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Finite Speed of Quantum Information in Models of Interacting Bosons at Finite Density
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We prove that quantum information propagates with a finite velocity in any model of interacting bosons

whose (possibly time-dependent) Hamiltonian contains spatially local single-boson hopping terms along

with arbitrary local density-dependent interactions. More precisely, with the density matrix p « exp[—uN]
(with N the total boson number), ensemble-averaged correlators of the form ([Ag, B,(¢)]), along with out-
of-time-ordered correlators, must vanish as the distance r between two local operators grows, unless

t > r/v for some finite speed v. In one-dimensional models, we give a useful extension of this result that

demonstrates the smallness of all matrix elements of the commutator [Ag, B,(#)] between finite-density

states if ¢/r is sufficiently small. Our bounds are relevant for physically realistic initial conditions in

experimentally realized models of interacting bosons. In particular, we prove that v can scale no faster than

linear in number density in the Bose-Hubbard model: This scaling matches previous results in the high-

density limit. The quantum-walk formalism underlying our proof provides an alternative method for

bounding quantum dynamics in models with unbounded operators and infinite-dimensional Hilbert spaces,
where Lieb-Robinson bounds have been notoriously challenging to prove.

DOI: 10.1103/PhysRevX.12.021039

I. INTRODUCTION

In Einstein’s theory of relativity, information cannot
travel faster than the speed of light, c. However, there can
also be emergent speed limits (such as the speed of sound,
which controls auditory signaling), which are much slower
than c. In quantum mechanical systems, it was first proved
by Lieb and Robinson [1] that there is a finite speed
of quantum information in local lattice models with
finite-dimensional Hilbert spaces (on any given site).
Analogously to the relativistic setting, it is said that these
local lattice models have a “Lieb-Robinson light cone’:
Information propagates with a finite velocity v, and signals
cannot be sent between “spacelike separated” qubits,
separated by a distance x > vt. Especially in recent years,
many authors have qualitatively improved upon the original
bounds of Lieb and Robinson, in local lattice models [2—-6],
in dissipative and nonunitary dynamics [7], in models with
power-law interactions [8—17], in all-to-all interacting
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models [18,19], in semiclassical spin models [6,20], and
even in microscopic toy models of quantum grav-
ity [21,22].

However, it has proven notoriously difficult to find
rigorous bounds on quantum dynamics in models with
infinite-dimensional Hilbert spaces. This is not a simple
mathematical curiosity, avoidable in any practical physical
setting: Any quantum mechanical system with conven-
tional bosonic degrees of freedom, such as photons or
phonons, has an infinite-dimensional Hilbert space arising
from the bosonic degrees of freedom. Indeed, a simple
model demonstrates that quantum information can propa-
gate arbitrarily fast in certain bosonic systems [23], so any
bound on dynamics must be restricted to special kinds
of bosonic models. Nevertheless, the model of Ref. [23]
is somewhat unusual: The “hopping terms” in the
Hamiltonian can annihilate or create two bosons, rather
than moving a single boson from one site to another. Could
it be the case that in more physically relevant bosonic
models, there is a finite speed of information?

While initial progress towards answering this question
(ideally in the affirmative) was restricted to the analysis of
systems with interacting bosons with bounded interactions
[24], or to classical models [25], more recent work has been
able to bound special classes of commutators in interacting
models, which have boson-spin interactions [26] of a very
special kind, relevant to cavity quantum electrodynamics

Published by the American Physical Society
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[27] or trapped ion crystals [28]. Attempts to derive a finite
velocity on information propagation have also been suc-
cessfully made when restricting to states with a finite
number of fotal bosons [29] (yet vanishing boson density in
the thermodynamic limit). In macroscopic quantum states
with sufficiently low number density of bosons, a recently
derived bound shows that the shortest time ¢ in which
information can propagate a distance r is t ~ r/ log? r [30]
in models where the interactions are density dependent.
The result of Ref. [30], which is relevant to most physically
realized models of interacting boson models, roughly
suggests that the velocity of information grows with time
as v < log? . This is almost—though not quite—a “linear
light cone” in the same spirit as the Lieb-Robinson bounds
on local spin chains.

Despite the very long-standing theoretical challenge in
establishing the finiteness of the speed of information
rigorously in a model of interacting bosons, more practical
work seems to clearly confirm that physically relevant
Bose gases have a linear light cone—namely, a finite
velocity with which quantum correlations and information
can spread. In fact, the first crisp experimental observation
of a finite velocity of quantum correlations took place in
an experiment on one-dimensional ultracold Bose
gases [31]. Indeed, many authors [32-37] have observed
strict light cones in numerical simulations of these
Bose gases, but no rigorous results have been able to
generalize the mathematically precise Lieb-Robinson
bounds to interacting bosons. (Of course, because of
the challenge of proving a Lieb-Robinson bound for these
models, one may not know with mathematical certainty
that these simulations are guaranteed to have control-
lable error.)

This paper closes the long-standing gap between experi-
ment and simulation on the one hand, and mathematical
physics on the other. We prove that correlation functions of
interest in physical problems remain small outside of an
emergent light cone that propagates with a finite velocity in
“thermal” states with infinite temperature, but a finite
number density of bosons, in interacting boson models
with density-dependent interactions on any lattice or graph.
In one-dimensional models, we prove stronger results:
There is a finite velocity of quantum information in every
finite-density state or ensemble. As a consequence of
this stronger 1D result, we also prove that simulating
Bose-Hubbard-like models in 1D is not asymptotically
more difficult than simulating a 1D model with a finite-
dimensional Hilbert space. Similarly, like in models with
finite-dimensional Hilbert spaces [2,3,38], models with a
gapped ground state have correlation functions (in said
ground state) that exponentially decay with distance. These
results, along with the mathematical method we use to
prove them (which differs somewhat from Refs. [29,30]),
form the key results of this paper. A schematic depiction of
our results is provided in Fig. 1.
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FIG. 1. Schematic depiction of the linear light cone in a model
of interacting bosons with single-body hopping terms, as in
Eq. (2.1). A local perturbation at the origin (x = 0) can only
affect expectation values of observables at position x = r in a
grand-canonical, finite-density ensemble, after a time ¢ > r/v.
Our proof that the velocity v is finite represents the first rigorous
proof that quantum correlations and information must propagate
with bounded velocities in a broad family of interacting bosonic
models, including (but not limited to) the canonical Bose-
Hubbard model.

II. INTUITION BEHIND OUR RESULTS AND
METHODS

In this section, we present a nonrigorous overview of the
key results, along with the mathematical techniques we use
to prove them. The following sections contain the many
technical details outlined here.

While our formal results are actually rather broad in
scope, by far the most recognizable model to which they
apply is the canonical Bose-Hubbard model [39-43]. For
pedagogical purposes, let us focus here on the one-dimen-
sional version of this model, whose Hamiltonian is

H= )" (Jblbyyy +Jbl, b, + Uny(n, 1)),

X=—00

(2.1)

where bf( and b, are bosonic creation and annihilation
operators on site x,

n, = bib, (2.2)
is the boson number operator, and
[bxv b;] = 5xy- (23)

In Eq. (2.1), we further assumed that the model is one
dimensional with nearest-neighbor hopping terms.
Theorem 6.1 proves that in bosonic models like this—
independent of the spatial dimensionality or other details of
the lattice—"thermal” correlation functions in a finite-
density grand-canonical ensemble are superexponentially
small outside of a linear light cone, just as they are in local
spin chains. If Ay and B, represent two spatially local
operators separated by distance r, and O(t) = e!l'Qe=H
denotes Heisenberg time evolution of an operator,
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tr(e™V[B,(1), Ag)) < C(”_t> Clr' (2.4)

tr(e V) r

In this equation, ¢ and ¢’ are constants, » is an upper bound
on the “speed of quantum information,” and u represents a
chemical potential for the conserved number of bosons N
[44]. Note that v and ¢ can depend on y, and in our bound,
they can depend on the observables A and B as well (though
this may be an artifact of our bound and not a physical
effect). We emphasize that in this grand-canonical thermal
ensemble, the number of bosons, N, is macroscopically
large: Indeed, the average occupancy of bosons on a single
site is

= . (2.5)

1
n) =

Our bound, which proves that » is finite, holds for any
0 <pu < oo and thus any finite density 7. This result
provides a definitive negative answer to the question of
whether physically realistic, number-conserving models of
interacting bosons can propagate quantum correlations and
information infinitely fast in (typical) finite-density states,
and it settles a decades-old problem in mathematical
physics.

To motivate the form of Eq. (2.4), consider the following
scenario. We pick a random state at a given chemical
potential u (let us call it |w)) and then apply a local
perturbation to |y):

') = w) +ieAoly) + -, (2.6)
with A, a local operator. We take the parameter € to be
small and real, and A, to be Hermitian, for pedagogical
purposes here. How much might this perturbation affect an
observable B,., located a distance r away, by time ¢? This is
captured by

(' (1)|B,y' (1)) = (w'(0)[B,|w'(0))
= (p|(1 —ieA))e™ B,e (1 + ieAy)|w)
— (w|(1 —ieA))B, (1 + ieAg)ly) + - --
— (WI(B, (1) B, + i€lB, (1) B, AoDlw) + -

~ie(y|[B,(1). Aol lw). (2.7)
where in the last step we have assumed that (y|B,()|w) is
essentially time independent (thus all time dependence
arises entirely from our perturbation), and we have used the
fact that two operators that are spatially separated com-
mute: [B,, Ag] = 0. Under time evolution, B,(¢) becomes a
highly nonlocal operator, which can badly fail to commute
with Ay. Equation (2.4) shows that the time ¢ required for
this to happen is at least as large as r/wv, for some finite
velocity .

Let us now ascertain whether or not our bound has
optimal scaling. Assuming that operators A and B in
Eq. (2.4) are creation or annihilation operators (e.g., Ag =

bg and B, = b,, with r = a x x, where a represents the
physical spacing between lattice sites), we find

Ja

v < (496 + 3847) — (2.8)

Analytical and numerical studies of this particular model
[32-37] (albeit in studies of slightly different states or
ensembles) suggest that [33]

Ja

v (2+4R) 2, (2.9)

with this bound believed to be tight both when 77 <« 1 and
when 72 > 1. In the former limit, the tightness of Eq. (2.9)
is seen by noting that the bosonic problem is essentially
noninteracting and the maximal velocity set by the
dispersion relation of the hopping J terms is 2Ja/A. In
the latter limit, one can justify the scaling v ~ inJ by noting
that in a high-density state with strong interactions
U > Jn, the boson creation or annihilation operators scale
as b,b" ~\/fn. Comparing our bound in Eq. (2.8) to
Eq. (2.9), we see that it is around 2 orders of magnitude
too large but captures the right scaling of the density
dependence both at high and low density. Moreover, the
functional form of our bound (2.4) is easily seen to be
optimal by studying the hopping of even a single boson [5].
As a consequence, our bound might be quantitatively, but
not qualitatively, improved.

As promised above, Eq. (2.4) holds in far more
than simply the Bose-Hubbard model. We prove that
our linear-light-cone bound remains valid for arbitrary,
spatially local, density-dependent interactions, for time-
dependent Hamiltonians, and with single-boson hopping
terms on any mathematical graph (which, of course,
includes physical lattices in one, two, or three dimensions).

Let us briefly outline the steps required to obtain
Eq. (2.8), where they can be found in the paper, along
with our broad strategy of proof. In Sec. III, we formally
define the space of models that we study. In Sec. IV, we
define a normalizable “operator Hilbert space” for bosonic
systems, where the grand-canonical ensemble p ~e " is
built into a natural inner product on this operator Hilbert
space. To motivate this construction, we first observe that
time dependence in Eq. (2.4) is most naturally phrased in
the language of growing operators. This suggests that, as in
standard Lieb-Robinson approaches, it will be more natural
to think of Heisenberg operator dynamics rather than
Schrodinger state evolution. However, a key shortcoming
of studying operator dynamics—and indeed, the critical
challenge that has foiled prior attempts to derive bounds on
bosonic models—pertains to the natural operators of
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interest, such as b, and b;: (1) These operators are
infinite dimensional (since there are arbitrarily large
numbers of bosons that can exist on each site), and
(2) even more alarmingly, these operators are unbounded.
Mathematically, we write ||b,|| = co—the operator
norm of b, does not exist. Intuitively, this unboundedness
follows from the fact that, even for just one boson,
bln) = /nln—1), where |n),|n—1) are normalized:
The coefficient \/n can be arbitrarily large. To bound
dynamics, we need to demonstrate that these +/n factors
cannot contribute to “dangerously fast” Heisenberg dynam-
ics. Given that prior numerics have already suggested
v ~ i1, resolving this issue is not only technical but also
essential to understanding the physics of how locality might
even be possible in a bosonic model.

The way that we overcome this technical challenge is to
use the “many-body quantum-walk” formalism for operator
growth [13,19-21]. In this approach, we take the operator-
Hilbert-space intuition seriously and think about the
operator b (1) as a “quantum state” in some new
“Hilbert space.” Since this new vector space is our own
abstract construction, we choose it carefully; in particular,
we find it convenient to define the following inner product
between operators:

(A1B) = tr(y/pA" /B).

with p o exp[—uN] for 0 < g < co. The notation here is
inspired by Dirac’s bra-ket notation, but we use parentheses
to emphasize that this Hilbert space is not the physical one
but rather exists for operators. The key feature of Eq. (2.10)
is that states with a large number of bosons will have an
exponentially small inner product. Therefore, we expect
that the unboundedly fast quantum dynamics hinted at in
the previous paragraph will be so suppressed by /p that we
can prove exact bounds on operator dynamics using this
inner product.

To get further intuition for this idea, observe that, in the
operator quantum walk, we write [45]

b.(t) = Zci(f)bi + Zcij,k(t)bibjbz

ijk

(2.10)

+ > Cijan(t)bib bbbl + -
ijkim

(2.11)

The coefficients c;(t), ¢;; (1), etc., are the coefficients of a
quantum state, but the states such as b,-bjb,t are not

normalized in the inner product (2.10). In fact, we could
estimate that, e.g.,

b;b:bl|b;b:b}) ~ i3/
J7k ]k

This means that, as we adjust the thermodynamic density 7
of interest, the same Heisenberg operator b, (¢) will be

(2.12)

interpreted quite differently: When 7 > 1, long operator
strings will be more important than when 77 < 1. To get
very rough insight into how this can give rise to an
n-dependent velocity (2.9), imagine that

tm

b(t) ~ i—'bx

m=0""" =1

b bl ;. (2.13)

Since the length of each b, bt~ \/ﬁ we could estimate that
the dominant term in the series above arises when (77)" /n!
is maximal or when 7t ~ m. Since m corresponds to the
distance traveled, this would give us velocity v ~ 7.
In reality, the origin of Eq. (2.9) is a little more complicated
in the Bose-Hubbard model, but this simple argument
above illustrates how a quantum-walk formalism can
crisply capture 7i-dependent dynamics in an interacting
boson model.

