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Hydrodynamics provides a universal description of interacting quantum field theories at sufficiently long
times and wavelengths, but breaks down at scales dependent on microscopic details of the theory. In the
vicinity of a quantum critical point, it is expected that some aspects of the dynamics are universal and
dictated by properties of the critical point. We use gauge-gravity duality to investigate the breakdown of
diffusive hydrodynamics in two low-temperature states dual to black holes with AdS, horizons, which
exhibit quantum critical dynamics with an emergent scaling symmetry in time. We find that the breakdown
is characterized by a collision between the diffusive pole of the retarded Green’s function with a pole
associated to the AdS, region of the geometry, such that the local equilibration time is set by infrared
properties of the theory. The absolute values of the frequency and wave vector at the collision (w.q and k)
provide a natural characterization of all the low-temperature diffusivities D of the states via D = @,/ kgq,
where w., = 27AT is set by the temperature 7" and the scaling dimension A of an operator of the infrared
quantum critical theory. We confirm that these relations are also satisfied in a Sachdev-Ye-Kitaev chain
model in the limit of strong interactions. Our work paves the way toward a deeper understanding of
transport in quantum critical phases.
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L. INTRODUCTION At long times and wavelengths, hydrodynamics provides

Interacting quantum field theories are notoriously — a0 effective description of a system in terms of a few
challenging, especially when there is no quasiparticle- conserved quantities dictated by symmetries [13—15]. Their
based description of the state. To describe the late time, ~ €volution is governed by local conservation equations for
long wavelength dynamics of these states, one can instead ~ the densities and associated currents, along with constit-
rely on effective approaches such as hydrodynamics. This ~ utive relations expressing the currents in terms of the
approach has been used to gain insight into the quark-gluon ~ densities in a gradient expansion. The late time relaxation
plasma [1-4], ultracold atomic systems [5], and electronic ~ of the system back to equilibrium is governed by the
transport in metals [6—12]. hydrodynamic modes: poles of the retarded Green’s func-
tions of the densities with gapless dispersion relations [16].

While extremely powerful, hydrodynamics breaks down
at sufficiently short scales set by the local equilibration time
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exhibits a parametrically slow mode arising due to a weakly
broken symmetry, the breakdown of hydrodynamics man-
ifests itself as a collision in the complex frequency plane at
nonzero wave vector k., between the hydrodynamic mode
and the slow mode. In this case, it is often possible to
augment the hydrodynamic description to incorporate this
slow mode [6,20-28]. But typically the modes relevant for
the breakdown of hydrodynamics are not of this nature, and
a more complete knowledge of a system’s microscopic
details is required to understand them.

In contrast to this, in the nonzero temperature quantum
critical phases found near quantum phase transitions,
transport properties are typically universal and are gove-
rned by scaling properties of the critical point [29]. We
might then expect that the breakdown of hydrodynamics in
a quantum critical phase displays a greater degree of
universality. However, it is often challenging to calculate
concrete observables beyond thermodynamics due to the
lack of analytically tractable models without any simplify-
ing limits, such as a large number of degrees of freedom.

In this work, we exploit gauge-gravity duality to address
hydrodynamic transport and its breakdown in quantum
critical phases. Gauge-gravity duality maps the late time
dynamics of certain large N, quantum field theories (where
N, is the rank of the gauge group) to theories of gravity
with a negative cosmological constant [15,30,31]. The
relaxation of conserved densities back to equilibrium is
captured exactly by the evolution of perturbations of
asymptotically anti—de Sitter (AdS) black holes, which
can be studied to obtain a precise understanding of the
breakdown of hydrodynamics and the modes responsible
for it [32,33].

