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Supersolids are a fundamental quantum phase of matter where the global phase and translational
symmetries are spontaneously broken. The recently discovered supersolidity in quantum gases of strongly
magnetic atoms gives the opportunity to explore in depth how superfluidity and crystalline order are mixed
in this fascinating phase. The dipolar supersolid is usually created from a Bose-Einstein condensate, i.e., a
standard superfluid, crossing a quantum phase transition that is related to the crystallization transitions of
ordinary matter. In this work, we assess experimentally and theoretically the character of the superfluid-
supersolid quantum phase transition. We find that one-row supersolids can have already two types of phase
transitions, discontinuous and continuous, that are reminiscent of the first- and second-order transitions
predicted in the thermodynamic limit in 2D and 1D, respectively. The dimensional crossover is peculiar to
supersolids, is controlled via the transverse confinement and the atom number, and can be justified on the
general ground of the Landau theory of phase transitions. The quasiadiabatic crossing of a continuous
phase transition opens new directions of investigation for supersolids.

DOI: 10.1103/PhysRevX.12.021019

I. INTRODUCTION

Supersolids are a fundamental phase of matter that mixes
the properties of superfluids and crystals. Proposed more
than 50 years ago [1-4], a supersolid phase was recently
observed in Bose-Einstein condensates of strongly mag-
netic atoms [5-7], featuring simultaneous breaking of
the global U(1) and translational symmetries [8—10] and
reduced moment of inertia under rotations [11]. The
so-called dipolar supersolid requires a confinement along
at least one spatial direction, so the lattice structure
can develop in 1D [5-7] or in 2D [12]. The Ilattice is
compressible, differently from that of light-induced super-
solids [13,14]. The nature of the atomic interactions is such
that the supersolid is of the cluster type, i.e., each lattice
site hosts many atoms, of the order of 1000. This realizes
the scenario first depicted by Gross [1], ensuring strong
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superfluidity effects. Thanks to the tunability of the
interactions, it is possible to study the quantum phase
transition between the superfluid phase, a standard Bose-
Einstein condensate, and the supersolid phase [5-7,15], in
addition to the classical phase transition from a thermal gas
to a supersolid [16].

Here we focus on the superfluid-supersolid quantum
phase transition, a new fundamental phase transition whose
character has been only partially assessed. In the thermo-
dynamic limit, various models predict first-order transitions
in 2D [17-19], and second-order transitions in 1D [20], in
analogy to standard crystallization transitions. A transition
of the latter type was observed experimentally in cavity
supersolids [13,21]. For dipolar supersolids, the predicted
scenario is more complex, with two types of first-order
transitions for 2D lattices [22,23] and both first- and
second-order transitions for 1D lattices [24,25] depending
on the density. In the experiments, the problem is compli-
cated not only by the dimensionality varying continuously
between 1D and 2D but also by the finite size and the
inhomogeneity due to the presence of harmonic potentials.
So far, the quantum phase transition was crossed only for
supersolids with 1D lattice structures. Some of the studies
reported partial indications of a discontinuous [5,6,8] or a
continuous transition [26], while others did not address the
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character of the transition [15]. Therefore, it is not clear
whether in one-row dipolar supersolids one can observe
continuous, discontinuous, or both types of quantum
phase transitions, nor how these transitions relate to the
general theory. For trapped supersolids with 2D lattice
structures, numerical simulations predict discontinuous
transitions [27,28].

Although there are materials featuring density-
modulated cluster phases similar to the dipolar supersolid,
such as the smectic phase of liquid crystals [29] or the
Rosensweig phase of ferrofluids [29,30], these phases are
normally reached via classical transitions and at fixed dimen-
sionality. Also the pair-density-wave quantum phases
recently discovered in He superfluids [31,32] and in super-
conductors [33] have so far only been studied in 2D geo-
metries. Hence, no results from existing phase transitions can
be employed to draw predictions about dipolar supersolids.

In this work we perform a combined experimental and
theoretical investigation to assess the character of the
superfluid-supersolid phase transition for one-row dipolar
supersolids. We find that the phase transition changes from
continuous to discontinuous as the system geometry is
changed from 1D to 2D, in analogy to the second-order and
first-order crystallization transitions in 1D and 2D, respec-
tively. There is, however, an important novelty due to the
very nature of supersolids: the discontinuous transition can
persist also for apparently 1D lattices, due to the intrinsic
density background of the supersolid which keeps a 2D
structure. In addition, the cluster nature of the dipolar
supersolid limits the impact of finite-size effects and allows
us to observe the character of the phase transition also in
systems with very short lattices.

Our analysis reconciles previous results, justifies the
observations on the general grounds of the Landau theory,
and shows how to achieve in a controllable way continuous
or discontinuous quantum phase transitions in one-row
supersolids. Continuous transitions are particularly inter-
esting as they allow us to realize excitation-free supersolids,
opening new directions of investigation.

II. FORMATION OF THE DIPOLAR SUPERSOLID
IN AN INFINITE SYSTEM

The geometry of the dipolar supersolids investigated
experimentally is sketched in Fig. 1. The magnetic dipoles
are aligned in the z direction by a magnetic field B, and an
anisotropic harmonic potential is present in the three spatial
directions.

To get intuition into the physics at play, we start from the
infinite case, removing the confinement in the x-y plane.
We consider a dipolar quantum gas at 7' = 0, described by
the wave function y, with density p = |w|> The energy of
the system is (see the Appendix B)

E[W] = Eyn + Etrap + Econt + Eqa + ELny- (1)

FIG. 1. Geometry of the elongated superfluid (left) and the one-
row supersolid (right) commonly realized in experiments. The
atomic magnetic dipoles are aligned in the z direction by the
magnetic field B. The relevant length scales are the harmonic
confinement length ¢, and the supersolid lattice spacing 4.

The first term is the kinetic energy, Eyj, o V|2, Eyyp
describes a vertical harmonic confinement with frequency
v,. The mean-field contact and dipolar interactions scale as
Eon  agp® and Egq  aggp?®, where a, is the s-wave
scattering length and aqq = pou*m/(127h?) is the dipolar
length associated with particles with magnetic dipole 4 and
mass m. The last term is the so-called Lee-Huang-Yang
(LHY) energy, which describes the zero-point energy of
quantum fluctuations in the local-density approximation
[34], and scales as Ej gy « p>/2.

The transition from the superfluid to the supersolid is
crossed by reducing the repulsive scattering length ay, thus
increasing the relative strength of the dipolar interaction. In
the supersolid phase, the dipolar energy is reduced due to
the enhancement of head-to-tail arrangement of the dipoles
within each cluster, but there is an increase of both contact
energy, coming from an increase in the peak density, and in
kinetic energy, due to the density modulation. When the
dipolar gain is larger than the contact and kinetic costs, the
transition takes place.

The lattice period A of the supersolid is of the order
of the harmonic length in the direction of the B field,
.= +/h/2zmv,, as sketched in Fig. 1, close to the
wavelength of the roton excitation mode of the superfluid
[35,36]. Hereinafter, we integrate out the z direction and we
refer to 1D and 2D supersolids depending on the breaking
of translational invariance occurring along one or two
directions in the x-y plane.

At the mean-field level the supersolid is unstable, since
the dipolar energy becomes more and more negative for
increasing density. Collapse is eventually prevented by
the repulsive LHY energy term. By further decreasing
the scattering length, the system crosses a second phase
transition toward a droplet crystal, where the superfluid
background disappears and coherence between clusters is
lost [5-7]. In the present work we do not study the latter
transition.

Generally, the main features of a phase transition are
captured by the Landau theory, in which the ground state of
the system is determined by the behavior of the free energy
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as a function of the order parameter. For crystallization
phase transitions, the typical order parameter is the contrast
C of the density modulation, which is zero in liquidlike
phases and different from zero in crystal-like phases.
Although in general C is complex, for the purpose of
our analysis we can take it real; see Appendix A. The
energy difference between the state with C = 0 and that
with C # 0 can be expanded in powers of C as

AE ~aC + bC? + ¢C? + dC*, (2)

where the values of the coefficients a, b, ¢, d determine the
character of the phase transition. In the infinite case under
consideration, the linear term a is zero, but it appears when
a trap is present; see Appendix A.