To actually prove Eq. (2.9), note that nonvanishing
commutators in Eq. (2.4) can only arise from the spatial
growth of operators. Therefore, we can actually bound
Eq. (2.4) by carefully understanding how operator strings
of b and b' evolve using the quantum walk. To obtain exact
results, we bound the growth of operator strings by defining
well-chosen “superobservables” F on the operator Hilbert
space. In a nutshell, we choose

Fa Y i,

X=—00

(2.14)

where P, is a projection onto operator strings with at least
one b, or by; we then prove that (via Markov’s inequality)

if ([Ao(1). B.|[Ao(1).B.]) ~ 1. then (Ag(1)|F Ao (1)) Z ™.
(2.15)

The precise implementation of this idea is detailed
in Sec. V.
In Sec. VI, we then prove the linear light cone (2.4) by
showing that
(Ao(1)|F|Ao(1)) < e, (2.16)
for some finite constant k. This implies that the velocity in
Eq. (2.4) is

V<= (2.17)

> A

Intuitively, this is done by noting that with each step in
time, the locality in H means that F cannot increase too
much. A bit more precisely, we evaluate Eq. (2.16) in an
interaction picture where the hopping terms [/, in Eq. (2.1)]
in the Hamiltonian are treated as the perturbation, and the
interactions [U, in Eq. (2.1)] are the unperturbed terms.
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This unperturbed terms, because we use a basis for operator
Hilbert space where the U-terms almost do not contribute to
time dependence in (A((7)|F|Ay(¢)). And if only hopping
terms were present, a linear light cone would exist since the
problem would reduce to a single-particle system where
Lieb-Robinson bounds are well established. The large
majority of our proof of the linear light cone amounts to
characterizing the extent to which the interactions can
modify (Ag(7)|F|A¢(z)). The density-dependent inter-
actions cause the accumulation of many powers of b'h
in Eq. (2.11), albeit all on the same lattice site. Therefore, it
becomes critical to carefully resum these contributions.
Eventually, these effects lead to an enhancement in «, and
hence the velocity of the light cone, beyond what the
single-particle hopping terms alone could achieve.
Remarkably, Eq. (2.9) shows that this enhancement is a
physical effect.

The operator growth picture above immediately
leads to both bounds on ordinary correlators such as
tr(p[Ao(?), B,]) and bounds on out-of-time-ordered corre-
lators tr(/p[Ao(2). B,]\/pP[Ao(t), B,]): See Corollary 5.5.
Bounds on these correlators exist in any spatial dimension.
While our light cone is stronger than that in Ref. [30], our
bound does not (as of now) apply to correlators in the
thermal state p ~ e,

Our second main result is the proof of a much stricter
notion of light cone in one-dimensional models. Theorem
7.2 proves that all matrix elements of [A((7), B,| between
finite-density quantum states are bounded by a light cone of
the form (2.4). This means that not only a typical finite-
density state but a/l finite-density states obey a linear light
cone. Intuitively, the proof of this result is straightforward.
In a chain of length L, the number of finite-density states
scales as €°), In the worst-case scenario, a bound on
tr(\/p[Ao(1), BL]\/p[Ao(t). B.]) is large because of a single
matrix element where the commutator is large. Thus, any
density matrix p corresponding to a finite-density state
must have bounded entries:

tr(p[Ao(1). BL]) < (9" tr(y/plAo(1). BL]\/p[Ao(1). By])
O(1) - vr\ £

()

The superexponential decay of Eq. (2.4) with L is so strong
that it allows us to safely salvage our bound: The number-
of-states factor is fairly negligible. However, we also need
to modify the proof above to deal with the case where the
two operators A, and B, are separated by distances x < L;
given the picture of local operator growth sketched above,
we are able to obtain this result with a bit of further work.
We prove two important applications of this stronger
bound in 1D models. First, we bound the classical

computational complexity of simulating the Bose-
Hubbard model and prove in Sec. VIII that this task is

(2.18)

asymptotically no harder in one dimension than simulating
a local 1D spin chain. This demonstrates a simple and
practical application of our formal bound in condensed
matter and atomic physics. Second, we prove in Sec. IX
that in any 1D interacting Bose gas with time-independent
Hamiltonian and density-dependent interactions, correla-
tion functions in the ground state |E,) obey

(EolAoB,|Eo) — (EolAo|Eo)(Eo|B,|Eg) S e (2.19)
whenever there is a finite energy gap to the first excited
state. (Here, £ is a finite number, independent of r, and A
and B, denote two local operators separated by a distance
r.) The exponential decay with r in Eq. (2.19) is just as
strong as it is in local models. These two results rigorously
show that, at least in certain ways, models of interacting
bosons—despite their formally infinite-dimensional Hilbert
space—can share many of the same physical properties as
models of interacting spins or fermions.

The results highlighted above have many implications.
Here, we highlight a few interesting ones, spanning atomic
and condensed matter physics, together with quantum
information. (1) It is common when simulating a Bose-
Hubbard model to truncate the Hilbert space not allowing
for arbitrarily large boson number fluctuations on any
given site. Our rigorous results can formally justify such
assumptions; indeed, we describe strong bounds on the
computational complexity of classically simulating the
Bose-Hubbard model in one dimension in Sec. VIIL
(2) Section IX demonstrates that (at least in 1D) a simple
feature of a phase of matter—a gapped ground state—will
lead to a finite correlation length in correlation functions,
independently of whether the local Hilbert space is finite or
not. Indeed, one would not expect such a mathematical
detail to have a profound physical consequence, and our
methods lead to a first rigorous demonstration of this
expectation. (3) Our results demonstrate that it is not
feasible to use Bose gases to asymptotically improve on
the operating speed of a future quantum information
processor: Signals propagate at finite velocities in any
physically realizable finite-density state in one dimension
(or in a typical state in higher dimensions). Even though
interactions can become arbitrarily strong if one engineers
all of the bosons to clump together under the quantum
dynamics, our result proves that these enhanced inter-
actions cannot, in fact, form the basis for rapid spreading of
quantum information or correlations.

III. BOSONIC MODELS WITH NUMBER
CONSERVATION

Let us now provide technical definitions of the models
we study in this paper. Consider an undirected graph G =
(V, E) with vertex set V and edge set E consisting of pairs
of vertices. We do not require V or E to be finite sets, but
we will require that the degree of each vertex is
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deg(v) =|{e € E:vee}| <K (3.1)
for some finite number K; this simply means that each
vertex has a finite number of neighbors.

On each vertex, we place a single bosonic degree of
freedom, corresponding to an infinite-dimensional Hilbert

space spanned by the states |n), for n € Z,. The bosonic

raising operator b} and lowering operator b, on each site
are defined as usual:

byn), = Vn+1ln+1),, (3.2a)
bv|n>v = \/E|I’l - 1>1/" (32b)

The global Hilbert space H of the model contains all
normalizable wave functions written in a product basis

® |n),. Bosonic operators on different sites commute:
veV
[bw bu = 6ub (33)
The number operator
n,=bib, (3.4)

counts the number of bosons on vertex v.
In this paper, we bound quantum dynamics generated by
the time-dependent Hamiltonians of the generic form

> b+ >

{x.y}eE ScV:diam(S)<¢

H(t)= Us(nyes.t), (3.5)

with J,,(7) a Hermitian matrix (J,, = J,, with the overbar
denoting complex conjugation), and Ug(n,cg,t) an arbi-
trary polynomial potential in the density operators acting in
a given subset S C V with the property that all sites within S
are within a distance ¢ of each other. Here, the distance
between vertices # and v is defined in the Manhattan
sense—the minimal number of edges traversed to get from
one to the other. The dependence on ¢ in the Hamiltonian
does not need to be continuous.

The canonical example of such a model is the Bose-
Hubbard model [39], in which after an appropriate choice
of units for time,

ny(t) =1, (363)

Uggy(n,t) = Upn(n —1), (3.6b)
with U, > 0 a constant. However, in this paper, the only
requirement we impose is that
J(t) < 1. (3.7)
A key property of these models of interacting bosons is
as follows:

Proposition 3.1: (Number conservation) Let the total
number of bosons be

N:=>"bib,. (3.8)
xeV
Then,
[N,H(1)] = (3.9)

This well-known result will be at the heart of our
approach. In particular, we now describe a many-body
quantum-walk formalism, which allows us to cleanly
control the dynamics of “thermal” correlators in a finite-
chemical-potential grand-canonical ensemble.

IV. OPERATOR HILBERT SPACE FOR BOSONS
AT FINITE DENSITY

Following Ref. [45], we now describe a many-body
quantum-walk formalism for describing the growth of
operators and ultimately bounding thermal correlation
functions. (Another approach that derived state-dependent
commutator bounds can be found in Ref. [46].) We do so by
defining the inner product (2.10) on the Hilbert space
of operators, with p the (grand-canonical) thermal
density matrix at infinite temperature and finite chemical
potential u:

p=Q (1l —eH)ern.

veV

(4.1)

We assume 0 < u < oo. We use the notation |A), |B) for
operators to emphasize that the inner product space
structure is essential in the framework that follows.

If we were studying a single bosonic degree of freedom
(graph G has one vertex), a useful basis for operator Hilbert
space would correspond to {|n)(n'|:n,n' € Z5y}. The
Hilbert space of operators would consist of all states that
have finite length: If

0= c,uln)in (4.2)
n.n'=0
then
(O|0) = (1 —e™* Z e [P #t1)/2 < 0o, (4.3)
n.n'=0
We often use the notation
o= S o, 4.4)
nn .
VvV1i—e™*

The normalization constant is chosen so that these vectors
are orthonormal:
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(nin[nany) = 80,0, - (4.5)
Note that, in particular, the identity matrix
I := Z |n> <I’l| (46)
n=0

is a normalizable state; hence, it exists in the operator
Hilbert space, so long as u > O:

1) =V1=e#Y e/nn). (4.7)
n=0
We then define the projection superoperator
P|O) = [0) = (1|O)|I) (4.8)

(to project any operator off of the identity), the projection
operators

P = |nn')(nn'|, (4.9)

and the “identity superoperator”
=Y P, (4.10)

n,n'=0

Our choice of operator basis is a balancing act between
two ‘“‘competing interests.” On the one hand, since [
commutes with all operators, it is ideal to separate out
the identity, especially when bounding operator growth and
the spreading of quantum information. On the other hand,
an operator basis such as 1,b,b",bb, - - - turns out to be
quite unwieldy. Moreover, we see that the basis vectors
|nn") only pick up phases under time evolution under the
density-dependent interactions Ug; this property will be
particularly valuable in proving the light cone. Ultimately,
after some tinkering, we find that working in the |nn’)
operator basis, but projecting out the identity, is the most
effective strategy that we could find for describing growing
operators.

Now, let us explain the straightforward generalization of
this basis to a multisite problem (vertex set V now has more
than one element). We typically use subscripts to denote
that the objects defined above act on particular vertices: For
example, the projector off of operators that correspond to
the identity on vertex v is

P=P ® Q1.

xeV—v

(4.11)
other sites

Since p is a tensor product between vertices, the inner
product is well behaved. We find it useful to define the

projector onto operators that are not the identity on a subset
RCV:

Pre=1-JJ(1-P,). (4.12)
vER
We define the Liouvillian
L(t) = 1i[H(1), ] (4.13)

to be a superoperator (a linear transformation on the
Hilbert space of operators). The time-evolution automor-
phism on this operator Hilbert space is defined by the
equation

d
3 1A(0) = LOIAD). (4.14)

We now state a number of useful formal properties of £ and
of this inner product space.
Proposition 4.1: £() is anti-Hermitian: £ = —L, or
(A|L|B) = —(B|L|A) for any operators A and B.
Proof—This  result immediately follows
Proposition 3.1:

from

(A|L|B) = ur(\/pA" \/pi[H, B])
= tr(i[\/pA"\/p, HIB) =i x tr(B'[H, \/pA\/p])
= tr(-iB\/p[H,Al\/p), (4.15)

where the second and third equalities follow from the
cyclicity of the trace, and the fourth equality follows from
the fact that for any operator f(N), [H, f(N)] = 0. .

From this result, we immediately find the following
useful results:

Corollary 4.2: Let F be a superoperator. Then, the
expectation value of F in operator |A(f)) obeys the
following equation:

d

3 AWIFIAMD) = (ADIF. LO]IA(1).

(4.16)
Proof.—This follows from Eq. (4.14), and (by Proposition
A1) [L]A@®)]" = (AL = —(A(D)]L(D). .
Corollary 4.3: The length of states in operator Hilbert
space does not change with time:
(Ala) = (A()]A(1)). (4.17)
These three simple facts show us that it is possible to
study operator growth in this system by thinking about
|A(f)) as a normalizable quantum mechanical state in
operator Hilbert space, undergoing a quantum walk.
Indeed, physical operators of interest such as b, and bl
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are normalized states in operator Hilbert space at any
1 > 0: For example,

[Se]

b)) = Valn—=1){nl,

n=1

i n(l—e™*

n=1

Ye =/ n — 1,n),. (4.18)

V. BOUNDING CORRELATORS AND
COMMUTATORS

In this section, our main purpose is to explain why the
notion of normalizability in Eq. (4.18) is all that is required
to bound thermal correlators. We emphasize that it does not
matter that the conventional operator norm is unbounded.
In order to relate this quantum-walk formalism to the
questions most conventionally addressed in the literature, it
is useful to introduce some auxiliary superoperators. For
simplicity, we start by working in the Hilbert space of a
single boson—as above, it will be straightforward to
generalize using tensor products. Define the superoperator

[Se]

FP = Z max(n + . n' + p)f|nn’)(

n,n'=0

(5.1)

together with

FP = PFFP. (5.2)

The following technical proposition shows us the extent to
which projecting onto or off of the identity can modify the
operator weight in a given |nn’):

Proposition 5.1: On a single vertex, consider a normal-
izable operator

= i Oy |11 (5.3)
n.n'=0
obeying (O|O) = 1. Then,
[(nn|1 —P|O)| < V1 —e#e /2 = (nn|I),  (5.4a)
|(nn|P|O)| < |0, + V1 —e e/ (5.4b)
(I|FP)I) < (1 — )P, (5.4¢)
Proof—Observe that since (I|I) = 1

(nn|1 = P|O) = (nn|I)(I|0) < (nn|l)\/(I|I)(O]O)

= (nn|I). (5.5)

Equation (4.7) then gives us Eq. (5.4a), and Eq. (5.4b) then
follows from the triangle inequality. For Eq. (5.4c),

(I|FPII) = (1 —e*

Ze"‘” n—i—/;’

ﬁ/’ o (M P)! B\
<(1-e )ﬂ'ze nl _<1—e‘”>’

n=

The basic strategy for studying operator dynamics in the
quantum-walk formalism is to use Corollary 4.2 to effi-
ciently bound operator growth, by choosing a clever
superoperator JF# that can constrain the correlation
functions of interest. Because bosonic operators are
unbounded, some care is required in order to choose such
a superoperator. Luckily, the following proposition shows
us that 7 is sufficient to bound the operator length of
commutators:

Proposition 5.2: Let R C V, and define

O = [ (1) pi. (5.7)
XER
Then, if
p=3 0+ (5.82)
XER
Y = Z(nx - Cx)’ (Sgb)
XER

we have the inequality

([0.0][0.0]) < 88 Cosh%? <1 +ﬂ(1 _ﬁe_ﬂ)ﬂ>
x Y _(O1F%0).