Even in the absence of a weakly broken symmetry, the
breakdown of hydrodynamics can be characterized by an
energy scale w.q and wave number k.4, which are sensitive
to the system’s microscopic details. w.q and k. are defined
as the absolute values of the complex frequency @ and
complex wave number k at which the hydrodynamic pole
of the retarded Green’s function first collides with a
nonhydrodynamic pole or branch point [34-37]. [A differ-
ent mechanism for the breakdown of hydrodynamics arises
when interactions between hydrodynamic modes are
included, in the guise of a nonanalytic frequency depend-
ence of the retarded Green’s functions (see, e.g., Ref. [14]
for a review). This mechanism is expected to be suppressed
in the large N limit [38].] The convergence properties of the
real-space hydrodynamic gradient expansion in the linear
regime are governed by ke, [39] (see Ref. [40] for a study of
the convergence of nonlinear hydrodynamics in real time),
which also coincides with the radius of convergence of the
small-k expansion of the hydrodynamic dispersion relation
@hydro (k). See Refs. [41-44] for recent applications of this.

In this work, we study the breakdown of hydrodynamics
in certain low-temperature (7') states dual to black holes
with nearly extremal AdS, x R? near-horizon metrics.

These are examples of quantum critical phases with an
emergent scaling symmetry in time [45-48], which has
been dubbed “semilocal quantum critical.” Formally, this
scaling symmetry corresponds to an infinite Lifshitz scaling
exponent, z = +oo: time scales but space does not. Such
states are closely related to the Sachdev-Ye-Kitaev- (SYK)
like models of electrons in strange metals, which are
governed by the same type of infrared fixed point in
the limit of large number of fermions and strong inter-
actions [49-60]. (The dimensionless SYK coupling is the
interaction strength over temperature, so strong interactions
are equivalent to low temperatures.) Specifically, we study
the AdS, neutral, translation-breaking black brane of
Refs. [61,62] and the AdS,-Reissner-Nordstrom (AdS,-
RN) black brane, and the breakdown of the hydrodynamics
governing the diffusive transport of energy, charge, and
momentum in their dual states. The states we are interested
in do not include any slow modes in the sense described
above. Instead, local equilibration is controlled by the
intrinsic dynamics of the quantum critical degrees of free-
dom of AdS, x R2. We identify simple, general results for
the local equilibration scales ., and k., and confirm that
these also apply to the SYK chain model studied in
Ref. [44] in the limit of strong interactions.

Our first result is that the breakdown is caused by modes
associated to the AdS, region of the geometry, and as a
consequence @ is set by universal (i.e., infrared) data via

Weq = 27AT as T — 0, (1)

where A is the infrared scaling dimension of the least
irrelevant operator that couples to the diffusion mode. This
is in contrast to systems with a weakly broken symmetry,
for which @,y < T, but is in line with the expectation
that the quantum critical dynamics is controlled by a
“Planckian” timescale 7., ~ 1/T [29,63]. More precisely,
we find that at small k and T the Fourier space locations of
the longest-lived nonhydrodynamic poles are inherited
from infrared Green’s functions, and are approximately
located at ,, = —i(n + A)2xT for non-negative integers n.
The breakdown is characterized by a collision, parametri-
cally close to the imaginary w axis, between the n =0
mode (which has a weak k dependence) and the hydro-
dynamic mode. This collision manifests itself as a branch-
point singularity in the dispersion relation of the mode.
Secondly, we find that at low temperatures the correc-
tions to the quadratic approximation —iDk’ to the exact
hydrodynamic dispersion relation are parametrically small
such that the collision occurs when k is almost real and

ké—»% as T — 0. (2)

In other words, the scales k.4 and w,, governing the regime
of validity of hydrodynamics are set simply by the
diffusivity D and the scaling dimension A. In some of
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the examples we study (those involving diffusion of
energy), the relevant diffusivity is controlled by an irrel-
evant deformation of the AdS, fixed point and in these
cases the result (2) indicates that k., is controlled by the
same irrelevant deformation. A priori, the result (2) is quite
surprising: it relates the radius of convergence to just the
leading-order term in the hydrodynamic expansion. This is
a consequence of the AdS, fixed point.

By rearranging Eq. (2) we obtain an answer to the
question raised in Ref. [7] of what the underlying velocity
and timescales are that govern the diffusivity in non-
quasiparticle systems. In all our examples they are set
by the local equilibration scales,

D — 03t asT —0, (3)

where veq = Weq/keq and 7oq = a)gq‘ are the velocity and
timescale associated to local equilibration.