As usual in the context of the Landau theory, the
symmetries of the ground state provide information on
the character of the phase transition. Close to the transition,
where C <« 1, a sinusoidal modulation is a good approxi-
mation for the supersolid ground-state density [17,22,25]:

o) = po {1 +CY ot ~r>] , @3

where p, is the average density and k; the lattice wave
vectors defining the lattice dimensionality.

In 1D the supersolid lattice is characterized by a single
wave vector k. In this case, ansatz (3) is symmetrical with
respect to the substitution C — —C, which leads only to an
overall displacement of the lattice structure. Therefore,
states which differ only in the sign of the contrast are
physically equivalent. The free energy Eq. (2) must be an
even function of C; i.e., ¢;p = 0. The transition occurs
when, by lowering the scattering length, the dipolar energy
overcomes the contact energy and reverses the sign of the
quadratic coefficient bp. Therefore, the transition is of the
second order; see Fig. 2(a).

The 2D case was studied in Refs. [17,22]. The supersolid
lattice is triangular, which is the closest packing configu-
ration, with lattice wave vectors of equal length satisfying
k; +k, + k3 = 0. In this case, the previous symmetry is
lost, as ansatz (3) represents two very different states
depending on the sign of C. For C > 0 it corresponds to
a triangular lattice of density maxima, for C <0 to a
triangular lattice of holes, i.e., a honeycomb lattice.
Therefore, the free-energy expansion Eq. (2) can contain
odd terms, in particular the cubic term c,p. This results in a
discontinuous phase transition, characterized by the pres-
ence of a metastable state with finite contrast and a jump in
the order parameter. In dipolar supersolids, the sign of the
cubic term ¢, depends on the competition between kinetic
and LHY energy [22]. At relatively low density, kinetic
energy dominates and leads to ¢,p < 0, resulting in a phase
transition toward a triangular lattice with C > 0; see solid
lines in Fig. 2(b). At high densities, the LHY contribution
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FIG. 2. Landau theory of the superfluid-supersolid quantum
phase transition in the thermodynamic limit. Scenarios for
second-order phase transitions in 1D (a) and first-order phase
transitions in 2D (b). Solid lines are the typical behavior of the
free energy as a function of the order parameter C for varying
scattering length. Dashed lines are examples of the free energy in
the LHY-dominated regime. Insets show the lattice structure.

becomes important and can reverse the sign of c,p. In this
case, the ground state is a honeycomb lattice with C < 0;
see the dotted line of Fig. 2(b).

We note that the Landau theory allows for a discontinu-
ous phase transition also for the 1D case, when the free
energy is an even function of C. This happens if the quartic
coefficient d; is negative [29]. To ensure stability, one has
to expand the free energy to the sixth order. By decreasing
the scattering length, one crosses a discontinuous transition
as shown by the dashed line in Fig. 2(a). For the dipolar
supersolid, d|p is determined by the competition between
kinetic energy (positive contribution) and LHY energy
(negative contribution). At very high densities, therefore,
when the LHY energy dominates, we expect a first-order
transition also in 1D. Since the LHY term is the zero-point
energy of quantum fluctuations, the discontinuous transi-
tion in this regime belongs to the class of fluctuation-
induced first-order phase transitions, as those found in
some types of superconductors and liquid crystals [37].
Such an effect can explain the numerical observations
in Ref. [25].

III. THEORETICAL PHASE DIAGRAM IN THE
TRAPPED SYSTEM IN EQUILIBRIUM

Moving to the finite-size systems studied in experiments,
one should replace the thermodynamic concepts of first-
and second-order phase transitions with those of dis-
continuous and continuous transitions. In addition, the
inhomogeneity of the density in the harmonic potentials
generally leads to a coexistence of the two phases.

In the supersolids realized so far, the harmonic confine-
ment in the x-y plane is typically anisotropic, leading to
the formation of one-row lattices. One would naturally
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associate such configuration with the second-order phase
transitions of the infinite system. However, various experi-
ments [5,6,8] and numerical simulations [24,25] have
shown the presence of apparently discontinuous transitions.
To clarify the scenario, in this section we present a detailed
analysis of the equilibrium states of trapped supersolids,
obtained via numerical simulations.

To characterize the typical trapped systems, we fixed two
of the trap frequencies to realistic values, v, = 20 Hz and
v, = 80 Hz, which result in a supersolid elongated in the x
direction. We then varied both the transverse frequency v,
and the atom number N in realistic ranges, and for each set
of values we studied the evolution of the ground state of the
system as a function of the scattering length a,. The ground
state was obtained by minimizing numerically the energy in
Eq. (1), with the addition of trap energies also in the x and y
directions.

Figure 3 presents a summary of the simulations.
Figure 3(a) shows the presence of various regions of
continuous and discontinuous transitions in the N — v,

0“\I Discontinuous
10F 7
5[ ]
= Continuous
=
1k e i
Discontinuous
0.5F : :
(a) 2 . ]
50 100 200 400
v, (Hz)
0.15
10° N m——
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0.00 ()
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FIG. 3. Character of the superfluid-supersolid phase transition

from numerical simulations. (a) Character of the transition as a
function of the atom number N and the trap frequency v,. Black
dots mark the boundary between the continuous and discontinu-
ous regimes. Error bars are the atom number resolution in the
simulations. Gray dots mark the onset of the LHY-dominated
regime. Insets: samples of supersolid density distributions. From
left to right, peak densities are 5.48 x 10'', 3.19 x 10!, and
1.98 x 10" cm™2. (b) Contrast as a function of the scattering
length for different values of N, and v, = 90 Hz [dashed line in
(a)]. The curve corresponding to the continuous-discontinuous
boundary is plotted in black. Solid lines are a guide for the eye.
Inset: definition of the contrast in momentum space.

plane. For small vy, the trap approaches a circular shape in
the x-y plane and the supersolid forms on two rows with
a triangular structure. There, we find a discontinuous
transition, in analogy with the first-order phase transition
in 2D discussed in Sec. II. By increasing the transverse
frequency, at first we continue to observe discontinuous
transitions although the supersolid apparently forms on a
single row, and only for large frequency we observe
continuous transitions as expected for 1D systems. For
large N, Fig. 3(a) shows a second regime of discontinuous
transitions, which we discuss later. The regime of small N
is instead irrelevant, since the supersolid lattice shrinks to a
single cluster.

The specific order parameter we consider is the con-
trast in momentum space C, i.e., the height of the Fourier
peak at k = 2x/A, related to the real-space contrast by

C? = C?/16, in the limit of small C (see Appendix B). As
we show in the next section, this choice is motivated by the
presence of a related experimental observable. Figure 3(b)
shows examples of the phase transitions for fixed vy, =

90 Hz and variable N. While for large atom numbers C
changes smoothly with ag, for smaller N the transition is
discontinuous, with a finite jump in the contrast. We
arbitrarily chose the boundary between continuous and
discontinuous transitions as the smallest value of N that
gives a jump in C at the transition point smaller than 0.001.
Such a boundary can be thought of as a line of tricritical
points [38].

Note that all transitions we explored numerically end up
in distributions with moderate or large density overlap
between neighboring clusters, a necessary condition for
preserving the global phase coherence typical of super-
solids [4]. As shown by the sample distributions in Fig 3(a),
the supersolid lattice forms in the central region of the
system, while the low-density sides tend to remain in the
superfluid regime. However, their weight is normally very
small, so the behavior of the system is dominated by the
supersolid.

