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For over 80 years of research, the conventional description of free-electron radiation phenomena, such as
Cherenkov radiation, has remained unchanged: classical three-dimensional electromagnetic waves.
Interestingly, in reduced dimensionality, the properties of free-electron radiation are predicted to
fundamentally change. Here, we present the first observation of Cherenkov surface waves, wherein free
electrons emit narrow-bandwidth photonic quasiparticles propagating in two dimensions. The low
dimensionality and narrow bandwidth of the effect enable us to identify quantized emission events
through electron energy loss spectroscopy. Our results support the recent theoretical prediction that free
electrons do not always emit classical light and can instead become entangled with the photons they emit.
The two-dimensional Cherenkov interaction achieves quantum coupling strengths over 2 orders of
magnitude larger than ever reported, reaching the single-electron—single-photon interaction regime for the
first time with free electrons. Our findings pave the way to previously unexplored phenomena in free-
electron quantum optics, facilitating bright, free-electron-based quantum emitters of heralded Fock states.

DOI: 10.1103/PhysRevX.13.011002

I. INTRODUCTION

Interactions between free electrons and light are of
prime importance for fundamental science, applications,
and future technology. Examples include Compton
scattering, which is utilized in radiation therapy and
spectroscopy [1]; photon-induced near-field electron
microscopy (PINEM), which exposes femtosecond physi-
cal phenomena at the nanoscale [2-4]; dielectric laser
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accelerators, which enable chip-scale particle acceleration
schemes [5-7]; and cathodoluminescence, which provides
powerful microscopy capabilities and facilitates novel
nanophotonic light sources [8—12].

Cherenkov radiation (CR) is a well-known effect in this
family of interactions, first discovered in 1934 [13,14] from
a charged particle surpassing the phase velocity of light in a
medium and emitting an electromagnetic shock wave (often
seen as a bluish glow). This discovery was the first instance
of a wider concept of spontaneous emission as a result of an
extended phase matching between the free electron and the
emitted light. This general concept requires the particle
velocity to match the phase velocity of light along the
particle’s propagation direction, defining a characteristic
emission angle as a function of the particle velocity, when
greater than the phase velocity of light.

Today, the term Cherenkov effect is widely used to
describe a variety of phenomena that arise from extended
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phase matching between free charged particles and photons
in amyriad of materials. CR-type effects have been proposed
and observed in a wealth of artificially engineered materials
in which the phase velocity of light can be flexibly tailored
[15,16], e.g., photonic crystals [17,18], hyperbolic media
[19], gain media [20], and negative-index metamaterials
[21-23]. Types of CR were also examined for charged
particles traveling in close proximity to a material [24,25].
While research in CR led to a rapid succession of theoretical
and experimental discoveries spawning many applications
[15,26-30], it is still usually observed as a classical wave
phenomenon occurring in 3D geometries.

Interestingly, free-electron—light interactions change
dramatically with dimensionality, as was extensively
explored theoretically [31-35]. At the heart of any light-
matter interaction of a free electron lies the same interaction
Hamiltonian, which has the form of a scalar product of the
electron momentum and the emitted light field. The scalar
product poses a strict limit on the polarization of all
electron radiation phenomena—the emitted field must have
a polarization component parallel to the electron velocity.
Consequently, in 3D, the transverse nature of propagating
waves in the optical range constrains the radiation to be
emitted sideways (so their polarization can be parallel to the
electron momentum). This is why Smith-Purcell-type and
CR-type effects in 3D (3D CR) have the radiation emitted

Time domain

in cones. In contrast, it was predicted that CR into surface
waves (2D CR) propagates primarily parallel to the electron
trajectory [9,34-39] (Fig. 1), due to the longitudinal nature
of these waves in the optical range. This phenomenon
bypasses the polarization limit that arises from the inter-
action Hamiltonian.

The effect of 2D CR was initially predicted in the form of
surface plasmon polariton (SPP) modes, also known as
Cherenkov-Landau surface shock waves [36,37]. The key
to this prediction is the propagating nature of SPPs,
enabling them to maintain an extended phase matching
with the charged particle when it moves parallel to the
surface with velocity surpassing the SPP phase velocity. In
other cases, SPPs emitted via the extended phase-matched
coupling can, in turn, couple out to free space photons and
become 3D CR, as predicted in Refs. [38,39]. In any
dimensionality, the radiation angle 6 (relative to the
particle’s trajectory) satisfies cos @ = v,(w)/v,, where v,
is the charged particle velocity and v,(w) is the phase
velocity of the wave, derived from its dispersion relation
and depending on the frequency w. The dispersion of
surface waves causes 2D CR to exhibit an intense narrow
spectrum, in sharp contrast to the conventional broadband
nature of 3D CR [Fig. 1(e)].

The unique features of 2D CR make it a promising
platform to achieve a versatile, tunable, and ultrafast
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FIG. 1. 3D vs 2D CR: emphasizing their fundamentally different features. (a),(b) Illustration of 3D CR. The radiation is emitted in a set
of wave vectors (k3pcr) Which form a cone (a ring cross section) around the direction of electron velocity, with zero intensity at the

direction of motion. (c),(d) Illustration of 2D CR. The radiation is emitted in a set of wave vectors (l?m cr) along the 2D surface, with
peak intensity at the electron’s direction of motion (shown in the cross section by the peak intensity near the surface). (e) Schematic
comparison of 3D CR and 2D CR spectra. Since the dispersion of conventional materials is relatively small and isotropic, the 3D CR
spectrum is broad and peaks at a frequency higher than the Cherenkov threshold. In contrast, the 2D CR spectrum is narrow, peaks at the
Cherenkov threshold, and decays sharply for large frequencies. (f)—(i) Comparison between the electric field profiles in 3D CR and 2D
CR for selected wavelengths brought as examples of the frequency dependence [corresponding to the points in (e)]. These panels
highlight the dispersive emission angle of 2D CR versus the nondispersive emission angle of 3D CR. 4 [in (f) and (d)] and ¢, and ¢, [in

(h) and (f)] are the angles between the electron trajectory and the direction of electromagnetic wave emission, k3pcr and krpcr,
respectively.
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conversion mechanism from electrical signal to plasmonic
excitations [34,40]. Recent studies observed analogs of 2D
CR in metasurfaces and other nanophotonic systems using
an electromagnetic wave that replaced the emitting charged
particle by a mathematical counterpart [41,42]. However,
no experiment thus far has ever reported the observation of
2D CR by free electrons or by any charged particle.
Therefore, none of the unique features emanating from
the 2D nature of the emission has been observed.