XER

(5.9)

Proof.—To avoid unnecessary clutter, in what follows,
we typically drop the f superscript on F below. First,
observe that since operators supported on disjoint sets
commute, we may freely write

[0,0] = [P0, 0], (5.10)
with P defined in Eq. (4.12). Then, we apply the triangle
inequality:

(PO, O[[PrO,07) <2(0'(PrO)|0'(PRO))

F2((PRO)O|(PRO)O). (5.11)

The analysis of each term is similar, so we focus on the first
term. Writing out
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PrO = Oquln), (5.12)

where here and in the remainder of this paper, we use n as a
quick shorthand for “all possible |nn’), on all vertices v,”
and defining a,, and a/, to be “unit vectors” corresponding
to n, = 1 or nj, = 1, respectively (with all other compo-
nents zero), we see that

O'PRO = Z(Qne"”/ﬂn +g)

XH(meHW)

XER \j=

(5.13)

where

(5.14)

Note that terms where {, > n, are actually absent, because
there is a factor of 0 in the product above; thus, such terms
will not be counted anyway. Now, observe that

H(menﬁ)

XER

< [I(vmFm)etn < <ﬁ + Z”x) (5.15)

XER XER

Combining Egs. (5.13) and (5.15), we see that

(O’(PR )|O/ PO )< Z|O |2 —ﬂr/z(ﬂ+z )

XER

(5.16)

Now, we use a series of generally loose inequalities to
simplify even further and reduce this expectation value to
sums over (O|F,|O). First, we observe that

(54 X )

<Py (n.+p)

XER

< By max(n, + B, 0 + B).

XER

(5.17)

Second, let us observe that Pg|O) is not the same as P,|O),
and therefore, (O|PrF,Pr|O) # (O|F,|O). However, we
have the following proposition to address this issue (we
present a more general statement for later use).
Proposition 5.3: Suppose |O) = Pg|O), and let
|0) = P,Q|0) + ¢(1 - P,)Q|O), where ¢ € C, and the
superoperator Q =7, ® Q_, is trivial on v € R. Then,

(OIF,|0) =Y max(n+ p.n' + p) [Py |O)|I3

nn'

<(2-d-0)lQl?

o P
x| (O1F,|0) + el { == | (OIP&IO).
(5.18)
where we can further make the replacement
(OIPR|0) < Y (OIP,O) < Y (O|F,[0).  (5.19)
XER XER
Proof.—The triangle inequality implies that
IPEO)13 < (2 = 60-0) (1P} P,QIO)|13
+eP Py (1= P,)0lO)]3).  (5.20)
Using

1P P,QIO)|; = QP P,|O)|, < Q[P P, |O)],,
(5.21)

the first term on the right-hand side of
Eq. (5.20) after summing over n, n’ is bounded by
(2 =6.-0)||Q[]*(O|.F,|O). For the second term, we analo-
gously pull out the factor ||Q|| and then use Egs. (5.4c) and
(4.7). Suppose R = {x;:i =1,...,|R|}; then, Eq. (5.19)

comes from
IR| i—1
Pr=> P, JJ(1-P) (5.22)
i—1 J=1
and [[1 =P, [| < 1T <|[[F,]|. =

Combining Egs. (5.16) and (5.17) and Proposition 5.3
with ¢ = 1,Q = 7, we obtain

(O'(PrO)|O'(PrO))

<2ple —w/22[ O|F,|0)+ < _i_ﬂ)ﬁZ((’)I]-"le)]

XER YER

<2pPerr/? (1 —|—ﬂ<1 —ﬁe—l‘)ﬁ) > (0|F,|0).

VER

(5.23)

Bounding ((PzO)O'|(PrO)0’) requires analogous
steps but with 7/, replacing n, in the intermediate equalities,
and with a factor of e*’/? instead of e #/2:
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(PRO)O|(PrO)O)
§2ﬁﬂew/2(1~|—ﬁ< P >ﬂ>2((’)|fy|0). (5.24)

e H
1—e R

Combining Egs. (5.11) and (5.23), we obtain Eq. (5.9). m

We emphasize that, especially for # > 1, the coefficients
in Eq. (5.9) are not tight. Nevertheless, they are sufficient to
prove a linear light cone in bosonic models with super-
exponentially small tails, which is the main purpose of this
paper. Indeed, Proposition 5.2 is at the heart of our proof of
a linear light cone since we show how to use the quantum-
walk formalism to bound (O(7)|F,|O()). Note that
Proposition 5.2 does not restrict the form of O apart from
normalizability, and it easily generalizes to operators ¢’
beyond strings of b, b, as long as its expansion coefficients
on the basis |n)(n’| are bounded by a polynomial of n, n'.
The linear-light-cone result in the next section naturally
follows for such generalized operators.

Our next goal is to explain how Proposition 5.2 is also
strong enough to constrain physically relevant correlation
functions of interest. Usually, the physical operators A of
interest obey [A, N| = kA for some k € Z; this holds, for
example, if A is any product of creation and annihilation
operators. On such products (or sums thereof), our inner
product is easily related to more conventional thermal
expectation values:

Proposition 5.4: If

[A,N] = (k + K)A, (5.25a)
[B,N] = kB, (5.25b)

then for any 74,15 € R,
(A(12)|B(15)) = 6 0" /*tr(pA(1) B(15)).  (5.26)

Proof.—Using Proposition 3.1, and letting Uy be the
time-evolution operator for time 7z,

[N, B(15)] = [N, UpBU ] = UR[N, BJUy = —kB(ty).
(5.27)

In the last step, we used Eq. (5.25). For this reason, we can,
without loss of generality (and for ease of notation), set
tn =tg =0 since our results do not depend on time
evolution. Now, let |y;,) denote an eigenvector of N with
eigenvalue M, and consider that, because of Eq. (5.25),

NBlyy) = BN = O)lwy) = (M = B)Blyy).  (5.28)

More generally,

ATpBA/Blya) = AT VB 2y
= HM2AT /3B yy)

= e "M2ATBe*M=K)/2|y, ). (5.29)
Observe that this final state is an eigenvector of N
with eigenvalue M — k + (k + k') = M + k', analogously
to Eq. (5.28).

Now, if we wish to evaluate

C(AT B = S S AT VAB Al (530

M=0 lypy)

we observe that the trace can be evaluated as a sum over all
possible states with a fixed number of bosons M. Clearly,
this inner product can only be nonzero if k¥’ = 0. Moreover,
using Eq. (5.29), we can easily write
tr(AT\/pBy/p) = tr(ATBp)ett/?, (5.31)
which is equivalent to Eq. (5.26). [

Using the Cauchy-Schwarz inequality, we immediately
get the following corollary:

Corollary 5.5: Suppose that for any fixed € > 0, there
exists a velocity » such that for two vertices x,y € V
separated by distance r, for 1t < r/wv,

(0.).0)[0.(0).0) se. (532)
Then, there also exist constants € and ¢” such that the
following inequalities hold:

wr(p0,(1). O))) < €, (5.33a)

tr(p[O (1), (’);]*[C’)x(t),(’)’y]) <€ (5.33b)
Therefore, there is also a finite velocity » at which
correlations spread in ordinary thermal correlators.

VI. LINEAR LIGHT CONE

We are now ready to state our main result, which
amounts to the rigorous statement and proof of Eq. (2.4).

Theorem 6.1: (Finite speed of correlations). Let O
denote an operator with initial support on the subset
R C V:namely, (1 — Pg)|O) = |O). Let operator O’ have
support in subset S C V. Suppose that for all vertices u € R
and v € S, dist(u, v) > r; we denote this by dist(R, S) = r.
Then,

(00). O1[[0(). O)) < € x (i) TR 6

r

for v|t| < r, where
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C = 16p° cosh% <1 +ﬂ<l _ﬂe_#>ﬂ)

< [Sowtio)+ (25 ) ki + v hoio)]

XER

(6.2)

R, ={xeV:dist(x,R) <¢}, p and y are defined in
Proposition 5.2 based on the properties of (', time
evolution is generated by a Hamiltonian H(¢) obeying
the constraints described in Sec. III, and the velocity

8K (31+24u7") p=1,¢=0
v < KB (1+2u 1! p>1,=0
2/1+10(2l+ 1)K3f+2ﬁ2/}(1 +2,U_1 )2/} £>0.
(6.3)
Proof.—The proof of this result follows the general
strategy of previous quantum-walk-based proofs on quan-

tum information dynamics (e.g., Refs. [13,19,21]). We
show that

(O] F:[O(1)) < Ci(1) (6.4)

for each vertex x € V, where the functions C, () obey the
differential equations

dc,
as 2

u€eV :dist(u,v)<1+¢

M, (1)C (1) (6.5)

subject to appropriate initial conditions on C, (), which we
will explain shortly. Finding bounds on the coefficients
M,,(t) is somewhat tedious and will take up much of the
proof of this overall theorem. Once we have a bound on
M, (1), we integrate this differential equation to find a
bound on (O(r)|F,|O(r)). Proposition 5.2 then completes
the proof.

Let us now carry out these steps. The first step is to
provide a useful definition for C,(¢). In order to prove this
result, we use an interaction picture similar to Ref. [30]. Let
us denote with £; and L, the Liouvillians corresponding to
the J and U terms in the Hamiltonian, respectively. Letting
T denote the time-ordering operator, we define

Ly(t)y =i[H,;(t)y,], (6.6)

where

H,(1)y = T exp [ A ’dz/cU(ﬂ)]H,(t) (6.7)

is the interaction-picture hopping term.

The key observation is that U is a sum of mutually
commuting operators, which means that we may write

T exp [ /0 tdt’LU(ﬂ)} ~[7ex [ /0 'dﬂcw(ﬂ)}, (6.8)

Scv

where Ly g = i[Us. -|; the ordering of the product above
does not matter. So, this means that

Hju(t)y = H

S:{uv}nS#@

T exp { A tdz/au,s(ﬂ)]ﬂm(t).
(6.9)

Observe that this operator is the identity on any site that is
farther than £ 4 1 sites away from either u or ». Let us
denote

B,, = {y € V: min(dist(y, u),dist(y,v)) < ¢}.  (6.10)

Then, letting ng ~denote only the occupation numbers for
sites in B,,, we may write

H.I,Lw(t)U = IBL,;U ® JM(I)Z V nv(nu + 1)

N5,
x |n5m: +a, - av><n6m,| x elfns,,0) + H.c.

(6.11)

To derive this result, we have used the fact that the
interactions Hy are diagonal in the occupation number
basis and hence only contribute an overall phase to the
operator:

o(n, 1) = /0 "4Um+a,—a, ) —Um O (6.12)

In this equation, we use the diagonal elements of the
operators U, using the expected notation. The key obser-
vation about Eq. (6.11) is that the operators are almost the
same as single-boson hopping operators, except for the
possibility of an arbitrary phase factor. However, this phase
factor will be mild and possible to account for in what
follows.
Next, we write

0(1)) = T exp [ / 'dm,(ﬂ)u] < Texp [ A 'dt'cU(t')] 0)

0
=Texp| [0z, lo,)
=UD]O1),), (6.13)

and observe that
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(OOIF|O(1) = (OO y U(1) F.U[0)|O(t)y)-
We then choose our initial conditions C,(0) such that

C+(0) 2 (O(1)y|F<[O(t) ).

and we choose M, () such that

(6.14)

for any ¢, (6.15)

(Ol[F . £4(1)y]|0) <Y M (1)(OIF,|O), for all |0).

yev
(6.16)
If we can achieve Egs. (6.15) and (6.16), then we will
obtain Egs. (6.4) and (6.5). We obtain each of these two
desired results in turn.

Lemma 6.2: Suppose the operator |O) is supported in
an initial set R: If R® denotes the complement of R, then

0) = (1-Pg)[0).
Then, Eq. (6.4) holds if we choose

(6.17)

2pP(1—e )P +2(O|F,|O) xeR

C.(0)=<¢ 4p/(1l—e)F 0 <dist(x,R)<?
0 otherwise.
(6.18)
Proof.—We begin by writing the operator
0)= (X oume) @ @i (619
YERS®
62 + 48u~"!

Muv(t) < 5dist(u,17)§2f+1

and
(62 + 485K £=0p=1
M, (1) €4 3B (14200 VK £=0.5> 1
2ﬂ+8ﬂ2ﬂ(1 4 2”—1)2,5[(1-&-1 Z> 0.
(6.23)

Proof.—The proof of this result is somewhat tedious, and
the reader may wish to skim or skip this part (or only read a
subset to get the general idea). In a nutshell, we simply need
to expand out

23(28)41 (1 + 2u7 "y
P8R (1 4 2u~ )P KT

Because of Eq. (6.8), |O(t),,) remains as the identity / on x
for dist(x,R) > ¢; thus, C,(0) =0 in this case. For
dist(x, R) < Z, using Proposition 5.1 and the fact that
the interaction does not grow “size” n, n’, we have

1P PO(1)0)13
< (IPE 10yl + V1T —eFe /25,1 O]|,)*

<2|Py|O)II3 +2(1 — e#)e™6,,(0]0).  (6.20)

Then,

Oyl F«O)y)
= (O(0)y|PF.P|O(1) )

[&9)

= Z max(n + f,n' + B)P||P'P,|O(1) )3

n,n'=0

<2(O[F,|0) +2(0]0) Y “(n+py(1—eH)e
n=0

2(O|F,|O) + 2<1 —ﬂe‘”> (0|0), (6.21)

where for 0 < dist(x, R) < Z, we can further simplify using
(O|F,|O) = (I|F|I) and Eq. (5.4c). =
The next step is to derive Eq. (6.16), which we achieve
using the following lemma:
Lemma 6.3: Equation (6.16) holds with

£=0,p=1
£=0,p>1, (u#v) (6.22)
>0

[
(OllF:. L,(1)y]|O)
= (O|[PF. P, L;(1)y]|O)
= (OIP[F., L, (1)y]P:|O) + (O|[P:, £,(1)y]F.P:|O)
+ (OIP F. [P, £,(1)y]|0)
= (OIP_[F, £;(1)y]P:|O) + 2(OIP-F. [P, L;(1)y]|O).
(6.24)

The third line follows from Proposition 4.1 and from the
Hermiticity of superoperators F, and PP,. In what follows,
to avoid clutter, we simply write £, = L;,,(f), and
L; = L;(t),. Since P, is a projector, we have
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[Pz’ ‘CJ] = [lpz’ ‘Cuv]
uveE dist(z,{u,v})<¢
- Z [‘sz(l -

uveE dist(z,{u,v})<t

PZ) - (1 - PZ)‘CIM]

(6.25)
So, ultimately, we need to evaluate
(OH}—Z’ﬁuv”O) = (O|P2[Fz’£uv][pz|o)
+ 2<O|P1Fz£uv(1 - PZ)|O)
-2(0O|P,F.(1-P,)L,,|0). (6.26)

We call the terms above case 1, case 2, and case 3,
respectively, and evaluate each in turn. For cases 2 and
3, we also need to separately handle the possibility that
z € {u, v} (case A) or z & {u, v} (case B). In what follows,
we also use the notation

0;) = (1-P.)[0). (6.27a)

|0,) =P,|0). (6.27b)

Lastly, we use the fact that, since operators supported on
disjoint sets commute,

‘Cuv|o) = ‘CuvPBm,|O) = PBM‘CuvPBM|O)' (628)

However, to avoid clutter, we often do not bother to write
Pp,, explicitly, except where necessary or useful.

