightly twisted away from an
angle of commensuration [26], the symmetry-breaking
term has a non-trivial dependence on the twist angle. In
particular, it does not vanish at commensuration angles. In a
recent work [26], the authors describe the case of twisted
graphene bilayers when the layers are twisted slightly away
from a commensurate twist angle. The Hamiltonian
obtained is similar to the BM Hamiltonian, but the C
symmetry is broken by a parameter that is independent of
the deviation from the commensurate angle. As observed
there, the Dirac velocity does not reach zero. Our analysis
shows this to be a result of the breaking of C symmetry.

B. 6, in 3D TI surface states

References [11,12] suggested that the velocity character-
izing the Dirac cone of the surface of a 3D TI may be
suppressed by the application of a periodic potential on the
surface. Here we use our analysis of 6, to show that there
exist “magic parameters” leading to an exact vanishing
of the Dirac velocity. We present two types of periodic
potentials that lead to a vanishing Dirac velocity. The first
possesses a C4 symmetry and requires tuning a single
parameter. The second has only a C, symmetry, so that
each of v,, v, can be made to vanish by tuning a single
parameter. The velocity vector can then be made to vanish
entirely by tuning two parameters.

The Dirac cone on the surface of a 3D TI is protected by
time-reversal symmetry 7' = 6,K. A periodic potential is
consistent with this symmetry, leading to the Hamiltonian
of the form

H = vg6-p + u(r), (13)
where v, is the Dirac velocity at zero external potential and
u(r) is a periodic potential term. Note that 7" allows only for
a potential term proportional to the identity in Eq. (13) and
prohibits the opening of a gap.

In the case where, in addition to 7', there exist additional
C, (n=4, 6) and M, =o,(x - —x) crystalline sym-
metries [27], we find from Table I that 6, = 1 (since the
Dirac point maps to itself under time reversal we have
O=TX=C,R=M,).

When a C, symmetry is present in the system, p(v;) have
no diagonal terms in the basis defined by |w), T|y),
provided that |y) is a Dirac-cone wave function that
is a C, eigenfunction. The Dirac velocity can then be
calculated by

(14)
(15)

To make the discussion concrete, we start by taking u(r) of
the form

v, = (Ty|voo,|y) = vo|(Kylo.|w),

vy = (Tylvoo,ly) = vo(Kyly).

u(r) = 2u, cos gox + 2u, cos ¢y. (16)
Generally, the Hamiltonian Eq. (13) with Eq. (16) is
symmetric under C;=o (r—-r) and M, = 6,(x = —x).
When u, = u, it is also symmetric under C, = ¢""/**: (r -
Rg4r). Furthermore, the Hamiltonian anticommutes with the
operator:

(17)

We now analyze the system both in the case where there is
an additional C; symmetry and where this symmetry is
broken.

P=o.(x—=x+7r/q0.y—=Yy+7/q).

1. C4-symmetric case

Our numerical studies of the C4-symmetric case indicate
that the anticommutation of H and P prevents the vanishing
of the Dirac velocity. Indeed, by diagonalizing the
Hamiltonian we do not find any magic values (see Fig. 3)
as u = u, = u, is varied. Besides the calculation presented
in the figure, we check that the Dirac velocity does not
vanish up to u = 10. We also find numerically that the
velocity does not vanish even when one considers addi-
tional C4 and P preserving terms in u(r) with higher wave
vectors. We therefore conjecture, but cannot prove gen-
erally, that a Hamiltonian of the form Eq. (13) with C4, M,
and P symmetries cannot yield a vanishing Dirac velocity
for the Dirac cone at charge neutrality.

One can break P by introducing higher wave vectors in
the potential u. As an example, we take
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FIG. 3. The Dirac velocity of the Hamiltonian Eq. (13) with a

C4-symmetric potential in the P-symmetric and PP-broken case.
The P-symmetric case is defined by the potential Eq. (16) with
u = u, = u,, while the P-broken plot is given for the potential
Eq. (17) with u; = u, uy = (u/4). In the latter case, the velocity
is defined as the velocity of the Dirac cone connected adiabati-
cally to the Dirac cone at zero energy as u is increased. One can
see that v, can reach O when the P antisymmetry is broken, but
not when it is present.

u(r) = 2u;(cos gox + cos qqy)
+ 2u;[cos(gox + qoy) + cos(qox — qoy)]- (18)

When P is broken, the Dirac cone, which for u(r) = 0 is at
E =0, ceases to be fixed in energy. We can nevertheless
calculate the velocity in the Dirac cone connected adia-
batically to the one at E =0 as the amplitude of u(r)
increases. As an example, in Fig. 3 we plot the Dirac
velocity for u; = u, u, = u/4 and find points along the line
in which the velocity vanishes. Note that while the first-
order dispersion around the Dirac cone vanishes, we still
have quadratic terms in the dispersion, leading to a finite
(but increased) density of states at the Dirac cone.

In this example, breaking the P symmetry opens a way
for the Dirac velocity to vanish, despite the insensitivity of
07 to this breaking. This may indicate that symmetries
might also have an impeding role in the tuning of systems
parameters to make the Dirac velocity vanish. Indeed, our
analysis of J; gives necessary conditions, but not sufficient
conditions, for making the Dirac velocity vanish by tuning
a given number of parameters.

2. C4-broken case: Vanishing of the
velocity in a single direction

When the periodic potential breaks C, symmetry, the
difficulties of making the Dirac velocity vanish are alle-
viated. In this case, each velocity component v, , vanishes
on a codimension-one manifold, which results in 6, = 2.
Indeed, we find lines of magic parameters u,, u, which give
one vanishing component of the velocity at charge neutral-
ity (see Fig. 4). By tuning both parameters, we find points
at which both components of the velocity vanish.

0.0

05
S 10 £
o 3]
> >
~ =
S —15 3
2

20

—25

0.5 1.0
Uz /V0qo

FIG. 4. The x component v, of the velocity for the Dirac cone
at charge neutrality for the Hamiltonian Eqs. (13) and (16)
(in logarithmic scale). One sees that v, vanishes on lines in the u,,
u, space, giving rise to a low-energy Hamiltonian of the form
Eq. (23).

A simple, analytically solvable example of this scenario
can be found in the case where u, = 0 and the potential is
one dimensional. In that case, we can find zero-energy
states of the form

[ iU(x) + —iU(x)
N @ e e
l//j:(x) - SJT(@[U(X) T e—iU(X))’ (19)

2u
U(x) = —Xsin(gyx), 20
() = 21 sinfgo0) (20)

The Dirac velocities can be obtained from the representa-
tions of the velocity operators in this basis. We obtain

p(vy) = ooy, (1)

p) = vy (5. (22)

40?0

where J, is the Bessel function of the first kind. We notice
the somewhat surprising result that it is v,, and not vy,
which is independent of the potential [28], even though the
potential varies along the x direction. The matrix p(v,) is
proportional to o, as a result of the inversion symmetry of
u(x) and vanishes on the zeros of J,. We then find the
magic parameters at u,/qyvy = 0.60, 1.38,2.16, ....

A velocity that vanishes only in the y direction gives rise
to a low-energy Hamiltonian of the form

H = i,0.k, + (d 3 + Zlykg)kyay, (23)

for some parameters bx,glx,gly. The DOS resulting from
Eq. (23) vanishes as g(E) «x E'/? at low energies. An
interesting question, which is not elaborated on here, is the
behavior of the Hamiltonian Eq. (23) when interactions are
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also considered. Renormalization-group analysis [29,30]
suggests that in the presence of strong enough interactions,
the dynamics of the system become quasi-one-dimensional,
forming a Luttinger liquid phase in the x direction [31],
possibly with spontaneous breaking of translation sym-
metry in the y direction.