Here, we present the first observation of 2D CR by free
electrons. We use dispersion engineering of a metal-
dielectric multilayered nanostructure to create 2D waves
with phase velocities that match to the velocities of the
electrons and, thus, fulfill the required extended phase
matching. The 2D waves are the hybridization of an SPP (at
the interface of Au-Si0O,) with a waveguide photonic mode
(S10,-Si3Ny-vacuum). The resulting dispersion satisfies
extended phase matching over a wide range of electron
kinetic energies (93-200 keV). This way, we achieve

record-high emission rates and the unique spectral features
associated with 2D CR. We utilize this enhanced inter-
action to provide an experimental support for a recent
paradigm shift, predicting the entanglement of the electrons
with the wave they emit [43].

The radiation in every optical environment that is created
by free or bound electrons, including all CR effects, can be
conveyed in the language of photonic quasiparticles
(PQPs) [44]. The emitted PQP can be either a photon in
a 3D dielectric medium [13,14,17,18], a polariton in a 2D
material [34,45,46], a surface plasmon polariton on an
interface between materials [47,48], or a phonon polariton
in a crystalline solid [49], etc. All these are forms of
propagating PQPs, defined by a relatively long lifetime
(longer than the cycle of the PQP) and long spatial extent
(longer than the wavelength of the PQP). Their propagating
nature enables them to satisfy extended phase matching with
the emitting electron, thus becoming part of a Cherenkov-
type process. Other types of PQPs such as bulk plasmons
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FIG. 2. The experimental setup for the 2D CR measurement. (a) Schematics of a free electron traveling above our metal-dielectric
multilayer structure emitting 2D CR. The YZ cross section of the radiated electric field (z component) is presented, highlighting its
copropagation with the electron. The schematic represents the emission of a single quanta of PQP (exemplified by the Feynman
diagrams of one-photon emission), which is part of the joint electron-photon quantum state. Higher-order processes are also possible as
shown in the other Feynman diagrams. (b) Cross-section image of the metal-dielectric multilayer structure. Layers are presented in
different colors according to an energy-dispersive x-ray (EDX) spectroscopy measurement (see Appendix A). (c),(d) The field
distribution of the PQP created by 2D CR through its XY (c) and XZ (d) cross sections. To maximize the overlap with the free electron,
the sample is engineered to support a confined (c) PQP with a large field distribution in its evanescent tail that extends out of the structure
(d). (e) Mustration of the experiment, wherein an electron beam propagates parallel to the sample surface and emits multiple quanta of
PQPs. The emission events are imprinted on the electron energy spectrum as discretized energy loss events measured in the EELS. The
inset shows a characteristic EELS measurement, featuring three 2D CR peaks beyond the zero-loss peak. The distance between the
electron beam centroid to the sample surface is the impact parameter.
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and surface plasmons [50-58] are nonpropagating (due to a
below-cycle lifetime or spatial extent) and, thus, cannot take
part in Cherenkov-type processes. Hereinafter, we focus on
the propagating PQPs.

II. EXPERIMENTAL SETTINGS

Obtaining 2D CR requires a careful design of the
PQP’s dispersion such that it is phase matched with the
moving electron over a distance of multiple wavelengths.
We utilize a metal-dielectric multilayer structure [Au-SiO,-
Si3Ny, Fig. 2(b)] supporting hybrid photonic-plasmonic
modes [59,60] whose dispersion can be carefully tuned by
the system’s geometry [61,62]. Hence, we design such a
structure [Figs. 2(a)-2(d)] to match the phase velocity of the
PQPs to the electron velocity in a transmission electron
microscope (TEM)—providing the ability to achieve the
Cherenkov condition over a range of PQP energies (2.083—
2.295 eV) and electron kinetic energies (93-200 keV).
Another advantage of this structure is that, despite its
PQPs being confined to the surface, they have much of their
energy in the evanescent tail that is extended relatively far to
the vacuum where the electrons are passing, leading to
enhancement of the interaction efficiency [Figs. 2(c) and
2(d)].

Our experimental setup, shown in Fig. 2(e), includes a
highly directional electron beam in grazing angle condi-
tions, positioned at a distance (impact parameter) of tens of
nanometers from the surface and sustained along tens to
hundreds of microns (see Ref. [63] and Appendix A). This
setup allows us to control several degrees of freedom that
affect the 2D CR. By varying the electron kinetic energy,
the energy of the emitted PQP is tuned, while varying the
impact parameter and interaction length [Fig. 2(e)] affects
the emission probability (the coupling strength) between
the electron and the PQPs. These properties are then
inferred from electron energy loss spectroscopy (EELS).
Energy shifts as small as approximately 10 meV can be
identified (see Appendix A).

III. RESULTS

Figure 3(a) presents the first EELS peak, showing that it
redshifts for higher electron velocities, as expected from the
CR extended phase-matching theory. This redshift has
never appeared in previous EELS measurements, since
all EELS experiments so far did not include extended
phased-matched interactions. The EELS arising from
interactions with nonpropagating PQPs is mostly indepen-
dent of the electron velocity (though slighter blueshifts can
occur for higher electron velocities due to a frequency
dependence of the electron coupling strength to optical
excitations).

In Fig. 3(b), we show how the 2D CR theory predicts the
locations of the first EELS peak in every measurement.
Each peak emission frequency can be approximately

determined by the intersection point of a line with slope
equal to the electron velocity with the PQP dispersion
(Fig. 6). This intersection explains the observed redshift of
the emitted PQP with increasing electron energy. Had the
electron interacted with only nonpropagating surface or
bulk plasmons, as in previous EELS experiments that also
show multiple emission events, e.g., Refs. [50-58,65,66],
the EELS peaks would not have been altered as a function
of the electron velocity, and the spectral redshift could not
have been observed.

Apart from the specific spectral peak locations, the
2D CR theory (Supplemental Material, Note 1 [64]) also
matches the spectral shape of the measured peak [Fig. 3(c)].
Notably, the asymmetric profile is a hallmark of 2D CR
into lossy PQPs [34]. The excellent agreement between
the theory and experiment enables us to more precisely
determine the experimental parameters, since the spectral
profile of 2D CR is highly sensitive to the impact parameter
with a 10-nm accuracy.

