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We show that the topology of the Fermi sea of a D-dimensional Fermi gas is reflected in the multipartite
entanglement characterizing Dþ 1 regions that meet at a point. For odd D we introduce the multipartite
mutual information and show that it exhibits a logDL divergence as a function of system size L with a
universal coefficient that is proportional to the Euler characteristic χF of the Fermi sea. This provides a
generalization, for a Fermi gas, of thewell-known result forD ¼ 1 that expresses the logL divergence of the
bipartite entanglement entropy in terms of the central charge c characterizing a conformal field theory. For
even D we introduce a charge-weighted entanglement entropy that is manifestly odd under a particle-hole
transformation. We show that the corresponding charge-weighted mutual information exhibits a similar
logD L divergence proportional to χF. Our analysis relates the universal behavior of the multipartite mutual
information in the absence of interactions to theDþ 1 order equal-time density correlation function, which
we showexhibits a universal behavior in the longwavelength limit proportional to χF. Our analytic results are
based on the replica method. In addition, we perform a numerical study of the charge-weighted mutual
information forD ¼ 2 that confirms several aspects of the analytic theory. Finally, we consider the effect of
interactions perturbatively within the replica theory. We show that for D ¼ 3 the log3 L divergence of the
topological mutual information is not perturbed by weak short-ranged interactions, though for D ¼ 2 the
charge-weighted mutual information is perturbed. Thus, for D ¼ 3 the multipartite mutual information
provides a robust classification that distinguishes distinct topological Fermi liquid phases.
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I. INTRODUCTION

A powerful method for characterizing the phases of
quantum many particle systems is to identify the patterns
of long-range entanglement present in the ground state
wave function. A hallmark for this type of analysis is the
theory of the topological entanglement entropy of a gapped
(2þ 1)-dimensional topological phase [1,2]. In that case,
the total quantum dimension of the quasiparticle excita-
tions, which is a topological quantity characterizing the
phase, is related to a measure of the entanglement in the
ground state wave function given by the mutual informa-
tion between three subregions in the plane. This analysis
has subsequently been generalized for higher-dimensional
gapped topological phases [3,4].

Long-range entanglement also occurs in gapless sys-
tems. It is well known that in (1þ 1)-dimensional con-
formal field theory (CFT) the bipartite entanglement
entropy exhibits a logarithmic divergence as a function
of system size L with a coefficient proportional to the
central charge c [5–7]. c is a topologically quantized
quantity that characterizes the low energy degrees of
freedom responsible for long-ranged entanglement. There
has been considerable interest in generalizing this type of
analysis to higher dimensions [8–15].
Fermi gases provide a tractable setting to characterize

entanglement, and have a broad application to electronic
materials. A 1D Fermi gas is a simple CFT, in which c
counts the number of (right-moving) Fermi points, or
equivalently the number of components of the 1D Fermi
sea. InD dimensions, the bipartite entanglement entropy of
a Fermi gas exhibits an area law with a logarithmically
divergent coefficient that probes the projected area of the
Fermi surface [16–21]. This can be understood simply by
considering a quasi-1D geometry with periodic boundary
conditions for the remaining D − 1 dimensions. Then,
since the transverse momentum eigenstates decouple into
independent 1D modes, the coefficient of the log in the
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entanglement entropy simply counts the number of 1D
modes below the Fermi level, given by AAF=ð2πÞD, where
A ∼ LD−1 is the real space area of the boundary and
AF ∼ kD−1

F is the projected area of the Fermi sea. For a
more general bipartition, this result can be expressed as an
integral over both the real space boundary and the Fermi
surface in a form analogous to the Widom formula from the
theory of signal processing [17].
Unlike the 1D case, the coefficient of the logarithmic

divergence of the bipartite entanglement entropy for a
D > 1 dimensional Fermi gas is not a topological quantity.
Since it depends on both the dimensions of the Fermi
surface and the dimensions of the partition boundary, it
will vary continuously as nonuniversal parameters are
adjusted. Moreover, this coefficient does not distinguish
qualitatively distinct patterns of entanglement. For exam-
ple, a 3D system composed of independent 1D wires
clearly exhibits long-ranged entanglement along the wires,
but there is no entanglement between the wires. The
bipartite entanglement entropy is not sensitive to this
distinction.
The quasi-1D and 3D Fermi surfaces described above are

distinguished by the topology of the filled Fermi sea, which
can be characterized by its Euler characteristic χF [22].
χF is an integer topological invariant defined as

χF ¼
XD
l¼0

ð−1Þlbl; ð1:1Þ

where bl is the lth Betti number, given by the rank of
the lth homology group, which counts the topologically
distinct l cycles [23]. A 3D spherical Fermi sea has
χF ¼ 1 − 0þ 0 − 0 ¼ 1, while a quasi-1D Fermi sea,
which spans the 3D Brillouin zone in two directions,
has χF ¼ 1–2þ 1 − 0 ¼ 0. According to the Morse theory,
χF can also be expressed in terms of the critical points in the
electronic dispersion Ek [24,25]. χF is related to the critical
points kc in Ek, where vk ¼ ∇kEk ¼ 0.

χF ¼
X
c

fkc
ηc; ð1:2Þ

where fk ¼ θðEF − EkÞ specifies the Fermi sea, and the
signature of each critical point is given by ηc ¼ sgn detHc,
where the Hessian Hc is the matrix of second derivatives
of Ek. It follows that χF changes at a Lifshitz transition,
where a minimum, maximum, or saddle point in Ek passes
through EF [26,27].
In this paper we introduce an entanglement measure

characterizing the ground state wave function that is
sensitive to the Fermi sea topology. The key difference
between D ¼ 1 and higher dimensions from the point of
view of entanglement is that in D ¼ 1 two regions
generically meet at a point, while for D > 1 they meet
on a (D − 1)-dimensional plane. Thus the bipartite

entanglement entropy scales as ðkFLÞD−1, which for D>1
depends on the nonuniversal parameter kF. However, as
indicated in Fig. 1, for D ¼ 2 three regions generically
meet at a point, and for D ¼ 3 four regions meet at a point.
This motivates us to consider the multipartite entanglement
between Dþ 1 regions that meet at a point. Multipartite
entanglement measures have been the subject of increasing
current interest [28–35]. Here we introduce the topological
mutual information characterizing Dþ 1 regions that meet
at a point and show that it exhibits a logarithmic divergence
that is proportional to χF.
The mutual information IDþ1 characterizing Dþ 1

regions is designed so that the pairwise (or higher)
correlations between different regions are subtracted off,
leaving only the intrinsic correlations between all Dþ 1
regions. For D ¼ 1, the mutual information characterizing
two regions A and B is

I2 ¼ SA þ SB − SAB; ð1:3Þ

where SA is the bipartite von Neumann entanglement
entropy associated with subregion A [15,36–38]. Since in
this paper we consider ground state properties, and the
entire system AB is in a pure state, we have SAB ¼ 0 and
SA ¼ SB. Thus I2 is the same (up to a factor of 2
definition) as the bipartite entanglement entropy. Using
the fact that for free fermions c ¼ χF, the Calabrese-
Cardy formula for the bipartite entanglement entropy can
then be expressed as [7]

I2 ¼
χF
3
logΛ; ð1:4Þ

where Λ ∼ kFL.
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FIG. 1. TheD-dimensional Fermi gas for (a)D ¼ 1, (b)D ¼ 2,
and (c) D ¼ 3 is partitioned into Dþ 1 regions that meet at a
single point, with any k regions sharing a flat boundary of
dimension Dþ 1 − k. Here we study an entanglement measure,
known as the mutual information, that captures the intrinsic
correlations among all Dþ 1 regions. The mutual information is
topological in that it exhibits a leading logarithmic divergence
proportional to the Euler characteristic χF of the Fermi sea.
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To generalize this to higher dimensions we first consider
D ¼ 3, where for four regions the mutual information is
defined as

I4 ¼ SA þ SB þ SC þ SD − SAB − SAC − SAD

− SBC − SBD − SCD þ SABC þ SABD

þ SACD þ SBCD − SABCD: ð1:5Þ

We will show that the topological mutual information I4

characterizing four regions that meet at a point exhibits a
universal logarithmic divergence of the form

I4 ¼
χF
5π2

log3 Λ: ð1:6Þ

The situation for D ¼ 2 is different. The natural exten-
sion of Eqs. (1.3) and (1.5) for three regions A, B, and C
that meet at a point in 2D does not work. For a pure state
SABC ¼ 0 and SAB ¼ SC, so it follows that

SA þ SB þ SC − SAB − SAC − SBC þ SABC ¼ 0: ð1:7Þ

Perhaps this should not come as a surprise because for
D ¼ 1 and D ¼ 3, χF can equally well be regarded as a
property of the Fermi surface. For odd D, the Euler
characteristic χ∂F of the (D − 1)-dimensional Fermi surface
is simply related: χ∂F ¼ 2χF. For even D, however, the
Euler characteristic of any closed (D − 1)-dimensional
surface is zero. For instance, in 2D, all Fermi surfaces
are topologically the same as circles, with χ∂F ¼ 1 − 1 ¼ 0.
Thus, in even dimensions we have neither a topological
entanglement measure analogous to Eqs. (1.3) and (1.5) nor
a topological invariant characterizing the Fermi surface.
Nonetheless, in even dimensions the Euler characteristic

of the Fermi sea can be nonzero, and it distinguishes
different topological classes. For example, in two dimen-
sions, the Euler characteristic counts the difference between
the number of electronlike and holelike Fermi surfaces,
with open Fermi surfaces contributing zero. It is able to
distinguish a 2D circular Fermi sea (χF ¼ 1 − 0þ 0 ¼ 1)
from a quasi-1D Fermi sea that would arise for a 2D array
of decoupled 1D wires (χF ¼ 1 − 1þ 0 ¼ 0), which has
only 1D entanglement. We therefore seek an entanglement
measure that probes χF in two dimensions.
An important property of χF in even dimensions is that

it is odd under a particle-hole transformation, which
exchanges the inside and outside of the Fermi surface.
Clearly, the bipartite entanglement entropy is even under
the exchange of particles and holes. This motivates us
to consider a new entanglement measure that is odd
under particle-hole symmetry. We will introduce a
“charge-weighted” bipartite entanglement entropy SQA ,
which weights SA according to the charge QA − hQAi.
By construction, this quantity is odd under a particle-hole

transformation. This allows us to define a charge-weighted
topological mutual information in even dimensions.
Specifically, for D ¼ 2 we define

IQ
3 ¼ SQA þ SQB þ SQC − SQAB − SQAC − SQBC þ SQABC: ð1:8Þ

We will see that SQAB ¼ −SQC , so that unlike in Eq. (1.7), the
terms do not cancel. We will show that IQ

2 exhibits a
universal logarithmic divergence of the form

IQ
3 ¼ 3χF

4π2
log2 Λ: ð1:9Þ

To compute the topological mutual information, we will
employ the replica method used by Calabrese and Cardy
[7]. This leads naturally to a formulation in terms of the
equal-time correlations between the numbers of particles in
the different regions: I2 ∝ hQAQBic, IQ

3 ∝ hQAQBQCic,
and I4 ∝ hQAQBQCQDic. (Here the subscript c indicates
the connected correlation function.) The connection
between the bipartite entanglement entropy for free fer-
mions and number correlations (including higher-order
cumulants) has been noted and extensively studied in
Refs. [39–41]. Our analysis shows that these correlation
functions exhibit a universal logarithmic divergence as a
function of system size, with a coefficient proportional to
χF. We will show that this is related to a universal (and to
our knowledge unexplored) feature of the long wavelength
density correlations of an infinite free Fermi gas.
Specifically, we will show that in D dimensions, the Dþ
1 order density correlation function in momentum space
exhibits a universal behavior for small q,

sDþ1ðq1;…;qDÞ≡
Z

dDqDþ1

ð2πÞD hρq1ρq2…ρqDþ1
ic

¼ χF
ð2πÞD j detQj; ð1:10Þ

whereQ is theD ×D matrix built out of the column vectors
q1;…;qD. Note that due to translation symmetry the
expectation value is proportional to δðq1 þ � � � þ qDþ1Þ,
and Eq. (1.10) is the same when regarded as a function of
anyD of the vectors q1;…;qDþ1. This result is insensitive to
continuous changes in the shape of the Fermi sea. The long
wavelength density correlations contain topological infor-
mation about the Fermi sea.
In order to confirm the predictions of our analytic replica

theory analysis it is desirable to develop an independent
numerical method for computing the topological mutual
information. While numerics is computationally challeng-
ing for D ¼ 3, we find that the efficient numerical methods
for computing the bipartite entanglement entropy for free
fermions developed in Refs. [42–45] can be adapted to the
computation of the charge-weighted mutual information in
two dimensions. This is discussed in detail in Sec. IV,
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where we demonstrate consistency between the numerics
and several aspects of the analytic predictions.
Finally, it is important to address the stability of our results

in the presence of electron-electron interactions. In one
dimension, it is known that short-ranged electron-electron
interactions do not affect the bipartite entanglement entropy.
The central charge c retains its integer quantization in a
Luttinger liquid, despite the fact that the log divergence
of the number correlations hQAQBic loses its quantization
[41,46]. In Sec. V we study the effects of electron-electron
interactions perturbatively within the replica theory. We
explain how the replica theory resolves that discrepancy,
and we show that in D ¼ 3 the situation is similar. We
predict that in a three-dimensional Fermi liquid the log3 Λ
divergence of I4 remains quantized to χF in the presence of
short-ranged interactions, despite the fact that the Fermi
liquid parameters modify the divergence of hQAQBQCQDic.
Thus, the divergence of the topological mutual information
provides a sharp characterization that distinguishes distinct
topological Fermi liquid phases, even in the presence of
interactions. In contrast, we show that the charge-weighted
mutual information defined for D ¼ 2 is not robust in the
presence of interactions. Short-ranged interactions will
modify the coefficient of the log2 Λ divergence of IQ

2 .
The paper is organized as follows. In Sec. II, we review

the replica method and apply it to the topological mutual
information in D ¼ 1 and D ¼ 3. We also introduce the
charge-weighted entanglement entropy, along with the
charge-weighted mutual information, and show how they
are computed in the replica theory. These calculations relate
I2;4 and IQ

3 to the number correlations, which are in turn
related to the universal long wavelength density correlator
sDþ1, defined in Eq. (1.10). In Sec. III, we discuss s3 and s4
in detail and establish Eq. (1.10). Alternative derivations
of these results are presented in Appendixes A and B. In
addition, some lengthy parts of the calculation, including the
Fourier transform of Eq. (1.10), as well as a subsequent real
space integration are described in Appendixes C and D. In
Sec. IV, we describe the numerical computation of IQ

3 . We
begin with a discussion of the computational method, and
then demonstrate consistency with the predicted quantization
of log2 Λ divergence of IQ

3 , as well as its dependence on the
topology of the Fermi sea and the structure of the real space
partitions. In Sec. V, we address the effect of electronic
interactions, and show that within the replica theory the
topological mutual information remains quantized for a
three-dimensional Fermi liquid. Finally, in Sec. VI, we
close with a discussion of further questions.

II. ENTANGLEMENT AND NUMBER
CORRELATIONS

A. Replica theory for bipartite entanglement entropy

In this section, we review the replica method for
computing the entanglement entropy and show how for

free fermions it relates to the number correlations. Consider
a system of free fermions that is partitioned into two regions
A and B. The reduced density matrix is

ρA ¼ TrB½ρAB�; ð2:1Þ
where ρAB ¼ jψABihψABj is the density operator for the
pure state jψABi. The von Neumann entanglement entropy
for subsystem A is then

SA ¼ −TrA½ρA log ρA�: ð2:2Þ

Following Calabrese and Cardy [7], we evaluate SA using
the replica trick. We introduce

SA;n ¼ TrA½ρnA�: ð2:3Þ

Noting that TrA½ρA� ¼ 1, the von Neumann entropy is
recovered by analytically continuing as a function of n:

SA ¼ −
∂SA;n
∂n

����
n¼1

: ð2:4Þ

SA;n is related to, but defined slightly differently from, the
Rényi entropy, which is given by ðlogSA;nÞ=ð1 − nÞ.
The key insight of Calabrese and Cardy is that for integer

n we can consider the partition function describing n
replicas of the original system as a Euclidean space-time
path integral. Then, the trace TrA½ðTrBρABÞn� can be
interpreted as describing a system in which the replicas
are joined together such that inside region A replica a at
time τ ¼ −ε is connected to replica aþ 1 mod n at time
τ ¼ þε. In D ¼ 1 spatial dimension, the pointlike boun-
dary between A and B then resembles a screw dislocation
in a three-dimensional space-time-replica index space as
indicated in Fig. 2. For D > 1, the (D − 1)-dimensional
boundary between A and B behaves similarly. The effect of
the partial trace is then to introduce a twist operator TA;n

into the partition function at time τ ¼ 0, whose action on
the fermion operators ψaðrÞ is given by

T†
A;nψaðrÞTA;n ¼

8>><
>>:

ψaðrÞ r ∈ B

ψaþ1ðrÞ r ∈ A; a < n

ð−1Þnþ1ψ1ðrÞ r ∈ A; a ¼ n:

ð2:5Þ

Here the sign ð−1Þnþ1 reflects the anticommutation of
fermion operators [47,48], which in a path integral requires
an antiperiodic temporal boundary condition. This is
accounted for by taking ψa → ð−1Þaψa in the product
Tr½Qn

a¼1 ρA�, allowing an interpretation in terms of an n
component fermion field ψa that satisfies ψaðτ ¼ βÞ ¼
−ψaðτ ¼ 0Þ. We then have

SA;n ¼ hTA;ni: ð2:6Þ
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This can be simplified by doing a Fourier transform of
the fermion operators in replica space, which diagonalizes
the twist operator. We introduce

ψ̃pðrÞ ¼
1ffiffiffi
n

p
Xn
a¼1

e−2πipa=nψaðrÞ; ð2:7Þ

where the “replica momentum” p is an integer (half-
integer) modulo n when n is odd (even). The action of
the twist operator is then

T†
A;nψ̃pðrÞTA;n ¼ ψ̃pðrÞ

�
e2πip=n r ∈ A

1 r ∈ B:
ð2:8Þ

We thus conclude that the twist operator has the form

TA;n ¼
Yðn−1Þ=2

p¼−ðn−1Þ=2
eð2πip=nÞQA;p ; ð2:9Þ

where

QA;p ¼
Z
r∈A

dDrψ̃†
pðrÞψ̃pðrÞ ð2:10Þ

is the total charge in region A in the pth replica-momentum
channel.
Now, for free fermions, two key simplifications occur.

The first is that the Hamiltonian decouples into n inde-
pendent and identical copies in each replica-momentum
channel. It follows from Eqs. (2.6) and (2.9) that

SA;n ¼
Y
p

heð2πip=nÞQA;pi; ð2:11Þ

where each of the expectation values in the product is
evaluated with respect to the same Hamiltonian, and can be

computed in the unreplicated theory. The second simpli-
fication is that the expectation value of the exponent ofQA;p

can be expanded in a cumulant expansion,

hTA;ni ¼ exp

�X
p

X∞
M¼1

1

M!

