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We demonstrate that the isotope shift in isotopomers of diatomic molecules, where the nucleus of one of
its constituent atoms is replaced by another isotope, can be expressed as the sum of a field shift and a mass
shift similar to the atomic case. We show that a linear relation holds between atomic and molecular isotopes
shifts, thus extending the King-plot analysis to molecular isotope shifts. Optical isotope shifts in YbF and
ZrO and infrared isotope shifts in SnH are analyzed with a molecular King-plot approach utilizing Ybþ and
Zrþ ionic isotope shifts and charge radii of Sn obtained with nonoptical methods. The changes in the mean-
squared nuclear charge radii δhr2i of 170–174;176Yb and 90–92;94;96Zr extracted from the molecular transitions
are found to be in excellent agreement with the values from the spectroscopy of Ybþ and Zrþ, respectively.
On the contrary, in the case of the vibrational-rotational transition in SnH, no sensitivity to the nuclear
volume can be deduced within the experimental resolution, which makes it unsuitable for the extraction of
nuclear charge radii but provides insights into the molecular electronic wave function not accessible via
other methods. The new opportunities offered by the molecular King-plot analysis for research in nuclear
structure and molecular physics are discussed.
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I. INTRODUCTION

When the same atomic transition is measured with high-
enough precision in atoms (or ions) containing two differ-
ent isotopes of the same element, a small change in the
transition frequency is observed called the isotope shift
being the sum of the field shift and the mass shift [1]:

δνA;A
0

IS ¼ δνA;A
0

FS þ δνA;A
0

MS : ð1Þ
The field shift (FS) δνA;A

0
FS originates from the change in

the electromagnetic field experienced by core-penetrating

electrons and is thus linked to the change in the mean-
squared nuclear charge radius δhr2iA;A0

, which gives
information about the proton distribution in the nucleus.
For this reason, isotope shifts have been measured for a
large number of elements and isotopes, both stable and
radioactive, as they provide key information on the evo-
lution of nuclear charge radii across the nuclear chart [2].
The nuclear charge radius is being actively studied as a
quantity through which a number of unique nuclear
phenomena can manifest, and whose systematic study
can provide direct insights into the strong nuclear inter-
action and shell structure [3–5].
The mass shift δνA;A

0
MS , on the other hand, arises from

the difference in mass between the two isotopes and has
two contributions: a shift due to the slight change to
the center of nuclear mass with respect to the electrons
(normal mass shift, NMS) and a shift due to the change in
the correlation energy between electrons (specific mass
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shift, SMS). Overall, the isotope shift can be expressed in
terms of the difference in the mean-squared nuclear charge
radii of the two isotopes and the relative difference of their
atomic masses:

δνA;A
0

FS ¼ Fδhr2iA;A0
;

δνA;A
0

MS ¼ ðKNMS þ KSMSÞ
MA0 −MA

MA0MA
;

∴ δνA;A
0

IS ¼ Fδhr2iA;A0 þ K
MA0 −MA

MA0MA
; ð2Þ

where F and K are called the field-shift and mass-shift
factors, respectively, and are specific to the electronic
transition that is studied. While the NMS factor KNMS
can be calculated exactly due to its classical form, the field-
shift factor F and the SMS factor KSMS require atomic-
structure calculations that include two-body interactions
between all electrons [1]. Such calculations can be chal-
lenging or impossible with state-of-the-art methods,
depending on the atomic structure.
To overcome this problem, the atomic factors for a

transition i that cannot be accurately calculated are often
derived from the calculated ones in a transition j using a
King-plot analysis [1]. It makes use of the linear relation-
ship between the isotope shifts in two transitions in the
same element as

M̃A;A0
δνA;A

0
i ¼ M̃A;A0

Fiδhr2iA;A0 þ Ki;

M̃A;A0
δνA;A

0
j ¼ M̃A;A0

Fjδhr2iA;A0 þ Kj;

∴ M̃A;A0
δνA;A

0
i ¼ Fi

Fj
M̃A;A0

δνA;A
0

j þ Ki −
Fi

Fj
Kj; ð3Þ

where M̃A;A0 ¼ ðMA0MA=MA0 −MAÞ. The relationship
between M̃A;A0

δνA;A
0

i and M̃A;A0
δνA;A

0
j in Eq. (3) is linear,

and therefore, in a plot of M̃A;A0
δνA;A

0
i against M̃A;A0

δνA;A
0

j ,
the slope and y intercept of the linear fit will relate the
isotope-shift factors of the two transitions [1]. Importantly,
the King-plot analysis can also be applied to transitions in
different charge states of the same atom (for example, see
Ref. [6]), allowing further optimization of the experimental
conditions, such as favorable chemistry.
Because of the relation between the isotope shift and the

difference in mean-squared charge radii of the two isotopes,
isotope-shift measurements with high-precision atomic
spectroscopy have been a cornerstone of nuclear-structure
studies with laser spectroscopy at radioactive ion-beam
(RIB) facilities [2,7].
By tracing the evolution of the isotope shift across an

isotopic range, the changes in mean-squared nuclear charge
radii can be studied with high accuracy. The nuclear charge
radius is a nuclear-structure observable of importance,
as precision measurements across the nuclear chart con-
tinue to challenge the predictive ability of ab initio nuclear

theory [5,8–10], and by extension our understanding of the
observable. Such precision studies in nuclei with extreme
proton-to-neutron ratios are a key pathway to obtaining
new insights into the strong nuclear interaction.
While in previous decades, models of the nucleon-

nucleon interaction used to be derived empirically, progress
in nuclear theory has nowadays led to ab initio derivations
from quantum chromodynamics using chiral effective field
theory [11]. In combination with modern methods to solve
the many-body Schrödinger equation and growing compu-
tational power [12–16], ab initio calculations of nuclear
observables are now available not only for light nuclei,
where rare nuclear phenomena such as nucleon super-
fluidity [17], nucleon clustering and bubble structures
[18–20], many-body currents and continuum effects
[21,22], and many-body nuclear forces [21,23,24] have
been investigated, but also for nuclei as heavy as 208Pb [25].
However, extending the measurements of nuclear charge
radii to more weakly bound isotopes or to new isotopic
chains is often challenging due to the atomic structure of
the species of interest [2]. For example, the high reactivity
and the predominance of extreme-ultraviolet electronic
transitions from the ground state have hindered the study
of most atomic chains in the oxygen region, while many
heavier nuclei form refractory atoms, preventing their
production and study at traditional RIB facilities [2].
In several cases, studying the nucleus as part of a

diatomic molecule could provide a solution to this problem.
In the past, radioactive molecular beams containing a
reactive or refractory element have been observed at
isotope-separation on-line ISOL facilities, including as a
method to extract a particular element more easily from the
target and/or to separate it from its isobars more effectively
[26,27]. Recently, laser-spectroscopic studies of short-lived
radioactive molecules were performed for the first time
[28,29], and the potential benefit of studying the spectra of
radioactive molecules for a number of scientific areas has
also been recognized [30], such as astrophysics, medical-
isotope production, fundamental physics, and nuclear
structure. To be beneficial for nuclear-structure studies,
molecular laser spectroscopy should be capable of provid-
ing access to the nuclear moments and changes in mean-
squared charge radii with a comparable or higher precision
compared to atomic spectroscopy. While the study of the
molecular hyperfine structure with laser spectroscopy is
well established for molecules containing stable isotopes
[31–33], the influence of nuclear-size effects on the
molecular isotope shifts has received less attention. Early
works on molecular isotope shifts focused on the presence
of the mass shift [34,35], with later studies also establishing
the presence of a field shift in the isotope shifts in PbS and
PbO [36–38]. Recently, the first optical isotope shifts in
short-lived isotopomers of a molecule were reported for
RaF [29]. However, in all molecular studies so far,
measurements of δhr2iA;A0

from atomic laser spectroscopy
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have been used as input in the analysis to compare the
extracted electronic density around the nuclear volume
with computational predictions. To the knowledge of the
authors, no study so far has focused on δhr2iA;A0

as an
observable to be extracted from the molecular isotope shifts
for cases where a value is not already available from other
methods. One of the reasons is that the accuracy of mass-
shift calculations in molecules has not been sufficiently
benchmarked. Therefore, any experimental progress in the
study of nuclear-size effects in molecules would require
extensive theoretical work.
In this work, a different approach is proposed: We

demonstrate that the King-plot analysis framework for
atomic spectroscopy can be extended to diatomic molecules.
This is demonstrated here for simple diatomic molecules
having aΣ electronic ground statewith fewvalence electrons.
However, the presented formalism to express the molecular
isotopomer shift as the sum of a field and a mass shift where
only one of the two atoms ismodified is generally applicable.
By then relating thewell-studied atomic field- andmass-shift
factors with the molecular counterparts, rapid experimental
progress in studying size effects in unstable nuclei with
molecular laser spectroscopy could be enabled. The validity
of the method is tested, as first examples, with literature
optical isotope-shift measurements in YbF and ZrO, for Yb
and Zr containing multiple stable isotopes. It is shown that
the values of δhr2iA;A0

extracted from the molecular isotope
shifts following a King-plot analysis with atomic (ionic) data
are consistent with the charge radii extracted from atomic
(ionic) spectroscopy. The molecular King-plot approach is
also explored for vibrational-rotational transitions in SnH.
From the analysis of YbF, ZrO, and SnH, it is observed that
the molecular King-plot analysis can also be a sensitive tool
to study the electronic wave function in diatomic molecules,
providing a versatile tool to obtain molecular-structure
insights.