Although in most of the phase diagram the supersolid
seems to develop with a single row of maxima, a Fourier
analysis reveals the presence of a triangular structure of
the density background. An example of such analysis is
shown in Fig. 4. One notes the presence of Fourier peaks
not only along the x direction but also along the y direction,
although with much smaller amplitude and larger momen-
tum; see Figs. 4(c) and 4(d). Therefore, even in the presence
of a single row of principal density maxima there is clearly
a persistence of the triangular structure of the 2D super-
solid. Both amplitude and momentum change conti-
nuously when moving along the dimensional crossover;
see Figs. 4(e) and 4(f). Interpreting the changing character
of the transition in terms of the Landau theory, we conclude
that the main effect of an increasing atom number is to
suppress progressively the 2D triangular structure. This
results in a progressive suppression of the cubic terms in the
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FIG. 4. Two-dimensional structure of the density background
across the dimensional crossover. Real-space (a) and Fourier-
space (b) simulated density of a supersolid with N = 1.4 x 10*
and v, = 90 Hz, at the continuous-discontinuous boundary. Peak
density in (a) is 2.14 x 10" cm™. (c),(d) Cuts in the Fourier
space, along the black line (c) and the red line (d) in (b) reveal the
presence of peaks in both x and y directions. (e) Ratio of the
Fourier amplitudes along y and x, and (f) Fourier spacing along y,
for the simulations of Fig. 3(b), at C ~0.04. Vertical dotted lines
mark the continuous-discontinuous boundary.

energy expansion, especially the kinetic energy term,
which weakens the discontinuity until the transition
becomes continuous. There is a similar effect increasing
vy at constant N.

The prevalence of discontinuous transitions in the N — v,,
plane of Fig. 3(a) is due to a change of the compressibility
of the supersolid for varying atom numbers. At small N, the
clusters are more compressible and the triangular structure
can be deformed more easily by the transverse confine-
ment. This favors discontinuous transitions over continuous
ones. Additional analysis of the simulated density distri-
butions shows that the transverse size oy of the supersolid at
the phase transition at the continuous-discontinuous boun-
dary is very close to the harmonic oscillator length 7, i.e.,
the size of a noninteracting system; see Appendix B 2. This
supports the idea that the transition becomes discontinuous
when there is enough space in the trap to accommodate a
2D structure.

In the phase diagram of Fig. 3(a) we observe also two
clear effects of the LHY energy term in Eq. (1), which is
normally small until one reaches the regime of large
densities, i.e., large N. The first effect is the presence of
the additional continuous-discontinuous boundary for large
N. This is due to a gradual increase of the LHY energy as
the supersolid contrast increases, since the density also
increases. The LHY contribution reverses the sign of the

quartic term in the Landau expansion and changes the
transition from continuous to discontinuous, as discussed
in Sec. II. It is therefore a fluctuation-induced phase
transition, related to the one found in the infinite case of
Ref. [25]. The second effect is a gradual elongation along y
of the clusters for increasing N and decreasing v,. This
effect is due to the increasing cost in LHY energy,
which favors the formation of a 1D Ilattice of “stripes”
directed along y instead of a triangular lattice, as obser-
ved in previous simulations [23,39]. This effect broadens
the region of continuous phase transitions in the upper left
part of the N —v, plane. See Appendix B for further
discussion.

Finally, in the simulations we observe a small modula-
tion appearing in discontinuous transitions just before the
jump to higher contrast states, resulting in a mixing of
continuous and discontinuous transitions. In the framework
of the Landau model, we interpret such an effect as a
consequence of the trapping energy, which introduces a
term linear in C in the energy expansion (see Appendix A).
This term is responsible for a small asymmetry between C
and —C, which tends to produce a weak modulation of the
density even on the superfluid side. This effect was seen
previously in numerical simulations of dipolar Bose-
Einstein condensates [40].

IV. EXPERIMENTAL EVIDENCE OF
CONTINUOUS AND DISCONTINUOUS
PHASE TRANSITIONS

We tested experimentally the theoretical predictions on a
supersolid made of '’Dy magnetic atoms with dipolar length
agqq = 130ay, trapped in optical potentials. To move from
continuous to discontinuous transitions it is sufficient to
change the aspect ratio of the harmonic potential in the y-z
plane, at constant atom number. We chose in particular two
potentials featuring continuous or discontinuous transitions.
Potential V¢, with frequencies (v,vy,v;) = [15.0(0.7),
101.0(0.3),93.9(0.6)] Hz, provides a strong confinement
along y, leading to a continuous transition. Potential Vp,
with frequencies [21.8(1.0),67.0(0.8), 102.0(0.7)] Hz,
provides instead a weaker confinement along y, leading to
a discontinuous transition. Figure 5 shows the predicted
evolution of the contrast C with the scattering length from the
ground-state simulations. In both cases, the mean atom
number at the transition is about N = 3 x 10*. Both con-
figurations correspond to one-row supersolids.

Unlike the theory presented so far, in the experiment we
study the dynamical evolution of the system for varying a,
starting from the superfluid side of the transition. This does
not necessarily correspond to following the equilibrium
ground state. The dynamical nature of the problem involves
concepts not discussed so far, such as adiabaticity, dis-
sipation, and, in the case of discontinuous phase transitions,
hysteresis.

021019-5



GIULIO BIAGIONI et al.

PHYS. REV. X 12, 021019 (2022)

0.10 p Z
: ;Y : ; y
Q
0.05 v Ve
00075960 o1 92 93 94 95
ag (aO)
FIG. 5. Equilibrium transitions in the experimental configura-

tions. Simulated momentum-space contrast versus scattering
length for harmonic potentials V, (blue) and V (magenta) with
N = 3 x 10*. Inset: shape of the contour lines in the y-z plane for
the two potentials.

The experiments start from a standard superfluid, at
typical temperatures 7 < 10 nK. The scattering length is
then slowly reduced by means of a magnetic Feshbach
resonance. The speed of the magnetic-field ramp was
chosen as a compromise between adiabaticity and a not
too large impact of the unavoidable three-body losses [5].
The optimal ramp speed, @, = 0.5a,/ms, allows us to ramp
across the transition in potential V~ almost adiabatically.
We note that the three-body loss rate scales as p?, so it
reaches its maximum value at the density peaks in the
supersolid phase. These losses have both a detrimental and
a beneficial effects for the study of the phase transition.
If on the one hand they decrease p over time, on the other
hand they introduce a moderate damping of the excitations
connected to a local increase in density (see Appendix C 4
for details).

We studied the system via absorption imaging after a
sudden release from the optical potential, followed by a
long free expansion. Just before the release, we rapidly
increase the scattering length to a large value (a, ~ 140a)
in order to reduce the relative effect of the dipole-dipole
interaction (see Appendix C 1) [6]. The measured distri-
bution, see examples in Fig. 6(a), can be related to the
theoretical momentum distribution, p(k,,k,), although
there are small modifications due to interactions during
the expansion. The main observable is the contrast C, i.e.,
the relative height of the peak at the characteristic momen-
tum of the supersolid, as in the theory (see Appendix C 2).

Figure 6 presents the main experimental observations
when crossing the superfluid-supersolid transition in poten-
tials V¢ and V. In particular, we study the evolution of C
for an ingoing ramp from the superfluid to the supersolid
(filled circles) and for a subsequent outgoing ramp from the
supersolid to the superfluid (open circles). The experimen-
tal trajectories in the a, — ¢ plane are shown in Fig. 6(a).
The holding time before imaging is 20 ms, which we found
to be sufficient to form the supersolid.

Phase transitions in potentials V- and Vp show com-
pletely different behaviors; see Figs. 6(b) and 6(c). In
potential V- [Fig. 6(b)], the ingoing ramp shows a smooth

Rel. dens.

o
0.0 05 1.0

Time——

0.4
0.3

) 0.2

"0 10 20 30 40 50 60 70 0
Time (ms)

20 40 60 80 100
Time (ms)

FIG. 6. Experimental observation of continuous and discon-
tinuous phase transitions. (a) Trajectories in the a, — t plane for
the ingoing (filled symbols) and outgoing (empty symbols)
ramps. Insets: examples of experimental momentum distribu-
tions, from left to right, in the superfluid, supersolid, and excited
superfluid regimes for potential V. (b),(c) Contrast C versus
scattering length during ingoing (dots) and outgoing (circles)
ramps for potentials V- (b) and Vp (c), respectively. Vertical
dashed lines mark the theoretical position of the transitions. (d),
(e) Time evolution of C for potential V, at a, = 87.3a, in the
ingoing ramp (d) and at a; = 100.3¢, in the outgoing ramp (e),
respectively. Dots are experimental data, lines are fits with a
damped oscillation model. Error bars represent the standard error
of the mean of about 10-20 measurements.

increase of C, with small shot-to-shot fluctuations. During
the outgoing ramp C returns gradually to zero, indicating
that the phase transition can be crossed sequentially in the
two directions without creating large excitations.