�
2πip
n

�
M
hQM

A;pic
�
; ð2:12Þ

where the expectation value in the exponent includes
only the connected terms. Since QA;p is quadratic in the
fermion operators, the connected terms involve evaluating a
Feynman diagram that consists of a single fermion loop
with M QA;p vertices; see Figs. 3(a)–3(d).
Since hQM

A;pic is independent of p, we can drop the
subscript p and evaluate the sum on p over integers (half-
integers) modulo n when n is odd (even). To do this it is
necessary to choose a range for p. Since QA;p has integer
eigenvalues, it follows that e2πiQA;p ¼ 1. Thus, it is clear
that changing the range [for example, from −ðn − 1Þ=2 ≤
p ≤ ðn − 1Þ=2 to −ðn − 3Þ=2 ≤ p ≤ ðnþ 1Þ=2] does not
affect Eq. (2.11). However, changing the range does affect
the coefficients of the hQM

A;pic terms in the cumulant
expansion (2.12). This discrepancy can be resolved by
noting that the cumulant expansion of he2πiQA;pi ¼ 1
implies a nontrivial identity obeyed by the terms in the
cumulant expansion. In the following, we choose the range
of p to respect the symmetry under p → −p.
The sum over replica-momentum channels can now be

evaluated by noting that

Cn;M ≡ Xðn−1Þ=2
p¼−ðn−1Þ=2

pM ¼ ½1þ ð−1ÞM�Hðn−1Þ=2;−M; ð2:13Þ

where the generalized harmonic number is Hm;l ¼P
m
p¼1 p

−l. Thus, Cn;M ¼ 0 for odd M, and the first few
even terms are

x

A B

FIG. 2. Replica method for calculating the bipartite entangle-
ment entropy, illustrated for spatial dimension D ¼ 1. To
calculate TrA½ρnA� in the Euclidean path integral formalism, n
replicas of the original system are introduced. This quantity can
then be calculated as the partition function defined on an n-
sheeted Riemann surface, constructed as follows: for region A,
each replica (with label a) at time τ ¼ −ϵ is glued to the next
replica (with label aþ 1 mod n) at time τ ¼ þϵ; for region B,
each replica is glued back to itself.

QA QA

QA

QA

QA

QA

QA

QA

QA

QA 1M = M =2

M =4M =3

(a) (b)

(c) (d)

FIG. 3. (a)–(d) Feynman diagrams for the connected correlation
functions hQM

A ic for M ¼ 1; 2; 3; 4 generated by the cumulant
expansion Eq. (2.12). Solid lines are free-fermion propagators, and
small circles are QA vertices.
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Cn;2 ¼
nðn2 − 1Þ

12
; ð2:14Þ

Cn;4 ¼
nðn2 − 1Þð3n2 − 7Þ

240
: ð2:15Þ

Cn;M can be analytically continued as a function of n, which
allows us to evaluate the n → 1 limit required for Eq. (2.4).
For n → 1 it is found that for arbitrary positive even
integers M,

Cn;M ¼ −ðn − 1ÞMζ1−M þOðn − 1Þ2; ð2:16Þ

where ζ1−M is the Riemann ζ function. Using the identity
ζ1−M ¼ 2ð2πÞ−M cosðπM=2ÞðM − 1Þ!ζM, we conclude that
to order (n − 1),

Xðn−1Þ=2
p¼−ðn−1Þ=2

1

M!

�
2πip
n

�
M
¼
�
0 M odd

−2ðn − 1ÞζM M even;

ð2:17Þ

with ζ2 ¼ π2=6 and ζ4 ¼ π4=90.
Combining Eqs. (2.4), (2.6), (2.12), and (2.17), we can

now express the von Neumann entropy as a sum over the
cumulants of the number correlations. Writing M ¼ 2l,
we obtain

SA ¼
X∞
l¼1

2ζ2lhQ2l
A ic: ð2:18Þ

This result has been derived previously using a different
method in connection with the theory of full counting
statistics and its relation to the entanglement entropy
[39–41]. The derivation presented here, based on the
replica method, has the advantage that it is straightforward
to examine the effects of electron-electron interactions,
which will be considered in Sec. V.
We now argue that terms in the cumulant expansion

(2.18) are arranged in decreasing order of divergence in the
system size L. Therefore, to extract the leading divergence,
it is only necessary to consider the first nonzero term in the
expansion. This can be seen using a simple power counting
argument.
Consider the M ¼ 2lth term in the expansion. This can

be determined by integrating the Mth-order correlation
function of the density ρðrÞ over the DM coordinates
ri¼1;…;M. The order of divergence in the system size L
will depend on how fast this correlator goes to zero when
jri − rjj is large. In Sec. III and Appendix A, we study the
density correlation function in detail, and show that the
momentum space correlator,

sMðq1;…;qM−1Þ ¼
Z

dDqM

ð2πÞD hρðq1Þ…ρðqMÞic; ð2:19Þ

vanishes in the small q limit like

sMðq1;…;qM−1Þ ∼ kDþ1−M
F qM−1; ð2:20Þ

where k−1F is a short distance length scale set by the
dimensions of the Fermi surface, and we note that due
to translation symmetry, qM ¼ −q1 − � � � − qM−1. A sim-
ilar scaling for three-point functions of the density has been
discussed in Ref. [49]. Fourier transforming over theM − 1
independent variables leads to a real space correlator
that depends only on differences ri − rj, and for large r
scales as

hρðr1Þ…ρðrMÞic ∼ kDþ1−M
F

Z
qM−1eiqrdðM−1ÞDq ð2:21Þ

∼
kDþ1−M
F

rðDþ1ÞðM−1Þ : ð2:22Þ

Integrating this over ri then gives

hQMic ∼ kDþ1−M
F

Z
dDMr

rðDþ1ÞðM−1Þ ∼ ðkFLÞDþ1−M: ð2:23Þ

This shows that for M > Dþ 1 the Mth term in the
cumulant expansion converges for large L, while for
M < Dþ 1 it diverges as ðkFLÞDþ1−M. For example, for
M ¼ 2, we expect an area-law (for D ¼ 3) contribution
ðkFLÞD−1, which is proportional to the area of the Fermi
surface [17].
The term with M ¼ Dþ 1 is marginal, and we shall see

that it gives rise to universal logarithmic divergences. In
the following we show that for D ¼ 1 this recovers the
Calabrese-Cardy formula. For D ¼ 3 we will introduce an
entanglement measure that subtracts off the leading diver-
gent M ¼ 2 term, leaving the universal M ¼ 4 term. For
D ¼ 2, the above power counting argument suggests that
there is a universal divergence for M ¼ 3. However, the
M ¼ 3 term is not present in Eq. (2.18). In Sec. II D, we
explain why this is, and we introduce a modified entangle-
ment measure that probes the M ¼ 3 term.

B. Topological mutual information in one dimension

As a warm-up, in this section we use Eq. (2.18) to
recover the result of Calabrese and Cardy [7]. While this
result is well known, our derivation will set the stage for our
later results. We consider a one-dimensional system of free
fermions defined on a line segment, and we partition the
system into two subregions A and B that meet at a single
point. The topological mutual information, defined in
Eq. (1.3), is simply related to the bipartite entanglement
entropy I2 ¼ 2SA. To evaluate this, we consider the first
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term in the cumulant expansion, withM ¼ 2. We will argue
that this term captures the leading logarithmic divergence
of I2. Using the facts that the total chargeQ ¼ QA þQB is
conserved and therefore drops out of the connected
correlation function and that ½QA;QB� ¼ 0, we can write

I2 ¼ −4ζ2hQAQBic: ð2:24Þ

This can be determined by first evaluating the equal-time
density-density correlation function in momentum space.
Defining

ρq ¼
Z

dxe−iqxρðxÞ ¼
Z

dk
2π

c†kckþq; ð2:25Þ

where ρðxÞ ¼ ψ†ðxÞψðxÞ and ck is the momentum space
fermion operator, we may write this as

s2ðqÞ ¼
Z

dq0

2π
hρðqÞρðq0Þic ¼

Z
dk
2π

ð1− fkþqÞfk; ð2:26Þ

where fk ¼ hc†kcki ¼ θðEF − EkÞ is the Fermi occupation
factor. This is simply the length in momentum space that is
inside the Fermi sea, but outside the Fermi sea when shifted
by −q. For sufficiently small q it is simply

s2ðqÞ ¼
χF
2π

jqj: ð2:27Þ

Here χF is the Euler characteristic of the Fermi sea, which
in 1D simply counts the number of components of the
Fermi sea (or half the number of Fermi points). This is not a
Taylor expansion for small q. It is exact for q smaller than a
fixed finite value that is determined by the smallest wave
vector spanning the Fermi sea. In the following sections we
will see that this behavior has a generalization in higher
dimensions.
Fourier transforming, the jqj singularity in s2ðqÞ deter-

mines the universal long distance limit of the equal-time
correlations in real space, s2ðxA; xBÞ ¼ hρðxAÞρðxBÞic,
given by

s2ðxA; xBÞ ¼
Z

dq
2π

sðqÞeiqðxA−xBÞ ¼ −
χF
2π2

1

ðxA − xBÞ2
:

ð2:28Þ

Integrating xA over region A (−L < xA < 0) and xB over
region B (0 < xB < L) gives the leading logarithmic
divergence in the equal-time number correlation,

hQAQBic ¼ −
χF
2π2

logΛ; ð2:29Þ

where Λ ¼ kFL, and k−1F is a nonuniversal short distance
cutoff that depends on the size of the Fermi sea. Using

Eq. (2.24) along with ζ2 ¼ π2=6, this gives the Calabrese
Cardy result,

I2 ¼
χF
3
logΛ; ð2:30Þ

where for free fermions, the central charge in conformal
field theory is given by c ¼ χF. Note that this calculation is
for a geometry in which regions A and B meet at a single
point x ¼ 0. If instead region A is surrounded by B, so that
A and Bmeet at two points, then the result is doubled. More
generally, one could consider partitions in which region A
consists of multiple disconnected regions. Then I2 counts
the number of contact points between A and B. I2 deserves
the name “topological mutual information” because it
depends only on the topology of the Fermi sea, as well
as the topology of the real space partition of A and B.

C. Topological mutual information in three dimensions

As noted in the Introduction, for D > 1 the bipartite
entanglement entropy exhibits a logarithmic divergence
with area law coefficient that depends on the dimensions of
the Fermi surface, and can be expressed in terms of the
Widom formula. Unlike theD ¼ 1 result, this coefficient is
not quantized and does not reflect topological information
about the state. Here we show that the mutual information
characterizing four regions that meet at a single point is
quantized and reflects the topology of the filled Fermi sea.
We therefore consider free fermions with a momentum

space dispersion Ek defined on a three-dimensional region
of size L3 with open boundary conditions. We partition
the region into four subregions A, B, C, andD that meet at a
single point, as shown in Fig. 1(c), and consider the
mutual information I4 defined in Eq. (1.5). Since the
entire system ABCD is in a pure state, we have SABCD ¼ 0
and SABC ¼ SD and SAB ¼ SCD. Therefore, Eq. (1.5)
simplifies to

I4 ¼ 2ðSA þ SB þ SC þ SD − SAB − SAC − SADÞ: ð2:31Þ

Note that this combination of entropies has a structure
similar to the mutual information characterizing three
regions A, B, and C (along with their complement), which
was introduced in Ref. [1] to isolate the topological
entanglement entropy. I4 characterizes the entanglement
correlations that involve all four regions, and is insensitive
to the local area-law contributions between pairs of regions.
We now use Eq. (2.18) to evaluate I4. It is straightfor-

ward to see that the first term in Eq. (2.18), which involves
hQ2ic, cancels. We will argue that the leading divergence is
dominated by the next term, involving hQ4ic,

I4 ¼ 4ζ4hQ4
A þQ4

B þQ4
C þQ4

D − ðQA þQBÞ4
− ðQA þQCÞ4 − ðQA þQDÞ4ic: ð2:32Þ
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Noting thatQA þQB þQC þQD is a constant and that the
Q’s commute, this reduces to

I4 ¼ −48ζ4hQAQBQCQDic: ð2:33Þ

Evaluating Eq. (2.33) is a bit more involved than it was
for the 1D case, Eq. (2.24), but the strategy is exactly the
same. We first compute the equal-time fourth-order con-
nected density correlation function in momentum space,
which reveals a universal and quantized small q singularity.
We then Fourier transform to get the fourth-order equal-
time density correlations in real space, followed by inte-
grating the four positions over the four regions A, B, C, and
D [see Fig. 1(c)]. Since the calculation is rather long, here
we summarize the results. The momentum space density
correlation function will be evaluated in Sec. III and
Appendix A, while the Fourier transform and real space
integrals will be described in Appendixes C and D.
The momentum space fourth-order equal-time density

correlations, given by

s4ðq1;q2;q3Þ¼
Z

d3q4

ð2πÞ3 hρðq1Þρðq2Þρðq3Þρðq4Þic; ð2:34Þ

are the subject of Sec. III B. In Eq. (2.34) it is understood
that due to translation invariance the constraint q4 ¼ −q1 −
q2 − q3 is enforced by a δ function, so only three of
ðq1;q2;q3;q4Þ are independent. We will show that s4 has a
universal small q behavior given by

s4ðq1;q2;q3Þ ¼
χF

ð2πÞ3 jq1 · ðq2 × q3Þj: ð2:35Þ

Note that s3 could equally well be described in terms of any
three of the four q’s, and that the triple product is the same
in each case. It describes the momentum space volume of
the tetrahedron formed by the four q’s. The analytic
derivation of Eq. (2.35) presented in Sec. III is valid in
the q → 0 limit, and the leading divergence of I4 only
depends on that limit. However, we have checked by
numerically evaluating the integrals that like Eq. (2.27)
this formula is exact for jqj smaller than a finite cutoff,
which depends in a complicated way on the shape of the
Fermi surface.
The next step is to evaluate the Fourier transform of

Eq. (2.35) to determine the fourth-order density correla-
tions in real space. This calculation is described in
Appendix C, where we show that

s4ðrA; rB; rC; rDÞ ¼ hρðrAÞρðrBÞρðrCÞρðrDÞic ð2:36Þ

can be written as

s4ðfrKgÞ ¼
2χF
ð2πÞ6 ∇A · ð∇B × ∇CÞ∇D · FðfrKgÞ; ð2:37Þ

where

FðfrKgÞ ¼ −ðrBA ×∇CÞδ2⊥ðrCA × rBAÞδ2⊥ðrDA × rBAÞ:
ð2:38Þ

Here we write rKK0 ¼ rK − rK0 , and the two-dimensional δ
functions are evaluated in the plane perpendicular to rBA.
The δ functions require rBAkrCAkrDA, so the connected
fourth-order correlations arise only when rA;B;C;D are
oriented along a straight line.
We next need to integrate rA;B;C;D over the four regions

A, B, C, D [see Fig. 1(c)]. The calculation involves
summing over sets of straight lines that visit all four
regions. Because of the derivatives on all four variables,
the integrals can be evaluated on the boundaries of each of
the regions. We find that the leading logarithmic divergence
can be viewed as arising from the lines close to the “triple
contact lines,” along which three regions meet. For exam-
ple, rA could be on the boundary of A, near the point where
all four regions meet, while rB;C;D are distributed on the
boundaries of B, C, andD close to the line where B, C, and
D meet. The calculation is a bit involved, and is described
in Appendix D. Here we quote the result:

hQAQBQCQDic ¼
Z
rK∈K

d12rKsðfrKgÞ ð2:39Þ

¼ −
3χF
8π6

log3 Λ: ð2:40Þ

Then, using Eq. (2.33) with ζ4 ¼ π4=90, we obtain the
leading logarithmic divergence of the quadripartite mutual
information:

I4 ¼
χF
5π2

log3 Λ: ð2:41Þ

This is our central result for three dimensions, which shows
that the mutual information I4 is topological in that it
encodes the topology of 3D Fermi sea. While derived above
for the case of free fermions, this result is actually robust in
the presence of Fermi liquid interaction. This is explained
in Sec. V.

D. Particle-hole odd entanglement measure
in two dimensions

1. Charge-weighted bipartite entanglement entropy

In this section, we consider the case of two dimensions.
As discussed in the Introduction, even and odd dimensions
behave differently. This difference comes into sharp focus
when one considers the effect of a particle-hole trans-
formation on a system of fermions defined on a lattice. This
transformation replaces the Fermi sea by its complement.
The Euler characteristics of the Fermi sea F and its
complement F̄ are related by χF̄ ¼ ð−1ÞDþ1χF, so in even
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dimensions, χF is odd under a particle-hole transformation.
Of course, the particle-hole transformation has no effect on
the Fermi surface. In general, the Euler characteristic of the
Fermi surface χ∂F and the Euler characteristic χF of its
interior, the Fermi sea, are related by [50]

χ∂F ¼
�
2χF D odd

0 D even:
ð2:42Þ

Since the particle-hole transformation is just a change of
basis, it has no effect on the entanglement entropy. Therefore,
in odd dimensions, χF and χ∂F contain the same information,
so one canview the topologicalmutual information defined in
Eqs. (1.3) and (1.5) as a property of the Fermi surface. In even
dimensions, the vanishing of χ∂F is consistent with the
vanishing of the attempted definition of the mutual informa-
tion in Eq. (1.7). However, χF can still be nonzero, and
contains nontrivial topological information about the Fermi
sea, but it can only be reflected in an entanglement measure
that is odd under a particle-hole transformation.
This motivates us to define the charge-weighted entan-

glement entropy:

SQA ¼ −Tr½ðQA − hQAiÞρA log ρA�: ð2:43Þ

Writing the trace in a basis of eigenstates of QA, this
can be interpreted as the entanglement entropy weighted
by the charge fluctuation in region A. Under a particle-
hole transformation, QA → NA −QA (where for a system
defined on a lattice NA is the number of sites in region A).
Thus it is clear that SQA → −SQA ; i.e., it is a particle-hole odd
entanglement measure.
We first show how to compute SQA using the replica

method, and then we show that given a tripartition con-
sisting of regions A, B, and C that meet at a point we can
define a charge-weighted topological mutual information
IQ
2 that has a universal log2 Λ divergence and probes the

Euler characteristic χF of the 2D Fermi sea.

2. Replica analysis

We first apply the replica analysis of Sec. II A to SQA . To
this end, we introduce the quantity

SQ;n
A ¼ Tr½QAρ

n
A�

Tr½ρnA�
: ð2:44Þ

Noting that Tr½QAρA� ¼ hQAi and Tr½ρA� ¼ 1, it can be
seen that

SQA ¼ −
∂SQ;n

A

∂n

����
n¼1

: ð2:45Þ

To evaluate SQ;n
A we introduce replicas a ¼ 0;…; n − 1,

along with the twist operator TA;n given in Eq. (2.9). Then,

SQ;n
A ¼ hQA;a¼0TA

ni
hTA

ni
: ð2:46Þ

In the replica-momentum basis, this then has the form

SQ;n
A ¼ 1

n

X
p

hQA;p
Q

p0eð2πip
0=nÞQA;p0 i

hQp0eð2πip
0=nÞQA;p0 i ; ð2:47Þ

where the sums and products over p and p0 range from
−ðn − 1Þ=2 to ðn − 1Þ=2. Since the replica-momentum
channels decouple, the terms with p0 ≠ p cancel, and for
the remaining p0 ¼ p term QA;p can be generated by
differentiating with respect to p:

SQ;n
A ¼ 1

n

X
p

n
2πi

∂

∂p
logheð2πip=nÞQA;pi: ð2:48Þ

Performing the cumulant expansion for the expectation
value of the exponent then gives

SQ;n
A ¼ 1

n

X
p

n
2πi

∂

∂p

X∞
M¼1

1

M!

