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Topological Multipartite Entanglement in a Fermi Liquid
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We show that the topology of the Fermi sea of a D-dimensional Fermi gas is reflected in the multipartite
entanglement characterizing D + 1 regions that meet at a point. For odd D we introduce the multipartite
mutual information and show that it exhibits a log”L divergence as a function of system size L with a
universal coefficient that is proportional to the Euler characteristic y of the Fermi sea. This provides a
generalization, for a Fermi gas, of the well-known result for D = 1 that expresses the log L divergence of the
bipartite entanglement entropy in terms of the central charge ¢ characterizing a conformal field theory. For
even D we introduce a charge-weighted entanglement entropy that is manifestly odd under a particle-hole
transformation. We show that the corresponding charge-weighted mutual information exhibits a similar
log? L divergence proportional to y . Our analysis relates the universal behavior of the multipartite mutual
information in the absence of interactions to the D + 1 order equal-time density correlation function, which
we show exhibits a universal behavior in the long wavelength limit proportional to y . Our analytic results are
based on the replica method. In addition, we perform a numerical study of the charge-weighted mutual
information for D = 2 that confirms several aspects of the analytic theory. Finally, we consider the effect of
interactions perturbatively within the replica theory. We show that for D = 3 the log® L divergence of the
topological mutual information is not perturbed by weak short-ranged interactions, though for D = 2 the
charge-weighted mutual information is perturbed. Thus, for D = 3 the multipartite mutual information

provides a robust classification that distinguishes distinct topological Fermi liquid phases.
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I. INTRODUCTION

A powerful method for characterizing the phases of
quantum many particle systems is to identify the patterns
of long-range entanglement present in the ground state
wave function. A hallmark for this type of analysis is the
theory of the topological entanglement entropy of a gapped
(2 + 1)-dimensional topological phase [1,2]. In that case,
the total quantum dimension of the quasiparticle excita-
tions, which is a topological quantity characterizing the
phase, is related to a measure of the entanglement in the
ground state wave function given by the mutual informa-
tion between three subregions in the plane. This analysis
has subsequently been generalized for higher-dimensional
gapped topological phases [3,4].
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Long-range entanglement also occurs in gapless sys-
tems. It is well known that in (1 4 1)-dimensional con-
formal field theory (CFT) the bipartite entanglement
entropy exhibits a logarithmic divergence as a function
of system size L with a coefficient proportional to the
central charge ¢ [5-7]. ¢ is a topologically quantized
quantity that characterizes the low energy degrees of
freedom responsible for long-ranged entanglement. There
has been considerable interest in generalizing this type of
analysis to higher dimensions [8—15].

Fermi gases provide a tractable setting to characterize
entanglement, and have a broad application to electronic
materials. A 1D Fermi gas is a simple CFT, in which ¢
counts the number of (right-moving) Fermi points, or
equivalently the number of components of the 1D Fermi
sea. In D dimensions, the bipartite entanglement entropy of
a Fermi gas exhibits an area law with a logarithmically
divergent coefficient that probes the projected area of the
Fermi surface [16-21]. This can be understood simply by
considering a quasi-1D geometry with periodic boundary
conditions for the remaining D —1 dimensions. Then,
since the transverse momentum eigenstates decouple into
independent 1D modes, the coefficient of the log in the
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entanglement entropy simply counts the number of 1D
modes below the Fermi level, given by AA;/(27)?, where
A~LP~! is the real space area of the boundary and
Ap ~ kP! is the projected area of the Fermi sea. For a
more general bipartition, this result can be expressed as an
integral over both the real space boundary and the Fermi
surface in a form analogous to the Widom formula from the
theory of signal processing [17].

Unlike the 1D case, the coefficient of the logarithmic
divergence of the bipartite entanglement entropy for a
D > 1 dimensional Fermi gas is not a topological quantity.
Since it depends on both the dimensions of the Fermi
surface and the dimensions of the partition boundary, it
will vary continuously as nonuniversal parameters are
adjusted. Moreover, this coefficient does not distinguish
qualitatively distinct patterns of entanglement. For exam-
ple, a 3D system composed of independent 1D wires
clearly exhibits long-ranged entanglement along the wires,
but there is no entanglement between the wires. The
bipartite entanglement entropy is not sensitive to this
distinction.

The quasi-1D and 3D Fermi surfaces described above are
distinguished by the topology of the filled Fermi sea, which
can be characterized by its Euler characteristic yr [22].
xr 1S an integer topological invariant defined as

D

XF = Z(_l)lbh

=0

(1.1)

where b, is the /th Betti number, given by the rank of
the /th homology group, which counts the topologically
distinct [ cycles [23]. A 3D spherical Fermi sea has
xr=1-0+0-0=1, while a quasi-1D Fermi sea,
which spans the 3D Brillouin zone in two directions,
has yr = 1-2 4+ 1 — 0 = 0. According to the Morse theory,
¥ can also be expressed in terms of the critical points in the
electronic dispersion Ey [24,25]. yr is related to the critical
points k. in Ey, where vy, = V, E, =0.

XF = ka/?c,
Cc

where f = 0(Ep — E)) specifies the Fermi sea, and the
signature of each critical point is given by . = sgndetH,,
where the Hessian H,. is the matrix of second derivatives
of Ey. It follows that yr changes at a Lifshitz transition,
where a minimum, maximum, or saddle point in £y passes
through E [26,27].

In this paper we introduce an entanglement measure
characterizing the ground state wave function that is
sensitive to the Fermi sea topology. The key difference
between D = 1 and higher dimensions from the point of
view of entanglement is that in D =1 two regions
generically meet at a point, while for D > 1 they meet
on a (D — l)-dimensional plane. Thus the bipartite

(1.2)

(b) ()

FIG. 1. The D-dimensional Fermi gas for (a) D = 1, (b) D = 2,
and (c) D = 3 is partitioned into D + 1 regions that meet at a
single point, with any k regions sharing a flat boundary of
dimension D + 1 — k. Here we study an entanglement measure,
known as the mutual information, that captures the intrinsic
correlations among all D + 1 regions. The mutual information is
topological in that it exhibits a leading logarithmic divergence
proportional to the Euler characteristic y of the Fermi sea.

entanglement entropy scales as (kzL)P~!, which for D> 1
depends on the nonuniversal parameter kr. However, as
indicated in Fig. 1, for D =2 three regions generically
meet at a point, and for D = 3 four regions meet at a point.
This motivates us to consider the multipartite entanglement
between D + 1 regions that meet at a point. Multipartite
entanglement measures have been the subject of increasing
current interest [28—35]. Here we introduce the topological
mutual information characterizing D + 1 regions that meet
at a point and show that it exhibits a logarithmic divergence
that is proportional to yp.

The mutual information Zp,; characterizing D + 1
regions is designed so that the pairwise (or higher)
correlations between different regions are subtracted off,
leaving only the intrinsic correlations between all D + 1
regions. For D = 1, the mutual information characterizing
two regions A and B is

IZZSA+SB_SABa (13)
where S, is the bipartite von Neumann entanglement
entropy associated with subregion A [15,36-38]. Since in
this paper we consider ground state properties, and the
entire system AB is in a pure state, we have S, = 0 and
Sy =S8g. Thus 7, is the same (up to a factor of 2
definition) as the bipartite entanglement entropy. Using
the fact that for free fermions ¢ = yr, the Calabrese-
Cardy formula for the bipartite entanglement entropy can
then be expressed as [7]

XF

I:
273

log A, (1.4)

where A ~ kpL.
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To generalize this to higher dimensions we first consider
D = 3, where for four regions the mutual information is
defined as

Zy=S8s+Sg+Sc+Sp—Sap—S8ac—Sap
—Sgc—Ssp —Scp + Sapc + Sasp

+ Sacp + Spep — Sascp- (1.5)
We will show that the topological mutual information 7,
characterizing four regions that meet at a point exhibits a
universal logarithmic divergence of the form

A

F2 log? A.

:Z-:
A

(1.6)

The situation for D = 2 is different. The natural exten-
sion of Egs. (1.3) and (1.5) for three regions A, B, and C
that meet at a point in 2D does not work. For a pure state
Sipc =0 and S, = S¢, so it follows that

Sa+Sg+Sc—Sap = Sac = Spc + Sapc =0.  (1.7)
Perhaps this should not come as a surprise because for
D =1 and D = 3, yr can equally well be regarded as a
property of the Fermi surface. For odd D, the Euler
characteristic y,r of the (D — 1)-dimensional Fermi surface
is simply related: y,r = 2yr. For even D, however, the
Euler characteristic of any closed (D — 1)-dimensional
surface is zero. For instance, in 2D, all Fermi surfaces
are topologically the same as circles, with y;p = 1 — 1 = 0.
Thus, in even dimensions we have neither a topological
entanglement measure analogous to Egs. (1.3) and (1.5) nor
a topological invariant characterizing the Fermi surface.

Nonetheless, in even dimensions the Euler characteristic
of the Fermi sea can be nonzero, and it distinguishes
different topological classes. For example, in two dimen-
sions, the Euler characteristic counts the difference between
the number of electronlike and holelike Fermi surfaces,
with open Fermi surfaces contributing zero. It is able to
distinguish a 2D circular Fermi sea (yy =1 —-0+0=1)
from a quasi-1D Fermi sea that would arise for a 2D array
of decoupled 1D wires (yr = 1—1+ 0 = 0), which has
only 1D entanglement. We therefore seek an entanglement
measure that probes yr in two dimensions.

An important property of y in even dimensions is that
it is odd under a particle-hole transformation, which
exchanges the inside and outside of the Fermi surface.
Clearly, the bipartite entanglement entropy is even under
the exchange of particles and holes. This motivates us
to consider a new entanglement measure that is odd
under particle-hole symmetry. We will introduce a
“charge-weighted” bipartite entanglement entropy 59,
which weights S, according to the charge Q4 — (Qy4).
By construction, this quantity is odd under a particle-hole

transformation. This allows us to define a charge-weighted
topological mutual information in even dimensions.
Specifically, for D = 2 we define

79 =59+ 52 + 5259 — 5% . —59. +5%.. (1.8

We will see that SgB = —Sg, so that unlike in Eq. (1.7), the

terms do not cancel. We will show that IzQ exhibits a
universal logarithmic divergence of the form

3
7¢¥ = “Llog? A.

-z (1.9)

To compute the topological mutual information, we will
employ the replica method used by Calabrese and Cardy
[7]. This leads naturally to a formulation in terms of the
equal-time correlations between the numbers of particles in

the different regions: Z, o (Q40p)e» I3 « (04050¢).,
and 74 x (Q,050c0p).. (Here the subscript ¢ indicates
the connected correlation function.) The connection
between the bipartite entanglement entropy for free fer-
mions and number correlations (including higher-order
cumulants) has been noted and extensively studied in
Refs. [39-41]. Our analysis shows that these correlation
functions exhibit a universal logarithmic divergence as a
function of system size, with a coefficient proportional to
xr- We will show that this is related to a universal (and to
our knowledge unexplored) feature of the long wavelength
density correlations of an infinite free Fermi gas.
Specifically, we will show that in D dimensions, the D +
1 order density correlation function in momentum space
exhibits a universal behavior for small q,

_ quD+1
SD+1(q1’ cre qD) = (2”)D <pQ1p‘l2"'p‘lD+1>C

_XF
- (2n)P

| det Q)| (1.10)

where Q is the D x D matrix built out of the column vectors
qi,...,qp. Note that due to translation symmetry the
expectation value is proportional to &(q; + -+ qpy1),
and Eq. (1.10) is the same when regarded as a function of
any D of the vectors qy, ..., qp ;. This result is insensitive to
continuous changes in the shape of the Fermi sea. The long
wavelength density correlations contain topological infor-
mation about the Fermi sea.

In order to confirm the predictions of our analytic replica
theory analysis it is desirable to develop an independent
numerical method for computing the topological mutual
information. While numerics is computationally challeng-
ing for D = 3, we find that the efficient numerical methods
for computing the bipartite entanglement entropy for free
fermions developed in Refs. [42—-45] can be adapted to the
computation of the charge-weighted mutual information in
two dimensions. This is discussed in detail in Sec. IV,
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where we demonstrate consistency between the numerics
and several aspects of the analytic predictions.

Finally, it is important to address the stability of our results
in the presence of electron-electron interactions. In one
dimension, it is known that short-ranged electron-electron
interactions do not affect the bipartite entanglement entropy.
The central charge c¢ retains its integer quantization in a
Luttinger liquid, despite the fact that the log divergence
of the number correlations (Q,Qp),. loses its quantization
[41,46]. In Sec. V we study the effects of electron-electron
interactions perturbatively within the replica theory. We
explain how the replica theory resolves that discrepancy,
and we show that in D = 3 the situation is similar. We
predict that in a three-dimensional Fermi liquid the log® A
divergence of 7, remains quantized to y in the presence of
short-ranged interactions, despite the fact that the Fermi
liquid parameters modify the divergence of (0, 0z00p).-
Thus, the divergence of the topological mutual information
provides a sharp characterization that distinguishes distinct
topological Fermi liquid phases, even in the presence of
interactions. In contrast, we show that the charge-weighted
mutual information defined for D = 2 is not robust in the
presence of interactions. Short-ranged interactions will

modify the coefficient of the log> A divergence of Izg.

The paper is organized as follows. In Sec. II, we review
the replica method and apply it to the topological mutual
information in D =1 and D = 3. We also introduce the
charge-weighted entanglement entropy, along with the
charge-weighted mutual information, and show how they
are computed in the replica theory. These calculations relate
Zp4 and Ig to the number correlations, which are in turn
related to the universal long wavelength density correlator
Sp11, defined in Eq. (1.10). In Sec. 111, we discuss s3 and s,
in detail and establish Eq. (1.10). Alternative derivations
of these results are presented in Appendixes A and B. In
addition, some lengthy parts of the calculation, including the
Fourier transform of Eq. (1.10), as well as a subsequent real
space integration are described in Appendixes C and D. In
Sec. IV, we describe the numerical computation of 7 3Q . We
begin with a discussion of the computational method, and
then demonstrate consistency with the predicted quantization
of log? A divergence of 7 Q as well as its dependence on the
topology of the Fermi sea and the structure of the real space
partitions. In Sec. V, we address the effect of electronic
interactions, and show that within the replica theory the
topological mutual information remains quantized for a
three-dimensional Fermi liquid. Finally, in Sec. VI, we
close with a discussion of further questions.

II. ENTANGLEMENT AND NUMBER
CORRELATIONS

A. Replica theory for bipartite entanglement entropy

In this section, we review the replica method for
computing the entanglement entropy and show how for

free fermions it relates to the number correlations. Consider
a system of free fermions that is partitioned into two regions
A and B. The reduced density matrix is

pa = Trglpag). (2.1)

where psp = |wap)(wap| is the density operator for the
pure state |y 45). The von Neumann entanglement entropy
for subsystem A is then
Sa = =Trulpslog py]. (2:2)
Following Calabrese and Cardy [7], we evaluate S, using
the replica trick. We introduce
Sun = Tralpt]. (2.3)

Noting that Try[ps] = 1, the von Neumann entropy is
recovered by analytically continuing as a function of n:

0S4,

S:
A on

(2.4)

n=1

Sa.n 1s related to, but defined slightly differently from, the
Rényi entropy, which is given by (log S, ,)/(1 —n).

The key insight of Calabrese and Cardy is that for integer
n we can consider the partition function describing n
replicas of the original system as a Euclidean space-time
path integral. Then, the trace Tr,[(Trzpsp)”] can be
interpreted as describing a system in which the replicas
are joined together such that inside region A replica a at
time 7 = —e is connected to replica a + 1 mod n at time
7= +¢. In D =1 spatial dimension, the pointlike boun-
dary between A and B then resembles a screw dislocation
in a three-dimensional space-time-replica index space as
indicated in Fig. 2. For D > 1, the (D — 1)-dimensional
boundary between A and B behaves similarly. The effect of
the partial trace is then to introduce a twist operator Ty,
into the partition function at time = = 0, whose action on
the fermion operators y,(r) is given by

W,(r) reB
Ty Wa(®)Tan = { Warr (1) reda<n (25
(=)l (r) reAa=n.

Here the sign (—1)"*! reflects the anticommutation of
fermion operators [47,48], which in a path integral requires
an antiperiodic temporal boundary condition. This is
accounted for by taking yw, — (—=1)%y, in the product
Tr[[[2_, pa]. allowing an interpretation in terms of an n
component fermion field y, that satisfies y,(z = ) =
—w,(z =0). We then have

SA,n = <TA,n>' (26)
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A

N
Ya—~Wa+1 A\ /

FIG. 2. Replica method for calculating the bipartite entangle-
ment entropy, illustrated for spatial dimension D = 1. To
calculate Try[p] in the Euclidean path integral formalism, n
replicas of the original system are introduced. This quantity can
then be calculated as the partition function defined on an n-
sheeted Riemann surface, constructed as follows: for region A,
each replica (with label a) at time 7 = —¢ is glued to the next
replica (with label a + 1 mod n) at time = = +e¢; for region B,
each replica is glued back to itself.