3. C4-broken case: Vanishing Dirac velocity
in both directions, with 6,=2

Since each velocity component vanishes on lines in
(uy,u,) space, we expect the entire velocity to vanish
on points in that space. Figure 5(a) shows that this is
indeed the case. In Figs. 5(b) and 5(c), we plot the band
structure and DOS at one of these points. One can
observe a peak in the DOS at charge neutrality, with
two additional peaks corresponding to van Hove singu-
larities (VHS) at nonzero energies. Note that the func-
tional dependency of the two peaks is different: while the
DOS at the vHS diverges as —log(|6E|) (with SE being
the deviation from the singularity), the DOS diverges as
|6E|~'/3 around charge neutrality. Thus, the points in
parameter space where the Dirac velocity vanishes might
provide good candidates for strongly interacting states at
charge neutrality. Note that the divergence is functionally
similar to the higher vHS discussed in Ref. [12], but the
low-energy Hamiltonian around the critical point is
different [32,33].

The authors of Ref. [11] propose two methods for
realizing a Hamiltonian of the form Eq. (16) on the sur-
face of a TI, either by creating a moiré pattern on
the surface or by posing a dielectric pattern on it [34].
Here we note that the degree of tunability required to
achieve the “magic coupling values” obtained in the
C,-symmetric model can be achieved either by a
C,-symmetric dielectric pattern or by a potential gener-
ated by acoustic waves on the surface [35,36]. Note
that the dimensionless parameter controlling the coupling
strength is u/qqv,. Ideally, one would keep both u, g, high
to mitigate disorder effects and to have a large range of
momenta affected by the modulation.

Also, we note that in Ref. [13] the authors show that
for two 3D TI surface states a spin-flipping tunneling
term allows for the velocity to vanish. When only spin-
independent tunneling between two such surfaces is
allowed, the surface Hamiltonians can be written in four-
component spinors as

Hiwistea 1 = Vok - 6 + n,u(r) (24)
when #; are the “surface” indices. The Hamiltonian
Hwisiea T1» therefore, splits into layer symmetric and anti-
symmetric sections, each described by the Hamiltonian
Eq. (16). Our findings then provide two additional mech-
anisms for obtaining a Dirac cone with vanishing velocity
in such systems.

0.0
-0.5
-1.0
—-1.5
-2.0
—2.5
0.3
0.2 1
0.14
0.0 4
—0.1 1
—0.2 1
-0.3 T
20

0

T b\
0.5 1.0
Uz /V0qo

E/qu()

9(E)

FIG. 5. (a) The “absolute” Dirac velocity ,/v3 + v} of the
Dirac cone at charge neutrality for the Hamiltonian Egs. (13)
and (16) as a function of u,, u,, in logarithmic scale. The dark
spots are codimension-two manifolds on which the Dirac velocity
vanishes entirely. (b),(c) Band structure and DOS of the
Hamiltonian Eqs. (13) and (16) at the “magic angle” obtained
with u, = 0.95, u, = 0.25 [the point is marked by a circle in (a)].
We find a divergent DOS at charge neutrality with additional van
Hove singularities at £ = 40.21.

IV. EXACTLY FLAT BANDS

An intriguing aspect of the BM Hamiltonian is the
presence of a limit [15] in which the Hamiltonian has an
additional chiral symmetry and in which the bands at
charge neutrality become perfectly flat at the magic angle.
These bands may then be chosen to have nonzero Chern
numbers and a well-defined sublattice polarization [37]. The
Hamiltonian at that limit, referred to as CTBG, allows for
exactly flat bands to be reached by tuning a single parameter.
In this section, we provide symmetry requirements under
which the vanishing of the Dirac velocity implies that the
bands are exactly flat. Our analysis provides conditions for
small-codimension exactly flat bands.

We begin by considering a generalized form of
the CTBG Hamiltonian, described by a Dirac electron in
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a background SU(2) gauge field [38]. That is, it is of the

form
(> 5)
H: b
D 0

D = 2ivy(d + A), (25)

where 0 =1 (0, +id,), A = A, — iA,, with A being a non-
Abelian traceless gauge potential [here we focus mostly on
the SU(2) gauge group]. We assume that A is periodic on
some lattice. The Hamiltonian H comes naturally with a
chiral symmetry, which we choose to be Hermitian, S = o,.
We follow our notation for TBG and use o; as the isospin
indices and #; as the gauge indices. For any two solutions
. of Dy = 0 (that is, Dirac-cone wave functions in the
same S indices) we can define the Wronskian for the
functions y;, as

Z(r) = wa 1 (Nwp2(r) =y (Nyaa(r), (26)

where the second index is a spinor index. In Ref. [17]
the authors show that Z(r) is position independent and
further show that the condition for exactly flat bands is the
existence of two orthogonal y,, ;, for which Z(r) = 0 (see a
review in Appendix D). This condition may be expressed as

Wy alwsy) = 0. (27)
where W is the “Wronskian operator” defined by
W =inK. (28)

The Wronskian is antiunitary, commutes with S, and
satisfies W? = —1 (the choice W = in,0,K satisfies the
same requirements and gives an equivalent condition).
Since the Wronskian inverts the direction of the spinor
that it operates on, Eq. (27) implies that

Yy = l//al/(l‘), (29)

with v(r) being a scalar.

Let us consider the symmetry groups which allow
a Dirac Hamiltonian as in Eq. (25). We first assume that
the symmetries of the system keep vy, orthogonal (this
assumption is broken, e.g., in C3-broken CTBG, which we
treat in Appendix E). Since we want the momentum
operator to be diagonal in D, it must satisfy the condition

0,0, = ivgS. (30)
If the Hamiltonian has additional time-reversal symmetry
T, then T and P = ST preserve the space of the two
degenerate Dirac cones and therefore satisfy the definition

Eq. (6). Using Egs. (6) and (30) we then find that

T.S=0eT>=-P. (31)

This requirement already restricts the possible AZ sym-
metry classes which can support a continuum Hamiltonian
with exactly flat bands to AIIl (S only), DIII (where
P? = —T? = 1), and CI (where 7> = —P? = 1). Note that
the Hamiltonian Eq. (25) can be thought of as a surface
Hamiltonian for class Alll, CI, or DIII topological super-
conductors, all of which can have protected Dirac cones
on the surface [39,40]. This proves that the Hamiltonian
Eq. (25) cannot open a gap at zero energy.

We now treat each one of the above symmetry classes.
We first consider the two time-reversal symmetric classes,
DIII and CI. We find that class DIII Hamiltonians are too
constrained to allow for the condition Eq. (26), while for
class CI the condition can be fulfilled and is, in fact,
equivalent to the vanishing of the Dirac velocity. We then
show that the analysis of class AIIl Hamiltonians can be
mapped onto the analysis of class CI. Therefore, under-
standing the criteria for obtaining a flat band in the CI case
is sufficient for the more general case of Hamiltonians of
the form Eq. (25) with no time-reversal symmetry.