�
2πip
n

�
M
hQM

A;pic: ð2:49Þ

Since the expectation value is independent of p, we can
perform the differentiation with respect to p and evaluate
the sum on p using Eq. (2.13). After shifting M → M þ 1,
we obtain

SQ;n
A ¼ 1

n

X∞
M¼0

1

M!

�
2πi
n

�
M
Cn;MhQMþ1

A ic: ð2:50Þ

Finally, using the same analysis as Eqs. (2.16)–(2.18) and
differentiating with respect to n in the limit n → 1,
we obtain

SQA ¼
X∞
l¼1

2ζ2lhQ2lþ1
A ic: ð2:51Þ

Thus, the charge-weighted bipartite entanglement entropy
has a similar structure to Eq. (2.18), except it picks out the
odd cumulants of the charge fluctuations rather than the
even cumulants. This implies SQA ¼ −SQ

Ā
, sinceQA þQĀ is

a constant.

3. Charge-weighted topological mutual information

Following the procedure in Sec. II B, we consider a
two-dimensional system of free fermions with dispersion
EðkÞ defined on a finite system of size L2 with open
boundary conditions. We partition the system into three
regions A, B, and C that meet at a point, see Fig. 1(b),
and define the charge-weighted topological mutual infor-
mation as
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IQ
3 ¼ SQA þ SQB þ SQC − SQAB − SQBC − SQCA þ SQABC: ð2:52Þ

Since ABC is the entire system with a conserved total
charge, SQABC ¼ 0. Moreover, SQAB ¼ −SQC , so that unlike in
Eq. (1.7), the above terms do not cancel. We anticipate that
IQ
3 is dominated by the l ¼ 1 term in the cumulant

expansion:

IQ
3 ¼ 2ζ2hQ3

A þQ3
B þQ3

C − ðQA þQBÞ3
− ðQB þQCÞ3 − ðQC þQAÞ3ic: ð2:53Þ

Using the fact that the total charge QA þQB þQC is
constant and the Q’s commute, we obtain

IQ
3 ¼ 12ζ2hQAQBQCic: ð2:54Þ

We evaluate this following the same procedure as
Secs. II B and II C. We first consider the momentum space
correlator, defined on an infinite plane,

s3ðq1;q2Þ ¼
Z

d2q3

ð2πÞ2 hρðq1Þρðq2Þρðq3Þic; ð2:55Þ

where translation symmetry fixes q3 ¼ −q1 − q2. In
Sec. III A, we establish that like the D ¼ 1 and D ¼ 3
cases, this has a universal small q behavior, which is exact
for jq1;2j smaller than a finite cutoff that depends on the
shape of the Fermi surface,

s3ðq1;q2Þ ¼
χF

ð2πÞ2 jq1 × q2j; ð2:56Þ

where we use the 2D (scalar) cross product.
We next Fourier transform to obtain the real space

density correlations:

s3ðrA; rB; rCÞ ¼ hρðrAÞρðrBÞρðrCÞic: ð2:57Þ

In Appendix C we show that this has the form

s3ðrA; rB; rCÞ ¼
2χF
ð2πÞ4 ð∇A ×∇BÞð∇C × FðfrKgÞ; ð2:58Þ

with

FðrA; rB; rCÞ ¼
rBA
jrBAj2

δðrBA × rCAÞ: ð2:59Þ

Thus, as in the 3D case, the density correlations are finite
when rA;B;C lie along a straight line.
We next integrate rA;B;C over regions A, B, and C [see

Fig. 1(b)]. This calculation is described in Appendix D. The
leading logarithmic divergence comes from straight lines
that begin at the triple contact point and straddle one of the
three lines that separate two regions. The result is

hQAQBQCic ¼
Z
rK∈K

d6rKsðfrKgÞ ¼
3χF
8π4

log2 Λ; ð2:60Þ

where Λ ¼ kFL, and k−1F is a nonuniversal short distance
cutoff that depends on the dimensions of the Fermi surface.
Then, using ζ2 ¼ π2=6, we obtain

IQ
3 ¼ 3χF

4π2
log2 Λ: ð2:61Þ

This is the central result of this section. The charge-
weighted topological mutual information exhibits a uni-
versal log2 Λ divergence that probes the topology of the
two-dimensional Fermi sea. In Sec. IV, we present numeri-
cal simulations that demonstrate consistency with this
analytic result.

III. UNIVERSAL DENSITY CORRELATIONS

In this section, we consider the Mth-order equal-time
correlation function of the density for a free Fermi gas,
defined by

sMðq1;…;qM−1Þ ¼
Z

dDqM

ð2πÞD hρq1ρq2…ρqMic; ð3:1Þ

for small q, where

ρq ¼
Z

dDk
ð2πÞD c†kckþq; ð3:2Þ

and qM ¼ −
P

M−1
i¼1 qi. We evaluate Eq. (3.1) for a free-

fermion Hamiltonian of the form

H0 ¼
Z

dDk
ð2πÞD Ekc

†
kck; ð3:3Þ

at zero temperature, where the electronic states are filled
for Ek < EF. In general there will be a form factor fðqÞ ¼
hukþqjuki in Eq. (3.2) that depends on the Bloch wave
functions juki, but since fðq → 0Þ ¼ 1, this will not affect
the small q limit, so we take fðqÞ ¼ 1.
For M ¼ Dþ 1, where D is the dimensionality of the

Fermi gas, we will show that sDþ1 has a universal behavior,

sDþ1ðq1;…;qDÞ ¼
χF

ð2πÞD j detQj; ð3:4Þ

where Q is the D ×D matrix formed out of the D vectors
qi. Thus j detQj describes the volume of theD-dimensional
parallelepiped formed by qi.
For D ¼ 1 this result is trivial, and was explained in

Sec. II B, where we argued that it is exact for q smaller than
a fixed finite cutoff that is determined by the size of the
Fermi sea. We have verified that the same is true for D ¼ 2
and D ¼ 3 by numerically evaluating the integrals that are
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obtained by evaluating Eq. (3.1) using Wick’s theorem.
We describe the Wick’s theorem analysis in some detail
for D ¼ 2 in Sec. III A, and then generalize to D ¼ 3 in
Sec. III B. While straightforward in principle, this calcu-
lation does not provide any insight into why Eq. (3.4) is
true. Therefore, in Appendix A we develop a different
approach based on evaluating the closed fermion loop
Feynman diagrams, which explains naturally the asymp-
totic behavior in the small q limit. Our proof of Eq. (3.4)
will be given for the cases D ¼ 2 and D ¼ 3. While we
have not done the general case, we suspect it is valid for
all D.
Finally, in Sec. III C we show that for a general value

of M,

sMðq1;…;qM−1Þ ∝ kDþ1−M
F qM−1: ð3:5Þ

This result was used in Sec. II A to determine the order of
divergence of the Mth-order cumulant hQM

A ic.

A. D= 2

It is straightforward to evaluate Eq. (3.1) using
Wick’s theorem. Defining the Fermi occupation factor
fk ¼ hc†kcki ¼ θðEF − EkÞ and f̄k ¼ 1 − fk, we find
for M ¼ 3,

s3ðq1;q2Þ ¼
Z

d2k
ð2πÞ2 f̄kþq1fkðf̄k−q3 − fk−q2Þ: ð3:6Þ

This integral can be evaluated numerically, for a given
Fermi surface specified by Ek ¼ EF, and we have checked
that Eq. (3.4) is numerically exact for sufficiently small (but
finite) q. We have also established this exactness using
a geometric argument, discussed in Appendix B, that is
analogous to the D ¼ 1 argument explained in Sec. II B.
While this analysis provides more justification for Eq. (3.4)
for D ¼ 2, it is formidable to apply a similar reasoning to
D ¼ 3. Hence, we choose to focus on analytic arguments
that allow for a unified treatment of both the D ¼ 2 and
D ¼ 3 cases. Here, we show that in the small q limit the
integral may be expressed as a sum over critical points in
the dispersion Ek, where vk ¼ ∇kEk ¼ 0, which then can
be related to the Euler characteristic χF by Eq. (1.2). In this
section, we present a series of straightforward manipula-
tions of Eq. (3.6) that accomplishes this. In Appendix Awe
present an alternative derivation of this result, which makes
it clearer why this result is true, and shows how it can be
generalized to higher-order correlation functions.
Our strategy is to identify derivatives with respect to q.

We manipulate Eq. (3.6) using the identity

f̄kþqfk ¼ −ðΔkþq
k fkÞΘkþq

k ; ð3:7Þ

where we introduce the notations

Δkþq
k fk ≡ fkþq − fk; ð3:8Þ

Θkþq
k ≡ θðEkþq − EkÞ: ð3:9Þ

We then obtain

s3 ¼
Z

d2k
ð2πÞ2Θ

kþq1
k ðfk − fkþq1

Þðf̄k−q3 − fk−q2
Þ: ð3:10Þ

Replacing fkðþq1Þ ¼ 1 − f̄kðþq1Þ in the terms multiplying
fk−q2 this becomes

s3 ¼
Z

d2k
ð2πÞ2Θ

kþq1
k

h
−Δk−q2

k ðf̄k−q3fkÞ ð3:11Þ

−Δk−q3
k ðf̄kfk−q2Þ

i
: ð3:12Þ

Applying Eq. (3.7) again leads to

s3 ¼
Z

d2k
ð2πÞ2 Θ

kþq1
k

h
Δk−q2

k ðΘk−q3

k Δk−q3
k fkÞ

− Δk−q3
k ðΘk

k−q2Δ
k−q2
k fkÞ

i
: ð3:13Þ

We next perform a “discrete integration by parts” using the
identity

Z
d2kFðkÞ

�
Δk−q

k GðkÞ
�
¼
Z

d2kGðkÞ
�
Δkþq

k FðkÞ
�
ð3:14Þ

and obtain

s3 ¼
Z

d2k
ð2πÞ2 fk

h
Δkþq3

k ðΘk−q3
k Δkþq2

k Θkþq1
k Þ

− Δkþq2
k ðΘk

k−q2Δ
kþq3
k Θkþq1

k Þ
i
: ð3:15Þ

We now take the limit q → 0, so Δkþq
k FðkÞ ¼

q ·∇kFðkÞ and Θkþq
k ¼ θðvk · qÞ. Writing θ̄ðxÞ ¼ θð−xÞ,

we then obtain

s3 ¼
Z

d2k
ð2πÞ2 fkfq3 · ∇k½θ̄ðvk · q3Þq2 ·∇kθðvk · q1Þ�

− q2 · ∇k½θðvk · q2Þq3 ·∇kθðvk · q1Þ�g: ð3:16Þ

We next replace q3 ¼ −q1 − q2 and note that since we
can integrate the first derivative (outside the parentheses)
by parts, so that it acts on fk, the second derivative inside
the parentheses will be proportional to δðvk · q1Þ and fixes
vk · q1 ¼ 0. Thus, we may replace θ̄ðvk ·q3Þ¼θðvk ·q2Þ.
Then, it can be seen that the terms inwhich all four derivatives
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are ðq2 ·∇kÞ, as well as the terms involving second deriv-
atives ðq1 ·∇kÞðq2 ·∇kÞθðvk · q1Þ, all cancel. This leaves

s3 ¼
Z

d2k
ð2πÞ2 fkf−½q1 ·∇kθðvk · q2Þ�½q2 ·∇kθðvk · q1Þ�

þ ½q2 ·∇kθðvk · q2Þ�½q1 ·∇kθðvk · q1Þ�g: ð3:17Þ

Note that every term in the sum on k is proportional to
δðvk · q1Þδðvk · q2Þ. Provided q1 and q2 are linearly inde-
pendent, the sum will be restricted to critical points in the
dispersion Ek where vk ¼ 0.
We now show that the integral evaluates the signature of

each critical point. Consider a critical point kc near which

Ek ¼ Ec þ
1

2
ðk − kcÞ · Hc · ðk − kcÞ; ð3:18Þ

where the Hessian Hc is the matrix of second derivatives of
Ek, and vk ¼ Hc · ðk − kcÞ. We can then write Eq. (3.17)
as a sum over critical points inside the Fermi sea
s3 ¼

P
c fkc

sc3, with

sc3 ¼
Z

d2k
ð2πÞ2 ϵijðqi ·Hc · q1Þðqj ·Hc · q2Þδðv · q1Þδðv · q2Þ:

ð3:19Þ

The coefficient of the δ functions in the integrand can be
recognized as det½QTHcQ�, where Q is the 2 × 2 matrix
built from the column vectors q1 and q2. To evaluate the
integral, define new variables Xj ¼ vk · qj ¼ ðk − kcÞ ·
Hc · qj. The Jacobian of the transformation is

∂ðX1; X2Þ
∂ðk1; k2Þ

¼ det½HcQ�: ð3:20Þ

We then get

sc3 ¼
Z

dX1dX2

ð2πÞ2
det½QTHcQ�
j det½HcQ�j δðX1ÞδðX2Þ ð3:21Þ

¼ ηc
j detQj
ð2πÞ2 ; ð3:22Þ

where ηc ¼ sgn det½Hc� is the signature of the critical
point c.
We thus obtain Eq. (3.4), where the Euler characteristic

is expressed in terms of the critical points inside the Fermi
sea as

χF ¼
X
c∈SF

ηc: ð3:23Þ

B. D= 3

We now analyze the case s4ðq1;q2;q3Þ in three dimen-
sions. It is straightforward to evaluate the equal-time
expectation value using Wick’s theorem, but now there
are six contractions:

s4ðq1;q2;q3Þ

¼
Z

d3k
ð2πÞ3 f̄kþq1fk

	
f̄kþq1þq2

f̄k−q4
þ fk−q2fk−q2−q3

− f̄k−q3fk−q2−q3 − f̄k−q4fkþq1þq3

− f̄kþq1þq2fk−q3 − f̄kþq1þq3fk−q2



: ð3:24Þ

We have evaluated Eq. (3.24) numerically for a series of
three-dimensional Fermi seas, which are specified by the
function fk. We find that Eq. (3.4) is numerically exact for
sufficiently small q. The momentum scale where Eq. (3.4)
breaks down is set by the size and maximum curvature of
the Fermi surface. This mirrors a similar behavior for s2ðqÞ
in D ¼ 1, discussed in Sec. II B, and s3ðq1;q2Þ in D ¼ 2,
discussed in Sec. III A.
While is possible to manipulate Eqs. (3.6) and (3.24) into

a form where the small q behavior is more apparent, the
algebra is quite complicated, and it is far from obvious how
to proceed. We therefore seek a more systematic approach
for extracting the limiting small q behavior of Eq. (3.1).
That will be developed in Appendix A. The basis for that
approach is an observation in Ref. [22] that higher-order
response functions for a ballistic Fermi gas are related to
solutions to the Boltzmann equation, which can be straight-
forwardly solved order by order in the external fields. This
suggests that a similar simplification should occur for the
correlation function. In Appendix Awe show that the Mth-
order density correlation function computed in an imagi-
nary time formalism can be computed to all orders with the
aid of a Ward identity. This then leads to a formulation in
which Eq. (3.24) can be expressed in the form

s4ðq1;q2;q3Þ ¼
Z

d3k
ð2πÞ3 fk

X3
abc¼1

ϵabc½qa · ∇kθðvk · q1Þ�

× ½qb ·∇kθðvk · q2Þ�½qc ·∇kθðvk · q3Þ�:
ð3:25Þ

Following the same analysis as the D ¼ 2 case, this
integral will be dominated by critical points kc where
vk ¼ 0. We introduce variables Xa ¼ vk · qa ¼ ðk − kcÞ ·
Hc · qa for a ¼ 1, 2, 3, where Hc is the Hessian of Ek at kc.
Then,

s4 ¼
j detQj
ð2πÞ3

X
c

fkc
sgn½detHc�: ð3:26Þ
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Noting that χF ¼Pc fkc
sgn½detHc�, we thus obtain

Eq. (3.4) for D ¼ 3.

C. Mth-order correlator

We now briefly discuss the asymptotic behavior of
sMðq1;…;qM−1Þ for general values of M for a given
dimension D. As shown in Appendix A, the Mth-order
frequency-dependent correlator has a simple expres-
sion, which involves M − 1 discrete derivatives of the
form Δk−qi

k ∼ qi ·∇k. It is straightforward to perform the
Matsubara frequency integrals to obtain the equal-time
correlator, and as in the case for sDþ1 computed in
Appendix A, this will involve θ functions of the form
θðΔkþq

k EkÞ ∼ θðvk · q̂Þ. Thus, the q → 0 limit is straight-
forward to take, and it will involve M − 1 powers of q,
along with D − ðM − 1Þ powers of kF, which come from
the momentum sum over k, which involves M − 1 powers
of ∇k. This establishes Eq. (3.5).

IV. NUMERICAL STUDY FOR D= 2

In this section, we present numerical evidence to support
our prediction for the topological scaling of the charge-
weighted tripartite mutual information in two dimensions,
namely,

IQ
3 ¼ 3χF

4π2
log2

�
L
a

�
þOðL0Þ; ð4:1Þ

with L the linear size of the system and a the short distance
cutoff.We focus on free-fermion latticemodels, which can be
simulated efficiently using the correlation matrix method
[42–45]. In particular, we study tight-binding models on
triangular and square lattices with various topology of the
Fermi sea. For free theories, the complete information of the
groundstate is encoded in two-point correlatorsCij ¼ hc†i cji,
which has a simple relation to the charge-weighted bipartite
entanglement entropy SQA . We first derive this relation, and
describe our setup for the numerics, in Sec. IVA. Then, by
diagonalizing the N × N correlation matrix, with N ∼ L2

being the number of lattice sites, we obtain IQ
3 ðLÞ up to

L ∼ 300. In Sec. IV B, we present a quadratic-fitting analysis
to extract the coefficient of log2 L and demonstrate consis-
tency with χF ¼ �1 for the case with one electron/holelike
Fermi surface. In Sec. IV C, we adopt a “ratio analysis” by
calculating IQ

3 =I
Q�
3 , and verify that this ratio is consistent

with the quantization suggested by χF=χ�F. This analysis
allows us to draw support from scenarios with more than one
Fermi pocket (i.e., jχFj > 1), while the performance of fitting
is limited by finite-size error.