This can be simplified by doing a Fourier transform of
the fermion operators in replica space, which diagonalizes
the twist operator. We introduce

7,(x) = %Z/Wu )

where the “replica momentum” p is an integer (half-
integer) modulo n when n is odd (even). The action of
the twist operator is then

e2m’p/n reA

2.8
1 r €B. (28)

T} 7y (0T g = m(r){

We thus conclude that the twist operator has the form

(n=1)/2
Thn = H e(27ip/m) Q. (2.9)
p==(n-1)/2
where
04, = / e, () (2.10)
re.

is the total charge in region A in the pth replica-momentum
channel.

Now, for free fermions, two key simplifications occur.
The first is that the Hamiltonian decouples into n inde-
pendent and identical copies in each replica-momentum
channel. It follows from Egs. (2.6) and (2.9) that

Su = [T €a0imes),
P

(2.11)

where each of the expectation values in the product is
evaluated with respect to the same Hamiltonian, and can be

Qa Qa Qa
(@) (b)
Qi Q, Q4
Qa
Qr Qu Qa

() (d)

FIG. 3. (a)—(d) Feynman diagrams for the connected correlation
functions (Q4). for M =1,2,3,4 generated by the cumulant
expansion Eq. (2.12). Solid lines are free-fermion propagators, and
small circles are Q, vertices.

computed in the unreplicated theory. The second simpli-
fication is that the expectation value of the exponent of Q4 ,
can be expanded in a cumulant expansion,

) =0 [ S35 () ). e

where the expectation value in the exponent includes
only the connected terms. Since Q4 , is quadratic in the
fermion operators, the connected terms involve evaluating a
Feynman diagram that consists of a single fermion loop
with M Q, , vertices; see Figs. 3(a)-3(d).

Since (@) )). is independent of p, we can drop the
subscript p and evaluate the sum on p over integers (half-
integers) modulo n when n is odd (even). To do this it is
necessary to choose a range for p. Since Q4 , has integer
eigenvalues, it follows that ¢>*%i» = 1. Thus, it is clear
that changing the range [for example, from —(n — 1)/2 <
p<(n-1)/2t0 —=(n—3)/2 < p <(n+1)/2] does not
affect Eq. (2.11). However, changing the range does affect
the coefficients of the (Q p)c terms in the cumulant
expansion (2.12). This discrepancy can be resolved by
noting that the cumulant expansion of (e?7Cir) =1
implies a nontrivial identity obeyed by the terms in the
cumulant expansion. In the following, we choose the range
of p to respect the symmetry under p — —p.

The sum over replica-momentum channels can now be
evaluated by noting that

pM =1+ (=DM H 1oy (2.13)

where the generalized harmonic number is H,; =
»_ p~'. Thus, C,y =0 for odd M, and the first few
even terms are

031022-5
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~n(n?-1)
Cra =, (2.14)
C .= n(n*—1)(3n> =17) (2.15)

240

C, y can be analytically continued as a function of n, which
allows us to evaluate the n — 1 limit required for Eq. (2.4).
For n — 1 it is found that for arbitrary positive even
integers M,
Coy=—(n=1)M¢_y+0(n—1)>% (2.16)
where {;_,, is the Riemann ¢ function. Using the identity

1—m = 2(2x)™M cos(zM /2)(M — 1)y, we conclude that
to order (n — 1),

U2 famip\M (0
2 ﬁ( n ) _{—2<n—1>¢M

p=—(n-1)/

M odd

M even,

(2.17)

with ¢, = #%/6 and ¢, = 7*/90.

Combining Egs. (2.4), (2.6), (2.12), and (2.17), we can
now express the von Neumann entropy as a sum over the
cumulants of the number correlations. Writing M = 2/,
we obtain

Sa=>_20,(0%).. (2.18)
=1

This result has been derived previously using a different
method in connection with the theory of full counting
statistics and its relation to the entanglement entropy
[39-41]. The derivation presented here, based on the
replica method, has the advantage that it is straightforward
to examine the effects of electron-electron interactions,
which will be considered in Sec. V.

We now argue that terms in the cumulant expansion
(2.18) are arranged in decreasing order of divergence in the
system size L. Therefore, to extract the leading divergence,
it is only necessary to consider the first nonzero term in the
expansion. This can be seen using a simple power counting
argument.

Consider the M = 2/th term in the expansion. This can
be determined by integrating the Mth-order correlation
function of the density p(r) over the DM coordinates
r;_;..m- The order of divergence in the system size L
will depend on how fast this correlator goes to zero when
Ir; — r;| is large. In Sec. III and Appendix A, we study the
density correlation function in detail, and show that the
momentum space correlator,

d’qy
su(di. - Qu-1) = W@(ql)-.-p(th, (2.19)
vanishes in the small ¢ limit like
Sy o Q1) ~ k?H_M‘]M_l» (2.20)

where kg! is a short distance length scale set by the
dimensions of the Fermi surface, and we note that due
to translation symmetry, ) = —q; — - — (—;- A sim-
ilar scaling for three-point functions of the density has been
discussed in Ref. [49]. Fourier transforming over the M — 1
independent variables leads to a real space correlator
that depends only on differences r; —r;, and for large r
scales as

<p(r1)-~p(rM)>c~k?+1‘M/qM‘leiq’d<M")Dq (2.21)

k?—H_M
~ DT (2.22)
Integrating this over r; then gives
M D+1-M d"Mr D+1-M
—_ + —
(@)~ [ ~ (e LT (223

This shows that for M > D + 1 the Mth term in the
cumulant expansion converges for large L, while for
M < D + 1 it diverges as (kpL)P™1=M. For example, for
M =2, we expect an area-law (for D = 3) contribution
(kpL)P~!, which is proportional to the area of the Fermi
surface [17].

The term with M = D + 1 is marginal, and we shall see
that it gives rise to universal logarithmic divergences. In
the following we show that for D =1 this recovers the
Calabrese-Cardy formula. For D = 3 we will introduce an
entanglement measure that subtracts off the leading diver-
gent M = 2 term, leaving the universal M = 4 term. For
D = 2, the above power counting argument suggests that
there is a universal divergence for M = 3. However, the
M = 3 term is not present in Eq. (2.18). In Sec. II D, we
explain why this is, and we introduce a modified entangle-
ment measure that probes the M = 3 term.

B. Topological mutual information in one dimension

As a warm-up, in this section we use Eq. (2.18) to
recover the result of Calabrese and Cardy [7]. While this
result is well known, our derivation will set the stage for our
later results. We consider a one-dimensional system of free
fermions defined on a line segment, and we partition the
system into two subregions A and B that meet at a single
point. The topological mutual information, defined in
Eq. (1.3), is simply related to the bipartite entanglement
entropy Z, = 25,. To evaluate this, we consider the first
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term in the cumulant expansion, with M = 2. We will argue
that this term captures the leading logarithmic divergence
of Z,. Using the facts that the total charge Q = Q4 + Qp is
conserved and therefore drops out of the connected
correlation function and that [Q4, Qp] = 0, we can write

Iy = —405(0408).- (2.24)
This can be determined by first evaluating the equal-time

density-density correlation function in momentum space.
Defining

. dk
pu= [aveipty = [Tl @29

where p(x) =y’ (x)w(x) and ¢ is the momentum space
fermion operator, we may write this as

200) = [ L 0@p@ = [50-Fuf (220

where f; = <c,tck> = O(Er — E)) is the Fermi occupation
factor. This is simply the length in momentum space that is
inside the Fermi sea, but outside the Fermi sea when shifted
by —gq. For sufficiently small ¢ it is simply

s2(a) =5L gl (2:27)

Here yr is the Euler characteristic of the Fermi sea, which
in 1D simply counts the number of components of the
Fermi sea (or half the number of Fermi points). This is not a
Taylor expansion for small ¢. It is exact for ¢ smaller than a
fixed finite value that is determined by the smallest wave
vector spanning the Fermi sea. In the following sections we
will see that this behavior has a generalization in higher
dimensions.

Fourier transforming, the |g| singularity in s,(g) deter-
mines the universal long distance limit of the equal-time
correlations in real space, s,(x4,x5) = (p(x4)p(x5))
given by

dq i XF 1
= — iq(xy—xp) - £ .
$2(x4, xp) /2 s(q)e 2 (xn x3)2

(2.28)
Integrating x, over region A (—L < x4 < 0) and xp over

region B (0 <xp <L) gives the leading logarithmic
divergence in the equal-time number correlation,

(0aQ3). = —%log A, (2.29)
m

where A = kyL, and k7' is a nonuniversal short distance
cutoff that depends on the size of the Fermi sea. Using

Eq. (2.24) along with ¢, = #/6, this gives the Calabrese
Cardy result,

7, =%E10g A,

3 (2.30)

where for free fermions, the central charge in conformal
field theory is given by ¢ = y. Note that this calculation is
for a geometry in which regions A and B meet at a single
point x = 0. If instead region A is surrounded by B, so that
A and B meet at two points, then the result is doubled. More
generally, one could consider partitions in which region A
consists of multiple disconnected regions. Then 7, counts
the number of contact points between A and B. 7, deserves
the name “topological mutual information” because it
depends only on the topology of the Fermi sea, as well
as the topology of the real space partition of A and B.

C. Topological mutual information in three dimensions

As noted in the Introduction, for D > 1 the bipartite
entanglement entropy exhibits a logarithmic divergence
with area law coefficient that depends on the dimensions of
the Fermi surface, and can be expressed in terms of the
Widom formula. Unlike the D = 1 result, this coefficient is
not quantized and does not reflect topological information
about the state. Here we show that the mutual information
characterizing four regions that meet at a single point is
quantized and reflects the topology of the filled Fermi sea.

We therefore consider free fermions with a momentum
space dispersion Ey defined on a three-dimensional region
of size L? with open boundary conditions. We partition
the region into four subregions A, B, C, and D that meet at a
single point, as shown in Fig. 1(c), and consider the
mutual information 7, defined in Eq. (1.5). Since the
entire system ABCD is in a pure state, we have S pcp = 0
and Supc = Sp and Sz = Scp. Therefore, Eq. (1.5)
simplifies to
Z4=2(Sa+Sp+ Sc+Sp—Sap = Sac —Sap)- (2.31)
Note that this combination of entropies has a structure
similar to the mutual information characterizing three
regions A, B, and C (along with their complement), which
was introduced in Ref. [1] to isolate the topological
entanglement entropy. Z, characterizes the entanglement
correlations that involve all four regions, and is insensitive
to the local area-law contributions between pairs of regions.

We now use Eq. (2.18) to evaluate Z,. It is straightfor-
ward to see that the first term in Eq. (2.18), which involves
(Q?).., cancels. We will argue that the leading divergence is
dominated by the next term, involving (Q*).,

T, =48,(0% + 0 + QL+ 0h — (04 + 0p)*

— (04 + Qc)* = (04 + 0p)*)... (2.32)
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Noting that Q4 + Op + Q¢ + QOp is a constant and that the
Q’s commute, this reduces to

T, =—4804(0Qa050c0p).- (2.33)

Evaluating Eq. (2.33) is a bit more involved than it was
for the 1D case, Eq. (2.24), but the strategy is exactly the
same. We first compute the equal-time fourth-order con-
nected density correlation function in momentum space,
which reveals a universal and quantized small ¢ singularity.
We then Fourier transform to get the fourth-order equal-
time density correlations in real space, followed by inte-
grating the four positions over the four regions A, B, C, and
D [see Fig. 1(c)]. Since the calculation is rather long, here
we summarize the results. The momentum space density
correlation function will be evaluated in Sec. III and
Appendix A, while the Fourier transform and real space
integrals will be described in Appendixes C and D.

The momentum space fourth-order equal-time density
correlations, given by

3
54(d1.02.05) = / éTq)t<p<q1>p<q2>p<q3>p<q4>>c, (2.34)

are the subject of Sec. III B. In Eq. (2.34) it is understood
that due to translation invariance the constraint q; = —q; —
q, — q3 is enforced by a o function, so only three of
(41, 92, q3, q4) are independent. We will show that s, has a
universal small q behavior given by

XF

54(41, 92, q3) = th - (q2 x q3)].

(2.35)
Note that 55 could equally well be described in terms of any
three of the four q’s, and that the triple product is the same
in each case. It describes the momentum space volume of
the tetrahedron formed by the four q’s. The analytic
derivation of Eq. (2.35) presented in Sec. III is valid in
the q — O limit, and the leading divergence of Z, only
depends on that limit. However, we have checked by
numerically evaluating the integrals that like Eq. (2.27)
this formula is exact for |q| smaller than a finite cutoff,
which depends in a complicated way on the shape of the
Fermi surface.

The next step is to evaluate the Fourier transform of
Eq. (2.35) to determine the fourth-order density correla-
tions in real space. This calculation is described in
Appendix C, where we show that

54(Pa.Tg.vc.Tp) = (p(ra)p(rp)p(rc)p(rp)),  (2.36)
can be written as
sa({rx}) = 25V, (T x Vo)V F({rgh),  (237)

(27)

where

F({rg}) = —(rps x V)& (rea X 1p4)07 (fpa X Tpa).
(2.38)

Here we write rgg = rx — rys, and the two-dimensional &
functions are evaluated in the plane perpendicular to rg,.
The § functions require rgy||rcallrpa, so the connected
fourth-order correlations arise only when rypcp are
oriented along a straight line.

We next need to integrate r, g ¢ p over the four regions
A, B, C, D [see Fig. 1(c)]. The calculation involves
summing over sets of straight lines that visit all four
regions. Because of the derivatives on all four variables,
the integrals can be evaluated on the boundaries of each of
the regions. We find that the leading logarithmic divergence
can be viewed as arising from the lines close to the “triple
contact lines,” along which three regions meet. For exam-
ple, r, could be on the boundary of A, near the point where
all four regions meet, while rp - p are distributed on the
boundaries of B, C, and D close to the line where B, C, and
D meet. The calculation is a bit involved, and is described
in Appendix D. Here we quote the result:

<QAQBQCQD>C_/ Kdlers({rK}) (2.39)
rx€
/74PN (2.40)
T et '

Then, using Eq. (2.33) with ¢, = z*/90, we obtain the
leading logarithmic divergence of the quadripartite mutual
information:

This is our central result for three dimensions, which shows
that the mutual information 7, is topological in that it
encodes the topology of 3D Fermi sea. While derived above
for the case of free fermions, this result is actually robust in
the presence of Fermi liquid interaction. This is explained
in Sec. V.

D. Particle-hole odd entanglement measure
in two dimensions

1. Charge-weighted bipartite entanglement entropy

In this section, we consider the case of two dimensions.
As discussed in the Introduction, even and odd dimensions
behave differently. This difference comes into sharp focus
when one considers the effect of a particle-hole trans-
formation on a system of fermions defined on a lattice. This
transformation replaces the Fermi sea by its complement.
The Euler characteristics of the Fermi sea F and its
complement F are related by yz = (—=1)P*!yp, so in even
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dimensions, y is odd under a particle-hole transformation.
Of course, the particle-hole transformation has no effect on
the Fermi surface. In general, the Euler characteristic of the
Fermi surface y,r and the Euler characteristic y, of its
interior, the Fermi sea, are related by [50]

2yr D odd
XoF =

(2.42)
0 D even.

Since the particle-hole transformation is just a change of
basis, it has no effect on the entanglement entropy. Therefore,
in odd dimensions, y and y,r contain the same information,
so one can view the topological mutual information defined in
Egs. (1.3) and (1.5) as a property of the Fermi surface. In even
dimensions, the vanishing of y,r is consistent with the
vanishing of the attempted definition of the mutual informa-
tion in Eq. (1.7). However, yr can still be nonzero, and
contains nontrivial topological information about the Fermi
sea, but it can only be reflected in an entanglement measure
that is odd under a particle-hole transformation.

This motivates us to define the charge-weighted entan-
glement entropy:

S§ = —Tr[(Qa — (Qa))palog pal. (2.43)
Writing the trace in a basis of eigenstates of Q,, this
can be interpreted as the entanglement entropy weighted
by the charge fluctuation in region A. Under a particle-
hole transformation, Q4 - N, — Q4 (where for a system
defined on a lattice N4 is the number of sites in region A).
Thus it is clear that Sg - —Sg; i.e., itis a particle-hole odd
entanglement measure.

We first show how to compute Sg using the replica
method, and then we show that given a tripartition con-
sisting of regions A, B, and C that meet at a point we can
define a charge-weighted topological mutual information
A ZQ that has a universal log? A divergence and probes the
Euler characteristic yr of the 2D Fermi sea.