IV. THE QUANTUM PHOTONIC
NATURE OF 2D CR

The spontaneous emission process observed here as 2D
CR provides insights on the quantum nature of free-
electron radiation arising from the photonic description
of the light itself. This contrasts with quantum effects
arising from the wave nature of the electron that are
revealed in stimulated emission and absorption processes,
such as previously observed in inverse CR [63] and inverse-
Smith—Purcell [67]. The quantum photonic nature of
free-electron radiation has recently been under intense
theoretical investigation [43,68-75]. The CR effect, like
any other form of free-electron radiation, was surmised to
be an emission process of classical light [9,43,73-75] (i.e.,
a Glauber coherent state in the quantum optics nomencla-
ture). Recent theoretical advances [43,68-75] create a
paradigm shift in the understanding of spontaneous emis-
sion from free electrons: Only an electron with a (coher-
ently) wide energy uncertainty could emit classical light.
An electron with energy uncertainty narrower than the
energy of its emitted photons should become entangled
with these photons [43,73-75].

Our results provide experimental evidence in support of
this new paradigm, by having a narrow-enough electron
energy uncertainty. Thus, each electron becomes in an
entangled state with the PQPs it emits, which enables
measuring the emission properties—both spectral shape
and number of emission events—from the electron energy
loss. This quantized nature is found in some of our EELS
measurements, exhibiting multiple loss peaks with a
separation of hw,, where @, is the peak frequency of
the PQP [Figs. 4(a) and 4(b)]. Each energy loss peak
represents an emission of an integer number of PQPs. For
comparison, for the electron to emit classical light (or
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FIG. 3. First observation of 2D CR: satisfying the Cherenkov extended phase-matching condition. (a) The first EELS peak of each
measurement (solid black line) for electrons grazing the multilayer structure. Increasing the electron energy results in a redshift of the
peak, a signature of 2D CR. The shifting peak stands in contrast to EELS of common nonpropagating surface plasmon resonances,
which remain constant when changing the electron energy (light green). The inset presents a characteristic raw measurement.
(b) Comparison of experiment and theory. The measured peak energies from (a) (blue diamonds) are compared to theory of 2D CR into
PQPs (red; see calculation in Supplemental Material, Note 1 [64]) and to the excitation of nonpropagating surface plasmon (SP)
mode (dashed green line). Only the former shows agreement with our measurements. (c) Analysis of the EELS peak shape of 2D CR:
comparison of theory and experiment. The first EELS peak is shown for a range of impact parameters, exhibiting the hallmark
asymmetrical profile of the 2D CR emission spectrum, similar to Fig. 1(e). The spectrum has its peak at the Cherenkov threshold, a
feature of 2D CR that differs substantially from the case of 3D CR. The good match of the simulated peak shape and location (colored solid
lines) with the measured data (red circles) provides additional evidence for our observation of 2D CR and allows extraction of the effective
impact parameter of the electron beam centroid with 10 nm accuracy. The inset shows an enlargement, which provides a more precise
estimate of small changes in the impact parameter. The upward slope at the right edge of the spectrum arises from the second EELS peak.

classical 2D CR), its energy uncertainty must be wider, as
shown in Fig. 4(c).

Figure 4(c) explains the transition from classical
state to entangled state of the free-electron radiation when
reducing the electron’s energy uncertainty. The bottom row
in Fig. 4(c) shows that the photonic density matrix of light
emitted by an electron with a wide energy uncertainty can
approach a Glauber coherent state, i.e., classical light. The
emission of classical light further requires the electron
temporal duration to be shorter than the emitted field cycle
(which, given the wide energy uncertainty, is possible but
not necessary). This condition is commonly occurring for
radiation in the radio-frequency and microwave regimes,
where the field cycle is long. However, this logic cannot be
easily extended to the optical regime. Indeed, this condition
is violated in our experiment, and, in fact, we expect it to be

similarly violated in almost all electron radiation experi-
ments in the optical regime (and in higher frequencies such
as x rays).

The measured EELS [Figs. 4(a) and 4(b)] closely
resemble the top row in Fig. 4(c). There, the photonic
density matrix of light contains near-zero off-diagonal
terms, implying that the photons are in a nearly fully
entangled state with the electron. Therefore, the EELS
measurement provides indirect evidence showing that the
CR process causes electrons to become in an entangled
state with the PQPs they emit (as predicted very recently
in Ref. [43]). It is important to note that the theory
supporting our analysis is derived by a few recent studies
that create a paradigm shift of how we understand the
quantum nature of free-electron—photon interactions
[43,73-75]. Our measurement is the first to provide
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FIG. 4. Measurement of quantized radiation by free electrons: high-order emission of multiple photonic quasiparticles. (a),(b) EELS
measurements of 200 keV electrons (blue circles) for two different impact parameters and effective interaction lengths reveal the
quantized photonic nature of 2D CR by showing multiple peaks equally separated by the PQP energy. The suggested model [solid red
curve, Eq. (2)] follows the recorded data precisely and allows the extraction of various parameters: (i) the total probability to emit zero,
one, two, or three PQP (shown in the inset)—this probability follows a Poisson distribution according to the Feynman diagrams in
(a) that include multiple emission and reabsorption events in each multiphoton emission process—(ii) a fairly substantial quantum
coupling strength [gq,| = /2 with 1 being the Poisson distribution parameter; (iii) the ratio between the electrons that do and do not
interact (red and black filling of the ZLP peak, respectively). No features are observed in the gain side of the spectra. (c) Theoretical
analysis of the joint electron-PQP state, showing conditions for the emitted photons to be in an entangled state with the emitting electron
and how they depend on the electron (coherent) energy uncertainty. EELS (left column) and the corresponding photonic density matrix
in the Fock basis (for the peak frequency; right column) are simulated for different values of electron energy uncertainty using
|gqu|? = 1, to resemble the case in (a). Each EELS is found by tracing out the photonic part of the joint density matrix, whereas each
photonic density matrix is found by tracing out the electron part. The top row shows the case of an electron energy uncertainty narrower
than the photon energy that creates a maximally entangled electron-PQP state. The bottom row shows the case of an electron energy
uncertainty much wider than the photon energy, which can represent a short-duration electron pulse that creates a separable electron-
PQP state with a Glauber coherent (classical) PQP state. See Supplemental Material [64] and Appendix A for additional details
regarding the quantum description of the process, parameter extraction, and data analysis. To quantify the degree of entanglement
between the electron and its emitted photons, the von Neuman entropy S is calculated theoretically [76] for each of the above cases. The
maximal possible entropy for the case of go, = 1is 1.3048, and for AE' = 0.5%w, we reach an entropy of 1.3019, which is a signature of
the strong correlations between the electron and the photons—which are close to be in a maximally entangled state (see Supplemental
Material, Note 3.3 [64], for further details).