A. Correlation matrix method and general setup

Let us first review how to relate the von Neumann
entanglement entropy for a subsystem A to the two-point

correlation matrix ðCAÞij ¼ hc†i cji, where i; j ∈ A.
Following Ref. [43], the key is to express the reduced
density matrix ρA in an exponential form,

ρA ¼ e−HA

ZA
; ð4:2Þ

with ZA ¼ Tr½e−HA �, and the entanglement Hamiltonian
HA chosen as a free-fermion operator,

HA ¼
X
i;j∈A

ðhAÞijc†i cj: ð4:3Þ

As such, n-point correlation functions would factorize due
to Wick’s theorem, in accordance with our ground state
(i.e., the filled Fermi sea) being a Slater determinant.
Matrices hA and CA are related as follows:

ðCAÞij ¼ Tr½ρAc†i cj� ¼
�

1

1þ ehA

�
ji
; ð4:4Þ

which can be shown easily by first transforming to the basis
that diagonalizes hA. Next, we define a generating function,

ZAðβÞ≡ Tr½e−βHA �
¼ det½1þ ðC−1

A − 1Þ−β�; ð4:5Þ

which relates to the von Neumann entanglement entropy as

SA ¼ ð1 − ∂βÞ logZAðβÞjβ¼1

¼ −Tr½CA logCA þ ð1 − CAÞ logð1 − CAÞ�: ð4:6Þ

Therefore, instead of dealing with a 2NA × 2NA density
matrix, one simply diagonalizes a much smaller NA × NA
correlation matrix to obtain SA. This is a standard result that
has been used to simulate von Neumann entanglement
entropy in various noninteracting systems [45,51,52].
In this work, the charge-weighted entanglement entropy

has been introduced,

SQA ¼ −Tr½ðQA − hQAiÞρA log ρA�; ð4:7Þ

withQA ¼Pi∈A c
†
i ci being the total charge in region A. By

the same token, let us define a generating function,

ZAðβ; μÞ≡ Tr½e−βðHA−μQAÞ�
¼ det½1þ eβμðC−1

A − 1Þ−β�; ð4:8Þ

which generates the charge-weighted entanglement
entropy by
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SQA ¼ ∂μ½ð1 − ∂βÞ logZAðβ; μÞ�jβ¼1;μ¼0

¼ Tr½ð1 − CAÞCA logðC−1
A − 1Þ�: ð4:9Þ

This formula allows us to efficiently compute the charge-
weighted tripartite mutual information IQ

3 . Following the
definition in Eq. (1.8), and noting SQAB ¼ −SQC and
SQABC ¼ 0, we have IQ

3 ¼ 2ðSQA þ SQB þ SQCÞ.
Our numerical study focuses on two families of tight-

binding models, with only spinless electrons for simplicity.
The first setup is on the triangular lattice, with isotropic
hopping among nearest neighbors (t1) and next-nearest
neighbors (t2):

Htri ¼ −t1
X
hi;ji

c†i cj − t2
X
⟪i;j⟫

c†i cj: ð4:10Þ

The second setup is on the square lattice, with hopping txl
(tyl) to the lth nearest neighbor in the x (y) direction:

Hsq ¼ −
X3
l¼1

X
i

ðtxlc†i ciþlx̂ þ tylc
†
i ciþlŷ þ H:c:Þ: ð4:11Þ

By considering up to third-nearest-neighbor hopping in
each direction, we can conveniently generate various Fermi
sea topology with jχFj ≤ 4. The precise geometry of real
space tripartition for each setup is illustrated in Fig. 4.
In our simulation the open boundary condition is

implemented, for the benefit that only one triple contact
is present in the system. As each triple contact is associ-
ated with a χF log2 L divergence, implementing a periodic
boundary condition should multiply this divergence by an
appropriate factor that counts the number of contacts due to
periodicity, but this also means that multiple triple contacts
can interfere with each other. This would lead to finite-size
correction to our prediction in Eq. (4.1), which is hard to
control. We thus adopt the open boundary condition as a
cleaner way to extract χF from the log2 L scaling. Next, we

present two approaches of analysis to demonstrate con-
sistency between numerics and our theoretical prediction.

B. Fitting analysis

Based on Eq. (4.1), we consider a fitting function with
three parameters fp; q; rg:

IQ
3 ðLÞ ¼ p log2 Lþ q logLþ r: ð4:12Þ

Performing least-squares fit on IQ
3 as a polynomial of

logL, we obtain the quadratic coefficient p, and its
uncertainty δp (from the covariance matrix), which trans-
late into

χF � δχF ¼ 4π2

3
ðp� δpÞ: ð4:13Þ

For the triangular lattice with linear size L (see Fig. 4), we
have computed IQ

3 from L ¼ 18 to L ¼ 210, with 25
data points sampled evenly in the scale of logL. For
ðt1; t2; EFÞ ¼ ð1; 0;−2Þ, there is one electronlike Fermi
surface, and hence χF ¼ 1. Our fitting result suggests
χF ¼ 0.97ð9Þ. By varying the Fermi energy EF to obtain
Fermi sea of the same topology but different sizes, we
consistently find χF ≈ 1; see Fig. 5(a). For the square lattice
with linear size L, we have computed IQ

3 from L ¼ 24 to
L ¼ 327, with 24 data points sampled evenly in the scale
of logL. For ðtx1; ty1; EFÞ ¼ ð1; 1; 2Þ, there is one holelike
Fermi surface, and hence χF ¼ −1. Our fitting result
suggests χF ¼ −1.03ð6Þ. Again, we have varied EF to
demonstrate that χF ≈ −1 is consistently obtained; see
Fig. 5(b). Taking both the triangular and square lattices
together, and noting that two different geometries of
tripartition have been implemented, our numerical results
support our prediction that the log2 L divergence of IQ

3 is
universal and topological.
In our data, the best-fit value deviates by roughly 5%

from the true χF, and the uncertainty of fitting is about 10%.
We attribute this deviation to finite-size error; after all, our
prediction in Eq. (4.1) is derived in the thermodynamic
limit L=a → ∞. Being incapable of simulating an infinite
system (in fact, our storage limits us to logL≲ 6), we are
confronted with fluctuations caused by the lattice discrete-
ness and boundary effects. In fact, the best-fit values
presented above are obtained after optimizing the raw data
(the approaches are explained in Appendix E) to help us
sidestep the finite-size errors. Moreover, the effective UV
cutoff (a) is determined not only by the lattice constant
(which has been set to 1 already), but also by the size of
Fermi sea and distance between Fermi surfaces in the
momentum space. If one of these momentum scales
happens to be too small, the UV cutoff would be rather
large, and we are forced to study much larger system sizes
in order to extract the topological scaling behavior.

FIG. 4. Tight-binding models and the respective tripartition for
D ¼ 2 numerical study. (a) Triangular lattice with symmetric
tripartition. Every angle at the triple contact is 2π=3. (b) Square
lattice with a different geometry of tripartition. Angles at the
triple contact are 3π=4, 3π=4, and π=2. Open-boundary condition
is implemented for simulations.
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However, our storage resource limits us to logL≲ 6, and
thus severely limits the performance of quadratic fitting for
scenarios with multiple Fermi pockets packed in the first
Brillouin zone.

C. Ratio analysis

In order to further test Eq. (4.1) for larger χF, let us
consider the following ratio:

IQ
3 ðLÞ

IQ�
3 ðLÞ ¼

χF log2ðL=aÞ þOðL0Þ
χ�F log

2ðL=a�Þ þOðL0Þ ≈
χF
χ�F

: ð4:14Þ

Here, fIQ�
3 ; χ�Fg defines a “standard ruler,” to which we use

to compare with other systems. Admittedly, the ratio
IQ
3 =I

Q�
3 equals to χF=χ�F only in the thermodynamic limit,

which we cannot reach. However, if we judiciously choose
the size of Fermi sea and distance between Fermi surfaces
to be comparable in the two scenarios that we are taking the
ratio of, i.e., ensure a ≈ a�, then we still expect Eq. (4.14)
to hold for sufficiently large L. In this way, we can
circumvent the difficulty encountered in the fitting analysis.
The results of ratio analysis are summarized in Fig. 6. We

adopt the square lattice tight-binding model in Eq. (4.11),
and first generate the standard ruler by

ðtx1; ty2; EFÞ ¼ ð1;−1;−2.5Þ; ð4:15Þ

with unspecified hoppings tx=yl all set to zero. This gives two
electronlike Fermi surfaces (χ�F ¼ 2), like the one labeled by
the “plus” symbol in Fig. 6, but with more negative Fermi
energy such that the Fermi surfaces are smaller. Choosing
this as our standard ruler allows us to better approach the
expected quantization when comparing to scenarios with
three or four Fermi surfaces. We have then generated nine
sets of Fermi sea topology, ranging from χF ¼ −4 to

FIG. 5. Fitting analysis for (a) triangular lattice tight-binding
model with one electronlike Fermi surface; thus χF ¼ 1 is
expected; (b) for square lattice with one holelike Fermi surface;
thus χF ¼ −1 is expected. Our results show collapse of data
points for Fermi sea with varying geometry but the same
topology. Fitting demonstrates that IQ

3 scales as log2 L, with a
nearly quantized coefficient that encodes the Fermi sea topology,
and is insensitive to the geometry of tripartition. Insets show the
filled Fermi sea (shaded in gray) in corresponding setups. Details
on optimizing the fitting analysis are presented in Appendix E.

FIG. 6. Ratio analysis for nine sets of Fermi sea topology, with χF ranging from −4 to þ4. Left: equienergy contours for the nine sets
of dispersion in the square lattice tight-binding model. Shaded regions correspond to the filled Fermi sea. Middle: ratio χ�FI

Q
3 =I

Q�
3 as a

function of linear system size L. The standard ruler fIQ�
3 ; χ�Fg is defined by Eq. (4.15), corresponding to two electronlike Fermi pockets;

hence, χ�F ¼ 2. Right: specifications of hopping integrals and Fermi energy that generate the nine sets of Fermi sea under study.
Unspecified hoppings are set to 0.
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χF ¼ þ4, whose equienergy contours are displayed in the
left-hand panel of Fig. 6. As shown in the plot, χ�FI

Q
3 =I

Q�
3

approaches the true χF for each type of Fermi sea topology
as L approaches the thermodynamic limit. All cases have
demonstrated consistency with Eq. (4.14).
In light of this, we have also used IQ

3 to probe Lifshitz
transitions in a given band structure, where the topology of
Fermi sea changes as EF is varied. Two examples are
illustrated in Fig. 7, with the respective standard ruler
fIQ�

3 ; χ�Fg specified in the caption. One can clearly observe
quantization in accordance with the topology of Fermi sea
from the ratio IQ

3 =I
Q�
3 , and see a drastic change at a Lifshitz

transition. While one may notice that the quantization is not
exact, the way it deviates is completely expected from our
prediction in Eq. (4.1). For example, in Fig. 7(a) we see a
curve (instead of a plateau in the ideal case) bending upward
around EF ¼ 3.0. This is because, as EF goes below 3.0, the
holelike Fermi pockets are getting closer to each other, while
as EF goes above 3.0, the Fermi pockets are getting smaller.
Either of these effects ends up increasing the UV cutoff a,
and hence decreases the magnitude of IQ

3 . The same
reasoning can be applied to understand the deviation from
quantization in Fig. 7(b) as well.
The numerics for free-fermion lattice models thus sup-

port our prediction in Eq. (4.1). These results serve as a
nontrivial check for the replica analysis presented in
previous sections. In the next section, we return to the
replica theory and examine the effect of interaction.

V. EFFECT OF INTERACTIONS

In the preceding sections we have established that
the multipartite mutual information defined in Eqs. (1.3),
(1.8), and (1.5) provide a universal and topological

characterization of the Fermi sea for a system of non-
interacting fermions. This was established by relating the
mutual information to the universal and quantized number
correlations. It is important to address whether this char-
acterization is robust in the presence of short-ranged
electron-electron interactions. In D ¼ 1, the noninteracting
electron gas becomes a Luttinger liquid, while in higher
dimensions it becomes a Fermi liquid. In order to explain
what the issues are, let us first review the well-known
situation in one dimension.
In a one-dimensional single channel Luttinger liquid, the

number correlations are not quantized. A Luttinger liquid
can be described by the Euclidean Lagrangian,

L ¼ 1

2πKv
½ð∂τθÞ2 þ v2ð∂xθÞ2�; ð5:1Þ

where the charge density is given by ρðxÞ ¼ ∂xθ=π andK is
the Luttinger parameter [46]. It follows that Eqs. (2.27)
and (2.29) become

s2ðqÞ ¼
K
2π

jqj ð5:2Þ

and

hQAQBic ¼ −
K
2π2

logΛ: ð5:3Þ

Thus, for interacting fermions with K ≠ 1, the coefficient
of the logarithmic divergence of the number correlations
is no longer topologically quantized. Nonetheless, it is
known that the coefficient of the logarithmic divergence of
the entanglement entropy ðc=6Þ logΛ reflects the central

FIG. 7. Lifshitz transition as probed by the charge-weighted tripartite mutual information IQ
3 . Panel (a) shows a triangular lattice

undergoing a topological transition from χF ¼ 1 to χF ¼ −2 at EF ¼ 1.0. The reference IQ�
3 is calculated at EF ¼ 0.5, corresponding to

χ�F ¼ 1. Panel (b) shows a square lattice undergoing a topological transition from χF ¼ 2 to χF ¼ 1 at EF ¼ −7.0, and then from χF ¼ 1

to χF ¼ 0 at EF ¼ −3.0. The reference IQ�
3 is calculated at EF ¼ −5.0, with χ�F ¼ 1. Insets display the filled Fermi sea (shaded in gray)

at different fillings.
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charge c of the conformal field theory, which is equal to 1
even when K ≠ 1.
In the following, we show how to reconcile this

discrepancy within the replica theory by studying the effect
of interactions perturbatively. We then use that analysis to
argue that in three dimensions the topological mutual
information remains robustly quantized in the presence
of interactions, even though the density correlations are no
longer quantized. Thus, the topological mutual information
provides a robust topological characterization of the Fermi
liquid phase. In contrast, we show that interactions destroy
the quantization of the charge-weighted entanglement
entropy defined for a two-dimensional system. Thus, IQ

3

only provides a topological characterization of noninter-
acting (or weakly interacting) systems.
We begin by recovering the known result in one

dimension and using the understanding developed there
to proceed to three and then two dimensions.

A. D= 1: Luttinger liquid

Consider a single channel gas of spinless fermions, with
a Hamiltonian H ¼ H0 þ V, where H0 is a free-fermion
Hamiltonian and V is a four fermion interaction. To address
the effect of V on the large L behavior of the number
correlations and the entanglement entropy, it is sufficient to
consider a low energy theory that focuses on the left-
moving (L) and right-moving (R) Fermi points, and
discards irrelevant interactions that flow to zero in the
low energy limit. This has the form of the Luttinger model,
with

H0 ¼ −iℏvFðψ†
R∂xψR − ψ†

L∂xψLÞ: ð5:4Þ

At low energy, the most relevant interactions are the
forward scattering interactions between the densities at
the right- and left-moving Fermi points,

V ¼
X
α;β

gαβψ
†
αψαψ

†
βψβ; ð5:5Þ

where α and β are summed over L and R, and we define
g1 ¼ gLL ¼ gRR and g2 ¼ gLR ¼ gRL. The effect of this
interaction on the density-density correlation function (and
hence the number correlations) can be studied perturba-
tively by summing the random phase approximation (RPA)
diagrams in Figs. 8(a) and 8(b). To lowest order in gαβ, this
leads to Eq. (5.2) with

K ¼ 1 −
g2
πvF

: ð5:6Þ
In order to determine the interaction corrections to

the entanglement entropy, we must consider the replica
theory, which involves n copies of the interacting theory.
The entanglement entropy in the interacting theory is then
determined by writing

SA;n ¼
Tr½TA;ne−S0þδS�
Tr½e−S0þδS� ; ð5:7Þ

where S0 ¼
P

a S0½ψ†
α;a;ψα;a� is the replicated free-fermion

action corresponding to Eq. (5.4), with a the replica index
and α ¼ R, L. δS ¼ R dxdτV describes the interaction:

V ¼
X
α;β;a

gαβψ
†
α;aψα;aψ

†
β;aψβ;a: ð5:8Þ

Note there is no interaction between replicas in the “real
replica space.” However, to proceed with the analysis, we
need to transform to the replica-momentum basis, where we
can write

SA;n ¼
Tr½Qpe

ð2πip=nÞQA;pe−S0þδS�
Tr½e−S0þδS� ; ð5:9Þ

with

V ¼
X

α;β;fpig
gαβδp1−p2þp3−p4

ψ†
α;p1

ψα;p2
ψ†
β;p3

ψβ;p4
: ð5:10Þ

Thus, the different replica-momentum channels are no
longer independent. However, since the interaction is
diagonal in replica space and invariant under replica
translations, it is independent of replica momentum, and
obeys “replica-momentum conservation.”
The first-order correction to SA;n is determined by

expanding Eq. (5.9) to first order in g. If in addition we
formally expand exp½ð2πip=nÞQA;p�, then the resulting
terms will involve connected Feynman diagrams containing
a single interaction line along with k pQp vertices. In
particular, for M ¼ 2 the diagram [which corresponds to
the same diagram which led to the modification of hQ2

Aic]
is shown in Fig. 8(d). Note that since the interaction is

g

g
p Qp p Qp

Q Q

p p1 Qp1
p2 Qp2

QQ

p1 p2

(a) (b)

(c) (d)

FIG. 8. (a),(b) Representative Feynman diagrams for calculat-
ing hQ2

Aic, with (a) the noninteracting contribution and (b) the
first-order correction from interaction. Small circles represent the
number operator QA. (c),(d) Diagrams involved in calculating
SA;n in the replica analysis, focusing on the hQ2

Aic term which
contributes to the logarithmic divergence in I2. Small circles here
correspond to pQA;p, where p is the replica momentum that is to
be summed over. The summation over p cancels all the
interacting contributions, such as (d), leaving the noninteracting
diagram in (c) as the only contribution. The quantization in I2

thus survives the interaction.

TOPOLOGICAL MULTIPARTITE ENTANGLEMENT IN A FERMI … PHYS. REV. X 12, 031022 (2022)

031022-17



independent of replica momentum, this involves two
independent sums:

 Xðn−1Þ=2
p1¼−ðn−1Þ=2

p1

! Xðn−1Þ=2
p2¼−ðn−1Þ=2

p2

!
¼ 0: ð5:11Þ

Thus, this diagram does not contribute to SA;n and does not
lead to a modification of the topological mutual informa-
tion I2. It is clear that higher-order diagrams will behave
similarly. This confirms that I2 probes the central charge c,
and is not perturbed by interactions. Note also that
the cancellation in Eq. (5.11) occurs for any value of n.
This means that in addition to the von Neumann entropy,
the Rényi entropies for D ¼ 1 also exhibit a universal
logarithmic divergence [7].

