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Determination of the symmetry property of superconducting gaps has been a central issue in studies to
understand the mechanisms of unconventional superconductivity. Although it is often difficult to
completely achieve the aforementioned goal, the existence of superconducting nodes, one of the few
important experimental signatures of unconventional superconductivity, plays a vital role in exploring the
possibility of unconventional superconductivity. The interplay between superconducting nodes and
topology has been actively investigated, and intensive research in the past decade has revealed various
intriguing nodes out of the scope of the pioneering work to classify superconducting order parameters
based on the point groups. However, a systematic and unified description of superconducting nodes for
arbitrary symmetry settings is still elusive. In this paper, we develop a systematic framework to
comprehensively classify superconducting nodes pinned to any line in momentum space. While most
previous studies are based on the homotopy theory, our theory is on the basis of the symmetry-based
analysis of band topology, which enables systematic diagnoses of nodes in all nonmagnetic and magnetic
space groups. Furthermore, our framework can readily provide a highly effective scheme to detect nodes in
a given superconductor by using density-functional theory and assuming symmetry properties of Cooper
pairs (called pairing symmetries). There are two main advantages of our method. One is that, while the
symmetry-indicator theory cannot be directly applied to systems violating compatibility conditions, our
diagnostic scheme focuses on such systems, which results in a complement of the symmetry-indicator
theory. The other is that, although our method does not predict any pairing symmetry itself, our framework
can diagnose not only the positions but also the dimensions of nodes such as line or surface nodes, which
can reduce candidates of pairing symmetries. We substantiate the power of our method through the time-
reversal broken and noncentrosymmetric superconductor CaPtAs. Our work establishes a unified theory for
understanding superconducting nodes and facilitates determining superconducting gaps in materials

combined with experimental observations.
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I. INTRODUCTION

While it is often difficult to determine the symmetry
property of Cooper pairs (called pairing symmetry in this
work) [1-26], superconducting nodes—geometry of gap-
less regions in the Bogoliubov quasiparticle spectrum—
are key ingredients to identify pairing symmetries. For
example, power-law behaviors of the specific heat and
the magnetic penetration depth are signatures of nodal
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superconductivity. Therefore, predictions of superconduct-
ing nodes by theoretical studies are helpful to clarify the

possible properties of unconventional superconductivity.
Inspired by a series of the discovery of heavy-fermion
superconductors such as CeCu,Si, [27] and UPt; [28],
superconducting order parameters are classified by irre-
ducible representations of point groups [29-33]. Since the
order parameters are described by basis functions of the
irreducible representations in these theories, the intersec-
tion between Fermi surfaces and regions where the basis
functions vanish is understood as superconducting nodes.
Indeed, such analyses succeed in explaining nodes of
certain superconductors like cuprate superconductors
[34]. However, recent intensive studies reveal that such
analyses do not consider multiband (orbital) effects and the
presence of nonsymmorphic symmetries. As a result, novel
symmetry-protected nodes [35-41] are missed in these
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theories. For example, although Ref. [42] argues that
symmetry-protected line nodes could not exist in odd-
parity superconductors, several works provide counter-
examples in the presence of nonsymmorphic symmetries
[43-47]. UPt5 is a prototypical example of materials that
exhibits such symmetry-protected line nodes [43-47].
Another example is surface nodes called Bogoliubov
Fermi surfaces. When the time-reversal symmetry (TRS)
is broken, the Bogoliubov Fermi surfaces can be realized
by a pseudomagnetic field arising from interband Cooper
pairs [36,48].

Recently, three approaches to overcoming the insuffi-
ciency of the previous studies have been proposed. The
first approach is based on the group-theoretical analysis
of representations of the Cooper pair wave functions
[44,47,49-51]. In the presence of inversion symmetry,
the theory tells us which pairing symmetries force gap
functions to vanish on the mirror plane [44,51]. Thus, when
Fermi surfaces are located on the mirror planes, line nodes
exist in the mirror plane because of such pairing sym-
metries. The second approach is based on homotopy theory
[52—-66]. In the presence of inversion and internal sym-
metries, we define zero-, one-, and two-dimensional
topological charges that protect nodes at generic points.
Then, depending on the dimensions of the defined topo-
logical charges, the shapes of protected nodes, such as line
and surface nodes, are determined. The last approach is
the k- p model analysis, which discusses the number of
symmetry-allowed mass terms and dispersion in k- p
models [67-73]. Despite the significant progress reported
in these works, existing theories cover only simple sym-
metry settings such as generic points or mirror planes.
In other words, high-symmetry settings such as rotation and
screw axes in glide planes, which commonly happen in
realistic materials, are out of their scope. Therefore, a
comprehensive theory to classify and predict superconduct-
ing nodes for arbitrary symmetry classes has long been
awaited. To achieve this goal, we need to answer the
following two questions:

(I) Is there a way to comprehensively classify nodes
pinned to high-symmetric momenta (often called
symmetry-enforced nodes)?

(II) Can we classify topologically protected nodes not
pinned to particular momenta, which can freely
move in planes or the entire Brillouin zone?

In this work, we propose a novel approach to symmetry-
enforced nodes on arbitrary lines in momentum space,
which answers question I. Our method is based on two
techniques to clarify the shapes of nodes pinned to the lines.
First, we employ the symmetry-based analysis of band
topology [74-90]. Symmetry representations of wave
functions play a pivotal role in the theory. In particular,
there exist necessary conditions of symmetry representa-
tions to be gapped phases, referred to as compatibility
conditions [74,75,91-94]. Conversely, if some compatibil-
ity conditions are violated, the system should be gapless.

Suppose that we find a gapless point on a line, which
originates from a violated compatibility conditions. When
compatibility conditions between the line and its neighbor-
hood exist, we find that the region of violation of the
compatibility conditions is a line or surface; that is, line or
surface nodes must exist. Although compatibility condi-
tions are powerful tools for understanding nodes, they
alone cannot provide complete information about the
geometry of nodes. More precisely, when there are no
compatibility conditions between the line and its neighbor-
hood, we cannot judge whether the gapless point on the line
is a genuine point node.

Then, the classification of point nodes on the lines can
compensate for the incompleteness of compatibility con-
ditions. The results are mainly classified into three types:
(i) genuine point nodes, (ii) loop or surface nodes shrinking
to a point, and (iii) no point nodes and such shrunk loop or
surface nodes. If the classification result on the line is type
(ii) or (iii), the gapless point on the line is considered a part
of line or surface nodes.

There are two distinctions from existing works in this
work. One is that our symmetry-based approach can be
applied to any symmetry settings, for example, in the
absence of the inversion symmetry and the presence of
several nonsymmorphic symmetries. In fact, we apply the
framework to all nonmagnetic and magnetic space groups,
considering all the possible pairing symmetries that belong
to one-dimensional single-valued representations of the
point groups. The classification tables we obtain are
tabulated in Supplemental Material [95]. Furthermore,
the symmetry-based approach has a chance to be more
refined to answer question II, which is also discussed in the
present paper.

The other one is that our framework leads to an efficient
algorithm to detect and diagnose nodes in realistic materi-
als, requiring only pairing symmetry and information of
irreducible representations of Bloch wave functions at
high-symmetry momenta. It should be emphasized that
our method can predict not only the positions but also the
dimensions of nodes on high-symmetry lines, which might
be a significant step from the existing works [96-98]. Our
results, therefore, help reduce the candidates of pairing
symmetries in realistic superconductors by comparing our
results with experimental results on the existence or
absence of nodes.

The remaining part of this paper is organized as follows.
In Sec. II, we provide an overview of our study, which
enables readers who are not interested in all details to
understand our ideas and results. In Sec. III, we introduce
several ingredients used to formulate our theory. We devote
Sec. IV to establish the classification of point nodes on the
lines in the presence of point group symmetries. In Sec. V, we
integrate the gapless point classifications into the symmetry-
based analysis to classify nodal structures pinned to the lines.
In Sec. VI, we discuss how to apply our theory to detection of
nodes in realistic superconductors. As a demonstration, we
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apply our algorithm to CaPtAs, in which broken TRS is
observed [99]. We show that this material is expected to have
small Bogoliubov Fermi surfaces. In Sec. VII, we comment
on nodes at generic momenta and the relationship between
such nodes and symmetry-based analysis, which is an answer
to question II toward a complete classification of topologi-
cally stable nodes. We conclude the paper with outlooks for
the future works in Sec. VIII. Several details are included in
Appendixes to avoid digressing from the main subjects.

II. OVERVIEW OF THIS STUDY

Our major goal is to establish a systematic framework to
classify various nodes pinned to lines in momentum space.
To achieve this, we integrate compatibility conditions and
gapless point classifications. In this section, we provide an
overview of our strategy and results. Throughout the
present paper, gapless point means a point of momentum
space where the bulk gap in the Bogoliubov quasiparticle
spectrum is closing. It does not imply that the gapless point
is always a genuine point node. As shown in the following
discussions, a gapless point on a line connecting two
momenta is sometimes part of a line or surface node.

A. Emergent Altland-Zirnbauer classes and
zero-dimensional topological invariants

In principle, a complete diagnosis of nodal structures
requires computations of all topological charges to pro-
tect nodes. In this work, we adopt an alternative way:
We characterize any Bogoliubov quasiparticle spectrum
by zero-dimensional topological invariants at various
momenta. To accomplish this, we first identify emergent
Altland-Zirnbauer (EAZ) classes at a point in momentum
space. Here, emergent means that such a symmetry class is
not a global internal symmetry class but a local one for
an irreducible representation at a point in momentum
space. Once the EAZ classes are determined for each
irreducible representation at various momenta, we define
zero-dimensional topological invariants in the topological
periodic table [100-102] (see also Table II).

Let us illustrate the notion of EAZ classes through
spinful space group P2/m with B, pairing. In this sym-
metry setting, the system possesses TRS 7, the particle-
hole symmetry (PHS) C, the twofold rotation C5 along the y
axis satisfying the anticommutation relations {C G=0
[103], and the inversion / holding the commutation rela-
tion [C, I] = 0. Let Hy and v, be the Hamiltonian and its
eigenvectors, respectively, and Hpy,x = E,xWmk, Where
the Bogoliubov quasiparticle spectrum E,; is labeled by
the band index m and the momentum k. Since the combined
symmetries IC and I7 do not change k, (IC)y,; and
(IT )y, are also eigenvectors of H; with the energies
—E,x and E, ., respectively.

We begin by focusing on a generic momentum k in
the two-dimensional plane invariant under the mirror

(a) Mirror plane (b) Rotation axis

(0,0,m) (7,0, ) k,
&
(0,m,0)
.
"’ [ ] (0’ O’ 0)
(0, (m,0,0) /

Icg o

'l:bmk:

E
IC< 0 0
7
Ymk HI’

Eme = +1| & - Emke = +i| Emp = —1
Class D Class D
FIG. 1. [Illustration of the action of symmetries discussed in

Sec. II. There are two irreducible representations in the mirror
plane (k_-k, plane) [(a)] and the rotation axis (k, axis) [(b)]. They
are invariant under /C but exchanged by /7. As a result, the EAZ
classes for the irreducible representations are class D, and, thus,
two Z, topological invariants (Pfaffian invariants) are defined at
every point in the mirror plane and the rotation axis (except for
high-symmetry points).

symmetry M, = IC}. In this plane, the eigenvectors y,,
of Hy are also those of M, with mirror eigenvalues
& = *i. Then, (IC)y . and (I7 )y, have the mirror
eigenvalues &, and —¢&,,;, respectively. This implies that
the combined symmetry IC does not change the mirror
sector but /7 changes, which results in class D as the EAZ
symmetry class of each mirror sector at the point k [see
Fig. 1(a)]. As is the case of the mirror plane, completely the
same discussion can be applied to any point (except for
higher-symmetry momenta) in the rotation symmetric line.
Then, we find that the EAZ symmetry class of each
rotation-eigenvalue sector at the point is class D [see
Fig. 1(b)]. For EAZ class D, the Pfaffian invariants pi’
are defined.

B. Diagnosis of nodal structures based
on compatibility conditions

As seen in the preceding discussions, we show that zero-
dimensional topological invariants are defined at each
momentum. Then, the question is whether these zero-
dimensional topological invariants are fully independent or
not. In general, for the gapped region in momentum space,
these zero-dimensional topological invariants are subject to
symmetry constraints. Topological invariants do not change
when the system is in the same topological phase during the
continuous deformation [see Fig. 2(a)]. Thus, when we
consider momentum as a parameter of the deformation, the
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FIG. 2. Illustration of diagnosis based on compatibility con-
ditions. (a),(b) Bogoliubov quasiparticle spectrum along the line
connecting two momenta k; and k,. The spectrum satisfies the
compatibility conditions on the line in (a), while it does not in (b).
(c) Two divisions of the line connecting k; and k, and a nodal line
in a plane containing the line. Here, the red shaded region and
others have different values of the topological invariants, whose
boundary results in a nodal line. (d) Surface node. When there are
compatibility conditions between the plane and its three-dimen-
sional neighborhood, the regions in (c) are extended out of the
plane, and the boundary surface is the surface node.

zero-dimensional topological invariants must be the same
for the gapped region. In this work, we refer to such con-
straints on zero-dimensional topological invariants as com-
patibility conditions. Conversely, if the zero-dimensional
topological invariants are changed between two points,
the Bogoliubov quasiparticle spectrum must have gapless
points on this line [see Fig. 2(b)].

The existence of a gapless point pinned to the line
immediately implies that there are two regions in which the
zero-dimensional topological invariants are different from
each other [see Fig. 2(c), upper]. Next, we discuss the
diagnosis of the shape of nodes when we find a gapless
point originating from the change of zero-dimensional
topological invariants on a line. Suppose that there exist
compatibility conditions between the two subdivisions and
their neighborhoods. Furthermore, since the gradient of
dispersion does not usually diverge, it is natural to think
that neighborhoods of the regions on the line are gapped.
However, due to the compatibility conditions, the two
neighborhoods also have different topological invariants.
Therefore, the boundary of these neighborhoods leads to a
line node [see Fig. 2(c), lower]. When the system is three-
dimensional, the same discussion can be further applied to
the line node and its three-dimensional neighborhood [see
Fig. 2(d)].

Again, we discuss the case for space group P2/m with
B, pairing. Let us start with the mirror plane. We pick two
momenta k; and k,, which are not the high-symmetry
points. We also suppose that the different Pfaffian invar-
iants are assigned, say, p,jfli =1 and p,:fzi =0. Then, a
gapless point must be on the line between k; and k,, as
discussed above. In the mirror plane, there exists a
compatibility conditions such that p;"" must be the same
for the gapped regions. As a result, we find that the
situation is actually the same as Fig. 2(c) and that the
gapless point is part of the line node. On the other hand,
the situation for rotation axes is different from that for
the mirror plane. There are no compatibility conditions
between a point in the rotation axis and generic momenta.
In such a case, one might think that the point node is the
only case. However, we cannot conclude that the gapless
point is a genuine point node. The possibility of a line node
protected by one-dimensional topological invariants, such
as the Berry phase and the winding number, still remains,
since the absence of compatibility conditions just guaran-
tees that there are no line and surface nodes protected
by zero-dimensional topological invariants. In summary,

(a) A (b) A

FIG. 3. [Illustration of results of gapless point classifications on
a line: (a) The gapless point on the line is a genuine point node.
(b) A point node formed by multiple gapless points can be
realized, but such a point node is actually a shrunk loop or surface
node. Since there are no reasons why two gapless points are at the
same position, it is natural to consider that a shrunk loop or
surface node exists in such a case. (c) The gapless point must be
part of a line or surface node.
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compatibility conditions can tell us part of nodal structures
but not completely determine them.

C. Gapless point classifications on lines

In such a case, we need another tool to distinguish two
possibilities of a genuine point node or a line node. This is
achieved by the classifications of two-dimensional massive
Dirac Hamiltonians near gapless points on the line

H i, 1) = kir1 + kaya + Sksyo, (1)

where k; and k, are momenta in the directions
perpendicular to the line and 0k; is a displacement from
the gapless point in the direction of the line. Gamma
matrices yg, ¥, and y, anticommute with each other. After
classifying the Dirac Hamiltonians, we find three types of
gapless points: (a) a genuine point node [Fig. 3(a)], (b) a
shrunk loop or surface node [Fig. 3(b)], and (c) part of line
or surface nodes [Fig. 3(c)]. It should be noted that the
shrinking for case (b) is not forced by symmetries. In other

words, case (b) indicates that such loop and surface nodes
can shrink to a point just by deformations. In this work, we
consider that such shrinkable nodes are realized as loop or
surface nodes.

Indeed, the classification result for the rotation axis in
space group P2/m with B, pairing is case (c), as shown in
Sec. IV C 1. Thus, the gapless point on the rotation axis is
not a genuine point node.

D. Unification of compatibility conditions
and gapless point classifications

Unifying compatibility conditions and gapless point
classifications, we finally arrive at our -classification
scheme for the gapless points on lines, which is summa-
rized in Fig. 4. As a preparation for the classifications, we
decompose momentum space into points, lines, polygons,
and polyhedrons (called O-cells, 1-cells, 2-cells, and 3-cells,
respectively, in this work) (cf. Fig. 5). Suppose that we have
a generator of gapless points on the line. Here, generator

Input:

Decomposition of Brillouin zone
A generator of gapless points on a 1-cell
Gapless point classifications on the 1-cell

Compatibility conditions between
the 1-cell and adjacent 2-cells exist

Yes

[

No

|

‘ Compeatibility conditions between |

the 2-cells and 3-cells exist

A generator corresponds to a genuine
point node in gapless point classifications

Yes | No Yes | No
S(A) L(A) P(B) L(B)
Line node Line node

Surface node

o~

(pinned on 2-cell)

A

Genuine point node (extended from 1-cell to 3-cell)

3

A

B

'
s

FIG. 4. A flowchart of our classification scheme. In the classification process, we focus on a generator of gapless points on a line
(called 1-cell). Here, generator denotes a gapless point caused by a change of zero-dimensional topological invariants for irreducible
representations. Such gapless points on the line cannot be split because of symmetry constraints. We separately perform gapless point
classifications on the 1-cell. First, we ask if compatibility conditions between the line and adjacent polygons exist or not. If yes, we
examine whether compatibility conditions are between the polygons and their three-dimensional neighborhoods. If they exist, the
gapless point is part of a surface node, denoted by S(A). Otherwise, the gapless point is part of a line node pinned on the polygons,
denoted by L(A). Next, we consider the case where the compatibility conditions between the line and adjacent polygons do not exist. In
such a case, we ask if the generator coincides with a genuine point node from the results of gapless point classifications on 1-cells. When
the gapless point belongs to case (a) of the gapless point classification, it is a genuine point node, denoted by P(B). If the gapless point is
not consistent with the existence of a genuine point node, i.e., the gapless point classification result is case (b) or (c), we conclude that the

gapless point is part of a line node, denoted by L(B).
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FIG. 5.