In the cases where diffusive hydrodynamics breaks down
due to a parametrically slow mode protected by a weakly
broken symmetry, D is typically set by 7., and the speed of
the propagating mode that dominates following the break-
down [64]. We emphasize that the breakdown of hydro-
dynamics is qualitatively different in the cases we study:
there is not a single slow mode but a tower of AdS, modes
with parametrically similar lifetimes set by w,, and the
breakdown does not produce a propagating mode with
velocity v =~ v, More generally, the local equilibration
time has been argued to set an upper bound on the
diffusivity in Refs. [65,66]. All examples that we study
are consistent with a bound of the form D < vgqreq for the
range of parameters we have investigated.

In the absence of a slow mode, it was proposed that
low-temperature diffusivities are set by the butterfly veloc-
ity vp and Lyapunov time 7; that characterize the onset of
scrambling following thermalization of the system [67].
This was shown to robustly apply to the diffusivity of
energy density D, in holographic theories and SYK-like
models [58,59,68-71]. For the examples we study, Tzl =
22T and

D, - vir; asT —0, (4)
which is furthermore true in general for states governed by
an infrared AdS, with the universal deformation [69].

As for our result (3), Eq. (4) can be viewed as a
consequence of the excellent applicability of the quadratic
approximation to the exact hydrodynamic dispersion rela-
tion up to the relevant scale. Specifically, pole-skipping
analysis suggests that the energy diffusion mode satisfies
Whydro(k = ivg'ey") = iry' [72-74], from which Eq. (4)
follows assuming corrections to the quadratic, diffusive
form —iD,k*> at k = ivg't;' are parametrically small
as T — 0.

Our result (3) is more general than Eq. (4) in that it is true
for all diffusivities in the examples we study, not just the
diffusion of energy. Fundamentally this is because, by
definition, all diffusive modes pass through the location set
by (@eq. keq), while only the energy diffusion mode satisfies
the pole-skipping constraint above [75]. As a consequence
we provide a new perspective on, and generalization of, the
relations between equilibration, transport, and scrambling
and their applications in AdS,- and SYK-like models of
electrons in strange metals.

In the remainder of this work we explain how we arrive
at Egs. (1) and (2) before closing with comments on
implications and the more general applicability of our
results. Technical details of our calculations are presented
in Supplemental Material [76].

II. DIFFUSIVE HYDRODYNAMICS

The spectrum of hydrodynamic modes is dependent on
the system under consideration, and by our definition each
hydrodynamic mode has its own associated local equili-
bration scales w., and k.. We focus on hydrodynamic
diffusion modes, which arise when a system has a current
density j with constitutive relation

ip) = =D,Vp + O(V?), (5)

where p is the corresponding conserved density. p will then
obey the diffusion equation with diffusivity D, at leading
order in the derivative expansion, and has a retarded
Green’s function [14,16],

2
Dp){ppk + PN

ol b) = p e ©)
P

where y,, = lim,,_( G,,(w, k) is the static susceptibility of
p, and ellipses denote terms with higher powers of @ and k.
The dispersion relation of the hydrodynamic diffusion
mode is then

a)hydro(k) = —iDpkz + 0(k4) (7)

Hydrodynamic diffusion is a very general phenomenon.
Even within the restricted class of systems that we study,
the set of conserved densities that exhibit hydrodynamic
diffusion varies. In this work, we are interested in the
diffusion of energy ¢ and of transverse momentum I1.

III. DIFFUSION IN A NEUTRAL
HOLOGRAPHIC STATE

We begin with the AdS,; neutral translation-breaking
model [61,62] which is a classical solution of the action
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S = / d4x\/—_g <§R +6 —%22: (3§0i)2> , (8)

i=1
with spacetime metric,

dr?

rf(r)’

supported by two scalar fields ¢; = mx’ (i =1, 2) that
break translational symmetry. The emblackening factor of
the solution is

1) = 1= (1 m2> N

252 a 2_1"(2)

ds*> = —r2f(r)dt* + r*dx* +

©)

where r denotes the location of the horizon with associated
temperature 7. The linear perturbations can be written in
terms of four decoupled variables and we focus on the one
exhibiting the single hydrodynamic mode of the system.
See Ref. [76] for further details on this spacetime, and on
the calculations leading to the results below.