Case 1: Since L, only grows “size” n, n’ on site u, v,
we only need to consider the case z = u. First, rearrange the
projectors

(OIP,[Fy. £,,]P,|O) = (O|P,[F . L0y ]P,P, |O)
+(OIP,P,[F,, L,,]P,(1=P,)|O)
=(0|2-P,)P,[F,.L,]P,P,[O).
(6.29)

where we have used (1 —P,)L,,(1 —P,) = 0, along with
Fi=F .- At this point, it is most helpful to separate out

blbv and beu terms in H,, and handle them separately.
Indeed, let us define

L5,|0) =id,,(1)|bib,0), (6.30a)
L7 ,|0) = —iJ,,(1)|Oblb,), (6.30b)
so that we can split up
L,,Ps,10) = (L3 + Loy + L5, + L£3,)P5,,10). (6.31)

As all terms are analyzed in exactly the same way, with the
only differences being, e.g., that

Ly,n) =i/, (f))n +a, —a,), (6.32a)

L) = =i/, ()0 +a;, —a)),  (6.32b)

we just focus on the first one £, in all cases that follow.

Since the interaction terms in the Hamiltonian obey

Co@n) =12 ).

- (6.33)

with d6,,/dt a conveniently named constant prefactor, we
find that

[Fua ﬁ;‘l}”n) = iJuv(t) V (nu + 1)nvei(9n+a”_av_9n)

X 5”,4271i(f<nu)|n + a, — av)y (634)

< (n+ﬂ)ﬂ_1ﬁ[ 1+%>ﬂ— 1] <(e=1)pn+pyP!
(6.35)
Temporarily defining
([P, (1 - P,/2)|0)| = @y, (6.36a)
|(n|P,P,|O)] = pn. (6.36b)

we see that

H(Ol(z - PD)PM[FMVC;?)]PllPU'O)”
= 2(6_ 1>ﬁ2¢ﬂ<”u +ﬂ>ﬁ_l (”u + l)nv(pn-&-a“—al,

<2(e—= 1B _[(n, =14 + 851 (n,+ B |2

+ (nu +ﬂ)ﬁ(/’121+a“—a,
<2(e=1D[(1+84-1)(O|F,|O) + (O|F,|O)].  (6.37)
To obtain the second inequality above, we used the
following proposition:

Proposition 6.4: Let &,.&,, @, ¢ be positive real num-
bers and S be a positive integer. Then,

VEEE  ob < Eip? + Elp? + 85180, (6.38)
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Proof.—This inequality is trivial for f =1 or @p¢ = 0;
the other cases can be proven by taking the ratio of the two
sides of Eq. (6.38) and using

Pl e <g>ﬂ—l/2
@-1) ¢(2ﬁ—1)\/;+¢ 3

ZZ,BH @+ @ ]2/3—1@}1/2/3

pp(26=1)] @
» +¢2} 25— 14)] 1/26
28)7 . 6.39
=@ H e ® (639)
The first inequality comes from
(28— 1)a + b > 2B(a®~"b)"/?P, (6.40)

with (2 — 1)a and b the first two terms in the leftmost part
of Eq. (6.39). The second inequality in Eq. (6.39) comes
from replacing 2 — 1 < 2. Now, letting x = ¢/, we
observe that

|

1\ 26-171/28 1\ 1-1/8
{x(x—l——) } :(x2—|—1)1/2ﬂ(x+—) >1
x x

(6.41)

for any x > 0. Hence, we obtain Eq. (6.38). [

In the last line of Eq. (6.37), we use Proposition 5.3 with
¢ =0 and either Q =P, or @ = 1 — P, /2, both of which
obey ||@|| = 1. This completes case 1.

Case 2A: The remaining four cases all have a similar
flavor. The nontrivial aspect of these cases involves the
presence of a PL(1 —P) term, which will require some
special care: As in our proof of Proposition 5.3, the (1 — P)
projection onto the identity is actually responsible for the
fastest-growing terms in our bound as ¢ — 0. Assuming
z = u, and defining

(0P, |O)] = ¢n,

- Pv)”@u)| = l//n,uv

(6.422)
(1, @ n_|[P, + 5r50(1 (6.42b)

we find that

(Ol F L0 80 busay-a,Wn V1= /(n,+1)n
n

o(n,+14p)F

1
<> Syue 2 (n, +14p) {r/(l —e ) [(n, + ) 4 8por (ny + 1+ ) yr3, +5(nu +1 +ﬂ)”¢%+au_a,}

1 p+1
§ 2 § 2
< 27’] (ﬂ+ 1 _e_ﬂ/z) £ (nv +ﬂ)ﬂl//n,u +2’75/J’>1 ( _ﬂ/2>

In the first line, we have used Eq. (4.7) to show that

PO
(6.44)

Yn V1 —e e /2 > (0[P, + 8.0 (1 -

In the second line, we introduced an arbitrary new constant
0 <5 < oo, by noting that

V1—-etpy = (V1 —-eFy /n) x A

Vi

and using Proposition 6.4. In the third line, we used
Eq. (5.6) to explicitly evaluate the n, sums in the first
two terms, along with the inequality

(6.45)

(6.46)

nte bt < (%) (for all 0 < n < o),

in order to efficiently handle the extra factor of
e#u/2(n, + 1+ f) in the third term.

For the second term in the last line of Eq. (6.43), we can
easily see that [recall Eq. (6.28)]

p] <1+ﬂ+ )<0|fu|0>
(6.43)
ZWn (OPg, 10). (6.47)

To simplify the first term in Eq. (6.43), we use Proposition
53 with Q_, =1-P, and ¢ = d,-¢:

> (n,+ By

n_,

<20I7,10)+ 2000 (1L, ) (OPw,l0). (6.48)

Now, using 7 = 1/2 in Eq. (6.43), we conclude the analysis
of case 2A:

(OUFLLE]) s2(1+ﬂ+§) (O1F,10) + (O1F,|0)]

p1 \p+
+ (8p1+26750) (l—e‘/‘/2

x (O|Pg, |0). (6.49)
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Case 2B: Now, we turn to the case z # u, v, which B
contributes only when # > 0. Defining |(1, @ n_|O,)| =y __, (6.50Db)

|(n|P,|O)] = ¢y, (6.502)  we find that
|

|(@z|Fz‘C;v|@z)| < 5f>025n2n§<nz + ﬁ)ﬁ¢n+a"—av \/(nu + 1)]’17‘\/1 - e—#e—/mz/an_z

13}
f2>0 Z(Sn;née_#n‘./z(ﬂz +ﬂ)ﬂ[(nu + 1)¢121+au—a(; + (1 - e_ﬂ)n”y/%—:]
n

O 2\ % 1 —eH)\gf
< % [Z:(Zﬂ)/fo + <a> )(nu + D)dbasa,-a, + ;%nvwﬁz], (6.51)

In the second line, we used ab < %(a2 + bz); in the third line, we used Eq. (5.6), together with

<

(n; + B)YPernl? < 2P (BP + nf)em:/? < (2p)P (1 - (£>ﬂ> (6.52)

the last inequality follows from Eq. (6.46). Lastly, we used that, e.g., n, + 1 < (n, + f)” along with analogous
manipulations to Eq. (6.48) to see that

I , 2\# 5\
(©r£i100 <oralzpy (14 () ) (@70 + (125 (0P O)
2P B\
e g | OFF10) + (125 ) (O1Pw 0] (6.53)
[
Case 3A: Let z = u. Now, denote |(Iu ® n—ul[[pv + 5f>0(1 - Pﬂ)]FuléuN =W, (654b)
|(H|P”|O)| = n, (6543)

Since (1-P,)L,, =(1-P,)L,,P, (L,, will always
change either n, or n)), we may simply evaluate
|

|(@M|Fu(1 - Pu)£§v|©u)| < zénun’u V1-— e_ye_}m”/zl//n,u V nu(nv + 1)¢n+a,,—au
n

1
< Zgnun:(e—/mu/z B (1—e*)(n, + Dya_ + p (n, + l)qb%ﬂb_au]
n

1
<32+ Vi, + (01F,[0), (6.55)

—u

employing similar tricks to case 2B. For the first term, define Q@ = (1 — P,)F,,, and observe that

||@||=|<1—PM>FM||=||Fu|1u>||2=m—e-ﬂ\/Z(nw)zﬂe-ﬂ"s( % )”. (6.56)

1—e*

Similarly to Proposition 5.3,

Zl//rzl,u = Zl(lu ® n—u‘(l - [FDu>Fu[[FD1z + 5f>0(1 - Pv)”@u)|2

—uv —uv

<N =P)FP x (1) x [Py [P, + 6420(1 = P,)]|O,)I3- (6.57)
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Plugging Egs. (6.56) and (6.57) into Eq. (6.55), noting that (/|I) = 1, and using Proposition 5.3, we find

2 2 4 O|F,|0
S+ 0w, <a(1255) | 0710) + o0 (125 ) 0P )| + OTHD sy
Choosing
26 \7F
;7 - (1 _ e_”> ) (659)
we obtain
i e 25\ P
(@uIF,(1-P)L510,)] < (o) [(O1FI0) + (O1F[0) + 50 (L) (s, 10)|. (6:60)
I
Case 3B: The last case proceeds very similarly to case ~ and noting that analogous to Eq. (6.57),
3A. Defining
|(n|O)| = ¢n. (6.61a) <
;Wn, = an , (6.62)
|(Iz ®n_[|F |O,)| = Ya_.,
((n_|(1=P)|O)] =y _. (6.61b) e find that
|
|((7)Z|FZ(1 - Pz)£§v|o)| < 6K>OZ V1—e™ e_ImZ/Zl//n,Z V (nv + 1)’/Luganra,,—a“511:;1’Z
5f>0 —un, 2 2
(1 > ) DBl = 1)+ D 1)
5f>0 D2 2
2 1 —eH (nv + )l//n_Z + Znu¢n+a,,—au
<sro[- 2N 07 10) + @F0) 1 2(L N 0Py, 10)]. 663
- 1—e* 1 —e* ’ '

where we completed the square in the second line along
with using Eq. (6.62), evaluated the sum over n, in the third
line, and used Proposition 5.3 in the fourth line.

Combining the cases: Now, it simply remains to
combine all of our results: Eq. (6.37) for case 1,
Eq. (6.49) for case 2A, Eq. (6.53) for case 2B,
Eq. (6.60) for case 3A, and Eq. (6.63) for case 3B. We
use many elementary inequalities to try to simplify com-
plicated expressions, such as

1 <1+2
l—e 27 W

(6.64)
p+ 1 <2p, etc., along with the (quite loose) inequality
(5.19). When =0, we may simply replace
(O|Pg, |0) < (O|F,|O) + (O|F,|O). We then observe

|
that in the above calculation, it is this combination of
(O|F,|0) + (O|F,|O) that shows up everywhere. This
then implies that our bound on M, will be K times larger
than our bound on M,,, where we have used the fact that
(as defined above) no vertex in G has more than K adjacent
vertices. This leads us to the #Z =0 cases contained
in Eq. (6.22).

For simplicity, we go into less detail in the # > 0 cases.
First, let us simply use the crude fact above that

> (O1F.0).

)CEBIH)

(O1F.0), (O|F,]0). (0P, |0) <

(6.65)

It is then simply a matter of counting up every single
coefficient. Observe that for a given edge (uv) € E, we
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may induce a contribution to M, (¢) for x,y # u, v. The
following proposition bounds how often this can happen:

Proposition 6.5: Consider two vertices {x,y} C Vina
graph G = (V,E) with maximal degree K. Recall the
subsets B,, defined in Eq. (6.10) for each edge e € E.
Let the number of edges e for which {x,y} C B,, be
defined as V,,. Then,

ny = |{e €E: {.X, y} c Be}| < 6dist(x,y)$2f+le+l-
(6.66)

Proof—If £ =0, then N,, = 1: e = (xy) is required.
So Eqg. (6.66) is true but loose, in this case.

