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Motivated by recent progress in the superconductivity nonreciprocal phenomena, we study the general
theory of Josephson diodes. The central ingredient for Josephson diodes is the asymmetric proximity
process inside the tunneling barrier. From the symmetry breaking point of view, there are two types of
Josephson diodes: inversion breaking and time-reversal breaking. For the inversion breaking case, applying
voltage bias could effectively tune the proximity process like the voltage-dependent Rashba coupling or
electric polarization giving rise to I.(V) # I.(=V) and I, # I,_. For the time-reversal breaking case, the
current flow could adjust the internal time-reversal breaking field like magnetism or time-reversal breaking
electron-electron pairing, which leads to 1., # I._. All these results provide a complete understanding and
the general principles of realizing Josephson diodes, especially the recently found NbSe, /Nb;Brg/NbSe,

Josephson diodes.
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I. INTRODUCTION

As a macroscopic quantum phenomenon, superconduc-
tivity is one of the most important subjects in condensed
matter physics [1-3]. The central ingredients for a super-
conductor (SC) are the electron-electron pairing and phase
coherence, which gives rise to the absence of resistivity
and the Meissner effect. Josephson elegantly linked the
pairing condensation and phase coherence with the super-
current generation between two weak-linked superconduc-
tors, which is now known as the Josephson effect or
Josephson junction (JJ) [4,5]. The emergence of the
Josephson effect enables the wide applications of super-
conductivity, like the superconducting quantum interfer-
ence devices (SQUIDs), frequency detectors, etc. [2].

However, compared with modern semiconductor elec-
tronic devices, the devices based on superconducting
current are still very limited. For the normal electric current,
a semiconductor p-n junction, known as the diode, con-
ducts current primarily in one direction. This nonreciprocal
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charge transport has multiple usages including rectification
of current, detection of radio signals, temperature sensor,
etc. It also serves as the basic component of computer
memory and logic circuit, which is essential for computer
development. All these make the diode become one of
the key devices in the semiconductor industry [6]. Thus, a
natural question for Josephson junction arises: Is there
a diode for the superconducting current? We name such a
diode the Josephson diode (JD).

Most recently, a Josephson diode without a magnetic
field has been observed in an inversion asymmetric
NbSe, /Nb;Brg/NbSe, (NSB) heterostructure [7], which
experimentally shows the critical current in the positive
direction deviates from the negative one in a JJ for the
first time. Besides the JJ, the bulk superconductor using
Nb/V /Ta superlattice has also been found to have a similar
diode effect under magnetic field [8] and many new
systems have been reported to be nonreciprocal in both
JJs and bulk superconductors [9-15]. All these findings not
only enrich the zoo of superconductivity phenomena,
but also point to a new direction in superconducting
electronics like superconducting computer chips, direction-
selective quantum sensors, rectifier, and other quantum
devices [7,8]. Last but not least, as we show in this work,
one class of the diode effect is closely related to the time-
reversal symmetry; therefore, it can potentially provide a
new method to detect the time-reversal symmetry breaking
in the superconducting system. Since constructing a diode
using bulk SC requires the superconducting disfavored
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time-reversal symmetry breaking as discussed below, we
will focus on the Josephson diode effect by engineering its
more flexible barrier part in this work.

Historically, the first theoretical proposal for Josephson
diodes stems from the SC analogy of p-n junctions by the
electron and hole-doped SCs close to an SC-Mott-insulator
transition [16]. In addition, the anomalous Josephson effect
closely related to the so-called ¢, Josephson state has been
studied intensively [17-29], which is one possible mecha-
nism to realize the nonreciprocal transporting effect in the
JJs. Recently, the nonreciprocal Josephson effect utilizing
the charging asymmetry effect has been studied by semi-
classical approaches [30]. Using the magnetochiral
anisotropy, the nonreciprocal responses and superconduct-
ing diode effects under the external magnetic field have
been investigated both theoretically and experimentally
[8,31-37]. Similarly, the asymmetric Fermi velocities of
topological material edge states under external magnetic
fields have also been proposed to have a nonreciprocal
effect [38]. The experiment on NSB [7] goes beyond the
above theoretical considerations. Thus, it calls for a broader
theory for the Josephson diode.