A. Hydrodynamic mode

The hydrodynamic mode corresponds to diffusion of
energy, with the small k dispersion relation (7) and
diffusivity D, — 1/3/2m~" in the low-T limit [20].

First, we quantify corrections to this result that will
enable us to understand the breakdown of hydrodynamics.
In the low-temperature limit 7 ~ k* ~ ¢ <« 1, the retarded
Green’s function of energy density G, exhibits a pole
located at

o 3k? K ) 4zT?  k*
w(k) = —ie m 1+€—m2+€ 3 —|——m4 + -,
(11)

where we have explicitly written all ¢ dependence. For
suitably small k, this is an approximation to the dispersion
relation of the hydrodynamic mode as we show in Fig. 1. It
becomes invalid near specific wave numbers k> = k2
related to the breakdown of hydrodynamics, which we
address shortly.

It is important to note that Eq. (11) is different than the
hydrodynamic expansion: corrections to the quadratic k>
term are not being neglected as in the usual gradient
expansion, but are parametrically small in this limit under
consideration. One consequence of this is that if we define
any wave number k, with k% ~ T at low T, and define w, to
be the location of the hydrodynamic pole at this wave
number, then Eq. (11) implies D, — iw,/k? as T — 0.
For example, choosing k, = ivg'z;! results in the chaos
relation (4) as described in Sec. I. (See Fig. 2 of Ref. [74]
for a visual representation of this.)

—Im (w)
2T
0.0 : . . :
0 20 40 60 80 100 120
k/IT
FIG. 1. Frequencies of the hydrodynamic and longest-lived

infrared modes at T/m = 1073. Black circles are numerical
results and red lines are the analytic expressions (11) and
(13). For real k, all poles displayed have purely imaginary
frequencies.

We soon show that the breakdown of hydrodynamics at
low T is characterized by a pole collision at kgq ~T, @eq ~
T and thus the diffusivity can alternatively be expressed
simply in terms of these scales by Eq. (2). But prior to
exploring the pole collision that characterizes the break-
down of hydrodynamics, it is instructive to first understand
the origin of the nonhydrodynamic mode responsible.

B. Infrared modes

At low T the state is governed by an infrared fixed point
manifest in the emergence of a near-horizon AdS, x R?
metric with special linear group [SL(2,R)] symmetry (see
Ref. [76]). Each linear perturbation of the spacetime can be
characterized by A(k), a wave-number-dependent scaling
dimension of the corresponding operator with respect to
this infrared fixed point, and a corresponding infrared
Green’s function [47,83],

Tl — A(K)IT[A(K) — 327

Tl + Akl = A(k) — 5]

Gr o T2AK) (12)

For the spacetime perturbation that exhibits a diffusive
mode, A(k) = (1 ++/9 + 8k*/m?)/2.

Although analytically reconstructing G, from Gy is not
easy, for our purposes it is enough to observe that G,
exhibits poles whose locations approach those of the poles
of Gir as k, T — 0. Specifically, this means that in this limit
G, exhibits poles at

o - w,=-2zT[n+ A(0)], n=0,1,2,..., (13)
with A(0) = 2. The dispersion relation of the n = 0 pole is
shown in Fig. 1.

At low T, the infrared modes Eq. (13) have a parametri-
cally longer lifetime than the other nonhydrodynamic
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2.020 )

2.015} E
—Im () . F

2rT
2.010f
2.005
100.9 101.0 101.1 101.2 101.3
k/T

FIG. 2. Frequencies of the hydrodynamic and longest-lived
infrared modes at T/m = 1073, enlarging the region near @,. The
black dots are the numerical results (the bottom dots are the
hydrodynamic mode, the top ones the longest-lived nonhydro-
dynamic mode), the red lines show the dispersion relations
extracted analytically from Eq. (14) for real values of k. The pole
collision is not visible here as it happens at a complex value of k.

poles of G,,., and are responsible for the breakdown of
hydrodynamics.

