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We theoretically and experimentally investigate the formation of dissipative coherent structures in Kerr
nonlinear optical microresonators, whose spectrum encompasses an integrated dispersion that exceeds the
cavity free-spectral range. We are able to access this regime in low-dispersion photonic chip-based
microresonators by employing synchronous pulse driving, which increases the peak power over the
continuous-wave-driving regime. Exploring this dispersion-folded regime, we demonstrate that the
presence of periodically varying dispersion can excite higher-order comb structures, which we explore
in both the normal and anomalous dispersion regimes. In the former, we observe the coexistence of
switching wave fronts with Faraday instability-induced period-doubling patterns. They manifest as strong
satellite microcombs highly separated either side of the core microcomb, at an offset close to half the
repetition rate but while sharing the same repetition rate. In the latter, for dissipative Kerr solitons in
anomalous dispersion, we observe the formation of higher-order phase-matched dispersive waves (“Kelly-
like” sidebands), where the folded dispersion crosses the frequency comb grid. We observe up to the fifth
higher-order dispersive wave in our experiments and show that these higher-order dispersive waves
coherently extend the soliton frequency comb bandwidth significantly. For both cases, we show that our
results can be understood by considering four-wave mixing in a two-dimensional Fourier transform
representation. The results demonstrate the rich novel nonlinear dynamics of driven dissipative nonlinear

cavities with periodically varying dispersion in the dispersion-folded pumping regime.
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I. INTRODUCTION

Nonlinear pattern formation is a fascinating phenomena
and ubiquitous in nature [1]. Over the past decade, a wide
variety of dissipative coherent structures in continuous-
wave-driven Kerr optical nonlinear microresonators has
been observed and studied [2,3]. It is now well understood
that two fundamental localized dissipative structures can be
generated via parametric interactions in microresonators:
dissipative Kerr solitons (DKSs) in anomalous dispersion
[4] and switching waves (SWs) [5,6] (otherwise termed as
platicons or “dark pulses” in certain configurations) in the
normal dispersion regime, which in the cw-driven case are
excited by mode-crossing-induced dispersion changes [7].
Both structures are governed by the Lugiato-Lefever
equation (LLE) and constitute coherent optical frequency
combs in the frequency domain. Such “microcombs,”
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DKS-based microcombs, in particular, have expanded
the domain of optical frequency combs and have been
used in numerous system level applications, due to their
high repetition rates in the microwave domain and their
compact chip-integrated form factor, into various applica-
tion domains—including neuromorphic computing [8],
ultrafast ranging and parallel coherent LIDAR [9,10],
coherent telecommunications [11], astronomical spectrom-
eter calibration [12], frequency synthesizers [13], and
atomic clock architectures [14]. Given that a comprehen-
sive understanding of the nonlinear dynamical physics of
dissipative Kerr structures in conventional optical micro-
resonators and fiber cavities has emerged, recently signifi-
cant attention has been devoted to exploring physics and
microcomb generation in nontrivial regimes. These regimes
include alternative pumping schemes such as pulse driving
[15] or self-injection locked lasers [16,17], as well as the
study of complex dispersion profiles to extend the
comb bandwidth of solitons with dispersive waves (DWs)
[13,18]. Indeed, recent work highlights the novel dynamics
associated with complex resonator structures such as micro-
resonators with integrated Bragg gratings and photonic-
crystal elements [19], as well as the emergent nonlinear
dynamics observed in coupled microring photonic “dimers”
[20], i.e., photonic “molecules” [21].
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Yet, in nearly all prior experimental studies of driven
nonlinear optical microresonators, the Kerr frequency shift
has been, heuristically, less than the free-spectral range
(FSR). In other words, the spectral extent of the generated
coherent dissipative structure exhibits an integrated
dispersion that is smaller than the free-spectral range.
This is predominantly the natural regime for typical micro-
resonators with a large FSR over approximately 50 GHz.
Here, we study the nonlinear dynamics beyond this realm.
Using pulsed optical pumping [15,22] of low-repetition-
rate optical microresonators, we access the regime where
the “dissipative structures” cover a bandwidth whose
integrated dispersion exceeds the FSR of the resonator.
Akin to electrons in periodic bands that give rise to the
Brillouin zone, we demonstrate how dispersion folding can
occur. Specifically, when the dispersion folds back to the
zone spanned by the FSR, we show that any periodic
perturbation of the soliton during its round-trip (in our case
produced by introducing spatially varying dispersion)
enables quasiphase matching for emergent higher-order
structures at the edge of the dispersion “zone.” In this way,
periodic forcing of the cavity field every round-trip via the
dispersion constitutes a form of parametric driving. For
solitons, this gives rise to higher-order dispersive waves
[23,24], also identified as “Kelly sidebands” historically
discovered in systems with periodic amplification and later
soliton fiber lasers [25-28]. Additionally, in cw-driven
systems, dispersion modulation, or, in fact, parametric
modulation of any system parameter, has long been known
to lead to Faraday instability (FI). FI patterns were most
originally studied in vertically shaken fluid basins [29] and
were observed to occur oscillating first at half the forcing
frequency. From a general point of view, such dynamics in
optical resonators are governed by partial differential
equations with periodic coefficients. The associated field
of study is called Floquet theory. Floquet dynamics and
consequent optical FI has been discussed earlier mostly in
the context of fiber-based devices [30-33] operating in the
quasi-cw regime where period-doubling dynamics [34] as
well as the competition between Turing and Faraday
instability [35,36] have been observed. The very same
dynamics have also been studied for Bose-Einstein con-
densates [37].

In this work, we provide experimental observation of
higher-order (fifth) dispersive waves bound to a dissipative
Kerr soliton microcomb, and the generation of strong
satellite combs in a switching wave microcomb, powered
by FI pattern formation not yet seen or studied in photonic
microresonators. In the latter, this results in a 5x extension
of the total comb bandwidth. Reconstructing the absolute
optical frequencies, we show that the satellite combs share
the same comb line spacing but a different offset frequency.
For both cases of normal and anomalous dispersion, we
theoretically analyze the dynamics behind the periodically
perturbed LLE using the paradigm of two-dimensional

(2D) four-wave mixing (FWM) in the unfolded dispersion
space. As such, we derive and analyze theoretically the
two-dimensional version of the LLE that describes this
physical reasoning. Finally, we apply the notion of the
nonlinear dispersion relation (NDR) to this system, which
reveals the complex photon transfer pathways underlying
the process of sideband formation. Our results endeavor to
expand the conventional understanding about dispersion by
studying the consequence of dispersion folding.