II. THE MOLECULAR ISOTOPE SHIFT

Molecular electronic states possess vibrational and rota-
tional substructure, typically leading to very rich spectra.
In simplistic terms, for each electronic state in a diatomic
molecule, an associated series of energy levels due to
vibrations of the atomic bond is addedon top of the electronic
energy, with further, smaller energy contributions to each
vibrational substate stemming from the rotational energy
of the molecule. Further splittings due to the fine and the
hyperfine structure are also present. The simplified descrip-
tion of the rovibronic (rotational, vibrational, and electronic)
and hyperfine structure is shown pictorially in Fig. 1.
The energy of a diatomic molecular level can be para-

metrized according to the Dunham expansion [39]:

EΛ
ν;J ¼

X
ðk;lÞ≥ð0;0Þ

YΛ
kl

�
νþ 1

2

�
k
½JðJ þ 1Þ�l; ð4Þ

where the N̂2 notation is used in the present work; thus,
Λ denotes some electronic state, and ν and J are the
vibrational and rotational quantum numbers, respectively.
Ykl are the Dunham parameters [40], and they are related
to the usual molecular parameters, such that Y00 corre-
sponds to the electronic term energy Te, Y10 corresponds
to the harmonic frequency ωe, Y01 to the rotational
constant Be, etc. The powers k and l quantify the order
of vibrational and rotational correction to the energy,
respectively.
Almost a century ago, it was noticed that the ratio of the

values of a Dunham parameter in two isotopomers X0 and
X00 of the same molecule is almost equal to the ratio of their
reduced masses raised to the power of lþ k=2. Because of
the presence of higher-order corrections, however, the
equivalence is not exact [39,41]:

YΛ;X0
kl

YΛ;X00
kl

≈
�
μX00

μX0

�
lþk=2

;

where μ ¼ ðMAMB=MA þMBÞ is the reduced mass of
the diatomic molecule with A and B being its constitu-
ent atoms.
The ratio can be made exact with the introduction of a

parameter UΛ
kl that groups the higher-order corrections in

the Dunham parameters [42,43] as

YΛ
kl ¼ μ−ðlþk=2ÞUΛ

kl; ð5Þ

and so Eq. (4) can be written as

EΛ
ν;J ¼

X
ðk;lÞ≥ð0;0Þ

μ−ðlþk=2ÞUΛ
kl

�
νþ 1

2

�
k
½JðJ þ 1Þ�l: ð6Þ

Additionally, UΛ
kl can be further decomposed into an

isotope-independent parameter ŨΛ
kl, and terms that depend

FIG. 1. Vibrational, rotational, and hyperfine structures of an
electronic state in a simple diatomic molecule. The substructure
splittings are schematic and are not representative of physical
scales, but typical frequency scales are given under each term.
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on the masses and the extended nuclear volumes of the
atomic constituents [44]

UΛ
kl ¼ ŨΛ

kl

�
1þme

�
ΔΛ;A

kl

MA
þ ΔΛ;B

kl

MB

�

þ VΛ;A
kl hr2iA þ VΛ;B

kl hr2iB
�
; ð7Þ

where me is the electron mass, MA and MB are the masses
of atoms A and B, respectively, and hr2i is the mean-
squared nuclear charge radius.
The parametersΔΛ;A

kl andΔΛ;B
kl are specific to each atom A

and B in the diatomic molecule but invariant under isotopic
substitution, and theyquantify the sensitivity of the electronic,
vibrational, and rotational (hence, rovibronic) state energy to
the corresponding atomic mass, in the form of corrections
to the Born-Oppenheimer approximation. Similarly, the
isotope-independent parameters VΛ;A

kl and VΛ;B
kl quantify

the sensitivity of the state energy to the extended volume
of the corresponding atomic nucleus, and they are indepen-
dent of the nuclear mass. Therefore, overall, the energy of a
rovibronic state Λ in a diatomic molecule can be expressed
with explicit dependence on the atomic masses and the
extended nuclear volumes of the constituent atoms as

EΛ
ν;J ¼

X
ðk;lÞ≥ð0;0Þ

μ−ðlþk=2Þ
�
νþ 1

2

�
k
½JðJ þ 1Þ�lŨΛ

kl

×

�
1þme

�
ΔΛ;A

kl

MA
þ ΔΛ;B

kl

MB

�

þ VΛ;A
kl hr2iA þ VΛ;B

kl hr2iB
�
: ð8Þ

A detailed discussion and definition for the field param-
eters VΛ;A=B

kl is given in Ref. [43] (in this text, A=B denotes
“A or B” and not a numerical ratio). The field parameters
are dependent on the nuclear charge Zα=β of atom A=B
containing isotope α=β, the fundamental charge e, the
vacuum permittivity ϵ0, the molecular force constant ke, the
electron density EΛ;A=B

el at the nucleus of A=B for state Λ,
the equilibrium internuclear distance Re, and the second
expansion coefficient of the Dunham potential α1 [43].
Almoukhalalati et al. [43] demonstrated that, while further
improvements are required to accurately match the values
fitted from experiment, calculations of the field parameters
are tractable with ab initio theory, and the parameter
definitions derived in their work are generally accurate.
On the other hand, the mass-related parameters ΔΛ;A=B

kl
are defined by Eq. (8) [34] and, although Watson
provided theoretical justification for the addition of these

parameters [35], several problems with the formulation of
Eq. (8) were later identified by Le Roy [45]. Instead, it was
proposed [45] that a multi-isotopomer analysis in mole-
cules is used instead, which incorporates isotope referenc-
ing in the Dunham expansion as

EΛ;X0
ν;J ¼

X
ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
νþ 1

2

�
k
½JðJ þ 1Þ�lYΛ;X00

kl

þ
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
νþ 1

2

�
k
½JðJ þ 1Þ�l

×

�
ΔMX0

A

MX0
A

δΛ;Akl þ ΔMX0
B

MX0
B

δΛ;Bkl

þ δhr2iX0
A fΛ;Akl þ δhr2iX0

B fΛ;Bkl

�
; ð9Þ

where X is a diatomic molecule containing atoms A and B,
X0 is some isotopomer with isotopes α0 and β0 for the two
atoms, respectively, X00 is the reference isotopomer with
isotopes α00 and β00, ΔMX0

A ¼ Mα00
A −Mα0

A is the difference in
atomic mass between the reference isotope and the isotope
in question for atom A, and δhr2iX0

A ¼ hr2iα0 − hr2iα00 is the
change in the mean-squared charge radius of the nucleus in
atom A. Identical expressions for ΔMX0

A and δhr2iX0
A also

hold for atom B. As seen in Eq. (9), the energy of the
rovibronic state Λ in isotopomer X0 is expressed as a series
of isotopomer-specific corrections to the Dunham param-
eters of the reference isotopomer X00.
The modified mass parameters δΛ;A=Bkl introduced by Le

Roy are related to the mass parameters ΔΛ;A=B
kl defined by

Ross et al. [34] (the relation is described in Ref. [45]) while
preventing the complications created by the latter. The
modified field parameters fΛ;A=Bkl are also related to the
volume parameters analyzed by Almoukhalalati et al. [43]
in a similar fashion. As the Le Roy formalism is fully
equivalent with that of Eq. (8) [45], the work of
Almoukhalalati et al. [43], which is based on Eq. (8), is
also fully consistent with Eq. (9) and their results are
equally relevant to the Le Roy formalism.
Since the Le Roy formalism allows for more straightfor-

ward algebra when dealing with isotopomer shifts, the
remainder of this work follows the Le Roy formalism for
clarity, although the results of this section can also be
derived starting from Eq. (8) with equal validity.
Using Eq. (9), the transition energy between a lower state

Λ00; ν00; J00 and an upper state Λ0; ν0; J0 (the transition is
hence identified as Λ0 ← Λ00) in isotopomer X0 can thus be
expressed as
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ðEΛ0;X0 − EΛ00;X0 Þ ¼ hνX
0

Λ0←Λ00 ¼
X

ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�lYΛ0X00

kl

þ
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�l

�
ΔMX0

A

MX0
A

δΛ
0;A

kl þ ΔMX0
B

MX0
B

δΛ
0;B

kl þ δhr2iX0
A f

Λ0;A
kl þ δhr2iX0

B fΛ
0;B

kl

�

−
X

ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�lYΛ00X00

kl −
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�l

×

�
ΔMX0

A

MX0
A

δΛ
00;A

kl þ ΔMX0
B

MX0
B

δΛ
00;B

kl þ δhr2iX0
A f

Λ00;A
kl þ δhr2iX0

B f
Λ00;B
kl

�
: ð10Þ

In a spectroscopic experiment, which measures transition frequencies between molecular states, the highest order
of correction in Eq. (10) (that is, the maximum k and l in the summation series) is defined by the spectroscopic precision.
Thus, the maximum ðk; lÞ is common to all summations in Eq. (10).
Based on Eq. (10), the isotope shift (of some isotopomer X0 with respect to the reference isotopomer X00, as per the

definition) in the transition frequency between the two molecular states can be expressed as

ðEΛ0;X0 − EΛ00;X0 Þ − ðEΛ0;X00 − EΛ00;X00 Þ

¼ hδνX
0←X00

Λ0←Λ00 ¼
X

ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�lYΛ0X00

kl þ
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�l

×

�
ΔMX0

A

MX0
A

δΛ
0;A

kl þ ΔMX0
B

MX0
B

δΛ
0;B

kl þ δhr2iX0
A f

Λ0;A
kl þ δhr2iX0

B f
Λ0;B
kl

�
−

X
ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�lYΛ00X00

kl

−
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�l

�
ΔMX0

A

MX0
A

δΛ
00;A

kl þ ΔMX0
B

MX0
B

δΛ
00;B

kl þ δhr2iX0
A f

Λ00;A
kl þ δhr2iX0

B fΛ
00;B

kl

�

−
X

ðk;lÞ≠ð0;0Þ

�
μX00

μX00

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�lYΛ0X00

kl −
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX00

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�l

×

�
ΔMX00

A

MX00
A

δΛ
0;A

kl þ ΔMX00
B

MX00
B

δΛ
0;B

kl þ δhr2iX00
A fΛ

0;A
kl þ δhr2iX00

B fΛ
0;B

kl

�
þ

X
ðk;lÞ≠ð0;0Þ

�
μX00

μX00

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�lYΛ00X00

kl

þ
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX00

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�l

�
ΔMX00

A

MX00
A

δΛ
00;A

kl þ ΔMX00
B

MX00
B

δΛ
00;B

kl þ δhr2iX00
A fΛ

00;A
kl þ δhr2iX00

B fΛ
00;B

kl

�
: ð11Þ

The energy terms in Eq. (11) that correspond to the reference isotopomer can be simplified due to the definition of the
relative terms. It is noticed that ðμX00=μX00 Þlþk=2 ¼ 1. Additionally, ΔMX00