The wave numbers at which our calculation of the
low-T dispersion relation (11) of the hydrodynamic
mode is invalid are k2 = ./8/3(2+ n)amT + O(T?)
[see Eq. (43) of Ref. [76] for a precise expression for
k,l, for which the mode would be located at precisely
w(k,) = w, in the limit of low 7. The natural interpretation
would therefore be that the invalidity of the calculation at
these values of k% can be traced to the nearby presence of
the infrared mode (assuming that the location of the
infrared mode has a weak k dependence). A more refined
calculation below confirms this, as well as the existence of
a collision between these modes for complex k that signals
the breakdown of hydrodynamics.

C. Breakdown of hydrodynamics

In order to extract the existence of the pole collision, a
more refined perturbative computation of G,, at the points
w = w, + dw, k* = k2 + §(k?) is required. This yields

Gz (0, k) x [D,5(k*) — idw](1 — it,6w) — il,0m, (14)

where we show only terms relevant for understanding the
collision. The low-T limit of each coefficient is

T, — s A= zin(n+4) + 3 —,
16V/6(2 + n)zT? P+ 315

(15)

while D,, — D, in the same limit. The comparable size of
the S and 7,,(Sw)? terms at frequencies 6w ~ T? indicates
that for such frequencies G,, is dominated by two poles,
whose dispersion relations are given by solving the
quadratic equation (14) for dw(5k). In Fig. 2 we show

2.0150 F /
2.0145F Al
..........,..\5 .t
2.0140F C e, e
—Im(w) =l
2,7 2013f e :
oo —
2.0130F .
2.0125F \
2.0120 |
] 1 1 1
0.0005 0.0010 0.0015 0.0020
Re ()
2xT

FIG. 3. Motion of the hydrodynamic (starting in the bottom left
of the plot) and longest-lived infrared mode (starting in the top
left of the plot) in the complex w plane as |k|/T is increased (from
approximately 101.09 to approximately 101.15) at fixed 7/m =
1073 and fixed phase of the wave number ¢; ~7.095 x 10~%.
There is a collision for |k| ~ 101.1207. Equation (14) predicts a
collision at |k| =~ 101.1257T and ¢ ~ 7.374 x 107*. In Fig. S2 in
Ref. [76], we show that the discrepancy between the numerical
and analytical values from Eq. (14) decreases with temperature.

that indeed Eq. (14) correctly describes the locations of the
two poles near w for real values of k, including the absence
of a collision. The poles collide (coincide in Fourier space)
at the complex value of 6k where the discriminant of the
quadratic polynomial vanishes, and the dispersion relation
has a branch point. This collision is shown in Fig. 3.

The collision closest to the origin of k space (n = 0)
signals the breakdown of hydrodynamics. The absolute
values of k and w at this collision are (as T — 0)

8vo6rT
o),
9m

Weq = |wcollisi0n| - 477"T<1 +

Weq 4\/6xT
B Y e, 16
D, ( 3m * (16)

kgq = |kcollision|2 -

from which our main results (1) and (2) follow.

The collision location asymptotically approaches real
(imaginary) values of k (@) as T — 0. More precisely, as
T — 0 the phases of k and w at the collision point are

24 (aT\3/2 P
¢k_)63/4<m> , ¢(u—)_§+¢k9 (17)

where kcollision = keqe “« and Weollision — weqel¢w-

Note that even after the pole collision formally indicating
the breakdown of hydrodynamics, Fig. 4 illustrates that the
system continues to exhibit a diffusionlike mode described
extremely well by the dispersion relation (11). In the limit
of zero temperature, the tower of infrared poles in AdS, x
R? coalesces in a branch cut along the imaginary axis
[47,84]. As the branch cut passes through k = 0, we expect
that a hydrodynamiclike series for the dispersion relation at
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T T T T T

—Im(w) 4
2zT

0 50 100 150 200
KIT

FIG. 4. Numerical results for the frequencies of the hydro-
dynamic and longest-lived infrared modes of the neutral, trans-
lation-symmetry breaking model at 7/m = 1073 (circles). Away
from w,5, the analytic dispersion relation (11) (solid red line)
provides an excellent approximation to the exact location of
a pole.