In potential Vj, instead [Fig. 6(c)], the ingoing ramp
shows strong fluctuations of C already before the phase
transition, in the region (97-93)a,, followed by a steep
increase of C around 93a,. At the transition we also
observe a jump in the atom number due to the increase
of density in the supersolid phase; see Appendix C4.
Remarkably, during the outgoing ramp, C remains very
large, for up to at least 10a in the superfluid regime. While
transition V- can be crossed back and forth almost
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adiabatically for our ramp speed, crossing transition V, is
manifestly nonadiabatic. The two behaviors are consistent
with continuous and discontinuous phase transitions,
respectively. We checked that the difference in adiabaticity
for the two transitions persists for the whole range of
ramp speeds that can be achieved experimentally; see
Appendix C 6.

In potential V,, we observe strong excitations of various
collective modes by crossing the transition. In particular,
we focus on the oscillation of the order parameter C.
Figures 6(d) and 6(e) show the dynamics of C for two
selected values of a, after the ingoing and outgoing ramps.
After the ingoing ramp [Fig. 6(d)], the oscillation amplitude
is smaller than its mean value, so a finite contrast persists
throughout the observed time evolution. The oscillation
frequency, v = 21(3) Hz, is consistent with the so-called
amplitude mode of the supersolid, already studied in
Ref. [8]. After crossing back the transition [Fig. 6(e)],
we still observe a sinusoidal oscillation. However, in this
case the oscillation’s amplitude is comparable with its
mean value, so C is about zero in its minima. Since C is
proportional to the square of the real-space contrast C, we
identify such oscillation with an excited mode of the
superfluid with zero mean value of C. Such oscillations
are also present for potential V~ but with much smaller
amplitude, so we can associate them to a nonadiabatic
crossing of the phase transition from the supersolid to the
superfluid. Note that the experimental C for potential V, in
the static measurements of Fig. 6(c) is larger than the
simulated one (Fig. 5) due precisely to the presence of such
excited mode of the superfluid, since the measurements are
performed close to the first maximum of the oscillation.

To corroborate theoretically these observations, we
performed numerical simulations of the dynamics of a
simplified zero-temperature system, without quantum fluc-
tuations (besides the LHY energy term), and without losses.
Although this system is different from the real one because
it lacks dissipation, it allows us to confirm the nature of
the observations without introducing phenomenological
parameters like temperature or loss rate. Because of the
absence of dissipation, the simulations employ scattering-
length ramps slower by one order of magnitude than in the
experiment, @, = 0.05a,/ms, to achieve a quasiadiabatic
crossing of the continuous transition. See Appendix D for
details.

The simulations confirm the different nature of the
observed oscillations. As shown in Fig. 7, the ingoing
ramp excites the amplitude mode of the supersolid, with C
featuring small-amplitude oscillations around a relatively
large value. The outgoing ramp produces instead an
oscillation of C with smaller amplitude and with minima
at zero, corresponding to an oscillation of the real space C
around zero, as shown by the samples of the real-space
densities in Figs. 7(f)-7(h). Additional simulations show
that the latter oscillation can be excited also at fixed
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FIG. 7. Numerical simulations of the dynamics. Contrast for
potential V- as a function of time, following an ingoing ramp
from 954 to 934y (a) or an outgoing ramp from 90q, to 954, (e).
Panels (b)-(d) and (f)-(h) show examples of the density dis-
tribution along x at specific times [vertical lines in (a) and (e),
respectively].

scattering length on the superfluid side of the transition,
by imposing an initial density modulation similar to that of
the supersolid. Furthermore, the oscillation amplitude
becomes very small if one removes the dipolar energy
term from Eq. (1). This indicates that the oscillations are an
excited mode of the superfluid, related to the so-called
roton mode [41], but in a regime of large amplitudes.

In the experiment, crossing the phase transition pro-
duces other types of excitations besides the specific
amplitude mode analyzed so far, with amplitudes system-
atically larger in potential V than in potential V. In
particular. we observe the so-called lattice mode of the
supersolid [5], as well as additional longitudinal and
transverse modes. In order to quantify the different degree
of excitation for the two potentials, we measured the total
energy in the momentum distribution after the free expan-
sion, Eg, = h*(k? 4+ k3)/(2m). This quantity overesti-
mates the total energy of the system immediately after
the removal of the potential, due to the subsequent increase
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FIG. 8. Experimental energy variation across the phase tran-
sitions. Variation of the expansion energy for potential V- (a) and
potential Vp (b), during the ingoing (filled circles) and outgoing
(empty circles) ramps. Error bars are the standard error of the
mean of 10-20 measurements.

of a, during the first phase of the expansion. Figure 8
shows the variation AE of the expansion energy with
respect to the superfluid with the largest a,. The stronger
excitation for potential V, for both ingoing and outgoing
ramps is apparent. A quantitative comparison of the two
ingoing ramps is difficult, since the supersolid in potential
Vp has generally a larger contrast, which implies larger
E.yp. A comparison can instead be made for the outgoing
ramps, since both end in the superfluid regime. Here,
potential V, shows an excess energy AE ~4 nK, much
larger than in potential V-, AE ~ 0.5 nK. This is a further
evidence of the different character of the phase transitions
in the two potentials. The numerical simulations show a
difference in excess energy when crossing the two phase
transitions of the same order of magnitude, AE ~ 0.2 nK
for potential V- and AE ~1 nK for potential Vj; see
Appendix D for details.

We verified that the phase transitions in the experiment
lead from the superfluid to a coherent supersolid, by
checking that the fluctuations of the phase of p(k,) are
small [5]. This happens in the whole scattering length
regions below the transitions in Figs. 6(d) and 6(e).
Interestingly, the variance of the phase for potential V-
is much smaller than that for Vp, implying that also phase
excitations are minimized by crossing the continuous phase
transition. See Appendix C 3 for details.

A relevant question is whether the discontinuous tran-
sition in potential V shows hysteresis similarly to first-
order phase transitions, i.e., different locations of the phase
transition depending on the direction in which the transition
is crossed. However, the concept of hysteresis (in the
thermodynamic sense) applies only to systems that are in
equilibrium. Our system is out of equilibrium, as it cannot
entirely dissipate the energy acquired when crossing the

transition from the superfluid to the supersolid. Therefore,
we do not expect to observe hysteresis. In the dynamical
measurements as in Figs. 6(d) and 6(e) we indeed do not
observe any hysteresis, within our current resolution of 2a,.
The simulations predict a hysteresis of just about 0.5a, in
the hypothetical equilibrium case; see Appendix D.

V. EXPERIMENTAL FLUCTUATION SPECTRUM

A confirmation of the different character of the two
phase transitions comes from an analysis of the fluctuations
of the contrast. Fluctuations are generally enhanced in the
vicinity of a phase transition, including the superfluid-
supersolid phase transition [15]. We already noted the
presence of shot-to-shot fluctuations of C for the data in
Figs. 6(a) and 6(b). These fluctuations can have quantum,
thermal, or technical origin, the latter being presumably
dominated by the shot-to-shot fluctuations in the atom
number, which in turn determine fluctuations in the critical
scattering length. One expects the fluctuations to have
different distributions for continuous and discontinuous
phase transitions, due to the different shape of the Landau
free energy (see, e.g., Ref. [42]).

Figure 9 presents the distributions of C measured for
the two transitions, binned in four intervals of scattering
length: well before, just before, just after, and well after
the transition. For potential V, the distributions show the
expected behavior of a continuous phase transition; see
Fig. 9(a). For large a, (region I), the system is in the
superfluid phase in each experimental run. For smaller ay,
when the modulation appears (region II), a portion of the
samples comes apart from the peak at zero contrast,
populating a region of small contrasts nearby. Deeper into
the supersolid region (region III), the peak at zero contrast
is depleted and the system occupies a well-defined set of
contrasts. Decreasing further a, toward the droplet crystal
regime (region IV), the contrast becomes larger on average
but also noisier, probably because of the enhancement of
three-body losses which modify from shot to shot the
density distribution, depending on the details of the
dynamical formation process.

