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Juanjuan Ren ' Sebastian Franke®,>"" and Stephen Hughes b

lDepartment of Physics, Engineering Physics, and Astronomy,
Queen’s University, Kingston, Ontario K7L 3N6, Canada

*Technische Universitiit Berlin, Institut fiir Theoretische Physik,

Nichtlineare Optik und Quantenelektronik, Hardenbergstrafie 36, 10623 Berlin, Germany

® (Received 18 January 2021; revised 31 May 2021; accepted 17 August 2021; published 28 October 2021)

We present a quasinormal-mode (QNM) theory for coupled loss and gain resonators working in the
vicinity of an exceptional point. Assuming linear media, which can be fully quantified using the complex
pole properties of the QNMs, we show how the QNMs yield a quantitatively accurate model to a full
classical dipole spontaneous-emission response in Maxwell’s equations at a variety of spatial positions and
frequencies (under linear response). We also develop an intuitive QNM coupled-mode theory, which can be
used to accurately model such systems using only the QNMs of the bare resonators, where the hybrid
QNDMs of the complete system are automatically obtained. Near a lossy exceptional point, whose general
properties are broadened and corrected through use of QNM theory, we analytically show how the QNMs
yield a Lorentzian-like and a Lorentzian-squared-like response for the spontaneous-emission line shape
consistent with other works. However, using rigorous analytical and numerical solutions for microdisk
resonators, we demonstrate that the general line shapes are far richer than what has been previously
predicted. Indeed, the classical picture of spontaneous emission can take on a wide range of positive and
negative Purcell factors from the hybrid modes of the coupled loss-gain system. The negative Purcell
factors are unphysical and signal a clear breakdown of the classical dipole picture of spontaneous emission
in such media, though the concept of a negative local density of states is correct. This finding has enabled a
quantum fix to the decay of a two-level-system dipole emitter in amplifying and lossy media [Franke et al.,
Phys. Rev. Lett. 127, 013602 (2021)], and we further show and discuss the impact of this fix using the
QNMs of the microdisk resonators. We also show the rich spectral features of the Green’s function

propagators, which can be used to model various physical observables, such as photon detection.
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I. INTRODUCTION

Lossless photonic systems (such as closed resonators
with no material absorption) can be formulated as a
Hermitian eigenvalue problem, which yields real eigen-
frequencies from the source-free Helmholz equation, and
corresponding normal modes (NMs). This is also true for
periodic systems with bound modes, e.g., lossless wave-
guide modes. However, real cavity structures (resonators)
with open boundary conditions yield finite loss (or gain)
and produce complex eigenfrequencies. Thus, most optical
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systems are naturally dissipative via material absorption
and/or radiation.

A common design approach to improving resonators is
to increase the photonic local density of states (LDOS) by
reducing radiation losses and the effective mode volume,
thus increasing the Purcell factor for enhanced spontaneous
emission (SE). An alternative approach to reducing loss is
through gain compensation, where a gain medium can be
introduced and controlled through stimulated emission or
parametric processes. Not necessarily related to lasing, a
gain medium can be introduced to the system and treated as
a linear amplifying medium [1,2], which must satisfy strict
criteria that are quantifiable through the complex poles of
the (photonic) Green’s function. Aided by the rapid
development of optical nanotechnologies, coupled loss
and gain structures have been under intense investigation
recently, especially after the demonstrations of parity-time
(PT) symmetry [3—10] in optical systems [11-27], which
support so-called exceptional points (EPs) [28-35] (where
two isolated eigenfrequencies and eigenmodes coalesce),
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along with many interesting and counterintuitive phenomena,
including nonreciprocal propagation (isolators) [36-40],
mode switching [41-44], efficient sensing [45,46], absorbers
[47-50], and lasing [51-54].

To have a detailed understanding of such systems, and
also for connecting to new applications in quantum optics,
it is desirable to have an accurate model of coupled loss-gain
resonators at the level of a rigorous and intuitive mode theory,
which can allow one to describe light-matter interactions at
various spatial points and frequencies. From a theoretical
perspective, temporal coupled-mode theory (CMT) has
proven to be an efficient approach to investigate coupled-
resonator systems [55,56], where only the solution from the
bare systems is required, and one assumes that the coupled
modes can be represented by a superposition of the bare
modes. However, the coupling coefficients are typically used
as heuristic parameters in that they are usually extracted from
fitting the full solution of the coupled system properties
[38,57-59], or they are mainly used to explain the basic
physics of coupling.

Another potential problem with such approaches is that
the underlying modes of the bare resonators are assumed to
be NMs (Hermitian system), and a finite decay rate to
account for real losses is added phenomenologically. This
finite decay rate already relates to a non-Hermitian prob-
lem, so it is natural to model the bare resonators also with a
non-Hermitian theory, where the correct eigenvalues and
modes would then be obtained for a more general CMT for
loss-gain systems. This is not only a more correct approach,
but it changes some of the fundamental coupling regimes
and constraints significantly, and opens up much richer
light-matter interaction regimes.

In recent years, the theory of open cavity modes has been
shown to be accurately described in terms of quasinormal
modes (QNMs) [60-72], which are open cavity modes with
complex eigenfrequencies and spatially diverging modes
(with finite loss). These open cavity modes naturally include
the effect of losses and can also be used to construct the
photon Green’s function, which describes a wide range of
light-matter interactions [64—67,71-74]. Moreover, as
shown recently, QNMs can be fully quantized and used to
show departures from the usual NM quantum-optics theories
[75-77]. Several CMT approaches based on QNM:s have also
been successfully developed [78-81] for coupled passive
resonator systems.

In this work, we first present a QNM theory for general
media containing both lossy resonators and gain resonators.
We describe a rigorous and intuitive CMT based on the
Green’s function solution for the coupled loss-gain QNMs,
where we analytically obtain the hybrid modes from only
the QNMs of the bare resonators (gain or loss). We
demonstrate the extremely high accuracy of the analytical
theory by comparing with full numerical dipole simulations
for whispering-gallery modes (WGMs) of microdisk res-
onators and show excellent agreement for various designs
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FIG. 1. Schematic diagram of a coupled loss and gain resonator
system. The refractive index of the lossy (gain) resonator is
Tioss (Tgqin)» Which are in a homogeneous background medium
with ng.

and spatial positions without using any fitting parameters.
A QNM approach also allows one to justify the underlying
assumptions of a linear gain medium, which requires an
analysis of the complex poles. Without such an analysis,
composite systems may not even constitute a physically
meaningful solution with gain treated at the level of a linear
material response in Maxwell’s equations. Indeed, as far as
we are aware, this is likely the only approach to confirm
this directly (in the absence of having an analytical
expression for the medium Green’s function).

After obtaining the physically meaningful QNMs for
loss-gain resonator systems, we apply our theory to study
the unusual Purcell factors and Green’s function propa-
gators at various spatial positions for eigenfrequencies
close to an EP. For our numerical example, the coupled
loss-gain disk resonators are shown in Fig. 1(a), where one
microdisk has material loss and the other has material gain.
Such systems with balanced gain and loss form a general
optical system to investigate PT symmetry and EP physics
[38,39,46]. In our model, we choose a gain coefficient that
is slightly less than the loss coefficient, which can support
hybridized QNMs with finite loss, which is also a require-
ment for assuming linear gain media [1].

The rest of our paper is organized as follows: In Sec. II,
we introduce optical QNMs, Green’s functions in terms of
QNMs, and show how these relate to SE decay and Purcell
factors. In Sec. III, we present a detailed CMT using both
NMs and QNMs to obtain analytical insight into coupled
loss-gain resonators. We subsequently use these to explain
when an EP may form and how things change when one
uses a QNM theory. We obtain explicit expressions for the
hybrid modes using only the QNMs of the bare loss or gain
resonators. We explain the limits and failures of the usual
CMT for such systems. Section IV discusses Green’s
functions and Purcell factors at the EP and shows how a
Lorentzian-like or Lorentzian-squared-like line shape
forms [82-84]. Section V presents detailed numerical
results for coupled microdisk resonators and confirms
the excellent agreement with our analytical CMT and full
dipole solutions (namely, using a numerical solution to the
full Maxwell equations with a classical dipole source) for
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various gap distances between the resonators. We then
study various Purcell factor regimes at different dipole
positions as a function of the frequency and show highly
unusual and rich spectral line shapes, including negative
Purcell factors, and discuss the essential role of the QNM
phase; again, all of these show quantitatively good agree-
ment with full dipole calculations. We stress that negative
total Purcell factors are not physical and motivate the need
for a corrected derivation of the accepted Fermi golden rule
for such media, which is described elsewhere [85]. The role
of this additional quantum fix, which can also be computed
from only the properties of the hybrid QNMs, is exempli-
fied for two selected dipole locations where the LDOS is
negative and shown to yield net positive SE rates. We also
show the Green’s function propagators, which connects to
various observables outside the resonators, which also yield
rich non-Lorentzian line shapes. We give our conclusions
in Sec. VL

In addition to the main text, we also present several
Appendices. Appendix A discusses the numerical QNM
normalization approaches using COMSOL, where we show
three different approaches yielding the same normalized
QNMs within numerical precision. Appendix B discusses
why we need to consider only one QNM of the microdisk
resonator for the dipole locations we study, which is
constructed from a symmetric linear combination of clock-
wise and counterclockwise WGMs. Full dipole calculations
in cCOMSOL are also discussed in Appendix C, which are
used to check the validity of the QNM results. To compare
with the coupled cavity systems, the results for single-loss
and single-gain cavities are shown in Appendix D, which
also confirms the extremely high accuracy of the single
QNM approximation for these resonators. Naturally, one
can also solve the coupled system with a QNM approach
directly, instead of using CMT from the bare solutions;
thus, Appendix E shows the direct QNM approach for
coupled resonators, where quantitatively good agreement
with our analytical CMT results and full dipole results are
obtained. In addition to the loss-gain cavities shown in the
main text, we also show two more loss-gain examples in
Appendix F, with different gain coefficients.