II. JOSEPHSON DIODE DEFINITION AND TYPES

Generally speaking, a Josephson junction is constructed
by two SCs sandwiched with a non-SC tunneling barrier
(TB), as illustrated in Fig. 1(a). Phenomenologically, the
Josephson relation can be understood from the Ginzburg-
Landau (GL) theory [2,3,39], which is described by
two macroscopic pairing potentials y and y, for two
SCs [39]. The GL boundary condition at the interface
can be written as

oy,

1 _ 72 1
0z b’ (1)

oy "4

Ze= 2 2
0z b (2)

where the length b is a phenomenological length describing
the tunneling barrier. Then the Josephson current can be
found from GL equations as

2en .
I = D 1 lly|sin(py — ), (3)

where the ¢/, are the corresponding phases for v,
respectively. m* is the effective mass for SCs. This is the dc
Josephson effect. From this equation, we can easily
conclude that the critical current /. depends on length b
and the amplitudes |y} »|. Besides the dc Josephson effect,
Josephson predicted another ac Josephson effect, where the
time dependence of phase difference is related to the
voltage bias by [d(¢, — ¢,)/dt] = (2 eV/h). This differ-
ence leads to ac Josephson effect,
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FIG. 1. (a) A Josephson junction is constructed by two SCs
w1/, sandwiched with a tunneling barrier. (b) The physical
Josephson junction can be modeled by an ideal Josephson
junction J, shunted with a resistance and a capacitance. The
capacitance leads to the hysteresis curve in /-V characteristic.
(c) General I-V curves for a Josephson diode in a dc measure-
ment. During the upward current sweep, there are two critical
currents /., (positive direction) and —/._ (negative direction)
from the SC regime to the dissipative regime, where /., # 1.
shows a diode effect. During the downward current sweep, there
are also two return critical currents ,, (positive direction) and
—I,_ (negative direction) from the dissipative regime to SC
regime, where /,, # I,_ shows another diode effect. (d), The
diode effect in an ac Josephson junction, with 1.(V) # I.(=V).

I(t) = I..sin (%e Vi+ Agbo) , (4)

where Ag, is the phase difference at zero voltage.

Because of the sandwich structure, a realistic Josephson
junction consists of an ideal JJ described by Eq. (4), an
effective resistance, and a capacitance connected in parallel
as shown in Fig. 1(b), namely the RCSJ (resistively and
capacitively shunted junction) model [2,39]. Hence, the
realistic Josephson junction shows a more complicated /-V
characteristic like the hysteresis curves in Fig. 1(c). During
the upward current sweep, after reaching the critical current
I., the Josephson junction loses its nondissipative SC
property without voltage and resistance and enters a
dissipative regime with finite voltage and resistance. On
the other hand, during the downward current sweep, the
capacitance has been charged at the finite voltage stage.
This charged capacitance leads to another critical current,
namely the return current /,.. The difference between /, and
I, gives rise to the hysteresis behavior of the /-V character-
istic curve in Fig. 1(c).

In analogy to the voltage-controlled p-n junction, if
the critical current in the positive direction /., deviates
from the critical current in the negative direction /._, a
Josephson diode effect is achieved with 7., #1._, as
illustrated in Fig. 1(c). Similarly, if the 7, in the positive
direction is different from the /,_ in the negative direction,
another Josephson diode effect with 7,, # I, emerges.

041013-2



GENERAL THEORY OF JOSEPHSON DIODES

PHYS. REV. X 12, 041013 (2022)

And this I,, # I,_ is closely related to the finite voltage
history during the downward sweep. Both /., # [._ and
I, #1,_ have been observed in recent Josephson diode
experiments [7,9]. As an extension of the voltage-
dependent [, # [, effect, the ac Josephson junction
controlled by voltage bias can also show a diode effect.
As illustrated in Fig. 1(c), if the /. depends on the voltage
with I.(+V) # I.(-=V), another Josephson diode con-
trolled by voltage is achieved, which is similar to the
proposal in Ref. [16].

From the symmetry point of view, the key symmetry
of any directional-dependent diode effect is the inversion
symmetry Z. For instance, the built-in potential of p-n
junction induced by Z symmetry breaking leads to the
competition with the external voltage. Similarly, the voltage-
dependent 7, # I, and I.(+V) #1.(—V) diode effects
must require a Z symmetry breaking. However, for the
superconducting diode effect at zero voltage, the 7 breaking
is only the minimal requirement. The time-reversal sym-
metry 7 for Josephson diode is another crucial symmetry.
Owing to Onsager reciprocal relations, the responses of a
time-reversal invariant system under two opposite external
fields are related to each other by the 7 operation. As the 7°
broken current / = (dq/dt) is the only external field for the
Josephson junction upward sweep, the Hamiltonian only
depends on current A (I). We can first assume A (I = 0) is 7
invariant. Then, the Hamiltonian at positive current 4 (+1) is
related to the negative one H(—I) by a T operation, which
ensures [., =1._. The I., #1.. phenomenon in JD
directly breaks the symmetry relation indicating the 7°
breaking for Josephson diode at zero current.