For potential Vp, see Fig. 9(b), the situation is quite
different. Just before the transition (region II), the histo-
gram separates into two peaks: a main one at zero contrast
and a smaller one at finite contrast. We interpret the latter
peak as due to fluctuations into the second minimum of
the Landau free energy, across the barrier. Moving toward
the droplet crystal, the double-peak structure changes to the
same broad distribution of the continuous case.

The experimental observations are corroborated by the
Landau free energy calculated from realistic models of
the trapped supersolids in potentials V- and Vp, shown in
Figs. 9(c) and 9(d). While the continuous transition in
potential V has a single minimum, the discontinuous
transition in Vp has two minima, which in the experiment
can be populated alternatively depending on thermal,
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FIG. 9. Character of the phase transition from fluctuation spectra. (a),(b) Histograms of the contrast fluctuations for potential V- (a)
and for potential V (b). Panels correspond to the following scattering length intervals (in units of a). V: 101-96.5 (I), 96.5-92.5 (1),
92.5-89.8 (III), 89.8-86 (IV). Vp: 101-96.7 (I), 96.7-92.3 (II), 92.3-90.3 (1II), 90.3-86 (IV). Each region contains 100150 samples.
(c),(d) Theoretical model of the Landau free energy for V. (c) and V, (d), for scattering lengths spaced by 1.0a, and 0.254a, around the
central values 94a, and 90a,, respectively. Single- and double-peak structures in the experimental data in region II for V- and V, are in
qualitative agreement with the theoretical model close to the transition, dark lines in (c) and (d).

quantum, and technical fluctuations [42]. The model is not
exact, as it describes the transition with the variation
of a single parameter, the contrast C, while from the
numerical simulations we observe a global change of the
wave function. See Appendix A 3 for details and further
discussions. However, there is a qualitative agreement
between the experiment and the model, in terms of both
the characteristic contrast at the discontinuous transition
and the characteristic energy gained by crossing the dis-
continuous transition. The height of the barrier at the
transition in Fig. 9(d) is indeed about 5 nK, which is of
the same order of both the energy gain in Fig. 8 and the
system temperature.

In conclusion, the different shape of the fluctuation
spectra of the contrast provides an additional evidence of
the different character of the two phase transitions, con-
tinuous for potential V- and discontinuous for Vp.

VI. DISCUSSION AND CONCLUSIONS

In summary, we assessed the character of the superfluid-
supersolid quantum phase transition. By tuning the system
parameters, we observed a gradual change from 1D-like
configurations with continuous phase transitions into
2D-like configurations with discontinuous phase transi-
tions. The dimensional crossover is due to the very nature
of the supersolid. Although our supersolids have only a
single row of principal density maxima, they keep a
2D structure thanks to the presence of the background
density associated to their superfluid nature. The 2D struc-
ture is gradually suppressed by an increasing transverse

confinement or an increasing atom number. Our analysis
establishes also a link between previous numerical simu-
lations for infinite systems, showing that the discontinuous
transition seen in quasi-1D at low density [25] has the same
nature of the discontinuous transition in 2D [22].

The continuous-discontinuous character of the transition
is controlled experimentally by changing the transverse
confinement. We achieve various evidences of the different
character of the transition in the two regimes, in particular
from the striking difference in the adiabaticity with which
the phase transition can be crossed, besides the different
shape of the fluctuation spectrum. The continuous tran-
sition can be crossed almost adiabatically despite the
limited timescales of the experiment, with a residual energy
increase of just about 0.5 nK. The discontinuous transition
is quite sharp despite the very small length of the supersolid
lattice, which has only 2-3 sites. That supports the expect-
ation that broadening effects are determined by the number
of particles (N~ 10* here) and not by the number of
sites [43].

Our findings have implications for future studies of the
supersolid phase of matter. Crossing continuous quantum
phase transitions we achieve supersolids that are almost
free of excitations. This is an important prerequisite to
study a key property of supersolids, the reduced super-
fluidity due to the crystal-like structure [4]. Our results can
be extended directly to annular configurations, which are
the ideal setup to study superfluidity [4,24,44] and would
also allow us to eliminate the longitudinal harmonic
potential without the edge effects introduced by boxlike
potentials [45]. A sufficiently tight radial confinement will
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allow us to achieve continuous phase transitions, in analogy
with the 1D-like configurations we explored in this work.
The control of continuous quantum phase transitions opens
up also the possibility to study the generation of entangle-
ment in the supersolid phase. Indeed, the increase of
correlations in a quantum transition can lead to the creation
of many-body entanglement [46]. Crossing adiabatically a
continuous transition would limit the impact of noise and
decoherence which usually leads to degradation of fragile
entangled states. Understanding quantum correlations in
the supersolid would be an important step both for
developing a full quantum description of this new phase
of matter and for the possible exploitation of metrologically
useful entangled states [47].
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APPENDIX A: LANDAU MODEL FOR THE
DIPOLAR SUPERSOLID

In this Appendix, we discuss in more detail the super-
fluid-supersolid phase transition in the framework of the
Landau theory. Generally, for crystallization transitions the
order parameter is complex: C = |C|e?, where ¢ deter-
mines the phase of the supersolid lattice. In infinite systems
there is no energy cost in changing ¢, see, for example, the
case of lattice supersolids [13,21], which corresponds to the
appearance of a zero-energy Goldstone mode, a signature
of continuous symmetry breaking [38]. In that case, one can
neglect the phase dependence of the free energy and take C
to be real. In the presence of a trap, the energy depends also
on ¢ and one should build a Landau model with a complex
order parameter. For dipolar supersolids, however, it was
shown that the associated Goldstone mode has a much
lower energy than the amplitude mode [9]. This allows us
again to neglect the phase and consider C real, as we do in
this work.

1. 1D system

First, we consider the case of a 1D density modulation of
the form p(x) = po[1 + Ccos(kx)] that provides a good
characterization of the one-row configuration. Inserting this
ansatz into the energy functional Eq. (1) and expanding in
powers of C leads to a Landau expansion of the form of
Eq. (2), where the coefficients depend on the wave vector £,
the mean density p,, and the scattering length a,. The

odd terms are exactly vanishing, as a consequence of the
symmetry in the sign of the contrast discussed in the main
text. Both contact and dipolar energies contribute only to
the quadratic coefficient b;p, since they are quadratic in the
density. The coefficient b decreases as the scattering
length is decreased, and becomes negative when the
attractive part of the dipolar interaction dominates, favoring
the formation of the supersolid state. The other coefficients
are determined only by the kinetic and LHY energy, which
are a more complicated function of the density. The fourth-
and the sixth-order coefficients d;p and e, read

n’n 157g ny 5/2
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where the coefficient of the LHY energy g; vy is defined
after Eq. (B 1). In the experimental density regimes, the
contribution of the kinetic energy (first term on the right-
hand sides) dominates over that of the LHY (second term).
The coefficient d;p is then positive and the next-order
term of the form e;,C® does not change the scenario of a
continuous phase transition. When instead the density is
large enough, quantum fluctuations overcome the kinetic
energy reversing the sign of d;p. To ensure stability of the
system, one has to consider the term e, C®. The resulting
Landau energy AE = b,pC? + d;pC* + e,pC° predicts a
discontinuous phase transition with the combination
bip > 0,dip <0,e;p > 0. The shape of the energy is
depicted in Fig. 2(b). This mechanism justifies the discon-
tinuous phase transitions at high densities and high trap
frequencies depicted in gray in Fig. 3.

The previous simple model can be extended to include
the effects of the trap. We modify the density ansatz into
p(x) = pog(x)[1 4+ Ccos(kx)], where g(x) is a Gaussian
envelope of width ¢ which contains the proper normali-
zation constant. As a result of the presence of the envelope,
the symmetry in the sign of the contrast is broken. The two
density distributions with C and —C are indeed slightly
different, since they have the main maximum and the
central minimum at the center of the trap, respectively.
Consequently, odd terms appear in the Landau energy. We
have checked that odd terms are below 10% of the even
terms in the relevant regime in which more than one cluster
is present, and approach zero when many clusters are
present, i.e., when ko is large. The presence of the trap
introduces also linear terms in the contrast. In particular, the
trap energy is proportional to the density, so it contributes
only to the linear term. The interpretation of this fact is
clear: a state with C > 0 is favorable in trap energy
compared to a superfluid with C = 0, since it increases
the density in the center of the trap and forms lateral
minima where the trap potential is higher. The presence
of a trap-induced linear term in the Landau energy can
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explain the mixing of continuous and discontinuous phase
transitions observed in the simulations. Indeed, in configu-
rations where the transition is discontinuous, the presence
of a linear term can induce a continuous transition toward
states of small contrast, followed by a jump toward the
second minimum at higher contrast.