II. QUASINORMAL MODES AND
SEMICLASSICAL THEORY OF SPONTANEOUS
EMISSION AND PURCELL FACTORS

We first introduce the electric field QNMs f'ﬂ(r), which
are solutions to the Helmholtz equation

VXV xF,(r) - <ﬂ> era k) =0, (1)

c
where c is the vacuum speed of light, @, = w, — iy, is the
complex eigenfrequency of each QNM, and e(r, @,) is the

dielectric function, which is, in general, complex and
dispersive, though for our numerical examples below, we

assume this is a constant complex value in the frequency
regime of interest (this is not a model restriction in general).
The open boundary conditions ensure the Silver-Miiller
radiation condition [86]. It is also worth noting that this
boundary condition leads to quite different asymptotic
behavior of gain QNMs and loss QNMs due to the change
of sign for y,. Namely, the lossy QNM:s diverge in space but
converge in time, while the gain QNMs converge in space
but diverge in time. For the composite system, the hybrid
modes must converge in time, forcing the complex poles to
have loss. These subtleties are clearly missing and over-
looked in heuristic theories of coupled loss and gain
resonators but are essential to get a physically meaningful
model.

Using n; ¢ to represent the real parts of the refractive
index and a; /; the loss or gain coefficients, for a lossy

. o e . o 2 _ . 2
resonator with permittivity €5 = nj = (ny + iag ), we

assume a dominant QNM resonance @; = w; — iy, where

ar,yp > 0.  Similarly, for the gain resonator
— 52 — . 2 .

€gain = Ngyin = (g + iag)?, we have a dominant QNM

resonance @g = wg — iyg, where now ag,7g < 0. The
quality factor is defined from Q, = w,/(2|y,|). Since we
treat the gain amplifier in terms of a linear amplifying
medium (e.g., we neglect the saturation effects in the gain
medium), the composite system must have y, > 0 for the
hybrid modes [1]. We refer to the gain and loss QNMs as f
and f, respectively, and the hybrid modes (i.e., in the
presence of coupling) as f*.

To connect to a general definition of the SE in an
arbitrary medium, we seek to obtain the Green’s function
defined through

2

VxVxG(r,ryw) -
2

= ? 165(r—r1,), (2)

6‘2

w—ze(r, ®)G(r, 1), ®)
C

with corresponding radiation conditions, and 1 is the unit
tensor. The normalized QNMs can be used to define the
Green’s function for locations near (or within) the scatter-
ing geometry through [61,87]

G(r,rg,w) =

with A, (w) = 0/[2(®, — w)]. Expanding the Green’s
function with the QNMs can easily be used to compute
the SE rate and the Purcell factor. We stress again that the
medium must meet the condition for linear amplifying
media, which coincides with a causal Green’s function in
the sense of linear response theory (Kramers-Kronig
relations). Here, the Green’s function must be analytic in
the upper half complex plane to fulfill the Kramers-Kronig
relations, and this can be rigorously justified by using a
QNM approach. Indeed, without such an approach, it is not
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known whether the model represents a physically mean-
ingful solution for Maxwell’s equations.

Considering a dipole emitter d = dyn, at location r, the
classical SE rate is [67]

[(ry,®) = hzeod -Im{G(ry,rs, )} -d, (4)

and the generalized Purcell factor reads [67,88]

[(ry, )

F o)=14+——=
P(rd CU) +F0(rd,a))

: (5)
where I'y(ry, w) =2d - Im{Gp(ry;,ry, )} -d/(hey), and
Gy is the Green’s function for a homogeneous
medium (known analytically). For a 2D TM dipole,
Im{Gg(r;, v, 0)} = @*/4c?. The factor of 1 appears natu-
rally for dipole positions outside the resonator [89].

For an arbitrary photonic cavity medium, the QNMs for
both the bare resonators (i.e., without coupling) and also for
the coupled system can be obtained from an efficient
dipole-scattering approach in complex frequency space
[68] described in more detail in Appendix A. The total
Green’s function can also be obtained numerically from the
full dipole response (i.e., without any modal approxima-
tions), which we carry out in COMSOL to check the accuracy
of the QNM expansion form. Although the hybrid QNMs
can be obtained numerically as well, it is far more insightful
to develop a coupled-mode formalism to describe the
coupling geometry.

III. COUPLED-MODE THEORY WITH AN
INTUITIVE GREEN’S FUNCTION EXPANSION

A. Wave equation and normal modes

Before developinga QNM CMT using an intuitive Green’s
function approach, here we first present a NM approach and
also connect to the common literature for describing when
EPs can occur for coupled loss-gain cavity modes.

To simplify the equations and terminology, we introduce
shorthand notation, and define the wave equation

L|E) = &’¢/|E), (6)

where the fields are assumed to have a harmonic frequency
dependence e™!, L = ¢*V x Vx, and ¢,(r) is the total
dielectric constant that we assume is nondispersive. The
operator &, is defined as (r|¢|r') =¢,(r)é(r—r'), and
the electric field is given by a projection onto space
(rlE) = E(r,w).

To construct a Green’s function solution, we consider a
situation where we start with cavity 1, and then add cavity
2. The dielectric constant defining cavity 1is &, = éz + V|,
so we can also write the wave equation as

(ﬁ—w2€1)|E> :w2‘72|E>’ (7)

where V, defines the dielectric constant change after
adding in cavity 2, and we define ez = n% as the entire
background without either cavity. Naturally, we can also
start from cavity 2 and add in cavity 1, and the end Green’s
function that includes both cavities must be the same.

B. Coupled-mode theory and lossless
exceptional points using normal modes

Although the general CMT and Green’s function deri-
vations for coupled modes are generally well known, to
make the QNM approach easier to understand and to better
highlight the differences with a QNM approach, we first
start with a NM approach. This also allows us to connect to
the common theories for deriving an EP for coupled-
resonator modes.

Exploiting the fact that £ is a linear self-adjoint operator
over space, the homogeneous part of Eq. (7) defines an
orthogonal set of eigenstates on a single cavity. It follows that

Llt,) = a’%@ﬂfk)’ (8)

where w,; are the eigenfrequencies of the eigenstates f,.
These states are also complete and orthogonal [90], so

> ailf) (il =1,
k
(filelf;) = 635, ©)

and the sum includes all modes, physical and unphysical.
Note the mode sum here is over all modes attached to the
medium and resonator associated with ¢;. A similar relation
holds for the modes of resonator 2.

Next, we can formulate a scattering problem for the field
|E) of the coupled resonator system, so that

|E) = |E°) + GV [E®), (10)

where |E?) is the scattered field with resonator 1 only, and

G(r.r') = (r|G|r') is the total Green’s function of the
system (including both cavities) and is defined from

(L — 0?8, — V)G = (L —0%,)G = w?1.  (11)

For a hybrid system constructed from the coupled
resonators of interest, we can expand G in terms of a
restricted set of carefully chosen basis states, which will be
the dominant modes of the individual cavity systems [90].
Thus, one obtains the (NM) Green’s function expansion

G = ZBa,ﬁ‘faMfﬂ
ap

, (12)

where both sums extend over all states of interest. If we
obtain a solution for B, 4, then the scattering problem is
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solved as we have the total Green’s function, including the
new poles of the coupled-resonator system.

In the absence of cavity 2, we define the cavity mode of
the bare cavity 1 (i.e., no cavity mode 2 yet), from

Llt)) = w%él|fl>ﬂ (13)

with the normalization (f,|é,|f;) = 1. For simplicity, we
assume the cavity supports a single dominant mode in the
frequency region of interest, but this can easily be gener-
alized to allow for N modes per cavity. Similarly, we can
define the solution of cavity 2 from

Llt;) = w%€2|f2>’ (14)

Subsequently, we substitute the mode expansions into
the main Green’s function Eq. (11) to obtain

Z[w§<fi|éa|fa> - w2 <fi|ét|fa>]Ba,ﬁ<f/f’ét|fj>
ap

= o’ (ffe]f)), (15)

where i, j refer to any basis states, and €, can refer to
ép =28 -V, or &=2¢-V,. Equation (15) defines a
matrix equation whose poles correspond to the new
eigenfrequencies of the composite system. To proceed,
we exploit the fact that the modes are only weakly coupled
to each other, and so

<fa|ét|fﬂ> = 5aﬂ’ (16)

which can typically be easily checked numerically. Note
this approximation is not needed in general, but we have
numerically checked that nondiagonal contributions are
negligible, as is also confirmed with full numerical dipole
solutions. Otherwise, it is also easy to include these terms,
which just involves solving a more complex matrix, whose
solution can still be obtain explicitly.

The matrix defined from Eq. (15), namely, MBT =T,
has the solution B, ; = [M~'], ;, with elements

1
Ma,a = ;((1)3 - CUZ),
1

Mypia =— (—w,2;<fa|\7a|fﬁ>). (17)

)

Thus, the matrix M is

M= 1 ( o} - @’ —w3(f,|V, |f2>>
= N ;
" \ =2 (f|V,|f)) w5 — @’

(18)

and we define the intermode coupling rates

w N
Kap =~ (EalValfy). (19)
for a,p = 1,2, and a # 3, so that

1 (w%—wz

w?

—2myK
o ) (20)
—2wky; W5 —®

Matrix inversion can be solved without approximations;
however, it is appropriate to obtain an easier form
within a rotating-wave approximation. Using w? — o*~
(g — w)2w, ~ (0, — ®)2w, then

2 (wl—a)
M==
W\ —ky

T ) 21)

Wy — W

and we obtain an explicit solution for the Green’s function
expansion coefficients

/2 W) —®  Kip
a)—a)+)(a)—w_)< Koy wl_w>, @)

Ba,/} = (

where the pole frequencies are

_w1t+ o n VKK + (0] — 0,)?