B. D= 3: Fermi liquid

We now apply the same analysis to a three-dimensional
interacting Fermi liquid. We make the key assumption that
the Fermi liquid phase can be described by a low energy
theory, analogous to the Luttinger model, that describes
excitations close to the Fermi surface, and which discards
irrelevant interactions. The remaining marginal interac-
tions involve short-ranged forward scattering interactions
between the densities associated with different points on
the Fermi surface. These determine the Fermi liquid
parameters, which are central to Fermi liquid theory. We
thus consider a free-fermion Hamiltonian of the form

H0 ¼
Z

d3k
ð2πÞ3 Ekc

†
kck; ð5:12Þ

defined on a shell in momentum space straddling the Fermi
surface Ek ¼ EF. We take the interaction to be

V ¼
Z

d3kd3k0

ð2πÞ6 fk;k0δnkδnk0 ; ð5:13Þ

where δnk ¼ c†kck − hc†kcki.
As in D ¼ 1, interactions will lead to a correction to

the leading divergence of the number correlations. In
particular, the fourth-order fluctuation hQ4

Aic will involve
a correction to first order in fk;k0 described by the Feynman
diagram in Fig. 9(b) (without the replica indices). As
argued in Refs. [53,54], Fermi liquid theory amounts to
summing all RPA-like diagrams involving the low energy
interaction fk;k0 , at order ðfk;k0 Þn, which involve nþ 1

fermion loops and independent sums on k. Diagrams with
fewer fermion loops [like the self-energy correction to the
single particle propagator in Fig 9(d)] are suppressed by
phase space constraints in the low energy renormalized
theory, and do not contribute. Examination of the simplest
allowed diagram in Fig. 9(b) shows that the coefficient of
log3 Λ includes a correction at first order. Thus, the

coefficient of the log3 Λ divergence in hQ4
Aic is not

topologically quantized in the presence of interactions.
To compute the entanglement entropy, we again intro-

duce the replica theory, where now the interaction fk;k0 is
independent of replica momentum and obeys replica-
momentum conservation. Thus, each closed fermion loop
in the diagrams of Fig. 9 will include an independent
sum over replica momentum. The diagram in Fig. 9(b)
vanishes for the same reason as the 1D case, because it
involves

 Xðn−1Þ=2
p1¼−ðn−1Þ=2

p3
1

! Xðn−1Þ=2
p2¼−ðn−1Þ=2

p2

!
¼ 0: ð5:14Þ

The diagram in Fig. 9(c) is not equal to zero. Rather, it
involves

 Xðn−1Þ=2
p1¼−ðn−1Þ=2

p2
1

! Xðn−1Þ=2
p2¼−ðn−1Þ=2

p2
2

!
¼ ðCn;2Þ2: ð5:15Þ

However, since limn→1 Cn;2 ¼ ðn − 1Þ=6, the contribution
of this diagram will be of order ðn − 1Þ2. Therefore, this
contribution vanishes in Eq. (2.4).
It is clear that all allowed diagrams describing interaction

corrections to SA;n will vanish upon taking the replica limit.
This shows that, like inD ¼ 1, the log3 Λ divergence of the
mutual information I4 remains quantized in the presence of
interactions. Equation (2.41) therefore provides a robust
topological characterization of the interacting Fermi liquid
phase. We can now identify distinct classes of topological
Fermi liquids, which are distinguished by the Euler
characteristic of the Fermi sea (or equivalently of the
Fermi surface, since χ∂F ¼ 2χF).

p Qp

p Qp

p Qp

p Qp

p1 Qp1

p1 Qp

p1 Qp1

p2 Qpf

p p1 p2

fkk

p1 Qp1

p1 Qp1

p2 Qp2

p2 Qp2

p1 p2

(a) (b)

(c)

p Qp

p Qp

p Qp

p Qp

p

(d)
f

kk

kk

2

FIG. 9. Feynman diagrams for calculating SA;n in the replica
analysis, focusing on the hQ4

Aic term which contributes to the
logarithmic divergence in I4. Interacting correction of the type in
(b) vanishes as the independent sums over replica momenta pi
render it zero. Correction from (c) vanishes particularly in the
replica limit n → 1. Non-RPA contribution, such as (d), do not
contribute in the Fermi liquid theory. This leaves the noninter-
acting diagram in (a) as the only contribution to I4; hence its
quantization survives the interaction.
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It is interesting to note that since the vanishing of
Eq. (5.15) only occurs in the limit n → 1, there is potential
for the Rényi entropies to be perturbed by interactions. We
further remark that the topological mutual information I4,
as introduced in Sec. II C, can also be constructed from
Rényi entropies instead of the von Neumann entropy. The

resulting I ðnÞ
4 , in the noninteracting case, exhibits a log3 Λ

divergence whose coefficient is again proportional to χF,
but with a modified proportionality factor. However, we
have not established that the quantization is robust in the
presence of interaction when n → 1 limit is not taken.
Nevertheless, since Rényi entropies are easier to simulate
numerically [55–59], and also more convenient to probe
experimentally [60–63], it is worthwhile to understand
precisely how interactions renormalize the log3 Λ diver-
gence in those cases. This will depend on the correction
contributed by the diagram in Fig. 9(c). We leave the
explicit evaluation of that diagram to future work.

C. D= 2

We now consider the interaction corrections to the
charge-weighted entanglement entropy that was defined
for D ¼ 2. In two dimensions, the log2 Λ divergence of
the third-order number correlations hQ3

Aic will be modified
by RPA-like corrections to the charge vertex, just as in
D ¼ 3. However, the charge-weighted entanglement entropy
behaves differently because it involves computing

SQA;n ¼
Tr½Qa¼0TA;ne−S0þδS�

Tr½e−S0þδS� : ð5:16Þ

In the replica-momentum representation, theQa¼0 inside the
trace becomes

P
p Qp=n, so that when evaluating the third-

order cumulant, only two of the threeQp’s comewith a factor
of p. It follows that the RPA correction to the Qa¼0 vertex,
shown in Fig. 10, does not vanish in the replica limit. Rather,
it involves

 Xðn−1Þ=2
p1¼−ðn−1Þ=2

p2
1

! Xðn−1Þ=2
p2¼−ðn−1Þ=2

1

n

!
¼ Cn;2: ð5:17Þ

For n → 1, this is ðn − 1Þ=6, and since it is linear in n − 1 it
survives in Eq. (2.45). Therefore, assuming this diagram
indeed contributes to the log2 Λ divergence, the topological
quantization of IQ

3 found in Eq. (2.61) is only a property of
noninteracting Fermi gas, and does not persist in a two-
dimensional Fermi liquid.

VI. DISCUSSION AND CONCLUSION

In this paper we have established that the topology of the
Fermi sea in a D-dimensional Fermi gas, characterized by
the Euler characteristic χF, is reflected in the multipartite
entanglement ofDþ 1 regions that meet at a point. For odd
D, the (Dþ 1)-partite mutual information IDþ1 provides a
robust characterization of the Fermi gas, even in the
presence of interactions. Thus, our result serves as a
generalization of the calculation of Calabrese and Cardy
of the bipartite entanglement entropy of a ð1þ 1ÞD
conformal field theory, applied to an interacting Fermi
gas. For D ¼ 3, I4 provides a universal characterization of
the entanglement that distinguishes distinct topological
Fermi liquid phases; see Eq. (2.41). For even dimensions
(specifically D ¼ 2), the multipartite mutual information
does not probe χF, but we introduced a modified charge-
weighted mutual information IQ

3 that does; see Eq. (2.61).
Unlike the I4, however, I

Q
3 only provides a topological

characterization of the noninteracting Fermi gas, and is
perturbed by interactions.
Our results motivate several further questions. What is

the significance of our inability to define an entanglement
measure reflecting the topology of the Fermi sea for a two-
dimensional interacting Fermi liquid? Is there a fundamen-
tal obstruction to doing that, or might there be some other
entanglement measure? We have found that Fermi liquids
in D ¼ 3 fall into distinct topological classes indexed
by χF. One of the grand themes in topological band theory
has been the interplay between topology and symmetry
[64,65]. Does the presence of symmetries, like crystal
symmetries, time reversal, or Bogoliubov–de Gennes par-
ticle-hole symmetry in a superconductor, refine the topo-
logical classes of Fermi liquids?
It will also be interesting to clarify the connection

between the topological mutual information that we have
introduced and characterizations of the entanglement in
higher-dimensional conformal field theories. For example,
for a D ¼ 3þ 1 CFT, the bipartite entanglement entropy
for a spherical region contains a universal logarithmic
term proportional to the quantity “a,” which, like “c” in
D ¼ 1þ 1, counts the low energy degrees of freedom
[9–14]. The Euler characteristic χF, even for D ¼ 3, how-
ever, is more like c than a. It characterizes not just the Fermi
sea but also the Fermi surface (since χ∂F ¼ 2χF), which
defines a family of (1þ 1)-dimensional chiral fermions. In
this sense, a 3D Fermi liquid is more closely related to a
ð1þ 1ÞD CFT than to ð3þ 1ÞD relativistic fermions. It will

Qp

p Qp

p Qp

p
fkk

p1 Qp1

p1 Qp1

Qp2p1 p2(a) (b)

FIG. 10. Feynman diagrams for calculating SQA;n in the replica
analysis, focusing on the hQ3

Aic term which contributes to the
logarithmic divergence in IQ

3 . While the noninteracting diagram
in (a) contributes a quantized logarithmic divergence in IQ

3 ,
Fermi liquid interaction gives rise to additional diagrams, such as
(b), which modify the coefficient of divergence.
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be interesting to clarify the connection between our theory of
topological entanglement and a recently developed effective
field theory of the Fermi surface [49] that accounts for
nonlinear effects, and generalizes earlier theories of boso-
nization of the Fermi surface [66,67] which have been
applied to study entanglement [19].
It will be interesting to examine the scaling behavior of

I4 at a Lifshitz transition and to ask what happens in aWeyl
semimetal, where the Fermi energy is at a Weyl point at
E ¼ 0, and the Fermi surface shrinks to zero. It is easy to
check that χF is the same when the Fermi energy is above
or below the Weyl point. However, when EF ¼ 0, our
calculation of I4 breaks down, as Eq. (1.10) for
s4ðq1;q2;q3Þ is only valid for jqj ≲ kF. When kF → 0,
the expression is no longer valid. It follows that the limits
L → ∞ and EF → 0 do not commute, and for EF ¼ 0 we
do not expect a log3 L divergence of I4. We speculate that,
for EF ¼ 0, I4 exhibits a weaker logL divergence that
probes a topological property of the ð3þ 1ÞD free Dirac
fermion conformal field theory. Indeed, for smooth entan-
gling surfaces, the bipartite entanglement entropy for
relativistic fermions exhibits a logL term whose coefficient
probes both the intrinsic and extrinsic curvature of the
surface [10]. However, extending this result to entangling
surfaces with corners—which are necessarily present in our
theory—remains an open problem [68–70].
It will be of interest to devise methods for measuring

IDþ1—either numerically or experimentally. While we
have shown that numerical calculation is straightforward
for free fermions in D ¼ 2, generalizing to D ¼ 3, and in
particular to interacting systems, will require innovation.
As discussed in Sec. V, the robustness of I4 in the presence
of interaction is guaranteed only when it is constructed
from the von Neumann entropy; see Eq. (1.5). Fermionic
projected entangled pair states, and their Gaussian variants,
can in principle grant access to the von Neumann entropy in
higher dimensions [71,72], but for low bond dimensions
they do not capture the requisite logarithmic corrections to
the entanglement area law. The same issue also plagues the
fermionic multiscale entanglement renormalization ansatz
(MERA) for D > 1 [73–77]. Nevertheless, a generalized
version known as the branchingMERA has been proposed
to display logarithmic correction to the area law, given a
suitably chosen holographic tree that characterizes the
branching structure [78–80]. We thus expect the branching
MERA to properly account for the mutual information that
characterizes Fermi sea topology in higher dimensions. The
connection between optimal branching network structures
and the topology of Fermi sea is an interesting question for
future studies. Rényi entropies are easier to access, but it
remains to be investigated whether, and how, interactions

would renormalize the mutual information I ðnÞ
4 constructed

from Rényi entropies.
While it is difficult to measure entanglement directly in

experiment, there have been proposals for how to measure

it indirectly through charge fluctuations [39–41], which can
be probed by existing experimental techniques [81–84].
In particular, the statistics of charge fluctuations at a
quantum point contact as it is opened and closed contains
a signature from which the 1D entanglement can be
extracted [39]. It is tempting to ask whether such meas-
urement setups could be generalized to two dimensions
for measuring the third-order cumulant hQAQBQCic in
Eq. (2.60). One obvious complication is that, as we have
shown, the connection between number correlations
and the entanglement entropy is corrupted by electron-
electron interactions. But perhaps for a sufficiently weakly
interacting system, measurement of the number correla-
tions could still probe the topology of Fermi sea. In
addition, for a weakly interacting 2D system it would be
interesting to devise a method for directly measuring
s3ðq1;q2Þ in Eq. (1.10), by scattering experiments.
In one dimension, the central charge c can be probed

experimentally by the thermal response [85–88], which
is also related to the gravitational response [89–91].
Importantly, this quantized response is insensitive to
interactions. For D ¼ 3, we have found that the quantiza-
tion of I4 in terms of χF is similarly robust in the presence
of interactions. Does this define a quantized gravitational
response? If so, is there a thermal analog that is accessible
experimentally?
Finally, one of the fascinating things about c in

D ¼ 1þ 1 is that it can be fractional [92,93]. In a super-
conductor, chiral Majorana edge modes have c ¼ 1=2 [87],
and more exotic strongly correlated states can have other
fractions. It will be interesting to generalize our analysis
to describe strongly interacting non-Fermi liquid phases
[94], and explore whether χF in three dimensions has an
interpretation as a higher-order anomaly for the emergent
Fermi surface.
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APPENDIX A: MATSUBARA CORRELATION
FUNCTION

Here we compute the correlation function of the density
as a function of Matsubara frequency in a zero temperature
imaginary time formalism:

sMðfqa; iωagjM−1
a¼1 Þ ¼

Z
dM−1τei

P
i
ωiðτi−τMÞ

×
Z

dDqM

ð2πÞD hTτ½ρq1ðτ1Þ…ρqMðτMÞ�ic;

ðA1Þ
where ρqðτÞ ¼ eHτρqe−Hτ and Tτ indicates a time ordered
product, with τ increasing from right to left. sM is a function
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of M − 1 frequencies and momenta, constrained byP
i qi ¼ 0 and

P
i ωi ¼ 0. Since it depends only on time

differences, we can fix τM ¼ 0 in the integral. sM can be
evaluated using the standard diagrammatic technique
by evaluating a single Fermion loop with M density
vertices placed in all possible orders. For small M this is
rather simple, but the calculation gets increasingly cum-
bersome for larger M. We therefore seek a more systematic
approach. We will employ a Ward identity that allows us to
formulate a simple recursion relation that allows us to
determine sM for all M.

1. Ward identity

Here we derive a recursive formula that allows us to
determine sM for all M by exploiting a Ward identity. We
begin by defining the vertex function for M density
operators,

ΛMðk;τ;fqa;τagMa¼1Þ¼
�
Tτ

�
c†kþqΣ

ðτÞckðτÞ
YM
a¼1

ρqaðτaÞ
��

;

ðA2Þ

along with its Fourier transform,

ΛMðk; fqa; iωagMa¼1Þ

¼
Z

dMτae
i
P

a
ωaðτa−τÞΛMðk; τ; fqa; τagÞ: ðA3Þ

Here, qΣ ¼Pa qa. Clearly,

sMðfqa;ωagM−1
a¼1 Þ ¼

Z
dDk
ð2πÞD ΛM−1ðk; fqa;ωagÞ: ðA4Þ

We derive a Ward identity for ΛM by differentiating with
respect to τ, taking into account both the time dependence
of the Heisenberg operators and the discontinuity at τ ¼ τa
due to the time ordering. Using the facts that

½H; c†kþqΣ
ck� ¼ ðΔkþqΣ

k EkÞc†kþqΣ
ck ðA5Þ

and

½c†kþqΣ
ck; ρqb � ¼ Δkþqb

k ðc†kþqΣ−qb
ckÞ ðA6Þ

[Δkþqb
k is defined in Eq. (3.8)], we obtain

ð∂τ − ΔkþqΣ
k EkÞΛMðk; τ; fqa; τagÞ

¼
XM
b¼1

Δkþqb
k ΛM−1ðk; τ; fqa; τagja≠bÞδðτ − τbÞ: ðA7Þ

Fourier transforming on τa, this leads to a recursion relation
obeyed by ΛMðk; fqa;ωagÞ:

ΛMðk; fqa; iωagÞ ¼
XM
b¼1

1

iωΣ − ΔkþqΣ
k Ek

× Δkþqb
k ΛM−1ðk; fqa; iωagja≠bÞ;

ðA8Þ

where ωΣ ¼Pa ωa
This allows us to determine ΛM for all M, and after

integrating over k we obtain sM. For M ¼ 1, we have
simply

s1 ¼
Z

dDk
ð2πÞD fk: ðA9Þ

Then,

s2ðq; iωÞ ¼
Z

dDk
ð2πÞD

1

iω − Δkþq
k Ek

Δkþq
k fk; ðA10Þ

and

s3ðq1;2; iω1;2Þ ¼
Z

dDk
ð2πÞD

X2
a≠b¼1

1

iωa þ iωb − Δkþqaþqb
k Ek

× Δkþqb
k

�
1

iωa − Δkþqa
k Ek

Δkþqa
k fk

�
:

ðA11Þ

The case M ¼ 3 was also studied in Ref. [22], where the
retarded response function was computed. That result is
related to this by analytic continuation iω → ωþ iη. For
M ¼ 4, we have

s4ðfqa; iωagÞ ¼
Z

dDk
ð2πÞD

X3
a≠b≠c¼1

×
1

iωa þ iωb þ iωc − Δkþqaþqbþqc
k Ek

× Δkþqc
k

�
1

iωa þ iωb − Δkþqaþqb
k Ek

× Δkþqb
k

�
1

iωa − Δkþqa
k Ek

Δkþqa
k fk

��
:

ðA12Þ

Clearly this pattern extends to all orders.