2. 2D system

In the 2D infinite case, the full calculation of the Landau
energy with a sinusoidal ansatz of the form Eq. (3)
was reported in Ref. [22]. We checked to what extent
this model applies to our case with a harmonic potential
in the y direction, modifying the ansatz into p(x,y) =
pap(x,¥)g(y), where pp is given by Eq. (3) and g(y) is a
Gaussian envelope in the transverse y direction of width o.
The expansion coefficients are equal to the thermodynamic
limit in 2D until 6k/(27) approaches 0.4, a regime in which
the first lateral rows of clusters are already suppressed to
approximately 10%. That is not dissimilar from the results
of the numerical simulations in Fig. 4, which show the
change to continuous transitions when the lateral rows are
suppressed to a similar level.

3. Landau model for the experimental configurations

To estimate the Landau free energy for the experimental
configurations, we developed a specific model. To take into
account the effect of the trap confinement, we modify
ansatz (3) into

p(r)=A {1 + Ce—x2/2w§Z cos(k; 'r’)}

x (1=22/R)e™ 25 (1 - 2/R2),  (A2)
where we add a Gaussian envelope of width o, in the y
direction and a Thomas-Fermi envelope of radius R, (R,)
in the x (z) direction. The lattice vectors are k; = 27/
2(0,1,0), ky = =27/A(\/3/2,1/2,0), k3 =2x/4(\/3/2,
-1/2,0), V32 is the lattice period, C is the contrast,
r=(x- V34, y, 0), and A is a normalization constant. We
also add a Gaussian envelope for the sinusoidal modulation
with width w_ to get a better agreement with the simulated
density distributions; see Fig. 10.

To calculate the free energy as a function of C, we
integrate numerically the energy functional Eq. (1) with
ansatz (A2). We set all the other parameters to realistic
values obtained from the numerical simulations of the
ground state, R, =38.17, (R,=35.6¢,), o, =0.647,
(6,=0467,), R,=49¢, (R,=5.17,), w,=21¢,
w, =197, 1=1.6¢, (A=197,) for trap V- (Vp).
This approximation allows us to study the free energy as a
function of the order parameter only. For a better com-
parison with the experimental and numerical data, we
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FIG. 10. Comparison between the ground-state simulations and
ansatz (A2). (a),(b) Black points are the integrated density along x
(a) and y (b) directions for potential V. Solid lines are 1D cuts of
ansatz (A2) fitted to the simulated densities. (c),(d) Same for
potential V. Simulations correspond to supersolid states just
after the transition (94.25a, for V¢ and 91.94q, for Vp).

express the energy as a function of C, calculated from
the Fourier transform of the wave function.

The results for the two experimental potentials V. and
Vp are plotted in Fig. 9 for various values of the scattering
length across the phase transitions. As discussed in Sec. III,
C scales as C?, so the shape of the free-energy curves is
somewhat different from those in Fig. 2. The model
correctly reproduces the character of the transition for
the two potentials: while for potential V- the minimum of
the energy smoothly increases from C =0 to C > 0, for
potential V, a second minimum develops by lowering the
scattering length, resulting in a finite jump of C at the
transition. For potential V-, the critical scattering length is
around 964, slightly above the numerical value of 94a,.
For potential V, the transition is at 90a instead of 91.9q,,.
For both V. and V the value of the contrast at the
transition is of the same order of that calculated in the
numerical simulations (see Fig. 5).

APPENDIX B: NUMERICAL SIMULATIONS OF
THE PHASE TRANSITION IN EQUILIBRIUM

1. Numerical methods

In this Appendix, we present the methodology followed
for the numerical simulations of the equilibrium phase
diagram and we discuss the additional analysis employed to
characterize the phase diagram. The system is described in
terms of a generalized Gross-Pitaevskii theory including
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the beyond-mean-field Lee-Huang-Yang correction. The
energy functional is E = E s + E4q + Ergy With

Eur = [ [ 900 + vasotr) + 45700 ar
Ey = %//P(")Vdd("—r/)/)("/)drd"/v

Einy = 9LHY/P5/2(")d"7 (B1)

where p(r) = |w(r)|* represents the condensate density,
Vio(r) = (m/2) Y0y wZr? the harmonic trapping, g =
4nhas/m is the contact interaction strength, Vg4(r) =
(1 —3cos?0)/(4xr?) the (bare) dipole-dipole potential,
Cyq = pop® its strength, u the modulus of the dipole
moment yu, r the distance between the dipoles, and 6 the
angle between the vector r and the dipole axis, cosd =
p-r/(ur) [48]. The orientation of the magnetic dipoles is
along the z direction (the direction of the magnetic field B).
The LHY coefficientis g; gy = [(256+/7)/15][(h2a)’*)/m]x
(143€dy), with eqq = pou*N/(3g) [49].

The ground state of the system is obtained by minimizing
the energy functional E[y] by means of a conjugate
algorithm; see, e.g., Refs. [48,50,51]. In the numerical
code the double integral appearing in Eq. (B 1) is mapped
into Fourier space where it can be conveniently computed
by means of fast Fourier transform (FFT) algorithms, after
regularization. The LHY correction in Eq. (B 1) is obtained
from the expression for homogeneous 3D dipolar con-
densates under the local-density approximation [49,52].

To obtain the contrast in Fourier space C from the
ground-state density distributions, we first compute
| F[\/p(x)]|?, where p(x) is the column density integrated
along the transverse trap direction y. The order parameter C
is given by the height of the first lateral peak relative to the
central one. A simple relation between real space C and C
can be derived in the 1D infinite case discussed in
Appendix A. In the limit C < 1, we find C = C?/16.

2. Additional data of numerical simulations

Figure 11 shows data supporting the discussion in
Sec. III about the compressibility of the supersolid and
the onset of the LHY-dominated regime, for the transitions
at the center of the crossover. Figure 11(a) shows the
transverse width ¢, normalized to that of a noninteracting

system, 7/ /2. For vy, > 70 Hz the values are very close
to 1, in agreement with the expectation that, at the
transition, attractive dipolar and repulsive contact inter-

actions tend to cancel out. Since o, is slightly less than

Zy/ V2, the dipolar interaction is slightly larger than the
contact interaction. For smaller frequencies, instead, one
notes a very rapid increase of the peak density [Fig. 11(c)].

p (107 cm™)

50 100 200 500
v, (Hz)

FIG. 11. Characterization of the supersolid structure for the
transitions at the continuous-discontinuous boundary. (a) Trans-
verse width o, (b) deformation parameter f of the central
supersolid clusters, and (c) peak density versus transverse trap
frequency. Insets: examples of the supersolid density distributions
in the x-y plane.

This brings the system into a regime in which the LHY
energy has an important role in limiting further density
increases, due to its p>/> dependence, by increasing the
transverse size of the clusters. Hence, o, becomes larger than
the noninteracting width. In Fig. 11(b), we observe the same
features in the deformation parameter B, = (x> — y?)/ (x> +
y?) of the central supersolid clusters. In an unconfined 2D
system, the natural shape of the clusters in the x-y plane is
circular, so that f,, = 0. In the trapped system studied in the
main text, this happens only in a limited range of transverse
trapping frequencies around v, = 60 Hz. For larger frequen-
cies, the clusters get squeezed by the transverse trap, so one has
P > 0. For smaller frequencies, in the LHY regime, the
clusters become elongated in the transverse direction and
P < 0. This is the “stripe” regime found also in other
numerical studies [23,39].