23
(OFS 2 2 ( )

Finally, we note that for closed-cavity systems, unitarity of
a Hermitian system also requires that k1, = «3;, and the
pole frequencies are simply

o+ m, n Valkp P + (0 — w,)?
Dy = 2 2 .

(24)

This concludes the derivation of the NM Green’s function
with weakly coupled cavities. With regard to EPs, if we now
consider the case with two cavity systems, one with loss —y,
(w1 = wq — iyp) and one with a loss-compensating gain +y,
(w, = wy + iyy), then one might be tempted to predict a
situation where @, — @, if k5| = £y,. The problem with
this argument is that the original cavity modes here do not
satisfy a Hermitian eigenvalue problem (assuming they are
open and/or contain some loss), and thus, the above coupled-
mode Green’s function solutions are not valid. Strictly, they
are only valid for real eigenfrequency cavity modes. For very
high-Q cavities, however, the theory may be approximately
correct, but the definition of a true EP still becomes
questionable. Moreover, even for high-Q modes, the theory
can completely fail, as we will show later.

C. Coupled-mode theory and lossy exceptional points
using quasinormal modes

Since we are interested in open cavities with loss and
gain, we now adopt a more rigorous and appropriate
resonator approach using QNMs. One form of the QNM
normalization can be defined from
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Ele ) > / dre,(®F (OF(0) =1, (25)

where some coordinate transform is applied to regularize
the outgoing surface fields, e.g., through perfectly matched
layers [66], but such terms are not needed in the region for
CMT overlap integrals as we discuss below. One can also
define this normalization in terms of electric and magnetic
QNMs. Alternative QNM normalizations are discussed in
Appendix A, including how to normalize with dispersive
materials.

These fields are now solutions to the eigenvalue problem
with complex frequencies, and virtually all of the previous
equations apply, with some simple replacements:

(1) The eigenfrequencies become complex and formally
discrete (although the NMs are also assumed to be
discrete for resonator problems, formally they yield
continuous eigenfrequencies):

(26)

W, = 6’/4’

with @, = w,
[gain] QNM).

(ii) The completeness relation (e.g., for resonator 1)

=iy, (v, >0 [y, <0] for a lossy

becomes
1 AP P
5 Y alf)El=1,
u==+12,...
«fﬂ|él|fq» = 5/4;17 (27)

which is assumed to be valid for spatial regions near
or inside the scattering geometry. We note again that
a similar relation holds for the modes of resonator 2,
with a different set of QNMs.

(iii) The QNM Green’s function expansion is

G = S Boylf) (F. (28)
ap

Thus, for example, the previous NM matrix
equation (15) using QNMs now becomes

> @2 ((EilealEo) — w?(Eile|F )] Bus(Esle | T)

ap
= o (File/|f;). (29)

(iv) For regions sufficiently far outside the scattering
geometry specifically, when exp(y,s) becomes ap-
preciable, one can use regularized QNMs (non-
divergent), such that

G = Zga,ﬂ|ﬁa>< B
ap

where |F,,) is obtained from a Dyson solution using
the original QNM [87] or using near-field to far-field
transformations [91]. For high-Q cavities, however,

(30)

using the QNMs in the perturbative cavity region is
in practice extremely accurate, as we also confirm
later. Thus, in this work, we can safely use the
QNMs for our overlap integral calculations.
Although the QNMs can be used here as an approxima-
tion for the overlap integrals, note that regularization is
required in general. Also note that regularization is also
required for solving the input-output relations with quan-
tized QNMs [75-77,91,92], and similar potential problems
also exist for QNM perturbation theories. For example,
in the case of nondispersive materials [60,93], one has
Ad, = —a, (F,|Ae|f,)/2, which clearly has problems if
the perturbation is added far away from the cavity region. In
contrast, a regularized form can be first worked out using
F,(R,w) and then w ~ w,. In this way, one obtains a
convergent result, where it can also be shown that
F, (r,, w) = f,(r,) at the surface between inside and outside
the resonator.
With these replacements, we can use the same approach
as before. Assuming again that the solution is first solved
for cavity 1, and then we add in cavity 2, we derive

(w—&)j))/(i)—a)_) (wz,(;w wff@) (31)

Ba,/} =
where (o, f = 1,2, a # f)

fup = LRIV, (32)

which notably now uses an unconjugated norm in the QNM
overlap integrals. For the QNM formalism, note &, # K3,
(see also Refs. [80,81]), in contrast to NM theory. In QNM
theory, these off-diagonal terms are not the complex
conjugates of each other, since the open cavity system
does not obey Hermiticity. Indeed, using a conjugated norm
with open cavities is simply ill-defined.

The full QNM Green’s function solution [using Egs. (31)
and (28)] can be written as follows:

%’?12|f1><f§’
fb ) (0—d,)(@—ad_ 2

| 2o - o)) F)

(@ — w+)(w —@_)

. (33)

with the two new QNM pole frequencies for the composite
cavity system,

_ 01+ @y ARy + (@) — @)
w4 = 3 3 .

(34)

In the limit of no coupling, &y, = &,; = 0 and @, — @5,
and we recover the original Green’s function expansion for
two separated resonators.
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Finally, we briefly discuss the modified condition for
EPs. Equation (34) shows that the exceptional point occurs
when

2\/]'2‘21]‘2'12|EP = A + lB — Zl:l(d)l - 6)2), (35)

and in general one might obtain a lossy EP (at best), since
the resonators are open, and the coupled system must also
yield a finite loss for any linear amplifying medium [1]. The
influence of dissipation on EPs and CMT is often argued
heuristically. For example (defining @; = @w; —iy; and
@, = @, — iyy), Ref. [32] discusses two limits where
(i) the coupling is real, i.e., B =0, so the EP condition
would become A = £2y,, with y; =y, and y, = —y,
(v = w, = @), and (ii) where the coupling is purely
imaginary, i.e., A =0; then the EPs’ condition would
become B = +A, where w; =wy+ A and w, = @,
(y1 = 72)- In practice, it would be very difficult to reach
exactly this regime [Eq. (35)], though one can likely come
close and certainly find signatures of EP-like behavior.

Experimentally, in Refs. [38,39,94], the spectra below
and above EPs are observed, as well as the associated
unidirectional transmission, but an exact EP was not
demonstrated. Note, however, that these systems involve
waveguides, so the CMT theory should be modified to
connect more closely to such works. The theory in Ref. [46]
also finds nonideal EPs if one shows an enlargement of the
EP region in the complex frequency plane.

For a high-Q resonator, one can assume that an approxi-
mate EP may be obtained when Re(&},) = £y, (assuming
@) = wy — iyg and @, = @y + iyy), but in general, this
condition is an approximate one for open resonators (and
QNMs). Moreover, in the vicinity of an EP, the line shapes
associated with the QNMs are far richer than with two
coupled Lorentzian line shapes, as we demonstrate in more
detail below, even for very high-Q modes (Q ~ 10%).

D. Hybrid quasinormal modes using
the coupled-mode theory

Next, we introduce a model for obtaining the hybridized
QNMs, which can be obtained analytically in terms of the
uncoupled QNMs; this considerably simplifies the numeri-
cal solutions and helps identify the underlying physics of
how the hybridized modes are formed.

In terms of the hybridized eigenfrequencies @, defined
in Eq. (34), we obtain

. Dy — @y -
) = —= — |f,)
\/(a)i — @) + K3
- _
+ = I£,) (36)

V(o — @)+ &3,

or

z —K12
By = — = )
Ve —a)+ 7,
Pl [, (37)

i) — = i
) @&_@y+ﬁ|o
L — @ <

+ ), (38)

which applies to all inspected examples. But we are using
Egs. (36) or (37) in Sec. V.

Subsequently, we also obtain the new Green’s function
olf") (F]
2(d04 — w)

wlf~) (F7]

G= 20 —w)

(39)

which gives the same results as Eq. (33) (apart from at an
EP, which is discussed later, as the hybrid modes become
self-orthogonal), but now in diagonalized form.

IV. GREEN’S FUNCTIONS AND PURCELL
FACTORS AT THE EXCEPTIONAL POINT

The SE rates (and generalized Purcell factors) can be
significantly modified close to EPs [82-84,95-97], where a
squared-Lorentzian contribution has been emphasized as
well as signatures of linewidth narrowing. With higher-
order EPs, these linewidths may be reduced further [83];
e.g., a cubic Lorentzian line shape has been predicted with
third-order EPs [96].

Below, we focus on the more general second-order EPs
and first briefly comment on previous theoretical predictions
about the modified line shapes. In Ref. [84], the frequency-
dependent response of SE has the following form:

- A B
S(w) = oo o)’ (40)

which is a complex Lorentzian squared and a single
Lorentzian, if very near the EP.

A similar regime was predicted and shown numerically
in Ref. [83]. The main Green’s function response was
predicted to have the following form:

C D

G(@) = —— P + cER (41)

(wz — Wpp

where C and D are connected with the Jordan vectors. They
also give an approximate coupled-mode theory expression
for the Green’s function expansion.

Next, we first show how our QNM Green’s function is
fully consistent with the above predictions and then show
why one can find a much richer range of complex line
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shapes, which we also demonstrate explicitly in the
numerical results section.

We define the EP resonance frequency from @, =
@pp = (@ + @,)/2, which occurs when A2, = (&, —@,)> =
—4&,K,. Thus, we can write

M==

2 (Z)Ep—w+d)Ep—d)2
w

—K12 >
d)EP—w+6)EP—6)1 '
(42)

=Ky

which is identical to what we did already, but this form
allows us to expand the Green’s function near the EP
resonances. For example, the (A}l,l term (expanded in terms
of the bare mode from resonator 1) is

A @ [ Opp—® 1 I
Guu = (ot @)

(w—dgp)? @ — dpp

where we clearly see the separation of a Lorentzian and
a Lorentzian-squared contribution, in agreement with
Refs. [82-84].