T =0 would contain nonanalytic terms, as was found
recently in Ref. [85] for a similar state.

IV. DIFFUSION IN A CHARGED
HOLOGRAPHIC STATE

The AdS,-RN solution to Einstein-Maxwell gravity,

S:/d4x\/—_g<i)i+6—%F2>, (18)

has a metric of the form Eq. (9) but supported by a radial
electric field,

At:u<1—@>, (19)
r
such that the emblackening factor is
2\ ,3 2,2
K \Ty [ KT
=1-(14+-=5|)5+-—7. 20
fir) ( * 4r(2)> r + 4r* (20)
°
110} .
eq
oxAT  1.05}F n
o
o® m "
1.00 =B ===—= - ———— meel _ ___________]
1075 10L4 0.601 0.610
T/u
FIG. 5.

charged state.

This solution represents a translationally invariant state
with U(1) chemical potential y, and its linear perturbations
can be written in terms of four decoupled variables. Further
details of the solution and the calculations underlying our
results are given in Ref. [76].

The state exhibits two independent diffusive hydrody-
namic modes, each associated to a different such variable.
The first, corresponding to diffusion of energy and U(1)
charge with diffusivity D,, is analogous to the diffusive
mode of the previous section. (In the low-T limit both such
modes have D, = k/c, with k the open circuit thermal
conductivity and c, the heat capacity [28,69].) The second
corresponds to the transverse diffusion of momentum with
diffusivity Dp. In the limit of low temperature, the
diffusivities are (see Ref. [76] for the full, 7-dependent
expressions)

V3 1

DE(T:O):T, DH(T:O):\/_I—zﬂ.

The variables exhibiting each of these modes have k — 0
infrared scaling dimensions [84,86,87],

(21)

(22)

and numerical calculations confirm that at small k and T
each corresponding retarded Green’s function exhibits
nonhydrodynamic poles at the locations (13). As before,
a collision close to the imaginary @ axis between the
longest-lived such pole and the hydrodynamic pole signi-
fies the independent breakdown of hydrodynamics in
each case.

At low T (and until the collision occurs) both hydro-
dynamic modes are described extremely well by the
quadratic approximation to the hydrodynamic dispersion
relation, while the locations of the longest-lived non-
hydrodynamic poles depend only very weakly on k. As
a consequence, the equilibration scales in both cases are set
by the simple formulas (1) and (2) as shown in Fig. 5.

1.00 F=B=m——m BB g === ]
Rid TN
°
B °
K2 D 0.95 |
it ] °
weq °
0.90 |
B
085 L L L L
107° 1074 0.001 0.010

T/u

Numerically obtained local equilibration data for diffusive hydrodynamics in G,, (black circles) and Gy (red squares) of the
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‘ —=
- n
P
0.100} -
4"
- 4
Prs /
l‘” /'
- 0
0.010 | ),—’ e
Pl Y3
7 ’
ok P /
,.
0.001 y 1
'
8
. g
10 °
/
L L L l’ L L
108 1075 1074 0.001 0.010
Tiu

FIG. 6. Numerically obtained ¢, for G,, (black circles) and
G (red squares) of the charged state. Dashed lines shows the
best fits to a power law at small T: ¢ = 19.2(T/u)"*° and
¢ = 3.80(T/u)*°, respectively.

The phase of the collision wave number ¢, in each case
is shown in Fig. 6, illustrating that the collision point
asymptotically approaches real values of k as T — 0. Both
cases here, and the result (17) in the previous example, are
consistent with A controlling the low-T7 scaling of the phase
via ¢ ~ TA1/2,

As in the previous example, the system continues to
exhibit diffusionlike modes even after the collision for-
mally indicating the breakdown of hydrodynamics. The
dispersion relations of these modes are extremely well
approximated by the quadratic approximation to diffusive
hydrodynamics, as shown in Fig. S3 of Ref. [76].