Based on the above discussion, we can find that the most
convenient way to achieve Josephson diode is through
designing the barrier part with proper symmetry breaking.
Since we normally use common SCs in JJ constructions,
engineering the barrier is equivalent to changing the
phenomenological length b effectively, which leads to
the change in the critical current from Eq. (3). In order
to achieve this goal, we propose the Josephson diode design
in Fig. 2. As shown in Fig. 2(a), a Josephson diode is
formed by a tunneling barrier and two SCs on the left (A;)
and the right (A,), respectively. Since the minimal sym-
metry requirement is the 7 symmetry breaking, the cou-
pling between TB and A; must be different from the
coupling between TB and A,. To simplify our discussion,
we will take an extreme limit, where the TB layer is formed
by an insulator layer and a metallic layer (N layer), as
illustrated in Fig. 2(a), and the Nb;Brg barrier in Ref. [7]
NSB heterostructure indeed belongs to this case, which will
be discussed below [40]. Owing to the metallic nature,
the A, will induce superconducting pairing into the N layer
by generating a SC proximity region as illustrated in
Fig. 2(a). This SC proximity region can serve as the
effective “depletion” region as in the semiconductor p-n
junction. Clearly, tuning the proximity region is equivalent
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FIG. 2. (a) The geometric setup for a Josephson diode in an

extreme limit, which is formed by SC A on the left, SC A, on the
right, and the tunneling barrier (TB). The Josephson current is
determined by I = I..sin(¢; — ¢b,), where ¢, is the phase and
1. is the critical current. The tunneling barrier layer in the extreme
limit is formed by an insulator layer and a metallic layer (N), and
the A; influences the N layer by forming the proximity region.
(b) An inversion breaking JD is controlled by voltage with
I.(V)#1.(=V) or I, #1I,_, which effectively adjusts the
proximity region. To illustrate this point, the voltage (positive)
enlarges the proximity region, which increases the /... (c) A time-
reversal breaking JD (with inversion breaking) controlled by
current flow 7 with 7., # I._. To illustrate this point, the current
following in the positive direction reduces the proximity region,
which decreases the /..

to tuning the effective length of TB and the Josephson
coupling between A; and A,. Hence, if we can control this
proximity region, a Josephson diode can be easily realized
as illustrated in Figs. 2(b) and 2(c). For example, if the
current / reduces the proximity region in the positive
direction while enlarging this region in the negative
direction, an /., < I._ effect is achieved as illustrated in
Fig. 2(c). In short, there are two types of Josephson diodes:
inversion breaking JD with /,, # I,_or [.(+V) # I.(=V)
and time-reversal breaking JD with /.. # I._ from the
symmetry point of view. We discuss them separately in the
following sections.

III. INVERSION BREAKING JD

We start from the physics of inversion symmetry break-
ing Josephson diode. For an Z breaking JD, the essential
part is to find voltage-dependent quantities in the TB. In the
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conventional p-n junctions, the depletion region is formed
by diffusion between electrons from the n-doped region
and holes from the p-doped region. Then, the built-in
potential between holes and electrons inside the depletion
region competes with the external voltage giving rise to the
nonreciprocal transport. The Josephson diode using the
hole- and electron-doped SC is also based on the similar
built-in potential by electrons and holes, where the
depletion region is formed by a self-organized Mott
insulator region [16]. This JD belongs to the Z breaking
Josephson diode [16].

Additionally, there are many other quantities that can be
controlled by voltage, for example, the Rashba spin orbital
coupling (SOC) as x p [41-44]. The Rashba SOC results
from the 7 symmetry breaking induced interfacial electric
field E at material interfaces or two-dimensional metallic
planes. The external voltage can adjust the asymmetric
crystal potential, which tunes the electric field E o« —VV.
Therefore, applying a voltage can efficiently change the
magnitude of a [43,45-48]. Voltage-controlled Rashba effect
has been realized in many semiconductor heterostructures
such as the quantum well consisting of single HgTe [47],
single InAs [48], inverted InAlAs/InGaAs heterostructure
[45], and the interface of SrTiO;/LaAlO; [46]. Taking the
InAlAs/InGaAs heterostructure as an example, the Rashba
constant a can be efficiently tuned in the range of about
(0.64 x 107" €V m,0.93 x 107! eVm) [45], and the
magnitude of a will influence the proximity region owing
to the changing of Fermi momentum kj and the spin texture
along the Fermi surfaces (FSs).