We stress that our spectral forms are not actually
Lorentzian or Lorentzian squared because of the QNM
phase. Indeed, given the appropriate QNM phase, these
terms can contribute negatively, a feature that is already
known with coupled QNMs yielding a Fano resonance
[91,98-101]. It is also useful to compare with the response
of the single-cavity solution, which is simply

Acavl w F o\ /P
G = (i JENEL @)
which has a single Lorentzian-like feature, again modified
by the QNM phase. Thus, the Lorentzian-squared feature is
caused by the EP coupling regime.

Since @gp = (@, + @,)/2, we can also write the QNM
Green’s function solution to the coupled-resonator EP
regime as

AW —512/2 1 R

Gui = 2 <(5)EP - w)? - (@gp — w)) il (459)
Gio =5 (5 B (4sb)
Gor =5 (o EL (45¢)

A w 812 / 2 1 ~ ~

Gy, =— + f,)(f5], (45d
o= (sl oy B (450

with A, = @, — @,. Note that any divergences from the

hybrid modes at the EP are avoided here, since we use an

expansion in terms of the bare modes and coupling

parameters from CMT.

Interestingly, we obtain this known (and highly unusual)
form without having to perform any Jordan expansion
around the EP pole [83,84,95]. Assuming the CMT is
accurate (and we show below that it can be quantitatively
accurate), this is clearly a more convenient form to work with.
It is also important to note that the hybrid QNM modes, e.g.,
in Eq. (36), diverge at the EP, since the QNMs at exactly this
point are ill-defined and self-orthogonal. In practice, how-
ever, this is not a restriction, as most solutions will deviate
from precisely this point, where the two mode Green’s
function responses become identical and well defined; thus,
one can use either the bare modes (nondiagonal form) or the
hybrid mode solutions (diagonal form). This is a significant
advantage that benefits from the constructed CMT.

In the next section, we highlight much more general forms
of the spectral line shapes near the EP, which are fully verified
by numerically exact solutions (within numerical precision).
Our calculations also point out a fundamental problem with
defining a SE rate in media with coupled loss and gain
resonators, even when the total Green’s function is analytic in
the upper complex half plane [1].

V. NUMERICAL RESULTS FOR COUPLED
LOSS-GAIN MICRODISK RESONATORS

We consider two coupled loss-gain microdisk resonators,
both with a disk radius of R =5 um (cf. Fig. 2). The
refractive index of the lossy (gain) resonator is 7., =
2+ 1075 (g, = 2-5 x 107%), unless stated otherwise.
The background medium is free space with np = 1.
The gap distance between the resonators is dg,, (around
1120-1200 nm). The dipole (out-of-plane line current, a
point in 2D, shown as red dot in Fig. 2) is placed within the

Lhhhhl

iT] Iy Iy I'y T's!

i I
i I
; i
i ié & & ¢ o ;
; ‘
i I

FIG. 2. Schematic diagram of the considering coupled loss and
gain 2D microdisk resonator system. The radius of both reso-
nators is R = 5 um. The gap distance between the resonators is
dgyp, and the dipole (emitter) is placed within the gap at several
possible positions: ry, r,, r3, ry, and rs5 (see text). The origin of
the coordinate system is at the gap center.
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gap at several possible positions: r; = ry, 1y, I';, I'y, and rs,

where / = 10 nmand & = (d,,, — 2)/4 (r5is at gap center).

A. Quasinormal modes for single-loss and
single-gain resonators

Before investigating the coupled-resonator regime, we
first show the QNMs for the single-loss or -gain resonators,
which are used as input for the CMT in the next subsection.

A single 2D microdisk resonator supports WGMs
[102,103], which generally can be described by three mode
numbers: radial mode number ¢ (= 1,2, 3...), azimuthal
mode number m, and polarization p (TM or TE). Note that for
the same ¢, m, and p, there are two degenerate counter-
propagating modes [61,104-106]: Ecw(r, ) = E(r)e~"¢)
with clockwise (CW) direction and Eccy (r.¢p) = E(r)el"9)
with counterclockwise (CCW) direction. For a TM mode,
there is only the z component for electric fields, which share
the same eigenvalues. Linear combinations of these modes
result in degenerate standing waves [104-106], such as a
symmetric standing-wave mode E, = Ecw + Eccw &
cos (mg), and an antisymmetric standing-wave mode E g =
Ecw — Eccw o sin (mg).

In general, the mode with ¢ = 1 and m > 1 has a high Q
and strong field confinement. In this work, we focus on a
TM mode (H,, H,, E,) with ¢ = 1 and m = 37 (yielding a
resonant wavelength near the telecommunication band,
around 1487 nm). To compute the normalized QNMs,
we employ an efficient dipole-scattering approach to obtain
the QNMs in complex frequency space [68], where an out-
of-plane line current (a point in 2D, z polarized) is placed
10 nm away from the 2D microdisk (the dipole is atr; = ry
for the single-lossy cavity and at r; = r5 for the single-gain
cavity). For more details, see Appendix A 1.

Conveniently, for our TM dipole location along the x axis,
we excite only one of the two degenerate standing-wave
modes, as shown in Fig. 3(a) for the single-lossy cavity, which
has the form cos(md) if one considers ¢ = 0 at the positive x
axis. The orthogonal and degenerate QNM has the form
sin(mg) constructed from an asymmetric linear combination
of the clockwise and counterclockwise modes, though we need
to consider only the symmetric QNM for our chosen dipole
locations below. More details can be found in Appendix B.
Also note that this working QNM dominates in the frequency
region of interest below, because the two closest modes are
q =4,m = 25and g = 3, m = 29, and the angular frequency
spacing between them and the working mode are Aw =
3.43 x 10'? rad/s and Aw = 1.96 x 10'3 rad/s, which are
much larger than the FWHM (approximately 1.252 x
10'9 rad/s for the single-lossy cavity, and approximately
6.26 x 10° rad/s for the single-gain cavity). Also note, the
free spectral range for modes with ¢ = 1 is also much larger
than these FWHM values; e.g., the angular frequency
spacing between g = 1, m = 36 (or ¢ = 1, m = 38) with
the working mode (¢ =1, m = 37) would be around
Aw = 3.16 x 10"3 rad/s. Thus, we can adopt a single

QNM approximation for the mode of interest for each
resonator, which we also verify below by performing full
dipole calculations with no mode approximations.

Numerically, the complex angular eigenfrequency for a
single-lossy resonator is found to be @; = w; — iy, =
g — iyy = 1.266666 x 10'3-6.260269 x 10%i rad/s, with
a quality factor Q ~ 10%; here, w, (7o) is the real part
(opposite imaginary part) of the complex eigenfrequency.
The corresponding QNM field distribution (real part Re[f£]),
is shown in Fig. 3(a); the imaginary part is much smaller than
the real part and thus is not shown.

To better understand the overlap integrals for use in CMT,
the QNMs at the second resonator region are also shown
(1155nmaway, i.e., dgy, = 1155 nm), which is hardly seen on
alinear scale because they are very small compared with fields
close to the lossy resonator. This also indicates that the lossy
QNMs show no sign of a spatial divergence in this region, and
thus they can be accurately used for input to CMT (without
regularization), which is a consequence of the high Q.

Similarly, the complex angular eigenfrequency for
the single-gain resonator is found at &g = wg — iyg~
g + 10.57,. The corresponding QNM field distribution
(real part Re[f¢]) is shown in Fig. 3(b). In addition, the
Purcell factors at the dipole location (10 nm away from the
loss and gain resonator) using a single QNM contribution
[Eq. (5)] agree quantitatively well with full dipole results
(see Appendix D). We also highlight that the Purcell factors
(as defined in a semiclassical model) are net negative for
the single-gain cavity only (since the field is being
amplified rather than dissipated), a regime that is also
shown below for the coupled-resonator system.

B. Hybrid quasinormal modes
for coupled loss-gain resonators

We next study the hybrid QNMs formed from the two
coupled microdisk resonators, using the QNM CMT and
also using full numerical solutions to confirm the accuracy
of our semianalytical results.

Using only the QNMs from single-lossy or -gain cavities
as input, the properties for the coupled modes are obtained
analytically. First, the new angular eigenfrequencies @, are
computed from Eq. (34), where the coupling coefficients
k1> and K, [both complex, Eq. (32)] are related to the
overlap QNM integrals for different gap distances dgyyp-

Note the input variables @;,, and f, /2 in theory parts are

changed to @;,; and /6 in the numerical parts accord-
ingly. As shown in Figs. 3(e) and 3(f), the analytical
eigenfrequencies [Eq. (34)] versus full numerical solution
in coMsoL (eigenfrequency solver) show excellent agree-
ment, and at all gap separations. This quantitative level of
agreement is also obtained for the QNMs and the QNM
Green’s functions as we show in more detail below.

The complex coupling coefficients for dg,, = 1155 nm

(d,y = 1160 nm) are %12/7o = —0.7614 — 5.745 x 106

gap
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FIG. 3.