2. Equal-time correlation function

To compute the equal-time correlation function, we
integrate over the Matsubara frequencies. Here we do
the analysis for the cases D ¼ 2 and D ¼ 3 separately.
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a. D= 2

For a given a and b in the sum in Eq. (A11) it is useful to
define new frequencies, Ω1 ¼ ωa and Ω2 ¼ ωa þ ωb.
Then,

e−iðωaτa3þωbτb3Þ ¼ e−iðΩ1τabþΩ2τb3Þ; ðA13Þ

and we can evaluate the sums over Ω1 and Ω2 independ-
ently. We evaluate the sums in the equal-time limit, but we
must account for the operator ordering in hρq1ρq2ρq3i by
keeping an infinitesimal time difference τab¼ηsgnðb−aÞ,
that serves as a convergence factor for the integration.
The sums are then evaluated by contour integration. For
example,

X
iΩ1

e−iηΩ1sgnðb−aÞ

iΩ1 − Δkþqa
k Ek

¼
�−θa a < b

θ̄a a > b;
ðA14Þ

and since b < 3,

X
iΩ2

e−iηΩ2sgnð3−bÞ

iΩ2 − Δkþqaþqb
k Ek

¼ −θab: ðA15Þ

Here we adopt the shorthand notation:

θaðbÞ ¼ 1 − θ̄aðbÞ ¼ θðΔkþqaðþqbÞ
k EkÞ: ðA16Þ

This leads to

s3ðq1;q2Þ ¼
Z

d2k
ð2πÞ2

h
θ12Δ

kþq2
k ðθ1Δkþq1

k fkÞ

− θ21Δ
kþq1

k ðθ̄2Δkþq2
k fkÞ

i
: ðA17Þ

We now consider the limit q → 0, so that Δkþq1
k →

q1 · ∇k and θ1 → θðvk · q1Þ. We will keep the discrete
derivative notation for a few more steps because it
makes the formulas more compact, but now it should be
understood that Δkþq

k ¼ Δk
k−q. In addition, we use q2 ¼

−q1 − q3 to write s3 in terms of q1 and q3. (We are free to
do this, since s3 can be expressed in terms of any pair of
q’s.) It follows that θ12 → θ̄3. We also integrate by parts on
k to obtain

s3ðq1;q3Þ ¼
Z

d2k
ð2πÞ2 fk

h
Δk−q1

k ðθ1Δkþq1þq3
k θ̄3Þ

− Δkþq1þq3
k ðθ13Δk−q1

k θ̄3Þ
i
: ðA18Þ

Since the derivatives on the left (outside the parentheses)
can be integrated by parts so that they act on fk, the
derivatives inside the parentheses are proportional to
δðvk · q3Þ. We can therefore set v · q3 ¼ 0 in the rest of
the integral, so θ13 → θ1. It can then be checked that the
terms involving second derivatives Δk−q1

k Δkþq1þq3
k θ̄3 can-

cel. Using ∇kθ̄3 ¼ −∇kθ3, we write

s3ðq1;q3Þ ¼
Z

d2k
ð2πÞ2 fk

h
−ðΔk−q1

k θ1ÞðΔkþq1þq3
k θ3Þ

þ ðΔkþq1þq3
k θ1ÞðΔk−q1

k θ3Þ
i
: ðA19Þ

Now it can be observed that the terms in which all four
derivatives involve q1 · ∇k cancel, so

s3ðq1;q3Þ ¼
Z

d2k
ð2πÞ2 fk

h
ðq1 ·∇kθ1Þðq3 ·∇kθ3Þ

− ðq3 ·∇kθ1Þðq1 ·∇kθ3Þ
i
: ðA20Þ

This has exactly the same form as Eq. (3.17). The only
difference is that it is written as a function of q1 and q3

instead of q1 and q2. But since s3 can be expressed in terms
of any pair of q’s, that does not matter.

b. D= 3

We now evaluate the frequency integral for Eq. (A12).
The calculation is very similar to the D ¼ 2 calculation
in the previous section. It is just a bit more complicated.
For a given a, b, and c in the sum in Eq. (A12) it is again
useful to define new independent frequencies, Ω1 ¼ ωa,
Ω2 ¼ ωa þ ωb, andΩ3 ¼ ωa þ ωb þ ωc. Then, noting that

e−iðωaτa4þωbτb4þωcτc4Þ ¼ e−iðΩ1τabþΩ2τbcþΩ3τc4Þ; ðA21Þ

the integrals over Ω1;2;3 can be performed independently, as
in Eqs. (A14) and (A15). There are now six terms in the
sum over a, b, c. The result is

s4ðq1;q2;q3Þ ¼
Z

d3k
ð2πÞ3

n
−θ123Δ

kþq3
k

h
θ12Δ

kþq2

k ðθ1Δkþq1
k fkÞ

i
þ θ123Δ

kþq3
k

h
θ12Δ

kþq1
k ðθ̄2Δkþq2

k fkÞ
i

þ θ123Δ
kþq2
k

h
θ̄13Δ

kþq3
k ðθ1Δkþq1

k fkÞ
i
þ θ123Δ

kþq2
k

h
θ13Δ

kþq1
k ðθ̄3Δkþq3

k fkÞ
i

þ θ123Δ
kþq1
k

h
θ̄23Δ

kþq3
k ðθ2Δkþq2

k fkÞ
i
− θ123Δ

kþq1
k

h
θ̄23Δ

kþq2
k ðθ̄3Δkþq3

k fkÞ
io

: ðA22Þ

We take the q → 0 limit, write q1 ¼ −q2 − q3 − q4, and integrate by parts to obtain
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s4ðq2;q3;q4Þ ¼
Z

d3k
ð2πÞ3 fkf−Δ

kþq2þq3þq4
k

h
θ̄234Δ

k−q2
k ðθ̄34Δk−q3

k θ̄4Þ
i
þ Δk−q2

k

h
θ̄2Δ

kþq2þq3þq4
k ðθ̄34Δk−q3

k θ̄4Þ
i

þ Δkþq2þq3þq4
k

h
θ̄234Δ

k−q3
k ðθ24Δk−q2

k θ̄4Þ
i
þ Δk−q3

k

h
θ̄3Δ

kþq2þq3þq4
k ðθ̄24Δk−q2

k θ̄4Þ
i

þ Δk−q2
k

h
θ2Δ

k−q3
k ðθ̄23Δkþq2þq3þq4

k θ̄4Þ
i
− Δk−q3

k

h
θ̄3Δ

k−q2

k ðθ̄23Δkþq2þq3þq4
k θ̄4Þ

i
g: ðA23Þ

This can be simplified similar to Eq. (A19), except there
are a few more steps. First, since we can have the first three
derivatives act to the left, the single derivative on θ̄4 allows
us to replace θ̄234 → θ̄23 and θ̄34 → θ̄3 in the first term, along
with similar replacements in the other terms. Then it can be
observed that all terms with more than one derivative acting

to the right on θ̄4 cancel. This allows us to integrate by parts
again to have a single derivative acting on θ̄3, which allows
us to replace θ̄23 → θ̄2 in the first term, along with similar
replacements in the other terms. Finally it can be observed
that all terms with two derivatives acting on the middle θ
function cancel. Replacing ∇kθ̄ → −∇kθ, this becomes

s4ðq2;q3;q4Þ ¼
Z

d3k	
2π


3
fk
n
þ
	
Δkþq2þq3þq4

k θ2

	

Δk−q2
k θ3


	
Δk−q3

k θ4


−
	
Δk−q2

k θ2

	

Δkþq2þq3þq4
k θ3


	
Δk−q3

k θ4



þ
	
Δk−q3

k θ2

	

Δkþq2þq3þq4
k θ3


	
Δk−q2

k θ4


−
	
Δkþq2þq3þq4

k θ2

	

Δk−q3
k θ3


	
Δk−q2

k θ4



þ
	
Δk−q2

k θ2

	

Δk−q3
k θ3


	
Δkþq2þq3þq4

k θ4


−
	
Δk−q3

k θ2

	

Δk−q2
k θ3


	
Δkþq2þq3þq4

k θ4

o

: ðA24Þ

Finally, terms with repeated q’s cancel, allowing us to write

s4ðq2;q3;q4Þ ¼
Z

d3k
ð2πÞ3 fkfþðq4 ·∇kθ2Þðq2 ·∇kθ3Þðq3 ·∇kθ4Þ − ðq2 ·∇kθ2Þðq4 ·∇kθ3Þðq3 ·∇kθ4Þ

þ ðq3 ·∇kθ2Þðq4 ·∇kθ3Þðq2 ·∇kθ4Þ − ðq4 · ∇kθ2Þðq3 · ∇kθ3Þðq2 ·∇kθ4Þ
þ ðq2 ·∇kθ2Þðq3 ·∇kθ3Þðq4 ·∇kθ4Þ − ðq3 · ∇kθ2Þðq2 · ∇kθ3Þðq4 ·∇kθ4Þg: ðA25Þ

This can then be expressed in the form of Eq. (3.25). Following the same analysis as theD ¼ 2 case, this allows us to express
the result in terms of the critical points in EðkÞ using Eq. (3.26).

APPENDIX B: GEOMETRIC PROOF OF
UNIVERSAL DENSITY CORRELATIONS

FOR D= 2

In Sec. III and Appendix A, we have argued that the
(Dþ 1) order equal-time density correlation function for a
free Fermi gas in D dimension obeys a universal behavior,
namely,

sDþ1ðq1;…;qDÞ≡
Z

dDqDþ1

ð2πÞD hρq1ρq2…ρqDþ1
ic

¼ χF
ð2πÞD j detQj; ðB1Þ

where ρq is defined in Eq. (3.2), j detQj is the volume of the
D-dimensional parallelepiped formed by qi, and χF is the
Euler characteristic of the Fermi sea. The D ¼ 1 result is
elementary, while for D ¼ 2 and D ¼ 3 we have presented
analytic proofs in the limit q → 0. Notably, numerical

evaluation of the integral in Eq. (B1) suggests that this
result holds exactly even away from the limit q → 0, as
long as q is smaller than a finite momentum cutoff that
characterizes the shape of Fermi sea. In this appendix, we
present a geometric proof for D ¼ 2, in the spirit of the
D ¼ 1 proof, to establish this stronger statement.
For D ¼ 1, the universal relation reads

Z
dkfkf̄kþq ¼ χFjqj; ðB2Þ

where fk ¼ θðEF − EkÞ is the Fermi occupation factor and
f̄k ≡ 1 − fk. This can be easily understood by noticing that
the integrand fkf̄kþq is 1 only when the momentum point k
lies within the Fermi sea while kþ q lies outside. The
integrand is 0 otherwise. If we visualize fkf̄kþq as an
interval, see Fig. 11(a), then the integral measures the
totality of configurations for putting this interval around the
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boundary of Fermi sea (here the Fermi points) such that one
end (with fk) is inside the Fermi sea while the other end
(with f̄kþq) is outside. Clearly, as long as jqj is smaller than
the distance between any two Fermi points, the result is
simply jqj (i.e., the length of the interval) times the number
of pairs of Fermi points (i.e., χF for 1D Fermi sea). This
establishes Eq. (B2).
For D ¼ 2, as explained in Sec. III A, the universal

relation asserts that

Z
d2kfkf̄kþq1ðf̄kþq1þq2 − fk−q2Þ ¼ χFjq1 × q2j: ðB3Þ

In the spirit of the geometric argument for D ¼ 1, let us
visualize the integrand fkf̄kþq1ðf̄kþq1þq2 − fk−q2

Þ as a
parallelogram (call it P); see Fig. 11(b). The integral
measures the totality of configurations for overlapping P
with the Fermi sea such that certain corners are inside the
Fermi sea while others are outside. There are only two
scenarios where the integrand P can be nonzero:
(A) when k is the only corner of P located inside the

Fermi sea, then P ¼ þ1;
(B) when kþ q1 is the only corner located outside the

Fermi sea, then P ¼ −1.
To help distinguish these two scenarios, we label the k

corner by a solid circle and the ðkþ q1Þ corner by an open
circle.

Given these two scenarios, let us look at a schematic
Fermi sea depicted in Fig. 11(b). For concreteness, we
consider an electronlike Fermi pocket. We put the paral-
lelogram P close to the Fermi surface at various locations
labeled by (i)–(iii). It is clear that when P is placed at
location (iii), neither scenario (A) nor (B) can be realized.
These are locations far away from the critical point on the
Fermi surface where vx ¼ 0 and sgnðvyÞ ¼ sgnðq1yÞ (the
coordinate system is set up such that q2kx̂), which is
marked by the red star in the figure and shall be denoted
as C. For those configurations, P ¼ 0. When the paral-
lelogram is placed at location (ii), both scenarios (A) and
(B) can be realized. Nevertheless, by shifting the paral-
lelogram along the q2 direction, one can easily check that
scenario (A) is realized just as much as (B) is, and hence
the net contribution there is again zero. We are left with
location (i) to examine.
We have illustrated in Fig. 12 several situations in which

the parallelogram P is placed close to a Fermi surface
critical point C, at which vx ¼ 0 and sgnðvyÞ ¼ sgnðq1yÞ.
Here what we mean by “close” is that it is impossible to
shift the parallelogram in the x̂ direction such that all
four corners are entirely inside the Fermi sea. The dashed
parallelogram correspond to the critical situation, so that if
P is placed below it, then P is located at region (ii) shown
in Fig. 11. Thus, let us focus on the situation where P is
located above the dashed parallelogram. Figure 12(a)
illustrates the situation when the top edge of P is slightly
below the critical point C, with kþ q1 þ q2 right at the
Fermi surface and kþ q1 being the only corner outside the
Fermi sea. This realizes scenario (B) and gives P ¼ −1.
This remains true when the parallelogram is shifted in

FIG. 11. Geometric proof for the universal behavior of density
correlation in (a) D ¼ 1 and in (b) D ¼ 2. The shaded region
represents the filled Fermi sea. The integral involved in sDþ1 can
be evaluated pictorially. For D ¼ 1, it is evaluated from the
overlap between the interval ðk; kþ qÞ and the 1D Fermi sea,
with net contribution arising near Fermi points. For D ¼ 2, the
integral is evaluated from the overlap between the parallelogram
P and the 2D Fermi sea. By considering various placements of P,
labeled by (i)–(iii), we conclude that the net contribution arises
near the Fermi surface critical point marked by the red star. See
the main text for details of the proof.

FIG. 12. Configurations of the integrand, represented as a
parallelogram P, contributing to the density correlation when
placed near a Fermi surface critical point C. (a)–(c) show dif-
ferent possible locations for P. As argued in the text, each
convex or concave critical point [with vx ¼ 0 and sgnðvyÞ ¼
sgnðq1yÞ] contributes �jq1 × q2j to the integral, leading to the
χFjq1 × q2j dependence of s3ðq1;q2Þ.
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the −x̂ direction until kþ q1 þ q2 exits the Fermi sea.
Such a negative contribution, however, is completely
canceled by the situation depicted in Fig. 12(b), which
realizes scenario (A) to give P ¼ þ1 for each such
configuration. Notice that a crucial assumption has been
made: the radius of curvature on the Fermi surface near C
has to be large enough (or q1;2 be small enough) such that
the corner kþ q1 þ q2 exits the Fermi sea before k − q2

does, as indicated in Fig. 12(a). More precisely, in addition
to requiring jq1;2j < cR, we also require jq1yj > c0q2=R
(where R is the radius of curvature, and c and c0 are some
geometry-dependent parameters). It is this assumption that
guarantees the aforementioned cancellation, and leads to
the universal density correlation. Clearly, this assumption
can always be satisfied for small enough yet finite q, as
long as q1y ≠ 0 (i.e., jq1 × q2j ≠ 0). When this assumption
is violated, there will be Oðq3Þ correction to Eq. (B3).
Finally, let us consider the nonvanishing contribution

coming from the situation depicted in Fig. 12(c). Let us first
place the ðk − q2Þ corner right at the Fermi surface. The
assumption made above guarantees that the k corner is
the only corner lying inside the Fermi sea, thus realizing
scenario (A), and gives P ¼ þ1. This remains true when
the parallelogram is shifted in the −x̂ direction until the
whole parallelogram exits the Fermi sea (the amount of
shift is jq2j). Note that we can also shift the parallelogram
in the vertical direction, as long as k lies between the top
and bottom edges of the dashed parallelogram. We can thus
slide the ðk − q2Þ corner along the Fermi surface, as
indicated by the red arrow in the figure, and perform
horizontal shift by an amount up to jq2j to obtain all
configurations that contribute to Eq. (B3). The integral is
thus evaluated to be jq1 × q2j.
In the specific case we just discussed, χF ¼ 1, and there

is just one critical point C on the Fermi surface, which is
convex in nature (i.e., ∂xvx > 0). If there is a concave
critical point, the same reasoning presented above would
conclude that there is a jq1 × q2jð−1Þ contribution to the
integral in Eq. (B3). Therefore, in the most generic case
where the Fermi surface has c-convex critical points and
c̃-concave critical points, and noting that χF ¼ c − c̃ [22],
we arrive at Eq. (B3).

APPENDIX C: FOURIER TRANSFORM
OF sD + 1ðq1;…;qDÞ

In this appendix, we compute the long wavelength
correlation function sDþ1ðr1;…; rDþ1Þ by taking the
Fourier transform of Eq. (1.10):

sDþ1 ¼ χF

Z ðdDqÞD
ð2πÞDðDþ1Þ e

i
P

D
a¼1

qaðra−rDþ1Þj detQj: ðC1Þ

We consider the casesD ¼ 2 andD ¼ 3 separately. In each
case it will be useful to write j detQj ¼ ðdetQÞsgn½detQ�.

detQ will act as derivatives (which will subsequently be
integrated) acting on the Fourier transform of sgn½detQ�.
Since ½ρðraÞ; ρðrbÞ� ¼ 0, we expect sDþ1ðr1;…; rDþ1Þ to
be invariant under permutations of ra.