II. GENERAL MODEL OF DISPERSION-
MODULATED CAVITY

The fundamental model underpinning all the phenomena
presented and discussed in this work is depicted in Fig. 1.
The resonator can be represented as a waveguide ring
[Fig. 1(a)] whose cross section varies in such a way that the
group velocity dispersion parameter d,(z) ($, or D, as it is
in the experimental sample) varies periodically over length
L and amplitude A or in the time domain as ¢t = z/D R for
resonator with radius R and FSR D,;. The system can be
evaluated piecewise as in Fig. 1(b), where the underlying
integrated dispersion operator d;,, = d,u’ varies for each
step in direction z [Fig. 1(c)]. The concept of FSR
dispersion folding [see Fig. 1(d)] serves as a convenient
visual representation of the process of phase-matched
FWM in the cavity. The dispersion curve passing FSR/2
is folded back to —FSR/2. In this picture, momentum
mismatch between the branches of dispersion is not
compensated in nonmodulated cavities. Thus, FWM inter-
actions with folded modes become resonant only when
there is a mechanism coupling two neighboring FSRs.

To establish a clear line of reasoning and understand the
dynamics of this system, we revisit and extend conclusions
presented in previous studies [32-35], looking at them from
a different point of view that employs the notion of two-
dimensional four-wave mixing (2D FWM).

A. Model

To model the nonlinear dynamics of the cavity with
periodically modulated dispersion, we use a well-known
form of the LLE with a time-dependent dispersion term
[32]. In dimensionless units, the equation takes the form

¥

. . rY .
o =~ )Yl +do () 55+ VPP + (o)

(1)

where W(¢, t) describes the slowly varying envelope of the
optical field in the microresonator, f(¢p) is the driving
function (which may be a pulse profile), ¢ is the azimuthal
coordinate inside the cavity in the frame moving with
velocity d; = 2D, /x with D; = 2z - FSR, {;, = 26w/« is
the normalized laser-cavity detuning, and k = ky + kg 1S
the total linewidth of the resonator with internal linewidth
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Model for dispersion zone folding in driven dissipative Kerr nonlinear microresonators. (a) The simplest case of a passive

nonlinear microresonator whose waveguide width, and thus dispersion parameter, undergoes a periodic cycle. (b) In our modeling, we
consider a simple sinusoidal dispersion modulation, evaluated piecewise. (c¢) The integrated dispersion of each resonator mode y along
the microresonator’s circumference, for each value of d, plotted in (b). (d) Round-trip integrated dispersion, this time plotted in the
folded zone over one free-spectral range. The comb spectrum spans multiple orders of dispersion, but each higher order is phase
mismatched. Dispersion modulation is required to quasiphase match.

ko and coupling to the bus waveguide k.. Dispersion

coefficients d(zo) and d,(¢) and time ¢ are normalized on the
photon lifetime so that d, = D, /k and t = #'x/2 for real lab
time #. In this model, we denote dg()) as the averaged
resonator dispersion with periodic modulation d, (7 4+ T) =
d,(t), where T = T'x/2 = zx /D is the normalized round-
trip time. If the driving function f(¢, t) is also periodic in
time with period T, we can assume that the field ¥ has the
same symmetry ¥(z + T) = ¥(¢), and we can employ the
Fourier transform

dy (1) = Zag")e—id, nt (2)

V1) = Y e )
ny

and obtain an effective two-dimensional equation gov-
erning the Floquet dynamics (here, f is taken constant for
simplicity, but the equation can be readily generalized):

alpnﬂ _

. . 4(0 ~
= (14 ilgo — nl)] + idy w2,

. ~(n—-m) 2~ . ~ ~ oy
—ZE dy Uy, ti E W, 1 W g, Wns i OFWM
m .13
H1H2H3

+ 5n,0f ’ (4)
where the conservation law JSpwy = 6(u1 + pp — iz —
u)8(ny + ny, —ny —n) governs 2D FWM processes in
the fast- () or slow- (n) frequency space. We can, thus,
conclude that the periodically varying dispersion, which in
the LLE leads to a time-dependent dispersion term, couples
different Floquet orders (n) of the intracavity field.

The dispersionless profile along n (modes are equidistant
in this direction having D frequency spacing) protects our
system from transverse instabilities [38,39], allowing us to
study and generalize well-known coherent structures such
as DKSs and SWs. However, the presence of periodic
dispersion modulation results in linear coupling between
different orders of Floquet index n that effectively corre-
spond to FSR-frequency breathing. As shown in Eq. (4),
the coupling amplitude is proportional to the Fourier
coefficients Zig") and scales quadratically with comb index
u, increasingly strengthening the coupling rate for larger
mode numbers |u|.

B. Upper- and lower-state perturbation

To demonstrate the effect of dispersion modulation on
the cavity dynamics for all comb modes, we provide split-
step simulations [40] of Eq. (1), shown in Fig. 2. We first
investigate the effect of phase matching on the noise
transduction properties of the cavity, in the absence of
any coherent structure formation to avoid the effect of
conventional modulation (Turing) instability [32]; we
simulate the case of a low average normal dispersion
@) = 0.0027). Given a cw driving strength of f2 = 10,
typical for the generation of solitons or switching waves,
the Kerr nonlinear cavity possesses a bistable condition
across a range of detuning to approximately {, < 10, with
an upper and lower cw-state solution W and ¥;, respec-
tively (solutions of which are in Appendix A). In Figs. 2(a)
and 2(c), corresponding to the respective lower and upper
states, we show the long-term response to small noise
continuously placed on each comb mode, revealed by
taking the 2D Fourier transform of the output fast-time
domain field recorded over a large number of round-trips,
with a numerical integration step smaller than the cavity
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FIG. 2. Dispersion curves or Floquet bands for homogeneous
and modulated cavity. (a),(c) Simulated 2D Fourier transform for
light propagating in the Kerr lower state at {, = 5 and upper state
at {, = 4, respectively, in a homogeneous cavity with normalized
driving strength > = 10. The conjugated dispersion curve is
apparent only in the upper state. (b),(d) The same solution
existing in a dispersion-modulated cavity with A = O.Sd(o),

di/2r =8, and d\”) = 0.0027.