A ¼ 0 and ΔMX00
B ¼ 0 by definition, and so the

modified mass terms vanish from Eq. (11). Similarly, the changes in the mean-squared charge radii δhr2iX00
A and δhr2iX00

A for
the reference isotopomer are by definition 0. Therefore, Eq. (11) becomes

hδνX
0←X00

Λ0←Λ00 ¼
X

ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�lYΛ0X00

kl þ
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�l

×

�
ΔMX0

A

MX0
A

δΛ
0;A

kl þΔMX0
B

MX0
B

δΛ
0;B

kl þ δhr2iX0
A f

Λ0;A
kl þ δhr2iX0

B f
Λ0;B
kl

�
−

X
ðk;lÞ≠ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�lYΛ00X00

kl

−
X

ðk;lÞ≥ð0;0Þ

�
μX00

μX0

�
lþk=2

�
ν00 þ 1

2

�
k
½J00ðJ00 þ 1Þ�l
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At this stage, the approximation that the reduced masses of the two isotopomers are equal needs to be introduced:
μX0 ¼ μX00 . As a result of this approximation, it follows that ðμX00=μX0 Þlþk=2 ¼ 1 and Eq. (12) becomes

hδνX
0←X00

Λ0←Λ00 ¼
X

ðk;lÞ≠ð0;0Þ

�
ν0 þ 1

2

�
k
½J0ðJ0 þ 1Þ�lYΛ0X00
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�
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×
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B
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and therefore, in Eq. (13), the terms containing theDunhamparameters of the reference isotopomerYΛX00
kl cancel out, leading to

hδνX
0←X00

Λ0←Λ00 ¼
X

ðk;lÞ≥ð0;0Þ

�
ν0 þ 1

2

�
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: ð14Þ

Without loss of generality, it can be considered that only one atom in the diatomic molecule undergoes isotopic
substitution, while the other atom is kept at its reference isotope (a reference isotopomer that differs in just one of the two
atoms can always be chosen). Therefore, considering atom A as undergoing isotopic substitution, then ΔMX0

B ¼ 0 and
similarly δhr2iX0

B ¼ 0. Therefore, the isotope shift in a diatomic molecule where only one atom undergoes isotopic
substitution, can be expressed as

hδνX
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�
: ð15Þ

With a simple rearrangement, the isotope shift for a molecular transition Λ0 ← Λ00 between isotopomers X0 and X00 where
atom A contains isotopes α0 and α00, respectively, can be finally expressed in a linear form with respect to the change in
mean-squared nuclear charge radius:

δνX
0←X00

Λ0←Λ00 ¼ Ψδhr2iα0;α00A þ Ξ
Mα00

A −Mα0
A

Mα00
A Mα0

A

; ð16Þ

where

Ψ ¼ 1
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�

MICHAIL ATHANASAKIS-KAKLAMANAKIS et al. PHYS. REV. X 13, 011015 (2023)

011015-6



are isotope-independent constants. For the linearized
isotope-shift equation in diatomic molecules [Eq. (16)],
Ψ is the field-shift factor and Ξ is the mass-shift factor
analogous to the atomic counterparts. The definition of Ξ
contains the atomic mass of the reference isotope of
atom A; the term is added such that Eq. (16) is expressed
in terms of Mα00

A −Mα0
A =M

α00
A Mα0

A , as in the atomic case
[Eq. (2)]. Therefore, when a change of reference iso-
topomer is performed, the mass-shift factor should be
scaled accordingly for the new reference mass.
Combining Eqs. (2) and (16), a King-plot analysis using

atomic and molecular isotope shifts can be performed in the
same manner as the analysis containing only atomic
transitions, ultimately arriving at an expression identical
to Eq. (3) that relates the atomic and molecular isotope-shift
factors.
The approximation μX0 ¼ μX00 that is used to arrive at

Eq. (16) introduces an error to the extracted Ψ and Ξ
proportional to μX0 − μX00 , that is, the deviation of μX00=μX0

from unity. In Figs. 2 and 3, the percentage residual error of
the approximation is shown for different atomic masses in
diatomic molecules. For medium-mass and heavy diatomic
molecules, the residual error remains below 10% even up to

20 amu from the reference isotope, which is lower or
comparable to the typical error in atomic isotope-shift
factors [46,47].
For light molecules, the error quickly rises above 10%.

While such a level can be comparable to the uncertainty in
calculated atomic isotope-shift factors for complex atoms
(especially for the specific mass shift) [46], it is recom-
mended that the analysis of light molecules with the King-
plot method is segmented. That is, the isotopic chain should
be separated in smaller regions of only few amu each, and a
separate King-plot analysis is performed in each, yielding a
set of Ψ and Ξ for each segment of the isotopic chain.

III. ANALYSIS OFMOLECULAR ISOTOPE SHIFTS

A. Optical isotope shifts in YbF

To demonstrate the validity of Eq. (16), the high-
resolution laser-spectroscopic data of the optical isotope
shifts in 170–174;176YbF in the literature [48] are analyzed
with the molecular King-plot method along with the high-
resolution atomic measurements in Ybþ in the literature
[49]. YbF possesses a simple electronic structure, with a
single unpaired electron outside a closed shell, similar to
the structure of group II monofluorides [50], while the Yb

FIG. 2. Percentage residual error for the approximation of
constant reduced mass for molecules with different atomic-mass
combinations in the medium-mass and heavy regions.

FIG. 3. Percentage residual error for the approximation of the
constant reduced mass for a representative light molecule.

TABLE I. Parameter values (in cm−1) and isotope shifts (in GHz) for the 369.4-nm transition in Ybþ [49], and the T0 fitted parameter
[51], the OP12ð3Þð2 → 2ÞA;0←X;0, and the OP12ð9Þð8 → 9ÞA;0←X;0 branch features in YbF [48].

A T0
OP12ð3Þ OP12ð9Þ δνA;172Ybþ;369.4

a δνA;172T0
δνA;172OP12ð3Þ δνA;172OP12ð9Þ

170 18 788.6634(39) 18 103.9508(15) 18 098.7484(15) þ1.6223ð8Þ þ1.058ð121Þ þ1.019ð77Þ þ0.878ð77Þ
171 18 788.6502(4) þ1.0343ð8Þ þ0.663ð32Þ
172 18 788.6281(10) 18 103.9168(21) 18 098.7191(21) 0(0) 0(0) 0(0) 0(0)

173 18 788.6145(7) −0.5699ð7Þ −0.408ð37Þ
174 18 788.5985(11) 18 103.8891(23) 18 098.6982(23) −1.2753ð7Þ −0.887ð45Þ −0.830ð93Þ −0.627ð93Þ
176 18 788.5702(10) 18 103.8626(22) 18 098.6779(22) −2.4928ð10Þ −1.736ð42Þ −1.625ð91Þ −1.235ð91Þ

aThere is a sign change in the isotope shifts in Ybþ with respect to Ref. [49] due to a difference in the subtraction convention.
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element possesses multiple stable isotopes. Therefore, YbF
is a suitable first test case to explore the validity of Eq. (16)
in a diatomic molecule.
The YbF data are taken from Ref. [48] and Table 1 of its

Supplemental Material. King-plot analyses are performed
using the fitted values of T0 for the A2Π1=2 ðν ¼ 0Þ state in
170–174;176YbF [51], as well as the branch feature OP12ð3Þ
(F0 ¼ 2, F00 ¼ 2) and the branch feature OP12ð9Þ (F0 ¼ 8,
F00 ¼ 9) in the A2Π1=2 ðν ¼ 0Þ ← X2Σþ ðν ¼ 0Þ transition
in 170;172;174;176YbF (Table I).
Using the mass values listed in the 2020 Atomic Mass

Evaluation [52], three King plots are constructed for the
YbF and Ybþ transitions (Fig. 4). Evidently, the best-fit
lines obtained using an orthogonal-distance-regression
(ODR) routine, pass through the error bars for all data
points, demonstrating the linearity of the isotope-shift
expression both in the molecule and in the ion.
As per Eq. (3), using which the field and mass shift

of the molecule [Eq. (16)] are related to those of the ionic
system, the slope m of the best-fit line y ¼ mxþ b in
the King plot is equal to Fi=Fj and the y intercept to
b ¼ Ki − ðFi=FjÞKj. The slopes and intercepts of the best-
fit lines in Fig. 4 are

mT0
¼ þ0.546ð9Þ;

bT0
¼ þ2830ð180Þ;

mP12ð3Þ ¼ þ0.535ð2Þ;
bP12ð3Þ ¼ þ2200ð50Þ;

and

mP12ð9Þ ¼ þ0.722ð22Þ;
bP12ð9Þ ¼ −4300ð400Þ;

including the 1σ errors from the ODR fit.