If £ >0, observe that we can (without much effort)
bound N, by simply finding the number of 53, containing
x. This is upper bounded by assuming that the graph G is a
K-regular tree: The reason for this is because if G contains
any cycles (loops), then it is possible that the following
count (based on the assumption of a tree) of the number of
edges e within a distance £ of x may double count edges.
On a K-regular tree, there are K neighbors u of the vertex x.
Each u has K —1 additional neighbors ', with
dist(«/, x) = 2. Continuing this process, we see that there
are K(K —1)™ edges that connect a vertex a distance m
from x to a vertex at distance m + 1. Then,

14
Z —1'"<K+ZK’" —-1) =

m=0 m=1

£+1
K?+,

(6.67)

which completes the proof. L]

Proposition 6.5 implies that for any pair of vertices x, y,
we may have contributions to M,, from up to N Ty
couplings in £;. So, summing up the total contribution
from a single coupling using Eq. (6.65), we arrive at the
¢ > 0 results in Eq. (6.22). n

The hard part of the proof is now complete. The last step
is rather standard: to solve the differential equations (6.5)
and bound the resulting C,(¢). We achieve this using
quantum-walk-inspired methods, following Ref. [19]:

Lemma 6.6: Given a graph G = (V,E) and real-
valued functions C, () on each vertex v, if the differential
inequalities

% <AMCMH+ D Bu()C.(1). (6.68)
u:dist(u,0)<2£+1
then, if
A1) <K**'B (6.692)
B.,(1) < B. (6.69b)

and the initial conditions are that (for subset R C V)
C,(0) =0 if v & R, then if dist(x,R) = r,

C,(1) < () e > C(0), ifvr<r, (6.70)
xER
where the velocity
v <426 + 1)K***1B. (6.71)
Proof.—Let 1 > 1 be a real number, and define
=) C, ()R, (6.72)

veV

Observe that, using Eq. (6.69),

dG

KMHBC, t
T Y|+

BCM (l‘):| ﬂdist(v,R)

veV

< K2f+lB(1

w:dist(u,v)<26+1

+ 224N G(1), (6.73)
where in the second equality we used AdSU(»R) <
JRHIHs(R) - along with the fact that the number of
vertices u within distance 2¢ + 1 of any given vertex must
be < K**!, analogously to Eq. (6.67). Therefore,

G(t) < G(0)exp [K¥*T'B(1 + ¥ 11,  (6.74)
In the spirit of Markov’s inequality, we thus find that if
r = dist(x, R),

C (1) <27"G(1)

SG(O)exp K2f+lB(l+ﬁ,2f+l)t —logl2zf’+1

20+1
(6.75)

We now choose
corresponds to

the optimal value of A, which

P24 — d . 6.76
(2¢ + )K" (6.76)

We then find that

r r
C:l(f) < G(0)exp {_ 20 +1 <1°g (27 + DK 1Bt

(26 + DK*Br 1)]

r

(6.77)

If the object in parentheses above is positive, then C, (1) is
superexponentially suppressed. It is straightforward to
numerically check that
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1
logx———1 >log;—c>0 (4 <x < ). (6.78)
X
Combining Egs. (6.77) and (6.78), and using
G(0) =) "C.(0). (6.79)

XER

we find that Eq. (6.70) holds for velocity v given
in Eq. (6.71). n
According to Lemma 6.2, G(0) in the previous proof is

6(0) =25 (01FI0) +2( 1L ) (R + D,

XER -

(6.80)

where R, = {x € V:dist(x, R) < £}. Then, Egs. (6.1) and
(6.3) immediately follow from combining Eq. (6.5) with
Proposition 5.2, and Lemmas 6.3 and 6.6. We have thus
proven the existence of a linear light cone in the grand-
canonical ensemble of interacting bosonic models. [

Note that in the case £ > 0, we actually know that
A, (1) < B as well, so the bound in Eq. (6.3) is expected to
be particularly weak in this case—however, as noted in the
Introduction, we believe that none of our O(1) coefficients
is particularly tight; the most important result in this
theorem (besides the fact that v is finite) is the scaling
of velocity when # = 0 and # = 1, which cannot qualita-
tively be improved any further.

On a nearest-neighbor d-dimensional cubic lattice, one
has K = 2d, and thus, in higher dimensions, our velocity
factor becomes larger. This effect is common to Lieb-
Robinson bounds [6], and it arises in such a cubic lattice
due to the fact that there are exponentially many paths one
can find between two widely separated points. There is a
contribution to our commutator bound and quantum walk
from operators growing along each path.

VII. ONE-DIMENSIONAL MODELS

One important limitation of Theorem 6.1 is that it
only holds for “thermal averages” in a particular infinite-
temperature grand-canonical ensemble. While such a result
is highly suggestive that a light cone exists in all finite-
density states, it does not represent a mathematically
rigorous proof. In this section, we show that in one-dimen-
sional models, we can come very close to proving a “worst-
case” Lieb-Robinson-style bound, which demonstrates a
finite velocity of quantum information in a// finite-density
states. Furthermore, we can remove the f# dependence of the
information speed so that all physical processes are bounded
by one speed, regardless of what operator is used to probe the
system.

In order to do this, we first introduce some notation. Let
V={i:i=-L,—L+1,...,L} denote sites in a 1D chain,
labeled by integers. Define Q, (x > 0) to project onto

operators acting nontrivially on the set {x, —x} but which
acts trivially on any site farther from the origin i = 0:

Q, =Py o]0 -P)(1-P_,).

y>x

(7.1)

Immediately, we notice the following useful result:
Proposition 7.1: If Qy|O) = |O), then

vt r/(21+1)
©WI0100) < ©0IF;om) <c (%)™,

(7.2)
with

=0

8K (31 +24u7") 73
¢ > 0. '

211(21+1)K3f+2(1+2ﬂ—1)2

Proof-—Since || 1 -P;|| =1, we see that (O(1)|Q,|O(r)) <
(O(1)|Py,,-,1O(t)). To bound this latter inner product, we
use Lemma 6.6. This shows us that Eq. (7.2) holds; moreover,
v can be evaluated at # = 1, which leads to Eq. (7.3). =

Using this proposition, we can then prove the following
theorem:

Theorem 7.2: Let R={ieV:r<i<r,}, where
ry —r=0(1). Define O, B,y as in Egs. (5.7) and (5.8).
If there are some y, 8, K, > 0 such that the state p satisfies

tr(\/pAT\/PA) <Ko tr(\/p, AT /pA). VA=A, ®I.,
(7.4)

(i.e., A is nonidentity only within sites {—x, ..., x}), then
we have the inequality

([0(). 010, ),
= tr(\/AlO0). O /IO O)

8144, 1\ r/(21+1)
<c, <(2¢9) v t> ,
r

(7.5)
for r > (20)8**/'t. Here, v/ = (1 +¢€)v,, where v, is
given in Eq. (7.3) and ¢ is arbitrarily small but finite. The
constants 0 < Cq, e < oo are independent of r.

Proof.—We prove this result in two steps: First, we
analyze inner products of the form (OO’|0O0’) without
relying on an F-ansatz (as we did in the previous sections);
then, we show how to use Eq. (7.4) in order to
obtain Eq. (7.5).

Let us begin with our first step. In what follows, we
denote O(t) by O. Since, obviously, [O(t), O] = 0 if O(r)
has no support in the set R, we can always project O(¢) onto
operators that have support in set R. It is convenient to do
this using the Py operator introduced above—but with an
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inner product evaluated at u/2 instead. (We will point out
later where this “trick” becomes useful.) Using the Cauchy-
Schwarz inequality, we find that

([0.01][0.01), < 2(O (P 0)|0'(PY0)),

+2((PY20)0|(PY*0)O'),.  (7.6)

/N)’
where IP’IQ/ % is the projection operator defined via the inner
product p,, /». In the rest of this proof, we neglect to write the
superscript /2 in Pp.

It is useful to expand out PO a bit more explicitly. We
write

L
PrO=0g + > O, (7.7)
x=r,+1
where
0, =Q,P0 = Z@x,nn"n><n/| ® L.y, (7'83)
L ~
Ocp :=Pr0O - Z O, = Z(’)s)m/ln)(n/\ ® L,
y=x+1 n,n’
(7.8b)

where n,n’ above only run over sites {—x,...,x},
n={n_n", .. nn.} and |n)(n'| is shorthand for
|n_y---n)(n_,---nl|. Here, we are temporarily using
the “bare” operator basis |n)(n’|, whose coefficient is O,
(this is not the same as our previously introduced Op).

Observe that from Eq. (7.2),

tr(\/pﬂ/ZO;\/pﬂ/ZOx)
— Z |@X,H|ZH<1 _ e_ﬂ/2>e_ﬂ(ni+n:)/4

nenc, li|l<x

x/(204+1)
< c(”—[> ,
X

(P2 Oker/PuiOs)
= Z |OSx,n|2H(1 — e_l‘/Q)e—u(n,»+n;)/4

neng, li|l<x

<©ordom () @0

Now, let us analyze what multiplication by @ does.
Similar to our discussion in the proof of Proposition 5.2
(and using similar notation), we observe that

00, = > Oncaln+g)(n| L.

neng,

(7.11)

where, using Eq. (5.15),

B2
o< s (54 )

(7.12)

An analogous calculation to what follows holds
for 0,0, as well as for O'O.,, so we only show
the case O'O, explicitly. Using the inner product induced

by p,,

(00,|00,),= > |O,ul*c2(n]\/pIn)(n+g|\/pIn+g)
neng,
— Z |(7)x,n|20 —W/ZH (1—e* —/Ht+n)/ )
nen, li|<x
(7.13)

At this point, we have two factors—@x’n and c,—that
must be bounded. First, we use Eqgs. (6.46) and (7.12) to
show that

& e

li|l<x

p
<eﬂﬁ/4<4ﬁ> =C,.  (7.14)
eu

Then, we can use Egs. (7.8) and (7.14) to show that

(O/OX|O/OX)/4 < Cze_#}//z Z |@x’n|2H(l —e_/‘)e—ﬂ(ﬂi+n})/4

neng, li|l<x

1—e™# \ 2x+1 ot ¥/ (21+1)
—uy/2 -
<Cpe <1—e‘”/2> c(x)

A2, 4\ X/ (2141)
”) . (7.15)

<20C,e (
x

Again, similar manipulations follow for other operator
orderings such as 0,0, and they lead to an identical
functional form up to a different choice of O(1) prefactors
C and C,.

At this point, we are ready to invoke Eq. (7.4). The key
observation is that

tr(/pAT\/pB)
<\Ju(V/pAT/AYR(\ /3BT \/5B)
< Ko\ (3T 3,0 (/B /7,B).

(7.16)

If we then expand out
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(O (PRO)|O'(PRO)); = (OO, |00, ), + D (00,0 0g,); + He] = (0'0,|00,);

X>ry

<(00,|00,,), + > 2(00,|00,); + (00,]00,),,

x>ry

(7.17)

for each term above, we can bound it using Eq. (7.16):

(O (PRO)|O'(PRO)), < K0+ (OO, |O'O,, )/4 +K, 292" [2\/(O’Ox|(9’0x)ﬂ(O’O§X|O’O§X)ﬂ +(0'0,|00,),]

X>ry

< 2K0 Cze—ﬂ}’/2 {92& C/22r+ <1J_t> /G + Z (29)2)( |:21 /CC/ (U_t> /2R <U_t> H/2EH
r

r

x/(21+1)
)]
X

r

20)4+2 ¢ r/(2141)
<c (”—”) L if (2084 (1 +e)vr <1,

X
X>ry

(7.18)

where ¢ > 0 is any finite constant, and 0 < C} < oo is a constant independent of r or 7, but dependent on ¢. To derive the last
inequality above, we have to approximately resum the two x-dependent terms, which is where we introduce €. Observe that

for x > r,, we may write

x>r, xX>r ry

The e-dependent prefactor ends up absorbed in the constant
C). Using this identity on both terms in the x sum of
Eq. (7.18), and noting that r < r,, we obtain the final
inequality of Eq. (7.18). A slightly awkward feature of this
equation is that our bound is superexponentially small
when the prefactor C| diverges: Namely, the velocity that is
suggested by the parenthetical expression does not match
the speed of the light cone in which the expression is valid.
The presentation of the bound in Eq. (7.5) simply replaces
(20)42p — (20)874(1 + €)v so that the formula directly
implies the region where the light cone is valid.

The theorem follows because the second term in
Eq. (7.6) can be treated exactly the same way. [

The following corollary demonstrates that the assump-
tions of the above theorem are sufficiently mild that they
allow us to prove a finite velocity of information, as
measured by all finite-density matrix elements of a
commutator:

Corollary 7.3: Let |y,) and |w,) denote many-body
states such that the maximal number of bosons on any site
is m. Then, for any m < oo, there exists a velocity 0 <
v, < oo and a constant 0 < C < oo such that for operators
O, O obeying the assumptions of Theorem 7.2,

llom. 0l < (). @20

ot ¥/ (41+2) ot 7/ (41+2) 1 (x=ry)/(41+2) | 1 =1/t r+/(41+2)
> (% <2 “\ie = -gramm) (o -

(7.19)

Proof.—The goal is to apply Theorem 7.2 to the
following three choices of p:

p1 = ly1) (vl (7.21a)

P2 = |w2) (w2l (7.21b)

. where [y) = 27"2(Jyy) +e?ly)).
(7.21c)

p3 = lw){w

Here, ¢ is real. To see why this would be helpful, observe
that

tr(y/P3AT\/P3A)
1
= [{wlAly)|* = 2| WilAln) + (valAly2)
+ (e (y1|Aly) +c.c.)|?
< [y 1Al 1) [ + walAlyw2) > 4 2/ (w1 |[Aly,) |

< u(VAAWNBA) + 1(V/PATVPrA) + 2/ (yAlyn) .
(7.22)
Our goal now is to verify that Theorem 7.2 holds for each

of these three density matrices. Expand y;, (i = 1, 2) in the
boson number eigenbasis n.,) on sites < x,
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(7.23)

|l//i> = Zai,ng

PR

n§x> ® |l//i,n5x>’

where |y;,_ ) are normalized states on sites > x, so that

Z | ai,ng

Ny

2=1.

(7.24)

Thus, if Q,A = A, since (y;n_,

l//j,n’s)) <1,

2
AP < (2, im0, A )

<> Main Plaga, P [(ng AL,
ng,.n., ng.n.,
= Y [(ngJAnL,)]?
I‘wa“/gx
t e
< tr(\/pAT\/PpA) X |,1|_<[xl —— (7.25)

In the second line, simply observe that if the inner product
is expanded out into all possible matrix elements of A, then
when

=, 7.26

p=— (7.26)
the coefficient of |(n|A|n’)|? is greater than or equal to
unity. Of course, the second line includes all other possible
matrix elements weighted by various factors. We conclude

that Eq. (7.4) holds for each of p;,; with Ky <4 and

0:=e(l+m) > . (7.27)
Therefore,
(V710001 Vizsl00.0) < (%)
(7.28)

for some constants 0 < C’, v, < oo as given in Theorem 7.2.
Combining Egs. (7.22) and (7.28), we obtain Eq. (7.20).m

Corollary 7.3 provides a complete Lieb-Robinson-like
bound for Bose-Hubbard-like models in one dimension.
Since we know, as discussed in the Introduction, that a
finite Lieb-Robinson velocity cannot exist in all states as
the physical velocity can diverge at high density, this is the
strongest possible type of light cone.

Note that if m > 1 in Corollary 7.3, the velocity v, in
Eq. (7.20) has parametrically different scaling at the (worst-
case) density of m than the bound for p = p, at u = 1/m.
We believe that this is not likely to be a physical effect,
though, of course, a further investigation is worthwhile.

As of yet, we do not know how to generalize Theorem 7.2
or Corollary 7.3 to a higher-dimensional lattice model. The
simple reason is that in d dimensions, a ball of radius r has r¢

sites inside, so ™ grows too quickly to merely “rescale” the
velocity of our light cone. For any d = 2, 3, ..., the bound of
Ref. [30] can be better. However, we note that the bound of
Ref. [30] requires that the density matrix p commutes with
the Hamiltonian H. In general, we only expect a two-
parameter family of such p of broad physical importance:
p o« exp[—p(H — N )]. Our Theorem 6.1 applies to this case
whenever one considers the limit of f =0 and fji := —pu
remains finite.