round-trip. Such a figure is henceforth referred to as the
NDR, used in optics and hydrodynamics to describe
complex nonlinear systems [20,41,42]. It can be expressed
as follows:
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where Q is a slow frequency, 1, = Atk with At =T,/N,
time step, and 7' is simulation time with N, the number of
discretization points. Figure 2 presents the power spectral
density of the NDR over Floquet index n vs y, which are,
respectively, proportional to the “slow: frequency Q
counted in D, and longitudinal mode (comb) index.

Each state carries conjugate pairs of resonant radiation
conditions related to the dispersion operator [43,44],
originating from the two states Wy and ¥;: {y. and
{1+, respectively (see Appendix A). Our simulations reveal
that the noise within the cavity forms a prominent reso-
nance curve that follows one of those dispersion relations,
depending on which bistable state the field is in. We note
that the conjugated ¢, relation appears weakly only on the
upper state [depicted as (. in Fig. 2(c)] as a result of
sufficient FWM with {y_. In Figs. 2(b) and 2(d), we see
how rapid dispersion frequency modulation causes this
radiation condition to carry sidebands, hence referred to as
Floquet bands, spaced along the n axis spaced by d,
(n = ¢/d;). For this simulated example, d,/2z = 8, cor-
responding to 8 times the photon lifetime frequency. For
simplicity, we consider an example of Zlél) = Elg_” =A/2
that corresponds to cosine modulation of the dispersion. In
this case, the linear term in Eq. (4) couples n and n + 1
frequency modes with a coupling strength Ap?/2. This
effect is similar to sideband generation in electro-optic
modulation, in which efficiency increases with the mode
number pu. Strikingly, both upper-state Floquet bands {_
and {y . are affected by the modulation in a similar way, as
shown in Fig. 2(d).
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FIG. 3. FI simulation in a cw-driven Kerr cavity with normal dispersion for a cavity with f> =10, , =5, A = O.Sd(zo), d/2n =38,

and dgo) = 0.0027. (a) Fluctuating field over round-trips vs angular coordinate. (b) Angular coordinate domain showing two consecutive
cavity round-trips. (c) Fast frequency domain snapshot. (d) 2D Fourier transform (NDR) of (a) for Floquet mode index n vs comb mode
index yu. (e) Gain coefficient for FI as a function of the detuning and power. Red star marks the operating point for (a)—(d).
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C. Faraday instability

To reveal the emergence of FI, we modify the simu-
lations presented in Fig. 2(d) entering the range of
parameters corresponding to the unstable regime. The
above-mentioned simplification allows us to further
develop an analytical derivation and analyze the linear
stability of the system. We use a conventional stability
analysis approach [45] but in the new 2D FWM setting
created by Eq. (4), assuming FSR/2 periodic dynamics of
the field. As a result, we obtain that comb indices
corresponding to the maximum FI gain can be approxi-
mated by the following expression (see Appendix A 2):

d D
01 zj:\/ (3). (6)
2 (dg))Z_AZ D2

Equation (6) reveals that, in the normal dispersion
regime, it is possible to observe formation of sidebands
with a frequency offset of FSR/2 from the pump which is
also highlighted in Fig. 3. Figures 3(a)-3(e) show the result
of the numerical simulations. The considered range of
parameters corresponds to period-doubling dynamics in the
resonator with a 27 oscillation period, similar to results in
Ref. [34]. Figures 3(a) and 3(b) show a corresponding
spatiotemporal diagram and its cross sections at two states
separated by 7. The NDR shown in Fig. 3(d) shows the 2D
nature of the FWM pathways, implying that pump photons
can be transferred in the 2D frequency space by changing
both i and n indexes. The maximum FI gain [see Fig. 3(e)

==

for the full FI gain diagram] is placed at the modes
corresponding to a d;/2 spacing between the {z, and
¢y- Floquet bands.

III. ANOMALOUS DISPERSION CASE

A. Numerical analysis

First, we revisit the effect of the perturbation on the
bright DKS formed in the anomalous dispersion cavity. The
exact distribution of the modulation along the cavity can
affect the position or the amplitude of the instability gain.
However, this does not change overall dynamical features
[32], which allows us to use the simplest cosine-modulated
cavity. Although the Faraday instability gain can be
positive, in this case [35], the cw solution on the upper
branch is Turing unstable [46] and, in the considered range
of parameters, leads to DKS generation. Therefore,
dispersion modulation here acts as a round-trip-periodic
perturbation to a stable DKS state. This provides a photon-
transferring mechanism—quasiphase matching—resulting
in power enhancement in certain modes placed at the same
frequency grid as the soliton line. They modify the solitonic
spectrum with Fano-shaped sidebands (also known as Kelly
sidebands) [24], which we refer to as here as higher-order
dispersive waves (HDWs). “Higher-order” in this sense is
explicitly related to the Floquet dimension (modulation in
the longitudinal axis) and should not be confused with
higher polynomial orders of the dispersion d,, ds, etc.