V. COMPARISON WITH SYK CHAIN

The SYK model is a (0 + 1)-dimensional theory of N
interacting fermions that, in the limit of large N and strong
interactions, is governed by the same effective action as a
theory of gravity in a nearly-AdS, spacetime [49-57]. The
SYK chain [58] is a higher-dimensional generalization of
this, which has served as a very useful toy model for
studying diffusive energy transport in strange metal states

0.8 |

Weq 0.6 |
27nAT

04

02}

0.0

0.85 0.90 0.95 1.00

v

0.70 0.75 0.80

of matter. As it exhibits the local quantum criticality
characteristic of AdS, x R? fixed points, it is natural to
ask whether local equilibration in this explicit microscopic
model is governed by our general results (1) and (2).

In Ref. [44], a SYK chain model with N Majorana
fermions per site y; , and Hamiltonian

2.

1<ij<-<i,<N

M
H—i‘f/22< Jiyoosigiliy e Ky

-1
x=0

!
+ D Ji,4..iq/zjl.<..i,,/z,x)fi1.x'--Ziq/z,x)(jl,xﬂ---Z/q/z,xﬂ)

iy <vo<igp <N
1j| <<jg /o <N

(23)

was studied. The two terms represent g-body on-site and
nearest-neighbor interactions, respectively, where the cou-

. ) .
plings J; ; . and Jis iy 1€ Gaussian random

variables with zero mean. Remarkably, in the limit N >
g* > 1 an exact analytic expression for G,, was found for
all values of the effective interaction strength 0 < v < 1
and the relative strength of on-site and intersite interactions
0 <y <1 [44]. The analytic expression is given in Ref. [76],
where the details of the model are also summarized.

Taking advantage of this result, a detailed study of the
breakdown of diffusive hydrodynamics as a function of
interaction strength » was performed in Ref. [44]. Here we
focus on the limit of strong interactions » — 1, which is
equivalent to 7 — 0. In this limit, the longest-lived non-
hydrodynamic modes are a series of infrared modes located
at precisely the frequencies w, of Eq. (13) with A =2 as
k — 0. Hydrodynamics breaks down due to a collision
between the hydrodynamic mode and the longest-lived of
these infrared modes, and in Fig. 7 we confirm that the local
equilibration scales are given simply by

Weq

Weq = 27AT and k%, — asv— 1, (24)
.
2.2 r T T T T T
*
20} ] * 4
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FIG.7. Local equilibration frequency (left) and diffusivity ratio (right) for the large-g SYK chain model. @, is y independent, while
the diffusivity ratio is shown for y = 1 (black circles), y = 0.4 (red squares), and y = 0.2 (blue diamonds).
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analogously to Egs. (1) and (2). Unlike in the holographic
examples, the pole collision at strong interactions here
happens for real &k (i.e., ¢, = 0). It would be interesting to
determine whether finite 1/g corrections generate a small
nonzero phase ¢;. Consistently with the other examples
we have presented, following the formal breakdown of
hydrodynamics the spectrum still contains a mode whose
dispersion relation is very well approximated by the
quadratic approximation to diffusive hydrodynamics.

VI. OUTLOOK

There is good reason to expect that at least some of our
results will generalize beyond the specific examples studied
here to other states governed by AdS, infrared fixed points.
While our key observation that the quadratic approximation
to the hydrodynamic dispersion relation works parametri-
cally well even for wave numbers k? ~ T seems unusual, it
is nontrivially consistent with the result (4) that is indeed
true for holographic AdS, x R? fixed points with a
universal deformation [69] as well as in related SYK chain
models [58,59].

There are more general holographic and SYK-like
systems governed by AdS, fixed points that exhibit addi-
tional diffusive modes beyond the two types we have
studied. Of particular interest are nontranslationally invari-
ant systems with a U(1) symmetry, for which an Einstein
relation relates the electrical resistivity to a diffusivity
[7,59,69]. If our results (1) and (2) extend to such modes,
they will therefore also provide a simple relation between
the phenomenologically important electrical resistivity and
the local equilibration scales of such strongly correlated
systems.