Spatial profile of the QNM:s for the following cavity configurations: (a) lossy resonator only [Re[ff} (the cavity on the right is

shown for clarity and for use in the QNM CMT, but of course, it is not there for the single-resonator calculations), Eq. (A5)], (b) gain
resonator only [Re[f?], Eq. (A5)], and (c),(d) hybrid modes with coupling [Re [fi], Eq. (36)] for a separation distance d,,, = 1155 nm;
this regime is close to the EP as shown in (e) and (). (e),(f) Complex QNM eigenfrequencies of the coupled microdisk resonators from a
direct numerical eigenfrequency solver in COMSOL (numerical, black circles) and the analytical QNM CMT [Eq. (34), red stars for @, ,
green stars for @_], as a function of the gap separation d,,,,. Note that using the eigenfrequency solver, there are two bare degenerate
modes per resonator and four new eigenfrequencies for coupled resonators (four black circles for each gap distance), but with two pairs
of degenerate modes. For the dipole QNM technique, only one of the degenerate standing-wave QNMs are obtained and used for single
resonator (see text and Appendix A); thus, the analytical CMT produces two new eigenfrequencies in the presence of finite coupling
(one red star and one green star for each gap distance). The arrows show two solutions near an EP. Note that @, and y are for the

uncoupled single-lossy resonator with 7, = 2 + 1077 (&, = @ —

— -6 ; ~ ;
Nggin = 2-5 X 1074, the resonance is around &g ~ wy + i0.5y.

(=0.7425 -5.375 x 107%) and & /7y = —0.7614 +
4.153 x 10737 (=0.7425 + 4.087 x 107%i), where the small
imaginary part is mainly due to the high quality factor of
the bare resonator, and one can find they do not satisfy
Kip = K3, in general, as mentioned in Sec. III C. This is also
true for balanced loss-gain systems, and these inconspicu-
ous imaginary parts would affect the condition for finding a
perfect EP, e.g., as in Ref. [46].

Note, with a direct QNM eigenfrequency solver, there
would be four new (dominant) eigenfrequencies for the

iyr = wy — iyy), while for the uncoupled single-gain cavity with

coupled-resonator system, because there are two degenerate
standing modes per resonator (see Appendix B); thus, there
are four black circles for each gap distance in Figs. 3(e)
and 3(f) but with two pairs of degenerate modes. In contrast,
with the QNM dipole technique (see Appendix A), only one
of the degenerate standing modes is used. Hence, when
combining with the analytical CMT approach, there are
only two new eigenfrequencies for the coupled-resonator
system—Ilabeled by the red star and the green star for each
gap distance in Figs. 3(e) and 3(f).
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Equation (36) gives the two new coupled QNMs f*

(hybrid QNMs) corresponding to the two new eigenfrequen-
cies @., where the input fields f 1 and f'z are now f* and fC.
The spatial profile of the coupled QNMs (real part Re[fZ])
for dgyp, = 1155 nm are shown in Figs. 3(c) and 3(d), where
the fields now extend over both resonators. Below, we
study two example gap cases close to the lossy EP, namely,
dgyp = 1155 nm and d,,, = 1160 nm indicated by the
arrows in Figs. 3(e) and 3(f).

C. Non-Lorentzian Purcell factors close to a lossy
exceptional point: Quasinormal mode Green’s function
solution versus full dipole simulations

Next, we focus on the Purcell factors close to the lossy
EPs in the coupled loss-gain resonators. Once the coupled
QNMs [Eq. (36)] are obtained from CMT (the input fields
f, and f, are now f* and £9), the generalized Purcell factors
are obtained analytically from Eq. (5) using the QNM
Green’s function [Eq. (39)]. As shown in Fig. 2, we
consider five potential dipole positions along the x axis
and study the Purcell factors as a function of the frequency
in each case.

For a dipole at the position r; = r; (10 nm away from
the lossy cavity), the Purcell factors are shown in Fig. 4(a)
with dy,, = 1155 nm, where negative Purcell factors
(black solid curve) are found in a wide range of frequen-
cies. The black solid line shows the analytical QNM
Green’s function result using only the bare resonator
parameters as input, and the red circles are presenting
full dipole solutions, where they are showing quantita-
tively good agreement over all frequencies. We stress there
are no fitting parameters in the QNM solutions. Moreover,
from our theory, the contribution from the hybrid QNMs
f* and f~ can be shown separately, as indicated by the
green and blue solid curves [Eq. (39), the first and second
term]. As a reference, we also show the Purcell factors
for a single-lossy cavity (orange dashed curve), which
is net positive and multiplied by 8 for a better gra-
phical comparison. The gain resonator clearly acts to
suppress the broadening and enhance the overall Purcell
factors.

To help explain these unusual line shapes, we can study the
contributions to the QNM Green’s functions from the phases
for the two hybrid QNMs. Defining 7 (r) = |f1 (r)[e’®" ()
and f7(r)=|f(r)|e” ™, the QNM Green’s function can
be expressed as

G (rg 14 @)

= AN (@)1 (r)) 1 (rg) + A~ (@) f7 (rg)f7 (xg)

= AT (0)e T f1 (1) P + A (0)e?? ) |F2 (ry) P,
(46)

3000 "(a) rg =11 o Full dipole ||
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=]
(ol

-1000 |

05,
dgap = 1155 nm

£ 2000}
a
£ 1000
Q L
&
3
e 0
]
[a W}

1000 |

2 -1 0 1 2
(w - wo)/’Yo

FIG. 4. (a) Purcell factors for the coupled resonators with gap
distance dgyp, = 1155 nm, showing the analytical CMT solutions
[(Egs. (39) and (5)] for the hybrid QNM contributions as well as
their sum. Also shown is the full dipole simulation with no
approximations [red marker, Eq. (C1)] and the QNM contribution
from a single-lossy resonator (multiplied by a constant for
clarity). The dipole is placed at r; = r; (10 nm away from the
lossy resonator). (b) Similar to (a), but with a different dipole
position r; = rs, 10 nm away from the gain resonator.

where A™ (0) = 0/[2(@0, — )], A™(0) = o/[2(0- - )],
with @, =w, —iy, and &_ =w_—iy_. From this,
we extract the imaginary part for use in Purcell’s formula
[100]:

Im[Gzz (I’d, ry, w)]

= {cos 20 (ry) +

= 2¢+<rd>] FH e PL* (@)

+

. [coszd)—(rd) L= wsinzqs-(rd)} 7 () PL (@),

(47)

where we introduce the modified Lorentzian line shape
functions,
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w 7+
FO TR e e
L (o) = g—(w_ - Z)_)Z o (48)

Similar expressions have been used to explain Fano resonances
formed by elastic QNMs in coupled-cavity beams [100].

For comparison, the Green’s functions for the single-
mode bare QNMs are also given as

Im[GE, (ry, vy, )]
_ [ 245+ 2= sin 2¢L<rd>} T (r)PLE (@),
(49)

Im[GE (ry.r4. 0)]

g — 0

= [eos20 () + 2= sin 241, 0 PLO o),
(50)

with modified Lorentzian line shape functions,

@ YL
2 (0, — @) + 77
@ YG
2 (wg — ®)* + 7%

for the loss and gain resonator modes, and we redefine the
QNMs as f%(r)=[F%(r)|e”" ™) and F¢(r)=|7¢ (r)]e""(".

In Fig. 4(a), as mentioned above, we show the total Purcell
factors for dy,, = 1155 nm, as well as the hybrid mode
contributions, and the lossy mode result on its own for
comparison. First, the single-mode case (orange dashed
curve, single-lossy resonator) shows a typical Lorentzian
peak, which can be explained by the QNM phase contribu-
tions: cos [2¢%(r;)] = 1.0000 and sin [2¢"(r;)] = —0.0012
(also shown in Table I). Applying these to Eq. (49) results in a
typical Lorentzian-like line shape. Note since with QNM
expansion, the imaginary part of the Green function with the
presence of the cavity satisfies ImG « @, while for
background homogeneous medium, it satisfies InGg o @?,

then the expected line shape (with no phase influence) has a
trivial @ dependence; however, for the high-Q resonances we
consider, the simple QNM line shape is basically Lorentzian.

Next we focus on the hybrid modes (coupled-resonator
case), where now cos [2¢7 (r;)] = 0.1514, sin [2¢™ (r|)] =
—0.9885, and cos [2¢~(r;)] = 0.1939, sin[2¢~(r))] =
0.9810 (also shown in Table I), which explain the highly
non-Lorentzian line shapes for the separate contributions
[two terms in Eq. (47), green solid curve and blue solid curve
shown in Fig. 4(a)]. Then combining the weights for each
term [from | £ (r;)|? and |f7 (r;)|? as shown in Eq. (47)], we
obtain negative Purcell factors in a wide range of frequencies
[black solid curve in Fig. 4(a)].

Furthermore, these QNM phases result in position-
dependent line shapes for the Purcell factors. Thus, when
we change the dipole position from r; =r; to r; =r;
(10 nm away from the gain cavity), the Purcell factor line
shapes can change significantly, as shown in Fig. 4(b)
(again for d,,, = 1155 nm), where the total contribution
(black solid curve) is found to be mainly net positive in a
wide range of frequency and also show excellent agreement
with the full dipole method (red circles). Once again, the
contribution from f* and f~ can be given separately, as
shown with the green and blue solid curves. In addition, the
Purcell factors for the single-gain cavity is shown as an
orange dashed curve, which is net negative (and multiplied
by 4 for a better graphical comparison).

As before, these line shapes can also be well explained
from the QNM phase terms. For a single-gain cavity, one
finds that cos [2¢%(rs5)] = 1.0000 and sin[2¢%(rs)] =
0.0005 (also shown in Table I). However, with y5; < 0,
LS%(w) shows a negative Lorentzian line shape, yielding
negative Purcell factors with the gain cavity only [orange
dashed curve in Fig. 4(b)]. As for the coupled system, one can
find cos [2¢" (rs)] = 0.1834, sin [2¢™ (r5)] = 0.9830, and
cos [2¢~(rs5)] = 0.1620, sin[2¢~(r5)] = —0.9868 (also
shown in Table I), which explain the non-Lorentzian line
shapes for separate contribution [two terms in Eq. (47), green
solid curve and blue solid curve shown in Fig. 4(b)]. Then,
combining the weights for each term [from |f (rs)|> and
|#7 (r5)|? in Eq. (47)], the mostly positive Purcell factors are
obtained [black solid curve in Fig. 4(b)].