To illustrate this, we repeat numerical solutions to
Eq. (1). In Figs. 4(a), 4(b), and 4(d), we recall the
conventional (unperturbed) DKS features. Figure 4(a)
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FIG.4. DKS simulation in cw-driven modulated cavity for f2 = 10,y = 10, A = 0.7dY", d, /2 = 16, and d\) = —0.0027. (a) DKS
field in cavity angular coordinate with (blue) and without (yellow) modulation. (b) Corresponding fast frequency power spectrum.
(c) Spatiotemporal diagram of the modulated DKS propagating over resonator round-trips (slow time). (d),(e) DKS nonlinear dispersion
relations, obtained by taken F[] over both dimensions of the spatiotemporal diagram for nonmodulated and modulated cases,
respectively. Red circles show higher-order dispersive wave positions.
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(yellow) shows a cross section which contains a secant
hyperbolic profile on a cw background. The frequency
domain of this is shown in Fig. 4(b). Taking the 2D Fourier
transform of the spatiotemporal data, we obtain NDR
(described above), in Fig. 4(d). The NDR of a single
unperturbed soliton has two components: a soliton line and
the dispersive resonance curve {;_, which is seeded mainly
by the cavity noise and here is approximately equal to the
cold-cavity dispersion operator. The detuning of the DKS
from the cold-cavity resonance £, is given by the gap
between the soliton line and the {; _ curve. Crucially, even
though the cavity dispersion wraps over the FSR linen = 1
more than once, no dispersive wave is created in this case,
since the nonlinear photon transfer is forbidden by the
momentum conservation law [47].

When periodic dispersion modulation is introduced, we
observe a different picture [Figs. 4(a)-4(c) and 4(e)]. The
spatiotemporal diagram (c) reveals that DKS starts to
radiate dispersive waves to the cavity, depicted by wavy
lines emanating from the DKS and overlapping every
round-trip. They appear as a cw background modulation
shown in Fig. 4(a) and in Fig. 4(b) are seen to be several
HDW on the spectral wings (i.e., Kelly sidebands). The
NDR presented in Fig. 4(e) reveals that the HDW originate
from the intersection between the soliton line and the FSR-
folded Floquet bands. This interaction is enabled by the

periodic modulation which couples neighboring modes,
appearing in the NDR as copies of the soliton line and
dispersive Floquet bands repeated at every FSR. In this
way, the momentum conservation law can be satisfied
which leads to efficient nonlinear photon transfer at the
intersection points, forming the HDW in the spectrum. An
extended 3D perspective and a view of the dispersion-
folded space can be found in Supplemental Material [48].

B. Experimental setup

The experimental setup used for all the experimental
results of this work is presented in Fig. 5. The resonators of
choice [one pictured in Fig. 5(a)] are based on the photonic
SizN; waveguide platform, fabricated wusing the
Damascene process [49], and have an FSR of 15 GHz.
While the ring resonator in the theoretical model is
assumed to have a sinusoidally varying second-order
dispersion D,, the real resonators are more complex.
The original motivation for inserting a single mode section
into the resonators was to suppress mixing between higher-
order transverse modes, that can lead to single-mode
dispersive waves. However, as detailed below, we find
that this leads to new dynamics. This is achieved with the
use of a higher-order mode suppression section (MSS), a
short segment of the resonator where the waveguide tapers
from its main waveguide width down to 0.4 pm [50,51], a

0.5
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Siz Ny photonic chip and experimental setup. (a) Microscope image of the Si;Ny racetrack microresonator having 15 GHz free-

spectral range. The inset shows the mode suppression section (MSS). The variation of the waveguide width is highlighted by the color
gradient. (b) The variation of the dispersion over the MSS for changing waveguide width (height = 820 nm), the aggregate dispersion of
the whole MSS, and the aggregate dispersion for the whole resonator. (c) Experimental chip pumping scheme, featuring the EO comb as
a pulsed source. The input pulse train is coupled into and out of the microresonator chip via lensed fibers. Bottom inset: spectrum of the
15 GHz EO comb before amplification. MZM, Mach-Zehnder modulator; EOM, electro-optic modulator; EDFA, erbium-doped fiber
amplifier; OSA, optical spectrum analyzer; OSC, oscilloscope. See Supplemental Material [48] for description of “comb reconstruction”

section.
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width where only the fundamental mode may propagate
without strong loss, shown in Fig. 5(a). In Fig. 5(b), we plot
numerically calculated waveguide dispersion values /3, for
several discrete waveguide cross sections along the MSS,
showing how the dispersion transitions from weakly anoma-
lous up to strongly normal. We can retrieve the average

round-trip dispersion ﬂgo) through a weighted sum of /3, for
each waveguide width according to their relative length. In
this example resonator design, the final aggregate dispersion
calculation comes out close to zero, since the MSS accounts
for 13% of the total cavity length. This also means the
dispersion modulation duty cycle is not pure sinusoidal but
rather more pulselike with many more coupling harmonics in
the longitudinal n-space. For numerical modeling presented
below, we assume a pure sinusoidal approximation, but a full
pulselike treatment for the dispersion can be found in
Supplemental Material [48]. The final average resonator
dispersion value is found through

DY = g LD} /2. (7)

Resonators fabricated with this architecture for the experi-
ment include a range of average dispersion values from
anomalous to normal, providing the results for both regimes
in this work.

The pumping and measurement setup itself is presented in
Fig. 5(c). In order to reach the required driving powers for the
regime where the Floquet dynamics due to the presence of
dispersion bands can be accessed and to ensure the gen-
eration of a single dissipative structure, pulse driving using an
electro-optic (EO) comb is employed [52] as has been done
previously for experiments in resonators with a similar
gigahertz-domain FSR [15,22,53]. A full breakdown of
the components used is given in Ref. [22]. It yields a pulse
train of pulses approximately 1.4 ps in duration with an rf
controllable repetition rate f., set near 15 GHz (see
Appendix C for further details).
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FIG. 6. Dissipative soliton with higher-order dispersive wave experiment. (a) Measured integrated dispersion profile overlaid against
polynomial fit, including all branches separated by the FSR D,. The dashed line represents the comb line array. Where the fit lines are
not fully accurate due to lack of measured points, they are gray. (b) Measured single soliton spectrum in resonator device with the above
dispersion profile. Observed higher-order DW on high-frequency side matched with points on the corresponding dispersion curves.
(c) Experimental comb reconstruction measurement of the soliton comb in the frequency range 184-220 THz.

011040-7



MILES H. ANDERSON et al.