To justify this theory, we start from the proximity process
between the right SC A, and TB with Rashba SOC, as
illustrated in Fig. 2(a). The Hamiltonian can be written as
Hy= Hgp + Hg + Hrrs- The Hy describes the right SC
with a cubic lattice and the s-wave pairing for the spinor
¢ = (Ci,T’Ci,i)T as

HR = —ZRZCZC]' + AzZCiTCil + H.c. (5)
(ij) i

The Hrp describes the TB layer with a square lattice and
Rashba SOC for the spinor f; = (fi1.f:,)" as

Hrp = _tTBijfj - iaZf,T (6xdy).f;+He, (6)
(ij) (i)

where the d;; is the unit vector from site i to site j. The
coupling between them is described by Hyrg as

HRTB = _tRBij-Cj + H.c. (7)
(ij)

In this setup, the current is flowing in the z direction as well
as the voltage drop. We assume that « relates to voltage bias
V by a phenomenological coupling ¢, with a = oy + ¢, V,

1 1
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FIG. 3. (a) Fermi surface for TB with o = 0.2. The inset
illustrates the proximity process leading to the pairing amplitude
in (c). (b) Fermi surface for TB with a = 0.4. (c) Spin-singlet
pairing strengths along each FS for @ = 0.2, 0.4. 0 is the angle
along each FS as defined in (a) and (b). (d) The Josephson
currents /(¢) in unit of 2e/# for the Rashba JD for & = 0.2 and
a = 0.4 and the inset shows the setup for calculating the current.
The other parameters are set as t = t;, = 1.0, A} = A, =0.2,
tgg = 0.8, ;g = 0.6, and y = —3.0. In the calculation, we set the
thickness of SC on both sides to be 20.

where a, is Rashba constant without voltage. If we further
assume @y = 0.3 and choose proper ¢, and voltage V),
we can have a(—V,) = 0.2 and a(V,) = 0.4, as we used in
the calculation in Fig. 3. Owing to Rashba SOC, the spin-
degenerate FSs split into two helical FSs with spin-
momentum locking as ¢ x k. The ok difference between
two split FSs depends on the magnitude of @. By comparing
the FSs in Figs. 3(a) and 3(b), we can find ok for a = 0.2
is smaller than @ = 0.4. Then, we can compare the effective
pairing strength (f ZT f ik i> for each proximity process. The
effective pairing A(6)’s along the TB FSs in Fig. 3(c) show
that @ = 0.2 obtains a much larger pairing than @ = 0.4. As
we know, the phase coherent length of the Cooper pairs
leaking from the SC to the metal due to the Andreev
reflection of the electron with energy ¢ < A is given by
L. = min(y/AD/e, L) [49], with D the diffusion constant
of the metal phase and L the single electron phase coherent
length usually determined by the disorder. Therefore, when
€ < A, hD, so that L, is larger than the size of the TB,
corresponding to the short junction case as we consider here,
the proximity process between metal and SC is coming
from the Andreev reflection [49,50]. The mismatching
between the metal kr and SC momentum gives rise to this
pairing strength difference between different a. Since the kg
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of a = 0.2 is much closer to the kr of A,, a much larger
pairing is obtained. Hence, adjusting Rashba SOC can
efficiently adjust the proximity region.

To calculate the Josephson effect, we still need to
couple H, with the left part A;. The Hamiltonian H; is
similar to Hy as

HL = —ILZC}—CJ' =+ AIZCiTCii =+ H.C., (8)
(ij) i

and the coupling with TB is written as

Hyrp = _[LBZf:'rcj +H.c. 9)
(ij)

The inversion symmetry breaking can be simulated by
fig # trg- It seems that this setup ignores the insulator
layer. However, setting f;p # fgp 1S just equivalent to
integrating out the insulator layer degree of freedom.
We can further introduce a phase into the SCs as
A, = Aye'?’? and A, = Aye™?/2. Then the supercurrent
through the junction is related to the total Hamiltonian
H,=Hy+H; +Hp by

1) =220, flen)enld). (10)

where ¢, is the nth eigenvalue for H, at the phase ¢ [51].
I(¢) is calculated as the function of ¢ in Fig. 3(d). The
results in Fig. 3(d) demonstrate that the critical current /..
for Rashba Josephson junction decreases with increasing a.
Therefore, a voltage-controlled JD with 1.(V) # I.(=V)
can be realized by the voltage-dependent Rashba SOC,
which can be detected through the ac Josephson measure-
ment as discussed above. The external voltage competes
with the internal interfacial voltage at the interfaces, leading
to a tunable Rashba SOC. This Rashba SOC-dependent
critical current has also been discussed using Green’s
function method [52].