A different effect of the LHY energy term arises for large
transverse confinements and large N, leading to a second
change from continuous to discontinuous transitions, as
shown in Fig. 3(a). Figure 12 shows an example of the
discontinuous transition in such a regime. The character-
istic features are (1) the supersolid initially forms contin-
uously in the regions with intermediate density, where the
LHY term is not too large, and not at the center as usual
(a similar effect was observed numerically in Ref. [7]),
(2) in a second stage, the supersolid forms also in the center,
via a discontinuous transition since the LHY term there is
large, (3) the discontinuous transition is accompanied by
the opposite of the standard magnetostriction effect, i.e., the
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FIG. 12. Discontinuous transition in the LHY-dominated re-
gime, (v, = 400 Hz, N = 7 x 10%). (a) Contrast C as a function
of the scattering length. Note the initially continuous transition
around 95.54y, followed by a discontinuous one around 94.2a,.
The insets show that the modulation initially forms on the sides
of the distribution. (b) Behavior of o, across the transition,
demonstrating the inverse magnetostriction provided by the

LHY term.

transverse size increases when the supersolid forms, to
reduce the density increase, (4) the discontinuous transition
is weak, because it regards only a small fraction of the
system. All these effects are a consequence of the peculiar
dependence of the LHY energy term on the density p>/2,
which results in a stronger variation of the LHY term along

the system than the contact and dipole-dipole terms.

APPENDIX C: EXPERIMENTAL METHODS
AND ANALYSIS

1. Experimental sequence

The experiments start with a Bose-Einstein condensate
(BEC) of about 8 x 10* 19Dy atoms in a crossed optical
trap. In previous experiments, we measured typical temper-
atures in the range 3-10 nK, through free-expansion
measurements in the supersolid regime, following a dis-
continuous transition [5]. The condensate is initially
prepared at a magnetic field B ~ 5.5 G, corresponding to
a scattering length of about 140qa,. The magnetic field is
then slowly changed toward the critical values for the phase
transition into the supersolid, close to the set of Feshbach
resonances around 5.3 G [5], with a resolution of 1 mG.
The magnetic field is calibrated via radio-frequency spec-
troscopy before and after each experimental run, lasting
typically 3—4 h. The magnetic field stability is about
0.5 mG, corresponding to a stability in scattering length
of about 0.3a,. For the conversion from magnetic field
to scattering length, we adopt the model presented in
Ref. [53]. The relatively large uncertainty in the

background scattering length results in a global systematic
uncertainty of several a in the experimental scattering length
at which the transitions take place. In all experimental figures
we applied a shift to the scattering length to get a matching
between the transition point identified in the experiment and
that from ground-state simulations in potential V. We
identify the experimental transition point from the jump in
the atom number; see Fig. 15. The resulting shift amounts to
6.7ay. This analysis does not take into account the shift of the
dynamical phase transition with respect to the equilibrium
one, which we estimate to be of the order of 0.5a,; see
Appendix D.

At the end of each experimental sequence, we suddenly
switch off the optical potential and we let the system expand
for 90 ms in the presence of a magnetic-field gradient that
compensates gravity. About 200 s before the release of the
atoms we increase the contact interaction strength by setting
a; ~ 140a, in about 1 ms, thus minimizing the relative
effects of the dipolar interaction on the expansion. This
helps in preserving characteristic properties such as the
contrast and the period of the momentum distribution [6].
We finally measure the atomic density, which we interpret
as the momentum distribution p(k,,k,), by absorption
imaging on the strong optical transition at 421 nm.

2. Contrast

The presence of the supersolid density modulation is
revealed by the characteristic side peaks in the momentum
distribution, as depicted in the insets of Fig. 6(a). To extract
the contrast C, as a function both of the scattering length
and of time, we analyze each image following these steps.
First, we rotate the momentum distribution in the plane to
align the interference peaks along the k, direction. Second,
we integrate over k, to get the 1D momentum distribution
p(k,). Third, we fit p(k,) with a double-slit model,

plk,) = Age koI5 L1+ Ay sin[m(k, — ko) /k, + @]}
(C1)

where Ay, kj, and o are, respectively, the amplitude, center,
and width of the envelope, while A;, k,, and ¢ are the
amplitude, period (in momentum space), and phase of
the modulation. The typical experimental image has a
phase of 7/2 (see Fig. 14), corresponding to a central peak
and two lateral, symmetric peaks. To get a contrast C
unbiased from fluctuations of the phase around z/2, we
rephase the fitted function imposing ¢ = z/2 and we
define C = max’ /max®, where max® and max’ are
the values of the central and first lateral maxima, respec-
tively (see Fig. 13). Since the lateral maximum in the
superfluid phase does not exist, we should get C = 0 in
this regime. However, trying to fit a superfluid profile with
the double-slit function Eq. (C1), the fit can force the
presence of small maxima in the slope of the superfluid
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FIG. 13. Example of experimental 1D momentum distribution

p(k,) obtained after a time-of-flight experiment in the supersolid
regime of potential V. Black dots are experimental data, while
the gray line is the fit using the double-slit function of Eq. (C1).
The red line is the same fitted function after fixing the phase to
7/2. The highlighted points are the central maximum max®, the
lateral maximum max”, and the intermediate minimum (min)
used in the definition of the observables C and C, (see text).

and give fictitious nonzero values of C. To overcome
this problem, we use a different observable defined as
C, = (max’ —min)/(max” + min), where min is the first
lateral minimum, and we set C = 0 if C, = 0. The reason is
that the observable C, is automatically zero in the superfluid
phase, since eventual fictitious lateral peaks practically
coincide with their corresponding minimum. However, we
do nottake C, as a measurement of the contrast since it is very
sensitive to the atom number, which is lower and lower
entering the supersolid state, due to three-body losses.
Typically, C, has a maximum lowering the scattering length
and then starts decreasing. Thus, we use C, only to
distinguish between superfluid and supersolid images.

When studying the contrast as a function of time, the
fitting function is a damped sinusoid of the form

C(f) = Asin ( Qa)? — 21 + ¢0) e~/ + offy 1 + off,,
(C2)

where v is the frequency of the oscillation and 7 the
damping time. We fit with the same function also other
observables which allow a direct comparison between the
BEC and the supersolid, for example, the longitudinal
width ¢, which features the breathing-mode oscillation [8].
From measurements performed at different values of the
scattering length, see, e.g., Figs. 6(d) and 6(e), we find that
the damping time decreases about an order of magnitude
going from the BEC to the supersolid. For example, in the
discontinuous potential Vp, we get 7 = (100 +41) ms at
94.3a, and 7 = (15 +5) ms at 87.4q.

3. Phase fluctuations

We verified that the measured momentum distributions
p(k,) in the supersolid regime show phase coherence, the

/2
"'__.---b\‘

.

p=0.17

{90-92 q, o

Ti

.

.'" “-_ ¢ B
{86-89a,  ©7=0.055} {88904, | o2=048%

T4 . 0 me Y s

FIG. 14. Phase distributions of the interference pattern in
potential V- (magenta) and potential V, (blue) just after the
transition (a) and deeper in the supersolid regime (b). The shaded
areas correspond to ¢ £ aé, with @ the average phase and 0'5, the
variance.

property that distinguishes a supersolid from a crystal of
independent droplets [5]. In Fig. 14 we plot the phase ¢ of
the momentum distribution after crossing the transitions.
For both potentials V- and V|, we divide the data into two
groups: just after the transition point, see Fig. 14(a),
corresponding to the intervals (89-93)a, for V. and
(90-92)a for Vp, and deeper into the supersolid regime,
see Fig. 14(b), intervals (86-89)ay for V- and (88-90)a, for
Vp. All datasets have a variance lower than a uniform
distribution, o7 = 72/12~0.8, demonstrating the phase
coherence of the supersolid. Interestingly, the value of
the variance in the discontinuous trap is larger than in the
continuous one. For potential Vp, ai = 0.17 close to the

transition point, while the distribution broadens to 05 =
0.48 at lower scattering lengths, in agreement with results
reported in Ref. [5] where the phase transition was observed
to be discontinuous. Instead, for potential V- the phase
distribution is much narrower, with 67 = 0.035 and o, =
0.055 for the two datasets. This observation demonstrates
that the different character of the two transitions also affects
the phase excitations in the supersolid regime, other than the
amplitude excitations discussed in the main text.