PHYS. REV. X 13, 011040 (2023)

C. Experimental verification

First, we verify the excitation of higher-order dispersive
waves in strongly pulse-driven resonators, that feature
periodic dispersion as shown in Fig. 6. The resonator device
used here, R1, has a relatively cubic dispersion profile with
coefficients D ,34/27 = 15.06 GHz, 14.3 kHz, 6.59 Hz,
and —3.84 mHzrespectively, with intrinsic loss and coupling
Ko.ex/ 27 = 30 and 230 kHz, respectively. The high value of
Kex 18 used in order to maximize the output power of the
soliton spectrum, with a given average power of 720 mW
entering the chip waveguide. After the soliton spectrum is
generated stably, by tuning the EO-comb center frequency
across resonance into the bistability region [4], there appear
several Kelly-like sidebands, or HDWs, on the short-
wavelength side of the spectrum. Remarkably, these
higher-order dispersive waves are observed up to fifth order
and appear spectrally highly distinct from the DKS.
Extrapolating the DKS envelope, we observe that the
HDW exhibits more than 25 dB power compared to the
smooth single DKS case. Figure 6(a) shows the integrated
dispersion profile of this microresonator measured separately
[54], overlaid with its fourth-order polynomial fitting
Dy = >4, Duu*/k!, and five additional orders of Dy
separated negatively by nD,. In Fig. 6(b), the final soliton
spectrum is plotted featuring HDWs up to the fifth order.

Next, we compare the location of the observed HDWs
with the theoretical predictions. By taking the frequencies
of each HDW in Fig. 6(b) and projecting them onto each
Floquet order of folded integrated dispersion operators in
Fig. 6(a) (black circles), we retrieve a linear frequency
comb grid (black dashed line). This tilted line gives us the
soliton comb relative frequency grid whose repetition rate
(comb line spacing) is controlled by the injected EO-comb
pulse train, desynchronized from the cavity FSR slightly by
feo = D1/27 + 8f ¢, [15]. We directly confirm the comb
integrity using the Kerr comb reconstruction technique
[55], which allows us to experimentally obtain a direct
measurement of the NDR (see Appendix C for measure-
ment details). The resulting image is shown in Fig. 4(c),
measured across the bandwidth available to us of 184-
240 THz, although only the first-order dispersive wave has
a sufficient signal-to-noise ratio to be captured. The image
shows that every comb line of this spectrum lies on a
straight grid spaced by 15.059 07 GHz, as sampled in this
plot, which does exactly equal the experimentally set EO-
comb frequency f,,. In particular, the first HDW seen at
211 THz lies on the very same grid.

It should be pointed out that the soliton spectrum does
not match prediction on the long-wavelength side.
According to the above dispersion plot, we should see
likely two more first-order HDWs, as the comb grid crosses
the D;_— D; operator (approximately D;,— D;; see
Appendix B) twice at 169 THz and later below
140 THz. Instead, we see these two features at 148 and

154 THz, indicating the polynomial fitting is inaccurate in
this region due to the lack of measured dispersion values
beneath 180 THz.

IV. NORMAL DISPERSION CASE

A. Numerical analysis

Next, we discuss the Floquet dynamics of coherent
structures in normal dispersion resonators. In this case,
the pulsed pumping, used in our experiments to achieve
high peak powers, plays another major role in stabilizing
SW structures that appear in the resonator. SWs usually
have a nonzero relative group velocity that depends on the
driving amplitude f2. However, there is a particular value
of f? that corresponds to a stationary SW pattern called a
Maxwell point [6,56]. Pulse pumping leads to an intra-
cavity power gradient that depends on the intraresonator
coordinate ¢; therefore, the edges of an SW lock to the part
of the pump corresponding to the Maxwell point. The
dispersion modulation, in this case, leads to the Faraday
instability dynamics including the effect of period doubling
[34], resulting in the generation of widely spaced sidebands
that originate from the two-dimensional FWM process.

We provide numerical simulations of the LLE Eq. (1)
and compare homogeneous and modulated cavity cases.
Figures 7(a), 7(b), and 7(d) display the ideal SW generated
in a synchronously pumped resonator. Figure 7(a) (yellow)
shows a typical platicon profile of a rectangular pulse with
oscillating tails. Figure 7(b) is the corresponding spectrum
showing the flattop spectral profile. The NDR plotted in
Fig. 7(d), particularly the inset, clearly reveals the origin of
such a spectrum. Since both branches of the bistable
resonance ¥; and Wy are involved in the SW formation,
we observe all dispersive resonances {; _, {y_, and {y, on
the NDR ({7, is again too weak to appear). The {;_ curve
originating from the upper state Wy (top of the SW)
acquires an additional phase shift due to the Kerr non-
linearity and, therefore, is shifted down to lower frequen-
cies relative to {;_. A coherent structure corresponding to
the rising and falling edges of the SW acquires a smaller
Kerr shift and, therefore, caresses the curve {;_. Such a
crossing implies phase matching between the states and
leads to enhanced power at the crossing modes. This creates
the flattened spectral profile of the SW [6,53].

When the SW is generated in the modulated cavity, a
strong influence of the FI is observed. Performing numeri-
cal simulation with the same parameters as in the soliton
section, but with the sign of dgo) reversed, we observe period-
doubling dynamics in Figs. 7(a) and 7(c). The top part of the
SW is patterned with periodic structures, similar to that
observed in the cw case (Fig. 3), that are direct evidence of F1.
Each round-trip, the patterned profile exhibits a z phase flip
as reported in Refs. [30,34]. The power profiles |¥ (¢, 7)|? at
two stages of the period-doubling dynamics are displayed in
Fig. 7(a). The corresponding spectral plot in Fig. 7(b) shows
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FIG.7. SW solution in pulse-driven modulated cavity for f2 = 10,y = 6, A = 0.7\, d, /2z = 16, and d\") = 0.0027. (a) SW field
in cavity angular coordinate with (blue) and without (yellow) modulation. (b) Corresponding power spectrum. (c) Spatiotemporal
diagram of an SW in the modulated cavity. (d),(e) SW nonlinear dispersion relation, obtained by taking | ] over both dimensions of the
spatiotemporal diagram for nonmodulated and modulated cases, respectively. Black circles show the intersections of a SW line and
dispersive parabola resulting in the canonical SW spectral profile. Red circles indicate Fl-originated satellites. (f) Measured optical
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the appearance of characteristic double-peaked sideband
spectra substantially extending the unperturbed SW spec-
trum. In a microresonator environment, these sidebands
manifest as satellite combs drawing energy from the central
comb.