2. Replica analysis
We first apply the replica analysis of Sec. II A to Sg. To

this end, we introduce the quantity

Tr[Q4p}]
Trlpi]

Noting that Tr[Qapa] = (Q4) and Tr[p,] =1, it can be
seen that

s = (2.44)

982"
§9 = A 2.45
$=—" (2.45)
To evaluate Sg'" we introduce replicas a =0, ...,n — 1,

along with the twist operator 74 ,, given in Eq. (2.9). Then,

(Oaa=oTs)

on __
=T

(2.46)

In the replica-momentum basis, this then has the form

1 Z <QA,pHp’e<2ﬂip//n>QA"’/ )

On _ =
SA “n <lee(2nip’/n)QA_p/>

. (247)

where the sums and products over p and p’ range from
—(n=1)/2 to (n—1)/2. Since the replica-momentum
channels decouple, the terms with p’ # p cancel, and for
the remaining p’ = p term Q4 , can be generated by
differentiating with respect to p:

1 7} :
§9 = _Zl_log<e<2ﬂlp/n)QA.,)>. (2.48)

Performing the cumulant expansion for the expectation
value of the exponent then gives

1 n 0 <=1 2zip\M
e B B My (2,49
A nZP:ZniapMz_:le< " ) (Q4p)e- (249)

Since the expectation value is independent of p, we can
perform the differentiation with respect to p and evaluate
the sum on p using Eq. (2.13). After shifting M - M + 1,
we obtain

(2.50)

Finally, using the same analysis as Egs. (2.16)—(2.18) and
differentiating with respect to n in the limit n — 1,
we obtain

S§ =" 20,03, (2.51)
=1

Thus, the charge-weighted bipartite entanglement entropy
has a similar structure to Eq. (2.18), except it picks out the
odd cumulants of the charge fluctuations rather than the
even cumulants. This implies s¢ = —Sg, since Q4 + Qj is
a constant.

3. Charge-weighted topological mutual information

Following the procedure in Sec. I B, we consider a
two-dimensional system of free fermions with dispersion
E(k) defined on a finite system of size L?> with open
boundary conditions. We partition the system into three
regions A, B, and C that meet at a point, see Fig. 1(b),
and define the charge-weighted topological mutual infor-
mation as
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79 =89+ 59 + 52 -89, — 59— 52, +5%.. (2.52)
Since ABC is the entire system with a conserved total
charge, SgBC = 0. Moreover, SgB = —Sg, so that unlike in
Eq. (1.7), the above terms do not cancel. We anticipate that

I3Q is dominated by the [ =1 term in the cumulant
expansion:

T¢ =28,(0} + Q) + 0% — (04 + 0p)°

— (05 +0c)’ = (Qc + Q4)?). (2.53)

Using the fact that the total charge Q4 + Qp + Q¢ is
constant and the Q’s commute, we obtain

T¢ = 12£,(04050¢). (2.54)

We evaluate this following the same procedure as
Secs. II B and II C. We first consider the momentum space
correlator, defined on an infinite plane,

d*q
e = [ S8 @), 259
where translation symmetry fixes q; = —q; —q,. In

Sec. IIT A, we establish that like the D=1 and D =3
cases, this has a universal small q behavior, which is exact
for |q;,| smaller than a finite cutoff that depends on the
shape of the Fermi surface,

X
53(q1.q2) = ﬁh’h X (2|,

(2.56)

where we use the 2D (scalar) cross product.
We next Fourier transform to obtain the real space
density correlations:

53(ra. rp.1c) = (p(ra)p(r)p(re)).. (2.57)
In Appendix C we show that this has the form
o 2xF
53(ra, Tp.Tc) = W(VA x Vp)(Ve x F({rg}), (2.58)
with
F(ry.rp.rc) = LAzé(rBA X Tca)- (2.59)
T4l

Thus, as in the 3D case, the density correlations are finite
when r, p ¢ lie along a straight line.

We next integrate r, g - over regions A, B, and C [see
Fig. 1(b)]. This calculation is described in Appendix D. The
leading logarithmic divergence comes from straight lines
that begin at the triple contact point and straddle one of the
three lines that separate two regions. The result is

3
(01050c) = [ d'rsl{ny)) = 5 1og' A, (2:60)

rgek

where A = kpL, and k7! is a nonuniversal short distance
cutoff that depends on the dimensions of the Fermi surface.
Then, using ¢, = 7%/6, we obtain

(2.61)

This is the central result of this section. The charge-
weighted topological mutual information exhibits a uni-
versal logZ A divergence that probes the topology of the
two-dimensional Fermi sea. In Sec. IV, we present numeri-
cal simulations that demonstrate consistency with this
analytic result.

III. UNIVERSAL DENSITY CORRELATIONS

In this section, we consider the Mth-order equal-time
correlation function of the density for a free Fermi gas,
defined by

quM

sM(qlv---aqM—l):/(2”)1_)<pq1pq2“'qu>c’ (3.1)
for small q, where
d’k .
Pq :/chckJrq’ (3.2)

and qu = — > "7 q;. We evaluate Eq. (3.1) for a free-

i=1
fermion Hamiltonian of the form

dPk +
HO_/(—DEkc]I(Ck’

2 (3.3)

at zero temperature, where the electronic states are filled
for Ey, < Ep. In general there will be a form factor f(q) =
(ugiqlug) in Eq. (3.2) that depends on the Bloch wave
functions |uy ), but since f(q — 0) = 1, this will not affect
the small q limit, so we take f(q) = 1.

For M = D + 1, where D is the dimensionality of the
Fermi gas, we will show that sp, | has a universal behavior,

X
sp+1(dis---.qp) = (2;)0 |detQ

, (3.4)

where Q is the D x D matrix formed out of the D vectors
q;. Thus | det Q| describes the volume of the D-dimensional
parallelepiped formed by q;.

For D =1 this result is trivial, and was explained in
Sec. I B, where we argued that it is exact for g smaller than
a fixed finite cutoff that is determined by the size of the
Fermi sea. We have verified that the same is true for D = 2
and D = 3 by numerically evaluating the integrals that are
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obtained by evaluating Eq. (3.1) using Wick’s theorem.
We describe the Wick’s theorem analysis in some detail
for D =2 in Sec. III A, and then generalize to D = 3 in
Sec. III B. While straightforward in principle, this calcu-
lation does not provide any insight into why Eq. (3.4) is
true. Therefore, in Appendix A we develop a different
approach based on evaluating the closed fermion loop
Feynman diagrams, which explains naturally the asymp-
totic behavior in the small ¢ limit. Our proof of Eq. (3.4)
will be given for the cases D = 2 and D = 3. While we
have not done the general case, we suspect it is valid for
all D.

Finally, in Sec. IIl C we show that for a general value
of M,

sm(Qys oo Quoy) o kp T MMt (3.5)

This result was used in Sec. II A to determine the order of
divergence of the Mth-order cumulant (Q4)..

A.D=2

It is straightforward to evaluate Eq. (3.1) using
Wick’s theorem. Defining the Fermi occupation factor
fx = {ckex) = 0(Ep — Ex) and fy =1 - fy, we find
for M = 3,

d’k - -
53((117(12) :/ﬁfk+q1fk(fk—q3 _fk—qz)- (3-6)

This integral can be evaluated numerically, for a given
Fermi surface specified by Ey = Er, and we have checked
that Eq. (3.4) is numerically exact for sufficiently small (but
finite) q. We have also established this exactness using
a geometric argument, discussed in Appendix B, that is
analogous to the D = 1 argument explained in Sec. II B.
While this analysis provides more justification for Eq. (3.4)
for D = 2, it is formidable to apply a similar reasoning to
D = 3. Hence, we choose to focus on analytic arguments
that allow for a unified treatment of both the D = 2 and
D = 3 cases. Here, we show that in the small q limit the
integral may be expressed as a sum over critical points in
the dispersion Ey, where v, = Vy E = 0, which then can
be related to the Euler characteristic y by Eq. (1.2). In this
section, we present a series of straightforward manipula-
tions of Eq. (3.6) that accomplishes this. In Appendix A we
present an alternative derivation of this result, which makes
it clearer why this result is true, and shows how it can be
generalized to higher-order correlation functions.

Our strategy is to identify derivatives with respect to q.
We manipulate Eq. (3.6) using the identity

friqfx = —(ARTIf)O T, (3.7)

where we introduce the notations

At+qfk Efk+q — [k (3-8)

O, = 0(Exq — Ev). (3.9)

We then obtain

d’k
s= [ SOk U= frsa) i = fica)- (10

Replacing fy(1q) =1 - fk(+q1 ) in the terms multiplying
fk—q, this becomes

d’k o
§3 = /W@i‘“ll |:_At q2 (fk_q3fk> (311)
_Alli—% (f_kfk—qz):| . (3.12)
Applying Eq. (3.7) again leads to
— Jzk k+q1 k—q, k—q;  k—q;
o / (2n)? AT (O AT A
_ Ak_‘h (®ll§—q At_quk):| ] (313)

We next perform a “discrete integration by parts” using the
identity

/ *kF (k) [At_qG(k)} = / kG (k) [All:*qF(k)]

(3.14)
and obtain
d*k _
53 = /( )sz|: k+‘13 (@ﬁ Q3A§+QZ®:§+‘11)
— Akt AltmElte )} . (3.15)

We now take the limit q— 0, so AXTIF(k) =
q- Vi F(k) and OF " = ¢(vy - q). Writing 0(x) = 0(—x),
we then obtain

332/(d )sz{(h Vil[0(vk - 43)q2 - VieO(v - qy)]

—q2 - Vi [0(Vi - q2)q3 - ViO(vi - q1)]}- (3.16)
We next replace q3; = —q; — q, and note that since we
can integrate the first derivative (outside the parentheses)
by parts, so that it acts on f}, the second derivative inside
the parentheses will be proportional to 6(vy - q;) and fixes
Vi - q; = 0. Thus, we may replace O(vy -q3) =0(Vi-q>).
Then, it can be seen that the terms in which all four derivatives
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are (q, - Vi), as well as the terms involving second deriv-
atives (q; - Vi )(qa - Vi )0(vk - q;), all cancel. This leaves

s= [ %fk{—[ql V0 - 02)][a - Vb - )]

+ 42 - Vi0(vic - @2)][qi - VieO(vic - q1)]} (3.17)
Note that every term in the sum on k is proportional to
S(vic - q1)6(vi - q2). Provided q; and q, are linearly inde-
pendent, the sum will be restricted to critical points in the
dispersion Ey where v, = 0.

We now show that the integral evaluates the signature of
each critical point. Consider a critical point k. near which

1
Ex =E, +§(k_kc)'Hc'(k_k0)’ (318)

where the Hessian H.,. is the matrix of second derivatives of
Ey, and v, = H, - (k — k). We can then write Eq. (3.17)
as a sum over critical points inside the Fermi sea
53 = > [k 55, with

) d’k
85 = W%j(ql"ﬂ'ﬂc“h)(qj"HC'Q2)5(V"11)5(V"12)-

(3.19)

The coefficient of the ¢ functions in the integrand can be
recognized as det{Q7H,.Q], where Q is the 2 x 2 matrix
built from the column vectors q; and q,. To evaluate the
integral, define new variables X; = v, -q; = (k = k) -
H. - q;. The Jacobian of the transformation is

(X1, X5)
ok k) detlHQl. 3.20
ok k) et (3.20)
We then get
c _ dX,dX, det[@Tu-[]C@]
B _/ (27)% | det[H, Q)| 5(X1)8(X,)  (3.21)
_|det@
B (3.22)

where 7, = sgndet[H,] is the signature of the critical
point c.

We thus obtain Eq. (3.4), where the Euler characteristic
is expressed in terms of the critical points inside the Fermi
sea as

XF = Zr/c-

ceSk

(3.23)

B.D=3

We now analyze the case s4(q;,q,,qs3) in three dimen-
sions. It is straightforward to evaluate the equal-time
expectation value using Wick’s theorem, but now there
are six contractions:

54(91, 92, q3)

Pk ] i
= 2n) Srra, Sk <fk+ql+q2fk_q4 + freqfk-qr-q

- fk—‘bfk—‘h—(h - fk—(l4fk+(h+(h

- fk+Q1+Q2fk—Q3 - fk+q1+q3fk—q2) . (3.24)

We have evaluated Eq. (3.24) numerically for a series of
three-dimensional Fermi seas, which are specified by the
function f}. We find that Eq. (3.4) is numerically exact for
sufficiently small q. The momentum scale where Eq. (3.4)
breaks down is set by the size and maximum curvature of
the Fermi surface. This mirrors a similar behavior for s, (g)
in D = 1, discussed in Sec. II B, and s3(q;, q,) in D = 2,
discussed in Sec. III A.

While is possible to manipulate Egs. (3.6) and (3.24) into
a form where the small g behavior is more apparent, the
algebra is quite complicated, and it is far from obvious how
to proceed. We therefore seek a more systematic approach
for extracting the limiting small g behavior of Eq. (3.1).
That will be developed in Appendix A. The basis for that
approach is an observation in Ref. [22] that higher-order
response functions for a ballistic Fermi gas are related to
solutions to the Boltzmann equation, which can be straight-
forwardly solved order by order in the external fields. This
suggests that a similar simplification should occur for the
correlation function. In Appendix A we show that the Mth-
order density correlation function computed in an imagi-
nary time formalism can be computed to all orders with the
aid of a Ward identity. This then leads to a formulation in
which Eq. (3.24) can be expressed in the form

Pk :
54(d1. 92, q3) = /Wfk Z €abe[da - ViO(Vi - d1)]
abe=1

X [q, - ViO(vi - q2)][q. - V(v - q3)].
(3.25)

Following the same analysis as the D =2 case, this
integral will be dominated by critical points k. where
Vi = 0. We introduce variables X, = vy - q, = (k = k) -
H. - q, fora =1, 2, 3, where H,. is the Hessian of E at k..
Then,

sS4 = (3.26)

detQ
2n) | ka(sgn[det H.].
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Noting that yr =) fx sgn[detH ], we thus obtain
Eq. (3.4) for D = 3.

C. Mth-order correlator

We now briefly discuss the asymptotic behavior of
su(qy,...,qy-) for general values of M for a given
dimension D. As shown in Appendix A, the Mth-order
frequency-dependent correlator has a simple expres-
sion, which involves M — 1 discrete derivatives of the
form Aﬁ_q’ ~(; - Vi. It is straightforward to perform the
Matsubara frequency integrals to obtain the equal-time
correlator, and as in the case for sp,; computed in
Appendix A, this will involve 6 functions of the form
O(AKTIE,) ~ O(vy - 4). Thus, the q — 0 limit is straight-
forward to take, and it will involve M — 1 powers of q,
along with D — (M — 1) powers of ky, which come from
the momentum sum over k, which involves M — 1 powers
of V. This establishes Eq. (3.5).

IV. NUMERICAL STUDY FOR D=2

In this section, we present numerical evidence to support
our prediction for the topological scaling of the charge-
weighted tripartite mutual information in two dimensions,
namely,

(4.1)

3y L
I3Q = 4—”1;10g2 (;) + O(LO),

with L the linear size of the system and a the short distance
cutoff. We focus on free-fermion lattice models, which can be
simulated efficiently using the correlation matrix method
[42—45]. In particular, we study tight-binding models on
triangular and square lattices with various topology of the
Fermi sea. For free theories, the complete information of the
ground state is encoded in two-point correlators C;; = (cic i)
which has a simple relation to the charge-weighted bipartite
entanglement entropy SS. We first derive this relation, and
describe our setup for the numerics, in Sec. IVA. Then, by
diagonalizing the N x N correlation matrix, with N ~ L?
being the number of lattice sites, we obtain Z3Q (L) up to
L ~300. In Sec. IV B, we present a quadratic-fitting analysis
to extract the coefficient of log? L and demonstrate consis-
tency with y = £1 for the case with one electron/holelike
Fermi surface. In Sec. IV C, we adopt a “ratio analysis” by
calculating 7 3Q /T 2 and verify that this ratio is consistent
with the quantization suggested by yr/x; This analysis
allows us to draw support from scenarios with more than one
Fermi pocket (i.e., |y | > 1), while the performance of fitting
is limited by finite-size error.