Besides the voltage-dependent Rashba coupling, another
common voltage-controlled phenomenon is electric polari-
zation p in ferroelectricity. Inside the ferroelectric materi-
als, their electric polarization p highly depends on the
external voltage, which can be used for the inversion
broken JD. The simplest model for ferroelectricity is the
Rice-Mele model [53-58]. As illustrated in Fig. 4, we
construct the JJ using the Rice-Mele chain as the tunneling
barrier. The Rice-Mele model is the extension of the Su-
Shrieffer-Heeger (SSH) model with different sublattice
potential V(i) for each site i [58,59]:

) + +
Hoa =30 (54 ) Ul +He) + Vi D111
(11)

@ [A ] 00—
NIAVASAYA SR VA

L
-0.04 0 0.04 0.08

FIG. 4. (a) A schematic diagram for a Rice-Mele model JD,
where the tunneling barrier is a 1D Rice-Mele chain. The Rice-
Mele chain is formed by sublattices A and B with different on-site
potential V;,,. The strong bonds (thick gray lines) and weak
bonds (thin black lines) are linked to A, B alternatively as in Su-
Shrieffer-Heeger model. (b) The polarization density p (unit of e)
as a function of voltage with the electron part contribution p, for
the bulk Rice-Mele model. (c) The critical current /. (unit of
2e/h) for Rice-Mele chain as a function of voltage, where the
I1.(+V) #1.(—=V) demonstrates the diode effect. The other
parameters are set as tr=1t; =t=1.0, A=A, =02,
tgg = t1g = 0.8, 6t =02, u =—-1.0, 0 =0.5, and f = 5.0.

t 4 ot and t — ot describe the alternating strong bond and
weak bond along the chain, as in the SSH model. V(i)
is the on-site sublattice potential. We set V., (4) = Q,
Vien(B) = —Q, where Q describes the on-site potential
difference between A and B. When 6t = 0, the Rice-Mele
model still has the inversion symmetry with respect to A or
B. Hence, the Rice-Mele chain breaks the Z symmetry with
polarization p only when both 6 and Q are finite. To
describe the ferroelectricity of this model, we also need to
introduce one phenomenological parameter f describing
the polarizability of the Rice-Mele chain, and the alternat-
ing hopping difference ot is related to V by 6ty — BV, with
initial bond difference 6t.

Since the polarization density p at 6t = 0 is exactly zero,
we take this point as the reference point. Then, p is
calculated as a function of voltage as shown in Fig. 4(b).
From the modern theory of polarization, the polarization
has two parts, p = pion + P, Where p;., is from the ion
dipole moment and p, is from the electron part and the p,
can be calculated using the Wannier center and Berry phase
method [57,58] while the ion part is from ion charge and
bond lengths described in the Supplemental Material [40].
From Fig. 4(b), we can find that external voltage changes
the p continuously as in ferroelectic materials. Because
of the spontaneous electric polarization p, a finite p is
found when V = 0. Then, the critical currents for each
configuration are calculated using Eq. (10). As shown in
Fig. 4(c), the critical current at negative voltage almost
vanishes after V = —0.04 while the [, is still finite at
positive V. Therefore, using the Rice-Mele chain, a
Josephson diode with 7.(+V)#1.(—V) and ac Josephson
diode can be achieved.
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In a short summary, through engineering the tunneling
barrier by Rashba SOC and electric polarization, we
demonstrate that the critical current of JJ can be adjusted
by voltage. This scenario can be used to construct JD with
I.(+V)#1.(=V) and I,, # I,_, which is also related to
recent experimental findings as discussed below.

IV. TIME-REVERSAL BREAKING JD

Besides the above inversion breaking JD, there is another
type of JD by further breaking 7 symmetry. To achieve
this goal, the TB layer must break 7 owing to Onsager
reciprocal relations and symmetry requirement discussed in
the Introduction. The simplest 7 breaking phenomenon in
solid-state physics is magnetism. Hence, assuming the TB
layer contains the internal magnetism, if the proximity
region can be adjusted by tuning the magnetization, a 7
breaking JD can be achieved.