A. Class DIII

Here we prove that a 4 x 4 Hamiltonian of the form
Eq. (25) of class DIII cannot support exactly flat bands. We
begin by fixing v, =o,, vy =0y, S=0,, and T = 6,K (the
choices T =n,6,K and T =n,0,K, where 5 are the gauge
field indices, are equivalent). This restricts A to be of the form

(g f) = a(rlom, +ay(rjoyn, — (32)

for some real a,(r), a,(r). Equivalently, we can write

A= <? ;i>a(r), (33)

where a(r) = a,(r) + ia,(r). Since A commutes with itself
at different positions, the equation Dy = 0 can be straight-
forwardly solved by integrating both sides. To do so we
decompose a(r) as

a(r) _ ZaGe(l/z)(zCHG)’ (34)
G

where the sum over G is a sum over reciprocal lattice vectors
and G = G, +iG,. The zero modes of D can then be
calculated explicitly as

1
+i

va) = ()@=, (33)

2 .
u(r) = Z % o(1/2)(2G+3G)
G#0

+Re(ap)(z - 2) + Im(ap)(z +2),  (36)
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where f(z) is holomorphic. Since ™) is periodic (up to a

phase) and therefore bounded, v, is normalizable only for
f(z) = const. We can conclude that for any a(r) there are
only two zero modes for D, which are given by Eq. (35).
Since these solutions do not satisfy Eq. (29), there are no
exactly flat bands for any choice of a(r). One can explicitly
check that the Wronskian Z (r) of y . and y_ is constant and
nowhere vanishes, since the spinors are never parallel.

B. Class CI

While class DIII symmetries limit A to the form Eq. (33),
for class CI A does not necessarily commutes with itself at
different points. As a result, the zero modes cannot be
obtained by an integration procedure similar to Eq. (35).
This allows for a richer structure of the zero modes and,
most interestingly to us, allows for the vanishing of Z(r).

Further notice that, for class CI Hamiltonians, the
combination v, 7T satisfies

(0:7)? = =3, (37)

[v,T,S] =0, (38)
and thus must be proportional to either n,K or o.1,K.
We therefore have

W alwy) = const x (Ty,|v,|wy). (39)
Since the rhs is an element of p(v,), the vanishing of the
Dirac velocity implies Eq. (27). This argument shows that
in class CI Hamiltonians, as long as the solutions y, and y,,
are kept orthogonal, the vanishing of the Dirac velocity
implies the existence of exactly flat bands. From Table III
we see that for class CI (that is, with ©2 = +1,T12 = —1)
we have 6, < 2.

C. Class AIII

For class AIIl we can write A in the general form:

— (W) +Z(r) X(r)+iY(r)
A(’)‘<X<r>—iy<r> W(r)—Z(r))' “0)

Here W represents the U(1) part of the gauge potential
(physically, V x W is a magnetic field), while X, ¥, Z are
the three components of the SU(2) part. When W = 0 this
is a system of class CI with T = 5,6, K. Let us first assume
for simplicity that W(r) is periodic with mean zero (this
represents a staggered magnetic field). We note that, for a
zero mode y of D, W(r) can be absorbed to y by defining

y(r) = e Oy (r),
Ar)=A(r)=1-W(r),

D' = 2ivy(0+A'), (41)

where the operator 0~! is formally defined by

a—l(e—iqf) — ge—iq-r’
q

with ¢ = g, + ig,. Under this definition, we find that
Dy = 0 if and only if D'y’ = 0. That is, we can reduce
the problem of finding a zero mode for D to the case in which
A s traceless. We conclude that for finding exactly flat bands
of Eq. (25) it is sufficient to solve for the time-reversal
symmetric (CI) case, where, as we showed above, the
vanishing of the Dirac velocity implies an exactly flat band.

The flat bands created by this procedure have an exact
correspondence with lowest-Landau-level (LLL) wave func-
tions [17,41,42], and therefore have a nonzero Chern number
for each § polarization (they can, in fact, be written in a form
that resembles the LLL wave functions on the plane; see
Appendix D). By considering the “squared Hamiltonian”
H = "H?, for which S acts as a local unitary symmetry, we see
that the nonzero Chern number on each S index gives the
middle bands a Z x Z topological index when T is absent.
This index collapses to a (nonzero) Z index in the presence
of T [43]. Finally, note that CTBG is in class CI, as a result
of an emergent intravalley 7 symmetry [44].

It is important to distinguish between the exactly-
flat-bands models discussed here and the flat bands in
tight-binding models, e.g., in bipartite lattices [45-48] or
in line-graph lattices [49,50]. The models we discuss allow
for the creation of exactly flat bands by the tuning of a small
number of parameters, assuming that a given set of sym-
metries is preserved. The small value of the codimension 6,
implies that even when symmetry-allowed terms give the flat
band a dispersion, this dispersion can always be compen-
sated by the lowest-momentum tunneling, and the flatness is
recovered. This property is not there in the tight-binding
examples. The bipartite lattice models have a flat band in
all possible parameters, provided that the lattice remains
bipartite. For the line-graph lattices, on the other hand, there
is an infinite set of parameters that may be varied to destroy
the band flatness while preserving the lattice symmetries,
and cannot be compensated by other parameters. A further
difference is that the models discussed here are continuum,
rather than tight-binding, models. This property allows for
the separation of the exactly flat bands to bands of opposite
Chern numbers by a symmetry-breaking perturbation, such
as a sublattice potential in the case of CTBG. In lattice
models, on the other hand, the existence of exactly flat bands
with nonzero Chern number is prohibited [51,52] (but such
bands may carry fragile topology [48]).

(42)

V. EXAMPLES OF CLASS CI
FLAT-BAND MODELS

A. Chiral C4-symmetric model

The insights gained in the previous section can be used to
construct a continuum Hamiltonian of class CI that can be
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tuned to have exactly flat bands at zero energy. Our model
is manifestly distinct from CTBG in that it has a Cy4, instead
of C3, symmetry. We therefore call it the C4-symmetric
flat-band model (C4FB). The presence of the C4 symmetry
has additional interesting implications, which will be
discussed shortly.

The C4FB model consists of two Dirac cones on two
topological insulator surfaces on the x-y plane, connected
by z-reflection symmetry, and coupled via a spin-dependent
tunneling term modulated by an in-plane magnetic field
(a system with slightly similar features was analyzed in
Ref. [53]). The two 3D TI surface states are described
by [54-57]

Hri = n.vep - 0, (43)

where ¢ = (0,,0,). Each of these Dirac cones has

x2 Oy
a chiral symmetry S =0, and a spinful time-reversal
symmetry T = Ko,, with T2 = —1. Since we want the
system to be in class CI, we need to preserve S and replace
T by asymmetry 7" satisfying 7> = +1and {T”, S} = 0. To
that end, we introduce spin-flipping tunneling between the
layers, whose phase is modulated by an in-plane magnetic
field:

7_(tunnelmg [”y cos A ( ) + 17, sin A, (I‘)] [u (I‘) : 6]’ (44>
where A,(r) is the vector potential associated with the
magnetic field. The resulting symmetry 7' = K#,0, is a
combination of 7" and the z reflection R, = o.1,. The
Hamiltonian is then

H="Hn+ Htunneling- (45)

We additionally require the symmetries Cy = e'(*/4): (r —
Ryr), M, = o,(x — —x) and a translation invariance by
the unit cell. While any form of A, and u satisfying these
requirements will give similar results, we choose for
concreteness

2 2
u(r) = <s1n il , sin ﬂ) ,

o [0
2mx 2

A.(r) = q’)(cos—ﬂ + cos —ﬂy> (46)
ao ao

Note that H can be made of the form Eq. (25) by a gauge
transformation.