Cell decomposition for p4mm. We first find a unit of BZ illustrated in the left. The red and black arrows signify orientations of

1-cells and 2-cells, respectively. Then, we rotate each p-cell in the unit by fourfold rotation symmetry. Finally, mapping them by the
mirror symmetry, we arrive at the cell decomposition shown in the right.

means a gapless point induced by a change of zero-
dimensional topological invariants for irreducible repre-
sentations. In other words, the generator has a minimum
number of gapless states at a point in the line, which cannot
be split due to symmetry constraints. We first check
whether compatibility conditions between the line and
adjacent polygons exist or not. Let us begin by discussing
the case where they exist. Then, we further examine if
compatibility conditions are between the polygons and
adjacent polyhedrons. If they exist, the gapless point is part
of a surface node [S(A) in Fig. 4]. Otherwise, the gapless
point is part of a line node pinned on the polygons [LL.(A) in
Fig. 4]. On the other hand, when the compatibility con-
ditions between the line and adjacent polygons do not exist,
we ask if the gapless point on the line is a genuine point
node from the results of gapless point classifications. When
the gapless point belongs to case (a) of the gapless point
classification, it is a genuine point node [P(B) in Fig. 4].
If the gapless point is not consistent with the existence of a
genuine point node, i.e., the gapless point classification
result is case (b) or (c), we conclude that the gapless point is
part of a line node [L(B) in Fig. 4]. Note that, since
stable surface nodes require zero-dimensional topological
charges, which are actually equivalent to zero-dimensional
topological invariants, they are always diagnosable by
compatibility conditions.

In this work, we classify the nodes pinned to the lines in all
nonmagnetic and magnetic space groups with concrete
decomposition of momentum space. All results are summa-
rized as tables in Supplemental Material [95], which contain
the information about positions and shapes of nodes.

E. Applications to materials

Our classification leads to an efficient way to diagnose
nodal structures in realistic superconductors. There are
two things that they have to do. One is to perform
density-functional theory (DFT) calculations and com-
pute irreducible representations in the normal phase at
high-symmetry points, which leads to zero-dimensional
topological invariants at high-symmetry points in the

weak-pairing assumptions [88,89] (see Sec. VI for
more details). The other is to check if the obtained zero-
dimensional topological invariants satisfy compatibility
conditions or not. Examining compatibility conditions
between zero-dimensional topological invariants at two
high-symmetry points, we can detect the positions of
gapless points on the line between two high-symmetry
points. Furthermore, referring to the classification tables,
we can also understand the shape of nodes.

For example, let us suppose that we have a super-
conductor crystallized in space group P2/m with B,
pairing. In this space group, there are eight high-symmetry
points, at which four irreducible representations are defined
and labeled by 1, 2, 3, and 4. Then, their EAZ classes are
class D, and four Pfaffian invariants are defined at these
points. We further suppose that the Pfaffian invariants for
the irreducible representations 1 and 2 at I" are nontrivial
and that others are trivial. After examining if compatibility
conditions are satisfied, we find various violated ones.
Here, let us focus on the violated compatibility conditions
on (0,0,0)-(1/2,0,0) and (0,0,0)-(0,1/2,0). Then, refer-
ring to Table I, we immediately see that the gapless points
on these lines are part of line nodes.

It is worth noting that our framework is implemented in
an automatic program. In Ref. [105], the authors develop a

TABLE 1. Part of classification table for space group P2/m
with B, pairing. The first and second columns represent the
boundary points of the line where a gapless point exists. Labels of
irreducible representations (irrep) are shown in the third column,
which follows the notation in Ref. [104]. The fourth column is the
classification Z or Z,, and the fifth column means the type of
nodes. Here P, L, and S denote point, line, and surface nodes,
respectively. In addition, while (A) means that the shape of the
node is determined only by compatibility conditions, (B) indicates
that gapless point classifications are necessary.

HSP1 HSP2 Trrep Classification Type of node
00,00 (4.0.0) Fy Z, L(A)
0,00)  (0.5.0) Ay Z, L(B)
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subroutine which enable us to perform the diagnosis of
nodal structures just by uploading particularly formatted
results of DFT calculations.

III. FORMALISM

In Sec. II, we provide an overview of our ideas to classify
nodes on symmetric lines. In this section, we explain
several ingredients of implementations of the systematic
classifications, which are discussed in Secs. IV and V.

A. BdG Hamiltonian and symmetry representations

In this work, we always consider superconductors which
can be described by the Bogoliubov—de Gennes (BdG)

Hamiltonian
he A
m=( ). @)
A, —hY,

where h; and A, denote the normal-phase Hamiltonian
and the superconducting gap function, respectively [106].
Here, we choose the gauge such that the BAG Hamiltonian
is periodic in k, i.e., Hy, g = H} for reciprocal lattice
vectors G.

Suppose that the normal phase is invariant under a
magnetic space group (MSG) M = G+ A, where G is a
space group and .4 is an antiunitary part of M. Note that
the notion of MSG contains all ordinary space groups
without and with TRS. For instance, when every element
in A is the product of TRS and an element of G, the MSG is
no more than a space group with TRS. A MSG M always
has a subgroup 7" consisted of all lattice translations. An
element g € M transform a point r in the real space to
gr = pgr+t,, where p, is an element of O(3) and ¢, repre-
sents a lattice translation or a fractional translation. Because
of the existence of PHS C in the BdG Hamiltonian, the full
symmetry group G is divided by the following four parts:

G=M+MC
=G+A+P+J, (3)

where P = GC and J = AC are sets of particle-hole-like
and chiral-like symmetries.

We recall symmetry representations of G in momentum
space. We introduce two maps ¢,¢:G — Z, = {-1,1}.
Here, ¢, = +1(—1) means g is unitary (antiunitary), and
¢, = +1(—1) represents g commutes (anticommutes) with
the Hamiltonian Hj. Accordingly, an element g € M trans-
forms a point k in momentum space into gk = ¢,p k.
In addition, the representation py(g) is expressed by

Ui(9) for ¢, = +1,

Pii) = { Uk(g)K for ¢, = 1,

and py(g) satisfies

Hypi(g)  for ¢, = +1,

—Hupi(g) for ¢, =—1,

m@m={ (5)

where Uy (¢g) and K are a unitary matrix and the conjugation
operator, respectively. Note that Ug(g) is a projective
representation; i.e., the following relation holds:

Pyk(9)Pe(d) = z49Pk(99), (6)

where z,, , € U(1) is a projective factor of G. For spinless
systems, we can always choose z,, = +1 for g, Jdgeg
or A

Let us consider a point k in momentum space. For
this point, we introduce a little group G, = {h € G|hk =
k +3 G}, where G is a reciprocal lattice vector. For i € G,
since elements in G, are symmetries of Hy, we can
simultaneously block-diagonalize Hy and Uy (h) such that

Ug(h) = diag[U' (h) @ 1,,,,, ..., U (h) ® 1,, ], (7)

Hy, = diag[lge @ HY, ..., 140 @ HY], (8)

where Ujf(h) is an irreducible representation of G.
Here, d* and m, are dimensions of U{(h) and HY,
respectively [88,89].

One often considers the finite group G /T, where Gy, is a
subgroup of G and is defined in the same way as Gy. In the
literature [107], G,/T is referred to as “little cogroup.”
Importantly, G, /T is isomorphic to a magnetic point group
with PHS. We can always relate representations of Gy to
those of G /T, and we define the representation oy (g) of
Gy /T by

©)

Uk<g)e—ik-tg for 459 = +1,
or(g) =

U(g)e *uK  for ¢, = —1,

where ¢, is a fractional translation or zeros. Corres-
pondingly, projective factors also change as

or(g)or(h) = Zg,hdk(gh)» (10)

where zX, = z,,e”*(P#=?4) Using these projective fac-

k
tors 2z ;s

G/ T, which is simply related to irreducible representations
U ;: of gk by

we can obtain irreducible representations uy of

Ui (g) = ug(g)e ™. (11)

B. Cell decomposition

Here, we explain the cell decomposition of the Brillouin
zone (BZ) [108]. In this work, we divide the BZ into points,
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lines, polygons, and polyhedrons, which are called O-cells,
1-cells, 2-cells, and 3-cells, respectively. Before moving on
to the formal discussions, we begin by introducing an
example.

Let us consider the wallpaper group p4mm in two
dimensions. Here, we describe a way to find the cell
decomposition shown in Fig. 5, in which O-cells, 1-cells,
and 2-cells are represented by orange circles, solid red lines,
and pink polygons, respectively. We first find an asymmetric
unit of the BZ, and then decompose the asymmetric unit into
three O-cells (orange circles), three 1-cells (solid red lines),
and a 2-cell (pink plane) in the left in Fig. 5. Finally, we act
symmetry operations on this asymmetric unit and obtain the
cell decomposition of the entire BZ:

COZ{F,X,M,XI,MI,Xz,Mz,X3,M3}, (12)

Cl = {a’ b’ c, al’ bl’ Cl’ a2’ b2? C2? a37 b37 C35 C4$ C57 C6a 07}7

(13)
Cz = {a,al,az,a3,a4,a5,a6,a7}, (14)

where C » (p = 0,1,2) represents the set of p-cells. Note that,
although various p-cells are equivalent or symmetry related
to other p-cells, we here assign different labels to them. For
example, X, = (-, 0)isequivalentto X = (z,0) and X; =
(0, z) is symmetry related to X.

We proceed to explain a construction for arbitrary
symmetry settings. As is the case of the above example,
we first find an asymmetric unit of BZ and divide the
asymmetric unit into the set of p-cells {D?}, for
p=0,1,...,d. Next, we copy the decomposition of the
asymmetric unit throughout the entire BZ by using crys-
talline symmetries. In other words, we define the entire set
of p-cells by

C,= U U Dé’w (15)
i geG/T
where DZ 0= ng . Note that, in this construction, some

p-cells are equivalent or symmetry related to others up to
reciprocal lattice vectors. However, we do not identify such
p-cells with others in the procedures of cell decomposition,
and we take into account these identifications in the
construction of E;-pages in Sec. III D.
Each p-cell satisfies the following conditions:
(i) The intersection of any two p-cells in C, is an empty
set, i.e., DY n Df =g(i # j).
(i) Any point in a p-cell DY is invariant under sym-
metries or transformed to points in different p-cells

by symmetries, namely, gk =k +? G or gk € D;’ 0
if k e D?.

(iii) The boundary OD? consists of (p — 1)-cells
for p > 1.

(iv) Each p-cell (p > 1) is oriented in a symmetric
manner.

(v) Any two of the boundary p-cells of the (p + 1)-
cell are not equivalent and symmetry related to
each other.

For our purpose to systematically diagnose nodes pinned to
lines in the BZ, condition (v) is crucial. In Appendix A, we
provide units of 3D BZ for each type of lattice.

C. Emergent Altland-Zirnbauer classes

Symmetries of A, P, and 7 in Eq. (3) sometimes keep
a sector Hy in Eq. (8) unchanged and other times
transform it to another sector. The symmetries that leave
Hf unchanged lead to an effective internal symmetry
class for each irreducible representation on a p-cell,
which is referred to as the EAZ class. In the following,
we discuss how to know the effects of symmetries in A,
P, and 7.

In our construction of the cell decomposition, the little
groups Gy at any point k in a p-cell D? are in common, and,
therefore, the common little group is denoted by G». In the
same way as Gp», we define a subset Vp, of V by Vpr =
{veVjvk=k+?G VY ke D"}, where V=AP,J.
Then, we identify actions of time-reversal-like, particle-
hole-like, and chiral-like symmetries on each Hj by the
Wigner criteria [107,108]

1
W%, (P) = k y4(c?) e {o0,£1}, (16
o (P) |7’k/T|ce§pk/rZ’%k(c) { b (16)
1
W%, (A) = —— k x4(a?) e {0,+1}, (17
o (A) |Ak/T|ae§Tk/TZ axi(a®) €4 boo(17)
1 Zk -1
W (J) e = A (Al AC)

|gk/T|g€gk/T Z!]-V
€ {0,1}, (18)

where y§(g) = tr[uf(g)] for k € D? and y is a chiral-like
symmetry. Note that, in fact, it is enough for our purpose to
consider a point k in D”. When W¢,(V) = 0, additional
symmetries in Vp, transform Hj into another sector Hf.
On the other hand, when W¢,(V) = £1, H{ is invariant
under the additional symmetries. Then, the EAZ symmetry
class for Hy is determined by

W la] = [Wi, (A), W, (P), Wi, (7)) (19)

Depending on the EAZ symmetry classes, the following
zero-dimensional topological invariants are assigned to
each sector Hy [88,89] (see Table II):
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TABLE II. The classification of zero-dimensional topological
phases for each EAZ symmetry class. Topological indices py and
N¢ in the table are defined by Eqs. (20) and (21). Here, W/q]
represents the triple of the result of Wigner criteria
(WE(T), Wg(P), Wg(J))] defined by Egs. (16)—(18).

EAZ Wela] Classification Index
A (0,0,0) z Ny

AIIL (0,0,1) 0 None
Al (1,0,0) z Ng
BDI (1,1,1) Z, Di
D (0,1,0) Z, Dk

DIII (-1, 1,1) 0 None
Al (—1,0,0) 27 Ng

cI (-1, —1, 1) 0 None

C (0,-1,0) 0 None

CI (1,—1,1) 0 None

1 Pf{U(HY)]
a — k

=—log—*— mod 2, 20

V= 2 O B gy 20

Ni = ng = (ng)™™. (21)

To define the above topological invariants, we introduce
a reference Hamiltonian H}* in the same symmetry
setting [85-89]. In Eqgs. (20) and (21), (Hy)"* denotes
the counterpart of Hy for H*, and U is the particle-

hole-like symmetry for Hy satisfying (UU*) = +1 and
U(H})" = —H{U. We also define nf and (ng)** by the

number of occupled states in H{ and (HY)"*, respectively.
Practically, we can always choose an appropriate reference
H}* using Hj. For example, since the vacuum is always
topologically trivial, Hy in the limit of infinite chemical
potential is often used as H}* [85,89]. In fact, we adopt this
definition of a reference Hamiltonian in Sec. VL.

D. E,-pages

As seen in the preceding discussions, the Wigner criteria
in Egs. (16)—(18) tell us EAZ classes for each irreducible
representation. Then, let us define Abelian groups EY 9 in
the following, which can be interpreted as the classification
of {H{}, at points k inside p-cells.

The total set C,, of p-cells consists of N, subsets (so-
called “star” in the literature [107]) defined by § pr =
{D},) = gD} |g € G}, where N, the number of subsets and
D? is a representative p-cell of the subset Spr. The
representatives form a set of independent p-cells:

Fr={D'}}",. (22)

In Ref. [108], the Abelian groups EY O (called E 1-pages)
are defined by the direct sum of twisted equivalent

K-groups [109] on p-cells in FP. It turns out that Ef'o is

the direct sum of the classification of zero-dimensional
topological phases of { Hy }, [defined in Eq. (8)] at a pointk

in each DY € F”. Then, EY s completely determined by
Whprla] for each irreducible representation and each

D? € FP. In other words, Ef’o is defined by

= @ (28 0 72%), (23)

ilDipeF/’

where we perform the summation about labels of irreduc-

ible representations « and f with the following conditions:

(a) WDP[ 1€{(0,1,0),(1,1,1)} and WDPLH]E{(O 0,0),
(1,0,0),(=1,0,0)} [see Eq. (19)];

(b) when an irreducible representation on Df is related to
other ones by antiunitary and chiral-like symmetries,
only one irreducible representation on D? is taken into
account.

For p > 1, EY 0 represents the set of gapless states with
(p — 1)-dimensional gapless regions in the Bogoliubov
quasiparticle spectrum on p-cells. Intuitively, it can also
be understood as changes of zero-dimensional topological
invariants on p-cells. Let us focus on a 1-cell. Then, we
define the same zero-dimensional topological invariants for
any point on the 1-cell, as explained in Sec. III C. However,
it is not necessary to have the same values of them at all
points in the 1-cell. When we consider momentum as a
parameter of the deformation, the system must have gapless
points on the 1-cell if the zero-dimensional topological
invariants at points on the line are different (see Fig. 6).
Possible changes of zero-dimensional topological invari-
ants on the 1-cell are equivalent to the classifications of
zero-dimensional topological phases of {H{ }, at a point k
on the 1-cell, which is the first interpretation of £ }’O. In the
same way as E]%, E+¥ and E;° can be understood as the
sets of gapless lines and surfaces on 2- and 3-cells,
respectively (see Fig. 6). Note that gapless points and lines
for E }‘0 and E%‘O are not always the genuine point and line
nodes. In other words, they are often part of higher-
dimensional nodes.

Based on these interpretations, we can characterize any
system by a list of band labels

d s,
= (W5 P - m’j;p,...,pl;g,.. Npypo ). (24)

where p7, and Enf)(, are Z,-valued and Z-valued band

labels, respectively. While band labels for p =0 are no
more than the zero-dimensional topological invariants in
Egs. (20) and (21), those for p-cells (p > 1) represent
changes of the zero-dimensional topological invariants.