TABLE 1. Phase contributions in the imaginary part of the QNM Green’s function, which is used to explain the line shapes of the
corresponding Purcell factors shown in Figs. 4 and 5.
g =T, Iy =Ts
QNM L cos (2¢%) = 1.0000, sin (2¢*) = —0.0012
QNM G cos (2¢%) = 1.0000, sin (2¢°) = 0.0005

dgap = 1155 nm

cos (2¢+) = 0.1514, sin (2¢™) = —0.9885
cos (2¢7) = 0.1939, sin (2¢~) = 0.9810

cos (2¢*) = 0.1834, sin (2¢*) = 0.9830
cos (2¢7) = 0.1620, sin (2¢~) = —0.9868

dgyp = 1160 nm

cos (2¢+) = —1.0000, sin (2¢*) = 0.0009
cos (2¢7) = 1.0000, sin (2¢~) = —0.0011

cos (2¢) = 0.9999, sin (2¢*) = 0.0101
cos (2¢7) = —0.9999, sin (2¢~) = —0.0129
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FIG. 5. Similar to Fig. 4, but with a different gap distance
dgyn = 1160 nm.
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Similar to case with a gap distance d,,, = 1155 nm, the
Purcell factors with dy,, = 1160 nm for a dipole at r, are
shown in Fig. 5(a). Their separate contributions from
QNM-+ (green solid curve) and QNM— (blue solid curve)
show Lorentzian line shapes, but with different linewidth
since y, # y_ [see Fig. 3(f)] and different signs due to
cos [2¢p" (r;)] = —=1.0000 and cos[2¢~(r;)] = 1.0000.
Combing these contributions, the total contribution is found
to be net negative in a wide range of frequencies. When the
dipole is at rs, the Purcell factors are shown in Fig. 5(b),
where the Lorentzian line shapes for separate contributions
could also be explained by the QNM phases cos [2¢ " (rs)] =
0.9999 and cos[2¢(rs5)] = —0.9999. Considering their
separate contributions, the total Purcell factors are now
mostly positive. More details about the QNM phases are
shown in Table L.

These QNM phases have a significant effect on the
spectral line shapes of the Purcell factors, which can be
further seen in Fig. 6(a) (for d,,, = 1155 nm) and Fig. 6(b)
(for dg,, = 1160 nm), where the total Purcell factors are
given for five different dipole positions as shown in Fig. 2.
For better comparison, the Purcell factors at r,, r3, and ry
are multiplied by 10, 300, and 10, respectively. Note, we do
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4000 :
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FIG. 6. Purcell factors at different dipole positions r; = r; ~ r;
(shown in Fig. 2), for two different gap separations (a) dg,, =
1155 nm, and (b) dgy, = 1160 nm. Full dipole simulations are
not shown for clarity, but yield the same quantitatively good fit as
in the previous graphs.

not show the full dipole results here, as they are basically
indistinguishable from the two QNM solutions, similar to
the previous comparisons.

We stress that these negative Purcell factors are un-
physical because the classical Purcell factor formulas, and
Fermi’s golden rule from purely dissipative media is no
longer working with a gain medium [85], though the LDOS
[proportional to Im|[G(r,, ry, w)]] is correct, in agreement
with the classical dipole result. To clarify, there is nothing
unphysical about a negative LDOS in a medium that
contains gain, but a negative Purcell factor clearly makes
no sense as a normalized SE decay rate, since it would lead
to an increase in excited-state population without bounds.

As a consequence of these results and using a rigorous
quantum field theory, Ref. [85] discusses the breakdown of
classical emission formulas in more detail and shows that
the correct SE rates must be described fully quantum
mechanically, where the quantum Purcell factors (modified
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FIG. 7. Classical (established) Purcell factor F$* = Fp,

[Eq. (5)] versus the quantum Purcell factor F,?M [Eq. (5D)],
which includes a gain correction that is not captured by the
classical or semiclassical theories of spontaneous emission [85].
“Classical dipole” results (red circles) are from Eq. (C1), the same
as those labeled as “Full dipole.”

SE decay rates) are indeed net positive. In that case, the
LDOS formula that connects to the classical Purcell factor
F$3 [Eq. (5) together with Eq. (47)] is corrected by a
positive gain-induced term, so that the (corrected) quantum
Purcell factor is obtained from

2|d|2Kgain
heoro ’

However, we also note that even in the case of ampli-
fying and lossy media, the LDOS [contained in F$3 =
Fp, Eq. (5)] is fundamentally related to the quantum-
vacuum fluctuations of the electric field commutator
(vac|[E(r,), E'(r,)]|vac), and thus still reflects an impor-
tant quantity in quantization of general electromagnetic
media. Indeed, in a purely lossy case, (vac|[E(r,),
E'(r,)]|vac) coincides with (vac|E(r,)E"(r,)|vac), which
is related to the cavity-enhanced SE rate of a quantum
emitter at position r,.

FM = Foss 4 (51)

Applying this correction to the dipole-microdisk-resonator
(z-polarized dipole) system case, the quantum-correction
factor K=" takes the explicit form

KE = |AH (@) PIFE () PLgn + 1A (@) P17 () PTg
+2Re[AT (@)A™ (@) F () f2* (0 ). (52)

with diagonal integral expressions

1) = lmlega)| [ drlf OwP. (53

and an overlap integral
i = ]| [ det" () £2(6), (54
gain

where €, = néajn is the permittivity of the gain resonator,
and A, stands for the region within it. Despite leading to a
net positive Purcell factor, this correction term also induces a
drastic increase of the classical Purcell enhancement itself, as

demonstrated in Fig. 7.

D. Green’s function propagators

This section presents example Green’s function propagator
results, namely, |G(R, ry, ®)|, which can be useful to relate
to a range of experimental observables. For example, this
function is required to model the spectrum at a point detector
located at R emitted from a dipole at r;. Unlike the (classical)
Purcell factor, it is a well-defined quantity for use in both
classical and quantum field theory, and it is used frequently in
the exploration of light-matter coupling regimes [107-109].
For example, considering an excitation dipole d, the spectrum
is S(R,w) x |G(R,ry,w) - d|?.

A far-field detection point is first chosen at R = R =
[0, 10] pm (the origin of the coordinate system is at the gap
center). The corresponding propagators |G . (R, ry, ®)| (arbi-
trary units) for various dipole positions r; are shown in
Fig. 8(a) for dg,, = 1160 nm. For comparison, the propagator
for a single-lossy (-gain) cavity is also shown as green (red)
dashed curve, where the dipole is placed at r; = r; (rs).
Furthermore, for the far-field detected point at R = R, =
[14.09, 0] um, the propagators are shown in Fig. 8(b).

To better explain the physics of the propagator line
shape, we once more write out the two QNM expanded
Green’s function in terms of the hybrid modes,

Gzz(Rv Ty, w)
=AM (@) f1 (R)F1(rg) + A (@) F2 (R)F: (rg)
= A*(w)e! @ RHTD| FER)||F (ry)]

+ A7 (@) ORI ED | F2(R)]| 7 (ry)

. (55)
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FIG. 8. Green’s function propagator for the far-field detected
point is at (a) R=R; =1[0,10] um and (b) R=R, =
[14.09,0] ym (which is 3.51 ym away from the gain cavity) with
dgyp = 1160 nm. For QNM L (loss), the dipole is at ry = r;, and
for QNM G (gain), itis atry = rs. The results for dg,, = 1155 nm

look similar, and we do not show them.

where again we can recognize non-Lorentzian features
from the QNM phase terms, now from both the dipole
position and the detector position. The detailed phases are
shown in Table II. Note that the two-space-point Green’s
function has a range of uses for describing light-matter

TABLE II. Phase contributions from the QNMs in the propa-
gator [Eq. (55)].
R = Rl R = R2
QNM L cos [¢"(R) + ¢F(r,)] = —0.6905  —0.9989
r; =T sin [¢F (R) + ¢F (ry)] = 0.7234 —0.0470
QNM G cos [p9(R) + ¢%(r,)] = =0.7036  0.2606
Iy =Ts sin [¢¢(R) + ¢%(r;)] = 0.7106  —0.9655
dgy, = 1160 nm  cos [¢p* (R) 4 ¢* (r,)] = —0.0815 0.9760
sin[¢pT(R) + ¢+(rd)} —0.9967 0.2177
ry;=r cos[p~(R) + ( )] = —=0.0575 —0.9784
sin[¢p~(R) + ¢~ (ry)] =0.9983  —0.2070

interactions, including the description of photon transport
[107,110,111] and can be used to model collective effects
with multiple emitters and dipoles.

VI. CONCLUSIONS

We have introduced a powerful and highly accurate
QNM approach to coupled loss-gain resonators and pre-
sented an accurate and intuitive CMT based on the photonic
Green’s function, which allows one to solve the coupled
system efficiently with just the bare QNM solutions from
the individual resonators. We also highlighted the failure of
using a NM CMT approach when defining the general
conditions for finding EPs.

For the SE response of embedded dipoles in these
systems, we performed detailed calculations for coupled
microdisk resonators. As well as finding Lorentzian-like
and Lorentzian-squared-like spectral responses at the EP as
a limiting case, consistent with other works, we showed
much richer Purcell factor line shapes near EPs for various
designs and spatial dipole positions, showing excellent
agreement with QNM CMT and full dipole calculations. In
particular, we show how the LDOS and common expres-
sion for the classical Purcell factors can also be negative in
loss-gain media, even when the hybrid modes are both
lossy (7, > 0). This is caused by a breakdown of Fermi’s
golden rule which incorrectly assumes that the SE rate is
propositional to the (projected) LDOS [85]. In addition, we
also show how the Green’s function propagators (related to
various experimental observables, such as the emitted
spectrum) also take on rich non-Lorentzian features, which
depend on the values of the QNM phases.