The field- and mass-shift parameters for the 369.4-nm
transition in Ybþ are known from Ref. [49] (with adjusted
sign for the reference convention):

F369.4 ¼ −14.185ð190Þ GHz fm−2;
K369.4 ¼ −890ð445Þ GHz amu:

The deduced molecular Ψ and Ξ are given in Table II.
Using the factors in Table II, the changes in the mean-

squared nuclear charge radii of the Yb isotopes can be
extracted from the isotope shifts in YbF using Eq. (16). The
results, along with the values of δhr2iA;172 extracted from
the isotope shifts in the 369.4-nm transition in Ybþ using
F369.4 and K369.4 listed above are presented in Table III and
Fig. 5 [53].
For all three sets of isotope shifts, the changes in mean-

squared charge radii extracted from the molecule are
consistent with the results from atomic spectroscopy within
1σ of the molecular value. The residual errors are shown
in Fig. 6.

B. Optical isotope shifts in ZrO

To further explore the applicability of Eq. (16), a King-
plot analysis is also performed on the optical isotopes shifts
in the Pð1Þ, Rð1Þ, Pð20Þ, and Rð20Þ rotational lines of the
C1Σþ − X1Σþ transition in ZrO from the literature [56] and
the 327-nm transition in Zrþ [57]. The molecular and

TABLE II. Field- (Ψ, in GHz fm−2) and mass-shift (Ξ, in GHz
amu) factors for the isotope shifts in the fitted A2Π1=2 ðν ¼ 0Þ T0

parameter and the A2Π1=2 ðν ¼ 0Þ ← X2Σþ ðν ¼ 0Þ OP12ð3Þ
(F0 ¼ 2, F00 ¼ 2) and A2Π1=2 ðν ¼ 0Þ ← X2Σþ ðν ¼ 0Þ OP12ð9Þ
(F0 ¼ 8, F00 ¼ 9) branch features in YbF, from the King-plot
analyses with the isotope shifts in the 369.4-nm transition in Ybþ.

TYbF
0

OP12ð3ÞYbF OP12ð9ÞYbF
Ψ −7.75ð17Þ −7.59ð11Þ −10.24ð34Þ
Ξ þ2350ð310Þ þ1720ð240Þ −4900ð600Þ

FIG. 4. King plots for the isotope shifts in the A2Π1=2 T0 values
and the OP12ð3Þ ðF0 ¼ 2; F00 ¼ 2ÞA;0←X;0 and OP12ð9Þ ðF0 ¼ 8;
F00 ¼ 9ÞA;0←X;0 branch features in YbF, and the 369.4-nm
transition in Ybþ. All error bars arise from the 1σ uncertainties
of the isotope shifts and the uncertainties of the mass measure-
ments taken from the 2020 Atomic Mass Evaluation [52].

TABLE III. Changes in the mean-squared nuclear charge radii
of Yb isotopes (in fm2) extracted from the isotope shifts in the
369.4-nm transition in Ybþ [49] and from the isotope shifts in
YbF analyzed with the King-plot method.

A δhr2iA;172369.4
δhr2iA;172P12ð3Þ δhr2iA;172P12ð9Þ δhr2iA;172T0

170 −0.119ð3Þ −0.119ð11Þ −0.119ð9Þ −0.116ð16Þ
171 −0.075ð1Þ −0.075ð5Þ
172 0(0) 0(0) 0(0) 0(0)

173 þ0.042ð1Þ þ0.043ð5Þ
174 þ0.094ð2Þ þ0.094ð13Þ þ0.093ð10Þ þ0.094ð7Þ
176 þ0.184ð5Þ þ0.184ð13Þ þ0.184ð13Þ þ0.184ð9Þ
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atomic (ionic) isotope shifts for 90–92;94;96Zr are shown in
Table IV. Simard et al. [56] did not report uncertainties for
the observed wave numbers appearing in Ref. [56]. For the
purpose of this demonstrative analysis, an uncertainty of
50 MHz is associated with each isotope-shift value, since
the present analysis aims to explore the applicability of the
molecular King-plot method, rather than the rigorous
extraction of charge radii.
The four King plots and a schematic comparison of

δhr2iA;90Zr are shown in Figs. 7 and 8, respectively. The
isotope-shift factors Ψ and Ξ for the molecular transitions
extracted from the King-plot analysis are shown in Table V.
As evident from Fig. 8 and Table VI, the changes in

mean-squared charge radii for 90–92;94;96Zr extracted from
the four molecular transitions are consistent with the values
extracted from the spectroscopy of Zrþ, falling within 1σ of
the values extracted from atomic spectroscopy.

C. Infrared isotope shifts in SnH

Simon et al.measured the low-lying rovibrational spectra
(vibrational-rotational transitions within the X2Π1=2 elec-
tronic ground state) of the stable isotopomers of SnH using
infrared laser spectroscopy [58]. Figure 9 shows a plot of the
mass-modified isotope shifts in the Pð2.5Þ1←0 rovibrational
transition against the mass-modified changes in mean-
squared nuclear charge radii of Sn from the analysis of
the Barrett radii and the ratios of the radial moments
obtained from nonoptical experiments [59]. This approach
is fully equivalent to the King-plot analysis utilizing atomic
isotope shifts, since the atomic isotope shifts are linearly
related to the changes in mean-squared nuclear charge radii.
Plotting the mass-modified molecular isotope shifts against
the mass-modified changes in radii allows us to also test the
validity of Eq. (16) using the values of δhr2iA;A0

taken from
direct measurements of hr2i from nonoptical methods. The

TABLE IV. Isotope shifts δνA;90 (in GHz) for the 327-nm
transition in Zrþ [57] and the Pð1Þ, Rð1Þ, Pð20Þ, and Rð20Þ
rotational lines of the C1Σþ − X1Σþ transition in ZrO [56] for
90–92;94;96Zr.

A 327 nm Pð1Þ Rð1Þ Pð20Þ Rð20Þ
90 0(0) 0(0) 0(0) 0(0) 0(0)

91 −0.192ð3Þ 1.091(50) 0.971(50) 2.221(50) 0.591(50)

92 −0.494ð3Þ 1.982(50) 1.760(50) 4.260(50) 0.941(50)

94 −0.823ð3Þ 4.077(50) 3.640(50) 8.496(50) 2.081(50)

96 −1.033ð3Þ 6.248(50) 5.609(50) 12.756(50) 3.493(50)

FIG. 6. Residual difference of δhr2iA;172Yb extracted from the
molecular isotope shifts compared with the values extracted from
high-resolution atomic spectroscopy [49], in units of the error in
the molecular values. Magenta, T0; cyan, OP12ð3Þ; gold, OP12ð9Þ.
An arbitrary horizontal offset between the different sets of
molecular isotope shifts is applied for visual clarity. The error
bars represent the uncertainties in the radii (Table III) extracted
using the molecular isotope shifts divided by the uncertainties in
the radii using the atomic isotope shifts.

FIG. 7. King plots for the Pð1Þ, Rð1Þ, Pð20Þ, and Rð20Þ lines of
the C1Σþ − X1Σþ transition in ZrO [56] and the 327-nm
transition in Zrþ [57]. All error bars arise from the 1σ uncer-
tainties of the isotope shifts (Table IV) and the uncertainties
of the mass measurements taken from the 2020 Atomic Mass
Evaluation [52].

FIG. 5. Changes in the mean-squared nuclear charge radii of
170–174;176Yb extracted from isotope shifts in YbF [48] using the
King-plot method [Eq. (16)] compared with those extracted from
isotope-shift measurements in the 369.4-nm transition in Ybþ
[49]. The uncertainties (also given in Table III) stem from the
experimental uncertainties in the isotope shifts and the molecular
isotope shift factors extracted from the King plot (Table II) using
Eq. (2). The reference errors (gray band) are taken from Ref. [49].
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tin chain provides a good test case for this alternative
approach to the King-plot analysis, as it contains the highest
number of stable isotopes across the periodic table, with a
mass difference of more than 10 amu between the heaviest
and lightest stable isotopes.
The transition frequencies along with the isotope shifts

and the extracted changes in the mean-squared charge radii
are listed in Table VII. A precision in the order of 38 MHz
was reported in Ref. [58], without giving an exact value.
Therefore, a conservative uncertainty of 50 MHz is used for
the molecular frequency measurements in the present
analysis, leading to a slightly greater uncertainty in the
isotope-shift values.

If Eq. (16) holds for the rovibrational transition under
consideration, a linear fit can be applied to the plot in Fig. 9
whose slope corresponds to the field-shift factor Ψ and the
y intercept to the mass-shift factor Ξ:

ΨPð2.5Þ ¼ þ0.4ð1.6Þ;
ΞPð2.5Þ ¼ þ23470ð1410Þ:

TABLE V. Molecular isotope-shift factors Ψ (in GHz fm−2)
and Ξ (in GHz amu) for the four rotational transitions in ZrO
analyzed with the King-plot method against the 327-nm isotope
shifts in Zrþ.

Ψ Ξ

Pð1Þ −3.0ð7Þ −12 000ð800Þ
Rð1Þ −3.0ð7Þ −11 000ð800Þ
Pð20Þ −2.9ð7Þ −21 200ð800Þ
Rð20Þ −4.6ð8Þ −9600ð800Þ

TABLE VI. Changes in the mean-squared nuclear charge radii
of 90–92;94;96Zr extracted with laser spectroscopy using the 327-
nm transition in Zrþ [57] and four rotational lines in ZrO [56].

A δhr2iA;90327 δhr2iA;90Pð1Þ δhr2iA;90Rð1Þ δhr2iA;90Pð20Þ δhr2iA;90Rð20Þ
90 0(0) 0(0) 0(0) 0(0) 0(0)

91 0.128(6) 0.126(20) 0.129(20) 0.131(21) 0.129(15)

92 0.310(16) 0.308(32) 0.308(31) 0.304(31) 0.304(27)

94 0.537(27) 0.537(48) 0.538(48) 0.541(49) 0.542(46)

96 0.702(35) 0.703(65) 0.703(65) 0.701(65) 0.701(62)

FIG. 8. Comparison of the changes in the mean-squared nuclear
charge radii δhr2iA;90Zr of the stable Zr isotopes extracted using the
327-nm transition in Zrþ and from four rotational lines in ZrO.
The uncertainties (also given in Table VI) stem from the
experimental uncertainties in the isotope shifts (Table IV) and
the molecular isotope shift factors extracted from the King plot
(Table V) using Eq. (2). The reference errors (gray band)
correspond to the uncertainty in the radii extracted from the
327-nm transition in Zrþ.