Correspondingly, the Abelian group E s formulated by

= © (@), 0 2l

Z‘DPEFP

') @)
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E E . _ PR =0 P =0
Gapless point |Gapless 11 (Ng =0) Vi =0)
0 | X
/ e
P =1 =1 zm—O o _ pézl
Vo1 |@e-n @g=o) MY (Ng =1)
0-cell 1-cell 2-cell 3-cell

FIG. 6. Illustration of elements of Ef 0

. For p =0, the elements are gapped states at O-cells. As for p(p > 1), there are two p-

dimensional regions in which the zero-dimensional topological invariants are different from each other. Since the zero-dimensional
topological invariants must be the same for gapped regions, the boundary results in gapless states on p-cells.

where {5

can expand an arbitrary n?) and the summations about «

} denotes the set of generators of Ep which

and S are the same in Eq. (23). In addition, Z, [BE),)) ] and

z [bﬁ),,) | represent Abelian groups generated by bg)p) and
(p)

b Dl g respectively.

In this work, we construct the generator b7 Dp as follows.

Each nga
U(Z)f’ at a p-cell D¥ in C,,. As explained in Sec. III B, we

is generated by an irreducible representation

include the equivalence or symmetry relations among
p-cells in the basis. We consider a p-cell D? and suppose
that we have a nontrivial band label p7, =1 or N7, =1

. Tﬁen, band labéls on

equivalent or symmetry-related p-cells are determined by
those on DY. We first derive the relation between irreduc-

for an irreducible representation U7,

ible representations Ui‘)/p and U? Dp
(i)
beg'Hg)  for gy = +1.
() =9 "%, (26)
T S g g ) for = -1,

whereg € Gand i € gDp . Since the spectrum of H‘Z)/,, is

g(i)

the same as that of H?’),) band labels at Df]’ ) then
straightforwardly follow:
PDp = P%K(u (27)
ne, for ¢, = +1
D! g J
Ny, = ' 28
Dy {—mg,fmcg:—L (28)

As a result, we can obtain the set of band labels such that

only p%, (92%,)) and associated band labels are 1 (1 or —1

for EAZ classes A and AI; 2 or —2 for EAZ class All).
Indeed, this is exactly what we call b” D,, .

To make our understanding clearer, let us discuss a
simple example: a one-dimensional even-parity supercon-
ductor in class D. We first decompose an asymmetric unit
into two O-cells I and X and a 1-cell a as illustrated in
Fig. 7(a). By acting the inversion symmetry / on the unit,
we find the cell decomposition:

Co=1{T. X, X' = IX}, (29)

Ci={a,d =lIa}, (30)
where FO = {I',X} and F' = {a}. We then obtain the
classifications of each irreducible representation at O-cells
and 1-cells. Figure 7(a) illustrates the action of the particle-
hole-like symmetries on each sector of Hamiltonians at
each cell in F?, and we find that the EAZ classes for each
inversion eigenvalue at I" and X are class D and the EAZ
class at a is also class D. Therefore, E\" = (Z,)* and
E’ =12,

Next, we formulate E;-pages in the form of Eq. (25). We
define the Pfaffian invariants p%; [102] for each inver-

sion eigenvalue at the O-cells, and they form the set of band
labels (i, Pr. Px. Px. Py Py). On the other hand, since
the 1-cells are invariant under the combination of PHS C
and the inversion symmetry / with (CI)?> = +1, the Pfaffian
invariant can also be defined on the l-cells a and '
Correspondingly, the set of band labels for the 1-cells is
(Pa» Por). We then construct the basis vectors of E0” and
E;°. From Eq. (27), we find pj, = py and p, = p,.
Therefore, we obtain

b, = (1,0,0,0,0,0); (31)
b =(0,1,0,0,0,0); (32)
1’"_ - ) ) ’ ) ’ £
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(a) C,I cI c,1
o R o
T'(k =0) a X(k=m
E E E E
C< 0 C< 0 CI< 0 C( 0
I=+1 I=-1 I=+1 I=-1
ClassD  Class D Class D ClassD  ClassD
(b) Er Er Ex Ex

pr=1  pr=1 pi=pL=1 Px=bx =
Ly
1,0
By = Z2[“_TT’*]
Pa = Por = 1
(c) Ey E
0,0
é{>
x| 1 X X' g X
(pif,pr, Y, pY) = (1,0,1,0) pa =0
) Ey E
0,0
dl
X| T X X' /a a\ X
(pi. pr.p%, p%) = (0,0,1,0) pa=1

FIG. 7. [Tllustration of the 1D even-parity superconductors.
(a) An asymmetric unit of BZ and EAZ classes for cells in F* =
{I',X} and F' = {a}. Here, the red arrows signify orientations of
the 1-cell. (b) Illustrative description of E? Oand E %'O. The entries
in brackets represent the band structures of generators. (c),(d) The
physical process of d°. For the system with (", pr, Py, px) =
(1,0,1,0), d(l)'o does not generate a gapless point on the 1-cells
[(©)]. On the other hand, for the system with (pt, pr. b¥, py) =
(0,0,1,0), d(l)’o there exists a gapless point on each 1-cell [(d)]. In
the figure, we omit py,, py,, and p, since py, = p¥ and p, = p,.

By, = (0,0,1,0,1,0); (33)
b =(0,0,0,1,0,1); (34)
X,_ k) k) k) k) k) b

bl = (1,1); (35)

and they generate E(l)’0 and £ }’0 as

EY = 7,8)) @ Z,[8)" | ® Z,[6),] & Z,[BY"]. (36)

EN = 7,8, (37)

which are illustrated in Fig. 7(b).

E. Compatibility conditions

In this subsection, we discuss constraints on the zero-
dimensional topological invariants, which are called com-
patibility conditions developed in Refs. [74,75,88,89,94].
Compatibility conditions are utilized in Sec. V.

Before moving on to the general discussion, we begin
by showing compatibility conditions in the 1D even-parity
superconductors discussed in Sec. IIID. As shown in
Sec. III D, the Pfaffian invariants are defined for each
inversion-eigenvalue sector at I' and X. Note that the sum
of the Pfaffian invariants p; + p;(k =T,X) is also the
Pfaffian invariant defined for total Hamiltonian, not each
inversion-eigenvalue sector. Thus, when the system is fully
gapped, p{ + p;(k=T,X) should be the same value as
the Pfaffian invariant at any point in 1-cell, i.e.,

Prea = PL + Pr = PX + Px- (38)

Prea =PI+ Pr = Py + Py- (39)

This is what we refer to as compatibility conditions.
Compatibility conditions also lead to the relations
between band labels on O-cells and I-cells. Since the
band label for 1-cells can be understood as the change
of the zero-dimensional topological invariants, the differ-
ence of Pfaffian invariants between I' and X(X’) results in

Pa(po). ie.,

p

br

1 1 -1 -1 x
(R ]

D, 110 0 -1 -1 Py
Py

Py

Then, we generalize the above discussions. Let D(?*+1) be
a (p + 1)-cell, and let D” be a boundary p-cell of D(P+1).
Since G+ is a subgroup of Gp» or the same as Gpy in our
cell decomposition, an irreducible representation U, of
Gpr can always be constructed by irreducible representa-
tions on DP+1);

o 7
U?)p (g) = ?C{D/p‘l)ml U/l)(17+1)(g)7 (41)

a/;’ . . . .
where ¢}, .1 is a non-negative integer and obtained

by the orthogonality of irreducible
degmwn” %wn ()] x%»(g). When we have the decom-
position in Eq. (41), we know of the number of irreducible

representations U/j),,+1 included in Uy (g) from those at D”

representations

011021-11



SEISHIRO ONO and KEN SHIOZAKI

PHYS. REV. X 12, 011021 (2022)

(denoted by n%,). This relation is described by n”

> nD,,cD,, prat [74,107].

Accordingly, when the system is fully gapped, zero-
dimensional topological invariants in Egs. (20) and (21) at
k' € D(PTD are related to those at k € D?, which we refer
to as compatibility conditions. There exist the following
four types of compatibility condition [89]:

p+]

ph=3 ¢ g+ el Ny mod 2, (42)
a v

pf, =0 mod 2, (43)

Ny = Zc}’fpmwi, (44)

N?, =0. (45)

Using compatibility conditions, we construct a map from
E?? to EP™'°. Band labels at all boundary p-cells D? of

DP*! contribute to those at DP*!. Taking into account the
orientations of cells, we have the following relations:

E : § : E : p 7
Dp+1 - 5Dp pptl |: DI’ Dp+lpk + CD{7’D1J+lmk:| 5
13
14

(46)
n . = z Z Sy 1€ i R (47)

where &pr pri =0 when DPT! is not adjacent to DY,
Spr pra = 1(=1) if DP™' is adjacent to D!, and the
orientation of DY agrees (disagrees) with the orientation
induced by (p + 1)-cell DP*!. Note that, while all coef-
ficients are non-negative in Eqs. (42)-(45), some coeffi-
cients in Egs. (46) and (47) can be negative. By computing
the above relations for all (p + 1)-cells, one can construct a
matrix in terms of band labels at p-cells.

Rewriting the matrix constructed by Egs. (46) and (47) in

terms of basis vectors of E2 to EY™"°, we obtain a map
from E?? to EPT:
0. =p0 1,0
ar’ BN — EPTYY (48)
which is called first differential [108]. One can
see that @”° always satisfies d”""%od?® = 0; that is,
1.0 ;0.0
di " lap ()] = 0.

Physically, nontrivial d¥ ¥ connects states on p-cells to
those on (p + 1)-cells, as illustrated in Fig. 8. Since Ef 0
has only local information about p-cells, the global
structures are not known. Then, df 0 determines the relation
between p and (p + 1)-cells. For p = 0, the nontrivial d<1).o

@ g E

E
0,0
dl M

0 :{> 0 2 D!
Gapless point

kq ko k1 ks

FIG. 8. Ilustration of the physical process of df ¥ (a) For a
given set of the zero-dimensional topological invariants at 0-cells,
d?’o determines whether gapless points should exist on the
adjacent 1-cells. In the figure, we focus on two O-cells (denoted
by k, and k,) and the 1-cell connecting k; to k. (b) For gapless
points on 1-cells, d{’o tells us whether the gapless points should
be extended to the adjacent 2-cells. In the figure, we discuss two
2-cells adjacent to the 1-cell D! and illustrate the case where the
gapless points are extended.

tells us whether gapped states at O-cells can be connected
without closing the gap on 1-cells. In other words, if
d"(n©®) =0 holds, all zero-dimensional topological
invariants at O-cells satisfy all compatibility conditions.
On the other hand, when &0%(n(?)) # 0, some compatibility
conditions are violated, which implies that gapless points
exist on the 1-cells. As for p > 1, nontrivial d’l’ 0 connects
the gapless states on p-cells to those on (p + 1)-cells. More
concretely, nontrivial di’o checks if the gapless point on a
1-cell, an element of E}’O, is extended to the adjacent
2-cells, which results in gapless lines on the 2-cells, an
element of E7°. In the same way, d1° examines whether a
gapless line on a 2-cell, an element of E%O, is linked to
gapless surfaces on the 3-cells.

In Secs. VA and V B, we explain more details on the

interpretation of df ¥ and how to incorporate these first
differentials into classifications of nodes.

Let us discuss d{l)’o for the above 1D example. Using the
bases in Egs. (31)—(35), we rewrite the matrix in Eq. (40) by

© 0 0 0
M oo — | bri bpl byl byl (49)
4° = g R

which is actually a matrix representation of d(l) 9 To see the

physical meaning of d(l)’o, let us discuss the band structures
in Figs. 7(c) and 7(d). We start with the band structure that

011021-12



SYMMETRY-BASED APPROACH TO SUPERCONDUCTING NODES: ...

PHYS. REV. X 12, 011021 (2022)

corresponds to n(®) = bl(-ol + BQL in Egs. (31)—(35), which
implies that d"°(n®) = 0. Thus, there are no gapless
points on the 1-cells [Fig. 7(c)]. On the other hand, let us
suppose that a band inversion at I occurs and results in

WO = BQL From Eq. (49), we find d(l)’o(n’(())) =, As
shown in Fig. 7(d), gapless points must exist on 1-cells.
This is what we mention above.

IV. CLASSIFICATION OF GAPLESS
POINTS ON 1-CELL

In this section, we discuss the method to classify locally
stable point nodes on 1-cells. The Hamiltonian near a
gapless point on a 1-cell is described by

H i, k) = kiy1 + kaya + ksyo, (50)

where k; and k, are momenta in the directions
perpendicular to the 1-cell and ok; is a displacement from
the gapless point in the direction of D'. Gamma matrices
Y0, 71, and y, anticommute with each others. Then, the
classification of the gapless points on 1-cells of 3D systems
is equivalent to that of the above Dirac Hamiltonian.

Reference [110] shows that one can redefine any point
group symmetries as on-site symmetries with classifications
of massive Dirac Hamiltonians unchanged, which we refer to
as the Cornfeld-Chapman method. References [110,111]
also classify 3D massive Dirac Hamiltonians in the presence
of nonmagnetic and magnetic point group symmetries by
using the method.

In the following, applying the Cornfeld-Chapman
method [110] to classifications of 2D massive Dirac
Hamiltonian on 1-cells, we reveal that the results are
classified into three cases: (i) The gapless point on the
1-cell is a genuine point node. (ii) The gapless point on the
1-cell is a shrunk loop or surface node. (iii) There are no
stable point nodes and such shrunk nodes on the 1-cell.

This is integrated into compatibility conditions discussed
in Sec. V.

A. Cornfeld-Chapman method for 2D systems

Suppose that there exists a gapless point on a 1-cell
(denoted by D'). Let us discuss the massive Dirac
Hamiltonian in Eq. (50) near D'. To apply the Cornfeld-
Chapman method to the massive Dirac Hamiltonian, we
consider the little cogroup in the following discussion, and
then the Hamiltonian is symmetric under G, /T; i.e.,
H, 1, satisfies

Hrg(kl.,kz)ak(g) for ¢, = +1,

—H, (1, 4)0k(g) for ¢, = —1,

Gk(g)H(kl,kz) = { (51)

where r, is an element of O(2). Generally, r, can be

written By

cosf, —sind,
o : for det rgz—l—l,
sinf,  cos Hg
ry= ' . (52)
—cosf, —sin 99
o ’ for det r, = —1.
—sin Hg

For simplicity, we hereafter use s, =detr,. In the
following, we make all elements of G /T onsite.

First, we introduce on-site symmetries and define their
representations by

cos Qg

5(g) =1\ "oy (g)  VgEGp/T.  (53)
By performing explicit calculations, one can verify
G(9H &, k) = 54¢gH (1,.1,)5(9), (54)
5(9)5(h) = (sye)' =22 25, 5(gh).  (55)
where z , is determined by

y(l_syh)/ze<9yh/2)ylyz_

7/(11—s;,)/2e(6h/2)}'1J/zj,il_“‘”)/ze(gvﬂ)y”@ = Z,g.,h 1

(56)

Note that, when oy (g) with s, = —1 commutes (anticom-
mutes) with Hy, x,), 6(g) anticommutes (commutes) with
H (i, k,)- In other words, unitary (chiral-like) symmetries
for s, = —1 become on-site chiral (unitary) symmetries.
The same thing happens to antiunitary symmetries. As
a result, we have another decomposition of symmetry
group G /T = G+ A+ P+ 7, where each subset is
defined by

G={9€Gp/T|s,c,=1.¢,=1} (57)
A={9€Gp/T|s,c,=1,¢p,=—1},  (58)
P={9€Gp/T|syc,=-1.¢,=-1},  (59)
T ={9€Gp/T|s,c,=~1.¢p,=1}.  (60)

It is well known that the 2D Dirac Hamiltonians in the
presence of on-site symmetries are classified by the second

homotopy group of the classifying space [52]. Then, our
next task is to identify the classifying space. Similar to

Egs. (7) and (8), we can block-diagonalize 5(g)(g € G) and
H i, x,) such that

5(g) = diag[a® (9) @ 1,,,.....0%(9) ® 1, ].  (61)

H(klakz) = dlag[ﬂ 4% 03] hal s ey ﬂdﬁn ® h&"], (62)
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TABLE II. Classification of EAZ symmetry classes. The
subscripts 7, C, and T signify that irreducible representations
are related by the on-site antiunitary and the chiral symmetries.

EAZ W@ Classifying space
A, Az, Ac, Ar, Az (0,0,0) Co Zz
AL, AIIL, (0,0,1) C, 0
AL Al (1,0,0) Ry Z,
BDI (1.L1) R, 0
D, Dr (0 1 0) R, 27
DIII (-1,1,1) R 0
AIL, Al (=1,0,0) R, 0
Cll (=1, 17 1) Rs 0
C Cr (0.-1.0) Re Zz
CI (1, —1, 1) R, z,

where ii%(g) is an irreducible representation of G. Here, d*

and m; are dimensions of &#*(g) and h{, respectively.
For each sector h%, we again use Wigner criteria by repla-

cing 2k, in Egs. (16)-(18) with (s,c,)1=5/22 2k ie.,

We(P) = %ZJ% R () € {0, 41,
(63)

W) = ﬁm;(%%)(l_wzzl otk FH(a?) € {0, 1},
(64)

(I=s -1,)/2 1 k
S.,C Yogr _ _
( v ) Syl

o
WHI) = 4 gezg (s9c0) "2z 28,
x [7*(r~'gr))'7*(9) € {0, 1}, (65)

where 7%(g) = tr[i%(g)] and y is an element of [J.
Correspondences between results of Wigner criteria and
classifying spaces C; and R, are summarized in Table III.
As a result, we classify the Dirac Hamiltonian in Eq. (50)
by 7,(Cy) or m,(R,) for each irreducible representation
a® [52].

B. Character decomposition formulas

As explained in the previous subsection, we can classify
the two-dimensional Dirac Hamiltonians in Eq. (50) on
I-cells. The next step is to map the generating two-
dimensional Dirac Hamiltonians to elements of E}’O.
This can be achieved by the orthogonality of irreducible
representations. In this subsection, we derive formulas to
obtain elements of £ }'0 corresponding to generating Dirac
Hamiltonians. The formulas are summarized in Table IV.