By diagonalizing H we find that, as expected from our
calculation of 5, (we have ® =T', X =S, R = M,; see
Table III), the Dirac velocity vanishes on a codimension-
one manifold in the u, ¢ space (see Fig. 6). Our discussion
above shows that when the Dirac velocity vanishes, the
two degenerate o, = +1 wave functions y,, at k=0

VD
W

10g10

3.0
2.51
2.01
< 1.5 23
1.0 4
0.5
0.0+

0.00 0.5 0.75
u/voqo

FIG. 6. Dirac velocity for the Dirac cone of the Hamiltonian
Eq. (45) as a function of the parameters u, ¢, in logarithmic scale.
The Dirac velocity vanishes exactly on the dark line, leading to an
exact flattening of the bands.

satisfy Z(r) = 0. We can therefore write

wa(r) = v(2y,(r), (47)

where dv = 0 since both Wy, satisfy Dy = 0. The function
v(z) is periodic on the lattice and C, symmetric, inherited
from y,, ;. Therefore v(z) must have at least four poles per
unit cell, located at four C,-related points. At these four
points y; must be zero [58]. Using the fact that y; has four
zeros per unit cell, we can construct four 6, = +1 linearly
independent zero-energy wave functions at each k, in the
form [59]

Wi(r) = A a(2)y (1), (48)
N
Apn(z) = e i:H.AW_OZi'i)’ (49)

where 9, (z|7) is the Jacobi theta function [60] [we use the
convention defined in Eq. (D6)], z; = x; + iy, are the zeros
of v, and w; satisfy

m,neZ, (50)

where k = k, + ik,. That is, the positions of w; determine
the momentum of y, and the possible configurations of w;
satisfying Eq. (50) give the four degenerate wave functions.
This construction is similar to that of lowest-Landau-level
wave functions on the torus [61]. Note that our arguments
do not rule out the possibility of having more than four
wave functions per unit cell, but we expect four to be the
general case. We give an example of y;_q in Fig. 7.

B. Magic parameters in Hamiltonians with
symmetry-protected quadratic band touching

Here we consider a system, previously analyzed
in [19], which displays symmetry-protected quadratic band
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Layer B

. 1.0
) 0.8
) 0.6 s
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0.2
0.0
0.5 0.0 0.5

FIG. 7. Example wave function yy_, obtained numerically
from the Hamiltonian Eq. (45) with u = 1.1, ¢p = 2.5 (at the flat
band). Each layer has four mutual zeros, which are zeros of the
entire wave function (in orange), and four zeros of opposite
chirality which cancel the complex winding of the common zeros
(in red).

touching. We show how the symmetry analysis can provide
the condition in which a perfectly flat band can be created.
The Hamiltonian we consider is of the form

0 Dr)
= <D(r) 0 ) o
Dlr) = %moaz +ulr), (52)

where u = u, + iu,. In Ref. [19], the authors suggest
realizing this Hamiltonian by stacking two twisted layers
of a material hosting a QBT point at the K points. The
Hamiltonian shown there realizes two copies of H with

u(r) = u.(r) = a(cos gx — cos qy). (53)

Below we provide a proof that H with u(r) given by
Eq. (53) has flat bands with codimension one in « (this was
shown numerically in Ref. [19]).

1. From a QBT to a Dirac Hamiltonian

As a first step, we show the relation between H and the
Hamiltonians discussed in Sec. IV. We first note that H has
a time-reversal symmetry 7 = ¢,K and a chiral symmetry
S = o, and is therefore in class CI, just as the flat-bands
Hamiltonian discussed there. Furthermore, we can relate
the two-band Hamiltonian Eq. (51), which has second-
derivative operators, to a four-band class CI Hamiltonian of
the form Eq. (25) having only first-derivative operators, and
having the same number of zero-energy states.

To do so, we notice that for any scalar wave function y
satisfying Dy = 0, we have

f)(v;’gw) —0, (54)

where

g 0o -1

D= (”O g ) (55)
u o

-1/2

and vy = (2mg)~'/%. As a result, the four-component
spinor (0,0,y,vy0y) is a zero-energy state of the

Hamiltonian
. 0 Df
= ( )
D 0

Notably, 7{ inherits the class CI symmetries of 7,
which are given by T = 1,0, K, S= o, (o;, n; are the
Pauli matrices in the spinor and gauge components,
respectively). Similarly, it inherits any crystalline symmetry
that H has. This shows that finding conditions for a flat
band in Hamiltonians of the form Eq. (51) is equivalent to
finding the conditions for a flat band in class CI Dirac
Hamiltonians, which were analyzed in Sec. IV. There we
showed that a flat band will be created as a result of a
vanishing Dirac velocity, provided that D has two orthogo-
nal zero modes. We notice that here, for u = 0, H has a
QBT, which amounts to having a vanishing Dirac velocity
[i.e., a vanishing expectation of the operator Eq. (1)] with
only a single zero mode of D. To conclude our argument,
we show that when the quadratic term in the dispersion is
made to vanish by the application of u, the QBT can be
separated into two Dirac cones with vanishing velocity,
resulting in perfectly flat bands.

(56)

2. From a Dirac Hamiltonian
to a perfectly flat band

We now apply our analysis to provide conditions for the
emergence of exactly flat bands in H. We first notice that
the QBT is stable when u is modified if and only if 7 is Cy4
symmetric. When the QBT is unstable we get a similar
situation to the one discussed in Appendix E: the model
has two zero-energy Dirac points, whose momenta change
as u is modified. As a result, the vanishing of the Dirac
velocity will result in the Dirac points fusing to a QBT with
nonzero quadratic dispersion, and exactly flat bands will
not generally form. To go on further we, therefore, need to
assume that H is C, symmetric with Cy=0,(x—y,
y— —x) (which is also the case for the model discussed
in Ref. [19]).

With the assumption of a C, symmetry, we investigate
which additional symmetries can help us make the bands
perfectly flat. The form of 7{ ensures that the dispersion
remains quadratic around the band-touching point, so the
projected Hamiltonian near the K point is restricted
to the form
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- B 0 [f1(a) + if(a)]&?
Pl ) = <[f1(a) —ify(a)]k? 0 >
+ O(kY). (57)

Consequently, the quadratic dispersion of 7 vanishes with
codimension two. To reduce the codimension to one we
require an additional symmetry that guarantees the vanish-
ing of f,, which is a reflection symmetry. Acting on H, this
additional symmetry is equivalent to the requirement that u
is either purely real or purely imaginary.

Having shown that the quadratic term in the dispersion
can be made to vanish, we now show that this vanishing
leads to perfectly flat bands. To do so, we map the problem
to the problem studied previously, where we had two
separate zero modes y,, ;, of D. This can be done by adding
a small C,-breaking perturbation to u, of the form

u—u—v(a)k,, (58)

where v,(a) = \/f(a) + if,(a) is the square root of the

renormalized quadratic dispersion around the K point
and k, is small. The resulting Hamiltonian has, therefore,
two Dirac points atk = (+k,, 0), which remain separate for
any oa. In addition, the Dirac velocity of the Dirac cones
vanishes whenever a is tuned to make v, vanish. From the
analysis of Sec. IV, we conclude that H with the additional
perturbation has exactly flat bands whenever v, vanishes
and, taking k, to zero, we conclude that 7{ and therefore H
have exactly flat bands whenever v, vanishes.

The analysis in this section shows, therefore, that
Hamiltonians of the form Eq. (51) with a C; symmetry
have exactly flat bands with a small codimension (one if
there is a reflection symmetry present and two otherwise).
We note that, while an example of such a Hamiltonian was
first provided in Ref. [19] using two twisted layers of a 2D
material with QBT points, the u term in Eq. (51) can be
obtained by a long-wavelength modification of the hopping
in a single layer hosting a QBT point (for example, by
periodic strain from surface-acoustic waves).