1. D= 2

In D ¼ 2, we have det½Q� ¼ q1 × q2 (expressed as a 2D
cross product). It follows that we can write

s3ðr1; r2; r3Þ ¼ −
χF

ð2πÞ6 ð∇1 ×∇2ÞF3ðr13; r23Þ; ðC2Þ

where rab ¼ ra − rb and

F3ðr1; r2; r3Þ ¼
Z

d2q1d2q2eiq1·r13þq2·r23sgnðq1 × q2Þ:

ðC3Þ

Let us write q2 ¼ q2kq̂1 þ q2⊥ẑ × q̂1. Then the integral
over q2k gives 2πδðq̂1 · r23Þ, while the integral over q2⊥
(which involves sgnq2⊥) gives 2i=ðq̂1 × r23Þ. This can be
written as

F3ðr1; r2; r3Þ ¼ 4πi
Z

d2q1eiq1·r13
jq1j2
jr23j2

δðq1 · r̂23Þ
q1 × r̂23

: ðC4Þ

Next write q1 ¼ q1kr̂23 þ x⊥r23 × ẑ. Then, the δ function
sets q1k ¼ 0, so we obtain

F3ðr1; r2; r3Þ ¼ 4πi
Z

dx⊥x⊥eix⊥ðr13×r23Þ: ðC5Þ

This can be simplified by noting that without the x⊥ outside
the exponent the integral is 2πδðA123Þ, where A123≡
r13 × r23 ¼ r21 × r31 is the area of the triangle formed
by r1, r2, and r3. The x⊥ can be generated by differentiating
with respect to r3. Noting that ðr21 ×∇3ÞA123 ¼
r21 × ðẑ × r21Þ ¼ jr21j2, we obtain

F3ðr1; r2; r3Þ ¼ 8π2
r21 ×∇3

jr21j2
δðr21 × r31Þ: ðC6Þ

Thus,

s3ðr1;r2;r3Þ¼−
χF
8π4

∇1×∇2

r21×∇3

jr21j2
δðr21×r31Þ: ðC7Þ

Note that despite its appearance, s3 is invariant under
permutations of r1, r2, and r3. It can also be written as
χFδ

00ðA123Þ=ð8π4Þ. However, Eq. (C7) is a more useful
form for integrating over ra. Since the dominant contribu-
tion comes from when A123 ∼ 0, r1, r2, and r3 must lie
along a straight line.
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2. D= 3

For D ¼ 3, we have det½Q� ¼ ðq1 × q2Þ · q3, so we can
write

s4ðfrKgÞ ¼ ð∇1 ×∇2Þ ·∇3F4ðfrKgÞ; ðC8Þ

where K ¼ 1, 2, 3, 4 and

F4ðfrKgÞ¼ iχF

Z
d3q1d3q2d3q3

ð2πÞ12
×eiðq1·r14þq2·r24þq3·r34Þsgn½ðq1×q2Þ ·q3�: ðC9Þ

We now write

q3 ¼ q3k
q1 × q2

jq1 × q2j
þ q3⊥; ðC10Þ

where q3⊥ is in the plane spanned by q1 and q2. Then,
sgn½ðq1 × q2Þ · q3� ¼ sgnq3k, so that the integral over q3⊥
gives ð2πÞ2δ2½r34 × ðq1 × q2Þ=jq1 × q2j�. Note that this is a
two-dimensional δ function that constrains r34kq1 × q2, so
that the two components of r34 in the plane spanned by q1

and q2 vanish. The integral over q3k gives 2ijq1 × q2j=
ðq1 × q2Þ · r34. The result of the q3 integration can thus be
written as

F4ðfrKgÞ¼
−2χF
ð2πÞ10

Z
d3q1d3q2eiðq1·r14þq2·r24Þ

×δ2
�
r34×

q1×q2

jq1×q2j
� jq1×q2j
ðq1×q2Þ ·r34

: ðC11Þ

We next decompose q1 and q2 into components parallel
and perpendicular to r34, by writing qa ¼ qakr̂34 þ qa⊥,
for a ¼ 1, 2, where qa⊥ · r34 ¼ 0. Using the fact that
r34× ðq1×q2Þ¼q1ðr34 ·q2Þ−q2ðr34 ·q1Þ¼ jr34jðq1⊥q2k−
q2⊥q1kÞ, the δ function in the integral can be written as

δ2
�
r34 × ðq1 × q2Þ

jq1 × q2j
�

¼ jq1 × q2j2
jr34j2

δ2ðq1⊥q2k − q2⊥q1kÞ

¼ jq1⊥ × q2⊥j
jr34j2

δðq1kÞδðq2kÞ; ðC12Þ

where in the second equality we used the fact that the
Jacobian of the argument of the δ function, when expressed
as a function of q1k and q2k, is j∂ðq1⊥q2k − q2⊥q1kÞ=
∂ðq1k; q2kÞj ¼ jq1⊥ × q2⊥j, and the δ function sets
qa ¼ qa⊥.
Now, using the fact that jq1⊥×q2⊥j2=ðq1⊥×q2⊥Þ ·r34¼

ðq1⊥×q2⊥Þ ·r34=jr34j2, we get

F4ðfrKgÞ ¼
−2χF
ð2πÞ10

Z
d2q1⊥d2q2⊥eiðq1⊥·r14þq2⊥·r24Þ

×
r34 · ðq1⊥ × q2⊥Þ

jr34j4
; ðC13Þ

where q1⊥ and q2⊥ are integrated over the plane
perpendicular to r34. This can then be written as

F4ðfrKgÞ ¼
2χF
ð2πÞ6

r34 · ð∇1 ×∇2Þ
jr34j4

δ2⊥ðr14Þδ2⊥ðr24Þ; ðC14Þ

where δ2⊥ðrÞ ¼ ð2πÞ−2 R d2q⊥eiq⊥·r is a 2D δ function
for the components of r perpendicular to r34. Using
δ2⊥ðr × r34Þ ¼ δ2⊥ðrÞ=jr34j2, this can be written as

F4ðfrKgÞ

¼ −
2χF
ð2πÞ6 ∇1 · ðr34 ×∇2Þδ2⊥ðr14 × r34Þδ2⊥ðr24 × r34Þ:

ðC15Þ
Finally, in Eq. (C8), we can substitute ∇1 ¼ −∇2−∇3 −∇4 to trade ð∇1 × ∇2Þ ·∇3 for ð∇4 ×∇3Þ ·∇2, and

after combining Eqs. (C8) and (C15) we obtain

s4ðfrKgÞ¼−
2χF
ð2πÞ6 ð∇4×∇3Þ ·∇2

∇1 ·ðr34×∇2Þδ2⊥ðr14×r34Þδ2⊥ðr24×r34Þ:
ðC16Þ

Note that, like Eq. (C7), this expression is invariant under
permutations of r1, r2, r3, and r4. In addition, it can be seen
that r1, r2, r3, and r4 must all lie close to the same
straight line.

APPENDIX D: REAL SPACE INTEGRALS

In this appendix, we evaluate hQAQBQCic forD ¼ 2 and
hQAQBQCQDic forD¼3 by integrating sDþ1ðr1;…;rDþ1Þ
over the Dþ 1 regions. We treat the cases D ¼ 2 and
D ¼ 3 separately.

1. D= 2

Here we evaluate

hQAQBQCic ¼
Z
A;B;C

d2rAd2rBd2rCs3ðrA; rB; rCÞ; ðD1Þ

where the regions A, B, and C that partition the infinite
plane meet at the origin and are separated by three
rays, specified by unit vectors m̂ab ¼ m̂ba, for a ≠ b ¼
A, B, C. In addition, the boundary rays define unit normals,
n̂ab ¼ −n̂ba, which points to region a from region b. We
anticipate that the integral will diverge logarithmically with
system size, so we cut off the integrals at a finite radius
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r ¼ L. We will see that the coefficient of the log2 L
divergence will be independent of the angles between
the rays, provided all angles are less than π. When one
of the angles is larger than π the result is modified (though
it is still quantized). A related modification of the third-
order response function was discussed in Ref. [22]. For
simplicity, here we focus only on the case where all the
angles are less than π.
Using Eq. (C7), which shows that s3ðfrKgÞ is a total

derivative, we can write

hQAQBQCic ¼
χF
8π4

I; ðD2Þ

with

I¼−
Z
∂A;∂B;∂C

ðdSA×dSBÞðrBA×dSCÞ
jrBAj2

δðrBA×rCAÞ; ðD3Þ

where the integrals are over the boundaries of regions A, B,
and C, with normal length elements dSA;B;C.
The argument of the δ function is twice the area of the

triangle formed by rA, rB, and rC. It follows that provided
rA, rB, and rC are separated from each other, the integral
will be dominated by straight lines in which two of the r’s
are along one of the rays and the third r is at the triple point
where the three regions meet. There will be two cases:
(1) rB and rC are integrated along ray m̂BC, and rA is
integrated along rays m̂AB and m̂AC, and (2) rA and rC are
integrated along ray m̂AC, and rB is integrated along rays
m̂AB and m̂BC. A third possibility, where rA and rB are
along ray m̂AB is not present because dSAkdSB. Case (1) is
shown in Fig. 13 and will be considered in detail. Case
(2) gives an identical result, so we write I ¼ I1 þ I2 ¼ 2I1.

To evaluate I1, shown in Fig. 13, consider Cartesian
coordinates centered at the triple point with the x axis along
m̂BC. Then rB ¼ xBx̂, rC ¼ xCx̂, and rA ¼ xAðyAÞx̂þ yAŷ.
Here it is useful to parametrize the position along the
boundary of region A in terms of yA. xAðyAÞ will depend
on the angles of m̂AB and m̂AC, but we will see that
dependence drops out of the answer. The ingredients of the
integral are then

rBA ¼ ½xB − xAðyAÞ�x̂ − yAŷ; ðD4Þ

rBA × rCA ¼ −ðxB − xCÞyA: ðD5Þ

The normal length elements are

dSA ¼ x̂dyA − ŷðdxA=dyAÞdyA; ðD6Þ

dSB ¼ ŷdxB; ðD7Þ

dSC ¼ −ŷdxC: ðD8Þ

Note that dSA depends on xAðyAÞ, but that dependence
drops out in dSA × dSB. The integral then becomes

I1 ¼
Z

∞

0

dxBdxC

Z
∞

−∞
dyA

xBA
x2BA þ y2A

δðxBCyAÞ: ðD9Þ

We do the integral over yA first. The δ function fixes
yA ¼ 0, along with xAðyAÞ ¼ 0. We then obtain

I1 ¼
Z

∞

0

dxBdxC
xBjxB − xCj

: ðD10Þ

Introducing upper cutoffs xB < L and xC < L and lower
cutoffs jxBCj > a and xB ¼ jxBAj > a for a ∼ k−1F , we then
obtain

I1 ¼
Z

L

a

dxB
xB

�
log

xB
a
þ log

L
a

�
ðD11Þ

¼ 3

2
log2

L
a
: ðD12Þ

Accounting for the multiplicative factor 2 and Eq. (D2),
we obtain

hQAQBQCic ¼
3χF
8π4

log2
L
a
: ðD13Þ

The reader may observe that if instead in Eq. (D9) we do
the integral over xC first, then we would obtain

A

C

B

xCxx xBxx

yAyy

mBC

mAC

mAB

dSB

dSC

dSA

FIG. 13. Representative contribution to the D ¼ 2 integral I in
Eq. (D3), where rB and rC are integrated along ray m̂BC, and rA is
integrated along rays m̂AB and m̂AC. The δ function in the
integrand requires rA, rB, and rC to lie on the same straight line,
hence placing rA at the triple point. The remaining integrations
over rB and rC lead to a log2 divergence.
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I1 ¼
Z

∞

0

dxB

Z
∞

−∞
dyA

xBA
x2BA þ y2A

1

jyAj
∼
Z

∞

−∞

dyA
jyAj

log
L
jyAj

: ðD14Þ

If we cut off the yA → 0 divergence by a, then the result
would appear to disagree with Eq. (D12). The origin of this
discrepancy is the choice for the lower cutoff of yA.
Since Eq. (3.4) is valid for jqj < kF, Eq. (C7) is valid
for jra − rbj > a ∼ k−1F . Therefore, it is appropriate that the
lower cutoffs for xB and jxB − xCj in Eq. (D10) is a.
However, the lower cutoff for yA in Eq. (D14) is not set
by a. If we introduce a finite width to the junction region,
so that yB ¼ 0, yC ∼ a, then after integrating xC one
finds the range of integration for yA is a < yA < L and
−L < yA < −xBa=L, which when incorporated into
Eq. (D14) reproduces Eq. (D12). This subtlety does not
arise for the integration of xB and xC in Eq. (D10).

2. D= 3

We now evaluate

hQAQBQCQDic ¼
Z
A;B;C;D

d12rA;B;C;Ds4ðfrKgÞ; ðD15Þ

where the four regions K ¼ A, B, C, and D that partition
the 3D volume meet at the origin and are specified by four
triple contact rays m̂abc, symmetric in a ≠ b ≠ c ¼ A, B,
C, D. The boundary plane separating region a from region
b is then normal to m̂abc × m̂abd, where c ≠ d ≠ a, b. As in
the previous section, we assume for simplicity that all four
regions are concave, and subtend a solid angle less than 2π.
Given that condition, the result is independent of the
directions of m̂abc.
Equation (C16) shows that s4ðfrKgÞ is a total derivative.

Identifying rA;B;C;D with r4;3;2;1 in Eq. (C16), we can write

hQAQBQCQDic ¼ −
χF
32π6

I; ðD16Þ

with

I ¼
Z

½ðdSA × dSBÞ · dSC�½ðdSD × rBAÞ ·∇C�

δ2⊥ðrDA × rBAÞδ2⊥ðrCA × rBAÞ: ðD17Þ

Here, ra (a ¼ A, B,C,D) is integrated over the boundary of
region a with outward normal area element dSa, and δ2⊥ðrÞ
is the 2D δ function for the two components of r
perpendicular to rBA.
Because of the δ functions, the integrand will be nonzero

when rA;B;C;D are close to a straight line that visits all four
boundaries. Provided the points are separated from one
another, this is only possible if two of rA;B;C;D share the

same boundary plane. The configurations of such straight
lines can be described by considering an ordering abcd
along the line that is a permutation of ABCD, and fixing
the distances rab, rbc, and rcd shown in Fig. 14(a). The
resulting one-parameter family of lines then has the
structure shown in Fig. 14(b). Starting near the bcd triple
contact line in which ra is at the origin, the line can
continuously rotate into the cd double contact plane.
[This configuration is shown in Fig. 14(a).] When the line
reaches the ab–cd line (which is the line common to the
ab and cd planes, shown by the dashed line in Fig. 14],
the line can rotate no further because point rb has reached
the origin. At that point, the line can slide along the
ab–cd line (keeping rab, rbc, and rcd fixed) until rc
reaches the origin. Then the line can tilt into the ab plane
and rotate until it reaches the abc triple line (with rd at the
origin). Then the line can tilt into the bc plane and rotate
until it gets back to the starting point at the bcd triple line
with ra at the origin.
Since the triple product dSA · ðdSB × dSCÞ vanishes

when any pair of dSA;B;C are parallel, the segments along
the line ab–cd [the dashed line in Figs. 14(a) and 14(b)]
will vanish. Moreover, only the segments on the planes
that include rD will contribute to the integral. For d ¼ D,
only the segment along plane cD contributes, while for
c ¼ D, the bD and the Dd planes contribute. Since dcba
describes the same line as abcd, the a ¼ D and b ¼ D
cases are redundant.

ra

rb

rc

rd

b

a
mbcd

macd ab-cd

mabc

mabd

ab-cd

ab

bc

cd

abc bcd

(a)

(b)

dc

FIG. 14. (a) Representative contribution to the D ¼ 3 integral I
in Eq. (D17), with ra (a ¼ A, B, C, D) integrated over the
boundary of region a. The δ functions in the integrand require
rA;B;C;D to lie on a straight line (the red line herein); hence, two of
the r’s are the same boundary plane. Given a fixed ordering abcd,
its contribution to I consists of all possible orientations of the
abcd line such that it is parallel to one of the boundaries.
(b) Schematic diagram for a one-parameter family of lines with
fixed distances between ra’s. Vertex bcd represents the case when
the abcd line orients along the triple contact m̂bcd. Edge cd
represents the case when the abcd line rotates on the double
contact plane cd [shown in (a)]. Dashed edge ab–cd represents
the case when the abcd line lies on both the ab and cd plane.
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In the following we show that the integral in the double
contact planes is an integral of the form

R
R dxdyδ

0ðx − yÞ,
where R is a finite, bounded region. Contribution to the
integral from the interior of R vanishes, but the contribution
from the boundary ∂R must be evaluated carefully and
consistently. The boundaries for the planar integrals will
involve the abc or bcd triple contact lines and the ab–cd
lines. Since the triple contact lines involve the intersection of
multiple double contact planes, a separate calculation near
those lines is necessary. This will be done in Appendix D 2 a,
where the contribution from lines in which rD is within a
small parameter ϵ from the triple contact line. This will then
be matched with a second calculation (in Appendix D 2 b) on
the double contact planes (with rD further than ϵ from the
triple contact lines), in which all of the boundary terms can
be correctly accounted for.
The results of those calculations are summarized in

Table I, which for each permutation abcd of ABCD shows
the contributions from each part of the square in Fig. 14(b).
Since the lines abcd and dcba are equivalent there are
only 12 independent permutations. Six permutations are
shown in Table I. Since Eq. (D17) is invariant under the
interchange of A and B, the other six are obtained by
interchanging A and B. Each of the contributions to I has a
logarithmic divergence of the form c log3 Λ. The coefficient
c for each term is shown, and for each ordering abcd the
sum ctotalabcd is shown in the right-hand column. It can be
observed that for each ordering, ctotalabcd ¼ 1, so that combin-
ing the 12 independent contributions leads to

I ¼ 12 log3 Λ: ðD18Þ

It then follows that

hQAQBQCQDic ¼ −
3χF
8π6

log3 Λ: ðD19Þ

This is the final result. We note that Eqs. (2.29), (D13),
and (D19) exhibit a regular pattern, which suggests that in
general dimensions,

hQA1
…QADþ1

ic ¼ χFð−1ÞD
ðDþ 1Þ!
ð2πÞ2D logDΛ: ðD20Þ

In the remainder of this appendix, we explain the calcu-
lations of the entries in Table I. Appendix D 2 a details the
calculation near the triple contact lines, and Appendix D 2 b
explains the calculation in the double contact planes.

a. Contribution from triple contact lines

Here we consider the contribution to Eq. (D17) from
configurations where rA;B;C;D are very close to one of the
four triple lines BCD, ACD, ABD, and ABC. We will
consider the BCD line in detail and discuss the other three
at the end. For the BCD line, as shown in Fig. 15, rA will be
close to the origin, while rB;C;D are distributed along
the line at positions xB;C;D. We will consider all possible
orderings of xB;C;D along the line, so this calculation will
give the entries cBCDAbcd in Table I, with bcd accounting for the
six permutations of BCD.
We organize the integral by writing

IBCD ¼
Z

dxBdxCdxDĨðxB; xC; xDÞ; ðD21Þ

where ĨðxB; xC; xDÞ includes integrals over the remaining
parameters, which describe deviations of rA;B;C;D from
the triple line. These can be parametrized by the indepen-
dent variables yA, zA, zB, yC, and yD, as shown in Fig. 15.
We thus write

TABLE I. Summary of logarithmic divergence c log3 Λ, con-
tributed from the straight line configuration with ordering abcd
(as permutation of ABCD). For instance, cabcabcd is the coefficient
of log3 divergence contributed by orienting the abcd line along
the triple contact m̂abc. The superscript of c labels a specific part
of the one-parameter family in Fig. 14(b).

abcd cababcd cabcabcd cbcabcd cbcdabcd ccdabcd ctotalabcd

ABCD 0 0 0 1 0 1
ABDC 0 0 1 0 0 1
CABD 0 0 0 0 1 1
CADB 0 1=6 1=3 0 1=2 1
ACBD 0 0 0 1=3 2=3 1
ACDB 0 1=3 0 0 2=3 1

C

D

B

yC

x

z

y

yD~O( )
zB

(yA,zA)

xB

B

xC xDxA~0
A

(a)

(b)

x DC

FIG. 15. Coordinate system for calculating the contribution to
I when rA;B;C;D are very close to the triple contact line BCD
(where y ¼ z ¼ 0). (a) and (b) show the same configuration
from two different viewpoints.
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rA ¼ xAðyA; zAÞx̂þ yAŷþ zAẑ;

rB ¼ xBx̂þ yBðzBÞŷþ zBẑ;

rC ¼ xCx̂þ yCŷþ zCðyCÞẑ;
rD ¼ xDx̂þ yDŷþ zDðyDÞẑ; ðD22Þ

where xAðyA; zAÞ, yBðzBÞ, zCðyCÞ, and zDðyDÞ depend on
the contact angles. Note that the independent variables
can all be positive or negative. For example, when yD < 0
the boundary of region D deviates from the z ¼ 0 plane
with a slope dzD=dyD. Thus, all configurations close to
the triple line are accounted for. We will limit the integral
to configurations close to the triple line by only integrat-
ing yD between −ϵ and ϵ. We integrate yA, zA, zB, and yC
from −∞ to ∞, but since the integrand is only nonzero
when all of the points are on a straight line, rA;B;C will
also be within ϵ of the triple line. We will consider xB, xC,
and xC to be of order 1 and separated by a finite distance
larger than k−1F and work to lowest order in ϵ. Divergent
integrals when xA;B;C;D approach one another will be
cut off by k−1F . All possible orderings of xB;C;D will be
considered. The case 0 < xB < xC < xD is shown
in Fig. 15.
The δ functions in Eq. (D17) ensure that rA;B;C;D lie

along a straight line, so that the deviations are arranged
proportionately:

yBA∶yCA∶yDA ¼ zBA∶zCA∶zDA ¼ xB∶xC∶xD: ðD23Þ

It will be useful to express the δ functions in a slightly
different form. We can write