indirect experimental evidence for this new understanding V. THEORETICAL DESCRIPTION OF THE

by using electron emission into propagating modes. Direct 2D CR QUANTUM PHOTONIC NATURE
evidence for the underlying entanglement requires a .

coincidence measurement between the electron and The EELS measurements presented in Figs. 4(a) and 4(b)
photons. allow to resolve individual PQP emission events. Such

011002-6



OBSERVATION OF 2D CHERENKOV RADIATION

PHYS. REV. X 13, 011002 (2023)

results cannot be reproduced by classical electromagnet-
ism, since it ignores the photonic nature of light. Thus, to
quantify the efficiency of PQP emission, we recall that each
CR process can be described as spontaneous emission by
an electron into photonic vacuum fluctuations that are
phased matched with the electron [44,77]. The quantized
nature of the PQP emission can be captured by a compact
scattering matrix description [78] (see Supplemental
Material, Note 7 [64], for its derivation):

5a explgquba’ — gaulfa], (1)

where b (b") is the electron energy ladder operator that
decreases (increases) the electron energy by a discrete
amount and a (a) is the annihilation (creation) operator of
a PQP; 9Qu is the quantum coupling strength, which is a
dimensionless parameter proportional to /L ge %%, with
X, being the impact parameter, L. the effective interaction
length, and k, the PQP (imaginary) wave vector in the x
direction (further details in Supplemental Material, Note
5 [64]).

The quantum theory of free-electron interaction with
photons [78-81] shown in Eq. (1) can be used to show that
the PQP emission should follow Poisson statistics
(Supplemental Material, Note 3 [64]). The Poisson distri-
bution also appears in different ways in classical processes
to reflect the mean distance (or time) between collision
events. In our case, the Poisson parameter satisfies
A= gQu|2, representing the average amount of emitted
PQP quanta and indicating the quantum interaction strength.
Based on this theory, we construct a model to describe the
distribution of energy loss in our system, combining the 2D
CR spectral density with the Poisson statistics:

= (p e+ (1= i)
Measured EEL signal
L=9(p- X B0+ 0= po)
n=0 :
(2)

where dP/du is the probability density that describes the
EELS following all emission events as a function of the
lost energy u. The probability density to emit n PQP
quanta, f,(u), is constructed from the previous order by
the recursive convolution f,(u) = f,_(u) * fpop(u),
with fpop(u) being the spectral density of the PQP (see
Supplemental Material, Note 1 [64], for its derivation).
fo(u) is the initial energy distribution of the electron
beam, composed of coherent and incoherent contribu-
tions [also called the zero-loss peak (ZLP)], s is the
probability to detect an electron in our setup, and p is
the probability that an electron interacts with the sample

and, hence, is subjected to the Poisson process. This
model involves two fitting parameters: (i) the Poisson
parameter 4, which depends on the exact electron-photon
interaction parameters (electron velocity, impact param-
eter, length of interaction); (ii) the product s - p, which is
related to the experimental settings and detection capa-
bilities (detailed in Table S1 in Supplemental Material,
Note 4 [64]). Equation (2) gives a good fit to the EELS
measurements for the parameters obtained from our
experiment [solid red line and blue dots in Figs. 4(a)
and 4(b), respectively].

VI. EELS AS A METHOD TO QUANTIFY
ELECTRON-PHOTON COUPLING STRENGTH

Figure 5 summarizes multiple EELS measurements with
varying impact parameters and interaction lengths, showing
the quantum coupling strength g, in each case. The
effective interaction length of each spectrum is extracted
from fitting it to theory, showing a good agreement with
the measured values of the maximal interaction length
(see Supplemental Material, Note 5 [64]). The values of
gou range between 0.51 and 0.99, directly implying that
higher-order processes, such as multiphoton emission,
are not negligible in our CR experiment (Supplemental
Material, Note 4 [64]). These gq, values are more than 2
orders of magnitude larger than in previous free-electron
experiments [2,5,6,63,67,81-86] (see comparison in
Supplemental Material, Note 6 [64]). Furthermore, these
results are consistent with an ab initio model that uses
macroscopic quantum electrodynamics [44,77] to cal-
culate the coupling strength (see Supplemental Material,
Note 3 [64]). This model also shows the qualitative
scaling of gq,: linearly dependent on the square root of
the interaction length and exponentially dependent on
the impact parameter.

We emphasize that the quantum coupling strength gg,
can be related to the coupling strength g = gQu\/]v of
stimulated free-electron processes, as in PINEM [3.4],
where N is the number of photons stimulating the process.
because of the large number of photons involved in
stimulated processes (often relying on intense femto-
second lasers), the stimulated g is much bigger and can
quickly exceed unity. In contrast, it is rather hard to reach
an intrinsic gq, of the order of unity.

VII. DISCUSSION: DOES THE ELECTRON
BECOME ENTANGLED WITH A SINGLE- OR
A MULTIMODE PHOTONIC STATE?

The theory in Eq. (1) considers a single-mode descrip-
tion of the PQP, despite its bandwidth that may call for a
multimode quantum-optical theory. The good match with
the experimental results shows that the single-mode
theory is accurate for predicting the EELS amplitudes.
A full analysis of the 2D CR effect should go beyond a
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width, stemming from the fit resolution of the impact parameter [Fig. 3(c)]. All the measurements in this figure are with 200-keV

electrons.

single-mode theory and consider the bandwidth of
the emitted PQPs. Generally, the full quantum state of
PQPs is composed of both (i) emission of multiple PQPs
of different frequencies (e.g., \IPQP’,I,I, 1pQp.w,» IPQPM))
and (ii) emission of Fock states of different orders
(e.g. |3pqp.a)-

As recently described in a theory paper [43], determining
whether the emission is a mixed state or a pure state
depends on the (coherent) energy uncertainty of the
emitting electron. If the electron energy uncertainty is
smaller than the PQP energy bandwidth, then the electron
emits distinguishable PQP states with different frequencies
within the PQP bandwidth [case (i) above]. Therefore,
the resulting joint state contains entanglement between the
electron and a multimode photonic state. In contrast, if the
electron energy uncertainty is much wider than the PQP
energy bandwidth, then the electron emits pure PQPs, each
containing the entire PQP bandwidth [case (ii) above].
Therefore, the resulting joint state contains entanglement
only between the electron and multiple PQP Fock states of
different orders. The coherence of each PQP Fock state in
the latter case can be understood from noting that the
electron cannot distinguish between different modes within
the PQP bandwidth. Consequently, only in this latter case
may the PQP be rigorously considered as a single-mode
photonic state.