Let us suppose that we have one of generating Dirac
Hamiltonians on a I-cell and on-site symmetries in
Eq. (53). Then, we can construct symmetries of G /T by

orlg) = e—(eg/z)}’l727,(11_50>/25(g)_ (66)

What we have to do is to obtain irreducible representations
contained in the above representation oy(g) in Eq. (66),

TABLEIV. Formulas to obtain elements of £ }’0 corresponding to generating Dirac Hamiltonians. Here, y* and 7* are characters of the
little cogroup Gpi/T and the on-site symmetry group G, respectively. The first column represent EAZ classes of irreducible

representations #%. In addition, ’j'&, C @, and I"@ are labels of the time-reversal-, the particle-hole-, and the chiral-symmetry-related
irreducible representations. Derivations of these formulas are included in Appendix B.

EAZ Formula for the map to Z Formula for the map to Z,

A [(=20)/1Gp | X yeq,, 8,1 50(0,/2) [ (9)) 7 (9) (1/1Gp1 ) Xyeq,, 85, 08(0,/2) i (9)) 7 (9)

AT [(-20)/1Gp | e, Hsmw 12 @ 7 (9) = 7T4(9)] (/|G p ) e, 85,1 €08(04/2) o ()] [7(9) + 77 ¥(9)]
A [(220)/1Gp | X yec,, B, 5in(0,/2) e () [7%(9) + Z£4(9)]  (1/1Gp1]) Syec,, 05, €05(0,/2) sy (9)) [7%(9) + 7°%(g)]
Ar o [(220)/1Gp | X e, 3,1 5in(0,/2) [ (9] [7%(9) =77 %(9)]  (1/1Gpi]) Eyec,, 85,1 €05(0,/2) s (9))*[7(9) + 77 (9)]
Are [(220)/1Gp 1) Eyec,y 8,1 5000/ )l (9)) (1/1Gp1]) Sgec,, 85,1 €08(0,/2) sy ()]

x[7%(g) = 77 (9)+x (g) =7 (g)] x[7%(g) + 7T %(g) + 7°%(9) + 7 *(9)]

C [(20)/IGpi ] X yeq,, 85,1 5in(04/2) [y ()] 77(9) (1/1Gp1]) Sgec,, 85,1 08(0,/2) 2 ()] 7% (9)

Cr o [(=20)/1Gp | e, 8,1 5in(0,/2) U ()] [7%(9) =77 %(9)]  (1/1Gp1]) Xec,, 85,1 €08(0,/2) sy (9))*[7%(9) + 77 (9)]
Do (401G | X yec,, 8,1 5in(0,/2) [y (9)]"77(9) (2/1Gp1 ) X geq,, 85, €08(0,/2) i (9)) 7 (9)

Dr o (4i/1Gpi]) Tyec,, 5,1 5in(0,/2) [ (9)][7(9) = 77 “(9)] (2/1Gp1 ) X yeq,, 85, 08(0,/2) i ()] [7(9) + 27 (9)]
AL (2/1Gp ) Yy, Hcoswq/z)%](g)]**(g)

Ale (2/1Gpr]) Sgec,, 85,1 08(0,/2) e (9)) [7%(9) + 7°%(g)]
cI (2/1Gp ) Sge , 8,1 €08(6,/2) [ (97 (9)
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which result in band labels on the 1-cell. Using the
orthogonality of irreducible representations, we obtain
W“DI and p%l by

S Agulroe@2mry =05 g,

9€G/T

Wi = |gk/ |
(67)

=(0,/2) 71}’7},(] sg)/zg(g)] mod 2,

b =TG T Z;/ Ytr[e

9€G,/T
(68)

where occupied and unoccupied bands contribute to band
labels with different signs by y, in Eq. (67). After perform-
ing the same procedures for all irreducible representations
of Gy, we get an element of E }’0 corresponding to one of the
generating Dirac Hamiltonians.

For each of the EAZ classes, in fact, we can derive
the formulas by fixing the form of generating Hamiltonians
and representations, which is summarized in Table IV.
Here, we show the formulas for class Ay as an example.
The generating Hamiltonian and representations can be
represented by

H(klvkz) = lel + k272 + 5](31'3, (69)
it,00K for [5(C)]> = -1,
5(C) {11261 or [6(C)] (70)

T202K for [&(C)]Z = +1,

N i*(g) L
5(9)270< aa&(g)> vged. (1)

where #C% denotes the particle-hole-related irreducible
representation of #®. In addition, C is the generator of
75, and oy and 7 (=0, 1, 2, 3) are Pauli matrices
representing different degrees of freedom. By substituting

Egs. (69) and (71) into Egs. (67) and (68), we get

x [7%(g) + 7°%(9)). (72)
Vo= S 6 eos 2 (o))
Gl 57 2
x [7%(9) + 7°%(g)] mod 2, (73)
where 7%(g) = tr[a®(g)].

Finally, we find that the results are classified into
three cases:

(i) One of the generating Dirac Hamiltonians is mapped
to a generator of E }'0. In this case, the gapless point
on the 1-cell is a genuine point node.

(i) The obtained element of E }'0 for generating Dirac
Hamiltonians does not coincide with any generator
of E}*. In other words, the obtained element is com-

posed of multiple generators of E }’O, which implies
that the realized point nodes must degenerate. How-
ever, these gapless points do not need to be at the
same momentum. In such a case, gapless points are
actually parts of shrunk loop or surface nodes.
(iii) The classification of Dirac Hamiltonians is trivial;
i.e., the second homotopy group discussed in
Sec. IVA is trivial. The trivial homotopy group
indicates the absence of point or shrinkable nodes
protected by two-dimensional topological charges.
One might sometimes notice that the degeneracy of a
point node is different from the dimension of corresponding
Dirac Hamiltonians for case (i). In such a case, trivial gapped
states exist in the energy spectrum. The existence of Dirac
Hamiltonians in Eq. (50) ensures that the point node is stable
in the sense of K theory, i.e., against adding trivial degrees of
freedom. It is tempting to think that our results miss stable
nodes in the sense of fragile topological phases [112], i.e.,
line or surface nodes when any trivial degree of freedom is
not added. However, when we consider quadratic and cubic
terms, we can explicitly construct minimal dimension Dirac
Hamiltonians. This implies that such fragile nodes do not
exist on 1-cells. See Appendix C for details.

C. Example

It is instructive to discuss concrete symmetry settings.
Here, we consider four examples in the presence of PHS C:
MSGs P2/m1’ with B, pairing, P21" with B pairing, P4
with 'E pairing, and Pmc2;1" with A, pairing. After classi-
fying the Dirac Hamiltonians in Eq. (50) as discussed in
Sec. IV A, we obtain elements of £ }’0 corresponding to gen-
erating Dirac Hamiltonians by using formulas in Sec. IV B.
The results in this subsection are used in Sec. V C, where the
physical consequences are also discussed.

1. P2/ml’ with B, pairing
We fist discuss spinful MSG P2/m1’ and recall that
this MSG has the twofold rotation Cﬁ along the y axis,
the inversion /, and the TRS 7. For B, pairing,
{6(C).o(C3)} =0 and [6(C).o(I)] = 0 hold. Let us con-
sider a twofold rotation symmetric line as the 1-cell D' [see

Fig. 9(a)]. The little cogroup is given by the following
subsets:

G /T ={e,C}, (74)

Api /T = {IT, (IC3)T}, (75)
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Ppi/T = {IC, (1C3)C}, (76)
Ip/T={T'=TC,C T}, (77)
where e denotes the identity element. To perform the

procedures in Sec. IVA, we define generators of the
on-site symmetry group by

5(C3) = 11120(C3), (78)
5(IT) = o(IT), (79)
&(IC) = o(IC). (80)

One can verify that s, = +1 for all elements in Gp: /T,
and then the on-site unitary symmetry group is G =
{e, C5}. Since [6(C3)]? = —[06(C3)]* = +1, there are two
one-dimensional irreducible representations @*(C3) =
a(a = £1). The representations in Egs. (78)—(80) possess
the same commutation and anticommutation relations as
6(C3), o(IT), and 6(1C), i.e.,

{5(C2).5(10)} =0, (81)
6(C)).5(1T)] = . (82)
GUT)P = —1. (83)

As aresult, we find EAZ classes for @« = +£1 are class All,
whose classification is 7, (R;) = 0. This result is case (iii),
and, therefore, any point node is not stable on this line. We
see that the gapless point is part of line nodes in Sec. V.

2. P21’ with B pairing

We next consider MSG P21, which is generated by the
twofold rotation C; along the y axis and the TRS 7. For B
pairing, PHS anticommutes with the twofold rotation,
ie., {6(C),s(C3)} = 0. Again, let us consider a twofold
rotation symmetric line as the 1-cell D' in Fig. 9(a). Unlike
the case of MSG P2/ml’, there exist only the following
unitary and chiral parts in the little cogroup:

Ipi/T ={e. G} (84)

JIp/T ={I,CT}. (85)

To perform the procedures in Sec. IVA, we define gen-

erators of on-site symmetries by Eq. (78) and 6(I") = o(I),
and we find

{6(I").5(Cy)} =0. (86)

Since [5(C3)]* = +1, we have two one-dimensional irre-
ducible representations U%(C3) = a(a = £1) whose EAZ

FIG. 9. Tllustrations of cell decomposition for the half BZ in
P2/ml1’ (a) and the quarter BZ in Pmc2,1’ (b). Here, we omit
orientations except for the 1-cells denoted by D'. In both (a) and
(b), adjacent 2-cells to the 1-cell D' are colored by red. In (b),
blue and yellow planes represent the mirror and glide planes of
MSG Pmc2,1’, respectively.

classes are class Ar. Therefore, the Dirac Hamiltonians on
the 1-cell are classified into 7, (Cy) = Z. The final step is to
map the generating Dirac Hamiltonian of Z to an element
of E%’O. This can be accomplished by

=2i 0
s _ : g *
Ry =167 GDIIgE 8,15 [, (9)]

GGDI
x [7%(9) =7 *(9)]. (87)
where )?f @ is the character of irreducible representation

chiral-symmetry related to 7%. By substituting irreducible
representations in Table V into Eq. (87), we obtain the band
labels of the generating Dirac Hamiltonian:

(N, N2 = (2,-2), (88)

which corresponds to twice of a basis of E}*. This result is
case (ii), which indicates that the gapless point is realized
by a loop or surface node shrinking to the point. To see this,
we consider a concrete Dirac Hamiltonian near the gapless
point:
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TABLE V. Irreducible representations of the on-site symmetry group G and G, /T for MSG P2/m1’ and P21'.

EAZ of P2/m1'(B,) EAZ of P21'(B) Irrep @ e G

G Allc Ar 1 1 1
All, Ar 2 1 1

EAZ of P2/m1'(B,) EAZ of P21'(B) Irrep f e G

Gpi /T D A 1 1 i
D A 2 1 —i

H k) = k17| + ky1203 + k313, (89)
5(Cy) = 03, (90)

0(Cy) = ¢80 5(Cy) = ~its, (91)
o(l') =6(T) = 1y0,, (92)

where we consider @ = 1. Then, we add a symmetric
perturbation

(93)

M = m()Ul + m10'3 + m213 + m3T362

to the Dirac Hamiltonian in Eq. (89). As a result, we obtain
a loop node shown in Fig. 10(a).

3. P4 with 'E pairing

Next, we discuss the fourfold rotation symmetric line in
spinful MSG P4, which is the same 1-cell D' in Fig. 9(a)
with the axes exchanged. Since this MSG does not have
TRS, the little cogroup Gpi/T has only a unitary part
Gpi/T = {e,C5,(C3)?, (C5)°}. Then, the on-site sym-
metry group also has a unitary part generated by

5(C3) = el Inng(C3), (94)

where [5(C%)]* = +1. There are four irreducible represen-
tations of Q in Table VI, and, therefore, gapless points on

@) oy (b)

Sk

FIG. 10. Shrinkable nodes after adding perturbations.
(a) Shrinkable loop node for Eq. (89) in MSG P21’ with B
pairing. (b) Shrinkable surface node for Eq. (97) in MSG P41’
with 'E pairing.

the line are classified into Z*. We can map the generating
Dirac Hamiltonians to elements of E}’O by the following
formula:
—2i .0 ‘s
Ny, = Gl > 8easin I (917 (9).

9€G 1

(95)

where f represent labels of irreducible representations of
Gp1 /T in Table VI. As a result, we obtain the band labels

(=1,0,0,1) fora=1
(1,-1,0,0) fora=2
Nl ,m2 ’m3 ’m4 — 926
SOTRCIRCIRCS (0,0,1,—1) fora=3 (96)
(0,1,-1,0) fora=4,

which correspond to not any basis of E° but linear
combinations of them. The result is case (ii); i.e., the
gapless point is actually a shrunk loop of surface node. To
see this, let us discuss a concrete Dirac Hamiltonian near
the gapless point:

H(kl,kz) = k161 + k262 + (Sk30’3, (97)

5(C4) = 0y, (98)

6(Cy) = e-wang(C,) = (" ) ) (99)
e’

TABLE V1. Irreducible representations of the on-site symmetry
group G and G, /T for P4.
EAZ Tirepa e G (C3)? (C3)?
G A 1 1 1 1 1
A 2 1 i -1 —i
A 3 1 —i -1 i
A 4 1 -1 1 -1
EAZ Tirep e C; (C3)? (C3)?
ng/T A 1 1 ei(l[/4> i ei(3”/4)
A 2 1 ei(37r/4) -1 ei(”/4>
A 3 1 i3/ i e~i(7/4)
A 4 1 o—iln/4) —i e—i(37/4)
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The Dirac Hamiltonian and the symmetry representation
correspond to the case of @ = 1. We add a C,-symmetric
perturbation M = diag(m, m;) to the Dirac Hamiltonian.
As shown in Fig. 10(b), the Hamiltonian with the pertur-
bation exhibits a surface node.

4. Pmc2,1' with A, pairing
Last, we discuss nonsymmorphic and noncentrosym-
metric MSG Pmc2,1’ with A, pairing. Here, we consider
the 1-cell on the boundary of the BZ denoted by D' in
Fig. 9(b). The little cogroup consists of the following four
parts:

Gin /T = {e.M,}, (100)
Ap /T = {C5T .M, T}, (101)
Ppi/T ={C5C.M,C}, (102)

Ip/T = {F,Myl"}. (103)

We define generators of the on-site symmetry group by

5(M,)=y6(M,), (104)
G(MxT) = YIyZU(MyT)’ (105)
6(M.C) = ylyza(MyC). (106)

Then, the on-site symmetry group is composed of the
following symmetries:

G={e.M,T}, (107)
A= {M,T,M,M,C}, (108)
P={M.CMMT}, (109)

T =1{I,M,}. (110)

One can explicitly verify [5(M,I')]* = -1 and [5(M,I),
6(M,T)] = [6(M,I'),5(M,C)] = 0. These relations imply
that EAZ classes for irreducible representations U% (M, I") =
ia(a = £1) are class Alll 7, and, therefore, the classification
ism,(C,) = 0. Theresultis case (iii), and the gapless point on
the 1-cell is part of line or surface nodes.

V. UNIFICATION OF COMPATIBILITY
CONDITIONS AND GAPLESS POINT
CLASSIFICATIONS

In this section, we integrate classifications of gapless
points discussed in Sec. IV into compatibility conditions in
Sec. III E, which results in a unified way to diagnose the
shapes of nodes. We first explain the general scheme to

classify nodes on 1-cells, and then we apply the scheme to
several symmetry settings: MSGs P2/m1’ with B, pairing,
P21’ with B pairing, P4 with 'E pairing, and Pmc2,1’ with
A, pairing.

A. Revisiting compatibility conditions
and the first differential

Before moving on to the scheme to classify nodes at
1-cells, let us revisit the first differentials d’l’ 0 for p=12

Here, we discuss the reason why d7 ¥ can be understood
as the connection gapless states between p-cells and
(p + D-cells.

Suppose that there exists a gapless point at a 1-cell,
which involves the changes of zero-dimensional topologi-
cal invariants at k points in the 1-cell. In other words, there
are two parts at the 1-cell which have different zero-
dimensional topological invariants. It is not necessary that
the gapless point at the 1-cell must be a genuine point node
in the BZ. In general, it might be part of line or surface
nodes. We further assume that compatibility conditions
between points in the 1-cell and in adjacent 2-cells exist.
Although the zero-dimensional topological invariants for
the above two parts in the 1-cell are different, any points in
the 1-cell have common compatibility conditions for points
in the adjacent 2-cells. Then, the compatibility conditions
and the different topological invariants of the two parts lead
to two regions on the 2-cell with different zero-dimensional
topological invariants [see Fig. 11(a)]. As a result, the
boundary line of these two regions results in the line node.
In fact, d i’o informs us of the existence or absence of such
line nodes.

Focusing on one of the adjacent 2-cells, we can apply the
same discussion to this 2-cell. Namely, when compatibility
conditions between the 2-cell and adjacent 3-cells exist,
d:" examines whether the above two regions with different
zero-dimensional topological invariants are extended to
3-cells [see Fig. 11(b)]. In the following, we formulate

(@) 0_cell 1-cell -~ - Gapless point (D)

Surface node

FIG. 11. Tllustration of nodes near a gapless point at a 1-cell.
(a) Two divisions of the 1-cell and nodal lines in adjacent 2-cells.
Here, the red shaded region and others have different values of the
topological invariants, whose boundary results in a nodal line.
(b) Surface node. When there are compatibility conditions
between the 2-cell and adjacent 3-cells, the regions in (a) are
extended to 3-cells, and the boundary surface is the surface node.
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D! N
2T =

2,0
di

—>

ol
b/s

FIG. 12. Tllustration of the diagnostic scheme for case A. We begin by acting d }‘0 on a generator of £ }‘0 corresponding to a basis bf, .
Then, we obtain the gapless lines on the 2-cells adjacent to the 1-cell D', which is an element of Ef‘o. Next, we focus on one of the

D

adjacent 2-cells. In the figure, we pick D? from the two 2-cells. In other words, we consider only v, of B/;‘Z + 6%, in the figure. Finally,
1 1

2
DZ

we map bﬂD‘z to an element Ef’o by d%o and examine whether the mapped element is trivial or not.
1

. . 0
the above processes in a systematic manner based on E}"
0
and d7".