To simulate this magnetic order, we can add an s —d
exchange coupling term »_; flTM -of; [60,61] into the
barrier microscopic Hamiltonian Hrg, where M describes
the localized spin and ¢ describes the spin of conduction
electrons. As an extension to current induced /., # I._, we
first use magnetism amplitude under magnetic field B as an
example to demonstrate the tunability of 7 broken JJ,
which can be viewed as an extension of JD. In this case,
we assume M = (M, + cyB)e,, where M, is the initial
magnetic value and ¢, is effective susceptibility in
response to the magnetic field.

Just as above, we first investigate the proximity process.
It is widely known that magnetism disfavors spin-singlet
pairing, and the effect of the magnetism on the transport
properties of the JJ was studied in detail before [62]. Hence,
a larger M should weaken the proximity effect. By
comparing the FSs at different M in Figs. 5(a) and 5(b),
the spin split FSs at M = 0.2 are slightly different from that
at M = 0.4 with an even larger 6kr. From Fig. 5(c), the
effective singlet pairing strength along the TB FS for
M = 0.2 is larger than the case with M = 0.4. Assuming
M, = 0.3 and with a proper c,,; and magnetic field strength
By, we can have M(—B,) = 0.2 and M(B,) = 0.4. Hence,
if the external magnetic field could change the value of M,
the proximity region can be adjusted. The Josephson
current of the above JD can be also calculated by
Eq. (10). From Fig. 5(d), the critical current I, for M = 0.2
is larger than the case with M = 0.4. Therefore, an I .(B) #
I.(—B) phenomenon can be achieved by the external
magnetic field and the magnetic order inside the TB layer.
Here, in the calculation for both Figs. 3 and 5, we fix the
chemical potential ¢ = —3.0 and the existence of the
nonreciprocal effect does not depend on the choice of g,
which only modifies the size of the Fermi surface. This
change of the Fermi surface only causes the critical current
for both directions to increase or decrease at the same
time, which does not qualitatively affect the nonreciprocal
effect [40].

1 1

05 05

ky/m
(=]
|
(=]
T

A6)

FIG. 5. (a) Fermi surface for TB with M = 0.2. The inset
illustrates the proximity process leading to the pairing amplitude
in (c). (b) Fermi surface for TB with M = 0.4. (c) Spin-singlet
pairing strengths along each FS for M = 0.2, 0.4. 6 is the angle
along each FS as defined in (a) and (b). (d) The Josephson
currents /(¢) in unit of 2e /A for the magnetic JD for M = 0.2 and
M = 0.4, and the inset shows the setup for calculating the current.
The other parameters are set as 1 =1; = 1.0, Ay = A, = 0.2,
tgg = 0.8, f1g = 0.6, a = 0.2, u = —3.0. In the calculation, we
set the thickness of SC on both sides to be 20.

The results shown in Fig. 5 demonstrate that a nonre-
ciprocal behavior of the Josephson current could be
realized if the internal magnetization can be modified
through some time-reversal breaking external field with
opposite directions. Besides the magnetic field induced
nonreciprocal effect, the current flow is another efficient
way toward realizing the 7 breaking JD. In particular, the
most striking phenomenon in NSB heterostructure is
the nonreciprocal transport depending on the current
direction [7]. Since current breaks 7 symmetry, the TB
layer must break 7 symmetry for a current-controlled JD.
The current flow can be used to tune the magnetic order,
which is widely used in spintronics [43,63—65]. This idea
can be applied to 7 breaking JD. For example, the
combination of current iJ fic; and a Kane-Mele-type
SOC term idc;o, fj [66] can induce an effective spin
order term —Jﬂf,-(c;c])o-z fI to compete with internal
magnetic order.

Besides the magnetic amplitude, another important
property used in spintronics is its spin direction fi through
the spin-orbit torque (SOT) effect [65]. SOT reverses the
magnetization direction by electrical current flow owning
to spin-orbit coupling, as illustrated in Fig. 6. This spin
manipulating mechanism has been widely discussed and
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FIG. 6. (a) The TB layer contains magnetic order M. The
current / induces the magnetic direction rotation through a
spin-orbit torque. (b) The critical current /. in unit of 2e¢/7 as a
function of 6 the angle of the internal magnetization with
respect to the z axis. This /.. anisotropy is owing to SOC. Here,
the magnitude of the magnetization is fixed to My = 0.2 so that
M, = Mycos6and M, = M sin 6. The other parameters are set
astp =t = 10, A] = AZ = 02, fRg = 1B = 10, a = 02, and
1 = =3.0. In the calculation, we set the thickness of SC on both
sides to be 20 and the thickness of the TB to be 5. (c) A
schematic plot of the current induced JD process. In positive
direction, € increases toward S, and in negative direction, €
decreases toward S.,.