A. Correlation matrix method and general setup

Let us first review how to relate the von Neumann
entanglement entropy for a subsystem A to the two-point

correlation matrix  (Cy);; = (cfc;), where i, j€A.
Following Ref. [43], the key is to express the reduced
density matrix p, in an exponential form,

e —Ha
Za

Pa = ) (4-2)

with Z, = Tr[e~"4], and the entanglement Hamiltonian
‘H4 chosen as a free-fermion operator,

Ha=>_(ha)jcic;. (4.3)

ijeA

As such, n-point correlation functions would factorize due
to Wick’s theorem, in accordance with our ground state
(i.e., the filled Fermi sea) being a Slater determinant.
Matrices hy and C, are related as follows:

(€ =Tioacle = (5 jem)ﬁ, (44)

which can be shown easily by first transforming to the basis
that diagonalizes £,. Next, we define a generating function,

Za(p) = Tr[e M)

= det[1 + (C;' = 1)), (4.5)

which relates to the von Neumann entanglement entropy as

Sa=(1- 0/,) logZA(ﬂ)|/,:1

= —Tr[CylogCy + (1 — Cy)log(1 —Cy)]. (4.6)
Therefore, instead of dealing with a 2V¥4 x 2V4 density
matrix, one simply diagonalizes a much smaller Ny x N,
correlation matrix to obtain S,. This is a standard result that
has been used to simulate von Neumann entanglement
entropy in various noninteracting systems [45,51,52].

In this work, the charge-weighted entanglement entropy
has been introduced,

Sg = =Tr[(Qs — (Qa))palog pal, (4.7)

with O, = 3,4 clc; being the total charge in region A. By
the same token, let us define a generating function,
Z4(B.p) = Trle P Tumnn]

= det[l + e (C' = 1)F], (4.8)

which generates
entropy by

the charge-weighted entanglement
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S = 9,[(1 = 9) log Za(B. )] |p—1 -0

=Tr[(1 = C4)Cylog(C3' = 1)]. (4.9)

This formula allows us to efficiently compute the charge-
weighted tripartite mutual information 7 3Q Following the
definition in Eq. (1.8), and noting $%, = —S2 and
59, =0, we have 72 = 2(5% + 59 + 59).

Our numerical study focuses on two families of tight-
binding models, with only spinless electrons for simplicity.
The first setup is on the triangular lattice, with isotropic
hopping among nearest neighbors (#;) and next-nearest
neighbors (1,):

Hy = -1y (4.10)

t DL
CiCj—tz Cl-Cj.

(i) (%)

The second setup is on the square lattice, with hopping 7,
(t“;) to the Zth nearest neighbor in the x (y) direction:

3
Hy ==Y (ticiciis + thcfcips +He).  (4.11)
=1 i

By considering up to third-nearest-neighbor hopping in
each direction, we can conveniently generate various Fermi
sea topology with |yx| < 4. The precise geometry of real
space tripartition for each setup is illustrated in Fig. 4.
In our simulation the open boundary condition is
implemented, for the benefit that only one triple contact
is present in the system. As each triple contact is associ-
ated with a ylog? L divergence, implementing a periodic
boundary condition should multiply this divergence by an
appropriate factor that counts the number of contacts due to
periodicity, but this also means that multiple triple contacts
can interfere with each other. This would lead to finite-size
correction to our prediction in Eq. (4.1), which is hard to
control. We thus adopt the open boundary condition as a
cleaner way to extract y from the log? L scaling. Next, we

(b)

P
R

e o o o

FIG. 4. Tight-binding models and the respective tripartition for
D =2 numerical study. (a) Triangular lattice with symmetric
tripartition. Every angle at the triple contact is 2z/3. (b) Square
lattice with a different geometry of tripartition. Angles at the
triple contact are 37/4, 37/4, and 7 /2. Open-boundary condition
is implemented for simulations.

present two approaches of analysis to demonstrate con-
sistency between numerics and our theoretical prediction.

B. Fitting analysis
Based on Eq. (4.1), we consider a fitting function with
three parameters {p, ¢, r}:
(L) = plog® L + qlog L + r. (4.12)
Performing least-squares fit on I_,,Q as a polynomial of
logL, we obtain the quadratic coefficient p, and its

uncertainty 6p (from the covariance matrix), which trans-
late into

2

vi¥yis
xrE 8 =—(p£p). (4.13)

For the triangular lattice with linear size L (see Fig. 4), we

have computed I3Q from L =18 to L =210, with 25
data points sampled evenly in the scale of logL. For
(1,1, Er) = (1,0,=2), there is one electronlike Fermi
surface, and hence yr = 1. Our fitting result suggests
xr = 0.97(9). By varying the Fermi energy Ey to obtain
Fermi sea of the same topology but different sizes, we
consistently find yr = 1; see Fig. 5(a). For the square lattice

with linear size L, we have computed 7 3Q from L = 24 to
L = 327, with 24 data points sampled evenly in the scale
of log L. For (#},1], Ef) = (1,1,2), there is one holelike
Fermi surface, and hence yr = —1. Our fitting result
suggests yr = —1.03(6). Again, we have varied Ep to
demonstrate that yr ~ —1 is consistently obtained; see
Fig. 5(b). Taking both the triangular and square lattices
together, and noting that two different geometries of
tripartition have been implemented, our numerical results
support our prediction that the log? L divergence of T 3Q is
universal and topological.

In our data, the best-fit value deviates by roughly 5%
from the true y, and the uncertainty of fitting is about 10%.
We attribute this deviation to finite-size error; after all, our
prediction in Eq. (4.1) is derived in the thermodynamic
limit L/a — oo. Being incapable of simulating an infinite
system (in fact, our storage limits us to log L < 6), we are
confronted with fluctuations caused by the lattice discrete-
ness and boundary effects. In fact, the best-fit values
presented above are obtained after optimizing the raw data
(the approaches are explained in Appendix E) to help us
sidestep the finite-size errors. Moreover, the effective UV
cutoff (a) is determined not only by the lattice constant
(which has been set to 1 already), but also by the size of
Fermi sea and distance between Fermi surfaces in the
momentum space. If one of these momentum scales
happens to be too small, the UV cutoff would be rather
large, and we are forced to study much larger system sizes
in order to extract the topological scaling behavior.
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FIG. 5. Fitting analysis for (a) triangular lattice tight-binding

model with one electronlike Fermi surface; thus yr =1 is
expected; (b) for square lattice with one holelike Fermi surface;
thus yr = —1 is expected. Our results show collapse of data
points for Fermi sea with varying geometry but the same
topology. Fitting demonstrates that I3Q scales as log” L, with a
nearly quantized coefficient that encodes the Fermi sea topology,
and is insensitive to the geometry of tripartition. Insets show the
filled Fermi sea (shaded in gray) in corresponding setups. Details
on optimizing the fitting analysis are presented in Appendix E.

However, our storage resource limits us to log L < 6, and
thus severely limits the performance of quadratic fitting for
scenarios with multiple Fermi pockets packed in the first
Brillouin zone.

C. Ratio analysis

In order to further test Eq. (4.1) for larger yp, let us
consider the following ratio:

5(L) _
75 (L)

Flogz(L/a) + O(L()) )(F
~ xplog?(L/a*) + O(L%) ™ xi

(4.14)

Here, {Z2%, y;} defines a “standard ruler,” to which we use
to compare with other systems. Admittedly, the ratio
7z 3Q /T 3Q* equals to ¥/ only in the thermodynamic limit,
which we cannot reach. However, if we judiciously choose
the size of Fermi sea and distance between Fermi surfaces
to be comparable in the two scenarios that we are taking the
ratio of, i.e., ensure a ~ a*, then we still expect Eq. (4.14)
to hold for sufficiently large L. In this way, we can
circumvent the difficulty encountered in the fitting analysis.
The results of ratio analysis are summarized in Fig. 6. We
adopt the square lattice tight-binding model in Eq. (4.11),
and first generate the standard ruler by
(1,65, Ep) = (1,-1,-2.5), (4.15)
with unspecified hoppings 7/ */ all set to zero. This gives two
electronlike Fermi surfaces (;( 7 = 2), like the one labeled by
the “plus” symbol in Fig. 6, but with more negative Fermi
energy such that the Fermi surfaces are smaller. Choosing
this as our standard ruler allows us to better approach the
expected quantization when comparing to scenarios with
three or four Fermi surfaces. We have then generated nine
sets of Fermi sea topology, ranging from yr = —4 to

VI R YYYY WYY VY YV
Aharatat Lani o (&t Ep)=(1, - 02, —0.5)
B a Ry e K XXX ARN e XXX R %
XX Xx Xy XX XXEXXXXXNX xx XX XXX x * (tl,tl, ) (1,0.6,*2)
- = (t7,t), Ep)=(1,0.6,1.5)
e g009049 9000200990 0000200000000 0 _ (tr,t), By = (1, -1, - 1.2)
€02 00600022220022000000002200000a00-= (5,6, Bp)=(1, = 1,1.5)
v -
T ERE N A R R R R IRV <@, B =(1, -1, - 15)
e s * (@, En)=(1, - 1,1.8)
x Y - - =
PELAAL R P PTT PR L PL AL L L RN ¢ a8 B =1, -4, -4, -5)
vVyy ooy vt t5, 6, Br)=(1,1, —4, —4,5.5)
y A4 344 AMMAAAMAARAALAAAS A S

45 5.0 5.5 6.0

FIG. 6. Ratio analysis for nine sets of Fermi sea topology, with y ranging from —4 to +4. Left: equienergy contours for the nine sets

of dispersion in the square lattice tight-binding model. Shaded regions correspond to the filled Fermi sea. Middle: ratio y ;7 §~’ /T g

*
as a

function of linear system size L. The standard ruler {Z g* X} is defined by Eq. (4.15), corresponding to two electronlike Fermi pockets;
hence, yj = 2. Right: specifications of hopping integrals and Fermi energy that generate the nine sets of Fermi sea under study.

Unspecified hoppings are set to 0.
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xr = +4, whose equienergy contours are displayed in the
left-hand panel of Fig. 6. As shown in the plot, y3Z 3Q /T 3Q*
approaches the true y for each type of Fermi sea topology
as L approaches the thermodynamic limit. All cases have
demonstrated consistency with Eq. (4.14).

In light of this, we have also used Z 3Q to probe Lifshitz
transitions in a given band structure, where the topology of
Fermi sea changes as Ep is varied. Two examples are
illustrated in Fig. 7, with the respective standard ruler
{Z 3Q* X7} specified in the caption. One can clearly observe
quantization in accordance with the topology of Fermi sea
from the ratio 7 g /T Q*, and see a drastic change at a Lifshitz
transition. While one may notice that the quantization is not
exact, the way it deviates is completely expected from our
prediction in Eq. (4.1). For example, in Fig. 7(a) we see a
curve (instead of a plateau in the ideal case) bending upward
around Er = 3.0. This is because, as Er goes below 3.0, the
holelike Fermi pockets are getting closer to each other, while
as Ex goes above 3.0, the Fermi pockets are getting smaller.
Either of these effects ends up increasing the UV cutoff a,

and hence decreases the magnitude of 7 3Q The same
reasoning can be applied to understand the deviation from
quantization in Fig. 7(b) as well.

The numerics for free-fermion lattice models thus sup-
port our prediction in Eq. (4.1). These results serve as a
nontrivial check for the replica analysis presented in
previous sections. In the next section, we return to the
replica theory and examine the effect of interaction.

V. EFFECT OF INTERACTIONS

In the preceding sections we have established that
the multipartite mutual information defined in Egs. (1.3),
(1.8), and (1.5) provide a universal and topological

(a) Triangular lattice, L=150
(t1,12) = (1, —0.5)

1.5 x

characterization of the Fermi sea for a system of non-
interacting fermions. This was established by relating the
mutual information to the universal and quantized number
correlations. It is important to address whether this char-
acterization is robust in the presence of short-ranged
electron-electron interactions. In D = 1, the noninteracting
electron gas becomes a Luttinger liquid, while in higher
dimensions it becomes a Fermi liquid. In order to explain
what the issues are, let us first review the well-known
situation in one dimension.

In a one-dimensional single channel Luttinger liquid, the
number correlations are not quantized. A Luttinger liquid
can be described by the Euclidean Lagrangian,

1

L=—+—
2nKv

[(0:0)% + v*(0:0)?]. (5.1)

where the charge density is given by p(x) = 0,0/7 and K is
the Luttinger parameter [46]. It follows that Egs. (2.27)
and (2.29) become

s2(a) =l (52)

and

K
(Q405). = 52 5log A. (5.3)
T

Thus, for interacting fermions with K # 1, the coefficient
of the logarithmic divergence of the number correlations
is no longer topologically quantized. Nonetheless, it is
known that the coefficient of the logarithmic divergence of
the entanglement entropy (c/6)log A reflects the central

(b) Square lattice, L=240
x (], ty, 1) = (1,5, — 2.5,0)

2-0--M —————————————————————————————

N “ x
0 ~
-r 0 e
0.0 =========————— |==- %m-

FIG. 7. Lifshitz transition as probed by the charge-weighted tripartite mutual information I3Q . Panel (a) shows a triangular lattice
undergoing a topological transition from y = 1 to y = —2 at E = 1.0. The reference T 3Q* is calculated at E = 0.5, corresponding to
xr = 1. Panel (b) shows a square lattice undergoing a topological transition from yr = 2 to yr = 1 at E = —7.0, and then from y, = 1

toyr = 0at Er = —3.0. The reference Z g* is calculated at E = —5.0, with y;. = 1. Insets display the filled Fermi sea (shaded in gray)

at different fillings.

031022-16



TOPOLOGICAL MULTIPARTITE ENTANGLEMENT IN A FERMI ...

PHYS. REV. X 12, 031022 (2022)

charge ¢ of the conformal field theory, which is equal to 1
even when K # 1.

In the following, we show how to reconcile this
discrepancy within the replica theory by studying the effect
of interactions perturbatively. We then use that analysis to
argue that in three dimensions the topological mutual
information remains robustly quantized in the presence
of interactions, even though the density correlations are no
longer quantized. Thus, the topological mutual information
provides a robust topological characterization of the Fermi
liquid phase. In contrast, we show that interactions destroy
the quantization of the charge-weighted entanglement

entropy defined for a two-dimensional system. Thus, 7 3Q
only provides a topological characterization of noninter-
acting (or weakly interacting) systems.

We begin by recovering the known result in one
dimension and using the understanding developed there
to proceed to three and then two dimensions.

A. D =1: Luttinger liquid

Consider a single channel gas of spinless fermions, with
a Hamiltonian H = H, + V, where H,, is a free-fermion
Hamiltonian and V is a four fermion interaction. To address
the effect of V on the large L behavior of the number
correlations and the entanglement entropy, it is sufficient to
consider a low energy theory that focuses on the left-
moving (L) and right-moving (R) Fermi points, and
discards irrelevant interactions that flow to zero in the
low energy limit. This has the form of the Luttinger model,
with
Ho = _if”}F(l/’anxV/R - wlaxw)- (54)
At low energy, the most relevant interactions are the
forward scattering interactions between the densities at
the right- and left-moving Fermi points,

V= gupiwaiws. (5.5)

af

where a and f are summed over L and R, and we define
g1 = 9. = 9rr and g, = g p = grr- The effect of this
interaction on the density-density correlation function (and
hence the number correlations) can be studied perturba-
tively by summing the random phase approximation (RPA)
diagrams in Figs. 8(a) and 8(b). To lowest order in gz, this
leads to Eq. (5.2) with

K=1-2
ﬂ'UF

(5.6)

In order to determine the interaction corrections to
the entanglement entropy, we must consider the replica
theory, which involves n copies of the interacting theory.
The entanglement entropy in the interacting theory is then
determined by writing

pOp®P % p Om"p?sz
gaﬁ

FIG. 8. (a),(b) Representative Feynman diagrams for calculat-
ing (Q3),, with (a) the noninteracting contribution and (b) the
first-order correction from interaction. Small circles represent the
number operator Q4. (c),(d) Diagrams involved in calculating
S4., in the replica analysis, focusing on the (Qi) . term which
contributes to the logarithmic divergence in Z,. Small circles here
correspond to pQ, ,, where p is the replica momentum that is to
be summed over. The summation over p cancels all the
interacting contributions, such as (d), leaving the noninteracting
diagram in (c) as the only contribution. The quantization in Z,
thus survives the interaction.

B Tr[TA,n €_S° +5S]

SAJ’! Tr[e_st1+5s] ’

(5.7)

where Sy = 3, So[Wh.a. Wa.a) is the replicated free-fermion
action corresponding to Eq. (5.4), with a the replica index
and a = R, L. 6S = f dxdrV describes the interaction:

V= gupWhaWadl}Vsa (5.8)

a.p.a

Note there is no interaction between replicas in the “real
replica space.” However, to proceed with the analysis, we
need to transform to the replica-momentum basis, where we
can write

Tr[Hpe<2ﬂip/”>QA.lle_S()Jr(sS}

San = Tr[e~S0795] )

(5.9)
with

_ T i
V= Z gaﬁél’l—Pz"rPs—mW“'/’lW%Pzwﬁ,pgwﬂm' (510)

apf{pi}

Thus, the different replica-momentum channels are no
longer independent. However, since the interaction is
diagonal in replica space and invariant under replica
translations, it is independent of replica momentum, and
obeys “replica-momentum conservation.”