TABLE VII. Transition frequencies (in cm−1) for the Pð2.5Þ1←0 rovibrational transition in the X
2Π1=2 electronic ground state of SnH,

and the corresponding isotope shifts (in GHz) with respect to 122SnH. The model-independent Barrett radii (Rμ
kα, in fm) and the ratios of

the second radial moment (V2) from Ref. [59] used to calculate the literature values of the changes in mean-squared charge radii of Sn
(δhr2iA;122 in fm2) are given for completeness. The extracted changes in mean-squared charge radii of Sn from the isotope shifts in the
X2Π1=2 Pð2.5Þ1←0 transition in SnH (δhr2iA;122Pð2.5Þ in fm2) are also given.

A Pð2.5Þ1←0 δνA;122Pð2.5Þ Rμ
kα V2 δhr2iA;122 δhr2iA;122Pð2.5Þ

112 1629.2956 þ16.941ð71Þ 5.8770(15) 1.279 19 −0.655ð15Þ −0.658ð216Þ
114 1629.1749 þ13.323ð71Þ 5.8979(15) 1.279 31 −0.509ð15Þ −0.502ð207Þ
116 1629.0581 þ9.821ð71Þ 5.9188(15) 1.279 71 −0.371ð15Þ −0.374ð194Þ
117 1629.0007 þ8.100ð71Þ 5.9250(14) 1.279 81 −0.330ð15Þ −0.341ð223Þ
118 1628.9455 þ6.446ð71Þ 5.9386(15) 1.279 92 −0.235ð15Þ −0.223ð211Þ
119 1628.8898 þ4.776ð71Þ 5.9423(14) 1.279 99 −0.210ð15Þ −0.206ð205Þ
120 1628.8364 þ3.175ð71Þ 5.9566(16) 1.280 07 −0.109ð16Þ −0.096ð209Þ
122 1628.7305 0(0) 5.9723(15) 1.280 22 0(0) 0(0)

124 1628.6282 −3.067ð71Þ 5.9857(15) 1.280 37 þ0.093ð16Þ þ0.109ð186Þ
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The field-shift factor ΨPð2.5Þ is consistent with 0, which
implies that the experimental precision is not sufficient to
unambiguously resolve the small field shift in the rovibra-
tional transition. A small field shift is indeed expected for
such a transition, as it does not involve a direct change of
electronic state; the electronic overlap with the nucleus can
change between the upper and lower rovibrational states
only as a result of a coupling between the molecular
rotation and the average electrostatic potential experienced
by the electron.
As seen in Table VII, the nominal values of δhr2iA;A0

Sn
extracted from the molecular isotope shifts are in agreement
with the values from nonoptical experiments, falling within
the error of the nonoptical values for all isotopes. However,
the values extracted from the molecular measurements are
accompanied by large uncertainties, which originate from
the small field shift of the transition and its large fractional
uncertainty.

IV. DISCUSSION AND OUTLOOK

As it can be seen from the results of Sec. III, the changes
in the mean-squared nuclear charge radii of Yb extracted
using the T0 fitted parameter and the OP-branch features in
YbF are remarkably consistent with those extracted from
the high-resolution spectroscopy of Ybþ. Similarly, the
analysis of isotope shifts in ZrO and Zrþ leads to consistent
values for the changes in mean-squared charge radii
between the zirconium ionic and the molecular systems.
In the case of SnH, while the nominal values of δhr2iA;A0

Sn
extracted from the infrared isotope shifts are in general
agreement with the literature values from nonoptical
experiments, the uncertainties in the charge radii demon-
strate that the field shift in the considered transition is
consistent with 0. Possibly, had the experimental fractional
uncertainty in the molecular measurements been smaller,

the small but possibly nonzero field shift could have been
resolved for the rovibrational transition. However, narrow-
linewidth laser systems operating in the infrared regime are
not widely available as of yet. Therefore, the present case
might be generally representative of rovibrational transi-
tions and their sensitivity to the field shift using state-of-
the-art equipment. This result can guide experimentalists
in selecting transitions to study nuclear-size effects in
diatomic molecules. Additionally, as further discussed in
Sec. IV B, the observation that the field shift in the
vibrational transition is consistent with zero provides
information on the change in the electronic wave function
and its coupling to the nuclear motion.
Overall, the results of Sec. III indicate that the laser

spectroscopy of diatomic molecules can be used to accu-
rately extract the changes in mean-squared nuclear charge
radii consistent with the results from atomic (ionic) spec-
troscopy, as demonstrated with optical isotopes shift in YbF
and ZrO. The analysis of the isotope shifts in the T0 para-
meter in YbF, which includes values for isotopomers with
odd-A isotopes of Yb, also confirms that nuclear-structure
effects, such as the appearance of odd-even staggering, can
be captured by molecular measurements (Fig. 5).
Furthermore, the results of the analysis of both P and R

rotational lines with low and higher J values alike in ZrO
indicate that the molecular King-plot approach might also
be a tool for molecular-structure studies. According to
Eq. (16), the molecular isotope-shift factors Ψ and Ξ are
linked to the fundamental molecular parameters fΛkl and δΛkl
that, analogous to the atomic case, provide information
about the overlap of the valence electrons with the nuclear
volume and the breakdown of the Born-Oppenheimer
approximation, respectively.
Additionally, as the values of δhr2iA;172Yb extracted from

the A2Π1=2 ðν ¼ 0Þ T0 parameter in YbF are consistent with
those from the 369.4-nm in Ybþ, it is seen that the isotope
shifts in the term energy T0 of a vibronic state can also be
used in a King-plot analysis with accuracy. Experimental
term-energy measurements in diatomic molecules are also
possible with low-resolution laser spectroscopy (laser line-
width of a few GHz), as already demonstrated in the case of
RaF [29,60]. While the mass shift was not considered in the
analysis of isotope shifts in Ref. [29] [due to the large mass
of the species, which significantly dampens the presence of
the mass shift, as seen in Eq. (2)], the results of Sec. III
indicate that a complete consideration of the mass shift
could be included using the King-plot method.
The potential impact of the results of the present work

can be discussed in relation to nuclear-structure studies
with laser spectroscopy at RIB facilities and molecular-
physics research.

A. Importance for nuclear physics

To trace how nuclear structure evolves across long
isotopic and isotonic chains, RIB facilities have been

FIG. 9. Mass-modified isotope shifts in the Pð2.5Þ1←0 rovibra-
tional transition in SnH against the mass-modified changes in
mean-squared nuclear charge radii of Sn. All error bars arise from
the 1σ uncertainties of the literature isotope shifts (Table VII) and
the uncertainties of the mass measurements taken from the 2020
Atomic Mass Evaluation [52].
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developed, where nuclei with extreme proton-to-neutron
ratios are produced for experimental study. ISOL is a RIB
production method that provides since many decades high-
quality radioactive beams for precision nuclear-structure
studies and as probes for materials science, biochemical,
and atomic research [61,62]. With the thick-target ISOL
technique, short-lived nuclides are produced by impinging
highly energetic beams of protons onto a thick target
material, typically composed of UCx, LaCx, UO2, or
ZrO2, although other materials have also been successfully
used. By heating the target material to a high tempera-
ture (approximately 2000 °C), the produced nuclei diffuse
to the surface of the target as they form, and then effuse
within a vapor into an ion-source region. Following ioni-
zation, the beam is mass purified using magnetic dipolar
mass separators, before being delivered to an experimental
station. Overall, radioactive beams with half-lives down to
a few milliseconds can be studied experimentally at RIB
facilities.
Because of its versatility, laser spectroscopy—collinear

[63] and in source [64–66]—has been used to study the
evolution of ground-state properties across the chart of the
nuclides, from helium (Z ¼ 2) isotopes up to the super-
heavies (Z ≥ 100) [2]. However, the area of the nuclide
chart that has been studied with laser spectroscopy features
several noticeable gaps, including the light and reactive
isotopic chains from boron to fluorine and from silicon to
chlorine (Z < 20), the majority of refractory isotopic
chains belonging to the transition metals, and most nuclides
in the actinide region [2]. The reason for these gaps is the
reactive and/or refractory nature of the atoms: In the course
of their diffusion and effusion from the ISOL target,
reactive atoms form molecules with high efficiency, while
refractive atoms stick to the target matrix. As a result, the
delivered radioactive beams are of prohibitively limited
intensity, far below the minimum requirements of state-of-
the-art laser-spectroscopy experiments (approximately
0.1–100 atoms per second, depending on the technique).
A potential pathway toward the study of such nuclei with

laser spectroscopy is to deliver them in the form of a
molecular beam. Molecular extraction at ISOL facilities
has already demonstrated improvements in the delivery
of certain reactive [67] and refractory [68] species. By
exposing the ISOL target to a gas of choice during nuclide
production, such as a fluorination or sulfurization agent, the
species of interest can form molecules that are significantly
more volatile than their atomic constituents.
The results of the present work demonstrate that the

isotope shifts in radioactive molecules could be used to
accurately extract values for δhr2iA;A0