Apart from providing a detailed and intuitive formalism
for understanding the classical mode properties of these
complex coupled-resonator systems, our QNM formalism
forms the basis for a rigorous quantum-optics approach in
media with gain and loss, using new approaches with
quantized QNMs [75-77], which has already lead to a
revision of the usual photonic Fermi’s golden rule for
coupled loss and gain resonators [85], one in which the
(correct) quantum-mechanical Purcell factor is always a
positive quantity.
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APPENDIX A: QNM NORMALIZATION

There are several general numerical approaches to
obtaining normalized QNMs [72], including a dipole-
excitation technique in complex frequency [68], PML
normalization [66], finite-domain normalization with a
surface term [73,74,86], finite-difference time-domain
methods [89], Riesz-projection-based techniques [69],
and Gaussian regularization [112]. In the main text, we
use the dipole technique in complex frequency space [68],
and more details are shown in Appendix A 1. A brief
description of two alternative methods is also given in
Appendices A2 and A 3; numerically, we find all three
approaches give the same normalized QNM:s for the QNMs
used in this work (within numerical precision).

1. QNM normalization and numerically exact
Green’s function from a dipole source

As shown in the main text, with CMT and the Green’s
function theory, only the bare mode solutions (for a single-
lossy resonator or -gain resonator) are required. We employ
an efficient dipole-scattering approach to obtain the
uncoupled QNMs in complex frequency [68], where an
out-of-plane line current (a point in 2D, red dot in Fig. 2, for
a TM mode) is placed close to the lossy resonator, or the
gain resonator. We can also use this approach for the
coupled-resonator problem, which we also do to check
the accuracy of the analytical CMT for the hybrid modes
(see Appendix E).

The scattered field of this dipole at ry is related to the 2D
Green’s function from

d2D
Escatt(r, (1)) — GZD(I', Iy, (1)) —_

(A1)
€o

where the units of the scattered field E*®, 2D Green’s
function G?°, and 2D dipole moment d?P are, respectively,
V/m, m~2, and C.

Expanding the 2D Green’s function with one QNM
(dominating in the regime of interest), then

CP(r.rp.0) = A (@FPOIP(r),  (A2)
with A.(w) = w/[2(&. — )], so that
E<(r, ) = A, (@) 2P (1) () - 4. (A3)

€0

Multiplying Eq. (A3) with d?® and using r = r,, then

5 d2D . Escatt(r a))
d2D . 2P _ [C 0. @)
c (rO) \/ Ac (a))

(A4)

Substituting this back into Eq. (A3), we obtain the 2D
normalized QNM field as a function of space

f%D _ €o Fscatt o),
¢ (r) \/Ac(a)>d2D . Escatt<r0’ a)) (I' a))

2¢p(@. — )
— < Escatt , .
\/deD . Escatt(ro’ a)) (l’ w)

The above QNM simulations are performed in the com-
mercial cOMSOL software [113], where the frequency in
Eq. (A5) is set as @ = (1-1077) x @, [or (1-107%) x @,
(1-107%) x @, adjusted with the quality factors], very close
to the pole frequency. The computational domain (including
PMLs) is around 804-814 um? (various gap distance for
microdisk resonators, where the maximum mesh element
sizes are 0.1, 40, and 75 nm at the dipole point, inside and
outside the 2D microdisks. To minimize boundary reflec-
tions, weuse 15 layers to form the PMLs with a total thickness
of 1.5 um, which is found to be well converged numerically.

In addition, once the normalized QNMs are available, the
corresponding effective mode area (with units m?), which is
a function of the position, is obtained from

1

(AS)

A (rg) = = - (A6)
e(ro)Re[(F2°(rp))?]
The decay rates for 2D dipoles are as follows:
2
P (ry, ) = —d?® - Im{G?°(ry, ry, w)} - d°P,
h€0
2
I—%D (I'(), C()) = h_godzD . Im{G%D (r(), Iy, C())} . dZD, (A7)

where Im{G(r), 1y, )} = @?/4c? for a 2D TM dipole,
and the units of TP are 1/(sm).
The corresponding Purcell factor is simply [67,88]

FZD(rO’ CU)

F(ry, ) =1+ .
F(Z)D(r07w)

(A8)
and similar expressions are obtained for 3D systems.

2. PML normalization

The PML normalization [66,71,114—116] approach is
another alternative way to get the normalized QNMs, which
is given via

((fﬂ(r)|f'ﬂ(r))) :2%0[/ {GOT

(A9)

where V is the whole numerical simulation region, which
also includes the PML region. Next, one can divide the
integral into two parts,
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(1)1, (1), 2T 0))

@Dy

A I e e

1 O(wepyy (1, ®))
+ 260 VML |:€0 ow

h,(r)- ﬁ,,(r)] av =1, (A10)

where the first part excludes the PML data, and the second part includes only the PML data. The term ﬁ”(r) =

vV xf (1) /i@, pq is the magnetic QNM field and Vpyy denotes the PML region. Outside the PML region, the fields are zero.
For a nondispersive and nonmagnetic material (not including the PML region), it becomes

(E, () [F, ()

and note that extra care is needed for the PML region
[second term in Eq. (A11)], though this contribution can be
very small for certain problems and geometries. In general,
there are several kinds of transformations performed in
PMLs to minimize boundary reflections. The first one is
using special permittivity epyy (r, @) and permeability
upp (T, @) values, which are not always available with
some commercial software [71]. A second approach uses a
coordinate transformation [115,116], which is what we use
here, with the built-in stretched-coordinate PML of
CcOMSOL, where the coordinates are transferred from real
space to the complex plane [117].

To verify that the dipole normalization technique and PML
normalization are consistent with each other, we perform the
norm calculation [Eq. (A11)] using the QNM fields from the
dipole technique. We obtain (£ (r)|f:(r)) = 1.0004 —
0.0011i ~1 for the QNM of interest from the single-
lossy WGM resonator with 1n,,=2+107, and

O(we(r, w))

e A =

i

i e il ) e

260

(Al1)

«F9(r)|E°(r)) = 0.9991 + 0.0006i ~ 1 for the QNM of
interest from single-gain WGM resonator with 74, =

2-5 x 107%. However, note that for our chosen PML
geometry and resonator, the contribution from the PML is
practically negligible for this problem of interest (high-Q
resonance).

Although the PML contributions are obviously small
because of our high-Q resonator modes, we also check that
a normalization of approximately 1 is obtained for a very
low-Q metallic (gold) resonator similar to those studied
in Ref. [89], yielding values of (™ (r)|[fme@(r)) =
1.0020 + 0.0018i ~ 1.

3. Finite-domain normalization with a surface term

A third way to normalize QNMs is through a finite-
domain normalization with an outgoing surface term [72—
74,86]. Assuming nonmagnetic media, the normalization
takes the form [72,86]

f/t (l') ' f}l(r) - MOB/I (I‘) ' ﬁﬂ (l‘) av

- 260, /av[[rarf'ﬂ(r)]xﬁﬂ(r) - f'ﬂ(r)x[rarﬁﬂ(r)]] -NdA = 1. (A12)
Alternatively, in terms of only the electric field QNMs [73,74,86],
(E, ()|, (x) = /V o(r,@,)f,(r) - £,(r)dr + 2/18 / [£,(r) - as[rorf,(r)] — rlorf,(r)] - [0sf,(r)]]JdA =1, (A13)
where
Olw?e(r, ®
of(r, G)ﬂ) = i [ ag ) . (A14)
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and OV represents the surface of the finite domain V that
surrounds all resonators, and Os is the derivative in
the normal direction of the surface dV. In this case, the
integral region V has a greater freedom of choice, but at the
cost of adding a surface integral (though for 2D, we simply
need to compute a simple surface integral and a line
integral). For a nondispersive material, the normalization
simplifies further to

() [E, () = / e(r)E, (1) - E, (r)dr

1
+2k2 AV[ (r)- as[rarf (r)]
—r[ork, (r)] - [0sf,(r)]]dA = 1. (A15)

For completeness, we also checked our normalized QNMs
with this technique and obtain ((f* (r)[f"(r)) = 1.0004 —
0.0011i ~ 1 for the single bare QNM from the single-lossy
WGM resonator with 1, =24-107%7, and (£ (r)|f¢ (r))) =
0.9991 + 0.0006i ~ 1 for the single bare QNM from the
single-gain WGM  resonator  with 7y, = 2-5 x 1071

Again, we note for the resonators we are working with the
contribution from the line integral is negligible; thus, we
obtain basically the same answer as the PML normalization.
As a further check, we also try the above norm with two
smaller domains with area of 579 and 497 ym? and obtain the
same numerical results as above.

APPENDIX B: DEGENERATE QNMS FOR
MICRODISK RESONATORS

The WGM resonator naturally supports degenerate modes
because of circular symmetry. For a specific azimuthal mode
number m, the degenerate counterpropagating modes are
[104-106] Ecw(r, ) = E(r)e~"%) with CW direction and
Eccw(r, @) = E(r)e™®) with CCW direction; for a TM
mode, we have only the z component for the electric fields.
Linear combinations of these fields result in standing waves
[104—-106], such as a symmetric standing mode Eg = Ecw +
Eccw o cos (m¢g) and an antisymmetric standing mode
Eas = Ecw — Eccw o sin (m¢). These standing waves
can of course also be normalized and can be expanded to
obtain the QNM Green’s function.