The first-order correction to S,, is determined by
expanding Eq. (5.9) to first order in g. If in addition we
formally expand exp[(27ip/n)Q, ,|, then the resulting
terms will involve connected Feynman diagrams containing
a single interaction line along with k pQ, vertices. In
particular, for M = 2 the diagram [which corresponds to
the same diagram which led to the modification of (Q3).]
is shown in Fig. 8(d). Note that since the interaction is
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independent of replica momentum, this involves two
independent sums:

(n=1)/2 (n—=1)/2
Z P Z p2 | =0. (5.11)
pi=—(n—1)/2 pr=—(n—-1)/2

Thus, this diagram does not contribute to S, ,, and does not
lead to a modification of the topological mutual informa-
tion Z,. It is clear that higher-order diagrams will behave
similarly. This confirms that 7, probes the central charge c,
and is not perturbed by interactions. Note also that
the cancellation in Eq. (5.11) occurs for any value of n.
This means that in addition to the von Neumann entropy,
the Rényi entropies for D =1 also exhibit a universal
logarithmic divergence [7].

B. D=3: Fermi liquid

We now apply the same analysis to a three-dimensional
interacting Fermi liquid. We make the key assumption that
the Fermi liquid phase can be described by a low energy
theory, analogous to the Luttinger model, that describes
excitations close to the Fermi surface, and which discards
irrelevant interactions. The remaining marginal interac-
tions involve short-ranged forward scattering interactions
between the densities associated with different points on
the Fermi surface. These determine the Fermi liquid
parameters, which are central to Fermi liquid theory. We
thus consider a free-fermion Hamiltonian of the form

4’k
HO _/WEkCltCk,

defined on a shell in momentum space straddling the Fermi
surface Ey, = Er. We take the interaction to be

kK’
V:/Wfk,k’énkénkU

(5.12)

(5.13)

where 6ny = C:(Ck - <c£ck>.

As in D = 1, interactions will lead to a correction to
the leading divergence of the number correlations. In
particular, the fourth-order fluctuation (Q%). will involve
a correction to first order in f s described by the Feynman
diagram in Fig. 9(b) (without the replica indices). As
argued in Refs. [53,54], Fermi liquid theory amounts to
summing all RPA-like diagrams involving the low energy
interaction fy \/, at order (fy )", which involve n + 1
fermion loops and independent sums on k. Diagrams with
fewer fermion loops [like the self-energy correction to the
single particle propagator in Fig 9(d)] are suppressed by
phase space constraints in the low energy renormalized
theory, and do not contribute. Examination of the simplest
allowed diagram in Fig. 9(b) shows that the coefficient of
log3 A includes a correction at first order. Thus, the

p Op P OP1

P Qp p Qp P1 Qp

@ 5y ®

P Qp1 P2 sz P Op p Qp
() - (d)

P4 Qp1 “ P2 sz P QP p OP
FIG. 9. Feynman diagrams for calculating S, , in the replica
analysis, focusing on the (Q%). term which contributes to the
logarithmic divergence in 7. Interacting correction of the type in
(b) vanishes as the independent sums over replica momenta p;
render it zero. Correction from (c) vanishes particularly in the
replica limit n — 1. Non-RPA contribution, such as (d), do not
contribute in the Fermi liquid theory. This leaves the noninter-

acting diagram in (a) as the only contribution to Z4; hence its
quantization survives the interaction.

i p2 @

coefficient of the log® A divergence in (Q%). is not
topologically quantized in the presence of interactions.

To compute the entanglement entropy, we again intro-
duce the replica theory, where now the interaction fy y is
independent of replica momentum and obeys replica-
momentum conservation. Thus, each closed fermion loop
in the diagrams of Fig. 9 will include an independent
sum over replica momentum. The diagram in Fig. 9(b)
vanishes for the same reason as the 1D case, because it
involves

(n—1)/2 (n—1)/2
> Yo p =0 (514
pi=—(n-1)/2 pr=—(n-1)/2

The diagram in Fig. 9(c) is not equal to zero. Rather, it
involves

(n—=1)/2 (n—=1)/2
( > )( >
D1 /2

p%) = (Cop)*. (5.15)
==(n-1) pr==(n—1)/2

However, since lim,_,; C,, = (n —1)/6, the contribution
of this diagram will be of order (n — 1)2. Therefore, this
contribution vanishes in Eq. (2.4).

It is clear that all allowed diagrams describing interaction
corrections to S, , will vanish upon taking the replica limit.
This shows that, like in D = 1, the log> A divergence of the
mutual information Z, remains quantized in the presence of
interactions. Equation (2.41) therefore provides a robust
topological characterization of the interacting Fermi liquid
phase. We can now identify distinct classes of fopological
Fermi liquids, which are distinguished by the Euler
characteristic of the Fermi sea (or equivalently of the
Fermi surface, since y,r = 2yp).
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It is interesting to note that since the vanishing of
Eq. (5.15) only occurs in the limit n# — 1, there is potential
for the Rényi entropies to be perturbed by interactions. We
further remark that the topological mutual information Zy,
as introduced in Sec. II C, can also be constructed from
Rényi entropies instead of the von Neumann entropy. The

resulting 7 f‘"), in the noninteracting case, exhibits a log> A
divergence whose coefficient is again proportional to y,
but with a modified proportionality factor. However, we
have not established that the quantization is robust in the
presence of interaction when n — 1 limit is not taken.
Nevertheless, since Rényi entropies are easier to simulate
numerically [55-59], and also more convenient to probe
experimentally [60-63], it is worthwhile to understand
precisely how interactions renormalize the log? A diver-
gence in those cases. This will depend on the correction
contributed by the diagram in Fig. 9(c). We leave the
explicit evaluation of that diagram to future work.

C.D=2

We now consider the interaction corrections to the
charge-weighted entanglement entropy that was defined
for D = 2. In two dimensions, the log?> A divergence of
the third-order number correlations (Q3), will be modified
by RPA-like corrections to the charge vertex, just as in
D = 3. However, the charge-weighted entanglement entropy
behaves differently because it involves computing

Tr[Qa:OTA,ne_SO+65]
Tr[e—SngﬁS]

S, = (5.16)

In the replica-momentum representation, the Q ,_ inside the
trace becomes » »9p /n, so that when evaluating the third-
order cumulant, only two of the three Q,’s come with a factor
of p. It follows that the RPA correction to the Q,_ vertex,
shown in Fig. 10, does not vanish in the replica limit. Rather,
it involves

(n=1)/2 (=12
> oo Yo o =Cu (517
/2

pr=—(n—1) pa=—(n-1)2 "

p Oﬁ P Om
(73
pQ Pr Qp,

1

FIG. 10. Feynman diagrams for calculating S/?_n in the replica
analysis, focusing on the (Q3), term which contributes to the
logarithmic divergence in 7 3Q While the noninteracting diagram
in (a) contributes a quantized logarithmic divergence in IQ,
Fermi liquid interaction gives rise to additional diagrams, such as
(b), which modify the coefficient of divergence.

Forn — 1, thisis (n — 1)/6, and since it is linear in n — 1 it
survives in Eq. (2.45). Therefore, assuming this diagram
indeed contributes to the log? A divergence, the topological
quantization of 7 3Q found in Eq. (2.61) is only a property of
noninteracting Fermi gas, and does not persist in a two-
dimensional Fermi liquid.

VI. DISCUSSION AND CONCLUSION

In this paper we have established that the topology of the
Fermi sea in a D-dimensional Fermi gas, characterized by
the Euler characteristic yf, is reflected in the multipartite
entanglement of D + 1 regions that meet at a point. For odd
D, the (D + 1)-partite mutual information Z | provides a
robust characterization of the Fermi gas, even in the
presence of interactions. Thus, our result serves as a
generalization of the calculation of Calabrese and Cardy
of the bipartite entanglement entropy of a (1 + 1)D
conformal field theory, applied to an interacting Fermi
gas. For D = 3, 7, provides a universal characterization of
the entanglement that distinguishes distinct topological
Fermi liquid phases; see Eq. (2.41). For even dimensions
(specifically D = 2), the multipartite mutual information
does not probe yr, but we introduced a modified charge-

weighted mutual information Z 3Q that does; see Eq. (2.61).

Unlike the Z,, however, Z3Q only provides a topological
characterization of the noninteracting Fermi gas, and is
perturbed by interactions.

Our results motivate several further questions. What is
the significance of our inability to define an entanglement
measure reflecting the topology of the Fermi sea for a two-
dimensional interacting Fermi liquid? Is there a fundamen-
tal obstruction to doing that, or might there be some other
entanglement measure? We have found that Fermi liquids
in D =3 fall into distinct topological classes indexed
by yr. One of the grand themes in topological band theory
has been the interplay between topology and symmetry
[64,65]. Does the presence of symmetries, like crystal
symmetries, time reversal, or Bogoliubov—de Gennes par-
ticle-hole symmetry in a superconductor, refine the topo-
logical classes of Fermi liquids?

It will also be interesting to clarify the connection
between the topological mutual information that we have
introduced and characterizations of the entanglement in
higher-dimensional conformal field theories. For example,
for a D =3+ 1 CFT, the bipartite entanglement entropy
for a spherical region contains a universal logarithmic
term proportional to the quantity “a,” which, like “c” in
D =141, counts the low energy degrees of freedom
[9-14]. The Euler characteristic yr, even for D = 3, how-
ever, is more like ¢ than a. It characterizes not just the Fermi
sea but also the Fermi surface (since y,r = 2yr), which
defines a family of (1 + 1)-dimensional chiral fermions. In
this sense, a 3D Fermi liquid is more closely related to a
(1 + 1)D CFT than to (3 + 1)D relativistic fermions. It will
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be interesting to clarify the connection between our theory of
topological entanglement and a recently developed effective
field theory of the Fermi surface [49] that accounts for
nonlinear effects, and generalizes earlier theories of boso-
nization of the Fermi surface [66,67] which have been
applied to study entanglement [19].

It will be interesting to examine the scaling behavior of
7, at a Lifshitz transition and to ask what happens in a Weyl
semimetal, where the Fermi energy is at a Weyl point at
E =0, and the Fermi surface shrinks to zero. It is easy to
check that yr is the same when the Fermi energy is above
or below the Weyl point. However, when Ep =0, our
calculation of Z, breaks down, as Eq. (1.10) for
54(q1,92,q3) is only valid for |q| < kp. When kp — 0,
the expression is no longer valid. It follows that the limits
L — o and E; — 0 do not commute, and for Er = 0 we
do not expect a log? L divergence of Z,. We speculate that,
for Er =0, 7, exhibits a weaker log L divergence that
probes a topological property of the (3 + 1)D free Dirac
fermion conformal field theory. Indeed, for smooth entan-
gling surfaces, the bipartite entanglement entropy for
relativistic fermions exhibits a log L term whose coefficient
probes both the intrinsic and extrinsic curvature of the
surface [10]. However, extending this result to entangling
surfaces with corners—which are necessarily present in our
theory—remains an open problem [68-70].

It will be of interest to devise methods for measuring
Zp,—=either numerically or experimentally. While we
have shown that numerical calculation is straightforward
for free fermions in D = 2, generalizing to D = 3, and in
particular to interacting systems, will require innovation.
As discussed in Sec. V, the robustness of 7, in the presence
of interaction is guaranteed only when it is constructed
from the von Neumann entropy; see Eq. (1.5). Fermionic
projected entangled pair states, and their Gaussian variants,
can in principle grant access to the von Neumann entropy in
higher dimensions [71,72], but for low bond dimensions
they do not capture the requisite logarithmic corrections to
the entanglement area law. The same issue also plagues the
fermionic multiscale entanglement renormalization ansatz
(MERA) for D > 1 [73-77]. Nevertheless, a generalized
version known as the branching MERA has been proposed
to display logarithmic correction to the area law, given a
suitably chosen holographic tree that characterizes the
branching structure [78—80]. We thus expect the branching
MERA to properly account for the mutual information that
characterizes Fermi sea topology in higher dimensions. The
connection between optimal branching network structures
and the topology of Fermi sea is an interesting question for
future studies. Rényi entropies are easier to access, but it
remains to be investigated whether, and how, interactions
would renormalize the mutual information Z f‘")
from Rényi entropies.

While it is difficult to measure entanglement directly in
experiment, there have been proposals for how to measure

constructed

it indirectly through charge fluctuations [39-41], which can
be probed by existing experimental techniques [81-84].
In particular, the statistics of charge fluctuations at a
quantum point contact as it is opened and closed contains
a signature from which the 1D entanglement can be
extracted [39]. It is tempting to ask whether such meas-
urement setups could be generalized to two dimensions
for measuring the third-order cumulant (Q,Q3Q¢), in
Eq. (2.60). One obvious complication is that, as we have
shown, the connection between number correlations
and the entanglement entropy is corrupted by electron-
electron interactions. But perhaps for a sufficiently weakly
interacting system, measurement of the number correla-
tions could still probe the topology of Fermi sea. In
addition, for a weakly interacting 2D system it would be
interesting to devise a method for directly measuring
53(q1,q,) in Eq. (1.10), by scattering experiments.

In one dimension, the central charge ¢ can be probed
experimentally by the thermal response [85-88], which
is also related to the gravitational response [89-91].
Importantly, this quantized response is insensitive to
interactions. For D = 3, we have found that the quantiza-
tion of Z, in terms of y is similarly robust in the presence
of interactions. Does this define a quantized gravitational
response? If so, is there a thermal analog that is accessible
experimentally?

Finally, one of the fascinating things about c¢ in
D =1+ 1 is that it can be fractional [92,93]. In a super-
conductor, chiral Majorana edge modes have ¢ = 1/2 [87],
and more exotic strongly correlated states can have other
fractions. It will be interesting to generalize our analysis
to describe strongly interacting non-Fermi liquid phases
[94], and explore whether yr in three dimensions has an
interpretation as a higher-order anomaly for the emergent
Fermi surface.
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APPENDIX A: MATSUBARA CORRELATION
FUNCTION

Here we compute the correlation function of the density
as a function of Matsubara frequency in a zero temperature
imaginary time formalism:

s (e i) 251) = [ -zl mome

quM
« / S (Tdpa (), ().
(A1)

where py(7) = e’"pye™ and T, indicates a time ordered
product, with 7z increasing from right to left. s,, is a function

031022-20



TOPOLOGICAL MULTIPARTITE ENTANGLEMENT IN A FERMI ...

PHYS. REV. X 12, 031022 (2022)

of M —1 frequencies and momenta, constrained by
>.iq; =0 and > ; w; = 0. Since it depends only on time
differences, we can fix 7, = 0 in the integral. s, can be
evaluated using the standard diagrammatic technique
by evaluating a single Fermion loop with M density
vertices placed in all possible orders. For small M this is
rather simple, but the calculation gets increasingly cum-
bersome for larger M. We therefore seek a more systematic
approach. We will employ a Ward identity that allows us to
formulate a simple recursion relation that allows us to
determine s,, for all M.

1. Ward identity

Here we derive a recursive formula that allows us to
determine s, for all M by exploiting a Ward identity. We
begin by defining the vertex function for M density
operators,

o)

(A2)

AM(k’Tv {qa’Ta}gil) = <T |:ck+qz

along with its Fourier transform,
AM(k’ {qw iwa}gil)
= /dMTaeiZa“’"(T"_T)AM(k,T, {q..7.}).  (A3)

Here, qx = >, q,. Clearly,

sur ({00} w/%vau%%n (Ad)

We derive a Ward identity for Ay, by differentiating with
respect to 7, taking into account both the time dependence
of the Heisenberg operators and the discontinuity at 7 = 7,
due to the time ordering. Using the facts that

[H, Ci‘;+q2ck] = (AkJrquk)Ck_,’_q Ck (AS)
and
k 2
[C£+qzck’qu] =A™ (clt-i-qz—qbck) (A6)
[A§+qb is defined in Eq. (3.8)], we obtain
(0. — A EE ) Ay (K. 7. {q,.7,})
-
=3 AV Ay (Ko7 Q0 T )07 = 7). (A7)
b=1

Fourier transforming on 7, this leads to a recursion relation
Obeyed by /\M(k7 {qa» wu}):

M 1

Ay {q,. iv}) =y ————
o)) = 3

k+q, .
X AkJrq] AM—I(k7 {qaa lwa}|a;éb)’

(A8)

where wy = ), o,
This allows us to determine A,, for all M, and after
integrating over k we obtain s,,. For M = 1, we have

simply
dPk
S1 = /( )ka (Ag)
Then,
. d"k 1 k+q
52(q, iw) = / 27)P i — All:Jrqu A k. (A10)

and

, APk & 1
Ss(‘ll.z,lwl,z):/< Z

2x)P damy i, + i, — ARt g

1
x AFTe (— At fk).

k+q
iw, — A " Ey

(Al1)

The case M = 3 was also studied in Ref. [22], where the
retarded response function was computed. That result is
related to this by analytic continuation iw — @ + in. For
M = 4, we have

D 3
sltanio)) = [ 555 >

a#b#c=1
1

; ; ; K :
iw, + iw, + iw, — Ak+q“+qb+q‘ Ey

1
k+q,
x Ay [ Ak+qa+th

X

iw, + iw, —

1
k+q, k+q,
X A — A f )] .
g (ia)a — AT E, koK

(A12)

Clearly this pattern extends to all orders.