observed in bulk ferromagnets, antiferromagnets, and
multilayer heterostructures, etc. [67-75]. We consider the
barrier contains internal magnetic order M lying in the x-z
plane, whose spin direction is labeled as € relative to the s,
axis shown in Fig. 6(c). To simplify our discussion, we
further assume that the direction € couples to the current by
a phenomenological linear equation 8 = 6, + f,I, where
the initial 0, equals to z/4 and f, > 0 is the effective
coupling. Hence, if / > 0, € increases toward the s, axis.
If I <0, 0 decreases toward the s, axis, as illustrated in
Fig. 6(c). On the other hand, owing to SOC, spin rotation

symmetry is broken with magnetic anisotropy. Then, the
critical current /.. of JJ becomes & dependent. As shown in
Fig. 6(b), I, is minimal when M lies in the x direction
0 = (z/2)], and when M is along the z direction (6 = 0),
I, reaches the maximum. From the current manipulation of
0 in Fig. 6(c), the critical current in the negative direction
I._ is larger than that in the positive direction /.., which
shows the 7 breaking diode effect using the current flow.

Beyond the internal magnetism of the TB layer, the
TB layer can host 7 breaking superconducting at low
temperatures. Normally, 7 breaking SC can happen as an
instability driven by multiple order competition and corre-
lation, like the d + id SC in 1/4 doped graphene [76,77]
and the d 4 is SC when a d-wave SC coexists with an
s-wave SC [78-80]. For simplicity, we take a d + is wave
SC in the TB layer as an example by assuming TB favors
a d-wave SC owing to correlation. More general cases for
pure is, s+ ip, etc. are discussed in the Supplemental
Material [40].

Following the above procedure, the proximity
process for TB with a dp_p+is wave pairing
A D firfiy +Bad (= 1)iv "cc +H.c.] and A,
under current flow iJ Z ) Ci f j+H.c. is calculated.
Importantly, the current J term can induce an iAl" compo-
nent toward the TB layer through the proximity process as
well. This effect can be understood from a perturbation
approach, as illustrated in the top panel of Fig. 7(c).
The iJ f,,,( Cis ﬂ,)tRB fiz perturbation process induces an
effective iA; pairing proportional to frgA,J since
<c}ac i5) & A,. Figure 7(b) plots the effective spin-singlet
pairing amplitudes along FS in Fig. 7(a) for J > 0 and
J < 0, which clearly shows the competition between iA;
and the induced iA". Therefore, the direction of the current
flow can tune the proximity region in a nonreciprocal way
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FIG. 7. (a) Fermi surface for TB with A, 4 iA; pairing. The inset illustrates the proximity process leading to the pairing amplitude in

(b). (b) Spin-singlet pairing strengths along each FS for J = £0.2. 0 is the angle along each FS as defined in (a). (c) Perturbation process
for pairing and magnetism, respectively. In the top panel, a current term iJ f ,-c a pairing term ¢’ o ]ﬂ followed by 7gpc; 1 £, induces iAM
pairing. In the bottom panel, a current term iJ f ,-c; following SOC idcjo_f } induces spin polarized M™s.. (d) The Josephson currents
I(¢) in unit of 2¢/h for the Ay + iA; JD. The other parameters are set as Ayy = 0.05, A; = 0.03, 1, =1, = 1.0, Ay = A, = 0.2,
trg = 0.8, ;5 = 0.4, 4 = —3.0. In the calculation, we set the thickness of SC on both sides to be 20. (e) Band structures for Nb;Brg TB
with wave function projections onto each layer. From wave function projection, layer 1 and layer 2 strongly couple with each other and
form an insulator with band gap. Layer 3 is metallic with bandwidth 0.1 eV.
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through such competition, which is described schemati-
cally in Fig. 2(c). Additionally, the Josephson currents
are calculated by Eq. (10) in Fig. 7(d), which shows a
nonreciprocal critical current of the Josephson junction.
Hence, a current-controlled JD can be achieved. In addi-
tion, in this case, the Josephson current is still finite when
the phase bias vanishes, which realizes the anomalous
Josephson effect originally related to the ¢, Josephson
junctions [17], although the physical origin of the time-
reversal breaking comes from the unconventional super-
conducting pairing which is different from the ¢, junctions
studied before [17-29]. Moreover, this diode effect dis-
appears if we set fgg = f1 5, Which shows that both
inversion symmetry breaking achieved by setting fgg # #1 5
here and 7 symmetry breaking achieved by d + is pairing
here are necessary to realize this diode effect. Because of
this symmetry requirement, this nonreciprocal response
can also be used to test whether a SC breaks 7 symmetry.