The methodology behind Corollary 7.3 is not limited to
this particular setting of interacting boson systems. Indeed,
it is easily generalized to prove that Frobenius and Lieb-
Robinson light cones are [up to O(1) factors] equivalent in
one-dimensional models with local interactions: Although
this result was known previously [19], the current approach
gives an alternative perspective as to why this must be the
case. In the presence of long-range interactions, however, it
is known that the Frobenius and Lieb-Robinson light cones
are distinct [13]: Hence, it is possible to have a finite
velocity for Frobenius commutator bounds but a diverging
velocity for the usual operator norm of a commutator. From
the perspective of Theorem 7.2, this is allowable because
the tail in the bounds is only algebraic: (z/r*)? for some
finite coefficients a and . Because £ does not scale with r,
it is not generally possible to apply Theorem 7.2 in these
models without qualitatively changing the shape of the light
cone, unless the number of sites on which the state is
specified is r independent.

VIII. CLASSICAL COMPLEXITY OF
SIMULATIONS

We can now prove that Bose-Hubbard-type models in
one dimension are asymptotically no harder to simulate
classically than usual spin chains. This result provides
mathematical justification to the routine simulation of low-
density Bose gases by working in a truncated Hilbert space.

More precisely, our results will bound the size of the
finite-dimensional Hilbert space needed to accurately
calculate tr(pO(f)) using a classical computer, where,
for simplicity, we assume Qy|O) = |O). Although the
finite-density condition (7.4) is sufficient for our purpose,
we use a potentially weaker version instead, assuming

-1/2 ~1/2

tr§x (pﬂ,Sx (tr>xﬁ)pu.§x (tr>x15)) < KOQZX’ v X, (81)

for some u, 0, Ky > 0, where p, ., := tr.,p,. In the above
identity, the Hilbert space has been truncated to sites
{=x,...,x}, which is denoted with the appropriate sub-
scripts. Similar to Eq. (7.4), Eq. (8.1) requires the boson
density in p to be at most of order #, as one can verify for
boson number eigenstates |n). As a simple example, if in

021039-21



CHAO YIN and ANDREW LUCAS

PHYS. REV. X 12, 021039 (2022)

the initial state we know that there are exactly N, bosons
on sites < x, then we can choose

2 1
X + ’ Ky=0= €
NS.X

p= (8.2)

1 —e™
In Proposition 8.3 at the end of this section, we show that
Eq. (7.4) implies Eq. (8.1) with a change of parame-
ters K, 6.

Outlining the steps we need to obtain a bound on the
computability, we first show in Theorem 8.1 that O(z) can
be approximated with exponential accuracy by [47]

O(t)., = elfl=! Oe <!, (8.3)
Here, H, is a Hamiltonian that acts only on sites less than
or equal to r + [, with r Z vt to be determined:

i=—r i=—r-1

where H ; is the hopping between i, i + 1, and U; acts on
i,...,i+[. (Recall that [ is the range of interactions, and
[ = 0 for the Bose-Hubbard model.) Then, we show in
Proposition 8.2 that Eq. (8.1) implies that the accurate
calculation of tr(pO(t)) can be done in a finite-dimensional
Hilbert space, with an error vanishing exponentially at
large t.

Theorem 8.1: Let O be an operator on site 0 consisting
of a finite product of creation and annihilation operators. If
there are some y, 6, Ky, > 0 such that p satisfies Eq. (8.1),
then the error by restricting to H., is bounded by

4142\ r/(4142)
R R e

)

(8.5)

for r > (20)"*2/'t. Here, v = (1 +€)v,/,, where v, is
given in Eq. (7.3) and € is arbitrarily small but finite. The
constants 0 < C3, e < oo are independent of r.
Proof.—Take H to be time independent for notational
simplicity; however, the result holds for #-dependent H as
well with straightforward modifications. Decompose H =
Jsr + (H - J>r>’ where J., = Zin H;; + Zi<—r H,;
|

contains all the hopping terms in H that are not included
in H,. Since all interaction terms commute, the evolution
by H—-J., is

e-it(H=J.,) — o-itHg o—itU.., (8.6)
where U, contains interaction terms in H that are not
included in H,. As a result, O evolved by H — J., is the

same as by H.,, so the error is expressed using the
Duhamel identity

A, = u(pO(1) —w(pO(1),)

t . .
=i / tr(pesH=7-)[J ., O(t — 5)]e 5H~/=))ds. (8.7)
0

Similar to Eq. (7.7), we can replace O(t — s) by

L
Ot —s) Z

Commutator [/, O,] has no support beyond x + 1, so all
interaction terms that act nontrivially outside x + /4 1 do
not contribute to evolution in Eq. (8.7). Denote (H — J-.,),
by dropping such terms in H —J.,. Now, view the
evolution by H — J., in Eq. (8.7) as acting on p instead.
Defining p, (s) = e =/ pels(H=7>)x  we find that

(8.8)

A,zl/ Ztrpx Vs O,])ds
x>r
—i [ Sl Oysrinde (89)
where
Vo= p, i e 5x ()P, Ly (810)

and the inner product (-|-), <., is taken by assuming that
the Hilbert space has support only on sites within x + [ + 1.
Since p, is evolved within x + 7+ 1 only, we can first
partially trace out the sites > x + /4 1 and then evolve
with time: tr..,.17,(s) = (tr_.;1.15)(s). Thus, property
(8.1) persists under such evolution because p,, is stationary:

-1/2

-1/2 - -
YelY Oy crsirn = Taxiinn (P,,,s/x+l+1 (troqr1Px(s ))py.ﬁx+l+l (trory141Px(5)))

-1/2 - -1/2 -
= Uriig (py,s/x+l+l (tro s r417) (S)py,s/x+l+l (trsry1412)(s))

= e 5)p- /2 5 2(x-+1+1
- trﬁx+l+1(pu,5x+l+1(tr>x+1+1p)/’,4,§x+l+1(tr>x+l+1p)) < K@t

Furthermore, expand J., by H;;, and use Eq. (7.15) with O’ =

Vx>r. (8.11)

H;;and p=2,y=0,
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X
1A, < 2fz Z \/(Yx|Yx)ﬂ,§x+l+] (\/(HJ,iOx|HJ,iOx)y,§x+l+l + \/(OxHJ,iloxHJ,i)y,sx+l+l)

xr i=r

4142\ x/(20+1) 4142, N\ 1/ (4142)
< 4tzx\/2K092(x+l+l)CC2 (2 Ul> < C3rt (M) ’

xX>r X

where the factor of 2 in the first line accounts for both
directions, and Cj is a constant independent of r or £. We
have assumed r > (20)**2(1 + ¢)v with any finite con-
stant € > 0 to get the last equation, using manipulations
similar to Eq. (7.19). ]

Proposition 8.2: Under the conditions of Theorem 8.1,
set

r=e(20)%+2't, (8.13)

and let py, denote the restriction of tr.,;p to the Hilbert
space of states with less than or equal to N bosons on sites
il < r+ 1. Note that py, does not need to be normalized.
Choose

et/3 -1’

2 o(1 — e
<1+81n2+1n(4€)>>.
Il p

Then, the error of calculating the dynamics of O by
restricting to this Hilbert space is bounded by

No= (2r+21+ 1)max<4,

(8.14)

[tr(PO(1)) = tr(pan, O(1) ;)| < Car*e™/ W2 (8.15)

where 0 < C4 < oo is independent of 7.
Proof.—Using the triangle inequality,
r(pO(1)) = (P<n, O1) <, )|
< e (pO(r)) = w(pO(r) )|
+ w(@O(1),) — Py, Ot)<,)

, (8.16)

where the first term is bounded by the form of the right-
hand side of Eq. (8.15) according to Theorem 8.1. Thus, we
only need to bound the second term by the same form.
Since it only involves dynamics within sites |i| < r + [, for
the rest of this proof, we can denote with p the initial state
restricted to this segment of length # :=2r + 21 + 1. Its
support at large boson numbers is bounded by Eq. (8.1):

Sz §

NN neny.n'en,,

P * < (01 =€), (8.17)

where ny is the set of all n with total boson number N.
By counting the number of ways to arrange N bosons

- (8.12)

on 7’ sites (a textbook statistical-mechanics problem), we
find

(N +7)! N r
|nN|STMS6Xp r'ln 1+7 +N1n 1+ﬁ .

(8.18)

By the assumptions in the proposition, the matrix
element (n|O(7)|n’) is nonzero only for N - N’ =y >0,
and it is bounded by a power K ,N”, where f3, y are given
in Eq. (5.8). Using this to argue why the N, chosen
in Eq. (8.14) is useful, observe that the error of this
truncation is

|tr[(p = P, ) O(1)]]
SIS

!
N>Noneny.n'eny_,

KoY Nﬁ\/nNHnN—yl >

N>N, neny.n’eny_,

|/~)nn’ |K(9Nﬂ

IA

|/5nn"2
(N+) B
< KOZNﬂTl\n)e WN=112)2 (g (1 = e 1)) 2

(8.19)

In the last step, we defined the sequence (qy)ysy,- Since
for any 0 < € < (1 —e™#/2)/2,

/
v _ <NN 1>ﬂN; Tenr<q—¢,
qn-1 -

( N Y1
. N—l) S1-¢
if ¢

1
< Nz 1-(1=¢)'/?

/

N_]‘:‘]"Ie_l‘/z S 1 —_ 26/ (= N 2 e"/z(l:Ze’)—l )
(8.20)
the sequence is bounded by an exponential:
qy < g, (1 =€)V N if
N 1
Q=2 , (8.21)
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and

et/2(1-2¢) -1

When inequalities Egs. (8.21) and (8.22) hold, the sum over
gy is bounded by gy, /€. Then, bounding the binomial
coefficient by Eq. (8.18),

617 ~ P )OU)]| < Ko (70
X exp{g In(6(1—e*))+2(1+6)In(1 +¢)

—20'In@ - ﬂe/]}. (8.23)
The error can be made exponentially small in ' by
choosing a & determined by 6, u, but not r. To be concrete,
we restrict to the case @ > 4 so that

(1+60)In(1+60)—0In@ <2In@. (8.24)

We then wish to satisfy

InéE+4n@ —pud <0&

In(40) <E(Ee),  R=lEtt (829)
where we have set £ = ef(1 — e ™) so that the exponent in
Eq. (8.23) is smaller than —7'/2. If i > 1/e, Eq. (8.25)
holds for any @ > 0; otherwise, one can verify that &'/4¢’ >
(2/@)In(1/f) > 2e suffices. Thus, considering Eq. (8.21)
in addition, we choose

2 1 1
¢ = max (4, &4 ZIn—, ———
BoopTer3 -1

1 2 o(1 —e*
— max 4,7,— 1+81H2+lng )
e —1"u Iy

(8.26)

where we have set 2¢/ = 1 — e #/°. Such @ makes the error
exponentially small:

2

= a2
| —en6® r

’

|t[(p — pan, ) O(1)]| < Koer?/*(re')
(8.27)

which can be manipulated to obtain the form on the right-
hand side of Eq. (8.15). This completes the proof. [

This Proposition rigorously proves that it is not asymp-
totically harder to simulate the 1D Bose-Hubbard model at
finite density than it is to simulate any 1D model of
interacting spins or fermions. To simulate the expectation

value of a local observable for time ¢, with asymptotically
vanishing error, one could truncate the Hilbert space
according to Proposition 8.2. Since this truncated Hilbert
space has dimension D obeying
logD 5607 1, (8.28)
we find that the dynamics can be simulated with exp (O(7))
classical resources. Consider separating the whole time
region time steps of size #y. At each step, a naive time
discretization for evolving the density matrix p induces an
error
1511, = O(ll(H10)*p1l,) = O(|H|*5). (8.29)
The total error for all steps is multiplied by an extra factor

t/to. If we desire the error in (O(7)) to be at most €, then we
need

. t t
101571l e ||C9||%0(|\H||2t3) <e.  (830)

which implies that

t 1
.. o) (poly(t) 6),
where we have used ||O||, ||H|| = O(poly(¢)) thanks to the
truncation. Since each step needs poly(D) resources, the
total computational resources required are exp (O(¢))/e.
Lastly, as mentioned, let us show that Eq. (7.4) implies
Eq. (8.1). Note that we need version (7.4) to bound the
2-norm of a growing operator in the previous section, while
here we need its co-norm in the finite-density subspace.
More precisely, we give the following proposition.
Proposition 8.3: If the state p satisfies Eq. (7.4), then

(8.31)

—-1/2 ~\ —1/2 ~
tre (P Lo (0o P)py L3 (102, 7))

g (Kom)z (am

4x
= 1—6_"/2> . Vax. (832

Proof-—For a given x, denote the matrix elements of

p;ls/xz by n, = (n| p;ls/xz |n), where the index n runs over the

boson number eigenstate basis on sites less than or equal to
x. We first bound the left-hand side of Eq. (8.1):

—1/2 ~\ —1/2 ~
tr(p,u,ﬁ/x (tr>xp)pﬂ,§/x (tr>xp))

= | (M0 < i (|pn) (0o, [0)
nn’ nn’

—1/2~ )2

<xP<x

= (trp; (8.33)

Here and for the rest of this proof, we drop the subscript
“< x” on the trace for simplicity. Suppose there is a set of
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operators {A,:p = 0, 1, ...} that are supported on sites less
than or equal to x, such that

D A0A,
p

for any operator O. Then, choosing O = /p, the root of the
right-hand side of Eq. (8.33) is

trpy 1</x2ﬁ<x - —tI' \/_{f p;tl/xz ® I>x}

= Ztr \/;Ap
p
< Kb tr(\/puAb /By,
P

1 _
= {0 L ®L)  (834)

(8.35)

where Eq. (7.4) is used in the last step. Now, we
construct {A,} to evaluate the right-hand side of
Eq. (8.35). To satisfy Eq. (8.34), we decompose O as
O =3 ww Oam)(n'| ® O, ,, where each O, , acts out-
side x. Since Eq. (8.34) is linear in O and the > x parts of
the operators on both sides agree trivially, it suffices to
restrict to the < x sites and only consider the operator basis
O = |n)(n’|. Using ansatz A,, =A, =) AN (n
Eq. (8.34) yields

ZAPHAPH’ - (”n + ”In’)/z- (8.36)

p

The left-hand side can be viewed as the inner product
between two vectors A. , and A. /, so all the vectors A, can
be constructed inductively. For example, start from
Apg = 106p0- To find a second vector A., with arbitrary
n #0, we set A,;, =0 for all p > 1. The only nonzero
elements Ag,, A, are then determined by the inner product
with Ay and using Eq. (8.36). However, the specific form
of A, is not important for the proof, and we only need its
existence. Equation (8.36) then implies

Ztr(\/ﬁ;A;\/ﬁ;Ap) = Z ZApnAanHZ
p

- Z’? - tr<x ,0/4 <x
(W) 2x+1

Finally, Eq. (8.32) follows by combining the above
equation with Egs. (8.33) and (8.35). ]

IX. CLUSTERING OF CORRELATIONS IN THE
GROUND STATE

As another application of Theorem 7.2, we prove
exponential clustering for gapped ground states in one

dimension in any model of interacting bosons described by
Hamiltonians with density-dependent interactions. In par-
ticular, we assume there is a nondegenerate ground state
|Eg). Let O, O be two operators that are supported on two
sets of sites, whose supports are separated by distance r.
They can be unbounded operators such as bs or b's; we
only require that their actions on the ground state do not
lead to states with unbounded norm (this property will be
satisfied by products of b or b' if |E,) has bounded boson
numbers on each site): ||O|Ey)||,||O'|Ey)|l, < oo. Define
their ground-state correlation as

Cor(0,0') =

(Eo|OO'|Ey) — (Eo|O|Eg)(Ey|O'|Ey).