. Importantly, as most
refractory isotopic chains contain three or more stable
isotopes, existing studies of isotope shifts (and isotope-shift
factors) based on atomic laser spectroscopy and nonoptical
methods already exist. Therefore, the developed King-plot
analysis for molecular measurements in the current work

demonstrates that mean-squared charge radii of short-
lived isotopes can be extracted from molecular isotope-
shift measurements without the need for detailed molecular
field- and mass-shift calculations. The analysis of ZrO=Zrþ
in Sec. III B is one such example; while in-target simu-
lations show that a long range of radioactive Zr isotopes can
be produced within a thick ISOL target, atomic Zr is
refractory and therefore, it cannot be extracted efficiently
from a thick target. However, thin-ISOL approaches
such as the one used in Ref. [57] allow for the efficient
extraction of atomic Zr, but the isotopic range producible
with this technique is significantly more limited than for
thick-ISOL techniques. Therefore, studying nuclear-size
effects in (volatile) molecular beams of Zr may allow for
the study of short-lived Zr isotopes that are otherwise
inaccessible with atomic spectroscopy. As Eq. (16) does not
introduce limitations in terms of the nonsubstituted
atom in the diatomic molecule, such a study can be done
on fluorides, oxides, nitrides, etc., depending on the species
that can be extracted most efficiently in each case. While
this approach could be beneficial for nuclear-structure
studies of the Zr chain, it is not the only case that would
benefit from the approach; numerous reactive and refrac-
tory species have been successfully produced in molecular
form, often with a considerable enhancement in beam
purity or extraction efficiency [26,27,69].
While in the absence of a framework like the King-plot

analysis, the need for detailed molecular-structure calcu-
lations prior to each experimental study would decelerate
experimental progress, the ability to calculate these factors
for diatomic molecules using quantum-chemistry methods
is also important. As seen in Eq. (16), the molecular
isotope-shift factors Ψ and Ξ are linked to the molecular
parameters fΛ;Akl and δΛ;Akl which could be calculated using
ab initiomethods. In certain cases, such calculations can be
more accurate in the diatomic molecule than in the
constituent atomic systems, thus leading to more isotopic
chains accessible by laser spectroscopy. The reason is that
the laser-spectroscopic study of nuclei whose atomic
structure contains more than two valence electrons, such
as many lanthanide and actinide species, is often challeng-
ing. The valence electronic space of such atoms compli-
cates the accurate calculation of the isotope-shift factors
[46], which, in certain cases, can be very challenging even
with state-of-the-art computational tools. Typically, such
systems are studied as atomic ions, where the reduction
in the valence electronic space allows for more accurate
calculations. However, this strategy can lead to unfavorable
transitions outside the optical range, or require high charge
numbers that are beyond the technical capabilities of most
RIB facilities. By placing the atom in a chemical bond, the
number of valence quasiparticles included in the calcula-
tion can, strictly speaking, be reduced. As a result, the
diatomic molecule can be within reach of computational
packages such as implementations of the accurate and
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precise Fock-space relativistic coupled cluster, which are
currently limited to two valence quasiparticles [70], and
the extension of which to more valence quasiparticles is
nontrivial. On the contrary, the constituent atom having
three or more valence electrons would be incompatible with
the same packages. For instance, accurate relativistic
coupled-cluster calculations of HfFþ [71] and ThO [72]
have been successfully performed at the singles-doubles-
triples and perturbatively quadruples level, while the Hf
and Th atoms have four valence electrons and would
therefore present a serious challenge for calculations at
the same level of accuracy (multiple charge states of the
Hf were recently calculated [73] only at the singles and
doubles level, and the agreement with experiment was
significantly worse than what is achievable with the
approach in Refs. [71,72] as shown in the case of ThO).
By utilizing a King-plot analysis that involves atomic and
molecular isotope shifts, the atomic isotope-shift factors
can be extracted from the molecular ones. The radioactive
nuclei can then be studied within whichever system, atomic
or molecular, leads to more favorable experimental param-
eters, such as efficiency and technical readiness.
Overall, Eq. (16) allows for relating the isotope-shift

factors of atoms and molecules, and the link between the
factorsΨ and Ξ and fundamental molecular parameters also
allows for calculating the molecular isotope-shift factors
with quantum chemistry. Consequently, the experimental
progress in the laser spectroscopy of radioactive molecules
can utilize decades of advances in atomic laser spectros-
copy for cases where that is possible, as well as enable
the study of systems that are currently inaccessible in
atomic form due to technical or computational difficulties.
Therefore, accelerated progress in the study of the charge
radii of short-lived nuclei using laser spectroscopy could be
achieved through the study of radioactive molecules. As
ab initio nuclear theory is progressing rapidly, expanding
the experimental capabilities to more weakly bound iso-
topes and new isotopic chains is becoming progressively
more important. In certain cases, joint experimental-
theoretical studies of the nuclear charge radius of isotopes
and chains that are currently experimentally inaccessible
would provide a pathway to currently insufficiently studied
physics, such as the role of many-body nuclear forces,
continuum effects, nucleon clustering, and nucleon super-
fluidity, as aforementioned.

B. Molecular-structure information

A close observation of the extracted isotope-shift factors
for YbF, ZrO, and SnH in Sec. III shows that a systematic
study of Ψ and Ξ in a diatomic molecule could provide
information about the electronic wave function and its
coupling to the nuclear motion.
As seen from the isotope-shift factors of the rotational

lines in ZrO (Table V), while Ψ and Ξ are very similar for
the lines Pð1Þ and Rð1Þ, the mass-shift factor Ξ scales very

strongly with J for the P branch, while for the R branch,
both Ψ and Ξ scale strongly with J. Such patterns could be
potentially used to benchmark theoretical calculations of
the influence of the rotational quantum number J on the
electronic overlap with the nucleus. Additionally, under-
standing the different behavior of the P and R lines would
lead to molecular-structure information that is not easily
accessible through other experimental observables. For
instance, P and R lines with a common rotational substate
[such as Pð1Þ and Rð1Þ] could be used to extract the
nuclear-electronic overlap and electron correlation energy
in a single electronic state through the combination differ-
ence [41], rather than a property that depends on the
difference between two electronic states, such as the atomic
case of F.
In analogy with the atomic mass shift, the evolution of

the molecular mass-shift factor Ξ could provide informa-
tion on the difference in electronic correlation energy
between molecular states. In the molecular case, however,
the normal mass shift, whose formulation is well under-
stood in atoms as the component of the mass shift that does
not depend on electron correlations, might possess a
different formulation with additional dependence on the
vibrational and rotational degrees of freedom. For instance,
in the case of YbF, the factors for the two P-branch features
exhibit an interesting effect: The mass-shift factor Ξ
changes sign as J increases, going from þ1720ð240Þ for
J ¼ 3 to−4900ð600Þ for J ¼ 9. While such a change might
indicate that the coupling between molecular rotation and
electronic energy leads to a drastic change in the electronic
correlation energy for different rotational states, this inter-
pretation is contradicted by the significantly weaker
dependence of Ψ on J, and further unsupported by the
very simple electronic structure of the free radical YbF.
A possible explanation for the change of sign in Ξ with
increasing J is that the molecular normal mass shift in
fact also contains a strong dependence on the rotational
quantum number J. Systematic studies with the molecular
King-plot method could thus potentially be used to study
both the electronic correlation energy in molecules, even
resolving its dependence on the vibrational and rotational
degrees of freedom, and the contributions to the isotope
shift that do not stem from electron correlations.
In the case of SnH, interestingly both the absolute and

the relative magnitudes of the infrared isotope shifts
(Table VII) are significantly greater than those typically
encountered in atomic Sn (see, for example, Ref. [74]).
Since the field shift contributes only slightly, if at all
(the contribution certainly is smaller than the resolution
achieved in this analysis), isotope shifts of such a magni-
tude for this transition might indicate that a molecular effect
akin to the specific mass shift in atoms has a significantly
larger magnitude in some diatomic molecules compared to
their constituent atoms. As the specific mass shift originates
from the change in the electron correlation energy as a
result of the change in nuclear mass, molecular systems
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might be more sensitive probes for the study of such effects
than their atomic constituents.
Additionally, although the field shift in the studied

vibrational transition in SnH is consistent with zero, resolv-
ing a nonzero field shift in broadband vibrational transitions
would also probe the electronic wave function, as the
electrons spend less time on average within the nuclear
volume(s) for a higher molecular vibrational energy. By
tracing the evolution of the field-shift factor across tran-
sitions between states with high vibrational quantum
numbers as well as overtone transitions (jδνj > 1), the
nuclear-electronic temporal overlap can also be studied.
Understanding how the isotope-shift factors scale with

the rotational (and vibrational, although not explicitly
demonstrated in this work) quantum numbers is also of
importance for mass-independent, multi-isotopomer stud-
ies for astrophysics. The detection of signatures of pure-
rotational transitions in diatomic molecules has been
recognized as a more powerful pathway to identify the
isotopic composition of astrophysical environments com-
pared to x-ray and γ-ray spectroscopy [75]. However, for
isotopomers containing short-lived radioactive atoms, the
laboratory measurement of the rotational transition energies
can be difficult, as it requires the development of equipment
in specialized facilities that is not yet in place. Therefore, a
mass-independent, multi-isotopomer analysis of the stable
isotopomers of the molecules can be employed to allow for
the transition frequencies in the radioactive isotopomers to
be extrapolated from those in the stable ones (for example,
see Ref. [76]). In such an analysis, the field- and mass-
related parameters fkl and δkl introduced in the Dunham
expansion [Eq. (9)] are assumed to be independent of ν and J
for a given electronic state; that is, all vibrational and
rotational transitions within a given electronic state are
characterized by the same set of fkl and δkl. The results of
this work, however, demonstrate that this assumption is not
fully realistic, since the field- andmass-shift factorsΨ andΞ,
which are linked tofkl and δkl as per Eq. (16), can be strongly
dependent on ν and J. While extending the molecular King-
plot analysis to pure-rotational transitions in diatomic mol-
ecules is beyond the scope of thiswork, further developments
in this direction could therefore benefit the multi-isotopomer
analysis for nuclear astrophysics.
To the knowledge of the authors, such molecular-

structure information is not easily accessible by other
techniques. The molecular King-plot analysis, as demon-
strated in this work, opens a path for the study of new
observables in molecular physics with laser spectroscopy.
Importantly, laser-spectroscopic experiments on molecules
have also been successful, as in the case of RaF [28,29],
with ultra-high-sensitivity experiments, such as the collin-
ear resonance ionization spectroscopy beamline, which is
optimized to study species that remain bound for down to
5 ms [77] and rare species with production rates as low as a
few tens per second [78]. Therefore, field- and mass-shift
studies can also be performed in weakly bound diatomic

molecules, molecules containing short-lived radioactive
nuclides, or molecular beams of low purity, making the
approach versatile.