Besides the conclusion from the analysis that predicts the
position of the modes having maximum FI gain, there is an
empirical understanding of the process that can be formu-
lated by analyzing the NDR plot shown in Fig. 7(e). In the
normal dispersion case, conventional modulation instability
does not affect the upper state of the bistable resonance.
Because of the high power, the conjugated upper-state
dispersive curve {y, becomes visible on the NDR. Both
curves are experiencing modulation, resulting in the FSR-
spaced Floquet bands. At the location in the n vs p space

where {_ and (. cross, we observe the formation of
satellites. Because of the apparent mirror symmetry
between {y_ and {y., the intersection occurs at
+FSR/2 in the slow frequency dimension. As explained
above, this process can be seen as a two-dimensional FWM
process, providing photon transfer from the pump to the
sidebands having an £FSR/2 offset. The double-peak
structure of subcombs can be readily explained with the
NDR. This double feature was, in fact, seen in numerical
simulations shown in Staliunas, Hang, and Konotop [31]
but was not discussed there in further detail. The coherent
subcomb line formed around the unstable mode, sourced
from FI, crosses both {_ and {; _ simultaneously, resulting
in two peaks, the spacing of which corresponds to the
separation between these dispersive curves. A larger 3D
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perspective of Fig. 7(e), looking closely at this feature, can
be found in Supplemental Material [48].

B. Experimental verification

We present experimental results of a switching wave with
satellite comb generation in dispersion-modulated resonators
here, with the goal of verifying the coherence and comblike
nature of the spectrum as well as the validity of our modeling.
For this, two example resonator devices are investigated: R2
and R3. R2 has relatively strong normal and symmetrical
dispersion, with Dj,34/27n = 15.32 GHz, -12.9 kHz,
5.36 Hz, and —2.39 mHz, respectively, and kg /27 = 30
and 180 kHz, respectively. R3, on the other hand, has a flatter
and more imbalanced dispersion profile, with Dy 53 4/27 =
15.31 GHz, —3.14 kHz, 3.35 Hz, and —2.49 mHz, respec-
tively, and kg .,/27 = 30 and 200 kHz, respectively. All
other experimental details including the driving and detec-
tion setup are the same as discussed above in Fig. 5. Further
measurements of the resonator parameters can be found in
Supplemental Material [48].

In Fig. 7(f), we present satellite comb generation results
in R2, with an average pump power of 230 mW. The left
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inset in this figure shows the detected power trace from the
output of the cavity, while the laser center frequency is
scanned across the cavity resonance from blue detuned to
red detuned, showing different stages in the way the trace
dips in power. The first dip and plateau correspond to the
initial buildup of power in the resonator and the subsequent
formation of the switching wave comb by wave breaking
[6,53]. The second dip, past halfway, marks the sudden
growth of satellite combs. The reason the output power
trace decreases in energy during this phase is due to the fact
that the photodiode in use does not detect light above
1700 nm (below 176 THz). This indicates energy transfer
from the central comb to the satellite comb. As marked with
red-to-orange dots, we stop the laser tuning at the several
points here and plot the spectra measured. Two large
satellite combs are observed to rise quickly, above even
the plateau comb power of the core switching wave. Each
satellite comb consists of two features. On the inner side
closer to the core spectrum are the sinc() profilelike spectra,
marked with red arrows, that represent the origin of the FI
pattern sourced from the “inside” of the switching wave, on
its upper state, as shown previously in Fig. 7. These are
equispaced about the core spectrum at +15.5 THz, due to

©
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Phase matching for broadband satellite combs. (a) Experimentally measured integrated dispersion for resonator R3, with fourth-

order polynomial fit, used in the following simulation. (b) Experimentally measured spectrum of a switching wave with satellite combs,
overlaid with simulation result, offset by —15 dB. (c) Nonlinear dispersion relation of the simulation above, showing upper and lower
dispersion curves and their higher orders. (d) Experimentally measured comb reconstruction, the equivalent of the image in (c), showing the
central comb and short-wavelength satellite located near the predicted phase-matched frequency offset. Overlaid are the analytical dispersion
curves used from the simulation. The strong band across 192 THz is excess amplified spontaneous emission from the pump spectrum.
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the FI requirement, and appear to agree approximately with
the prediction of Eq. (6). The second feature is the sharp
hooklike dispersive wave on the outer side of the satellite
combs, marked with black arrows. These mark the relative
location of the lower-state dispersive resonance Dj_
(where D;_ = «{;_/2 in dimensionless) with which the
FI spectra interact, as also described above in Fig. 7. Using
the independently measured loss and dispersion values of
R2 given above, we simulate the very same experiment
using the LLE with real resonator units. The final simulated
spectrum when tuning into resonance is plotted in the same
Fig. 7(f) in blue, showing good agreement, particularly
with respect to the satellite combs’ “double feature.”
Further results from this simulation can be found in
Supplemental Material [48].

Moving on to further explore the phase matching of these
satellite combs more deeply, we present measurements and
corresponding simulations of generated satellite combs in
resonator device R3, shown in Fig. 8. The experimental

dispersion measurement is shown in Fig. 8(a), and its fitting
is used to obtain the dispersion parameters listed above and
carry out verification simulations. When tuning the laser to
the point of strongest comb generation, we measure the
spectrum shown in Fig. 8(b), with average power coupled to
the resonator of 60 mW, this time showing satellite comb
generation further apart in comparison to Fig. 7(f).
Recreating the same experiment in simulation creates
the black spectral envelope, showing good agreement. In
Fig. 8(c), the NDR image for the simulation state is shown,
revealing the coherence of the satellite combs and their
precise relative position in offset frequency relative to the
central switching wave comb, including the three nonlinear
dispersion curves D;_, Dy_, and Dy that determine this
phase matching. According to this figure, the requirement for
the FI gain to be equidistant with the pump, and located on
the upper-state dispersion curve, causes the satellite combs to
originate at 163 and 222 or +29.5 THz relative to the pump,
with an offset frequency of £3.8 GHz, respectively. In a
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perfectly symmetrical dispersion profile such as in Fig. 7 or
close to the experiment for R2 in Fig. 7(f), this offset value
would be at or near the FSR/2, 7.66 GHz. In R3, due to the
positive D3, the dispersion landscape is pulled upward in the
positive optical frequency direction, resulting in this fre-
quency offset value of 3.8 GHz.