2. Equal-time correlation function

To compute the equal-time correlation function, we
integrate over the Matsubara frequencies. Here we do
the analysis for the cases D =2 and D = 3 separately.
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a.D=2

For a given a and b in the sum in Eq. (A11) it is useful to
define new frequencies, Q; = w, and Q, = w, + w,.
Then,

e~ i@t toptyy) — e_i(QlTabJ"QZTbS)’ (A13)
and we can evaluate the sums over Q; and €, independ-
ently. We evaluate the sums in the equal-time limit, but we
must account for the operator ordering in (pg,pq,Pq,) by
keeping an infinitesimal time difference z,, =nsgn(b—a),
that serves as a convergence factor for the integration.

The sums are then evaluated by contour integration. For
example,

e~ sgn(b—a) -0, a<b
——— = { _ (A14)
iQ lQl - Ak ank 9(1 a > b,
and since b < 3,
e—ingzsgn(3—b) p ( 5)
=—0,. Al
Here we adopt the shorthand notation:
Oury = 1 = Oy = O(AL U EL).  (Al6)
This leads to
d’k k+ ktq,
53(q1.q2) = /(2”)2 [HIZAI( (018 i)
— 0y AR (G, AR fk)} . (A17)
We now consider the limit q — 0, so that At““ -

q; -V and 0, — O(vy - q;). We will keep the discrete
derivative notation for a few more steps because it
makes the formulas more compact, but now it should be
understood that Af™ = AK_ . In addition, we use q, =
—(; — q3 to write s3 in terms of q; and q;. (We are free to
do this, since s3 can be expressed in terms of any pair of
q’s.) It follows that #;, — ;. We also integrate by parts on
k to obtain

&’k

54(41, 92, q3) _/m

_ d’k Ak—‘h 0 Ak"r(Il‘Hlsé
53(q1,q3) = (Zn)sz k(014 3)

— AR (050170 05) . (AI8)
Since the derivatives on the left (outside the parentheses)
can be integrated by parts so that they act on fy, the
derivatives inside the parentheses are proportional to
5(vi - q3). We can therefore set v-q3; = 0 in the rest of

the integral, so 63 — ;. It can then be checked that the

_ _ o k—-q; AK 3
terms involving second derivatives A 9 AT 44, can-

cel. Using Vi 0; = —V,.0;, we write

_ dz_k _ Ak—‘he Ak+Q1+Q39
s3(q1.q3) = (2ﬂ)2fk (A 101 (A 3)
(AT (AF5) . (A19)

Now it can be observed that the terms in which all four
derivatives involve q; - V| cancel, so

s3(q1,q3) = /(ka)sz [(‘h - Vi0,)(q3 - V63)

— (g3 - V0i)(q; - kaS)] (A20)
This has exactly the same form as Eq. (3.17). The only
difference is that it is written as a function of q; and q3
instead of q; and q,. But since s3 can be expressed in terms
of any pair of q’s, that does not matter.

b. D=3

We now evaluate the frequency integral for Eq. (A12).
The calculation is very similar to the D = 2 calculation
in the previous section. It is just a bit more complicated.
For a given a, b, and ¢ in the sum in Eq. (A12) it is again
useful to define new independent frequencies, Q; = @,,
Q, = w, + wp, and Q3 = w, + w;, + ®.. Then, noting that

e—i(ﬂ)aflz4+(U;77-';74+0}(,-T(,-4> _ e—i(QlTa,,+§221,,(:+931(:4)’ (A21)
the integrals over Q, , 3 can be performed independently, as
in Egs. (A14) and (A1S5). There are now six terms in the
sum over a, b, ¢. The result is

{0 B 018 (0,057 )] + 0138 |08 (20K £

+0mAL T DA O AF T fi)| + O AT 038 (5487 )|

S {9_23&1:“3 (ezA]l:thk)} — 013 AT {923Al§+q2(§3At+q3fk)} }

(A22)

We take the q — O limit, write q; = —q, — q3 — (4, and integrate by parts to obtain
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d

k - o = = o T= _ o
54(Q2: 93, 94) = /—3fk{—A::+q2+q3+q4 [9234At © (03, Ay q3‘94)} + AR [92A£+q2+q3+q4(934At q394)}

(27)

+ At+‘lz+‘l3+‘l4 [9234A§—‘13 (924All:_q20_4)} + A]l:_qS [é3At+‘I2+‘I3+(I4 (9‘24Ai—(he_4):|

" At_qz |:92A|l:_q3 (9—23At+q2+q3+q46‘4):| _ Aﬁ_% [éaAt—‘h (é23All:+(Iz+Q3+Q4é4)} }

This can be simplified similar to Eq. (A19), except there
are a few more steps. First, since we can have the first three
derivatives act to the left, the single derivative on 9_4 allows
us to replace 53, — 653 and 05, — 05 in the first term, along
with similar replacements in the other terms. Then it can be
observed that all terms with more than one derivative acting

(A23)

to the right on 6, cancel. This allows us to integrate by parts
again to have a single derivative acting on 5, which allows
us to replace 0,; — 6, in the first term, along with similar
replacements in the other terms. Finally it can be observed
that all terms with two derivatives acting on the middle 6
function cancel. Replacing V8 — —V, 0, this becomes

54(00, 43, q4) = /(21371;3&{4_ (At+qz+q3+q492) (A:—q293) (At—q394) _ (At—qz‘%) (At+qz+q3+q493) (All:—q3€4)

+ (At—‘hgz) (All:+(Iz+Q3+‘I493) (AE—QZ94) _ (All:+‘Iz+‘I3+Q492) (Aﬁ—‘be3) (AE—Q294>

+ (A:_q292) (At—%93> (At+QZ+Q3+Q464) _ (All:—lhgz) (A]lz—%93) (A:+QZ+Q3+Q494) }

Finally, terms with repeated ¢’s cancel, allowing us to write

&’k

(A24)

54(Q2, 43, q4) = /—fk{+(Q4 Vi) (qy - Vi03)(q3 - Vibs) — (d2 - Vi0,)(q4 - Vib3)(qs - Vi0y)

(2m)?

+(q3 - Vi0)(qs - Vieb3)(qa - Viebs) — (a4 - V1) (a3 - Vieb3)(qs - Vicbs)

+(q2 - Vi6)(q3 - Vii03) (a4 - ViOy) — (q3 - Vie6)(qz - Vi03) (a4 - ViOy) }.

(A25)

This can then be expressed in the form of Eq. (3.25). Following the same analysis as the D = 2 case, this allows us to express
the result in terms of the critical points in E(k) using Eq. (3.26).

APPENDIX B: GEOMETRIC PROOF OF
UNIVERSAL DENSITY CORRELATIONS
FOR D=2

In Sec. III and Appendix A, we have argued that the
(D + 1) order equal-time density correlation function for a
free Fermi gas in D dimension obeys a universal behavior,
namely,

_ [d°dap
SD+1(q1’ cers qD) = (277,’)D <pQ1p(I2"'p(ID+1>C

= AT det@

(27)

where pg is defined in Eq. (3.2), | det Q| is the volume of the
D-dimensional parallelepiped formed by q;, and yr is the
Euler characteristic of the Fermi sea. The D = 1 result is
elementary, while for D = 2 and D = 3 we have presented
analytic proofs in the limit q — 0. Notably, numerical

, (B1)

evaluation of the integral in Eq. (B1) suggests that this
result holds exactly even away from the limit q — 0, as
long as q is smaller than a finite momentum cutoff that
characterizes the shape of Fermi sea. In this appendix, we
present a geometric proof for D = 2, in the spirit of the
D =1 proof, to establish this stronger statement.

For D = 1, the universal relation reads

/dkfkfk+q_)(FCI|’ (B2)

where f; = O(Er — Ey) is the Fermi occupation factor and
fr =1 — f. This can be easily understood by noticing that
the integrand f, f k+g 18 1 only when the momentum point k
lies within the Fermi sea while k + ¢ lies outside. The
integrand is 0 otherwise. If we visualize f,f; 4q @S an
interval, see Fig. 11(a), then the integral measures the
totality of configurations for putting this interval around the
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FIG. 11. Geometric proof for the universal behavior of density
correlation in (a) D = 1 and in (b) D = 2. The shaded region
represents the filled Fermi sea. The integral involved in sp, | can
be evaluated pictorially. For D =1, it is evaluated from the
overlap between the interval (k,k + g) and the 1D Fermi sea,
with net contribution arising near Fermi points. For D = 2, the
integral is evaluated from the overlap between the parallelogram
‘P and the 2D Fermi sea. By considering various placements of P,
labeled by (i)—(iii), we conclude that the net contribution arises
near the Fermi surface critical point marked by the red star. See
the main text for details of the proof.

boundary of Fermi sea (here the Fermi points) such that one
end (with f;) is inside the Fermi sea while the other end
(with f;,) is outside. Clearly, as long as |g| is smaller than
the distance between any two Fermi points, the result is
simply |g| (i.e., the length of the interval) times the number
of pairs of Fermi points (i.e., yr for 1D Fermi sea). This
establishes Eq. (B2).

For D =2, as explained in Sec. Il A, the universal
relation asserts that

/ PKfifirq (frrqrq — freq) =XFl@1 X 2| (B3)

In the spirit of the geometric argument for D = 1, let us
visualize the integrand fkfkml (-fk+Q1+Qz — fk-q,) @ a
parallelogram (call it P); see Fig. 11(b). The integral
measures the totality of configurations for overlapping P
with the Fermi sea such that certain corners are inside the
Fermi sea while others are outside. There are only two
scenarios where the integrand P can be nonzero:
(A) when k is the only corner of P located inside the
Fermi sea, then P = +1;
(B) when k + q; is the only corner located outside the
Fermi sea, then P = —1.
To help distinguish these two scenarios, we label the k
corner by a solid circle and the (k + q,) corner by an open
circle.

Given these two scenarios, let us look at a schematic
Fermi sea depicted in Fig. 11(b). For concreteness, we
consider an electronlike Fermi pocket. We put the paral-
lelogram ‘P close to the Fermi surface at various locations
labeled by (i)—(iii). It is clear that when P is placed at
location (iii), neither scenario (A) nor (B) can be realized.
These are locations far away from the critical point on the
Fermi surface where v, = 0 and sgn(v,) = sgn(q,,) (the
coordinate system is set up such that q,||%), which is
marked by the red star in the figure and shall be denoted
as C. For those configurations, P = 0. When the paral-
lelogram is placed at location (ii), both scenarios (A) and
(B) can be realized. Nevertheless, by shifting the paral-
lelogram along the q, direction, one can easily check that
scenario (A) is realized just as much as (B) is, and hence
the net contribution there is again zero. We are left with
location (i) to examine.

We have illustrated in Fig. 12 several situations in which
the parallelogram P is placed close to a Fermi surface
critical point C, at which v, = 0 and sgn(v,) = sgn(q,).
Here what we mean by “close” is that it is impossible to
shift the parallelogram in the % direction such that all
four corners are entirely inside the Fermi sea. The dashed
parallelogram correspond to the critical situation, so that if
P is placed below it, then P is located at region (ii) shown
in Fig. 11. Thus, let us focus on the situation where P is
located above the dashed parallelogram. Figure 12(a)
illustrates the situation when the top edge of P is slightly
below the critical point C, with k + q; + q, right at the
Fermi surface and k + q; being the only corner outside the
Fermi sea. This realizes scenario (B) and gives P = —1.
This remains true when the parallelogram is shifted in

(a) k+q1 C’* k+q;+q;
Wk—(h k
oq

|q1Xq;|

FIG. 12. Configurations of the integrand, represented as a
parallelogram P, contributing to the density correlation when
placed near a Fermi surface critical point C. (a)-(c) show dif-
ferent possible locations for P. As argued in the text, each
convex or concave critical point [with v, =0 and sgn(v,) =
sgn(q,,)] contributes £|q; x q,| to the integral, leading to the

xrlQ1 X qz| dependence of s3(qy, q2)-
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the —X direction until k 4 q; + q, exits the Fermi sea.
Such a negative contribution, however, is completely
canceled by the situation depicted in Fig. 12(b), which
realizes scenario (A) to give P =+1 for each such
configuration. Notice that a crucial assumption has been
made: the radius of curvature on the Fermi surface near C
has to be large enough (or q; , be small enough) such that
the corner k + q; + q, exits the Fermi sea before k — q,
does, as indicated in Fig. 12(a). More precisely, in addition
to requiring |q; | < cR, we also require |g;,| > ¢’¢*/R
(where R is the radius of curvature, and ¢ and ¢’ are some
geometry-dependent parameters). It is this assumption that
guarantees the aforementioned cancellation, and leads to
the universal density correlation. Clearly, this assumption
can always be satisfied for small enough yet finite ¢, as
long as g, # 0 (i.e., |q; X q,| # 0). When this assumption
is violated, there will be O(g?) correction to Eq. (B3).

Finally, let us consider the nonvanishing contribution
coming from the situation depicted in Fig. 12(c). Let us first
place the (k —q,) corner right at the Fermi surface. The
assumption made above guarantees that the k corner is
the only corner lying inside the Fermi sea, thus realizing
scenario (A), and gives P = +1. This remains true when
the parallelogram is shifted in the —x direction until the
whole parallelogram exits the Fermi sea (the amount of
shift is |q,|). Note that we can also shift the parallelogram
in the vertical direction, as long as k lies between the top
and bottom edges of the dashed parallelogram. We can thus
slide the (k —q,) corner along the Fermi surface, as
indicated by the red arrow in the figure, and perform
horizontal shift by an amount up to |q,| to obtain all
configurations that contribute to Eq. (B3). The integral is
thus evaluated to be |q; X qs|.

In the specific case we just discussed, yr = 1, and there
is just one critical point C on the Fermi surface, which is
convex in nature (i.e., d,v, > 0). If there is a concave
critical point, the same reasoning presented above would
conclude that there is a |q; X q,|(—1) contribution to the
integral in Eq. (B3). Therefore, in the most generic case
where the Fermi surface has c-convex critical points and
¢-concave critical points, and noting that y = ¢ — ¢ [22],
we arrive at Eq. (B3).

APPENDIX C: FOURIER TRANSFORM
OF sp.1(q1.---.9p)

In this appendix, we compute the long wavelength
correlation function sp,(ry,...,rp,) by taking the
Fourier transform of Eq. (1.10):

(d°q)”
Sp+1 = XF m

We consider the cases D = 2 and D = 3 separately. In each
case it will be useful to write | det Q| = (det Q)sgn|[det Q).

¢ 2 W) det Q). (C1)

det Q@ will act as derivatives (which will subsequently be
integrated) acting on the Fourier transform of sgn[det Q).

Since [p(r,),p(ry)] =0, we expect spi(ry,...,rp ;) to
be invariant under permutations of r,.