To estimate the coherent energy uncertainty of the
electron, we can rely on a recent study that measures it
to be around 0.3 eV at full width at half maximum

(FWHM) for the same electron source that we use,
although in a different TEM system [87,88]. The
bandwidth of the PQP in our experiment is less than
0.2 eV at FWHM. This supports the single-mode treat-
ment in Eq. (1). An additional consideration altering the
resulting photonic state of the PQP is its limited
coherence length, which in our case is approximately
2 pm due to optical losses. Since the coherence length is
an order of magnitude shorter than the interaction length,
the PQPs can be distinguished by their point of creation
along the surface, creating a photonic state akin to case
(i) instead of case (ii), but distinguishable in space rather
than frequency. Drawing a certain conclusion about the
precise quantum state of the multi-PQP emission
requires a more advanced quantum-optical detection,
such as a cathodoluminescence scheme that involves
autocorrelation measurements.

Our analysis shows the prospects of EELS as a novel
technique for measuring the quantum photonic state of
free-electron radiation. As long as the electron energy
uncertainty is narrower than the single-photon energy,
such measurements contain indirect information on both
the diagonal and the off-diagonal elements of the
photonic density matrix, quantifying the entanglement
in the joint electron-photon state. The idea that indirect
measures can provide evidence of entanglement has
been used before for other kinds of interactions (e.g.,
Refs. [89,90]). Such indirect measures for the quantum
nature of the radiation can provide information beyond
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conventional photon counter detectors (as often used for
Cherenkov radiation). Indeed, photon counting would
have failed to identify the difference between the
photonic state in our system and a Glauber coherent
state, because this difference lies outside the diagonal
elements of the photonic density matrix [91] and is
instead hidden in the off-diagonal elements [Fig. 4(c)
right column]. Nevertheless, more work must be done to
provide direct evidence of entanglement between the
electron and the PQPs it emits. This, for example, could
be done by coincidence measurement between the EELS
and a cathodoluminescence detector capturing the emit-
ted PQPs [92-94].

VIII. DISCUSSION: COMPARISON WITH OTHER
MULTIPLE-PEAK EELS MEASUREMENTS

It is insightful to compare our measurements to previous
EELS studies that observe multiple loss peaks [50-58]. In
these studies, the loss peaks emanate during the electron
penetration through the sample or reflection from it,
exciting matter resonances linked with nonpropagating
PQPs (e.g., bulk plasmons). In our case, the electron stays
in vacuum and interacts only through the optical near field.
In terms of electron-PQP entanglement, we can now infer
in hindsight, in light of the recent theoretical advances
[43,73-75] and our analysis here, that these previous
experiments [50-58] also excite multiple PQPs which
are in an entangled state with the electron. The major
difference is that all previous studies create such states with
nonpropagating PQPs, which are usually not considered as
photons due to their short lifetime. In contrast, our work is
the first to excite this behavior with propagating PQPs,
which are often considered for their photonic nature since
they may be coupled out of the sample [95].

Our findings critically depend on the photonic nature of
propagating PQPs. In contrast to propagating PQPs, other
matter excitations that are often measured with EELS
[50-58,65,66], such as bulk and surface plasmons, cannot
realize the Cherenkov effect, because they are lossy,
cannot propagate in the material, and occur at a single-
frequency resonance independent of the electron energy.
The distinction between the propagating PQPs and the
nonpropagating matter excitations can be extracted from
the dielectric constants of the materials composing the
structure in which they propagate. While nonpropagating
matter excitations appear as a single-frequency resonance
at which the dielectric constant is purely imaginary, the
propagating PQPs are guided at the interface between
materials for which the (real parts of the) dielectric
constants are one positive and one negative over a range
of frequencies. This is why it is possible to excite them
over a range of frequencies and use them to realize
phenomena such as CR.

We also compare our measurements to another family
of EELS studies that measure multiple loss peaks (e.g.,
Ref. [12]). In such studies, multiple plasmonic modes can
be simultaneously excited by an electron moving in
vacuum close to nanophotonic structures such as metallic
cones [65,66], triangles [96], and spheres [97,98]. These
measurements differ from our work, as they describe the
excitation of single-photon quanta in multiple modes
rather than multiple-photon quanta in a single mode.
In these studies, the total number of photons is (up to)
one, and the joint electron photon state can be written as a
sum of expressions such as |Ey—hw;), ® |1hw1>ph+

|Ey — hw,), ® |1;,w2>ph + - --. In contrast to these studies,

each electron in our experiment excites multiple quanta of
the same photonic mode. Thus, the joint electron-photon
state can be written as a sum of expressions such
as |Ey — hoy) ® [1p,,) + [Eog — 2h0;) ® [24,) + - -

A signature of this difference is that the EELS peaks in
these previous studies are not equally spaced (since the
modes are not necessarily equally spaced), whereas, in our
experiment, the EELS peaks are equally separated by the
photon energy. The reason that these studies did not yet
observe multiple quanta is the smaller dimension of the
nanophotonic structures, typically comparable to or smaller
than a single wavelength. Thus, the sizes are too small for
the realization of an extended phase matching between the
surface modes and the free electrons.

IX. DISCUSSION: A COMPARISON BETWEEN
BOUND-ELECTRON AND FREE-ELECTRON
INTERACTIONS WITH LIGHT

Equation (1) highlights a major difference between free-
electron spontaneous emission and the spontaneous emis-
sion of bound electron systems like atoms, quantum dots,
and molecules, etc. In the case of a weak coupling in atom-
photon interaction, the rotating wave approximation (RWA)
is commonly used to neglect energy-nonconserving terms.
The RWA breaks in the case of ultrastrong coupling
between the atom and the photon [99]. In contrast, the
case of free-electron—photon interaction is fundamentally
different—the scattering matrix in Eq. (1) is exact and does
not rely on the RWA [78,80].