B. Classifications of nodes on 1-cell

As discussed in the preceding section, compatibility
conditions tell us if the change of zero-dimensional
topological invariants at a p-cell makes domain walls of
the changes at (p + 1)-cells. This process is formulated in
terms of £V and d”"°. Recall that E}° can be interpreted as
the set of gapless states on 1-cells, and let us suppose that
we have the set of band labels n(!) = bgl),a’
basis vector of E %'0 generated by an irreducible represen-
tation U, at a 1-cell D' (see Sec. IlID). Applying the
above strategy to the I-cell, there are two cases:
(A) di°(nM) £ 0 and (B) d}°(nV)) = 0.

We first consider case A. Since d}(n()) is an element

where Bgl) u isa

of ET°, d}°(n(1)) can be expanded by the basis vectors of
E%‘O as

2 2 2 2
om0y =% (ng;_abg)g,a + ;mg ﬁbggﬁ), (111)

i a

2 ©)

Da D2p
that the gapless point on the 1-cell is extended to adjacent
2-cells with the nontrivial coefficients in Eq. (111), which
results in the gapless lines on the 2-cells. As a result, the
gapless point on the 1-cell is part of line nodes or surface
nodes. To distinguish between these two possibilities, we
further examine whether d; is nontrivial. One might recall
the relation d1%d|” = 0 and think that d}* is useless for
this purpose. However, when we focus on only one of the
adjacent 2-cells, the same discussion can be applied to the
2-cells. In other words, picking only one basis vector from
Eq. (111), we can discuss the action of d%’o on the picked
basis, as is the case of E}* (see Fig. 12 for an intuitive
illustration). If there exist the basis vectors such that

df’o(bg;)’a) #0 in Eq. (111), the gapless point on the

where r,; € Z, and m, , € Z. This equation tells us

1-cell is part of a surface node. Otherwise, it is part of a
line node.

Next, we discuss case B, where di’o(n(l)) = (). Since the
relation indicates the absence of any domain walls dis-
cussed above, one might expect that the gapless point on
the 1-cell is a genuine point node. Indeed, this is not always
true. The gapless point on the 1-cell is a genuine point node
only if n(!) is a member of gapless point classifications; i.e.,
n() can be expanded by the obtained band labels from
gapless point classifications in Sec. IV B. If not, the gapless
point on the line is part of line nodes extended from the
1-cell to 3-cells, generic momenta.

Using the above scheme, we classify nodes on all 1-cells
for any MSG M, taking into account all the possible one-
dimensional irreducible representations of the supercon-
ducting gaps, the conditions C*> = =+1, and the spinful or
spinless nature of the systems. The results are tabulated in
Supplemental Material [95]. In Appendix A, we explain the
cell decomposition for the 3D BZ which we use in the
classifications.

C. Examples

In the following, we apply the above scheme to concrete
symmetry settings. As mentioned in Secs. I and II, our
scheme is applicable to complex symmetry settings, e.g.,
noncentrosymmetric systems and rotation axes in glide
planes, which are out of the scope of previous studies. After
we reproduce the results of previous works for spinful
superconductors in MSG P2/m1’ with B, pairing by our
method, we show that our method can detect nodal
structures for those in MSG P21’, P4, and Pmc2,1’, which
are noncentrosymmetric, TR breaking, or nonsymmorphic
MSGs. The results are summarized in Table VII.

1. P2/m1’ with B, pairing
Let us begin with the 1-cell D! in Fig. 9(a), which is the
rotation axis in the BZ for P2/m1’ with B, pairing. On the
1-cell, there are two irreducible representations listed in
Table V. Reference [65] shows that line nodes pinned to the
rotation axes can exist in this symmetry setting, although
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TABLE VII. Summary of classification results for examples discussed in this work. Space groups and pairing
symmetries are shown in the first and second columns. The third and fourth ones represent the boundary points of
the line where a gapless point exists. The fifth column is the label of an irreducible representation (irrep), which
follows the notation in Ref. [104]. The sixth column shows the classification Z or Z,, and the seventh column means
the type of nodes. Here P, L, and S denote point, line, and surface nodes, respectively. In addition, while (A) means
that the shape of the node is determined only by compatibility conditions, (B) indicates that gapless point
classifications are necessary.

SG Pairing HSP1 HSP2 Trrep Classification Type of node
P2/m with TRS B, (0,0,0) (0,1.0) As Z, L(B)
(0,0,0) (% ,0,0) Fy 7, L(A)
P2 with TRS B (0,0,0) (0,3.0) Az Zz L(B)
P4 without TRS 'E (0,0,0) (0, 0,% As Z S(A)
As z S(A)
Ay Zz S(A)
Ag z S(A)
Pmc2, with TRS A, (0,0.%) 3.0.9) Ay Z, L(B)

the derivation is not shown. Here, we show that the line

nodes pinned to the rotation axes can be stable by @} and
our gapless point classifications.

Let us suppose that we have nl!) = bgl) in which p,,
P2 Py, and p2 o equal 1. We first define adjacent
2-cells to the 1-cell D! in Fig. 9(a). The EAZ classes at the
2-cells are class DIII due to the existence of /7 and IC
with (I7)?> = —1 and (IC)?> = +1, and then compatibility
conditions among them do not exist. This results in
d}’o(n“)) = 0, which indicates the gapless point on the
1-cell is not extended to the 2-cells.

Next, we classify stable point nodes on the I1-cell.
As discussed in Sec. IV C 1, we find there are no stable
point nodes on the 1-cell. Therefore, we conclude that the
gapless point is part of a line node extended from the 1-cell
to 3-cells. This line node is protected by one-dimensional
winding number W defined by the chiral symmetry at the
3-cells. This is precisely what Ref. [65] proposes.

We then discuss the mirror plane in the k, = 0. Let us
focus on the 1-cell » in Fig. 5 and suppose that we have

n) = 51(71> which has p = 1 for irreducible representations
Ui (M) = =i. The 2-cells a and a are adjacent to the 1-cell
b and the same symmetry class. Consequently, compa-

tibility conditions among them exist, and di’o(bg,l)) =

2. P21’ with B pairing

Next, we consider the same 1-cell as that in Sec. VC 1
but without the inversion symmetry. In this case, the system
can have line nodes pinned to the rotation axes. Irreducible

representations Uf;,l’z and their EAZ classes are listed in
Table V.

We again assume that we have n(!) = Bgl) in which 9!

D
—92%)1 = +1 and associated band labels equal 1 or —1.
Unlike the above case, the 2-cells are invariant only under I',
and then their EAZ classes are class Alll. As with the case in
Sec. VC1, this implies that there are no compatibility
conditions among them, i.e., d}'o(n(l)) = 0, and the gapless
point on the 1-cell is not extended to the 2-cells. As shown in
Sec. IV C 2, since (E)Zi), , mél ) = (1, 1) is not a member of
the gapless point classification in Eq. (88), we conclude that
by indicates the existence of line nodes pinned to the
rotation axes. This is consistent with the fact that the winding
number W does not change after breaking the inversion
symmetry of the system in Sec. V C 1.

To verify the existence of such line nodes, let us consider

the following model:

| =

Hy = (3 —cosk, —cosk, —cosk, — )z,

b2 + b2, Here, b (612)) is a basis of E2” in which p: + (sinky + 2sink )7y, (112)
(pa,) and associated ban'd l‘c.'lelS equal 1. As discuss.ed in p(C) = —it.0, (113)
Sec. VB, d}°(n(")) # 0 indicates that the gapless point on o

the 1-cell b should be extended to the adjacent 2-cells. Since

EAZ classes of all 3-cells are class DIII, there are no p(T) = 10y, (114)
compatibility conditions, i.e., d%’o = 0. Therefore, we con-

clude that the gapless point on the 1-cell b is classified into Z, p(C) =1, (115)

and is part of the line node in the mirror plane. Our result is
consistent with the result of group theoretical analysis
in Ref. [51].

where Cimxyz and Tjyy, are Pauli matrices which re-

present different degrees of freedom. After computing the
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FIG. 13. The nodal line of the tight-binding model in Eq. (112)
for p = +1.

region where the spectrum is gapless, we find a line node in
Fig. 13. This is the line node that we discuss above.

The question is whether n(!) = 255)1]) is the point node
or not. In the following, we show that the above line node
can exist even in the case. To explain this, we start with the
case where there are the above two line nodes generated by
n) = 252;]) illustrated in Fig. 14(a). By rotating one of the
lines, the winding numbers can be canceled. Then, we get
two pairs of point nodes in Fig. 14(b). However, in the
absence of other symmetries than MSG P21’ with PHS,
there are no reasons why two gapless points on the 1-cell
exist at the same point. Finally, each pair again forms a
line node illustrated in Fig. 14(c). As a result, n) = 25531,)

indicates the existence of line nodes in Fig. 14(c), and,
therefore, nodes on the 1-cell are classified into Z, whose
elements are line nodes of case B.

3. P4 with 'E pairing

Next, we discuss MSG P4 with 'E pairing, which
is generated by the fourfold rotation symmetry Cj.

(b) Ky (©

X2

W =+1 .
_Gapless point

FIG. 14. Deformation of nodal structures in MSG P21’. Two
line nodes pinned to the rotation axis are protected by 1D winding
numbers (a). These line nodes can be deformed to point nodes
without a closing gap at O-cells (b). Since there are no reasons
why two point nodes are at the same position, each of the two
split gapless points is again part of a line node.

® bt oz ks

X 2

Gapless points

X2

FIG. 15. (a) A half BZ in MSG P4. Here, the blue planes D%
and D3 are adjacent 2-cells to D!, and red ones are symmetry
related to D% and D%. (b) Deformation of nodal structures in
MSG P4.

We consider the 1-cell D! in Fig. 15(a). In the following,
we show that a gapless point on the 1-cell is part of surface
nodes. Irreducible representations U’;l B=1,2,3,4)and
their EAZ classes are tabulated in Table VI.

Suppose that we have n(!) :bg]).ﬁ:l which has
1 _ _oy3
N, =-N

opt = T1. Although there exist eight adjacent
2-cells to D' [colored in Fig. 15(a)], only two of them are
independent due to the presence of Cj. Here, we choose
blue planes D? and D3 in Fig. 15(a) as independent
adjacent 2-cells. Since the EAZ classes at D!, the adjacent
2-cells, and 3-cells are the same, compatibility condi-

6! — bl

2
DZ

Npe , = +1 and associated band labels equal 1 or —1. We

tions exist. Accordingly, d}°(n()) = — in which

further find &} (bp) # 0 and d;°(by2) # 0, which implies
that a gapless point on the 1-cell is part of surface nodes.
Note that the discussions and results for other values of 5 do
not change.

As shown in Sec. IV C 3, when n(!) is a linear combination

of {bg? ﬁ};‘jzl, point nodes on the 1-cell can exist. However,

the same logic in Sec. V C 2 is valid, and, therefore, the point
nodes can be inflated, which results in sphere nodes
(Bogoliubov Fermi surfaces) pinned at the 1-cell like the
right in Fig. 15(b). Reference [113] discusses such
Bogoliubov Fermi surfaces in multicomponent supercon-
ductors without inversion symmetry, although Ref. [113]
does not discuss the symmetry protection of them.

4. Pmc2,1' with A, pairing
Finally, we discuss nonsymmorphic and noncentrosym-
metric MSG Pmc2;1’ with A, pairing. We focus on the
1-cell D' in the boundary of the BZ [see Fig. 9(b)], which is
invariant under the glide symmetry G,. There are two
irreducible representations U, (G,) = £1 of Gpi, and
their EAZ classes are class D. Let us consider that we
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have n(l) = Bgl) in which pfgl =1 and associated band
labels are nontrivial. As shown in Fig. 9(b), three adjacent
2-cells to D' exist. The EAZ classes of the 2-cells in
the k, = 0 plane and the k, = = are class A and class DIII,
respectively. Consequently, there are no compatibility con-
ditions, i.e., d{’o(n“)) = 0. In addition, as shown in
Sec. IVC4, there are no locally stable point nodes.
As a result, we arrive at the line node pinned to the
1-cell D!, which is extended from the 1-cell D! to 3-cells.
Interestingly, such line nodes on the 1-cell do not exist in
symmorphic MSG Pmm?21’ with A, pairing, whose point
group is the same as Pmc2;1". In Pmm21’ with A, pairing,
the line node pinned to the 1-cell D! is understood by
the compatibility conditions. This is an example where
nonsymmorphic symmetries change the classifications of
nodes. As shown in this example, our method can capture
the shape of nodes even in the presence of nonsymmorphic
symmetries and in the absence of the inversion symmetry.

VI. APPLICATIONS TO MATERIALS

In this section, we provide an efficient algorithm to
diagnose the shape of nodes, which needs only the zero-
dimensional topological invariants at O-cells as input data.
Since the energy scale of the superconducting gaps in most
superconductors is believed to be much smaller than that of
normal phases [84,87,89,114—116], assuming the pairing
symmetry, we can obtain the input data from DFT
calculations by the following formulas:

p;: = n;cl|0cc’ (116)
ml(: = nl?‘occ - n(zk|occ’ (117)
where n§|,.. is the number of irreducible representations

labeled by « in the normal phase and & is a label of the
particle-hole conjugate irreducible representation of a. We
also demonstrate our scheme through a simple tight-binding
model and a recently discovered superconductor CaPtAs.

A. Efficient algorithm for detection of nodal structures

In Sec. V, we classify nodes on the 1-cells, and we show
that the basis of E}'O can largely determine the shape of
nodes. Here, we recall that @0 is a map from E° to E}°.
This enable us to know nodal structures on the 1-cells from
information at the O-cells. First, let us assume that we have
the set of band labels at the 0-cells n(®) and @°(n(?)) # 0.
By expanding d(l)’o(n(o)) by the basis of E }'O, we find which
coefficients are nontrivial. Referring to the results of
classifications in Sec. V, we diagnose the shape of nodal
structures; i.e., gapless points on the 1-cells are point nodes
or part of line or surface nodes.

To demonstrate the scheme, we consider a simple tight-
binding model of MSG P2/m1’ with B, pairing:

H = (3 —cosk, —cosk, —cosk, — )z,

+ (sink, + 2sink;) sink,7,0,, (118)
o) =1, (119)

p(C) = —it.0,, (120)

p(T) = io,, (121)

p(C) = 2. (122)

where ;. and 7;_,,  are Pauli matrices which re-
present different degrees of freedom. Using this model, we
show that the above algorithm can detect nodal structures
discussed in Sec. V C 1. After computing Pfaffian invar-
iants in Eq. (20) for all O-cells, we find pl. = p2 = 1 and
others equal zero, where pl. and p2 are band labels for
irreducible representations [UL(I), UL(C3)]) = (1, +i) and
[UZ(I), UX(C3)]) = (1,—i). This set of band labels corre-

sponds to a basis of E denoted by bg, and we get

d?‘O(I)(r?}) = bEll) + Bél) + bf,lf + BZII) + bgl), where we use
the same labels of 1-cells in Figs. 5 and 9(a). This indicates
that gapless points exist on the 1-cells a, b, a;, b, and D'.
As discussed in Sec. V C 1, the gapless point on the 1-cell b
is part of line nodes in the mirror plane. Similar to the case,
gapless points on the 1-cells a, a;, and b; are also extended
to their adjacent 2-cells in the plane. Taking into account
symmetry relations among 2-cells, we find that a line node
in the mirror plane encircles the I" point. On the other hand,
we show that a gapless point in the rotation axis is also part
of a line node pinned to the axis. We verify that our method
correctly captures the nodes of the tight-binding model
shown in Fig. 16.

B. Material example

In this subsection, we apply the above algorithm to
realistic superconductors CaPtAs, whose MSG is I4;md1’.
A recent experiment [99] reports time-reversal breaking
and the signature of point nodes. Breaking TRS indicates
that the order parameter belongs to 'E or 2E representations
of the point group C4. Then, MSG I4,md1’ is reduced
to /4. Here, we assume that the superconducting gap
belongs to 'E representation. Reference [89] computes
irreducible representations by QUANTUM ESPRESSO
[117,118] and QEIRREPS [119] and finds that pif =1 and
NL = N} = —1, where the labels of irreducible repre-
sentations follow Table VI. Then, the set of band labels n(©)

corresponds to —Bg + b(r(l)‘. In the following, we show that
this superconducting material is expected to have small
Bogoliubov Fermi surfaces.

We check if this material satisfies compatibility con-
ditions, i.e., d"(n(®) =0. After computing d°°(n()),

we find &(n®) = —Bgl).l +p!)

i3> Where D! denotes
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FIG. 16. The nodal lines of the tight-binding model in Eq. (118)
for 4 = +1. The blue plane is the mirror symmetric plane.

the rotation symmetric line between I' = (0,0,0) and
Z =(0,0,27). In fact, the symmetry setting in this line
is the completely same as that in Sec. V C 3, and then the
nodal structures are also the same. Since d(l)'o(n(o)) corre-
spond to a set of band labels listed in Eq. (96), we expect
that this material has small Bogoliubov Fermi surfaces as
discussed in Sec. VC3 [see Fig. 15(b)].

Our result might not contradict the experimental obser-
vation. Since the superconducting gaps in most super-
conductors are considered to be much small, it is natural to
think the Bogoliubov Fermi surfaces are also small. Further
experiments to distinguish between this case and exact
point nodes are awaited.

VII. FURTHER EXTENSION TO NODES
AT GENERIC POINTS

Thus far, we have focused on nodes pinned to 1-cells.
However, in general, nodes can exist at generic points. In
this section, we discuss how to extend our symmetry-based
approach to nodes at generic points through the mirror
plane in MSG P2/ml’ with B, pairing.

Here, we decompose the mirror plane into the cell
decomposition in Fig. 5 and discuss the 1-cell denoted
by b in Fig. 5. After applying the method in Sec. IV to the
1-cell, we find that the classification of gapless points is Z.
The generating Hamiltonian is

H, k) = k17 + kati0, + k3, (123)
o(IC) = it,K, (124)

o(IT) = ir,0,K, (125)

o(M,) = it,0,, (126)

where k; is perpendicular to both the mirror plane and the
1-cell, k, is perpendicular to the 1-cell but parallel to the

FIG. 17. Tllustration of annihilation process of gapless points.
Here, white solid circles denote gapless points, and =+ represent
the sign of the winding numbers.

mirror plane, and ks is a displacement from the gapless
point in the direction of the 1-cell. The gapless point is
protected by the mirror winding number [120]. On the other
hand, since the EAZ class at the 1-cell is class AIIl, there
are no topological invariants, which implies that gapless
points pinned to the 1-cell do not exist. In fact, we can add
the symmetric perturbation terms which shift the gapless
point to the k, direction. Therefore, gapless points can
locally exist everywhere in the mirror plane.