C. Quasicrystalline generalization of CTBG

Here we discuss a quasicrystalline generalization of the
CTBG Hamiltonian, namely, the generalization of the
C;-symmetric model to a C,-symmetric model for odd
n > 3. We focus on the chiral case as it is the easiest to
analyze theoretically. The family of Hamiltonians is given
by the form Eq. (25) with

AZ( U(<)—r) glf)(r))’

n—

u(r) =

— IR

ei(27r/n)je—iq,~-r’ (59)

T
<)

Iy,

FIG. 8. The wave function yg in the chiral Cs-symmetric
model Eq. (59) at the magic angle. The orange points signify
zeros of the wave function.

with g; = [cos(27j/n — /2)], sin[2zj/n — 7/2)]. Clearly,
Eq. (59) reduces to the CTBG Hamiltonian [15] for
n =3. For n > 3 the model is not crystalline anymore,
but nevertheless the formal analysis of magic angles in
CTBG continues to hold. That is, we can calculate by
perturbation theory in a the correction to the zero-energy
wave functions. We get a zero-energy wave function of
the form

wi) =Y @2y ) (60)

n=0

where the operator 0~! is defined in Eq. (42). Note that 9~
is undefined for ¢ = 0, but the C,, symmetry prevents zero-
momentum terms from appearing in the perturbation series.
Another zero-energy wave function is given by acting on
wg with the intravalley C, symmetry C, = n,(r — —r).

While the Dirac velocity is no longer well defined (as
there are no Bloch wave functions), the Wronskian operator
W given by Eq. (28) still is. Since the “Dirac cone” wave
functions are still reflection symmetric, we have 6, = 1 for
the vanishing of the formal Dirac velocity given by

vp = (CowkWlyk) = Wi (=r)lyk(r)).  (61)

When wvp vanishes we find from Eq. (D4) that wg
must have extensively many zeros (that is, the number
of zeros in a given area being proportional to the area).
By repeating the analysis in Appendix D we, therefore,
find a “band” with an extensive degeneracy of zero-energy
wave functions.

In Appendix G we describe the results of a perturbative
calculation of vp similar to the one detailed in Ref. [15].
For n = 5 we find the first magic angle at ap = 0.32. We
plot the resulting wave function in Fig. 8. Each zero of the
wave function can be used to construct a zero-energy state.
If the system is confined to a finite size L, the number of
zero-energy states (up to corrections of order 1/L) will
equal the total number of zeros of the magic-angle wave
function, and will be extensive with the system size.

021012-12



SYMMETRIES AS THE GUIDING PRINCIPLE FOR ...

PHYS. REV. X 13, 021012 (2023)

VI. DISCUSSION

In this work, we discuss the symmetry structure that is
required for the flattening of bands of Dirac fermions. We
start with the requirement for the Dirac velocity to vanish
and give examples in TBG and a Dirac cone on the surface
of a 3D topological insulator. Afterward, we discuss the
vanishing of any dispersion, namely, the symmetry require-
ments for the formation of exactly flat bands. We show that,
for a certain set of symmetries, the vanishing of the Dirac
velocity implies that the band is exactly flat.

The symmetry considerations which allow us to calcu-
late 6, do not provide us with a recipe for writing a
Hamiltonian with 6, parameters which can have a vanish-
ing velocity, but generically suggest natural candidates for
flat-band Hamiltonians. In one of the cases, which we
studied in Sec. III, the existence of an extra symmetry
seems to impede such vanishing by the most natural
candidate Hamiltonian. This observation may indicate that
there may be further symmetry considerations that may
guide the search for such Hamiltonians. These are left here
as a subject for future research.

While in this work we focus mainly on 2D moiré materials,
much of our discussion can be straightforwardly extended to
other systems and different tuning parameters. For example,
one can consider 3D nodal line materials, where each k, slice
can be viewed as a 2D subsystem, and &, can serve as an
adiabatic parameter. Another interesting future question is
the generalization of our results in Sec. IV to the case of
SU(N) gauge fields. Studies of specific models, such as
alternating-twist n-layer graphene [5] and chiral twisted
graphene multilayers [62,63], show the richness of states
that might arise in such cases. In the former, one can
encounter exactly flat bands coexisting with dispersive
bands, while in the latter we see exactly flat bands with
Chren numbers C > 2. It would be interesting to see whether
it is possible to give a classification of the possible states in
that case, in terms of the underlying symmetries.

Finally, another interesting direction is an experimental
realization of the models we present here. The flat-band
models discussed in Sec. V are theoretically intriguing, but
more work is needed if one wishes to find candidates for
experimental systems which host them. On the other hand,
we believe that the TI models discussed in Sec. III can be
realized using currently available experimental capabilities.
Such an increase in the density of states on the surface of a
TI could give rise to intrinsic superconductivity or corre-
lated insulators [64] on the surface of a TI, or, more
exotically, a gapped state that is symmetric to both time
reversal and charge conservation. Such a state must be
topologically ordered with quasiparticles satisfying non-
Abelian statistics [65-70].

ACKNOWLEDGMENTS

We thank Ohad Antebi, Sebastian Huber, and B. Andrei
Bernevig for enlightening discussions and Daniel Kaplan for

reading an early version of the manuscript. A. S. and Y. S.
acknowledge support from the Israeli Science Foundation
Quantum Science and Technology Grant No. 2074/19, the
CRC 183 of the Deutsche Forschungsgemeinschaft. This
project has received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020
research and innovation program (Grant Agreement
No. 788715, Project LEGOTOP).

APPENDIX A: RIGOROUS DEFINITION OF 6,

Here we provide a more rigorous notion of J;.
Specifically, we prove the following theorem.

Theorem.—Let H;(k) be a Bloch Hamiltonian with np
degenerate Dirac cones at k = kp with energy Ep (in
general, both k, and E, can depend on @), such that
Hj(kp) is symmetric under a group G. We assume that H;
is controlled by a set of continuous parameters a =
ay, ..., agz such that the Dirac point has the same degeneracy
for all values of a. Further assume that for some parameter
choice a the Dirac velocity matrices,

p(vi)mn = <l//m|vi|l//n>’ (Al)
vanish and that the gap between the degenerate Dirac cone
wave functions and the higher bands is not closed. Then
there exists (locally) a manifold of dimension > d — &, in
space in which Eq. (A1) vanishes. Here 6, > 0 is defined
by Eq. (4) as the dimension of the vector space V of tuple of
matrices (M, M,) satisfying Eq. (3).

Before proving the theorem, a few notes are in order.

(1) The symmetries in G can be either unitary or
antiunitary. We also allow for symmetries that
anticommute with H(kp).

(2) Here 04 is an upper bound to the codimension of the
zero-velocity manifold. Cases where 6, is strictly
larger than the codimension should arise in the case
where there are additional low-energy emergent
symmetries at the Dirac cones. An example can be
givenin the C3-broken CTBG Hamiltonian [Eq. (E1)]:
In this case, the exact Hamiltonian does not have a
rotational symmetry relating v, and v,. On the other
hand, the velocity operators satisfy Eq. (30), giving
rise to an additional constraint on the codimension.