The difference arises from the nature of free electrons as
opposed to bound electrons. Unlike an excited atom, each
free electron is (i) not limited to specific energy transitions
and (ii) not limited to the emission of a single photon. The
former holds since the electron has a continuum of energy
levels. The latter holds because the electron energy is much
larger than the photon energy (i.e., light emission is a very
small perturbation to the electron). Mathematically, the
difference originates from the commutation relations of
the creation and annihilation operators of the matter part: In
the Jaynes-Cummings model, for example, those operators
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are o, and o_, which do not commute [100]. However, the
ladder operators for a free electron, b" and b, do commute.

Therefore, in this work, despite reaching the single-
electron—single-photon interaction regime, no nonconserv-
ing terms are involved in the interaction. Instead, we are
able to reach such a strong interaction by maintaining an
extended phase-matched interaction. In comparison, such
an extended phase matching is not practical in atomic
physics, because the velocity of atoms is usually too far
below the phase velocity of light.

X. DISCUSSION: HISTORICAL CONTEXT FOR
THE QUANTUM NATURE OF FREE-ELECTRON
RADIATION

The history of research on the quantum nature of free-
electron radiation, and particularly CR, goes back as far as
1940 [101-103]. Ginzburg [101] and Sokolov [102] were
the first to describe CR using a quantum mechanical
formalism—predicting changes that were considered neg-
ligible relative to the classical theory (given the exper-
imental capabilities of that time). Recent theoretical papers
show additional, non-negligible, corrections to the
classical CR theory that arise from the quantum nature
of the electron—its wave properties, its spin, or its
quantized orbital angular momentum [11,68,70]. The
effect of the electron wave function in CR was even
observed recently, through an inverse-CR experiment [63],
building on contemporary demonstrations of quantum
wave-function-dependent features in stimulated processes
of laser-electron interactions [2,81,104—109]. In contrast to
the above-mentioned experiments, which expose the
quantum nature of electrons, our observation is based
on a spontaneous process, which exposes the quantum
nature of photons.

For both spontaneous emission and stimulated emission,
there are two necessary conditions for the quantum nature
of photons to come into play. Only when both are satisfied
the emitted photons and the emitting electron are in an
entangled state. (i) The photonic state must be significantly
modified, as can be quantified by the fidelity between the
pre- and postinteraction photonic states. Stimulated inter-
actions can usually be described classically, because the
initial photonic state is a Glauber coherent state that usually
does not significantly change by emission or absorption
(i.e., high fidelity). In contrast, in spontaneous interactions
(as in our experiment), the initial photonic state is vacuum,
and, thus, emission of even just a single photon completely
changes the photonic state (i.e., fidelity zero). (ii) The
electron state must be significantly modified, which can
also be quantified by the fidelity between the pre- and
postinteraction electron states. The fidelity may be esti-
mated by the overlap between electron wave functions, as
in Fig. 4(c) (noting that the relative phase must be
considered as well). In our experiment, the electron energy
uncertainty is narrower than the energy of the PQP, and,

thus, the final electron becomes orthogonal (fidelity zero)
to the initial electron. Since both conditions (i) and (ii) are
satisfied in our experiment, the emitted PQPs are in an
entangled state with the emitting electron.

More generally, our results in 2D CR suggest that
analogous experiments should be able to reveal the inherent
quantum features of other free-electron radiation phenom-
ena. Such phenomena include transition radiation [18],
Smith-Purcell radiation [110], 3D CR [13,14], and other
types of CR into confined PQPs in different structures. To
reach electron-photon coupling strengths even stronger
than what we observe, it is worth recalling that CR
phenomena should appear in a wide variety of structure
geometries, such as slab waveguides and van der Waals
materials [111], or even lower-dimensional structures, like
slot waveguides [112] and metallic nanowires [59,113].

XI. CONCLUSION AND OUTLOOK

In conclusion, we observed experimentally the free-
electron emission of PQPs via the mechanism of 2D
CR, where the PQP dispersion relation caused the
Cherenkov extended phase-matching condition to occur
in different frequencies for different electron energies. The
dimensionality and bandwidth of 2D CR allowed us to
unveil the quantum photonic nature of the effect. Moreover,
our experiment delivered the strongest free-electron—light
interaction to date, over 2 orders of magnitude stronger than
previous experiments. Such a strong coupling, together
with the indirect evidence for electron-photon entangle-
ment in our experiment, could have intriguing conse-
quences: For example, free electrons can provide a new
way to efficiently generate quantum light such as single-
photon [114] and multiphoton [115] Fock states, by
postselection on electrons with a certain energy loss
[92-94]. Measurement of the electron after its light
emission can also be used for quantum state tomography
of light without measuring (and destroying) the light state
[116]—also providing a heralding mechanism for the
emission of quantum light. Free-electron—photon entangle-
ment can also be used to improve the sensitivity of
cathodoluminescence detection [75].

Utilizing efficient coupling of the PQPs to free-space
photons could help realize the prospects of electrons for
bright quantum emitters, in line with predictions made over
the past decade [10,114]. To show that the emitter is indeed
very bright, we note that the effective lifetime of the 2D CR
process is a few hundred femtoseconds (considering the
interaction lengths, electron velocities, and extracted
Poisson parameters in our experiments). This lifetime is
consistent with the measured values of classical 3D CR
[28], but in a far smaller bandwidth. The combined short
lifetime at a relatively narrow bandwidth makes the bright-
ness of 2D CR especially attractive.

The fact that the microscopic properties of the nano-
structure and its PQPs have such an influence on the
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interaction with electrons passing nearby in vacuum opens
intriguing possibilities for electron spectroscopy of con-
densed matter phenomena that are usually confined to
electrons inside the material. These prospects are especially
intriguing given that the probe electron passes at a distance
of tens (and often hundreds) of nanometers from the
surface, where effects that relate to internal electron
correlations and many-body electron physics are usually
negligible. The general idea is that any condensed matter
phenomenon that alters the property of a PQP with a tail
extending into vacuum can similarly be probed using a 2D
Cherenkov-type interaction as demonstrated here. Such a
probing method is limited by not having a direct inter-
action, as the electrons do not penetrate the material.
Nevertheless, this approach can be attractive for sensitive
quantum phases and long-range coherence and correlations
in quantum materials, which are properties that are easily
destroyed by a direct interaction with an energetic electron.