(a) Re[f!] (b) Re[fM1] (c) Re[f?] x10°(m~)
1
... 0
Yy Ym -1
Z l—* ,fL'M
9 x10° ‘ ‘ ) 9 x10°
(d) T Re[ /2] (e) --rg =T11/ (f)
'T/\ 2m} Re[fi\’I'Q] - =1y =1/ r "
=) < —Re[fL] | ~ ——ry = rll// 1
e 1; | ud 1 I'1//
< l
E | 1‘1/
8 °r
ki
5|

0 us 27 3 4m 5_r;r 0 m

m m m
Azimuthal angle ¢

m m m m
Azimuthal angle ¢

2 3 4n bn

FIG. 9. Spatial profile of the degenerate QNMs for a single-lossy resonator. (a) QNM obtained with a general QNM approach
[Eq. (A5)] [it is the same as in Fig. 3(a)], where only one of the degenerate standing-wave modes is excited, which is with a cos(mg)
dependence, considering ¢ = 0 at the positive x axis. (b),(c) Normalized [Eq. (B1)] degenerate modes 1 and 2 from the eigenfrequency
solver using COMSOL, where the boundary condition is with PML. The horizontal dashed lines in (a)—(c) label the x axis with their own
coordinates. (d) The fields at the disk edge along vertical arrow direction (CCW direction) [in (a)—(c)]. () QNMs [Eq. (A5)], same as in
(a) but when the dipole is moved to a different position, as shown in (f).
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Using the direct eigenfrequency solver (where the boun-
dary condition is PML) in COMSOL, one can obtain a pair of
unnormalized standing-mode distributions f201/M2 This is
not used generally as a QNM solver since it is not so robust as
a nonlinear eigenvalue solver, but the results appear to be
reasonable for the high-Q modes of interest in this work.

For example, one can use PML normalization to obtain
the relevant QNM from (i = 1,2)

sz()

¢<<fMl )i
where (f*

M (r) M7 (r) Y puy takes the form of Eq. (A11). For
a single-lossy WGM resonator with refractive index

Migss = 2 + 10754, the normalized distribution Re[f2" 1/, 2
[Eq. (B1)] is shown in Figs. 9(b) and 9(c). To better check
their differences, we show them along the edge of the
disk (equator) along the small vertical arrow direction
(CCW direction) [see Figs. 9(b) and 9(c)] in Fig. 9(d) (green
solid and orange solid curves). One can find their antinode
positions are off by z/2m (m = 37) corresponding to the
difference between cos(mg) and sin(me¢). However, their
absolute phases are offset, since these are related to where
¢ = 0is defined in the coordinate system (x,;, y,,), with the
eigenfrequency solver.

In contrast, with the dipole-excitation technique [68],
only one of the two degenerate standing-wave modes is
excited, as shown in Fig. 9(a) [which is the same as
Fig. 3(a) in the main text], where the dipole is placed at
r, = r,. The field Re[f%] along the equator is also shown in
Figs. 9(d) and 9(e) (red solid curve), which is with the form
cos(mg) considering ¢p = 0 corresponds to the positive x
axis. Moreover, with the dipole technique, one can control
the phases accurately by setting the dipole at different
locations, as they naturally excite the same standing
wave defined from that position. For example, if the dip-
ole is placed at a position corresponding to ¢/ = z/2m
(xy=r1), N =2r/2m (xrgz=ryl), or ¢! =3x/2m
(ry =ry/1) (the distance between the dipoles and the
tangent of the disk surface remains at 10 nm) [see schematic
in Fig. 9(f)], then the same QNM is obtained with a simple
shift in phase; these are shown in Fig. 9(e) (green dashed,
black dashed, and blue dashed curves), with the phase
terms cos(m¢p—megt)=cos(mp—n/2), cos(m¢p—me!) =
cos(mp—2x/2), and cos(mp—mer)=cos(m¢p—3r/2)
(considering ¢» = 0 is defined at the positive x axis).

fMl

(B1)

APPENDIX C: FULL NUMERICAL DIPOLE
SIMULATIONS

To check the validity of the Purcell factors from the
QNMs and also the CMT Green’s function solutions (for
microdisks), we compare these directly with the numerical
results from a full dipole method (namely, with no modal
approximations), which is obtained as follows:

fL fi - Sdipole total(r w)dL

Fnum.ZD (
P fL Sdlpole background (l‘ w)dL

(C1)

Ty, ) =

where L, is a small circle (with radius 1 nm) surrounding
the point current (for the TM mode), and 11 is a unit vector
normal to L. pointing outward. The vector S(r, ) is the
Poynting vector at this small circle, and the subscripts
“total” and “background” represent the case with and
without the resonator, respectively.

APPENDIX D: CONFIRMING THE ACCURACY
OF THE QNMS FOR A SINGLE-LOSSY
RESONATOR OR A SINGLE-GAIN RESONATOR

In order to compare with the coupled-resonator results
and to confirm the accuracy of a single QNM approach for
the single resonators, we show the results for single-lossy
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FIG. 10. Purcell factors for (a) single-lossy cavity with n;, =
2+ 1075 and (b) single-gain cavity with ng, = 2-5 x 107%
from single QNMs [Eqgs. (5) or (A8)] and full numerical dipole
method [Eq. (C1)], where excellent agreement is obtained in both
cases. The dipole is located 10 nm away from the single-lossy
cavity or single-gain cavity. The Purcell factors from the single-
lossy cavity are net positive, while the Purcell factors from the
single-gain cavity are net negative.
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FIG. 11. Purcell factors from the direct QNM approach for the

coupled-resonators example shown in Fig. 4(a) of the main text.
For comparison, all original curves (analytical CMT results and
full dipole results) in Fig. 4(a) remain the same. With the direct
QNM approach (when the dipole is located at r;, = ry), there are
two dominant modes, QNM + / and QNM — /. Their separate
contributions to the total Purcell factors are shown as a dashed
magenta curve and a dashed cyan curve, and the total one is
shown as a green dotted curve. They show good agreement with
the CMT results and full dipole results; i.e., the contribution from
QNM+ [green solid curve, see Fig. 4(a)] and QNM + / (dashed
magenta curve) agrees very well, as does the contribution from
QNM-— (blue solid curve) and QNM — / (dashed cyan curve); the
CMT and two direct QNM totals are practically indistinguishable
(black solid curve, green dotted curve; red circles show the full
dipole results).

cavity with njo =2 + 1077 or single-gain cavity with
Ngyin = 2-5 X 107%;. Using the dipole technique described
above [Eq. (A5)], the QNMs (real parts) Re[f~] and Re[f¢]
are shown in Figs. 3(a) and 3(b) separately. The dipole is
put 10 nm away from the single-lossy cavity or single-gain
cavity.

10 000 - - .
(a) dgap=1145 nm o Full dipole
Tgain = 2 — 6 x 10707 |——QNM +
A —QNM —
R 5000 —QNM total
g r 4
-
3}
&
&
Eo
=
W)
-5000 . : :
-2 -1 0 1 2
(w—wo)/7

The corresponding Purcell factors are shown in Fig. 10,
which show quantitative agreement with full dipole
method. The Purcell factors from the single-lossy cavity
are net positive and those from the single-gain cavity are net
negative. Note that these results are also shown as dashed
curves in Figs. 4 and 5 in the main text but multiplied by a
constant for better comparison with the results from the
coupled system.

APPENDIX E: DIRECT QNM APPROACH FOR
COUPLED LOSS RESONATORS AND GAIN
RESONATORS

Naturally, one can also solve the coupled system with a
QNM approach directly instead of using CMT after the bare
solutions are known. In Fig. 11, we show their comparison for
the specific example shown in Fig. 4(a) of the main text. For
comparison, all original curves (analytical CMT results and
full dipole results) on Fig. 4(a) remain the same. With the
dipole-excitation QNM approach (where the dipole is at
r; =r;), there are two dominant modes QNM 4/ and
QNM -/ (the hybrid modes). Their separate contributions
to the Purcell factors are shown as a magenta dashed curve
and cyan dashed curve, and the total one is shown as a green
dotted curve. There is very good agreement with the CMT
results and the direct QNM results (QNM+ versus QNM + 7,
QNM-— versus QNM —/, and their total contributions), as
well as quantitatively good agreement between the direct
QNM results and the full dipole simulations (green dotted
curve and red circles).

APPENDIX F: ADDITIONAL LOSS-GAIN
RESONATOR EXAMPLES WITH DIFFERENT
GAIN COEFFICIENTS

Finally, we also show the Purcell factors for two addi-
tional loss-gain resonator examples for different amounts of
gain. The refractive index for the lossy resonator is fixed at

10000 . . .
(b) dgap=1133 nm o Full dipole
Ngain = 2 — 7 x 1075 |[—QNM +
LE: —QNM —
n 5000 [ —QNM total |
8
+~
Q
8
S o0
=}
Ay
-5000 L : ‘ |
-2 -1 0 1 2
(w —wo)/70

FIG. 12.  Purcell factors for coupled loss-gain resonators with (a) g, = 2-6 X 107%i and (b) Nggin = 2-7 % 107%, while 7, =
2 + 1072} is the same as in the main text for both cases. The dipole is placed at r;. Similar to the main text results, once again very good
agreement is obtained between with the semianalytic QNM theory and the full (classical) dipole results.
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Migss =2+ 10750, as in the main text. When ng, =

2-6 x 107}, the Purcell factors with a gap distance dgap =
1145 nm (close to the lossy EP) for a dipole at r; (10 nm
away from the lossy cavity) are shown in Fig. 12(a), which
show very good agreement with the full dipole method.
Again, we see that negative Purcell factors are obtained

over a wide frequency range. The separate contributions
from f* and f~ are also given. For better comparison, the
Purcell factors with a single-lossy cavity are shown as an
orange dashed curve (the dipole is at r;), which is net
positive and multiplied by 30 for clarity.

Similarly, the corresponding results for the case with
Ngyin = 2-7 X 107%i are shown in Fig. 12(b), where the gap
distance is dg,, = 1133 nm. Excellent agreement with full
dipole results is also obtained. The absolute values of the
negative Purcell factors increase here mainly because they
are closer to the EP and the gap distance is smaller.
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