4. Atom number

In the experiment, the atom number tends to decrease as
one moves from the superfluid into the supersolid phase,
due to three-body losses, dN/dt = —K5p?, as depicted in
Fig. 15. The losses increase mainly because p increases,
while K3 is approximately constant. In both cases, one
reaches the supersolid regime with about 40% of the initial
N. On the way back, N stays approximately constant, since
the density decreased during the permanence in the super-
solid regime and losses are less effective. The similar
behavior of the atom number across the transitions shows
that losses are similar in the two traps. The atom number in
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FIG. 15. Evolution of the atom number during the ingoing

(filled symbols) and outgoing ramp (open symbols), respectively,
for potential Vp (a) and V. (b). Error bars are the standard
deviation of the mean of 10-20 measurements. The atom number
is normalized to its maximum value on the BEC side.

the supersolid quoted in the main text (N = 3 x 10%)
corresponds to the measured atom number just after
the transitions, with an uncertainty 6N = +5 x 10°. We
checked in the simulations that in this interval of N the
character of the phase transitions does not change, for both
potentials.

5. Expansion energy

We use the momentum distributions p(k,. k,) also to
extract the expansion energy, as shown in Fig. 8. First, we
compute p = p — (p), subtracting from each distribution
in the dataset the average of all the images for the
corresponding harmonic potential (800 and 500 images
for potentials V, and V., respectively). The excess energy

E — (E) is given by

hZ
AE,,, = (2—> / Splky, k) K2dk.dk,.  (C3)
m )

Since we use normalized momentum distributions,
[ p(ky ky)d*k = 1, Eq. (C3) gives the energy per particle.
In order to eliminate the effect of atom losses, the data are
corrected taking into account the correlations between
energy AE,,, and the atom number, given mainly by the
repulsive interactions which cannot be neglected during the
expansion. As shown in Fig. 16, we use a linear regression
of the form AE,, = yN + AE,, to determine correlations
in subsets with similar N, corresponding to different
regions in scattering length. Raw data are then rescaled
using the relation,

AE = AE,, — Yi(N - N)’ (C4)
where N is the average atoms number in the superfluid side.
In this way AE is increased for data with N < N and
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FIG. 16. Analysis of the expansion energy presented in Fig. 8.
As an example we show the experimental data for the ingoing
ramp in the potential V. Panels (a) and (b) show excess energy
(raw data) and atom number as a function of the scattering length.
The horizontal dashed line marks the average atom number N in
the superfluid side. Different colors correspond to the subsets in
(c)—(f) where the solid lines are the linear regressions used to
rescale raw data in (a) using Eq. (C4).

decreased in the opposite case, by an amount proportional
to y; for each subset. In Fig. 8, we show the mean value of
data obtained from Eq. (C4).

6. Adiabaticity

To confirm the different character of the transitions in
potentials V- and Vp, we checked that the different degree
of adiabaticity persists in the whole range of ramp speeds
accessible in the experiment.

In a first type of experiment, we crossed twice the
transition for both V. and Vp, similarly to the main
experiment shown in Fig. 6, but with a variable ramp
speed. Besides the standard speed of 0.5a,/ms of the main
experiments, we employed a speed slower by a factor of 2
and a speed faster by a factor of 2. For both V- and Vp, the
ramp starts from the superfluid side, waits 15 ms on the
supersolid side, about 2a, below the transition, and then
ends again on the superfluid side, about 4a, above the
transition. To take into account excited modes of the
supersolid, we averaged samples detected after waiting
times of 10, 20, and 30 ms. The results are shown as open
circles in Fig. 17. The contrast for V is always larger than
the one for V., but both show an approximately linear
increase for increasing ramp speeds. This implies that
crossing twice the transition into a well-formed supersolid
has a speed-dependent contribution for both continuous
and discontinuous transitions. We attribute it to the finite
formation time of the supersolid, about 15 ms, which is of
the same order as the characteristic period of the collective
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FIG. 17. Adiabaticity versus ramp speed. Contrast after a ramp
from the superfluid to the onset of the supersolid (filled circles)
and after crossing twice the transition (open circles), for poten-
tials V- (magenta) and V, (blue). Error bars are the standard
deviation of the mean. Dashed lines are linear fits and colored
bands are the confidence intervals at one standard deviation.

oscillations in the contrast. Since the ingoing ramp duration
is not much longer than the formation time, the supersolid
does not form with the lowest energy available.

Note that the larger final contrast for V than for V.
persists also extrapolating to zero ramp speed with a linear
fit (dashed lines in Fig. 17). This confirms that the former
transition is discontinuous. We attribute instead the zero-
speed intercept for V- to atom losses, which leads to a loss
of adiabaticity in the long-time limit.

In a second type of experiment with potential Vp,
we ramped the scattering length from the superfluid side
into the strongly fluctuating region just prior to the
stable formation of the supersolid (about 92.5a). We then
selected only the samples with a finite contrast, discarding
those still on the superfluid side. This procedure allows us
to study the supersolid just after the transition. To allow for
the formation of the supersolid, we employed a minimum
waiting time of 15 ms. Also in this case we averaged
samples detected after waiting times of 10, 20, and 30 ms.
The mean value of the contrast for varying ramp speed is
shown in Fig. 17 as filled circles. One notes that the mean
contrast stays approximately constant, confirming the
discontinuous character of the phase transition.

APPENDIX D: NUMERICAL SIMULATIONS
OF THE DYNAMICS

We simulated the evolution of the system when crossing
the phase transitions in potentials V- and V, by solving the
Gross-Pitaevskii equation i420,yy = 6E/dy*, by using the
FFT split-step method discussed in Ref. [54]. The typical
size of the numerical box is 24 ym per side, each
discretized in 128 points.

We found that the speed of the ramp in scattering length
employed in the experiment, 0.5ay/ms, in the simulations
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FIG. 18. Simulated energies during a slow ramp across the two

phase transitions studied in the experiment. Total energy versus
scattering length for the continuous (a) and discontinuous
(b) cases. Different lines are associated to the ingoing ramp
(solid line), the outgoing ramp (dashed line), and the ground-state
energy (black line).

produces effects more similar to a sudden quench of
the scattering length than to an adiabatic transformation.
This is presumably due to the lack of dissipation in the
simulations. A ramp slower by one order of magnitude,
0.06a,/ms, results instead in a quasiadiabatic crossing of
the phase transition in potential V., see Fig. 18, similarly
to the experiment. For such a ramp speed, the simulations
for the potential V, show an increase of energy of about
1 nK, which is of the same order of magnitude of the
experimental observation. A quantitative comparison of the
energies in the experiment and in the simulations is not
possible, mainly because of the increased contact energy in
the expansion phase of the experiment. Note indeed that
while the simulated energy decreases while lowering ay,
mainly because of the decrease of contact energy, the
experimental energy in Fig. 8 increases, because higher
densities enhance the effect of the repulsive contact
interaction during the expansion.

Samples of the dynamics for V. are shown in Fig. 7 and
discussed in the main text. The simulations for potential V,
feature a similar behavior, i.e., excitation of collective
modes of the supersolid and of the superfluid for the
ingoing and outgoing ramps, respectively. The number of
modes is, however, larger than for potential V., in agree-
ment with both the larger number of modes observed in
the experiment and the larger excitation energy of Fig. 18.
In general, the simulations feature a larger number of
modes than the experiment, presumably because they lack
the dissipation that is instead present in the experiment.
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We also studied the hysteresis for the discontinuous
transition in potential Vp, in the hypothetical scenario
in which the transition is crossed in both directions
starting from the ground state of the system. The amplitude
of the hysteresis cycle is about 0.5a, for a holding time
fhoid = 40 ms. Previous simulations for a configuration
close to that of potential Vp found a similar result [6].
The hysteresis tends to disappear if one instead crosses the
transition twice from the superfluid side, remaining on an
excited state of the supersolid, similarly to the experimental
scenario.

In conclusion, although the present simulations cannot
reproduce quantitatively the observations, possibly because
they do not account for temperature and dissipation effects,
they support the experimental observation of a different
behavior of the amplitude mode and of the energy for the
continuous and discontinuous transitions, as well as the
excitation of a collective mode of the superfluid following
the outgoing ramp.
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