To confirm our understanding, we perform comb
reconstruction (described in Appendix C) and plot the
image in Fig. 8(d). The data shown here correspond to the
same spectral measurement plotted in Fig. 8(b). Plotted on
top are the nonlinear dispersion curves calculated for the
simulated parameters: the upper- and lower-state curves
Dy_ and D;_, respectively (dashed), as well as the
conjugated upper-state curve Dy, (dashed) and its FSR-
shifted Floquet band (solid). In real units, D, = «{, /2. In
this image, we can see the central SW comb spanning 185—
203 THz, and we verify that its spectral wings are bound by
the lower-state dispersion curve D;_. Crucially, we verify
that the short-wavelength satellite comb appears at an offset
frequency of —3.5 GHz, almost where it is predicted to
appear according to the simulated model at the intersection
of Dy_ = Dy, — D,. The outer dispersive wave wing of
the satellite also appears as this comb’s intersection with the
lower-state dispersion curve D; _. Both combs appear to be
coherent, with optical linewidths limited by the detection
resolution of the probing laser (approximately 4 MHz). We
must acknowledge that the detected offset frequency of
each comb line seems to drift up and down by several
megahertz across the whole measurement, particularly at
the end of the satellite comb. This drift is likely due to slow
thermal shifts in the pumped resonator mode spectrum
(which is not locked) occurring during the 40-s swept-laser
scan. This varies from take to take. It is not indicative of the
physical frequency comb.

To complete our demonstration of the nature of the
satellite comb offset frequency and its relationship to the
dispersion curves, the same series of graphs is presented in
Fig. 9. This time, however, the frequency of the EO comb
feo» 1.€., the imposed repetition rate of SW generation
inside the cavity, is changed between two limits. In the
above Fig. 8 results, df,, is set to 0 in simulation, and in
experiment it is set to the point of maximum spectrum
symmetry in the wings of the SW comb, with
feo = 15.308 77 GHz. In Figs. 9(a), 9(c), and 9(e), we
downturn f., by of., = —600 kHz and in Figs. 9(b), 9(d),
and 9(f) upturn by of., = +600 kHz. In each case,
experimentally and in simulation, it is important to observe
that the center of FI gain stays fixed at £29.5 THz in the
optical axis and at £3.8 or +3.5 GHz offset frequency in
simulation and experiment, respectively. These points are
highlighted by red lines and circles. While these points
remain fixed, the repetition rate (comb line spacing) of all
combs exactly follows the imposed repetition rate
Srep = feo T 6fco» causing the visual “tilt” in the combs
shown in Figs. 9(c)-9(f). Where the tilted comb spectra

cross D; _ is where the dispersive waves form, highlighted
in white circles. By cross comparing the NDR graphs with
the optical spectra shown above in Figs. 9(a) and 9(b), one
can see the direct origin of each comb feature.

V. CONCLUSION

In this work, we presented a comprehensive investigation
of dissipative structure existence in dispersion-folded Kerr
cavities with a fundamental spatial modulation of the
dispersion. The source of additional spectral features is
shown directly through 2D analysis of four-wave mixing
pathways, in simulation via the slow vs fast frequency NDR
diagrams and in experiment by the comb reconstruction
measurement. For the dissipative soliton, we see directly
the appearance of resonant radiation that we term as higher-
order dispersive waves, i.e., dispersive waves appearing
quasiphase matched to dispersive resonance curves (or
Floquet bands) in FSR-folded space. This is termed as such
in relation to conventional “zeroth-order” dispersive waves
that phase match directly to the base level unmodulated
dispersive resonance curve, such as dual-dispersive waves
in resonators with quartic dispersion [57].

For the switching wave structure, we showed direct
generation of powerful satellite combs born of the Faraday
instability from the switching wave upper state, a micro-
comb structure that to our knowledge has never before been
observed. These satellite combs are shown to be mutually
locked in repetition rate with the core SW structure.
However, the center frequency of each satellite comb is
not determined by this repetition rate and is, instead, set
fixed by the cavity dispersion, forming at a point up to an
FSR/2 offset from the core comb. We showed how the
repetition rate is controllable by varying the injected pulse
repetition rate. Some of the cited works here instead
predicted or observed Faraday instability arising as a result
of the modulation of other parameters of the LLE, such as
the nonlinear constant [31], and the loss or coupling value
[30,58] (via the Tkeda map model as opposed to the LLE).
All such processes can be analyzed using a similar method.
In this work, we have found dispersion modulation to be
the sufficient and dominant contributor to the observed
phenomena, with a brief analysis of this to be found in
Supplemental Material [48].

In terms of applicable value, if assuming that engineering
highly flat dispersion is difficult in a given waveguide
platform, deliberate modulation of the dispersion instead
will automatically generate many higher-order dispersive
waves that extend a soliton microcomb spectrum signifi-
cantly wider beyond the point where the body of the comb
disappears into the optical noise floor. Doing so deliber-
ately may extend an already broad soliton microcomb
further to the point where it can become octave spanning
and able to be f-2f self-referenced [13]. Similarly, and
more dramatically, assuming a fixed dispersion profile,
dispersion modulation is shown here to effortlessly enable a
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switching wave microcomb to be extended by multiple
times its base-level bandwidth. Such combs could in the
future find use in spectroscopy [59], telecommunications
[60], astrospectrometer calibration [12], and LIDAR [10].
For these reasons, longitudinal parametric modulation of
the resonator waveguide may become a resource for
spectrally extending Kerr microcombs.