1. D=2
In D = 2, we have det[Q] = q; X q, (expressed as a 2D
cross product). It follows that we can write

s3(ry, 1, 13) = — é;)s (V) x V) F3(r3, 123),

(€2)
where r,;, =r, — 1, and

F3(r).1,13) = /dz(hdz(lzeiq"r‘3+q2'r235gn(Q1 X qp).
(C3)

Let us write q; = ¢)q; + ¢2.12 % q;. Then the integral
over g, gives 275(q; - rp3), while the integral over g,

(which involves sgnq, ) gives 2i/(q; X ry3). This can be
written as

. i |ql|2 5(qy - t3)
F I, =4 d? iq T3 2 =/ (C4
3(r1, 1, 13) 7”/ q,e |r23|2 q, X £ (C4)

Next write q; = gy Fy3 + x I3 X 2. Then, the ¢ function
sets gy = 0, so we obtain

F3(ry,r),13) = 47zi/dexleixi(rl3xr23>. (C5)

This can be simplified by noting that without the x| outside
the exponent the integral is 276(Ajy3), where A=
I3 X I3 =TI XT3 is the area of the triangle formed
by ry, rp, and r3. The x| can be generated by differentiating
with respect to r3. Noting that (ry; x V3)A;; =
Iy X (2 X 1) = |1y |?, we obtain

\Y
F3(ry.1),13) = 877 r2|1rx|2 s 8(ry x13)) (Co)
21
Thus,
X ry; X V3
33(1'1,1'271'3):—87;1% sz%&rzl XT31). (C7)
21

Note that despite its appearance, s; is invariant under
permutations of r;, r,, and r;. It can also be written as
xr8"(A123)/(87*%). However, Eq. (C7) is a more useful
form for integrating over r,. Since the dominant contribu-
tion comes from when Aj,3 ~0, ry, Iy, and r; must lie
along a straight line.
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2.D=3

For D = 3, we have det[Q] =
write

(q; X q2) - q3, SO we can

sa({rg}) = (Vi x V) - V3F,({rg}), (C8)
where K =1, 2, 3, 4 and
. dqd*qyd’q,
F4({rK}):U(F/(2ﬂ_)12
X ei((h'l‘14+(I2'l‘24+(I3'l‘34)Sgn[(ql X (I2) . q3]_ <C9)
We now write
q; Xqp
Q3 =q3———+q31, C10
3= 43 g, X q 3L ( )

where 3, is in the plane spanned by q; and q,. Then,
sgn[(q; X q,) - q3] = sgngj|, so that the integral over q3
gives (27)%8%[r34 X (q; X q2)/|q; X q2|]. Note that this is a
two-dimensional § function that constrains rs4||q; X g, so
that the two components of r34 in the plane spanned by q;
and q, vanish. The integral over g3 gives 2i|q; X q,|/
(q; X qy) - r34. The result of the g3 integration can thus be
written as

Fy({rg}) = ~r /d3q1d3q2ei(‘11'r14+‘12'1'z4)

(2m)"

Xéz(r%XQIX(lz) lq; X qq] .
|1 X qa|/ (41X qy) T34

(C11)

We next decompose q; and (, into components parallel
and perpendicular to rs, by writing q, = g4t + qay,
for a =1, 2, where q,, -r33 =0. Using the fact that
r3 X (q; X q2) =q1(r34-q2) —qa(r3s-q;) = |r34|(‘luCI2||—
q2191)), the & function in the integral can be written as

I3y X (q; X qp) lq; X qu/?
52( lq; % qq] ) B |r3q)? 52(q1L‘12ll —q2191)

_ ;1 X qo |

o ondlay). (C12)

where in the second equality we used the fact that the
Jacobian of the argument of the 6 function, when expressed
as a function of g and gy, is [9(q1192 — Q2191))/
9(q1)-92))| = |41 X q21|, and the & function sets
4o = Qo -

Now, using the fact that |q; | X q 1 |*/(qi1 X Qo1 ) T3 =
(1L X Q1) T34/ [r34 ], we get

<_ );F /d2Q1J_d2Q2J_ei(q1i'r‘4+q“'r2“)

ry - (g X Qo)
x I
T34

Fy({rg}) =
: (C13)

where q;; and q,; are integrated over the plane
perpendicular to rs4. This can then be written as

r 13- (Vi X Va)
(2m)° [r34[*
where 8% (r) = (27)72 [d*>q, €™ is a 2D § function

for the components of r perpendicular to rs,. Using
8% (r X ray) = 82 (r)/|r,4|%, this can be written as

Fa({rg}) =

51(1'14)51(1'24)’ (C14)

Fy({rg})
2)(17 v v D D
R (r3g X V)87 (114 X 134)87 (rag X T3g).
(C15)
Finally, in Eq. (C8), we can substitute V, = —-V,—

V; =V, to trade (V| x V,) - V3 for (V4 x V3) - V,, and
after combining Egs. (C8) and (C15) we obtain

sa({re)) = (”g (V4xV3)-V,

Vi (034 X V5) 87 (114 X 134)87 (X4 X T34).
(C16)

Note that, like Eq. (C7), this expression is invariant under
permutations of ry, r,, r3, and ry. In addition, it can be seen
that r;, rp, r3, and ry must all lie close to the same
straight line.

APPENDIX D: REAL SPACE INTEGRALS

In this appendix, we evaluate (Q4,Qz Q). for D = 2 and
(Qa050Qc0p), for D=3 by integrating s | (1'1 s TDg1)
over the D + 1 regions. We treat the cases D =2 and
D = 3 separately.

1. D=2

Here we evaluate
(Qa0350c). = ABcderderderSB(rAvrBarC)a (D1)

where the regions A, B, and C that partition the infinite
plane meet at the origin and are separated by three
rays, specified by unit vectors m,, = m,,, for a # b =
A, B, C. In addition, the boundary rays define unit normals,
n,, = —1,,, which points to region a from region b. We
anticipate that the integral will diverge logarithmically with
system size, so we cut off the integrals at a finite radius
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r=L. We will see that the coefficient of the log®L
divergence will be independent of the angles between
the rays, provided all angles are less than z. When one
of the angles is larger than z the result is modified (though
it is still quantized). A related modification of the third-
order response function was discussed in Ref. [22]. For
simplicity, here we focus only on the case where all the
angles are less than 7.

Using Eq. (C7), which shows that s3({rx}) is a total
derivative, we can write

XF

(04080c¢). = rygl (D2)
with
I:—/ (dSA XdSB)(rBAXdSC)(S(rBAerA), (D3)
0A,0B,0C ITga \2

where the integrals are over the boundaries of regions A, B,
and C, with normal length elements dS, p .

The argument of the § function is twice the area of the
triangle formed by ry, rp, and rc. It follows that provided
Iy, Iy, and rc are separated from each other, the integral
will be dominated by straight lines in which two of the r’s
are along one of the rays and the third r is at the triple point
where the three regions meet. There will be two cases:
(1) rp and r. are integrated along ray mpge, and r, is
integrated along rays my, and myq, and (2) r, and r. are
integrated along ray my,, and rp is integrated along rays
m,p and mpe. A third possibility, where r, and rp are
along ray m,p is not present because dS, ||dSg. Case (1) is
shown in Fig. 13 and will be considered in detail. Case
(2) gives an identical result, so we write I = I + I, = 21,.

Myp

FIG. 13. Representative contribution to the D = 2 integral / in
Eq. (D3), where ry and r are integrated along ray mpc, and ry is
integrated along rays my,pz and mye. The § function in the
integrand requires ry, I, and r¢ to lie on the same straight line,
hence placing r, at the triple point. The remaining integrations
over rg and r lead to a log? divergence.

To evaluate 7,, shown in Fig. 13, consider Cartesian
coordinates centered at the triple point with the x axis along
. Then rg = xpX, re = xcX, and ry = x4 (y4)% + y49-
Here it is useful to parametrize the position along the
boundary of region A in terms of y,. x4(y4) will depend
on the angles of m,p and m,, but we will see that
dependence drops out of the answer. The ingredients of the
integral are then

rpa = [xg = xa(ya)]% = ya9. (D4)
Iy X Tea = —(Xp = X¢)Ya- (Ds)
The normal length elements are
dSy = xdy, — $(dxs/dys)dy. (D6)
dSp = ydxg, (D7)
dSc = —ydxc. (D8)

Note that dS, depends on x,(y,), but that dependence
drops out in dS, x dSp. The integral then becomes

(<] (9] X
I :/ dedxc/ dyA%Azé(xBCyA)' (D9)
0 - + Vi

0 XBA

We do the integral over y, first. The § function fixes
v4 = 0, along with x,(y,) = 0. We then obtain

dxgdxc

[e]
o [ e
0 Xglxg —xcl

Introducing upper cutoffs xz < L and x- < L and lower
cutoffs |xzc| > a and xz = |xp4| > a for a ~ k7!, we then
obtain

(D10)

(D11)

3L
—Zlog?=. D12
5 log*— (D12)

Accounting for the multiplicative factor 2 and Eq. (D2),
we obtain

3 L
(0a059c¢). = Ar log? e

=34 (D13)

The reader may observe that if instead in Eq. (D9) we do
the integral over x. first, then we would obtain
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0 o0 XpaA 1
(o Y iy
[Tl
o [yal [val

If we cut off the y, — 0 divergence by a, then the result
would appear to disagree with Eq. (D12). The origin of this
discrepancy is the choice for the lower cutoff of y,.
Since Eq. (3.4) is valid for |q| < kg, Eq. (C7) is valid
for |r, —r,| > a ~ kz'. Therefore, it is appropriate that the
lower cutoffs for xz and |xz — xc| in Eq. (D10) is a.
However, the lower cutoff for y, in Eq. (D14) is not set
by a. If we introduce a finite width to the junction region,
so that yp =0, yc ~a, then after integrating x. one
finds the range of integration for y, is a < y4, < L and
—L <y, < —xga/L, which when incorporated into

Eq. (D14) reproduces Eq. (D12). This subtlety does not
arise for the integration of xz and x- in Eq. (D10).

(D14)

2.D=3

We now evaluate

dler.B,C,DS4({rK}>7 (D15)

<QAQBQCQD>C = /
A.B.C.D

where the four regions K = A, B, C, and D that partition
the 3D volume meet at the origin and are specified by four
triple contact rays M., symmetric in a # b # ¢ = A, B,
C, D. The boundary plane separating region a from region
b is then normal to M, X M, , wWhere ¢ # d # a, b. Asin
the previous section, we assume for simplicity that all four
regions are concave, and subtend a solid angle less than 27.
Given that condition, the result is independent of the
directions of M.

Equation (C16) shows that s,({rx}) is a total derivative.
Identifying ry g ¢ p With ry3,; in Eq. (C16), we can write

XF

<QA QBQCQD>C = _Tﬂ_ﬁ

1, (D16)
with

1= / [(dS, x dSp) - dS[(dSp X rs) - V]

&1 (rpa X Tpa)57 (Tca X Ta)- (D17)
Here,r, (a = A, B, C, D) is integrated over the boundary of
region a with outward normal area element dS,,, and &2 (r)
is the 2D 6 function for the two components of r
perpendicular to rpy.

Because of the § functions, the integrand will be nonzero
when r, g c p are close to a straight line that visits all four
boundaries. Provided the points are separated from one
another, this is only possible if two of r, g p share the

cld

a m
bed
Mype
(a) M,pg
_abed__
ab cd
b
(b) abc bed
FIG. 14. (a) Representative contribution to the D = 3 integral /

in Eq. (D17), with r, (a = A, B, C, D) integrated over the
boundary of region a. The ¢ functions in the integrand require
I, p.c.p to lie on a straight line (the red line herein); hence, two of
the r’s are the same boundary plane. Given a fixed ordering abcd,
its contribution to / consists of all possible orientations of the
abcd line such that it is parallel to one of the boundaries.
(b) Schematic diagram for a one-parameter family of lines with
fixed distances between r,’s. Vertex bcd represents the case when
the abcd line orients along the triple contact m,.,. Edge cd
represents the case when the abcd line rotates on the double
contact plane cd [shown in (a)]. Dashed edge ab—cd represents
the case when the abcd line lies on both the ab and cd plane.

same boundary plane. The configurations of such straight
lines can be described by considering an ordering abcd
along the line that is a permutation of ABCD, and fixing
the distances r,, 7., and r.; shown in Fig. 14(a). The
resulting one-parameter family of lines then has the
structure shown in Fig. 14(b). Starting near the bcd triple
contact line in which r, is at the origin, the line can
continuously rotate into the cd double contact plane.
[This configuration is shown in Fig. 14(a).] When the line
reaches the ab—cd line (which is the line common to the
ab and cd planes, shown by the dashed line in Fig. 14],
the line can rotate no further because point r;, has reached
the origin. At that point, the line can slide along the
ab—cd line (keeping r,y,, rp., and r.; fixed) until r,
reaches the origin. Then the line can tilt into the ab plane
and rotate until it reaches the abc triple line (with r, at the
origin). Then the line can tilt into the bc plane and rotate
until it gets back to the starting point at the bed triple line
with r, at the origin.

Since the triple product dS, - (dSp x dS¢) vanishes
when any pair of dS, p ¢ are parallel, the segments along
the line ab—cd [the dashed line in Figs. 14(a) and 14(b)]
will vanish. Moreover, only the segments on the planes
that include rp will contribute to the integral. For d = D,
only the segment along plane cD contributes, while for
¢ = D, the bD and the Dd planes contribute. Since dcba
describes the same line as abcd, the a = D and b = D
cases are redundant.
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In the following we show that the integral in the double
contact planes is an integral of the form [, dxdyd'(x —y),
where R is a finite, bounded region. Contribution to the
integral from the interior of R vanishes, but the contribution
from the boundary dR must be evaluated carefully and
consistently. The boundaries for the planar integrals will
involve the abc or bed triple contact lines and the ab—cd
lines. Since the triple contact lines involve the intersection of
multiple double contact planes, a separate calculation near
those lines is necessary. This will be done in Appendix D 2 a,
where the contribution from lines in which rj is within a
small parameter e from the triple contact line. This will then
be matched with a second calculation (in Appendix D 2 b) on
the double contact planes (with rp further than e from the
triple contact lines), in which all of the boundary terms can
be correctly accounted for.

The results of those calculations are summarized in
Table I, which for each permutation abcd of ABCD shows
the contributions from each part of the square in Fig. 14(b).
Since the lines abcd and dcba are equivalent there are
only 12 independent permutations. Six permutations are
shown in Table I. Since Eq. (D17) is invariant under the
interchange of A and B, the other six are obtained by
interchanging A and B. Each of the contributions to / has a
logarithmic divergence of the form ¢ log> A. The coefficient
¢ for each term is shown, and for each ordering abcd the

sum ‘% is shown in the right-hand column. It can be

observed that for each ordering, c;",;ild = 1, so that combin-

ing the 12 independent contributions leads to

I =121og* A. (D18)
It then follows that
3
(04050c0p). = —$10g3 A. (D19)

This is the final result. We note that Egs. (2.29), (D13),
and (D19) exhibit a regular pattern, which suggests that in
general dimensions,

TABLE 1. Summary of logarithmic divergence clog? A, con-
tributed from the straight line configuration with ordering abcd
(as permutation of ABCD). For instance, cgzﬁ 4 18 the coefficient
of log® divergence contributed by orienting the abcd line along
the triple contact ;.. The superscript of ¢ labels a specific part
of the one-parameter family in Fig. 14(b).

abc bed total

abed szcd Cabed szcd Cabed Ccclicd Cabed
ABCD 0 0 0 1 0 1
ABDC 0 0 1 0 0 1
CABD 0 0 0 0 1 1
CADB 0 1/6  1/3 0 1/2 1
ACBD 0 0 0 13 2/3 1
ACDB 0 1/3 0 0 2/3 1

(D+1)!

W IOgDA.

<QAl ---QAD+1>C :)(F(_I)D (DZO)

In the remainder of this appendix, we explain the calcu-
lations of the entries in Table 1. Appendix D 2 a details the
calculation near the triple contact lines, and Appendix D 2 b
explains the calculation in the double contact planes.

a. Contribution from triple contact lines

Here we consider the contribution to Eq. (D17) from
configurations where r, p ¢ p are very close to one of the
four triple lines BCD, ACD, ABD, and ABC. We will
consider the BCD line in detail and discuss the other three
at the end. For the BCD line, as shown in Fig. 15, r, will be
close to the origin, while rpcp are distributed along
the line at positions xp - p. We will consider all possible
orderings of xp ¢ p along the line, so this calculation will
give the entries ¢5<2 in Table I, with bcd accounting for the
six permutations of BCD.

We organize the integral by writing

IBCD _/dedxcdei(XB,xc,xD)a (D21)

where I(xg.xc., xp) includes integrals over the remaining
parameters, which describe deviations of ry ¢ p from
the triple line. These can be parametrized by the indepen-
dent variables y4, z4, zg, Yc» and yp, as shown in Fig. 15.
We thus write

FIG. 15. Coordinate system for calculating the contribution to
I when ry g cp are very close to the triple contact line BCD
(where y = 7z =0). (a) and (b) show the same configuration
from two different viewpoints.
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Ty = Xa(Va. 2a)X + yaY + 242,
rp = xpk + yp(25)y + 252
rc = xcX +ycd + z2c(ye)z,

rp = xpX+ ypy + 2p(yp)Z. (D22)

where x4 (4. 2a), ¥8(28)s 2c(yc), and zp(yp) depend on
the contact angles. Note that the independent variables

can all be positive or negative. For example, when yp < 0
the boundary of region D deviates from the z = O plane
with a slope dzp/dyp. Thus, all configurations close to
the triple line are accounted for. We will limit the integral
to configurations close to the triple line by only integrat-
ing yp between —e and €. We integrate yy, z4, Zg, and yc
from —oo to oo, but since the integrand is only nonzero
when all of the points are on a straight line, ry 5z~ will
also be within € of the triple line. We will consider xg, xc,
and x. to be of order 1 and separated by a finite distance
larger than k7' and work to lowest order in e. Divergent
integrals when x, g cp approach one another will be
cut off by kz!. All possible orderings of xpcp will be
considered. The case 0 <xp <xc<xp is shown
in Fig. 15.