(3) When the gap with the upper bands closes, the Dirac
velocity representations are no longer required to be
continuous since y; are no longer continuous.
A gap closing can therefore create a boundary
(of dimension < d — §,) to the zero-velocity mani-
fold. We give an example of this scenario in
Appendix F

Proof.—Since the gap between the degenerate point
and the other bands does not close, we can calculate the

correction to p(o) for any operator 6 via first-order
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perturbation theory; that is,

P0)n [ Wm A 00

oa oo

oy
0| —= ), A2
+(vlol %) (A2)
where for the velocity operator,
al//n / <l//1|?)#‘l//n>
- AT oa TR, A3
= ) (43)
06  H
— ==, A4
oa  daok; (A4)

with the sum running only on y; outside the degenerate
space. In the case of unitary operators g € G, which
preserve the degenerate subspace, we have

o,
=0 A5
(valol%2) =0, (3)
dg
-2 =0, A6
so we find dzp(g) = 0. We then get for v; that
op(v;) 0
—19P\vi) _9 .
(o)™ 5z P9) = 5z1p(9) " p(vi)p(9)]
? 1
=—=p(g 'v;9). A7
PG (A7)
We also have
(A8)

g g =yl
7

where 7/ ; are real constants that depend on whether g
commutes or anticommutes with H, as well as the trans-
formation that g induces on k. Combining Eqgs. (A7)
and (AS8) gives

p(g)”! apa(;i)p(g) => ap;;'i ). (A9)

For a given set of matrix representations p(g) for g € G,
Eq. (A9) gives a set of linear equations on the tuples
(p(vy),p(vy)). The tuples satisfying Eq. (A9) then form
a vector space whose dimension is 6, [see the definition
of d; in Eq. (4)]. There must therefore be at least d — d,
directions in @ space in which the velocity does not change,
giving a (local) zero-velocity manifold around &, whose
dimension is at least d — . [

APPENDIX B: REVIEW OF THE BISTRITZER-
MACDONALD MODEL AND SYMMETRIES

Here we review the continuum model of twisted bilayer
graphene proposed by Bistritzer and MacDonald [1].

1. TBG Hamiltonian

The Bistritzer-MacDonald Hamiltonian describes twisted
bilayer graphene at small angles and low energies, at a single
valley of the graphene layers. It is given by [1,71,72]

(h(=0/2)  T()
‘( T (r) h<e/2>>’ (BL)
h(0) = —ivey - V, (B2)
(B3)

T(r) = wZe‘qu"Tj,
J

~io/2( i00./2

where 6y = ¢ 0y, 0y) . The single-layer h are
the Hamiltonians for a single Dirac cone in each graphene
layer, twisted by a small angle. The tunneling matrices 7'; are

k 1
()
1 «

Kk eTi
T2’3:<eii¢ . )

with p=27/3 andq; =kp(0,—1),¢23 = ko(£V/3.1)/2. We
have ky = 2sin (6/2)k;, ~ Ok, where kp = (47/3+/3ay)
and ay ~ 1.4 A is the distance between atoms in graphene.
The scale w ~ 110 meV is the energy scale associated with
the tunneling between the layers, and the factor 0 <x <1
determines the ratio between AA and AB tunneling between
the sublattices of the graphene layers. Real-world TBG has
k ~ 0.7 as a result of lattice relaxation [73].

Important to some of our discussion is the chiral
limit of TBG (CTBG) obtained by setting x = 0. Under
this assumption, we can remove the 6 dependence in
h(6/2) by a gauge transformation. To write the resulting
Hamiltonian in a form compatible with Eq. (25), we further
rescale the Hamiltonian by defining H = H/E,, where
Ey = kyw, define the dimensionless parameter a = w/kyv,
and rearrange the rows so that the Hamiltonian acts on the
spinor (w1, >, x1,x») (here the indices are layer indices,
and v, y live on the A, B sublattices, respectively). We
obtain the chiral Hamiltonian [15,38]

(B4)

= (s, 75
(252 40 s

021012-14



SYMMETRIES AS THE GUIDING PRINCIPLE FOR ...

PHYS. REV. X 13, 021012 (2023)

where z=x+iy, 0=14(0,+id,), and U(r) = "+
ei¢€_iq2‘r _|_ e_i¢e_iq2‘r.

2. Symmetries

Let us discuss the symmetries of the BM Hamiltonian
Eq. (B1). We define the Pauli matrices o;, ; in sublattice
and layer space, respectively. The point symmetries acting
within the valley are given by [74]

C.T: 6, K(r - —r),
C3: e—i(2ﬂ/3)o'z (r g R3r),

C2~x: ”xo-x(y - _y)7 <B6)
where K is the complex-conjugation operator and
Rj; is the rotation matrix by 27/3. Of the three symmetries
described above, only the first two preserve the Dirac
points.

As aresult of the small angle between the layers, the BM
Hamiltonian has an additional approximate particle-hole
symmetry. If we take the approximation of setting & = 0 in
h(0), the resulting Hamiltonian has a particle-hole sym-
metry given by [25]

C: nyo K. (B7)

In the real-world model of TBG, the symmetry is broken in
order O(0). The combination CC,, gives an additional
antisymmetry that preserves the Dirac cone; that is,
CCyut nK(y = —y). (B8)

Finally, the chiral model has, besides C, the additional

chiral symmetry

S: o,. (B9)
Since in the chiral model the 8 dependence in / is removed
by a gauge transformation, the unitary particle-hole sym-
metry C is exact here. We can therefore combine S and C
to obtain an intravalley unitary rotation symmetry that
sends r — —r [44]. By combining the intravalley rotation
with C,T we obtain the intravalley time-reversal symmetry
T' = o,n,K which satisfies (77)* = +1. This shows that
the CTBG model is indeed in class CI.

APPENDIX C: ADDITIONAL PARAMETERS
FOR TUNING A C,-SYMMETRIC
VANISHING-VELOCITY DIRAC CONE

Here we elaborate on our discussion of the Dirac cone on
the surface of a 3D TI. In particular, we study additional
parameters (besides the potential amplitude) which can be
tuned to obtain a vanishing velocity for a C,-symmetric
Dirac cone in a potential. The Hamiltonian of the form

+v2
o

2v

5
]
>

2.00

1.75 1 —05
-1.0

1.50 A
i -15

oS 1.25
-2.0

1.00 1
—2.5
075 T _30
0.50 -3.5

0.5 1.0

u/voqo

2

log;o

FIG. 9. The “absolute Dirac velocity” of the Dirac cone
at charge neutrality of the Hamiltonian Eq. (C2) [similar to
Fig 5(a)]. The dark valleys are points of vanishing velocity.

Egs. (13) and (16) is defined to be consistent with the 7,
M, and C, symmetries, but is not the most general form
consistent with these symmetries. More generally, we can
write an anisotropic form for the Dirac cone:
H=v,0,p,+v,6,p,+2u,cosq,x+2u,cosq,y. (Cl)
Here v, /v, can be controlled by applying strain on the
TI while ¢,/q, can be controlled (for example) by an
asymmetry in the dielectric pattern. By rescaling the y axis
we can make v, = v, = v,. We, therefore, write the
Hamiltonian

H = vp - 6 + 2u(cos gox + p, cos gof,y), (C2)
which is controlled by the dimensionless parameters
Pu- By u/qovy (the first two define the C,-symmetry
breaking). In Fig. 9 we plot the velocity of the Dirac cone
of Eq. (C2) at charge neutrality as a function of u, f,. The

results show similar magic parameters to the case discussed
in the main text [see Fig. 5(a)].

APPENDIX D: WRONSKIAN OPERATOR AND
REQUIREMENTS FOR EXACTLY FLAT BANDS

In this appendix, we restate some results from Ref. [17]
that are useful to our discussion of the condition of exactly
flat bands in chiral-symmetric continuum models. We
begin with a Hamiltonian of the form

(0 DT)
H: 9
D 0

D = 2ivy(d + A), (D1)
where 0 =1(0, +id,), A=A, —iA,, with A being an
SU(2) gauge potential. We assume that H is symmetric
under translations by the lattice vectors a;, a,. Given two
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solutions y,, vy, of the zero mode equation,

Dy (r) =0, (D2)
one can write the Wronskian:
I(r) = wa 1 (Nwpo(r) —wp  (F)yao(r). (D3)

Importantly, we find that Z(r) = const. This is because

0Z(r) = id(winyys) = =iyl (ATn, +n,A)y,
= —iyl(n, Ay, = —trA-Z(r).