The data and code that support the plots and numerical
simulations within this paper are available at [61]. Any
other data and findings of this study are available from the
corresponding author upon reasonable request
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APPENDIX A: ANALYTICAL APPROACH
TO THE MODULATED CAVITY DYNAMICS

1. Nonlinear dispersion operators

The Kerr bistable solutions are found from the roots of
the cubic equation of the LLE, at equilibrium where
0,¥ = 0, in the absence of any dispersion term:

(IP1)* =20 (¥P)* + (GG + DIPP = f2=0  (Al)
and, subsequently,
if
Y., = - A2
¢ |q"cw|2 - CO +1 ( )

The resulting nonlinear dispersion operators are found
from Ref. [43] as follows:

Cra(p) = —6dypu + dyy?

+ \/(Co - d2ﬂ2 - d4ﬂ4 - 2|\PL|2)2 - |\PL

4

’

(A3)

Cus(u) = —6dip + dsp’

+ \/(Co - d2M2 - d4/44 - 2|\PH|2)2 - |lPH

4

’

(A4)

including orders of dispersion and group velocity shift from
d 1 to d4.

2. Modulation instability analysis

In case of harmonic modulation of the dispersion, Eq. (4)
indicates linear coupling between the amplitudes v, and
Wnt1, tesulting in breathing of generated structures with
period equal to the round-trip time. However, the presence
of Kerr nonlinearity gives rise to period multiplication
effects that occur due to Faraday instability. In this section,
we perform a modulation instability analysis for the period-
doubled continuous-wave solution.

We assume (¢, 1) to be a solution of Eq. (1) with an
unmodulated dispersion term. We are interested in dynam-
ics of a small perturbation &(¢, t) that obeys the linearized
equation

ag ) ) ©) eidlt +e—id11 52
. 2 2 gx Pwo
+iQ2lyo|* +ywpEt) + A 307 cosd,t. (A5)

First, we use the following ansatz: &= A(t)expiugp +
B* (1) exp —iug, so the coupled equations for the ampli-
tudes A and B read

0A . . eidit | p—idit
o —(1+ip)A - z(d(zo) + Af)ﬂfx
aZ
+i(2woPA + y§B) + Aﬁlflzocos dit,
oB id,t —id\t
—=—(1=if)B+i AN
ot 0 2 D) H

. 2 2 aZWO
—i(2lyol*B + wiA) + Aa—(pzcos dit.

We continue, assuming A = a_expidt/2 + a_exp—
idt/2 and B =, expid t/2 + f_exp—id,t/2, where
the amplitudes obey

d
—Y = MY, A6
7 (A6)
where Y = [a,a_, f.,p_]" and the matrix
Yoo —iu*A/2 i 0
—iu*A/2 0 iy}
U — M. g Vit : | 21//0 (A7)
—Wy 0 Yoo inA/2
0 —iyy A2V

where yoo = —(1 + i{y) —id;/2 — i,uzdgo) + 2i|yo)* and

Yi1 = Yoo + id;. The real part of the eigenvalues of this
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matrix give the parametric gain of modulationally unstable
solutions. Comb indices of these solutions can be approxi-
mated by the following formula:

d;
2/ (@0 - (a/2)?

p==+ (A8)

APPENDIX B: NUMERICAL MODELING

To model the dynamics of the field envelope in peri-
odically varying dispersion resonators, we numerically
solve Eq. (1) in normalized units using the well-known
split-step method [40]. This is for the studies presented in
Figs. 2-4 and 7. For Figs. 7(f), 8, and 9, the real
experimental results are replicated in simulations using
the system model with practical units:

0A . A
g = ]:.1[1(560 + 27[//‘5feo + Dint(tl’ M))Aﬂ]
K . 2 DIKex
— A+ ITAPA + £, (2)y /= =Py (B1)

acting on field (in /W) A(¢,7) over slow or laboratory
time 7 and fast time 7 in the comoving frame of the
intracavity field circulating at D, with frequency domain
counterpart AM at discrete comb line indices y. The linear
phase operators include the detuning déw, the desynchro-
nization of the pulse drive with the cavity field §f.,, and the
dispersion operator that varies with time as

D, , Dj
T T

D,

Di(f'p) = (1 + Acos(Dy 1)) =

(B2)

The loss and coupling rates satisfy x = ky + ko, and the
nonlinear coupling parameter I' = D n,wqL/(2rcA) for
resonator length L, effective waveguide area Ay, and
nonlinear refractive index n,. The injected pulse profile
has a peak power P, All parameters here are found
experimentally and can be related to the dimensionless
values by the following transformations: t = 'k, ¢ = 7D,
Y = A\/2/x, d; = 2D,/ (xl!) for I = 1-4, {, = 26w/x,
and f? = 4PykI'D,/(nx3). The experimental nonlinear
dispersion curves are related to the dimensionless curves by
Ci(u) =2D.(u)/x. All parameter values used to recon-
struct the field dynamics are presented in Supplemental
Material [48].

APPENDIX C: EXPERIMENTAL DETAIL

1. Chip pumping

The experimental setup for characterization of nonlinear
frequency mixing and dissipative Kerr soliton generation

combines the experimental setups used in Ref. [55] for Kerr
comb reconstruction and Ref. [22] for dissipative soliton
generation and EO-comb control. A widely tunable external
cavity diode laser is passed through three fiber-coupled
phase modulators and one amplitude modulator, all syn-
chronously driven by an rf synthesizer (Rhode & Schwarz
SMB100A) set to near the FSR. The 1.4-ps pulses are
formed after traveling through approximately 275 m of
SME-28, then amplified in an erbium-doped fiber amplifier,
and coupled to the photonic chip through lens fibers with
2.4-dB insertion loss.

2. Comb reconstruction

This technique is realized on the linear dispersion
measurement tool [54] reconfigured to a heterodyne optical
spectrum analyzer by superimposing the output of the
resonator with the scanning laser on a balanced photo-
detector. Kerr comb reconstruction provides a high spectral
resolution (of the order of 4 MHz) and an extended
dynamic range (enhanced by a multistage logarithmic
amplifier—Analog Devices 8307), which allow us to
obtain full spectral information about the generated comb
state. The diagram of this measurement method is shown in
Supplemental Material [48].
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