The question is whether these gapless points are globally
stable. In the following, we show that there can globally
exist only two gapless points in the plane. To explain this,
let us suppose that there are four gapless points in the plane
as shown in Fig. 17. Since C; anticommutes with PHS, C}
changes the sign of the winding number (see Appendix E).
As discussed above, the gapless points can freely move
in the plane, and, therefore, two winding numbers with
opposite signs can be canceled. This indicates that only one
pair of gapless points can globally exist.

Symmetry indicators in this symmetry class can detect
the globally stable gapless points. The symmetry indicator
group is (Z,)* x Z4, whose Z, parts originate from lower
dimensions. The Z, index is defined by

2=y (N —Nx) mod 4, (127)

KeTRIMs

where 9% is the band label for irreducible representations
Uz(I) = £1 at the time-reversal invariant momenta
(TRIMs). If the system is fully gapped, z, = 1, 3 indicate
the mirror Chern number modulo 2 equals 1. However, the
nontrivial mirror Chern numbers are forbidden in this
symmetry setting [121]. Therefore, we conclude that
z4 = 1, 3 indicate the existence of gapless points.

Actually, the above annihilation procedure can be
understood as “second differential” df’o in the theory of
Atiyah-Hirzebruch spectral sequence [108]. Although
establishing full classifications of nodes at generic points
and the relationship between symmetry indicators and the
nodes are interesting issues, they are out of the scope of
this paper.
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(@) Pm3m (m, 7, 7) (b) C’mmm
%M (7, m,0)
X = (Tr 0,0)
(© P6/mmm ) Fm3m

E— (0,1/2,1/2)
b 3,1/2)

I = (0,0,0)
© Im3m

FIG. 18. Units of BZ for Pm3m (a), Cmmm (b), P6/mmm (c),
Fm3m (d), and Im3m (e). Note that coordinates in P6/mmm are
denoted by coefficients of primitive reciprocal lattice vectors.
Orientations except for blue and red lines in Cmmm and Fm3m
can be arbitrarily chosen. Orientations of these colored lines are
chosen by symmetric manners.

VIII. CONCLUSION AND OUTLOOK

In this work, we have established a systematic frame-
work to classify superconducting nodes pinned to any line
in momentum space. After decomposing the BZ of all
MSGs into points (0-cells), lines (1-cells), planes (2-cells),
and polyhedrons (3-cells), we have applied our method to
the lines and obtained comprehensive classifications of
nodes pinned to the lines. Moreover, our theory has resulted
in a highly efficient way to diagnose the superconducting
nodes in superconducting materials. As a demonstration,
we have analyzed the nodes in CaPtAs assuming time-
reversal broken pairing and pointed out that this material
can have small Bogoliubov Fermi surfaces.

Our work opens up various possibilities for future
studies. Although our results cover a wide range of nodes,
nodes at generic points are missing as discussed in Sec. VII.
The symmetry-based approach can be more refined to
detect such nodes, and we leave deriving full relationships
between symmetry indicators and the nodes as future
works. This type of study will give us more information
of nodes pinned to lines as follows. Suppose that a system

violates compatibility conditions, which indicates the
existence of nodes pinned to 1-cells as discussed in
Sec. VI. Since we can always forget about sym-
metries that impose the violated compatibility conditions
on the system, we can apply symmetry indicators for lower
symmetry classes to the system as discussed in Ref. [122].
Then, the symmetry indicators will clarify the topological
nature behind the nodes.

The integration of our algorithm with DFT calculations
enables a comprehensive investigation of nodes in the
materials listing in the database. Such studies help to find
the possible pairings of unconventional superconductivity
compatible with experimental observations. We hope that
our study will lead to a deep understanding of super-
conductivity in discovered superconductors.
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Note added.—Recently, Ref. [123] appeared, which is
based on a similar idea and discusses only gapless states
in the normal phases. However, this work is different from
Ref. [123] in terms of the formulation and the mathematical
approach. Note that, as stressed in this paper, compatibility
conditions do not determine superconducting nodes pinned
to lines in the momentum space completely. Therefore, our
unification of compatibility conditions and gapless point
classifications plays a vital role in the classifications of the
superconducting nodes.

APPENDIX A: CELL DECOMPOSITION FOR
REPRESENTATIVE SPACE GROUPS

In this Appendix, we present units of BZ for each type
of lattices, which can fill the entire BZ by symmetry
operations. In fact, it is enough to define the units for
SG Pm3m, Cmmm, P6/mmm, Fm3m, and Im3m (see
Fig. 18). Note that the cell decomposition for Amm?2 is
the same as that for Cmmm with axes exchanged and
the cell decomposition for R3ml is constructed by
{kj by +kj by + k;j b3}, where (kj,.k; . k;) is a cell
for Pm3m and b, is a primitive reciprocal lattice vector.
When we discuss a lower symmetry setting than them,
we use the cell decomposition of one whose lattice is the
same as the system.
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TABLE VIII. Gamma matrices in Eq. (50) and on-site unitary
symmetries. Here, #i% is an irreducible representation of the on-
site unitary symmetry group G. In addition, 7 &, C &, and I & are
labels of the time-reversal-, the particle-hole-, and the chiral-
symmetry-related irreducible representations.

EAZ vy 7 72 5(9)

A o, o, oy 1® i%(g)

Ar T T 10, zodiag[®(g). @7 %(g)]
Ac T, T, 7, todiag[i®(g), i°%(g)]
Ar T T T wodiag[i®(g), &% (g)]
Are w w10 gdiaglu(g), a7 (g), 1°%(9). 7 (g)
C o, o, oy 1® i(g)

Cr 7. 7, Tx0 rodiag[ﬁ_(g),ﬁ;m(g)}
D T, 7,0, 7,0y Todiag[ﬁa(g),ﬁn_(g)]
Dr 5. 87y sy1y0; sotodiagl@®(g), @ “(g)]
Al o, o, 7,0, rodiag|ii®(g), i1%(g))
Ale s, s, 85yT, sotodiag[@(g), iC%(g)]
CI T, Ty Tyaz Todiag[ﬁa(g),ﬁa(g)]

APPENDIX B: DERIVATION OF OTHER
FORMULAS

In this Appendix, we derive formulas to obtain elements

of EY 0 corresponding to generating Dirac Hamiltonians.
To achieve this, we find the generating Hamiltonian
and symmetries like Egs. (69)-(71). We tabulate Gamma
matrices 7o, and symmetry representations &(g) in
Table VIII. By substituting them into Eqgs. (67) and (68),
one can obtain the formulas in Table IV.

APPENDIX C: REMARK ON THE RESULTS
OF CLASSIFICATIONS

In this Appendix, we provide points to be noted in our
classification results.

1. S(A) and L(A)

In this work, we classify nodes into only four categories:
S(A) and L(A) represent surface and line nodes diagnosed
by compatibility conditions; L(B) and P(B) denote line and
point nodes not explained by compatibility conditions.
However, two types of nodes are included in S(A) and L
(A). One is that each of some 2-cells has at most one
gapless line. The other is that at least one 2-cell contains
multiple gapless lines. Indeed, these can be distinguished
by Eq. (111). When the expansion in Eq. (111) contains
two different generators of E; for the same 2-cells or,
when an expansion coefficient is not one, multiple gapless
lines on a 2-cell are extended from a gapless point on the
1-cell. In the following, we discuss such a case in S(A) and
L(A) through two examples.

Let us begin by discussing case S(A). As with the case
where a loop or surface node is shrunk to a point, nodes

classified into S(A) are sometimes shrinkable to lines.
To see this, let us discuss MSG Pmm?2 with A, represen-
tation. Suppose that a gapless point exists on the line
(1/2,0,0) — (1/2,1/2,0), which corresponds to a gener-
ator of £ }’0. Then, we construct an effective model near the
gapless point:

Hg = 5ky03 + 6k,0y + 6k0y, (Cl)
pk(Mx) = io3, (C2)
Pe(C50) = ok, (©3)

where 6k = (5k,, Sk, k) is the displacement vector from
the gapless point. Then, we find the energy dispersion

Eg = +/6k% + 5k + k.. By solving Eg =0, we see

that the system exhibits surface nodes shown in Fig. 19(a).
One can see that there are two gapless lines in the mirror
plane, which are part of surface nodes. When we deform
the gapless lines such that the two gapless lines lie in the
same positions, the surface nodes can shrink to lines nodes.
However, since there are no reasons why the gapless lines
are forced to be in such a way, it is natural to think that the
gapless point on the 1-cell is part of surface nodes.

As for case L(A), a gapless point on a 1-cell is sometimes
part of several nondegenerate line nodes. In other words,
several line nodes on a 2-cell can be extended from a
gapless point on a 1-cell. To show this, we discuss the line
(1/2,0,1/2) = (1/2,1/2,1/2) in MSG Pomm?2 with B,
representation. This MSG is generated by space group
Pmm?2 and {7 |(e./2) = (0,0, 1/2)"}, where Seitz symbol
{p,lt,}. a point-group operation p,, and a translation ¢, are
adopted. We again construct an effective model near the
gapless point K = (K. K,.K):

H(Sk = 5ky03 —|— 6/(100 —|— 5kx01, (C4)
pk(Mx) = iT3’ (CS)
(b)
Dl

FIG. 19. Nodal structures for effective low-energy models in
Egs. (C1) and (C4). The blue planes represent the mirror invariant
planes, and red cones in (a) and the red lines in (b) are surface
nodes for Eq. (C1) and line nodes for Eq. (C4).
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p(C5C) = ity0,K, (Co)
0 ei(Kz-&-&kz) 0 0
1 0 0 0
Z _
AUGTIe2D= | 0 e |K €

0 0 1 0

The energy dispersion is Eg = :I:\/ (6ky £ ok,)? + ok=.
We find the solutions &k, = +6k, with 5k, =0 for

Es; = 0, which indicates the existence of two nondegen-
erate line nodes in the mirror plane [see Fig. 19(b)].

2. P(B)

To distinguish a genuine point node from line nodes
extended from 1-cells to 3-cells, we classify two-
dimensional massive Dirac Hamiltonians (50). However,
one might sometimes notice that the degeneracy of the
point node is smaller than the dimension of the correspond-
ing Dirac Hamiltonians.

Let us discuss the fourfold rotation axis in spinless MSG
P4 as an example. After performing the procedures dis-
cussed in Sec. IV, we obtain the following generating
Hamiltonians:

H: k]GX+k25y+5k3O'3, (CS)

o(C,) = diag(l,+i) or diag(£i,—1), (C9)
where corresponding band labels are (9!, %=1, NI, N) =
(1,0,-1,0),(1,0,0,-1),(0,-1,0,1), and (0,—1,1,0).
One can see that (N, N1, NE, N-7) = (1,-1,0,0), which
is a generator of E}’O, does not correspond to any gen-
erating Hamiltonian. Although one might think that the
generator does not correspond to a point node, this is
untrue. To show this, let us consider stacking two of
the above generating Hamiltonians with a coupling term.
For example, we here discuss H' = H @ H and 6(C,) =
diag(1,7) & diag(i,—1). Since the eigenvalue i appears
in both occupied and unoccupied bands, one of the gapless
points can be gapped out by coupling these two states. As a
result, we obtain the band labels (', 91, N\, N-7) =
(1,-1,0,0). However, while the degeneracy of the gapless
point is two, the dimension of the stacking Hamiltonian is
four. Indeed, this mismatch originates from the restriction
of linear dependence of k; and k,. When we consider
quadratic terms instead, we get another generating Dirac
Hamiltonian:

H = klkZGX + (k% - k%)ay + 5]{30'3, (ClO)

o(Cy) = diag(1,-1), (C11)

where the dimension of the Dirac Hamiltonian equals the
degeneracy of the gapless point.

On the one hand, the existence of such large-dimensional
linear Dirac Hamiltonians in Eq. (50) ensures that the
point node is stable in the sense of K theory, i.e., against
adding trivial degrees of freedom. On the other hand, it
does not rule out the possibility of nodes in the sense of
fragile topological phases [112]. Actually, we find that the
mismatches sometimes happen in two-dimensional point
groups 4, 4mm, 6, and 6mm. To check if we can construct a
minimal dimension Dirac Hamiltonians, we generalize
the above discussion for MSG P4 to any symmetry setting.
We redefine generating Dirac Hamiltonians by

H = kikyy, + (ki = k3)72 + Sksyq (C12)

for point groups 4 and 4mm and

3

k‘

or

H = 2kikyyy + (=k1 + K3)7, + 6ksyo - (C14)
for 6 and 6mm. Indeed, the classification procedures
can be performed just by redefining 6, in Eq. (66). The
new definitions for rotation symmetry and mirror sym-
metry about the yz plane are 6, = x for point group 4,
(Oc,.0m,) = (7,0) for point group 4mm, O = = [for
Eq. (C13)] or 2z/3 [for Eq. (C14)] for point group 6,
and (Oc,, 0y ) = (7,0) [for Eq. (C13)] or [(27/3), 0] [for
Eq. (C14)] for point group 6mm. Since other elements are
products of these two symmetries, 6, is automatically
determined. After performing classifications of Dirac
Hamiltonians in Egs. (50) and (C12)—(C14), we find that
all point nodes, classified into P(B), have corresponding
Dirac Hamiltonians whose dimensions are equal to degen-
eracy of the point nodes. This implies that any node on
1-cells is not fragile.

APPENDIX D: STABILITY OF GENUINE POINT
NODES AGAINST PERTURBATIONS

Suppose that we have a 2D massive Dirac Hamiltonian
in Eq. (50) that is mapped to a generator b of E%’O by the
formulas in Table IV. In fact, this is case (i) in Sec. IV B.

The correspondence to a generator of £ i’o ensures that the
gapless point on the 1-cell is not split. However, there still
remains the possibility of part of shrinkable line or surface
nodes, which has a single nodal point on the I-cell [see
Figs. 19(a) and 19(b)]. For instance, one should exclude a
line node in the shape of the Arabic numeral 8, where the
gapless point on the 1-cell is the knot of eight. We show that
this is not the case: The generator is a genuine point node
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on the 1-cell for a generic parameter region To see this, let
us denote the Dirac Hamiltonian near the 1-cell in a slightly
generic way than Eq. (50) as

H i, k) = vikiy1 + vakoys + v38ksyo + O(K*),  (D1)

where v, v,, and v3 are constants and O (k?) represents the
order of k2, k3, and k3. No constant terms compatible with
symmetry can be added to Eq. (D1), since b is a generator
of Ei’o. The determinant of H, ,) takes the form of

det H i, i,y = {(v1k1)* + (02k2)* + (v36k3)* + O(k*) N/

(D2)
with the rank of Gamma matrices N. It is clear that, in a
sufficiently small three-dimensional ball near (ky, k,, 5k3) =
(0,0,0), det H y, k,) > 0 except for the point (ky, ky, 8k3) =
(0,0,0), unless either of vy, v,, or v3 is zero. Since there are

no symmetry constraints enforcing v, v,, or v3 to be zero, we
conclude that in a generic parameter region the gapless point

b of Ei’o represents a genuine point node.

APPENDIX E: SYMMETRY PROPERTY
OF THE WINDING NUMBER

In this Appendix, we show that C; which anticommutes
with PHS changes the sign of the winding number. The
winding number is defined by

wic] = ﬁ «[U(D)(H OH)ds,  (E)

where we consider I' — X — M — Y —I"in Fig. 20 as C. We
first compute the integrand

tr[U(T) (H; ' Oy, Hy)]

= tr[U(G)U(T)(H;' 0, Hy ) U (CY)]

= —r[UD)U(C) (Hy ' 0, Hi) UTH(G3)]

0
= —tr [U(F) (H:}C a—kiH_kﬂ . (E2)
Y M
®
X’ I X
©
M Y’

FIG. 20. Ilustration of the interval of integral in the winding
number. Note that the path colored by blue is symmetry related to
the red path. Here, white solid circles denote gapless points, and
=+ represent the sign of the winding numbers.

Using the identity, we derive the following relation:

X
[ OO, 0 Ho ok,

X!
- - /F w[U(D)(H o0 H,0)dk,. (E3)

For other integral intervals, one finds the same transforma-
tion. As a result, we obtain the relation W[C] = —W[C5C].
Actually, the relation can be generalized to other point group
symmetries as W[C] = y,det p,W[gC](y, = £1), where

U(9)U(C) = x,U(O)[U(g)]".

[1] K. Ishida, H. Mukuda, Y. Kitaoka, K. Asayama, Z. Q.
Mao, Y. Mori, and Y. Maeno, Spin-Triplet Superconduc-
tivity in Sr,RuQ, Identified by '’O Knight Shift, Nature
(London) 396, 658 (1998).

[2] G. M. Luke, Y. Fudamoto, K. M. Kojima, M. I. Larkin, J.
Merrin, B. Nachumi, Y. J. Uemura, Y. Maeno, Z. Q. Mao,
Y. Mori, H. Nakamura, and M. Sigrist, Time-Reversal
Symmetry-Breaking Superconductivity in Sr,RuO,, Nature
(London) 394, 558 (1998).

[3] S. Yonezawa, T. Kajikawa, and Y. Maeno, First-Order
Superconducting Transition of Sr,RuQOy, Phys. Rev. Lett.
110, 077003 (2013).

[4] S. Kittaka, A. Kasahara, T. Sakakibara, D. Shibata, S.
Yonezawa, Y. Maeno, K. Tenya, and K. Machida, Sharp
Magnetization Jump at the First-Order Superconducting
Transition in Sr,RuQy4, Phys. Rev. B 90, 220502(R)
(2014).

[5] E. Hassinger, P. Bourgeois-Hope, H. Taniguchi, S. René de
Cotret, G. Grissonnanche, M. S. Anwar, Y. Maeno, N.
Doiron-Leyraud, and L. Taillefer, Vertical Line Nodes in
the Superconducting Gap Structure of Sr,RuQ,, Phys.
Rev. X 7, 011032 (2017).