When there is no external magnetic field, we have trA = 0,
so Z(r) = Z(z). However, since Z(z) has no singularity it
must be constant.

Next, we find that when Z = 0, there must be an exactly
flat band at zero energy. This is because, in that case,
we must have

wy(r) = v(r)y,(r). (D4)
We have, however, ov(r) = 0, as can be seen by applying
D on both sides of Eq. (D4). We can therefore write
v(r) = v(z). Assuming that y,, are orthogonal (which
must be the case if they are positioned on different points in
the BZ), v(z) is a nonconstant meromorphic function. It
therefore must have a pole at some point z; in the unit cell.
At this point, y, must have a zero. We can then construct
additional wave functions in the flat band by writing

9 ﬂ+k'(aml—az) @)
1( a 2z |a1) e’(k'a1>(z/a1)l//a(r), (DS)

HEE D)

wi(r) =

where a; = a; , + a;,, with a; being lattice vectors. Here

9,(z|7) is the Jacobi theta function, defined by
9 (z|r) = Z (—1)"_1/2eilr(n+l/2)21627ri(n+1/2)z

n=—oo

=2 (=1)"e /2 sin 22(n+1/2)z].  (D6)
Importantly, the pole of the &, cancels the zero at y,
making v, as defined above normalizable.

One can follow an alternative approach for the con-
struction of the flat-band wave functions, which makes the
similarity between the flat-band wave functions and the
lowest Landau levels manifest. We can choose a basis of
such functions in the form [42]

y(r) = f(z)e”"PVEG(r), (D7)
where f(z) is any holomorphic function, A is the
unit cell area, and G(r) is a structure function that

captures the lattice dependency of the wave function. It
is given by
elr/2m(az/a)){|z/ar|*+[z/ay=2ilm(zo/al)*]}

G(l‘) - =%y | a
952D

Interestingly, it can be checked that |G(r)| is periodic with
the lattice.

w,(r). (D8)

APPENDIX E: C; SYMMETRY
BREAKING IN CTBG

Here we discuss the effects of C; symmetry breaking in
CTBG. For concreteness, we consider the Hamiltonian
Eq. (D1) with

n (—Zikglé aU(r)>
~NaU(-r) -2ik;'0)’

U(r)=(1 +ﬁ)e—i‘11'r + eltemi0T 4 o=l i

where g, = kg(0,—1), ¢r3 = ko(£+/3/2,1/2), and
¢ = 2x/3. Here a is the layer coupling scale and f < 1
is the C3 symmetry-breaking scale.

Since the Hamiltonian still has a chiral and a reflection
symmetry, each of v,, v, vanish with codimension one (as
can be read from Table 1I). We also see that 5, = 1, since
besides the symmetry requirements, we have the additional
relation between the chiral symmetry and the velocity
operators, given by

(E1)

vy, = —iSv,

= p(vy) = =ip(S)p(vy), (E2)

so p(v,) = 0 if and only if p(v,) = 0. This analysis shows
us that the Dirac velocity can be tuned to vanish by tuning «
even when Cj is broken. On the other hand, for f # O the
vanishing of the Dirac velocity is not accompanied by the
exact vanishing of the band dispersion. Rather, the minimal
bandwidth scales linearly with £ at small . The key insight
for explaining the nonvanishing of the bandwidth is to note
that the analysis presented in Appendix D requires the
existence of two orthogonal zero-velocity wave functions
W in Eq. (D4) for which Z(r) = 0. Here, 7 tends to zero,
but y,;, become identical to one another.

When the C5; symmetry is broken, the Dirac points are no
longer fixed to the K, K’ points. In fact, to the first order in
S the displacement 6k, of the Dirac cones away from K, K’
scales as 6k, = O[f/vp(a)] and, therefore, diverges near
the magic angle [75,76]. As a result of this divergence,
when a is varied around the magic angle the Dirac cones
travel around the BZ, meeting to form quadratic band-
touching points (see Fig. 10). While the velocity (and hence
7) indeed vanishes at the QBT point, as required from our
analysis of 6, it only happens since y, and y, become
identical to one another. When the Dirac cones form a QBT
there is only a single zero-velocity o, = 1 wave function at
this point. In that case, v(r) as defined in Eq. (D4) is
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FIG. 10.

(b)

100 4

1072 -

VD
VD,o

107 A

0.0

(a) The trajectory of the Dirac points in a C3-broken CTBG near the magic angle when « is varied. For a small symmetry-

breaking parameter § the Dirac cones remain close to the K, K’ points away from the magic angle. Near the magic angle, the
displacement 6k, diverges and the Dirac cones travel around the BZ, meeting twice to form QBT points at the I" and M points. (b) The

normalized Dirac velocity at the Dirac cones for C3-symmetric (f =

0) and weakly Cs-broken (# = 0.05) CTBG Hamiltonian Eq. (E1).

In the C;-broken case, the Dirac velocity vanishes twice, at the two QBT points.

constant, does not have any poles, and therefore does not
guarantee any zeros of y,.

APPENDIX F: C; SYMMETRY BREAKING
IN THE C4FB MODEL

The C4FB model Eq. (45) gives a subtle example to our
analysis of 6, and in particular the theorem we prove in
Appendix A. To simplify our analysis, we begin by con-
structing a continuum model with the same symmetries as
the C4FB model, but which is easier to analyze. We consider

H=k-6+al(r), (F1)

T(r)=n,Y_[1+(=1)"B]e/"[cos(6,)oy + sin(6,)o,]

+n ) [1+(=1)"B]e® 7 [cos (6] o, +sin(6))a, ],

(F2)
where 6, ={0,(z/2),x,(3z/2)}, 6, ={(n/4),(3z/4),
(57/4),(7=/4)}, and the inverse lattice vectors are given
by g, = (cos@,,sinb,), g, = (cosd,,sin,) (see Fig. 11).
The Hamiltonian has four degenerate zero-energy wave
functions at k = 0, corresponding to two copies of the
Dirac cone.

The terms S, , break the C, symmetry of the model to
C,. Note that when either of f, is zero there remains a
reflection symmetry. From Table III we see that in the
presence of any reflection symmetry we have 6, = 1. In the
discussion of the C4-symmetric model, we show that when
the model has flat bands there must be at least 8 flat bands
at E =0 (4 per S eigenvalue). A similar argument shows

that in the presence of a weaker C, symmetry we must have
at least 4 flat bands (2 per S eigenvalue).

Interestingly, we find [Fig. 12(a)] that the magic angle
obtained by tuning a at 1, = 0 is unstable when the C,
symmetry is broken by a nonzero f;,. That is, taking
pr, =0, p; # 0, for example, the codimension of the zero
Dirac velocity manifold in the (a, ;) space isnotd, = 1 as
can naively be expected from Table III. Rather, the velocity
vanishes on a point in (a, #;) space (where f; = 0).