(9.1)

If the ground-state density matrix satisfies condition (7.4),
the following theorem proves that this correlation decays
exponentially with the operators’ separation r, whenever
there is a finite gap to the first excited state.

Theorem 9.1: Let H be a time-independent
Hamiltonian. Assume there is a nondegenerate ground
state p = |Ey)(Ey| satisfying Eq. (7.4). Let AE be the
spectral gap of H. Then, whenever ||O|Ey)||||O'|Ey)|| < oo
and the support of O and O’ is separated by r,

AE
|Cor(O, O')| < Csexp <—2vr>, (9.2)

where 0 < Cs5 < o is independent of r, and v = (26)%+4¢/
is given in Theorem 7.2.

Proof.—The proof follows earlier work such as
Refs. [2,30]. Without loss of generality, set Ej, = 0.
Consider the identity [e.g., Eq. (S.29) in Ref. [30]]

Cor(0,0') = / ;der (Eol[0(1). O] Ey)
— ((Ep|OQrO'|Ey) + c.c.), (9.3)
where the parameter 7 is to be determined, and
K(1):= 2— im S g, =S K(E)ENE,.  (9.4)
Te—0t 1+ i€’

s>1

Here, c is an O(1) constant, K (E) is the Fourier transform
of K(¢), and {|E,):s > 0} denotes all the eigenstates. Note
that

c

o7l < mgf(lff(Es)l <5e e TAE2, (9.5)
It follows that
(Ey|OQ7O'|Ey) +c.c. < || OE) || O'| Eg) e TAE2. (9.6)
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We now use Theorem 7.2 to bound the first term:

(B0, O] < [ (+/A[O0). O V/plO(), O]
r/ (41+2)
< \/—(vt> (9.7)
where v = (20)%*4' as in Eq. (7.5). Then,
T
[ xEon. ol
r/(414+2)-1 T
<JC (”T) r/ 1K (1) |dr
C, [vT\"/@H+2)
nAE(T) ' (98)
Combining both terms in Eq. (9.3) and choosing
r AE r
we obtain
/ G /
[Cor(0. O] < (/g T clIOIE) IO Eopl
nAE
X AE (9.10)
exp ) .

which reduces to Eq. (9.2). ]

Equation (9.2) improves a previous result in Ref. [30],
where the form of operators O, O’ is more restricted and the
bound on the correlation decays subexponentially as
exp(—cy/r/Inr). Our improvement arises from the tight
tails in our linear light cone.

Generalizing this result to models with degenerate
ground states appears straightforward (see, e.g., Ref. [2]).
A standard application of clustering theorems for finite-
dimensional quantum systems has been the proof of an
entanglement area law. In the bosonic case, this appears to
be more subtle because all existing bounds have explicit
constants that depend on the Hilbert space dimension
[48,49]. Thus, it is not entirely straightforward to use
Theorem 9.1 to prove an entanglement area law for bosonic
models. Nevertheless, we anticipate that further generaliz-
ing the results of Sec. VIII, it may be possible to project
|Eg)(Ey| into a subspace with bounded boson number on
each site, in which case, Theorem 9.1 would also lead to an
entanglement area law.

X. OUTLOOK

Inspired by earlier work [24,30], we have proven that
correlators and out-of-time-ordered correlators, measured
in the infinite-temperature grand-canonical ensemble

defined in Eq. (4.1), vanish outside of a linear light
cone in a broad family of interacting boson models:
([Ag(2), B,]) = 0 if vt < r, with asymptotics encapsulated
in Eq. (2.4). As we highlighted in the Introduction, our
bound on v is qualitatively optimal for the Bose-Hubbard
model, for commutators involving single-boson creation
and annihilation operators in any dimension, and for all
commutators in one dimension. In one dimension, we
generalized this result to prove that all matrix elements of a
commutator (w|[Ag(?), B,]|w,) are vanishingly small
outside of a light cone v't < r, with a slightly larger
velocity ¢/, whenever the states |y;,) have a bounded
number of bosons on each site. This latter result could
then be used to demonstrate the computational complexity
of simulating Bose gases, along with the exponential
decay of correlations in gapped ground states, in a broad
range of experimentally relevant states of one-dimensional
Bose gases.

We hope that our work will be generalized to address
important open questions in the future. First (though of less
general interest), we anticipate likely order-of-magnitude
improvements in the O(1) coefficients in our bound (6.3).
Second and more importantly, we were not able to prove
that all local correlators are bounded by the same velocity,
outside of one-dimensional models. We believe this to be a
physically reasonable property, yet the quantum-walk
formalism we developed is not sufficiently developed to
prove this property, which may rely on more sophisticated
clustering approximations. We hope that this issue can be
resolved in the near future. Third, we have only proven in
one spatial dimension that there does not exist any finite-
density state where quantum information cannot spread
with arbitrarily large velocity. In higher dimensions, our
bound only shows that such states are vanishingly rare in
the grand-canonical ensemble. The technical reason why
we were unable to prove that no such state with “super-
luminal” propagation can exist is essentially that the
density matrix p defined in Eq. (4.1) is unique in that it
commutes with all number-conserving H () and is a tensor
product: Namely, the density matrix has a strict form of
locality. These properties of p are crucial to the anti-
Hermitian nature of £ (in our nontrivial inner product) and
to spatial locality in our operator growth formalism (we can
build an orthonormal operator basis by taking the tensor
product of single-site operators). We expect that no state
with superluminal propagation exists; however, techniques
that combine ours with those of Ref. [30] may be required
to definitively resolve this issue.

Looking forward, we anticipate that our formalism will
find wide applicability and generalizations. First and fore-
most, our bound on information spreading in the 1D Bose-
Hubbard model asymptotically agrees with previous
numerics [32-37] on the velocity of correlations both at
low and high boson densities. Remarkably, this implies that
there is no complicated, time-dependent protocol that can
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transmit information parametrically faster than simple time
evolution in the canonical 1D Bose-Hubbard model,
perturbed away from the insulating state (which we would
normally think of as having very slow dynamics). Our
strong form of linear light cone, proven in 1D, also implies
that (within the linear light cone) the Bose-Hubbard model
is not much harder to simulate than an interacting spin
model on a lattice; this result may be somewhat surprising,
as simulating Bose-Hubbard-like models has been conjec-
tured to be a good experimental test of quantum supremacy
[13,50-53].

Since Corollary 7.3 holds for arbitrary one-dimensional
states with a finite number density of bosons, our result
rules out the possibility of using bosons to parametrically
speed up quantum information transfer or signaling.
Regardless of the details of the microscopic time-dependent
protocol, this result holds so long as the Hamiltonian only
includes density-dependent interactions. We anticipate that
this result can be extended to higher dimensions, but we
leave a proof to future work.

There are many further scenarios where bounds on
bosonic quantum information dynamics are highly desir-
able. In trapped ion crystals [28] or cavity quantum
electrodynamics [27,54], the Hamiltonian involves spins
coupled to bosons. Since these models do not typically
conserve the number of bosons, our methods will need to
be modified somewhat to remain applicable [26]. As both
trapped ions and cavity QED have been proposed as
platforms for quantum computation or metrology, a fun-
damental speed limit on the time to implement a quantum
gate (e.g.) is highly desirable. Understanding bosonic
dynamics in the presence of long-range hopping or inter-
actions [55] could also be important in generalizing our
methods to these systems.

Outside of quantum technologies, there are also inter-
esting conjectures about fundamental speed limits on
interacting phonons in metals [56], which typically exhibit
more complicated Hamiltonians than the Bose-Hubbard
model. Our new methods for studying bosonic dynamics
may help to prove the conjectured bounds in Ref. [56].

Finally, there are many fundamental open questions
about the nature of speed limits in finite-temperature
correlators, which cannot be addressed using standard
Lieb-Robinson techniques. Recent results from gauge-
gravity duality [57] have suggested universal temper-
ature-dependent bounds on the emergent light cone that
arises in finite-temperature correlators. We expect that
methods similar to those developed here—namely, devel-
oping thermal inner products on operator space [58] by
replacing our p = e #V with p = e —will aid in rigor-
ously proving bounds on the thermal butterfly velocity that
controls information spreading at finite temperature, which
is believed to exhibit universal dependencies on temper-
ature [59,60]. We have made early progress towards this
question by affirmatively proving the universality of this

conjectured temperature dependence in the dynamics
of a single quantum particle [61]; however, the extension
to many-body systems remains an important open
problem [46]. If our methods can instead give strong
bounds on butterfly velocities, they may further lead to
a solution of long-standing challenges associated with
whether—and why—the timescale of quantum dynamics
at low temperature is always bounded by the Planckian
time 71/kgT [58,62,63].

While there remain many critical outstanding questions
on the speed limits on quantum dynamics, the quantum-
walk methods we have developed in this paper lead to a
qualitatively new way of thinking about constraining
quantum dynamics. The methods introduced in this paper
are particularly well suited to tackling two important and
common challenges that have arisen in the past: the
unboundedness of the Hamiltonians of bosonic systems,
and the desire to bound dynamics not in the entire Hilbert
space, but only in an experimentally relevant (here, finite-
density) subspace. We anticipate our methods could aid
progress on the challenging mathematical physics problems
highlighted above in the near future.

ACKNOWLEDGMENTS

We thank Chi-Fang Chen and Abhinav Deshpande for
useful feedback on a draft of this paper. This work was
supported by a Research Fellowship from the Alfred P.
Sloan Foundation under Grant No. FG-2020-13795, and by
the U.S. Air Force Office of Scientific Research under
Grant No. FA9550-21-1-0195.

[1] Elliott H. Lieb and Derek W. Robinson, The Finite Group
Velocity of Quantum Spin Systems, Commun. Math. Phys.
28, 251 (1972).

[2] Matthew B. Hastings and Tohru Koma, Spectral Gap and
Exponential Decay of Correlations, Commun. Math. Phys.
265, 781 (2006).

[3] Bruno Nachtergaele and Robert Sims, Lieb-Robinson
Bounds and the Exponential Clustering Theorem, Commun.
Math. Phys. 265, 119 (2006).

[4] Gregory Bentsen, Yingfei Gu, and Andrew Lucas, Fast
Scrambling on Sparse Graphs, Proc. Natl. Acad. Sci.
U.S.A. 116, 6689 (2019).

[5] Chi-Fang Chen and Andrew Lucas, Operator Growth
Bounds from Graph Theory, Commun. Math. Phys. 385,
1273 (2021).

[6] Zhiyuan Wang and Kaden R. A. Hazzard, Tightening the
Lieb-Robinson Bound in Locally Interacting Systems, PRX
Quantum 1, 010303 (2020).

[7] David Poulin, Lieb-Robinson Bound and Locality for
General Markovian Quantum Dynamics, Phys. Rev. Lett.
104, 190401 (2010).

[8] Michael Foss-Feig, Zhe-Xuan Gong, Charles W. Clark,
and Alexey V. Gorshkov, Nearly Linear Light Cones in

021039-27


https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1007/s00220-006-1556-1
https://doi.org/10.1007/s00220-006-1556-1
https://doi.org/10.1073/pnas.1811033116
https://doi.org/10.1073/pnas.1811033116
https://doi.org/10.1007/s00220-021-04151-6
https://doi.org/10.1007/s00220-021-04151-6
https://doi.org/10.1103/PRXQuantum.1.010303
https://doi.org/10.1103/PRXQuantum.1.010303
https://doi.org/10.1103/PhysRevLett.104.190401
https://doi.org/10.1103/PhysRevLett.104.190401

CHAO YIN and ANDREW LUCAS

PHYS. REV. X 12, 021039 (2022)

Long-Range Interacting Quantum Systems, Phys. Rev. Lett.
114, 157201 (2015).

[9] Dominic V. Else, Francisco Machado, Chetan Nayak, and
Norman Y. Yao, Improved Lieb-Robinson Bound for Many-
Body Hamiltonians with Power-Law Interactions, Phys.
Rev. A 101, 022333 (2020).

[10] Minh C. Tran, Andrew Y. Guo, Yuan Su, James R. Garrison,
Zachary Eldredge, Michael Foss-Feig, Andrew M. Childs,
and Alexey V. Gorshkov, Locality and Digital Quantum
Simulation of Power-Law Interactions, Phys. Rev. X 9,
031006 (2019).

[11] Chi-Fang Chen and Andrew Lucas, Finite Speed of Quan-
tum Scrambling with Long Range Interactions, Phys. Rev.
Lett. 123, 250605 (2019).

[12] Tomotaka Kuwahara and Keiji Saito, Strictly Linear Light
Cones in Long-Range Interacting Systems of Arbitrary
Dimensions, Phys. Rev. X 10, 031010 (2020).

[13] Minh C. Tran, Chi-Fang Chen, Adam Ehrenberg, Andrew Y.
Guo, Abhinav Deshpande, Yifan Hong, Zhe-Xuan Gong,
Alexey V. Gorshkov, and Andrew Lucas, Hierarchy of
Linear Light Cones with Long-Range Interactions, Phys.
Rev. X 10, 031009 (2020).

[14] Tomotaka Kuwahara and Keiji Saito, Absence of Fast
Scrambling in Thermodynamically Stable Long-Range In-
teracting Systems, Phys. Rev. Lett. 126, 030604 (2021).

[15] Chi-Fang Chen, Concentration of OTOC and Lieb-
Robinson Velocity in Random Hamiltonians, arXiv:2103
.09186.

[16] Minh C. Tran, Andrew Y. Guo, Christopher L. Baldwin,
Adam Ehrenberg, Alexey V. Gorshkov, and Andrew Lucas,
Lieb-Robinson Light Cone for Power-Law Interactions,
Phys. Rev. Lett. 127, 160401 (2021).