δ2⊥ðrBA × rCAÞδ2⊥ðrBA × rDAÞ
¼ δ2⊥ðrBA × rCBÞδ2⊥ðrBA × rDBÞ

¼ x2DB

x2B
δ2⊥ðrDB × rCBÞδ2⊥ðrBA × rDBÞ: ðD24Þ

The first equality follows because rCA ¼ rCB þ rBA. The
second equality follows because the second δ function
enforces rBAkrDB, so that rBA ¼ rDBjrBAj=jrDBj. The con-
stant factor can then be extracted from the δ function giving
the factor ðjrDBj=jrBAjÞ2 ¼ x2DB=x

2
B þOðϵÞ. The δ func-

tions have the explicit form

δ2⊥ðrDB × rCBÞ ¼ δðxCDyB þ xDByC þ xBCyDÞ
× δðxCDzB þ xDBzC þ xBCzDÞ; ðD25Þ

δ2⊥ðrBA × rDBÞ ¼ δðxDByA − xDyB þ xByDÞ
× δðxDBzA − xDzB þ xBzDÞ: ðD26Þ

Given Eq. (D22), the perpendicular area elements are

dSA ¼ dyAdzAðx̂ − ŷ∂xA=∂yA − ẑ∂xA=∂zAÞ;
dSB ¼ dxBdzBðŷ − ẑ∂yB=∂zBÞ;
dSC ¼ −dxCdyCðẑ − ŷ∂zC=∂yCÞ;
dSD ¼ dxDdyDðẑ − ŷ∂zD=∂yDÞ: ðD27Þ

We can therefore write

dSA · ðdSB × dSCÞ ¼ −ϒdyAdzAdxBdzBdxCdyC; ðD28Þ

with

ϒðzB; yCÞ≡
�
1 −

∂yB
∂zB

∂zC
∂yC

�
: ðD29Þ

To leading order in ϵ we have

dSD × rBA ¼ xBdxDdyD

�
ŷþ ẑ

∂zD
∂yD

�
: ðD30Þ

The derivative ∇C acting on the δ function will give

∇Cδ
2⊥ðrDB × rCBÞ
¼ xDB

h
ŷδ0ðxDByCB − xCByDBÞδðxDBzCB − xCBzDBÞ

þ ẑδðxDByCB − xCByDBÞδ0ðxDBzCB − xCBzDBÞ
i
:

ðD31Þ

Combining Eqs. (D31) and (D30), it can be seen that the
result can be expressed as a derivative with respect to the
independent variable yD:

ðdSD × rBAÞ · ∇Cδ
2⊥ðrDB × rCBÞ

¼ −dxDdyD
xBxDB

xCB

∂

∂yD
δ2⊥ðrDB × rCBÞ: ðD32Þ

We now have all of the ingredients for the BCD triple
line contribution to Eq. (D17). Combining Eqs. (D21),
(D24), (D28), and (D32), we obtain

ĨðxB;xC;xDÞ

¼
Z

dyAdzAdzBdyCdyDϒðzB;yCÞ

×
x3DB

xBxCB

�
∂

∂yD
δ2⊥ðrDB×rCBÞ

�
δ2⊥ðrBA×rDBÞ: ðD33Þ

We next note that the integrals over yA and zA can be
evaluated using Eq. (D26). The result is then the integral of a
total derivative with respect to yD, which may be written as
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Ĩ¼
Z

ϵ

−ϵ
dyD

∂KðyDÞ
∂yD

¼KðyD¼þϵÞ−KðyD¼−ϵÞ; ðD34Þ

with

KðxB; xC; xD; yDÞ

¼ xDB

xBxCB

Z
dzBdyCϒðzB; yCÞδ2⊥ðrBA × rDBÞ: ðD35Þ

The result of the integral over zB and yC will depend on
whether for a given xB, xC, xD, and yD there exists a solution
to the “straight line condition,” Eq. (D23). This, in turn, will
depend on sgnyD, as well as what order xB, xC, and xD are in.
If there is a solution ðz�B; y�CÞ, then the integral can be
evaluated using Eq. (D25). The Jacobian for the integration
of Eq. (D25) with respect to yC and zB is xDBxCDϒðzB; yCÞ,
with ϒ given in Eq. (D29). We then obtain

KðxB; xC; xD; yDÞ ¼
sgn½ϒðz�B; y�CÞxBxDBxCB�

jxBxCBxDCj
: ðD36Þ

If there is no solution, then the contribution is zero.
Figure 16 shows the solutions for the six possible

orderings of xB, xC, and xD for yD < 0 and yD > 0. For
example, for the first entry, ABCD, which considers
xA < xB < xC < xD, there is a solution for yD > 0, but
there is no solution for yD < 0. This ordering, along with
ADCB therefore contributes with a plus sign. For ACBD
and ADBC, there is a solution for yD < 0, but no solution
for yD > 0, so that ordering contributes with a minus sign.
However, note that for those (and only those) contributions,
sgn½xDBxCB� ¼ −1, which cancels the minus sign. For

ABDC and ACDB, there is a solution for both yD > 0
and yD < 0, so those contributions cancel. In addition, for
each of the contributions, sgnϒðz�B; y�CÞ ¼ þ1. The result
of this analysis is, therefore,

ĨðxB;xC;xDÞ¼
θABCDþθACBDþθADBCþθADCB

jxBxCBxDCj
; ðD37Þ

where θabcd specifies the ordering xa < xb < xc < xd.
We are now ready to perform the final integration over

xB, xC, and xD. It is simplest to define new variables that
for a given ordering describe the non-negative intervals
between consecutive x’s. For example, for θABCD we define
u1 ¼ xBA ¼ xB, u2 ¼ xCB, and u3 ¼ xDC. This analysis
then gives

IBCDABCD ¼
Z

∞

0

du1du2du3
u1u2u3

; ðD38Þ

IBCDACBD ¼
Z

∞

0

du1du2du3
ðu1 þ u2Þu2ðu2 þ u3Þ

; ðD39Þ

IBCDADBC ¼
Z

∞

0

du1du2du3
ðu1 þ u2Þu3ðu2 þ u3Þ

; ðD40Þ

IBCDADCB ¼
Z

∞

0

du1du2du3
ðu1 þ u2 þ u3Þu3u2

; ðD41Þ

IBCDABDC ¼ IBCDACDB ¼ 0: ðD42Þ

To extract the leading logarithmic divergence of the
integrals, we cut off the integrals at large distance by the
system size L and at short distance by k−1F . This leads to

IBCDabcd ¼ cBCDabcd log
3 kFL; ðD43Þ

with

cBCDABCD ¼ 1; cBCDABDC ¼ 0;

cBCDADBC ¼ 1=6; cBCDADCB ¼ 1=3;

cBCDACBD ¼ 1=3; cBCDACDB ¼ 0: ðD44Þ

We now briefly mention the contributions from the other
three triple contact lines and conclude the analysis of
Eq. (D17). Since Eq. (D17) is symmetric under the
interchange of A and B, the contribution from the ACD
triple line will be

cACDBACD ¼ 1; cACDBADC ¼ 0;

cACDBDAC ¼ 1=6; cACDBDCA ¼ 1=3;

cACDBCAD ¼ 1=3; cACDBCDA ¼ 0: ðD45Þ
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FIG. 16. Existence and nonexistence of solution to the
straight line condition in Eq. (D23). For a given ordering
abcd, the left-hand panel shows a solution (if it exists) with
yD < 0 and the right-hand panel shows a solution (if it exists)
with yD > 0. For instance, with abcd ¼ ABCD, straight line
solutions are allowed only when yD > 0. This analysis leads us
from Eq. (D34) to Eq. (D37).
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For the ABC triple line, the area elements dSA;B;C

will all lie in the plane perpendicular to mABC, so
dSA · ðdSB × dSCÞ ¼ 0. Thus,

cABCDbcd ¼ 0: ðD46Þ

Finally, for IABD, rC, which will be at the end of the line,
will have an unconstrained integral over the directions
perpendicular to mABD. Because of the derivative ∇C,
this will involve an unconstrained integral over the deriva-
tive of a δ function and will therefore also vanish. We
conclude that

cABDCbcd ¼ 0: ðD47Þ

This completes the evaluation of all of the triple contact line
entries in Table I.

b. Contribution from double contact planes

Here we evaluate Eq. (D17) when rD and one other of
rA;B;C is in a double contact plane. To be specific, we
consider the ordering abcd ¼ ABCD, in the CD contact
plane, as shown in Fig. 17. This will give us the coefficient
cCDABCD in Table I. The other possible orderings will be
discussed at the end.
We choose a coordinate system in which the CD plane is

in the plane z ¼ 0, and the x axis points along the
AB–CD line. Then we can parametrize the points on the
boundary as

rA ¼ xAx̂þ yAðzAÞŷþ zAẑ;

rB ¼ xBðyB; zBÞx̂þ yBŷþ zBẑ;

rC ¼ xCx̂þ yCŷ;

rD ¼ xDx̂þ yDŷ; ðD48Þ

where each surface is parametrized in terms of two
coordinates, and yAðxAÞ and xBðyB; zBÞ depend on the
contact angles. Here we have used the fact that when
xB < 0 (so that rA and rB are both on the AB–CD line), the
area element dSA · ðdSB × dSCÞ will vanish. This allows us
to consider yB to be the independent variable that is subject
to the constraint yB < 0. This defines the boundary of the
integration domain at the AB–CD line. The other boundary,
near the BCD triple contact line, is set by the analysis in the
previous section: we require that rD be further than ϵ from
the BCD line. Note that due to the straight line condition,
the integrand will vanish at the boundaries of the rC
integral, so the xC and yC integrals will be unconstrained.
The perpendicular area elements are

dSA ¼ −dxAdzAðŷ − ẑ∂yA=∂zAÞ;
dSB ¼ dyBdzBðx̂ − ŷ∂xB=∂yB − ẑ∂xB=∂zBÞ;
dSC ¼ −dxCdyCẑ;

dSD ¼ dxDdyDẑ: ðD49Þ

It can be observed that dSA · ðdSB × dSCÞ ¼
−dxAdzAdyBdzBdxCdyC is independent of the contact
angles. In addition,

ðdSD × rBAÞ · ∇C ¼ d2r⊥Dr⊥BA ×∇C; ðD50Þ

where r⊥BA gives the components of rB − rA in the xy plane,
d2r⊥D ¼ dxDdyD, and the right-hand side uses the scalar 2D
cross product.
The δ functions in Eq. (D17) are

δ2⊥ðrBA×rCAÞ¼δðr⊥BA×r⊥CAÞδðzBArCAþzArBAÞ;
δ2⊥ðrBA×rDAÞ¼δðr⊥BA×r⊥DAÞδðzBArDAþzArBAÞ; ðD51Þ

where rBA ¼ jr⊥BAj.
We now combine Eqs. (D17) and (D48)–(D51). The δ

functions involving zA;B fix zA ¼ zB ¼ 0 with Jacobian
rBAðrCA − rDAÞ. Integrating zA and zB leads to an integral in
the xy plane:

I ¼
Z

dyAdxBd2r⊥Cd2r⊥D
r⊥BA ×∇C

jrBAðrCA − rDAÞj
× δðr⊥BA × r⊥CAÞδðr⊥BA × r⊥DAÞ: ðD52Þ

It is useful to consider the integrals in polar coordinates
with origin r⊥B . Let

r⊥C ¼ r⊥B þ rCBðcos θCB; sin θCBÞ; ðD53Þ

r⊥D ¼ r⊥B þ rCBðcos θDB; sin θDBÞ; ðD54Þ

r⊥BA ≡ ð−xA; yBÞ ¼ rBAðcos θBA; sin θBAÞ: ðD55Þ

C/D

B

A rA

rB rC r

dSD

dSC

z

y

x

dSA

dSB

D

FIG. 17. Coordinate system for calculating the contribution to I
when rA;B;C;D form a straight line on the CD double contact
plane, where points are ordered as ABCD. The origin is set at the
point where the three rays (separating different regions) meet, and
the CD plane is at z ¼ 0.
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The integration limit defined by the AB–CD line boundary
will be θAB < 0. The integration limit for the BCD line
boundary will be θDB > θ0 ≡ θBCD þ ϵ=rDB, where θBCD
is the angle of the BCD contact line relative to the x axis.
Because of the straight line condition, θCB will be
unconstrained.
In terms of these variables, r⊥BA × r⊥CA ¼ r⊥BA × r⊥CB ¼

rBArCB sinðθCB − θBAÞ, and r⊥BA ×∇C ¼ ðrBA=rCBÞ∂=∂θCB
(plus a term that vanishes for θCB ¼ θBA). The integral
then becomes

ICDABCD ¼ IrIθ; ðD56Þ

with

Ir ¼
Z

∞

0

drBAdrCB

Z
∞

rCB

drDB
1

rBArCBjrCB − rDBj
ðD57Þ

and

Iθ ¼
Z

∞

−∞
dθCB

Z
0

−∞
dθDB

×
Z

∞

θ0

dθBAδ0ðθCB − θBAÞδðθDB − θBAÞ: ðD58Þ

Ir will involve a log3 Λ divergence. However, due to the
unconstrained integral over θCB of δ0ðθCB − θBAÞ, Iθ will
vanish. We conclude that cCDABCD ¼ 0.
A similar analysis can be applied to all of the possible

orderings abcd, on planes ab, bc, and cd. There are several
cases, so we will not repeat the details. However, in some
cases, the analog of Iθ does not vanish. For example, we
find IBDCABD ¼ IrIθ, with

Ir ¼
Z

∞

0

drBAdrAC

Z
∞

rBA

drDA
1

rBArACjrDA − rBAj
ðD59Þ

and

Iθ ¼
Z

0

−∞
dθAC

Z
∞

θ0

dθDA

×
Z

∞

−∞
dθBAδ0ðθAC − θBAÞδðθDA − θBAÞ; ðD60Þ

where θ0 < 0. Note that in this case Iθ ¼ 1 and Ir ¼
log3 kFL [where we cut off the logarithmic divergence
in the same manner as Eq. (D43)]. We conclude that
cBDCABD ¼ 1.
Applying this type of analysis to all cases, we find that

the nonzero entries to Table I are

cBDABDC ¼ 1; cBDCABD ¼ 1;

cBDCADB ¼ 1=2; cBDCBDA ¼ 1=3;

cBDACBD ¼ 2=3; cBDACDB ¼ 2=3; ðD61Þ

along with similar terms found by interchanging A and B:

cADBADC ¼ 1; cADCBAD ¼ 1;

cADCBDA ¼ 1=2; cADCADB ¼ 1=3;

cADBCAD ¼ 2=3; cADBCDA ¼ 2=3: ðD62Þ

This completes the analysis of the contributions to I from
the double contact planes.

APPENDIX E: OPTIMIZING THE FITTING
ANALYSIS

In Sec. IV B we presented a quadratic-fitting analysis for
extracting the coefficient of log2 L in the finite-size scaling
of IQ

3 ðLÞ. For tight-binding models on both the triangular
and square lattices, with one electronlike or one holelike
Fermi surface, we have found χF ≈�1 as the best-fit value
with roughly 5% deviation from the true χF. The uncer-
tainty of fitting has been tamed to about 10%. Such results
have been consistently obtained when the size of Fermi
sea is varied (see Fig. 5), as well as when the interval of
logL (in which the fitting is performed) is varied. To obtain
this kind of numerical stability, we have adopted two
approaches to optimize the dataset.
The first approach is to drop the outliers. When we do a

very dense sampling of system size L, we observe that
IQ
3 ðLÞ contains drastic jumps above a smoothly varying

background; see Fig. 18 for an example on the triangular
lattice. These jumps happen only at very specific L’s, and

FIG. 18. Outliers due to the hard-wall boundary condition.
Panel (a) shows an example of how IQ

3 (green diamond) increases
with L for the densest sampling (ΔL ¼ 1). There is a smooth
background, comparable to our scaling prediction, together with
outliers appearing periodically. The outliers are related to
electrons on the Fermi surface bouncing back and forth between
the open boundary, as shown in (b), forming standing wave when
the condition in Eq. (E1) is satisfied [see the dashed line in (a),
and discussion in the text]. We conjecture that these nonlocal
states enhance the entanglement and cause the jumps seen in (a).
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can be predicted from the following commensurability
condition:

ffiffiffi
3

p
LkF ¼ πN ðN ∈ ZÞ: ðE1Þ

Semiclassically, this condition is satisfied when electrons
on the Fermi surface (with wavelength λF ¼ 2π=kF)
bounce between the open boundaries of our hexagonal
system (separated by

ffiffiffi
3

p
L) to form an extended standing

wave. The nonlocal nature of these states seems to enhance
the entanglement and leads to the jumps observed in
Fig. 18(a). In Fig. 18, we have also plotted the quantity
j ffiffiffi3p

LkF=π − b ffiffiffi
3

p
LkF=π þ 0.5j as a function of L. As

shown, around places where this quantity is minimized,
i.e., the commensurability condition is approximately
satisfied, outliers appear in IQ

3 ðLÞ. As L increases toward
the thermodynamic limit, we expect these jumps of the
outliers to become less significant, since any effects from
the boundary should become insignificant as compared to
the bulk in this limit. We thus decide to drop these outliers
in the fitting analysis, and compare our theoretic prediction
only to the smooth background obtained in the simulation.
Such finite-size noise also appears in the case of square

lattice. However, the situation there is slightly worse, as
illustrated in Fig. 19. Our triparition scheme in Fig. 4(b)
dictates that region C is smaller in size relative to regions A
and B. Note also that, for the case of square lattice, while
the linear system size is L, the size of the triple contact is
only L=2. The simulation for the square lattice thus suffers
more finite-size noise. Again, we want to compare
our theoretical prediction with the smooth background in
the simulation, which is believed to continue into the

thermodynamic limit. Therefore, we want to reduce the
finite-size noise by an averaging procedure, namely, taking

ĨQ
3 ðLÞ ¼

1

3

h
IQ
3 ðL − 1Þ þ IQ

3 ðLÞ þ IQ
3 ðLþ 1Þ

i
ðE2Þ

to be the fitting data. The fitting results (for square lattice)
presented in Sec. IV B are obtained after we have treated the
raw data in this way. The best-fit value is then numerically
stable when the fitting interval is varied, with fitting
uncertainty restricted to about 10%, and the inferred χF
matches reasonably well with the predicted quantized value.
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