[6] Y. Yasui, K. Lahabi, M.S. Anwar, Y. Nakamura, S.
Yonezawa, T. Terashima, J. Aarts, and Y. Maeno, Little-
Parks Oscillations with Half-Quantum Fluxoid Features in
Sr,RuO,4 Microrings, Phys. Rev. B 96, 180507(R) (2017).

[7] S. Kittaka, S. Nakamura, T. Sakakibara, N. Kikugawa, T.
Terashima, S. Uji, D. A. Sokolov, A. P. Mackenzie, K. Irie,
Y. Tsutsumi, K. Suzuki, and K. Machida, Searching for
Gap Zeros in SroRuQy via Field-Angle-Dependent Spe-
cific-Heat Measurement, J. Phys. Soc. Jpn. 87, 093703
(2018).

[8] A. Pustogow, Y. Luo, A. Chronister, Y.S. Su, D.A.
Sokolov, F. Jerzembeck, A.P. Mackenzie, C. W. Hicks,
N. Kikugawa, S. Raghu, E.D. Bauer, and S.E. Brown,
Constraints on the Superconducting Order Parameter in
Sro,RuO, from Oxygen-17 Nuclear Magnetic Resonance,
Nature (London) 574, 72 (2019).

[9] S. Kashiwaya, K. Saitoh, H. Kashiwaya, M. Koyanagi, M.
Sato, K. Yada, Y. Tanaka, and Y. Maeno, Time-Reversal
Invariant Superconductivity of Sr,RuOy Revealed by
Josephson Effects, Phys. Rev. B 100, 094530 (2019).

[10] K. Ishida, M. Manago, K. Kinjo, and Y. Maeno, Reduction
of the "0 Knight Shift in the Superconducting State and

011021-27


https://doi.org/10.1038/25315
https://doi.org/10.1038/25315
https://doi.org/10.1038/29038
https://doi.org/10.1038/29038
https://doi.org/10.1103/PhysRevLett.110.077003
https://doi.org/10.1103/PhysRevLett.110.077003
https://doi.org/10.1103/PhysRevB.90.220502
https://doi.org/10.1103/PhysRevB.90.220502
https://doi.org/10.1103/PhysRevX.7.011032
https://doi.org/10.1103/PhysRevX.7.011032
https://doi.org/10.1103/PhysRevB.96.180507
https://doi.org/10.7566/JPSJ.87.093703
https://doi.org/10.7566/JPSJ.87.093703
https://doi.org/10.1038/s41586-019-1596-2
https://doi.org/10.1103/PhysRevB.100.094530

SEISHIRO ONO and KEN SHIOZAKI

PHYS. REV. X 12, 011021 (2022)

the Heat-Up Effect by NMR Pulses on Sr,RuQy, J. Phys.
Soc. Jpn. 89, 034712 (2020).

[11] S. A. Kivelson, A. C. Yuan, B. Ramshaw, and R. Thomale,
A Proposal for Reconciling Diverse Experiments on the
Superconducting State in Sr,RuQ,4, npj Quantum Mater. 5,
43 (2020).

[12] A. Chronister, A. Pustogow, N. Kikugawa, D. A. Sokolov,
F. Jerzembeck, C. W. Hicks, A. P. Mackenzie, E. D. Bauer,
and S.E. Brown, Evidence for Even Parity Unconven-
tional Superconductivity in Sr,RuQ,, Proc. Natl. Acad.
Sci. U.S.A. 118, 2025313118 (2021).

[13] S. Ran, C. Eckberg, Q.-P. Ding, Y. Furukawa, T. Metz,
S.R. Saha, I.-L. Liu, M. Zic, H. Kim, J. Paglione, and N. P.
Butch, Nearly Ferromagnetic Spin-Triplet Superconduc-
tivity, Science 365, 684 (2019).

[14] J. Ishizuka, S. Sumita, A. Daido, and Y. Yanase, Insulator-
Metal Transition and Topological Superconductivity in
UTe, from a First-Principles Calculation, Phys. Rev. Lett.
123, 217001 (2019).

[15] Y. Xu, Y. Sheng, and Y.-F. Yang, Quasi-Two-Dimensional
Fermi Surfaces and Unitary Spin-Triplet Pairing in the
Heavy Fermion Superconductor UTe,, Phys. Rev. Lett.
123, 217002 (2019).

[16] T. Metz, S. Bae, S. Ran, I.-L. Liu, Y. S. Eo, W. T. Fuhrman,
D.F. Agterberg, S.M. Anlage, N.P. Butch, and J.
Paglione, Point-Node Gap Structure of the Spin-Triplet
Superconductor UTe,, Phys. Rev. B 100, 220504(R)
(2019).

[17] L. Jiao, S. Howard, S. Ran, Z. Wang, J. O. Rodriguez, M.
Sigrist, Z. Wang, N.P. Butch, and V. Madhavan, Chiral
Superconductivity in Heavy-Fermion Metal UTe,, Nature
(London) 579, 523 (2020).

[18] S. Kittaka, Y. Shimizu, T. Sakakibara, A. Nakamura, D. Li,
Y. Homma, F. Honda, D. Aoki, and K. Machida, Ori-
entation of Point Nodes and Nonunitary Triplet Pairing
Tuned by the Easy-Axis Magnetization in UTe,, Phys. Rev.
Research 2, 032014(R) (2020).

[19] S. Bae, H. Kim, S. Ran, Y. S. Eo, I.-L. Liu, W. Fuhrman, J.
Paglione, N.P. Butch, and S.M. Anlage, Anomalous
Normal Fluid Response in a Chiral Superconductor
UTe,, Nat. Commun. 12, 2644 (2021).

[20] 1. M. Hayes, D. S. Wei, T. Metz, J. Zhang, Y. S. Eo, S. Ran,
S.R. Saha, J. Collini, N.P. Butch, D.F. Agterberg, A.
Kapitulnik, and J. Paglione, Weyl Superconductivity in
UTe,, arXiv:2002.02539.

[21] J. Ishizuka and Y. Yanase, Periodic Anderson Model for
Magnetism and Superconductivity in UTe,, Phys. Rev. B
103, 094504 (2021).

[22] J. Goryo, M. H. Fischer, and M. Sigrist, Possible Pairing
Symmetries in SrPtAs with a Local Lack of Inversion
Center, Phys. Rev. B 86, 100507(R) (2012).

[23] P.K. Biswas, H. Luetkens, T. Neupert, T. Stiirzer, C.
Baines, G. Pascua, A. P. Schnyder, M. H. Fischer, J. Goryo,
M.R. Lees, H. Maeter, F. Briickner, H.-H. Klauss, M.
Nicklas, P.J. Baker, A.D. Hillier, M. Sigrist, A. Amato,
and D. Johrendt, Evidence for Superconductivity with
Broken Time-Reversal Symmetry in Locally Noncentro-
symmetric SrPtAs, Phys. Rev. B 87, 180503(R) (2013).

[24] M. H. Fischer, T. Neupert, C. Platt, A. P. Schnyder, W.
Hanke, J. Goryo, R. Thomale, and M. Sigrist, Chiral

d-Wave Superconductivity in SrPtAs, Phys. Rev. B 89,
020509(R) (2014).

[25] K. Matano, K. Arima, S. Maeda, Y. Nishikubo, K. Kudo,
M. Nohara, and G.-Q. Zheng, Spin-Singlet Superconduc-
tivity with a Full Gap in Locally Noncentrosymmetric
SrPtAs, Phys. Rev. B 89, 140504(R) (2014).

[26] M. H. Fischer and J. Goryo, Symmetry and Gap Classi-
fication of Non-Symmorphic SrPtAs, J. Phys. Soc. Jpn. 84,
054705 (2015).

[27] F. Steglich, J. Aarts, C. D. Bredl, W. Lieke, D. Meschede,
W. Franz, and H. Schifer, Superconductivity in the
Presence of Strong Pauli Paramagnetism: CeCu,Si,,
Phys. Rev. Lett. 43, 1892 (1979).

[28] G.R. Stewart, Z. Fisk, J.O. Willis, and J.L. Smith,
Possibility of Coexistence of Bulk Superconductivity and
Spin Fluctuations in UPt3, Phys. Rev. Lett. 52, 679 (1984).

[29] G.E. Volovik and L. P. Gor’kov, Superconducting Classes
in Heavy-Fermion Systems, Zh. Eksp. Teor. Fiz. 88, 1412
(1985).

[30] P. W. Anderson, Structure of “Triplet” Superconducting
Energy Gaps, Phys. Rev. B 30, 4000 (1984).

[31] M.-A. Ozaki, K. Machida, and T. Ohmi, On p-Wave
Pairing Superconductivity under Cubic Symmetry, Prog.
Theor. Phys. 74, 221 (1985).

[32] M.-A. Ozaki, K. Machida, and T. Ohmi, On p-Wave
Pairing Superconductivity under Hexagonal and Tetrago-
nal Symmetries, Prog. Theor. Phys. 75, 442 (1986).

[33] M. Sigrist and K. Ueda, Phenomenological Theory of
Unconventional Superconductivity, Rev. Mod. Phys. 63,
239 (1991).

[34] C.C. Tsuei and J. R. Kirtley, Pairing Symmetry in Cuprate
Superconductors, Rev. Mod. Phys. 72, 969 (2000).

[35] P.M.R. Brydon, L. Wang, M. Weinert, and D. F. Agter-
berg, Pairing of j = 3/2 Fermions in Half-Heusler Super-
conductors, Phys. Rev. Lett. 116, 177001 (2016).

[36] D.F. Agterberg, P. M. R. Brydon, and C. Timm, Bogoliu-
bov Fermi Surfaces in Superconductors with Broken
Time-Reversal Symmetry, Phys. Rev. Lett. 118, 127001
(2017).

[37] C. Timm, A.P. Schnyder, D.F. Agterberg, and P. M. R.
Brydon, Inflated Nodes and Surface States in Super-
conducting Half-Heusler Compounds, Phys. Rev. B 96,
094526 (2017).

[38] L. Savary, J. Ruhman, J. W. F. Venderbos, L. Fu, and P. A.
Lee, Superconductivity in Three-Dimensional Spin-Orbit
Coupled Semimetals, Phys. Rev. B 96, 214514 (2017).

[39] H. Kim, K. Wang, Y. Nakajima, R. Hu, S. Ziemak, P.
Syers, L. Wang, H. Hodovanets, J. D. Denlinger, P. M. R.
Brydon, D. F. Agterberg, M. A. Tanatar, R. Prozorov, and
J. Paglione, Beyond Triplet: Unconventional Supercon-
ductivity in a Spin-3/2 Topological Semimetal, Sci. Adv.
4, eaao4513 (2018).

[40] 1. Boettcher and 1. F. Herbut, Unconventional Supercon-
ductivity in Luttinger Semimetals: Theory of Complex
Tensor Order and the Emergence of the Uniaxial Nematic
State, Phys. Rev. Lett. 120, 057002 (2018).

[41] J. W.F. Venderbos, L. Savary, J. Ruhman, P. A. Lee, and L.
Fu, Pairing States of Spin—% Fermions: Symmetry-Enforced
Topological Gap Functions, Phys. Rev. X 8, 011029
(2018).

011021-28


https://doi.org/10.7566/JPSJ.89.034712
https://doi.org/10.7566/JPSJ.89.034712
https://doi.org/10.1038/s41535-020-0245-1
https://doi.org/10.1038/s41535-020-0245-1
https://doi.org/10.1073/pnas.2025313118
https://doi.org/10.1073/pnas.2025313118
https://doi.org/10.1126/science.aav8645
https://doi.org/10.1103/PhysRevLett.123.217001
https://doi.org/10.1103/PhysRevLett.123.217001
https://doi.org/10.1103/PhysRevLett.123.217002
https://doi.org/10.1103/PhysRevLett.123.217002
https://doi.org/10.1103/PhysRevB.100.220504
https://doi.org/10.1103/PhysRevB.100.220504
https://doi.org/10.1038/s41586-020-2122-2
https://doi.org/10.1038/s41586-020-2122-2
https://doi.org/10.1103/PhysRevResearch.2.032014
https://doi.org/10.1103/PhysRevResearch.2.032014
https://doi.org/10.1038/s41467-021-22906-6
https://arXiv.org/abs/2002.02539
https://doi.org/10.1103/PhysRevB.103.094504
https://doi.org/10.1103/PhysRevB.103.094504
https://doi.org/10.1103/PhysRevB.86.100507
https://doi.org/10.1103/PhysRevB.87.180503
https://doi.org/10.1103/PhysRevB.89.020509
https://doi.org/10.1103/PhysRevB.89.020509
https://doi.org/10.1103/PhysRevB.89.140504
https://doi.org/10.7566/JPSJ.84.054705
https://doi.org/10.7566/JPSJ.84.054705
https://doi.org/10.1103/PhysRevLett.43.1892
https://doi.org/10.1103/PhysRevLett.52.679
https://doi.org/10.1103/PhysRevB.30.4000
https://doi.org/10.1143/PTP.74.221
https://doi.org/10.1143/PTP.74.221
https://doi.org/10.1143/PTP.75.442
https://doi.org/10.1103/RevModPhys.63.239
https://doi.org/10.1103/RevModPhys.63.239
https://doi.org/10.1103/RevModPhys.72.969
https://doi.org/10.1103/PhysRevLett.116.177001
https://doi.org/10.1103/PhysRevLett.118.127001
https://doi.org/10.1103/PhysRevLett.118.127001
https://doi.org/10.1103/PhysRevB.96.094526
https://doi.org/10.1103/PhysRevB.96.094526
https://doi.org/10.1103/PhysRevB.96.214514
https://doi.org/10.1126/sciadv.aao4513
https://doi.org/10.1126/sciadv.aao4513
https://doi.org/10.1103/PhysRevLett.120.057002
https://doi.org/10.1103/PhysRevX.8.011029
https://doi.org/10.1103/PhysRevX.8.011029

SYMMETRY-BASED APPROACH TO SUPERCONDUCTING NODES: ...

PHYS. REV. X 12, 011021 (2022)

[42] E. 1. Blount, Symmetry Properties of Triplet Superconduc-
tors, Phys. Rev. B 32, 2935 (1985).

[43] M.R. Norman, Odd Parity and Line Nodes in Heavy-
Fermion Superconductors, Phys. Rev. B 52, 15093 (1995).

[44] T. Micklitz and M. R. Norman, Odd Parity and Line Nodes
in Nonsymmorphic Superconductors, Phys. Rev. B 80,
100506(R) (2009).

[45] T. Nomoto and H. Ikeda, Exotic Multigap Structure in
UPt; Unveiled by a First-Principles Analysis, Phys. Rev.
Lett. 117, 217002 (2016).

[46] Y. Yanase, Nonsymmorphic Weyl Superconductivity in
UPt; Based on E,, Representation, Phys. Rev. B 94,
174502 (2016).

[47] T. Micklitz and M. R. Norman, Nodal Lines and Nodal
Loops in Nonsymmorphic Odd-Parity Superconductors,
Phys. Rev. B 95, 024508 (2017).

[48] P. M. R. Brydon, D. F. Agterberg, H. Menke, and C. Timm,
Bogoliubov Fermi Surfaces: General Theory, Magnetic
Order, and Topology, Phys. Rev. B 98, 224509 (2018).

[49] T. Micklitz and M. R. Norman, Symmetry-Enforced Line
Nodes in Unconventional Superconductors, Phys. Rev.
Lett. 118, 207001 (2017).

[50] T. Nomoto and H. Ikeda, Symmetry-Protected Line Nodes
in Non-symmorphic Magnetic Space Groups: Applications
to UCoGe and UPd,Al;, J. Phys. Soc. Jpn. 86, 023703
(2017).

[51] S. Sumita and Y. Yanase, Unconventional Superconduct-
ing Gap Structure Protected by Space Group Symmetry,
Phys. Rev. B 97, 134512 (2018).

[52] J.C.Y. Teo and C.L. Kane, Topological Defects and
Gapless Modes in Insulators and Superconductors, Phys.
Rev. B 82, 115120 (2010).

[53] K. Yada, M. Sato, Y. Tanaka, and T. Yokoyama, Surface
Density of States and Topological Edge States in Non-
centrosymmetric Superconductors, Phys. Rev. B 83,
064505 (2011).

[54] M. Sato, Y. Tanaka, K. Yada, and T. Yokoyama, Topology
of Andreev Bound States with Flat Dispersion, Phys. Rev.
B 83, 224511 (2011).

[55] Y. Tanaka, M. Sato, and N. Nagaosa, Symmetry and
Topology in Superconductors—Odd-Frequency Pairing
and Edge States, J. Phys. Soc. Jpn. 81, 011013 (2012).

[56] S. Matsuura, P.-Y. Chang, A.P. Schnyder, and S. Ryu,
Protected Boundary States in Gapless Topological Phases,
New J. Phys. 15, 065001 (2013).

[57] Y. X. Zhao and Z.D. Wang, Topological Classification
and Stability of Fermi Surfaces, Phys. Rev. Lett. 110,
240404 (2013).

[58] S. Kobayashi, K. Shiozaki, Y. Tanaka, and M. Sato,
Topological Blount’s Theorem of Odd-Parity Supercon-
ductors, Phys. Rev. B 90, 024516 (2014).

[59] C.-K. Chiu and A. P. Schnyder, Classification of Reflection-
Symmetry-Protected Topological Semimetals and Nodal
Superconductors, Phys. Rev. B 90, 205136 (2014).

[60] B. Lu, K. Yada, M. Sato, and Y. Tanaka, Crossed Surface
Flat Bands of Weyl Semimetal Superconductors, Phys.
Rev. Lett. 114, 096804 (2015).

[61] S. Kobayashi, Y. Tanaka, and M. Sato, Fragile Surface
Zero-Energy Flat Bands in Three-Dimensional Chiral
Superconductors, Phys. Rev. B 92, 214514 (2015).

[62] S. Kobayashi, Y. Yanase, and M. Sato, Topologically
Stable Gapless Phases in Nonsymmorphic Superconduc-
tors, Phys. Rev. B 94, 134512 (2016).

[63] T. Bzdusek and M. Sigrist, Robust Doubly Charged Nodal
Lines and Nodal Surfaces in Centrosymmetric Systems,
Phys. Rev. B 96, 155105 (2017).