In short, by engineering the 7 broken tunneling barrier
via magnetic order and 7 breaking superconductivity, we
demonstrate that the critical current of JJ can be tuned by
the current. This mechanism can be used to construct JD
with ., #1._.

V. DISCUSSION AND SUMMARY

Now, we can apply our general theory to the JD effect
found in the NSB heterostructure. Since NbSe, is a
conventional s-wave SC [81,82], the unique feature of
NSB JID relies on the Nb;Brg barrier. Nb;Bryg is found to be
an obstructed atomic insulator [7,83,84], which is a
generalization of the SSH chain [85,86]. In each conven-
tional cell of bulk Nb;Brg crystal, there are six sublayers
while the NSB only contains three sublayers breaking the Z
[7,84,87]. Using density functional calculations, we further
confirm that the physics of Nb;Brg is dominated by the
Nb d;2_,» orbital. Each monolayer Nb;Brg is a half-filled
single band metal and two Nb;Brg layers strongly couple
with each other opening up a bilayer band gap. Then
stacking Nb;Brg layers along the z direction form the
Nb;Brg crystal. Interestingly, the interlayer couplings
between neighboring layers form strong and weak cou-
pling bonds alternatively in the NbyBrg material, which
is similar to the 1D SSH chain or Rice-Mele chain in
Fig. 4(a). Therefore, for Nb;Brg barrier layer in NSB
heterostructure shown in Fig. 7(e), layer 1 and layer 2 are
insulating with a metallic layer 3 floating on top of them,
which is the end property of an obstructed atomic
insulator [84]. Note that this TB structure agrees with
the geometric setup discussed in Fig. 2. More impor-
tantly, the bandwidth W of layer 3 or monolayer Nb;Brg
is quite narrow with W ~ 96 meV. On the other hand, a
recent experiment shows the correlation strength of Nb is
quite strong with Hubbard U around 0.8-1.2 eV [88].
Therefore, NbyBrg is a strongly correlated system in
addition to its atomic obstructed nature.

For the NSB heterostructure, there are two nonrecip-
rocal phenomena related to the finite critical current
difference A/, and the finite returning current difference
Al [7]. Hence, we can conclude that the 7 breaking must
take place due to the nonvanishing A/.. The origin of this
T breaking is far from clear. We propose that this effect is
from its strongly correlated flatband of the metallic layer.
It is likely that this TB layer may host a magnetic ground
state due to the correlation or unconventional super-
conductivity [40,89]. Then the current flow tunes the
magnetic ground state or superconductivity as we dis-
cussed in the 7 breaking JD section. However, owing to
the high complexity of this heterostructure and strong
correlation, the detailed feature of NSB is beyond our
work, which calls for further theoretical and experimental
investigations. For the Al,, this nonreciprocal feature is
coming from its 7 symmetry breaking. This inversion
symmetry breaking in the obstructed atomic insulator is
similar to Rice-Mele chain leading to finite electric
polarization. Then, owing to the charge accumulation
of the device capacitance, the voltage potential at the
interface can change the proximity region through electric
polarization giving rise to Al, [7,61], as we discussed in
the Z breaking JD section.

For the JD effects using the magnetochiral anisotropy
and the asymmetric edge states, both of them are 7
breaking JD [8,31,35,38]. Taking the Rashba system as
an example, the magnetic field B, along the y direction will
induce a finite momentum shift ¢, along the x direction
because of the Rashba SOC (k.o — ky0,). Owing to this
finite momentum, the current flow along the x direction
behaves differently in the positive and negative directions,
which also shows different proximity processes as above.

In summary, we study the general theory for Josephson
diodes. Based on symmetry analysis, there are two types
of JDs: 7 breaking JD and 7 breaking JD. For 7 breaking
JD, the voltage can be used to control the internal potential-
dependent quantity, like the Rashba SOC or electric
polarization, which leads to 7.(V)#1.(-=V) and I, #1,_.
For 7 breaking JD, the current serves as the controlling
parameter, which leads to /., # ... In this case, the
tunneling barrier needs to break 7 in addition to Z
breaking, like the internal magnetism or time-reversal
breaking pairing. All these results provide a comprehensive
understanding of JD physics and lead to general principles
of JD designs. We hope our findings could further stimulate
the investigation of Josephson diode effects both theoreti-
cally and experimentally.
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