[17] Chi-Fang Chen and Andrew Lucas, Optimal Frobenius
Light Cone in Spin Chains with Power-Law Interactions,
Phys. Rev. A 104, 062420 (2021).

[18] Andrew Y. Guo, Minh C. Tran, Andrew M. Childs, Alexey
V. Gorshkov, and Zhe-Xuan Gong, Signaling and Scram-
bling with Strongly Long-Range Interactions, Phys. Rev. A
102, 010401(R) (2020).

[19] Chao Yin and Andrew Lucas, Bound on Quantum Scram-
bling with All-to-All Interactions, Phys. Rev. A 102, 022402
(2020).

[20] Chao Yin and Andrew Lucas, Quantum Operator Growth
Bounds for Kicked Tops and Semiclassical Spin Chains,
Phys. Rev. A 103, 042414 (2021).

[21] Andrew Lucas, Non-perturbative Dynamics of the Operator
Size Distribution in the Sachdev-Ye—Kitaev Model, J. Math.
Phys. (N.Y.) 61, 081901 (2020).

[22] Andrew Lucas and Andrew Osborne, Operator Growth
Bounds in a Cartoon Matrix Model, J. Math. Phys. (N.Y.)
61, 122301 (2020).

[23] J. Eisert and D. Gross, Supersonic Quantum Communica-
tion, Phys. Rev. Lett. 102, 240501 (2009).

[24] Bruno Nachtergaele, Hillel Raz, Benjamin Schlein, and
Robert Sims, Lieb-Robinson Bounds for Harmonic and
Anharmonic Lattice Systems, Commun. Math. Phys. 286,
1073 (2009).

[25] Hillel Raz and Robert Sims, Estimating the Lieb-Robinson
Velocity for Classical Anharmonic Lattice Systems, J. Stat.
Phys. 137, 79 (2009).

[26] J. Jiinemann, A. Cadarso, D. Pérez-Garcia, A. Bermudez,
and J.J. Garcia-Ripoll, Lieb-Robinson Bounds for Spin-
Boson Lattice Models and Trapped Ions, Phys. Rev. Lett.
111, 230404 (2013).

[27] Ian D. Leroux, Monika H. Schleier-Smith, and Vladan
Vuleti¢, Implementation of Cavity Squeezing of a Collective
Atomic Spin, Phys. Rev. Lett. 104, 073602 (2010).

[28] Joseph W. Britton, Brian C. Sawyer, Adam C. Keith, C.-C.
Joseph Wang, James K. Freericks, Hermann Uys, Michael
J. Biercuk, and John J. Bollinger, Engineered Two-
Dimensional Ising Interactions in a Trapped-lon Quantum
Simulator with Hundreds of Spins, Nature (London) 484,
489 (2012).

[29] Norbert Schuch, Sarah K. Harrison, Tobias J. Osborne, and
Jens Eisert, Information Propagation for Interacting-
Particle Systems, Phys. Rev. A 84, 032309 (2011).

[30] Tomotaka Kuwahara and Keiji Saito, Lieb-Robinson Bound
and Almost-Linear Light Cone in Interacting Boson Sys-
tems, Phys. Rev. Lett. 127, 070403 (2021).

[31] M. Cheneau, P. Barmettler, D. Poletti, M. Endres, P.
Schauss, T. Fukuhara, C. Gross, 1. Bloch, C. Kollath, and
S. Kubhr, Light-Cone-Like Spreading of Correlations in a
Quantum Many-Body System, Nature (London) 481, 484
(2012).

[32] Andreas M. Léuchli and Corinna Kollath, Spreading of
Correlations and Entanglement after a Quench in the One-
Dimensional Bose—Hubbard Model, J. Stat. Mech. (2008)
P05018.

[33] Peter Barmettler, Dario Poletti, Marc Cheneau, and Corinna
Kollath, Propagation Front of Correlations in an Interact-
ing Bose Gas, Phys. Rev. A 85, 053625 (2012).

[34] Giuseppe Carleo, Federico Becca, Laurent Sanchez-
Palencia, Sandro Sorella, and Michele Fabrizio, Light-Cone
Effect and Supersonic Correlations in One- and Two-Dimen-
sional Bosonic Superfluids, Phys. Rev. A 89, 031602(R)
(2014).

[35] Matthew R. C. Fitzpatrick and Malcolm P. Kennett, Light-
Cone-Like Spreading of Single-Particle Correlations in the
Bose-Hubbard Model after a Quantum Quench in the
Strong-Coupling Regime, Phys. Rev. A 98, 053618 (2018).

[36] Yosuke Takasu, Tomoya Yagami, Hiroto Asaka, Yoshiaki
Fukushima, Kazuma Nagao, Shimpei Goto, Ippei Danshita,
and Yoshiro Takahashi, Energy Redistribution and Spatio-
temporal Evolution of Correlations after a Sudden Quench
of the Bose-Hubbard Model, Sci. Adv. 6, eaba9255 (2020).

[37] Ali Mokhtari-Jazi, Matthew R. C. Fitzpatrick, and Malcolm
P. Kennett, Phase and Group Velocities for Correlation
Spreading in the Mott Phase of the Bose-Hubbard Model in
Dimensions Greater than One, Phys. Rev. A 103, 023334
(2021).

[38] M. B. Hastings, Locality in Quantum and Markov Dynamics
on Lattices and Networks, Phys. Rev. Lett. 93, 140402 (2004).

[39] H. A. Gersch and G. C. Knollman, Quantum Cell Model for
Bosons, Phys. Rev. 129, 959 (1963).

[40] T. Giamarchi and H. J. Schulz, Anderson Localization and
Interactions in One-Dimensional Metals, Phys. Rev. B 37,
325 (1988).

[41] Matthew P. A. Fisher, Peter B. Weichman, G. Grinstein, and
Daniel S. Fisher, Boson Localization and the Superfluid-
Insulator Transition, Phys. Rev. B 40, 546 (1989).

021039-28


https://doi.org/10.1103/PhysRevLett.114.157201
https://doi.org/10.1103/PhysRevLett.114.157201
https://doi.org/10.1103/PhysRevA.101.022333
https://doi.org/10.1103/PhysRevA.101.022333
https://doi.org/10.1103/PhysRevX.9.031006
https://doi.org/10.1103/PhysRevX.9.031006
https://doi.org/10.1103/PhysRevLett.123.250605
https://doi.org/10.1103/PhysRevLett.123.250605
https://doi.org/10.1103/PhysRevX.10.031010
https://doi.org/10.1103/PhysRevX.10.031009
https://doi.org/10.1103/PhysRevX.10.031009
https://doi.org/10.1103/PhysRevLett.126.030604
https://arXiv.org/abs/2103.09186
https://arXiv.org/abs/2103.09186
https://doi.org/10.1103/PhysRevLett.127.160401
https://doi.org/10.1103/PhysRevA.104.062420
https://doi.org/10.1103/PhysRevA.102.010401
https://doi.org/10.1103/PhysRevA.102.010401
https://doi.org/10.1103/PhysRevA.102.022402
https://doi.org/10.1103/PhysRevA.102.022402
https://doi.org/10.1103/PhysRevA.103.042414
https://doi.org/10.1063/1.5133964
https://doi.org/10.1063/1.5133964
https://doi.org/10.1063/5.0022177
https://doi.org/10.1063/5.0022177
https://doi.org/10.1103/PhysRevLett.102.240501
https://doi.org/10.1007/s00220-008-0630-2
https://doi.org/10.1007/s00220-008-0630-2
https://doi.org/10.1007/s10955-009-9839-5
https://doi.org/10.1007/s10955-009-9839-5
https://doi.org/10.1103/PhysRevLett.111.230404
https://doi.org/10.1103/PhysRevLett.111.230404
https://doi.org/10.1103/PhysRevLett.104.073602
https://doi.org/10.1038/nature10981
https://doi.org/10.1038/nature10981
https://doi.org/10.1103/PhysRevA.84.032309
https://doi.org/10.1103/PhysRevLett.127.070403
https://doi.org/10.1038/nature10748
https://doi.org/10.1038/nature10748
https://doi.org/10.1103/PhysRevA.85.053625
https://doi.org/10.1103/PhysRevA.89.031602
https://doi.org/10.1103/PhysRevA.89.031602
https://doi.org/10.1103/PhysRevA.98.053618
https://doi.org/10.1126/sciadv.aba9255
https://doi.org/10.1103/PhysRevA.103.023334
https://doi.org/10.1103/PhysRevA.103.023334
https://doi.org/10.1103/PhysRevLett.93.140402
https://doi.org/10.1103/PhysRev.129.959
https://doi.org/10.1103/PhysRevB.37.325
https://doi.org/10.1103/PhysRevB.37.325
https://doi.org/10.1103/PhysRevB.40.546

FINITE SPEED OF QUANTUM INFORMATION IN MODELS OF ...

PHYS. REV. X 12, 021039 (2022)

[42] D. Jaksch, C. Bruder, J.I. Cirac, C. W. Gardiner, and P.
Zoller, Cold Bosonic Atoms in Optical Lattices, Phys. Rev.
Lett. 81, 3108 (1998).

[43] M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and 1.
Bloch, Quantum Phase Transition from a Superfluid to a
Mott Insulator in a Gas of Ultracold Atoms, Nature
(London) 415, 39 (2002).

[44] In a conventional statistical-mechanics setting, one usually
defines the density matrix as p o« e AN with y, defined
as the conventional chemical potential. However, we con-
sider systems with infinite temperature, or f = 0, where u :=
—pu. is held fixed. Our sign convention on y is also changed
as it is far more convenient to have u > 0 enforce a finite
density of bosons.

[45] Xiao Chen, Yingfei Gu, and Andrew Lucas, Many-Body
Quantum Dynamics Slows Down at Low Density, SciPost
Phys. 9, 071 (2020).

[46] Xizhi Han and Sean A. Hartnoll, Quantum Scrambling and
State Dependence of the Butterfly Velocity, SciPost Phys. 7,
045 (2019).

[47] For notational convenience, we assume the Hamiltonian is
time independent.

[48] Fernando G. S. L. Brandao and Michat Horodecki, An Area
Law for Entanglement from Exponential Decay of Corre-
lations, Nat. Phys. 9, 721 (2013).

[49] Jaeyoon Cho, Realistic Area-Law Bound on Entanglement
[from Exponentially Decaying Correlations, Phys. Rev. X 8,
031009 (2018).

[50] Scott Aaronson and Alex Arkhipov, The Computational
Complexity of Linear Optics, in Proceedings of the Forty-
Third Annual ACM Symposium on Theory of Computing
(ACM Press, New York, 2011), p. 333.

[51] Nishad Maskara, Abhinav Deshpande, Adam Ehrenberg,
Minh C. Tran, Bill Fefferman, and Alexey V. Gorshkov,
Complexity Phase Diagram for Interacting and Long-
Range Bosonic Hamiltonians, arXiv:1906.04178.

[52] Abhinav Deshpande, Bill Fefferman, Minh C. Tran,
Michael Foss-Feig, and Alexey V. Gorshkov, Dynamical
Phase Transitions in Sampling Complexity, Phys. Rev. Lett.
121, 030501 (2018).

[53] Gopikrishnan Muraleedharan, Akimasa Miyake, and
Ivan H. Deutsch, Quantum Computational Supremacy in
the Sampling of Bosonic Random Walkers on a One-
Dimensional Lattice, New J. Phys. 21, 055003 (2019).

[54] J. A. Muniz, D. Barbarena, R.J. Lewis-Swan, D.J. Young,
J.R. K. Cline, A. M. Rey, and J. K. Thompson, Exploring
Dynamical Phase Transitions with Cold Atoms in an
Optical Cavity, Nature (London) 580, 602 (2020).

[55] Lorenzo Cevolani, Giuseppe Carleo, and Laurent Sanchez-
Palencia, Protected Quasilocality in Quantum Systems with
Long-Range Interactions, Phys. Rev. A 92,041603(R) (2015).

[56] Connie H. Mousatov and Sean A. Hartnoll, On the Planck-
ian Bound for Heat Diffusion in Insulators, Nat. Phys. 16,
579 (2020).

[57] Juan Maldacena, Stephen H. Shenker, and Douglas Stan-
ford, A Bound on Chaos, J. High Energy Phys. 08 (2016)
106.

[58] Andrew Lucas, Operator Size at Finite Temperature and
Planckian Bounds on Quantum Dynamics, Phys. Rev. Lett.
122, 216601 (2019).

[59] Mike Blake, Universal Charge Diffusion and the Butterfly
Effect in Holographic Theories, Phys. Rev. Lett. 117,
091601 (2016).

[60] Daniel A. Roberts and Brian Swingle, Lieb-Robinson Bound
and the Butterfly Effect in Quantum Field Theories, Phys.
Rev. Lett. 117, 091602 (2016).

[61] C. Yin, A. Osborne, and A. Lucas (to be published).

[62] P.K. Kovtun, D.T. Son, and A.O. Starinets, Viscosity in
Strongly Interacting Quantum Field Theories from Black
Hole Physics, Phys. Rev. Lett. 94, 111601 (2005).

[63] Sean A. Hartnoll, Theory of Universal Incoherent Metallic
Transport, Nat. Phys. 11, 54 (2015).

021039-29


https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1038/415039a
https://doi.org/10.1038/415039a
https://doi.org/10.21468/SciPostPhys.9.5.071
https://doi.org/10.21468/SciPostPhys.9.5.071
https://doi.org/10.21468/SciPostPhys.7.4.045
https://doi.org/10.21468/SciPostPhys.7.4.045
https://doi.org/10.1038/nphys2747
https://doi.org/10.1103/PhysRevX.8.031009
https://doi.org/10.1103/PhysRevX.8.031009
https://arXiv.org/abs/1906.04178
https://doi.org/10.1103/PhysRevLett.121.030501
https://doi.org/10.1103/PhysRevLett.121.030501
https://doi.org/10.1088/1367-2630/ab0610
https://doi.org/10.1038/s41586-020-2224-x
https://doi.org/10.1103/PhysRevA.92.041603
https://doi.org/10.1038/s41567-020-0828-6
https://doi.org/10.1038/s41567-020-0828-6
https://doi.org/10.1007/JHEP08(2016)106
https://doi.org/10.1007/JHEP08(2016)106
https://doi.org/10.1103/PhysRevLett.122.216601
https://doi.org/10.1103/PhysRevLett.122.216601
https://doi.org/10.1103/PhysRevLett.117.091601
https://doi.org/10.1103/PhysRevLett.117.091601
https://doi.org/10.1103/PhysRevLett.117.091602
https://doi.org/10.1103/PhysRevLett.117.091602
https://doi.org/10.1103/PhysRevLett.94.111601
https://doi.org/10.1038/nphys3174