Confirmation of the broader applicability of our result
(3) for AdS, x R? solutions would be an important step for
quantifying diffusivities near general infrared fixed points.
One way to do this would be to identify a speed u and
timescale 7 such that in general D ~ u?7 with the coefficient
being 7" independent. This is difficult even for the relatively
simple case of holographic energy diffusion, primarily
because there are two exceptional types of fixed point
where dangerously irrelevant deformations take over the
properties of the mode: AdS, x R? fixed points (i.e.,
dynamical critical exponent z = co0) [69] and relativistic
fixed points (i.e., z = 1) [70]. If our result does generalize
to AdS, x R? solutions (including those with nonuniversal
deformations), both of these exceptional cases will be
consistent with the identification u = vy and 7 =7,
(we expect the result of Ref. [64] to apply to the z =1
cases due to the existence of a parametrically slow mode
[26,28]; see also Ref. [88]). Provided that naive T scaling
holds for the equilibration scales in the other cases with
finite Lifshitz exponent z (req ~1/7 and veq ~ T'71/5),
which seems likely, this identification will then work for all
fixed points.

For cases where the breakdown of hydrodynamics is due
to a slow mode, it is the separation of scales between the
decay rate of the slow mode I'" and that of typical non-
hydrodynamic excitations 7" that allows one to augment the
hydrodynamic description to incorporate the slow mode.
Mathematically, the separation allows one to resum the
hydrodynamic expansion into a square root form, valid at
scales w ~ k ~T (see, e.g., Refs. [20,25,27]). This makes
manifest the convergence properties of the hydrodynamic
expansion, k., ~T'. It would be very interesting if one
could extract an analogous effective theory for the cases
described here, taking advantage of the separation of scales
between the decay rate of the infrared modes (set by 7') and
that of the other nonhydrodynamic excitations (set by the
curvature of AdS,). Such an effective theory would need to
resum the effects of the entire tower of infrared modes and
would give a greater understanding of why the quadratic
approximation to diffusive hydrodynamics is valid up to
(and indeed beyond) the wave number k.

It would also be interesting to study whether our results
continue to hold for AdS, fixed points supported by a
different hierarchy of scales (such as large angular momen-
tum or magnetic field compared to temperature), and
whether analogous results hold for other types of hydro-
dynamic modes near these fixed points.

It would be very useful to have a semiholographic descri-
ption of our results (along the lines of Refs. [91,92]), in
which we couple a gapless hydrodynamic diffusion mode
to the tower of infrared modes associated with the AdS,
region of the spacetime. Our results rely on the fact that the
two types of mode have very little effect on one another
(see, e.g., Fig. 1) and a semiholographic description may
clarify exactly under what conditions this is the case. A
related avenue would be to adapt the recently constructed
holographic effective Schwinger-Keldysh action for diffu-
sion to AdS, horizons [92-95].

Extending our work to Schrédinger z = 2 IR geometries
would allow us to make contact with ultracold atomic
systems [96], which realize a strongly interacting Fermi gas
near unitarity [5].

In Ref. [97], the charge diffusivity of a cold atomic
system coupled to an optical lattice was measured. In
Refs. [98,99], the thermal diffusivity of high-T,. super-
conductors in the strange metallic regime was also reported.
It would be interesting to investigate the deviations from
diffusive hydrodynamics in these systems.

The examples we studied are all consistent with bounds
on D of the type proposed in Refs. [65,66] but with the
velocity in the bound given by v, (rather than the operator
growth velocity, characteristic velocity of low-energy exci-
tations, or butterfly velocity). (While the SYK chain results
shown in Fig. 7 do not obey a strict bound D < vgqreq, there
is no parametric violation of such a relation and thus they
are consistent with Refs. [65,66].) Indeed, the arguments in
Refs. [65,66] assume that v, is set by one of these
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velocities and thus imply the bound D < qureq. In this
sense our results support the assumption of Refs. [65,66]
that the local equilibration is controlled by an underlying
effective light cone, even though the systems are non-
relativistic. It would be very worthwhile to determine D,
Deq» and 7.4 for other states, and over a wider parameter
range, in order to establish the robustness of these obser-
vations and to determine whether v, is set by a speed such
as the butterfly velocity in general.
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