The 6 functions in Eq. (D17) ensure that r, 5 p lie
along a straight line, so that the deviations are arranged
proportionately:

YBA-YcA-YDA = ZBAZCA-ZpA = XB:Xc Xp. (D23)

It will be useful to express the 6 functions in a slightly
different form. We can write

52L(rBA X rCA)éi(rBA X Tpy)

= 52¢ (rpa x rCB)‘SzL(rBA X Tpp)
2

X
= %51(1'03 X rCB)éi(rBA X Tpg).
B

(D24)

The first equality follows because rcy = rcg + rps. The
second equality follows because the second & function
enforces rp,||rpg, S0 that rzy = rpg|rpal/|rps|- The con-
stant factor can then be extracted from the 6 function giving
the factor (|rpg|/|rsal)? = x35/x% + O(e). The & func-
tions have the explicit form

8% (rpp X rep) = 8(xcpyp + XpYc + XpcYp)

X 8(xcpzp + Xppzc + Xpczp).  (D25)
8% (rga X tpg) = 8(Xppya — XpYs + Xp¥yp)
X 8(xppza — XpZg + xpzp).  (D26)

Given Eq. (D22), the perpendicular area elements are
dSp = dyadz(X — $0x4/0ys — 20x4/0z4),

dSg = dxpdzp(9 — 20yp/0z25),
dS¢ = —dxcdyc(Z —30z¢/0yc),

dSp = dxpdyp(2 — $9zp/dyp)- (D27)
We can therefore write
dSA . (dSB X dSC) = —TdyAdZAdedZBdXCdyc, (D28)
with
()yB aZc>
Y(zp, =|1-—"—. D29
(e = (1- 2255 (029)

To leading order in ¢ we have

P!
dSp X tys = xpdxpdyp (9 n ZQ> (D30)
0yp

The derivative V- acting on the § function will give

VC5ZL<1'DB X Tcp)
= XpB [95/()603)@3 - XCByDB)5(xDBZCB - xCBZDB)

+26(xppyce — XcBYpB)d (XpBZcs — xCBZDB)} .

(D31)

Combining Egs. (D31) and (D30), it can be seen that the
result can be expressed as a derivative with respect to the
independent variable yp:

(dSp x 1) - Vc52¢(rDB X Tcp)

XpXpp O
= —dxpdyp ——51(%3 X Tcp).

D32
Xcg 9Yp ( )

We now have all of the ingredients for the BCD triple
line contribution to Eq. (D17). Combining Egs. (D21),
(D24), (D28), and (D32), we obtain

i(vaxOxD)

:/dyAdZAdZdeCdyDT(ZB’yC)

x3 0
Xﬁ (%53_(1‘DBXI’CB)>53_(I’BA XTpp). (D33)

We next note that the integrals over y, and z, can be
evaluated using Eq. (D26). The result is then the integral of a
total derivative with respect to yp, which may be written as
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=K(yp=+€)-K(yp=—¢). (D34)

- € 0K
_/ dyp a()’D)
—€ YD

with
K(XB’ Xc, XpiYp)

Xp
= —/dZBdYCT(ZvaC) 1(rga X Tpg). (D35)
XBXcB

The result of the integral over zp and y. will depend on
whether for a given xg, x¢, xp, and y, there exists a solution
to the ““straight line condition,” Eq. (D23). This, in turn, will
depend on sgnyp,, as well as what order xp, X, and x, are in.
If there is a solution (zj,y;), then the integral can be
evaluated using Eq. (D25). The Jacobian for the integration
of Eq. (D25) with respect to y¢c and zz is xpgxcp Y (25, ye)s
with T given in Eq. (D29). We then obtain

sgn[Y(z3, yE)XBXDBXCB]

|xBxCBxDC|

K(xp,xc,Xp;yp) = (D36)

If there is no solution, then the contribution is zero.
Figure 16 shows the solutions for the six possible
orderings of xp, xc, and xp for yp, < 0 and yp > 0. For
example, for the first entry, ABCD, which considers
X4 < Xg < Xc < Xp, there is a solution for yp > 0, but
there is no solution for y, < 0. This ordering, along with
ADCB therefore contributes with a plus sign. For ACBD
and ADBC, there is a solution for y, < 0, but no solution
for yp > 0, so that ordering contributes with a minus sign.
However, note that for those (and only those) contributions,
sgn[xppxcp] = —1, which cancels the minus sign. For

c ABDC\

B C B e
D A/B D C

Bf D D

A

c ACBD c ACDB\ ¢
Ae Ae
B C B B C B
B D BDcCA
D¢ D Bg D D
: : A

c ABCD

B B

¢ ADBC ¢ ADCB\ ¢

FIG. 16. Existence and nonexistence of solution to the
straight line condition in Eq. (D23). For a given ordering
abcd, the left-hand panel shows a solution (if it exists) with
yp < 0 and the right-hand panel shows a solution (if it exists)
with yp > 0. For instance, with abcd = ABCD, straight line
solutions are allowed only when y, > 0. This analysis leads us
from Eq. (D34) to Eq. (D37).

ABDC and ACDB, there is a solution for both y, > 0
and yp < 0, so those contributions cancel. In addition, for
each of the contributions, sgnY (zj, yg) = +1. The result
of this analysis is, therefore,

Ouscp +09acsp +0appc +0anca

I(xp,xc.xp) = . (D37)

|xBxCBxDC|

where 6., specifies the ordering x, < x, < x,. < x,.
We are now ready to perform the final integration over
Xp, Xc, and xp. It is simplest to define new variables that
for a given ordering describe the non-negative intervals
between consecutive x’s. For example, for 8,-p we define
Uy = Xpy = Xg, Uy = Xcp, and uz = xpc. This analysis

then gives
s duldl/lzdbl3
155ep = A Tunius (D38)
JBCD /°° duyduydus ’ (D39)
ACBD oo (uy + ua)un(uy + u3)
du,du,du
BCD 1772773 D40
ADBC A (uy + up)uz(uy 4 uz)’ (D40)
IBCD o / dulduzdu3 (D41)
APCE [0 (uy + uy + us)uzuy
Ifggc = IECDB =0. (D42)

To extract the leading logarithmic divergence of the
integrals, we cut off the integrals at large distance by the
system size L and at short distance by kz!. This leads to

1550 = et blog’ krL, (D43)
with
nggl) =1 C/IftC;LD)c =0
Cﬁlc)gc = 1/6, nglg‘B =1/3,
Cﬁgé?u =1/3, nggz; =0. (D44)

We now briefly mention the contributions from the other
three triple contact lines and conclude the analysis of
Eq. (D17). Since Eq. (D17) is symmetric under the
interchange of A and B, the contribution from the ACD
triple line will be

ACD ACD

Cgacp = 1. cgapc =0,

ACD ACD _

Cppac = 1/6, cgpea = 1/3,

ACD ACD

Cgeap = 1/3, cpepa = 0. (D45)
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For the ABC triple line, the area elements dS, g ¢
will all lie in the plane perpendicular to mygc, so
dS, - (dSg x dS¢) = 0. Thus,

ABC __
CDbed = 0.

(D46)

Finally, for I 45p, rc, which will be at the end of the line,
will have an unconstrained integral over the directions
perpendicular to mypp. Because of the derivative Vi,
this will involve an unconstrained integral over the deriva-
tive of a 0 function and will therefore also vanish. We
conclude that

ABD 0

CChed = (D47)

This completes the evaluation of all of the triple contact line
entries in Table L.

b. Contribution from double contact planes

Here we evaluate Eq. (D17) when rj and one other of
rypc is in a double contact plane. To be specific, we
consider the ordering abcd = ABCD, in the CD contact
plane, as shown in Fig. 17. This will give us the coefficient
c{P-p in Table I. The other possible orderings will be
discussed at the end.

We choose a coordinate system in which the CD plane is
in the plane z =0, and the x axis points along the
AB-CD line. Then we can parametrize the points on the
boundary as

Ty = X4X 4+ ya(za)y + 242
rp = xp(yp. 2)X + ygI + 252,
re = xcx +ycd,

rp = xpX + ypJ, (D43)

C/D

FIG. 17. Coordinate system for calculating the contribution to /
when r, g cp form a straight line on the CD double contact
plane, where points are ordered as ABCD. The origin is set at the
point where the three rays (separating different regions) meet, and
the CD plane is at z = 0.

where each surface is parametrized in terms of two
coordinates, and y,(x,) and xp(yp,zp) depend on the
contact angles. Here we have used the fact that when
xp < 0 (so that r4 and rp are both on the AB—CD line), the
area element dS, - (dSp x dS.) will vanish. This allows us
to consider yp to be the independent variable that is subject
to the constraint yz < 0. This defines the boundary of the
integration domain at the AB—CD line. The other boundary,
near the BCD triple contact line, is set by the analysis in the
previous section: we require that rp be further than ¢ from
the BCD line. Note that due to the straight line condition,
the integrand will vanish at the boundaries of the r.
integral, so the x. and y. integrals will be unconstrained.
The perpendicular area elements are

dS, = —dx,dz, (5’ - EOYA/f)ZA),
dSp = dygdzp (55 — Yoxg/dyp — 20}53/013)’
dSC = —dxcdycf,

dSD = dXDdyDﬁ. (D49)
It can be observed that dS,-(dSpxdSc) =
—dxpdzadypdzgdxcdyc is independent of the contact
angles. In addition,

(dSD X l'BA) . VC = dzrﬁréA X VC, (DSO)
where r3, gives the components of rz — r4 in the xy plane,
d*r} = dxpdyy, and the right-hand side uses the scalar 2D

cross product.
The 6 functions in Eq. (D17) are

5i(rBA XTcy) = 5(1'1le X réA)(S(ZBA rea+2arpa),

&1 (pa X Tpa) =8(rgy X15,)8(2paTpa +2a78a),  (D51)
where 74 = |r5,].

We now combine Eqs. (D17) and (D48)—(D51). The
functions involving z4 5 fix z4 = zg = 0 with Jacobian
rga(rca — rpa)- Integrating z, and zp leads to an integral in
the xy plane:

i
rz, X Ve
= / dy dxgd®ridirs—BA— "C
o |7Ba(rea = pa)
X 8(rgy X 154)8(Tgy X T54). (D52)
It is useful to consider the integrals in polar coordinates
with origin rz. Let

r{ =rp + rep(cosOcp, sinOcp), (D53)
ré = l‘é‘ + rCB(COS HDB, sin QDB), (D54)
vz, = (x4, yp) = rpa(cos Opa, sin Opy). (D55)
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The integration limit defined by the AB—CD line boundary
will be 8,5 < 0. The integration limit for the BCD line
boundary will be 8y > 0y = Opcp + €/rpg, Where Opcp
is the angle of the BCD contact line relative to the x axis.
Because of the straight line condition, 6.5 will be
unconstrained.

In terms of these variables, Iy, X rg, =gy X Iy =
rpatcs sin(Ocs — Opa), and Ty x Ve = (rpa/rcp)9/00cs
(plus a term that vanishes for 8.5 = 03,). The integral
then becomes

IS8ep = 1,1, (D56)
with
© © 1
Ir = drBAdrCB erB (D57)
0 rep rgarcslrcs = rpsl

and

o0 0
10:/ dgCB/ dQDB

X /9 deBAy(HCB - GBA)5<9DB - 6719/4)- (D58)
0

I, will involve a log® A divergence. However, due to the
unconstrained integral over O¢5 of §'(0cg — Og4), 1y Will
vanish. We conclude that ¢§5,, = 0.

A similar analysis can be applied to all of the possible
orderings abcd, on planes ab, bc, and cd. There are several
cases, so we will not repeat the details. However, in some
cases, the analog of 1, does not vanish. For example, we
find 182, = I,1,, with

o oo 1
Ir = drBAdrAC erA
0 raA ”BArAC|”DA - "BA|

and

0 [
I, =/ 05 / O
—o0 6

x / 038 (Orc — 054)5(0ps — Ogs).  (D6O)

(D59)

where 6, < 0. Note that in this case Iy =1 and I, =
log? kgL [where we cut off the logarithmic divergence
in the same manner as Eq. (D43)]. We conclude that
céagp = 1.

Applying this type of analysis to all cases, we find that
the nonzero entries to Table I are

BD  _
Cappc =1

CIéADDB =1/2,

ngBD =2/3,

BD  _
ccapp = 1,
CCBDA =1/3,

CACDB =2/3, (Dé1)

along with similar terms found by interchanging A and B:

AD
Cgapc =1

CCBDA =1/2,

Cg’lC)AD = 2/3’

AD
ccpap = L.

CCADB =1/3,

C5epa = 2/3. (D62)

This completes the analysis of the contributions to / from
the double contact planes.

APPENDIX E: OPTIMIZING THE FITTING
ANALYSIS

In Sec. IV B we presented a quadratic-fitting analysis for
extracting the coefficient of log? L in the finite-size scaling

of 7 3Q (L). For tight-binding models on both the triangular
and square lattices, with one electronlike or one holelike
Fermi surface, we have found y =~ +1 as the best-fit value
with roughly 5% deviation from the true yr. The uncer-
tainty of fitting has been tamed to about 10%. Such results
have been consistently obtained when the size of Fermi
sea is varied (see Fig. 5), as well as when the interval of
log L (in which the fitting is performed) is varied. To obtain
this kind of numerical stability, we have adopted two
approaches to optimize the dataset.

The first approach is to drop the outliers. When we do a
very dense sampling of system size L, we observe that

I3Q (L) contains drastic jumps above a smoothly varying
background; see Fig. 18 for an example on the triangular
lattice. These jumps happen only at very specific L’s, and

Triangular lattice

(a)

2.6

2.4
S 2.2
N

2.0

1.8

+

(t1,t2, Bp) =

(1,0,

2.4)

30

40

50

60

70

0.4

o
o
Commensurability

o

o
5}

FIG. 18. Outliers due to the hard-wall boundary condition.
Panel (a) shows an example of how Z g (green diamond) increases
with L for the densest sampling (AL = 1). There is a smooth
background, comparable to our scaling prediction, together with
outliers appearing periodically. The outliers are related to
electrons on the Fermi surface bouncing back and forth between
the open boundary, as shown in (b), forming standing wave when
the condition in Eq. (E1) is satisfied [see the dashed line in (a),
and discussion in the text]. We conjecture that these nonlocal
states enhance the entanglement and cause the jumps seen in (a).
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can be predicted from the following commensurability
condition:

V3Lkp =zN (N € Z). (E1)

Semiclassically, this condition is satisfied when electrons
on the Fermi surface (with wavelength Ap = 2x/kf)
bounce between the open boundaries of our hexagonal

system (separated by v/3L) to form an extended standing
wave. The nonlocal nature of these states seems to enhance
the entanglement and leads to the jumps observed in
Fig. 18(a). In Fig. 18, we have also plotted the quantity
|V3Lkp/m — |\/3Lkp/7 +0.5| as a function of L. As
shown, around places where this quantity is minimized,
i.e., the commensurability condition is approximately

satisfied, outliers appear in 7 3Q (L). As L increases toward
the thermodynamic limit, we expect these jumps of the
outliers to become less significant, since any effects from
the boundary should become insignificant as compared to
the bulk in this limit. We thus decide to drop these outliers
in the fitting analysis, and compare our theoretic prediction
only to the smooth background obtained in the simulation.

Such finite-size noise also appears in the case of square
lattice. However, the situation there is slightly worse, as
illustrated in Fig. 19. Our triparition scheme in Fig. 4(b)
dictates that region C is smaller in size relative to regions A
and B. Note also that, for the case of square lattice, while
the linear system size is L, the size of the triple contact is
only L/2. The simulation for the square lattice thus suffers
more finite-size noise. Again, we want to compare
our theoretical prediction with the smooth background in
the simulation, which is believed to continue into the

Square lattice

¢ (7t Er)=(1,1,2.4)

—2.21 N

2.4 X
2.4 '.00.’

-2.6+— T T T T T
20 40 60 80 100 120

FIG.19. T g (L) in the small L regime with the densest sampling
(AL = 1), for the case of square lattice with one holelike Fermi
surface. Aside from the outliers caused by the boundary effect,
there exists additional finite-size noise, presumably caused by the
asymmetric tripartition. We try to reduce such noise in our fitting
analysis by averaging data points among neighboring L’s.

thermodynamic limit. Therefore, we want to reduce the
finite-size noise by an averaging procedure, namely, taking

9() =5 [T - 1)+ T80 + T9L +1)]  (E2)

to be the fitting data. The fitting results (for square lattice)
presented in Sec. IV B are obtained after we have treated the
raw data in this way. The best-fit value is then numerically
stable when the fitting interval is varied, with fitting
uncertainty restricted to about 10%, and the inferred yp
matches reasonably well with the predicted quantized value.
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