V. CONCLUSIONS

In the present work, an isotope-shift expression for
diatomic molecules that is linear with respect to the change
in the nuclear charge radii δhr2iA0;A00

is used in a King-plot
analysis in combination with isotope-shift measurements
in ionic atoms. Such an approach can be used to extract
δhr2iA0;A00

from molecular isotope shifts using known
isotope shifts and isotope-shift factors in atomic transitions,
or to study aspects of the molecular wave function.
To demonstrate the validity of the expression, a King-

plot analysis of isotope shifts in the electronic spectra
of 170–174;176YbF [48] is performed in combination with
isotope-shift measurements in the 369.4-nm transition
in Ybþ [49]. The isotope shifts in both the fitted A2Π1=2

ðν ¼ 0Þ T0 parameters of 170–174;176YbF as well as the
OP12ð3Þ (F0 ¼ 2, F00 ¼ 2) and OP12ð9Þ (F0 ¼ 8, F00 ¼ 9)
branch features of the A2Π1=2 ðν ¼ 0Þ ← X2Σþ ðν ¼ 0Þ
transition of the isotopomers containing the even-A Yb
isotopes are analyzed.
The King-plot analysis is used to compare the values of

δhr2iA0;A00
extracted from the spectroscopy of YbF with

those extracted using Ybþ. The agreement between the
molecular- and atomic-extracted values is excellent, dem-
onstrating that a King-plot analysis of optical molecular
isotope shifts can be used with accuracy. The agreement in
δhr2iA0;A00

extracted both from the term energy as well as
two P-branch features indicates that both low- and high-
resolution laser spectroscopy of molecules could be used
for measurements of δhr2iA0;A00

.
Similarly, the analysis of optical isotope shifts in P- and

R-branch rotational lines in the C1Σþ − X1Σþ transition in
ZrO with isotope shifts in the 327-nm transition in Zrþ also
yields consistent values of δhr2iA0;A00

. Additionally, the
difference in the isotope-shift factors between the P- and
R-branch transitions for J ¼ 1 and J ¼ 20 reveals a
quantum-number dependence on the change in the field
and mass shift across rotational transitions. As a result, the
King-plot method could be used to gain insights into
molecular structure through a detailed study of the evolu-
tion of the isotope-shift factors as a function of the
molecular quantum numbers.
Lastly, isotope-shift measurements of the Pð2.5Þ1←0

rovibrational transition in the electronic ground state
X2Π1=2 for the stable isotopomers of SnH [58] using
infrared spectroscopy are analyzed in combination with
values for the changes in mean-squared nuclear charge radii
from nonoptical techniques [59]. The extracted field shift
for this vibrational transition is consistent with zero,
indicating that the transition is not sensitive to the nuclear
volumewithin the achieved resolution. While this transition
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would therefore not be useful for the measurement of
nuclear charge radii, this observation provides information
on the change in the electronic wave function in a transition
that does not involve a change in electronic state. To the
knowledge of the authors, such information is not exper-
imentally accessible via other methods.
The results of the current work can lead to experimental

progress in nuclear-structure research by contributing to the
study of nuclei with refractory and reactive atoms at thick-
ISOL facilities, which are important for the study of unique
nuclear phenomena and their role in the nuclear charge
radius, while the systematic analysis of isotope-shift factors
across many transitions in a molecule could be used to
extract molecular-structure information that is not acces-
sible by other methods.
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H. C. Schewe, N. Walter, J. Pérez-Ríos, B. G. Sartakov, and
G. Meijer, Spectroscopic Characterization of Aluminum
Monofluoride with Relevance to Laser Cooling and Trap-
ping, Phys. Rev. A 100, 052513 (2019).

[33] N. H. Pilgram, A. Jadbabaie, Y. Zeng, N. R. Hutzler, and
T. C. Steimle, Fine and Hyperfine Interactions in 171YbOH
and 173YbOH, J. Chem. Phys. 154, 244309 (2021).

[34] A. H. M. Ross, R. S. Eng, and H. Kildal, Heterodyne
Measurements of 12C8O, 13C16O, and 13C18O Laser Frequen-
cies; Mass Dependence of Dunham Coefficients, Opt.
Commun. 12, 433 (1974).

[35] J. K. G. Watson, The Isotope Dependence of Diatomic
Dunham Coefficients, J. Mol. Spectrosc. 80, 411 (1980).

[36] H. Knöckel and E. Tiemann, Isotopic Field Shift in the
Transition A0þþ − X1Σþ of PbS, Chem. Phys. 68, 13
(1982).

[37] H. Knöckel and E. Tiemann, Isotope shift of the transition
A0þþ − X1Σþ of PbO, Chem. Phys. Lett. 104, 83 (1984).

[38] H. Knöckel, T. Kröckertskothen, and E. Tiemann, Molecu-
lar-Beam-Laser Studies of the States X1Σþ and A0þ of PbS,
Chem. Phys. 93, 349 (1985).

[39] J. L. Dunham, The Energy Levels of a Rotating Vibrator,
Phys. Rev. 41, 721 (1932).

[40] Not to be confused with the spherical tensors that are
typically represented by the same symbol.

[41] G. Herzberg, Molecular Spectra and Molecular Structure
(D. Van Nostrand, Princeton, 1945).

[42] S. Knecht and T. Saue, Nuclear Size Effects in Rotational
Spectra: A Tale with a Twist, Chem. Phys. 401, 103
(2012).

[43] A. Almoukhalalati, A. Shee, and T. Saue, Nuclear Size
Effects in Vibrational Spectra, Phys. Chem. Chem. Phys.
18, 15406 (2016).

[44] J. Schlembach and E. Tiemann, Isotopic Field Shift of the
Rotational Energy of the Pb-Chalcogenides and Tl-Halides,
Chem. Phys. 68, 21 (1982).

[45] R. J. Le Roy, Improved Parameterization for Combined
Isotopomer Analysis of Diatomic Spectra and Its Applica-
tion to HF and DF, J. Mol. Spectrosc. 194, 189 (1999).

[46] B. Cheal, T. E. Cocolios, and S. Fritzsche, Laser Spectros-
copy of Radioactive Isotopes: Role and Limitations of
Accurate Isotope-Shift Calculations, Phys. Rev. A 86,
042501 (2012).

[47] B. Ohayon, R. F. Garcia Ruiz, Z. H. Sun, G. Hagen, T.
Papenbrock, and B. K. Sahoo, Nuclear Charge Radii of
Na Isotopes: Interplay of Atomic and Nuclear Theory,
Phys. Rev. C 105, L031305 (2022).

[48] T. C. Steimle, T. Ma, and C. Linton, The Hyperfine
Interaction in the A2Π1=2 and X2Σþ States of Ytterbium
Monofluoride, J. Chem. Phys. 127, 234316 (2007).

[49] A.-M. Mårtensson-Pendrill, D. S. Gough, and P. Hannaford,
Isotope Shifts and Hyperfine Structure in the 369.4-nm
6s-6p1=2 Resonance Line of Singly Ionized Ytterbium,
Phys. Rev. A 49, 3351 (1994).

[50] B. E. Sauer, J. Wang, and E. A. Hinds, Laser-rf Double
Resonance Spectroscopy of 174YbF in the X2Σþ State: Spin-
Rotation, Hyperfine Interactions, and the Electric Dipole
Moment, J. Chem. Phys. 105, 7412 (1996).

[51] T. C. Steimle, T. Ma, and C. Linton, The Hyperfine
Interaction in the A2Π1=2 and X2Σþ States of Ytterbium
Monofluoride, J. Chem. Phys. 127, 234316 (2007); 128,
209903(E) (2008).

[52] M. Wang, W. J. Huang, F. G. Kondev, G. Audi, and S.
Naimi, The AME 2020 Atomic Mass Evaluation (II). Tables,
Graphs and References*, Chin. Phys. C 45, 030003 (2021).

[53] The mean-squared nuclear charge radii in Ref. [49] are given
with respect to 176Yb. There is a disagreement between the
values of the mean-squared charge radii in Ref. [49] and
Refs. [54,55]. An explanation for the discrepancy can be
found in Ref. [49]. The disagreement between the results of
the two works falls beyond the scope of the present work, as
the linearity of the molecular isotope shift would be valid for
any choice of isotope-shift factors for Ybþ.

[54] D. L. Clark, M. E. Cage, D. A. Lewis, and G.W. Greenlees,
Optical Isotopic Shifts and Hyperfine Splittings for Yb,
Phys. Rev. A 20, 239 (1979).

[55] I. Angeli and K. P. Marinova, Table of Experimental
Nuclear Ground State Charge Radii: An Update, At. Data
Nucl. Data Tables 99, 69 (2013).

[56] B. Simard, S. A. Mitchell, M. R. Humphries, and P. A.
Hackett, High-Resolution Spectroscopy and Photophysics
of Refractory Molecules at Low Temperature: The C1Σþ −
X1Σþ system of ZrO, J. Mol. Spectrosc. 129, 186 (1988).