Looking forward, we envision the use of 2D CR and its
inverse effect for integrated on-chip free-electron quantum
emitters [8,9,114] and laser accelerators [6,7]. The inter-
action strength presented here is for the first time sufficient
to allow single-electron—single-photon interactions, open-
ing the door for free-electron cavity quantum electrody-
namics [81,82]. This new interaction regime could enable
the use of free electrons for quantum information applica-
tions [117,118] by entangling them with light [78], encod-
ing them with qubit states [117], and utilizing them to
entangle light in spatially separated cavities [119].

The first preliminary results of this study were presented
in CLEO 2021 [120].

Data availability.—The data supporting the findings of
this study are available from the corresponding author upon
reasonable request.
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APPENDIX A: EXPERIMENTAL METHODS

1. Multilayer structure considerations

The principles that guide our sample design and yield the

chosen multilayer structure are as follows.

(1) The chosen structure supports only a single surface
mode, whose dispersion can be engineered by the
thickness of the dielectric layers. Thus, both the
surface plasmon resonance of the structure and
the effective dielectric permittivity of the surface
mode can be controlled [61,62] to allow phase
matching for a large range of free-electron energies,
which are available in a transmission electron micro-
scope (TEM). The dispersion of the mode is given
below in Fig. 6.

(i) A significant part of the mode extends outside the
sample to overlap with the free electron. Thus, a
stronger free-electron light coupling is reached,
compared to other systems with the same effective
refractive index (i.e., regular waveguides). The spatial
distribution of the mode is shown in Figs. 2(c) and 2(d).

Given the above, the design of the nanophotonic multilayer
structure is key in enabling the extended phase-matching
conditions that are necessary for our measurement. Thus,
the dielectric layer widths are chosen to ensure that we are
able to observe the Cherenkov emission into the propa-
gating surface mode, over a wide energy range. The layer
widths deviate slightly from the designed parameters, but
these deviations are still within the tolerance that enables
measuring the expected effect—see Appendix A 3 for layer
width measurement.

2. Sample preparation

A Si wafer is diced into 1 x I mm squares and sub-
sequently sputtered (AJA International Inc. ATC 2200)
with multiple layers in the following order: 5 nm Ti
(adhesion layer), 200 nm Au, 10 nm SiO,, and 30 nm
SizN,. We choose those layer thicknesses such that the
energy of 2D CR emission are in the range of approx-
imately 2-2.3 eV, to facilitate characterization in a TEM.
A square with an optical-grade surface is selected and then
attached to a TEM sample holder with its diagonal parallel
to the electron beam optical axis [see Fig. 2(e) and
Supplemental Fig. S5].

3. Thickness measurement

Since the exact thickness of each layer greatly influences
the PQP dispersion, the actual deposited film thicknesses
are confirmed by cross-section imaging in another TEM
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FIG. 6. Achieving Cherenkov phase matching for free electrons and optical excitations: comparison between the PQPs in our structure
and the more conventional SPPs at the gold-vacuum interface. The colored backgrounds present the imaginary part of the reflection
coefficient, which is proportional to the photonic density of states (DOS) of the surface modes, for (a) our metal-dielectric waveguide
and (b) a gold-vacuum interface. The dashed gray curve follows the maximal value of the imaginary part of the reflection coefficient.
The Cherenkov phase-matching condition is approximately given by the intersection (red stars) between the maximal DOS curve and a
line with slope following the electron velocity (shades of blue). (a) The metal-dielectric waveguide structure: showing the velocity
dependence of the energy at which the phase-matching condition is satisfied, corresponding to the shifts in the measured EELS peaks.
The full calculation shows a slight blueshift compared with the predictions made by the DOS for most energies (i.e., the cyan dots are
above the gray dashed line). The blueshift arises from including emission into all angles, which is considered in the full calculation and
not captured by the density of state consideration. For large wave vectors, the PQPs are more lossy, leading to a slight redshift of the
peak, which explains why for higher electron energies the full theory coincides more accurately with the PQP dispersion. (b) The gold-
vacuum interface: showing that there are no intersection points with the curving dispersion of the gold-vacuum SPPs before it flattens to
the constant surface plasmon resonance. Consequently, there is no velocity dependence and no shift in the EELS peaks.

(FEI Titan Themis G2). The lamella is prepared using a  Note 4 [64]). After the ZLP measurement, the EELS from
focused ion beam by a standard procedure (FEI Helios  the grazing interaction with the sample is recorded.
NanoLab DualBeam G3 UC). The layer thickness is  The detector dispersion is approximately 0.01 eV per
measured to be 12.6 = 1.2 nm for SiO; and 27.8 = 1.1 nm  channel for all measurements. The combination of a narrow

for Si3Ny (average over 500 x 500 nm area). These num-  ZLP with high spectrometer dispersion allows the capabil-
bers are used for the simulations in Fig. 3. ity of resolving the delicate shift in the 2D CR emission
energy.
4. EELS
EELS measurements are carried out in a Jeol-2100 Plus 5. Data analysis
TEM. The system is designed to also operate as an ultrafast To determine the exact peak position in Figs. 3(a)

TEM, driven by femtosecond laser pulses; however, the  and 3(b), we carry out the following procedure: We
current experiments do not use lasers. The electron beamis  normalize the EELS measurements and subtract the ZLP
created by thermal heating of a LaBg tip and is accelerated ~ from the EELS (this is a standard procedure that is, for
to the kinetic energies specified in the main text. Using ~ example, also done in Ref. [81]). A single Gaussian
converged beam electron diffraction (CBED) mode, we function is matched to the first loss peak, and the mean
create parallel electron illumination with about 30 nmbeam ~ Of this Gaussian function is determined as the central
diameter and align it to graze the sample surface along a  frequency of the emitted PQP. To improve the sensitivity,
length of up to 250 um. The sample stage translation we average the result over several independent measure-
is used to control the impact parameter (beam-sample ments for each initial electron beam energy (this process is
distance) and the estimated maximal interaction length perfom.led.for each measurement separately). Th.e final

. values in Fig. 3(c) are the averages over 2—12 repetitions of
(maximal path over the sample by the beam).