[64] S. Kobayashi, S. Sumita, Y. Yanase, and M. Sato,
Symmetry-Protected Line Nodes and Majorana Flat Bands
in Nodal Crystalline Superconductors, Phys. Rev. B 97,
180504(R) (2018).

[65] S. Sumita, T. Nomoto, K. Shiozaki, and Y. Yanase,
Classification of Topological Crystalline Superconducting
Nodes on High-Symmetry Lines: Point Nodes, Line Nodes,
and Bogoliubov Fermi Surfaces, Phys. Rev. B 99, 134513
(2019).

[66] S. Kim and B.-J. Yang, Linking Structures of Doubly
Charged Nodal Surfaces in Centrosymmetric Supercon-
ductors, Phys. Rev. B 103, 224523 (2021).

[67] S.M. Young, S. Zaheer, J.C.Y. Teo, C.L. Kane, E.J.
Mele, and A.M. Rappe, Dirac Semimetal in Three
Dimensions, Phys. Rev. Lett. 108, 140405 (2012).

[68] B.-J. Yang and N. Nagaosa, Classification of Stable Three-
Dimensional Dirac Semimetals with Nontrivial Topology,
Nat. Commun. 5, 4898 (2014).

[69] M. Phillips and V. Aji, Tunable Line Node Semimetals,
Phys. Rev. B 90, 115111 (2014).

[70] Y. Chen, Y.-M. Lu, and H.-Y. Kee, Topological Crystalline
Metal in Orthorhombic Perovskite Iridates, Nat. Commun.
6, 6593 (2015).

[71] H. Weng, C. Fang, Z. Fang, B. A. Bernevig, and X. Dai,
Weyl Semimetal Phase in Noncentrosymmetric Transition-
Metal Monophosphides, Phys. Rev. X 5, 011029 (2015).

[72] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Topological
Node-Line Semimetal and Dirac Semimetal State in Anti-
perovskite CusPdN, Phys. Rev. Lett. 115, 036807 (2015).

[73] B.J. Wieder, Y. Kim, A. M. Rappe, and C.L. Kane,
Double Dirac Semimetals in Three Dimensions, Phys.
Rev. Lett. 116, 186402 (2016).

[74] H.C. Po, A. Vishwanath, and H. Watanabe, Symmetry-
Based Indicators of Band Topology in the 230 Space
Groups, Nat. Commun. 8, 50 (2017).

[75] B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory, Z. Wang,
C. Felser, M. 1. Aroyo, and B. A. Bernevig, Topological
Quantum Chemistry, Nature (London) 547, 298 (2017).

[76] H. Watanabe, H. C. Po, and A. Vishwanath, Structure and
Topology of Band Structures in the 1651 Magnetic Space
Groups, Sci. Adv. 4, eaat8685 (2018).

[77] Z. Song, T. Zhang, and C. Fang, Diagnosis for Non-
magnetic Topological Semimetals in the Absence of Spin-
Orbital Coupling, Phys. Rev. X 8, 031069 (2018).

[78] E. Khalaf, H. C. Po, A. Vishwanath, and H. Watanabe,
Symmetry Indicators and Anomalous Surface States of
Topological Crystalline Insulators, Phys. Rev. X 8,
031070 (2018).

[79] Z. Song, T. Zhang, Z. Fang, and C. Fang, Quantitative
Mappings between Symmetry and Topology in Solids, Nat.
Commun. 9, 3530 (2018).

[80] S. Ono and H. Watanabe, Unified Understanding of
Symmetry Indicators for All Internal Symmetry Classes,
Phys. Rev. B 98, 115150 (2018).

011021-29


https://doi.org/10.1103/PhysRevB.32.2935
https://doi.org/10.1103/PhysRevB.52.15093
https://doi.org/10.1103/PhysRevB.80.100506
https://doi.org/10.1103/PhysRevB.80.100506
https://doi.org/10.1103/PhysRevLett.117.217002
https://doi.org/10.1103/PhysRevLett.117.217002
https://doi.org/10.1103/PhysRevB.94.174502
https://doi.org/10.1103/PhysRevB.94.174502
https://doi.org/10.1103/PhysRevB.95.024508
https://doi.org/10.1103/PhysRevB.98.224509
https://doi.org/10.1103/PhysRevLett.118.207001
https://doi.org/10.1103/PhysRevLett.118.207001
https://doi.org/10.7566/JPSJ.86.023703
https://doi.org/10.7566/JPSJ.86.023703
https://doi.org/10.1103/PhysRevB.97.134512
https://doi.org/10.1103/PhysRevB.82.115120
https://doi.org/10.1103/PhysRevB.82.115120
https://doi.org/10.1103/PhysRevB.83.064505
https://doi.org/10.1103/PhysRevB.83.064505
https://doi.org/10.1103/PhysRevB.83.224511
https://doi.org/10.1103/PhysRevB.83.224511
https://doi.org/10.1143/JPSJ.81.011013
https://doi.org/10.1088/1367-2630/15/6/065001
https://doi.org/10.1103/PhysRevLett.110.240404
https://doi.org/10.1103/PhysRevLett.110.240404
https://doi.org/10.1103/PhysRevB.90.024516
https://doi.org/10.1103/PhysRevB.90.205136
https://doi.org/10.1103/PhysRevLett.114.096804
https://doi.org/10.1103/PhysRevLett.114.096804
https://doi.org/10.1103/PhysRevB.92.214514
https://doi.org/10.1103/PhysRevB.94.134512
https://doi.org/10.1103/PhysRevB.96.155105
https://doi.org/10.1103/PhysRevB.97.180504
https://doi.org/10.1103/PhysRevB.97.180504
https://doi.org/10.1103/PhysRevB.99.134513
https://doi.org/10.1103/PhysRevB.99.134513
https://doi.org/10.1103/PhysRevB.103.224523
https://doi.org/10.1103/PhysRevLett.108.140405
https://doi.org/10.1038/ncomms5898
https://doi.org/10.1103/PhysRevB.90.115111
https://doi.org/10.1038/ncomms7593
https://doi.org/10.1038/ncomms7593
https://doi.org/10.1103/PhysRevX.5.011029
https://doi.org/10.1103/PhysRevLett.115.036807
https://doi.org/10.1103/PhysRevLett.116.186402
https://doi.org/10.1103/PhysRevLett.116.186402
https://doi.org/10.1038/s41467-017-00133-2
https://doi.org/10.1038/nature23268
https://doi.org/10.1126/sciadv.aat8685
https://doi.org/10.1103/PhysRevX.8.031069
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1038/s41467-018-06010-w
https://doi.org/10.1038/s41467-018-06010-w
https://doi.org/10.1103/PhysRevB.98.115150

SEISHIRO ONO and KEN SHIOZAKI

PHYS. REV. X 12, 011021 (2022)

[81] H. C. Po, Symmetry Indicators of Band Topology, J. Phys.
Condens. Matter 32, 263001 (2020).

[82] J. Cano and B. Bradlyn, Band Representations and
Topological Quantum Chemistry, Annu. Rev. Condens.
Matter Phys. 12, 225 (2021).

[83] L. Elcoro, B.J. Wieder, Z. Song, Y. Xu, B. Bradlyn, and
B. A. Bernevig, Magnetic Topological Quantum Chem-
istry, Nat. Commun. 12, 5965 (2021).

[84] S. Ono, Y. Yanase, and H. Watanabe, Symmetry Indicators
for Topological Superconductors, Phys. Rev. Research 1,
013012 (2019).

[85] A. Skurativska, T. Neupert, and M. H. Fischer, Atomic
Limit and Inversion-Symmetry Indicators for Topological
Superconductors, Phys. Rev. Research 2, 013064 (2020).

[86] K. Shiozaki, Variants of the Symmetry-Based Indicator,
arXiv:1907.13632.

[87] S. Ono, H.C. Po, and H. Watanabe, Refined Symmetry
Indicators for Topological Superconductors in All Space
Groups, Sci. Adv. 6, eaaz8367 (2020).

[88] M. Geier, P. W. Brouwer, and L. Trifunovic, Symmetry-
Based Indicators for Topological Bogoliubov—de Gennes
Hamiltonians, Phys. Rev. B 101, 245128 (2020).

[89] S. Ono, H. C. Po, and K. Shiozaki, Z,-Enriched Symmetry
Indicators for Topological Superconductors in the 1651
Magnetic Space Groups, Phys. Rev. Research 3, 023086
(2021).

[90] S.-J. Huang and Y.-T. Hsu, Faithful Derivation of Sym-
metry Indicators: A Case Study for Topological Super-
conductors with Time-Reversal and Inversion Symmetries,
Phys. Rev. Research 3, 013243 (2021).

[91] L. Michel and J. Zak, Connectivity of Energy Bands in
Crystals, Phys. Rev. B 59, 5998 (1999).

[92] L. Michel and J. Zak, Elementary Energy Bands in
Crystalline Solids, Europhys. Lett. 50, 519 (2000).

[93] L. Michel and J. Zak, Elementary Energy Bands in
Crystals Are Connected, Phys. Rep. 341, 377 (2001).

[94] J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-J.
Slager, Topological Classification of Crystalline Insula-
tors through Band Structure Combinatorics, Phys. Rev. X
7, 041069 (2017).

[95] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevX.12.011021 for our clas-
sification results and definitions of our irreducible repre-
sentations.

[96] T. Zhang, Y. Jiang, Z. Song, H. Huang, Y. He, Z. Fang, H.
Weng, and C. Fang, Catalogue of Topological Electronic
Materials, Nature (London) 566, 475 (2019).

[97] M. G. Vergniory, L. Elcoro, C. Felser, N. Regnault, B. A.
Bernevig, and Z. Wang, A Complete Catalogue of High-
Quality Topological Materials, Nature (London) 566, 480
(2019).

[98] F. Tang, H. C. Po, A. Vishwanath, and X. Wan, Compre-
hensive Search for Topological Materials Using Symmetry
Indicators, Nature (London) 566, 486 (2019).

[99] T. Shang, M. Smidman, A. Wang, L.-J. Chang, C. Baines,
M. K. Lee, Z.Y. Nie, G. M. Pang, W. Xie, W.B. Jiang,
M. Shi, M. Medarde, T. Shiroka, and H.Q. Yuan,
Simultaneous Nodal Superconductivity and Time-Reversal
Symmetry Breaking in the Noncentrosymmetric Super-
conductor CaPtAs, Phys. Rev. Lett. 124, 207001 (2020).

[100] A.P.Schnyder, S. Ryu, A. Furusaki, and A. W. W. Ludwig,
Classification of Topological Insulators and Supercon-
ductors in Three Spatial Dimensions, Phys. Rev. B 78,
195125 (2008).

[101] A. Kitaev, Periodic Table for Topological Insulators and
Superconductors, AIP Conf. Proc. 1134, 22 (2009).

[102] S.Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig,
Topological Insulators and Superconductors: Tenfold Way
and Dimensional Hierarchy, New J. Phys. 12, 065010
(2010).

[103] Note that commutation relations between unitary and
antiunitary symmetries are not invariant under the trans-
formation g — ¢'»g. However, we here set the represen-
tation for the identity to the identity matrix, and, thus, the
commutation and anticommutation relations do not change
for additional U(1) factors.

[104] L. Elcoro, B. Bradlyn, Z. Wang, M. G. Vergniory, J. Cano,
C. Felser, B. A. Bernevig, D. Orobengoa, G. de la Flor,
and M. L. Aroyo, Double Crystallographic Groups and
Their Representations on the Bilbao Crystallographic
Server, J. Appl. Crystallogr. 50, 1457 (2017).

[105] F. Tang, S. Ono, X. Wan, and H. Watanabe, High-
Throughput Investigations of Topological and Nodal
Superconductors, arXiv:2106.11985.

[106] Our method can be applied to the normal phases without
any modification. To make the presentation coherent, we
focus on the superconducting phases in this paper.

[107] C.J. Bradley and A.P. Cracknell, The Mathematical
Theory of Symmetry in Solids (Oxford University, New
York, 1972).

[108] K. Shiozaki, M. Sato, and K. Gomi, Atiyah-Hirzebruch
Spectral Sequence in Band Topology: General Formalism
and Topological Invariants for 230 Space Groups,
arXiv:1802.06694.

[109] D.S. Freed and G. W. Moore, Twisted Equivariant Matter,
Ann. Inst. Henri Poincaré 14, 1927 (2013).

[110] E. Cornfeld and A. Chapman, Classification of Crystalline
Topological Insulators and Superconductors with Point
Group Symmetries, Phys. Rev. B 99, 075105 (2019).

[111] K. Shiozaki, The Classification of Surface States of
Topological Insulators and Superconductors with Mag-
netic Point Group Symmetry, arXiv:1907.09354.

[112] H.C. Po, H. Watanabe, and A. Vishwanath, Fragile
Topology and Wannier Obstructions, Phys. Rev. Lett.
121, 126402 (2018).

[113] J. M. Link and 1. F. Herbut, Bogoliubov-Fermi Surfaces in
Noncentrosymmetric Multicomponent Superconductors,
Phys. Rev. Lett. 125, 237004 (2020).

[114] X.-L. Qi, T.L. Hughes, and S.-C. Zhang, Topological
Invariants for the Fermi Surface of a Time-Reversal-
Invariant Superconductor, Phys. Rev. B 81, 134508 (2010).

[115] M. Sato, Topological Odd-Parity Superconductors, Phys.
Rev. B 81, 220504(R) (2010).

[116] L. Fu and E. Berg, Odd-Parity Topological Superconduc-
tors: Theory and Application to Cu,Bi,Se;, Phys. Rev.
Lett. 105, 097001 (2010).

[117] P. Giannozzi et al., QUANTUM ESPRESSO: A Modular
and Open-Source Software Project for Quantum Simula-
tions of Materials, J. Phys. Condens. Matter 21, 395502
(2009).

011021-30


https://doi.org/10.1088/1361-648X/ab7adb
https://doi.org/10.1088/1361-648X/ab7adb
https://doi.org/10.1146/annurev-conmatphys-041720-124134
https://doi.org/10.1146/annurev-conmatphys-041720-124134
https://doi.org/10.1038/s41467-021-26241-8
https://doi.org/10.1103/PhysRevResearch.1.013012
https://doi.org/10.1103/PhysRevResearch.1.013012
https://doi.org/10.1103/PhysRevResearch.2.013064
https://arXiv.org/abs/1907.13632
https://doi.org/10.1126/sciadv.aaz8367
https://doi.org/10.1103/PhysRevB.101.245128
https://doi.org/10.1103/PhysRevResearch.3.023086
https://doi.org/10.1103/PhysRevResearch.3.023086
https://doi.org/10.1103/PhysRevResearch.3.013243
https://doi.org/10.1103/PhysRevB.59.5998
https://doi.org/10.1209/epl/i2000-00300-9
https://doi.org/10.1016/S0370-1573(00)00093-4
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1103/PhysRevX.7.041069
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
http://link.aps.org/supplemental/10.1103/PhysRevX.12.011021
https://doi.org/10.1038/s41586-019-0944-6
https://doi.org/10.1038/s41586-019-0954-4
https://doi.org/10.1038/s41586-019-0954-4
https://doi.org/10.1038/s41586-019-0937-5
https://doi.org/10.1103/PhysRevLett.124.207001
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1103/PhysRevB.78.195125
https://doi.org/10.1063/1.3149495
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1088/1367-2630/12/6/065010
https://doi.org/10.1107/S1600576717011712
https://arXiv.org/abs/2106.11985
https://arXiv.org/abs/1802.06694
https://doi.org/10.1007/s00023-013-0236-x
https://doi.org/10.1007/s00023-013-0236-x
https://doi.org/10.1103/PhysRevB.99.075105
https://arXiv.org/abs/1907.09354
https://doi.org/10.1103/PhysRevLett.121.126402
https://doi.org/10.1103/PhysRevLett.121.126402
https://doi.org/10.1103/PhysRevLett.125.237004
https://doi.org/10.1103/PhysRevB.81.134508
https://doi.org/10.1103/PhysRevB.81.220504
https://doi.org/10.1103/PhysRevB.81.220504
https://doi.org/10.1103/PhysRevLett.105.097001
https://doi.org/10.1103/PhysRevLett.105.097001
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1088/0953-8984/21/39/395502

SYMMETRY-BASED APPROACH TO SUPERCONDUCTING NODES: ...

PHYS. REV. X 12, 011021 (2022)

[118] P. Giannozzi et al., Advanced Capabilities for Materials
Modelling with Quantum ESPRESSO, J. Phys. Condens.
Matter 29, 465901 (2017).

[119] A. Matsugatani, S. Ono, Y. Nomura, and H. Watanabe,
geirreps: An Open-Source Program for Quantum Espresso
to Compute Irreducible Representations of Bloch Wave-
Junctions, Comput. Phys. Commun. 264, 107948 (2021).

[120] S. A. Yang, H. Pan, and F. Zhang, Dirac and Weyl

Superconductors in Three Dimensions, Phys. Rev. Lett.
113, 046401 (2014).

011021-31

[121] E. Zhang, C.L. Kane, and E.J. Mele, Topological
Mirror Superconductivity, Phys. Rev. Lett. 111, 056403
(2013).

[122] T. Zhang, L. Lu, S. Murakami, Z. Fang, H. Weng, and C.
Fang, Diagnosis Scheme for Topological Degeneracies
Crossing High-Symmetry Lines, Phys. Rev. Research 2,
022066(R) (2020).

[123] L. Wu, F. Tang, and X. Wan, Symmetry-Enforced Band

Nodes in 230 Space Groups, Phys. Rev. B 104, 045107
(2021).


https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1016/j.cpc.2021.107948
https://doi.org/10.1103/PhysRevLett.113.046401
https://doi.org/10.1103/PhysRevLett.113.046401
https://doi.org/10.1103/PhysRevLett.111.056403
https://doi.org/10.1103/PhysRevLett.111.056403
https://doi.org/10.1103/PhysRevResearch.2.022066
https://doi.org/10.1103/PhysRevResearch.2.022066
https://doi.org/10.1103/PhysRevB.104.045107
https://doi.org/10.1103/PhysRevB.104.045107