[57] P. Campbell, H. L. Thayer, J. Billowes, P. Dendooven, K. T.
Flanagan, D. H. Forest, J. A. R. Griffith, J. Huikari, A.
Jokinen, R. Moore, A. Nieminen, G. Tungate, S.
Zemlyanoi, and J. Äystö, Laser Spectroscopy of Cooled
Zirconium Fission Fragments, Phys. Rev. Lett. 89, 082501
(2002).

[58] U. Simon, M. Petri, W. Zimmermann, and W. Urban,
Infrared Diode-Laser Spectroscopy of the Ground State
of SnH (X2Π1=2), Mol. Phys. 71, 1163 (1990).

[59] G. Fricke and K. Heilig, Nuclear Charge Radii, 50-Sn Tin:
Datasheet from Landolt-Börnstein—Group I Elementary
Particles, Nuclei and Atoms, Vol. 20, Nuclear Charge Radii,
10.1007/10856314_52.

MICHAIL ATHANASAKIS-KAKLAMANAKIS et al. PHYS. REV. X 13, 011015 (2023)

011015-16

https://doi.org/10.1103/PhysRevC.102.051303
https://doi.org/10.1038/s41567-022-01715-8
https://doi.org/10.1016/j.nimb.2008.05.152
https://doi.org/10.1016/j.nimb.2008.05.152
https://doi.org/10.1038/s41586-020-2299-4
https://doi.org/10.1103/PhysRevLett.127.033001
https://doi.org/10.1103/PhysRevA.100.052513
https://doi.org/10.1063/5.0055293
https://doi.org/10.1016/0030-4018(74)90139-4
https://doi.org/10.1016/0030-4018(74)90139-4
https://doi.org/10.1016/0022-2852(80)90152-6
https://doi.org/10.1016/0301-0104(82)85076-3
https://doi.org/10.1016/0301-0104(82)85076-3
https://doi.org/10.1016/0009-2614(84)85309-9
https://doi.org/10.1016/0301-0104(85)80031-8
https://doi.org/10.1103/PhysRev.41.721
https://doi.org/10.1016/j.chemphys.2011.10.030
https://doi.org/10.1016/j.chemphys.2011.10.030
https://doi.org/10.1039/C6CP01913G
https://doi.org/10.1039/C6CP01913G
https://doi.org/10.1016/0301-0104(82)85077-5
https://doi.org/10.1006/jmsp.1998.7786
https://doi.org/10.1103/PhysRevA.86.042501
https://doi.org/10.1103/PhysRevA.86.042501
https://doi.org/10.1103/PhysRevC.105.L031305
https://doi.org/10.1063/1.2820788
https://doi.org/10.1103/PhysRevA.49.3351
https://doi.org/10.1063/1.472569
https://doi.org/10.1063/1.2820788
https://doi.org/10.1063/1.2920485
https://doi.org/10.1063/1.2920485
https://doi.org/10.1088/1674-1137/abddaf
https://doi.org/10.1103/PhysRevA.20.239
https://doi.org/10.1016/j.adt.2011.12.006
https://doi.org/10.1016/j.adt.2011.12.006
https://doi.org/10.1016/0022-2852(88)90269-X
https://doi.org/10.1103/PhysRevLett.89.082501
https://doi.org/10.1103/PhysRevLett.89.082501
https://doi.org/10.1080/00268979000102401
https://doi.org/10.1007/10856314_52


[60] In such cases, the uncertainty in the extracted δhr2iA0;A00
will

probably be greater than the error bars for T0 in Sec. III,
as the T0 values used in the present analysis are extracted
from a statistical fit involving high-resolution optical
measurements.

[61] Y. Blumenfeld, T. Nilsson, and P. Van Duppen, Facilities
and Methods for Radioactive Ion Beam Production,
Phys. Scr. T152, 014023 (2013).

[62] M. J. G. Borge and B. Jonson, ISOLDE Past, Present and
Future, J. Phys. G 44, 044011 (2017).

[63] R. Neugart, J. Billowes, M. L. Bissell, K. Blaum, B. Cheal,
K. T. Flanagan, G. Neyens, W. Nörtershäuser, and D. T.
Yordanov, Collinear Laser Spectroscopy at ISOLDE: New
Methods and Highlights, J. Phys. G 44, 064002 (2017).

[64] B. A. Marsh et al., New Developments of the In-Source
Spectroscopy Method at RILIS/ISOLDE, Nucl. Instrum.
Methods Phys. Res., Sect. B 317, 550 (2013).

[65] R. Heinke, T. Kron, S. Raeder, T. Reich, P. Schönberg, M.
Trümper, C. Weichhold, and K. Wendt, High-Resolution In-
Source Laser Spectroscopy in Perpendicular Geometry,
Hyperfine Interact. 238, 6 (2017).

[66] I. Pohjalainen, I. D. Moore, T. Kron, S. Raeder, V.
Sonnenschein, H. Tomita, N. Trautmann, A. Voss, and K.
Wendt, In-Gas-Cell Laser Ionization Studies of Plutonium
Isotopes at IGISOL, Nucl. Instrum. Methods Phys. Res.,
Sect. B 376, 233 (2016).

[67] J. Ballof, C. Seiffert, B. Crepieux, C. E. Düllmann, M.
Delonca, M. Gai, A. Gottberg, T. Kröll, R. Lica, M.
Madurga Flores, Y. Martinez Palenzuela, T. M.
Mendonca, M. Owen, J. P. Ramos, S. Rothe, T. Stora,
O. Tengblad, and F. Wienholtz, Radioactive Boron Beams
Produced by Isotope Online Mass Separation at CERN-
ISOLDE, Eur. Phys. J. A 55, 65 (2019).

[68] U. Köster, P. Carbonez, A. Dorsival, J. Dvorak, R. Eichler,
S. Fernandes, H. Frånberg, J. Neuhausen, Z. Novackova,

R. Wilfinger, and A. Yakushev, (Im-) Possible ISOL Beams,
Eur. Phys. J. Special Topics 150, 285 (2007).

[69] M. Au and J. Ballof, Molecular Sidebands for Radioactive
Ion Beam Extraction, 10.5281/zenodo.6884293 (2022).

[70] A. V. Oleynichenko, A. Zaitsevskii, L. V. Skripnikov, and E.
Eliav, Relativistic Fock Space Coupled Cluster Method for
Many-Electron Systems: Non-Perturbative Account for
Connected Triple Excitations, Symmetry 12, 1101 (2020).

[71] L. V. Skripnikov, Communication: Theoretical Study of
HfFþ Cation to Search for the T,P-Odd Interactions,
J. Chem. Phys. 147, 021101 (2017).

[72] L. V. Skripnikov, Combined 4-Component and Relativistic
Pseudopotential Study of ThO for the Electron Electric
Dipole Moment Search, J. Chem. Phys. 145, 214301 (2016).

[73] S. O. Allehabi, V. A. Dzuba, and V. V. Flambaum,
Theoretical Study of the Electronic Structure of Hafnium
(Hf, Z ¼ 72) and Rutherfordium (Rf, Z ¼ 104) Atoms
and Their Ions: Energy Levels and Hyperfine-Structure
Constants, Phys. Rev. A 104, 052811 (2021).

[74] C. Gorges et al., Laser Spectroscopy of Neutron-Rich Tin
Isotopes: A Discontinuity in Charge Radii across the N ¼
82 Shell Closure, Phys. Rev. Lett. 122, 192502 (2019).

[75] B. A. McGuire, 2021 Census of Interstellar, Circumstellar,
Extragalactic, Protoplanetary Disk, and Exoplanetary Mol-
ecules, Astrophys. J. Suppl. Ser. 259, 30 (2022).

[76] A. A. Breier, B. Waßmuth, G. W. Fuchs, J. Gauss, and T. F.
Giesen, Mass-Independent Analysis of the Stable Isotopo-
logues of Gas-Phase Titanium Monoxide TiO, J. Mol.
Spectrosc. 355, 46 (2019).

[77] G. J. Farooq-Smith et al., Laser and Decay Spectroscopy of
the Short-Lived Isotope 214Fr in the Vicinity of the N ¼ 126
Shell Closure, Phys. Rev. C 94, 054305 (2016).

[78] R. P. de Groote et al., Dipole and Quadrupole Moments of
73–78Cu as a Test of the Robustness of the Z ¼ 28 Shell
Closure near 78Ni, Phys. Rev. C 96, 041302(R) (2017).

KING-PLOT ANALYSIS OF ISOTOPE SHIFTS IN SIMPLE … PHYS. REV. X 13, 011015 (2023)

011015-17

https://doi.org/10.1088/0031-8949/2013/T152/014023
https://doi.org/10.1088/1361-6471/aa5f03
https://doi.org/10.1088/1361-6471/aa6642
https://doi.org/10.1016/j.nimb.2013.07.070
https://doi.org/10.1016/j.nimb.2013.07.070
https://doi.org/10.1007/s10751-016-1386-2
https://doi.org/10.1016/j.nimb.2016.02.019
https://doi.org/10.1016/j.nimb.2016.02.019
https://doi.org/10.1140/epja/i2019-12719-1
https://doi.org/10.1140/epjst/e2007-00326-1
https://doi.org/10.5281/zenodo.6884293
https://doi.org/10.3390/sym12071101
https://doi.org/10.1063/1.4993622
https://doi.org/10.1063/1.4968229
https://doi.org/10.1103/PhysRevA.104.052811
https://doi.org/10.1103/PhysRevLett.122.192502
https://doi.org/10.3847/1538-4365/ac2a48
https://doi.org/10.1016/j.jms.2018.11.006
https://doi.org/10.1016/j.jms.2018.11.006
https://doi.org/10.1103/PhysRevC.94.054305
https://doi.org/10.1103/PhysRevC.96.041302