This apparent contradiction is resolved by noting that
once either f; or f, is nonzero, the conditions of the
theorem we prove in Appendix A are not satisfied, and
Table III cannot be used to infer the codimension. Namely,
the theorem requires that there is a gap between the Dirac
cone and the higher bands. In the case discussed here, for
P12 = 0 the Cy symmetry requires that there are 8 degen-
erate zero-energy bands at the magic angle. Since the Dirac
cone is only fourfold degenerate, there must be 4 additional
states closing the band gap (see Fig. 13). In the presence of
the C, symmetry the additional bands do not hybridize with
the Dirac point wave functions as they have different Cy

92 qi

qs3

/

q3 q4

FIG. 11. Tunneling vectors for the simplified C4FB model
Eq. (F2). The blue and black vectors correspond to the terms in
the first and second row of Eq. (F2), respectively.
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FIG. 12. (a) The value of the Dirac velocity at the Dirac cone
for the Hamiltonian Eq. (F2) with a broken C, symmetry. The
codimension of the zero Dirac velocity manifold is two (the dark
point). (b) The values of the “signed” Dirac velocity f [as defined
in Eq. (5)] going through two different trajectories. Since the
wave functions are discontinuous at the magic angle, the
velocities acquire an opposite sign.

eigenvalues, and we can still use the results of Appendix A.
On the other hand, C, breaking couples the Dirac cones
and higher-band wave functions, breaking the assumptions
made in the theorem.

A different way of understanding this phenomenon is
that the definition of f as in Eq. (5) is by adiabatic
continuation: we always require that the wave functions
are changed continuously as we vary the control param-
eters. Since the Dirac points wave functions are changed
discontinuously at the magic angle, f cannot be defined to
be both continuous and single valued. As an example,
in Fig. 12(b) we draw f(a,f;) going in two trajectories,
one with f/; = 0 and the other with nonzero ;. The sign
obtained for f(a,f;) is opposite as a result of the
discontinuity.

APPENDIX G: PERTURBATION THEORY
FOR THE C,-SYMMETRIC
QUASICRYSTALLINE MODELS

Here we calculate in perturbation theory the formal Dirac
velocity for the quasicrystalline models Eq. (59).

1. Perturbation theory: Analytical results

Let us calculate the first orders for the perturbation series
giving vp. The wave functions are given in the form

;(Wo(’)‘*‘az%(")‘*"”), (G1)

L YA

where N is a normalization constant. y; are obtained from
Eq. (60). The first terms are given by

TABLE II. 6, for a single Dirac cone. The codimension 6, of
the zero Dirac velocity manifold for a single nondegenerate Dirac
cone, according to the symmetry group, with the symmetries 0,
I1, Z, R defined in Eq. (6). In the column of each symmetry a zero
denotes the absence of the symmetry, while the sign denotes
the square of the symmetry. The signs of the reflection operator
Ry, ¢, reflect the commutation relations of R with ©, IT. We omit
the rows that could not give rise to a single Dirac cone with the
listed symmetries. Center dots signify symmetry groups which

0.4 cannot support the algebra of a Dirac cone. For each symmetry

group we specify a representation for the ©, I1, X, R operators and

0.2 - write matrices spanning the linear space of possible v, repre-
sentations that satisfy Egs. (6) and (7). d7 is then the dimension of

Q00 —_— this linear space.

s © I X R p®©) p) pE) pR) plvy) &

. 0 0 0 R oy Oy, 2

-0.4 -5( 0 T Orye 3

. | 0O 0 1 R_ o, oy oy 1

r M R r 0 e o, e Oy 2

0O + 0 R, o K - oy o, 1

FIG. 13. The band structure of the C4FB model near the 0 e oK x Oyy 2
parameter values at which the velocity vanishes. Each band in the - + 0 R, oK oK o, oy o, 1
picture is doubly degenerate as a result of an antiunitary 0 oK oK o, e oy 2
symmetry C,7" that squares to —1. We therefore find that there - 0 0 R. oK . . - O-x, 2
are eight bands connected to £ = 0, all of which become exactly 0 G’V K . .y. pu * 3

flat when the velocity vanishes.
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TABLE III. 6, for two degenerate Dirac cones: Same as Table II but for doubly degenerate Dirac cones. Center dots in the 6, column
signify symmetry groups which cannot support the algebra of a Dirac cone.

© 1 z R p(©) p(IT) p(Z) p(R) p(vy) 5z
0 0 0 R oy Ox2:Ox iy 8
0 Oxy.z» ﬂx.y.z’ D-x,y,anyA,z 15
0 0 1 R_ o, Oy Oxs1x,y,z0x 4
R+ nz g_v O-x,znx.y 4
0 e o, . O-x,y’ O'x,y"x.y.z 8
+ 0 0 R, nyo, K 1,0y OxzsNxz 4
R_ nyo, K oy Oy.; 2
0 nyo,K e Oxy.zoMxy.z 6
+ + 1 R, nyo, K o K 1,0 1,0y Oy My 2
R__ e e .
R, _ nyo, K . K 1,0 1NyGy Gy 3
R_. nyo,K oK ny0, oy o, 1
0 7’])6 K D'XK D-x.)w M.z 4
0 + 0 R+ UxK oy Oxs 01y, Oxly ¢ 4
R_ oK My oy Oxs OyNx 25 Nx,z5 MyO; 7
0 e UxK e Oxys Oz ys Nz x> Ox yNz x 9
— + 1 R, n,0,K oK o.n, 150y, Oy, Oyl; 2
R__ n.0,K oK o1, 1Ny0, Gy Myxs N0y, 1,0 4
R+_ D'yK D-XK O-Z r]yay 6.’(7 ayrlx,z 3
R_+ 6),K oK o, oy Oys Oxllx; 3
0 o, K o, K o, . Orys Ox My 6
— 0 0 R+ U},K e 77y5y Gx,z’ayr])c.z’ 77y 5
R_ o,K Oy Ox2>O0xllxz 6
0 O'yK O-xu\uzv O-x,y,zr]x.m 7’]_\. 10
_ _ 1 R, - e e .
R—— ’7)»6)'K HVGXK GZ,’Z }7\’6)' O-X’ D-Z’/]V 2
R, _ o,K nyo. K o.My 1,0, o, 1
R_. o, K 1nyo, K o My oy Oy, 01y, 3
0 ’YnyK ﬂnyK 0.1, U Ox,ys Oy 4
0 — 0 R+ tee ﬂyﬁxK . (7)' Oy aznx,y,z 4
R_ nyo,. K 1,0y Oy, 0Ny 2
0 ﬂyGXK e D-xw\)v D-anw\hz 5
+ —_ 1 R++ e
R__ e e
R, _ Ny, K Ny K o, NyOy o, 1
R_, nyo, K nyo. K o, oy oy
0 nyo, K 1nyo, K o, e Cry 2
wo(r)=1, The velocities are then obtained using Eq. (61) and are
" given in the form
r)=—i) e,
> b o
- Vp = 1 N 5 N ) * Vg, (G3)
n=l n=1—i(g; ~q,)r + Noa” + Ny + -
2;—:1 ei(2np/n)k with the first coefficients given by
n—1 n—1 n-1 Uy = —n, (G4)
ws(r)=i Z
=0 k=1 j=1 Z‘[l —2cos22k + cos#E  cos 22k — cos 2k
. 7)4 =n - )
e~ 1 @jk—a=qjks0) T 16sin* Z& ”k 2sin? Zk ”k
(GZ) k=1

X (1 _ei(2ﬂ/n)k)<1 + e—(2ﬂ'i/n)(k+l)

_e(2zri/n)l) :

(G5)
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N2 =n, (G6)
n—1 2k 4rk
1 4+ 2 cos=Z% — 2 cos *2%
= 4sin =

By solving for vp =0 we can calculate the first magic
angle for any n. Importantly, since 6, = 1, the coefficients
of the perturbation expansion are real, which allows us to
find a magic angle at finite a.

2. Perturbation theory: Numerical results

We can numerically calculate higher orders in the
perturbation series for n = 5. We find

vp(n=5)=1vp
y 1-502—10a*—177.6a° —1105.5a® —9309.2a!0 + - ..
14502 +200* +115.2a° +1705.0a% + 18841.0a'0 +---°
(G8)

which gives a magic angle at oy = 0.32.
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