EELS ed ! G GIF the same measurement in each energy. It is possible to
measurements are carried out using a (atan resolve changes of the peak position with high accuracy

Quantum 965 spectrometer. Using low electron current, we (much better than the ZLP) due to the fact that the ZLP
configure the initial electron beam energy distribution FWHM width is more than 4 times smaller than the PQP
(ZLP) to be as narrow as 0.4-0.6 eV in its FWHM. The  central energy (0.5 eV compared to approximately 2 eV),
spectrally narrow electron beam facilitates the observation  together with the high dispersion of our spectrometer.

of individual peaks in the energy loss spectrum. The ZLP We also provide in Fig. 3 the theoretical prediction as if
shape is recorded far from the sample and is later used in  the electrons in our experiment had interacted with the
the data analysis process (see Supplemental Material,  nonpropagating surface plasmon resonance of our
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structure. The resonance frequency and width are deter-
mined using a full electromagnetic theory (Supplemental
Material, Note 1 [64]) that captures the interaction of an
electron with the plasmonic resonance (the nonpropagating
PQP mode) without the interaction with the propagating
PQP. This part of the energy loss spectrum does not depend
on the electron energy, and, thus, we can simulate its
Gaussian-style profile using electron energies under the
Cherenkov threshold. We extract the specific height and
width of the plasmon resonance EELS peak by simulating
30 keV electrons for the example in Figs. 3(a) and 3(b). The
profile of the spectral shape [light green in Fig. 3(a)] is the
result of a convolution with a 0.5 eV ZLP.

To extract the quantum coupling strength for each EELS
measurement (as in Figs. 5 and 6), we carry out a nonlinear
fitting process to find the correct theoretical description of
those EELS curves. The full process is described in detail in
Supplemental Material, Note 4 [64]. We carry out the same
fit procedure for different impact parameters to produce
Fig. 3(c).

APPENDIX B: PREDICTING THE PEAK
FREQUENCY OF 2D CR

The most precise and rigorous way to obtain the spectrum
of the 2D CR and its peak emission frequency is by using the
full electromagnetic description of the interaction as given in
Supplemental Material, Note 1 [64]. However, it is still
worthy to describe a simpler theory that provides a more
intuitive understanding of the extended phase-matching
condition and determines the main trend of the peak
emission frequency dependence on the electron velocity.

The Cherenkov extended phase-matching condition is
mainly inferred from the intersection points on the
dispersion diagram [Fig. 6(a)] between lines with slope
equal to the electron energy and the curve of maximal
imaginary part of the reflection coefficient, which is
proportional to the density of states of the PQPs. These
intersection points testify qualitatively on the experimental
observation, because it predicts the redshift of the peak
emission frequency when decreasing the electron energy.

This is not the full picture, though, since these inter-
section points reflect the extended phase-matching con-
dition only between the electron and the PQP that is
propagating parallel to it. Emission into PQPs that prop-
agates in other angles can also satisfy the extended phase-
matching condition and lead to a slight blueshift of the peak
frequency relative to the one expected from the reflection
coefficient calculation. The emission into these other angles
becomes more dominant when losses are considered,
leading to a broadening of the dispersion curve and, thus,
to phase matching with additional modes. The full theory
prediction is then back redshifted for large wave vectors
due to the lossy nature of the PQP there. In the main text
[Fig. 3(b)], we use the full 2D CR theory to compare with
the experimental results.

APPENDIX C: COMPARISON TO THE CASE OF
INTERACTION BETWEEN FREE ELECTRONS
AND GOLD-VACUUM SURFACE PLASMONS

The main differences between our PQP modes and the

gold-vacuum SPPs are as follows.

(i) The SPP modes at a gold-vacuum interface can
phase match with the TEM’s free electrons only over
a very limited electron energy range, which results in
a small shift in the emission energy that is hard to
observe with the resolution of our EELS. In contrast,
the structure we design and measure supply phase
matching over a wide electron energy range, thereby
allowing us to observe the velocity-dependent shift
of the emission with our EELS. This velocity
dependence of the EELS peak is the most striking
feature expected from Cherenkov-type effects, so it
is important to us to design this specialized nano-
photonic structure rather than use the simpler gold-
vacuum interface.

(i) Losses limit the quality of the coupling between the
electron and the SPP. In the gold-vacuum interface,
losses severely limit SPP modes with larger effective
refractive indices, becoming detrimental at indices
around approximately 1.1, which is still below the
requirement for phase matching in TEM energies.
SPPs with larger effective refractive indices still
exist, but their losses cause the coupling to electrons
to become very broad, and then the dependence on
electron velocity vanishes and the mode itself no
longer propagates.

The comparison between the mode in our structure and the
SPP mode at a gold-vacuum interface is given in Fig. 6.

APPENDIX D: IMPORTANT DIFFERENCES
BETWEEN SPONTANEOUS AND STIMULATED
FREE-ELECTRON RADIATION PHENOMENA

Our study investigates a spontaneous emission process
by free electrons also known as Cherenkov radiation. This
section shows the difference and the connection of the
Cherenkov-type phenomenon to the complementary proc-
ess of stimulated emission by free electrons, which has
received a boost of interest in the past decade. A note-
worthy example of a stimulated interaction is the exper-
imental technique and theory of PINEM [2-4], which
characterizes the electron after its interaction with an
intense femtosecond laser pulse.

What may look like strong coupling in PINEM experi-
ments is a completely different phenomenon than what we
observe in our experiment. The difference arises from using
an external laser pulse: The coupling strength of the PINEM
interaction, usually denoted by ¢, benefits from the external
stimulating field by a factor of /N (with N being the
number of photons) scaling like g = gq, - V/N (where 9Qu 18
the intrinsic quantum coupling strength discussed in this
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manuscript). Then, of course, g = gq, V/N can quickly
reach values much larger than unity. In contrast, it is much
harder to reach a large quantum coupling strength, i.e.,
gou ~ 1, without any external enhancement by V/N. Our
work is the first to reach the spontaneous strong coupling
rather than the stimulated one.

Another important difference between the spontaneous
process and the stimulated (PINEM) one is the origin of
the quantization of the electron interaction spectrum. In
PINEM, this quantization arises from the quantization
of the electron itself (rather than the light), while the
quantization of the electron energy spectrum in our case
comes from the quantization of light rather than that
of the electron. The model we use in our analysis of the
experimental data is a result of recent advances in the
exploration of free-electron quantum optics, going beyond
the original theory of PINEM [78,80]. The resulting
quantum-optical PINEM theory relies on the same scat-
tering matrix of Eq. (1), where it was previously used to
describe the interaction between free electrons and indi-
vidual photons [78,80]. Our work here is the first to utilize
this formalism to explain spontaneous processes, i.e.,
interactions between free electrons and the photonic
quantum vacuum fluctuations.
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