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Recently, moiré superlattices have been found on the surface of topological insulators due to the
rotational misalignment of topmost layers. In this work, we study the effects of moiré superlattices on the
topological surface states using a continuum model of Dirac electrons moving in a periodic potential.
Unlike twisted bilayer graphene, moiré surface states cannot host isolated bands due to their topological
nature. Instead, we find (high-order) van Hove singularities (VHS) in the moiré band structure that give rise
to divergent density of states (DOS) and enhance interaction effects. Because of spin-momentum locking
in moiré surface states, possible interaction channels are limited. In the presence of phonon mediated
attraction, superconductivity is strongly enhanced by the power-law divergent DOS at high-order VHS.
The transition temperature 7. exhibits a power-law dependence on the retarded electron-phonon
interaction strength A*. This enhancement is found to be robust under various perturbations from the

high-order VHS.
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I. INTRODUCTION

In recent years, moiré superlattices have been studied
extensively in various 2D van der Waals heterostructures
exemplified by graphene and transition metal dichalcoge-
nide (TMD) multilayers [1-3]. These moiré systems exhibit
a variety of remarkable electronic properties due to strong
correlation effects in flat minibands. Besides graphene and
TMD, another large family of moiré superlattices can be
found in topological insulators [4—14]. When Bi,Se; and
Bi,Te; bulk crystals are grown by the molecular-beam
epitaxy, it is common to find a small rotational misalign-
ment of topmost quintuple layers, leading to a moiré
superlattice on the surface [5,6]. Interestingly, a scanning
tunneling microscope (STM) measurement [6] has directly
observed such moiré superlattice in Bi,Te; and found
multiple sharp peaks in the local density of states.
Moreover, moiré superlattices can also be found in the
van der Waals heterostructure of topological insulators
and large-gap insulators [7-9,13]. Despite the ubiquity of
moiré superlattices in topological insulators (TIs), their
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effects on topological surface states have not been studied
theoretically.

In this paper, we study moiré surface states of TIs. The
topological nature of TI surface states prevents them from
gap opening as long as time-reversal symmetry is pre-
served; hence, the moiré surface states do not form isolated
minibands, unlike other moiré systems such as graphene
and TMD. Instead, we find prominent van Hove singular-
ities (VHS) in moiré surface states which give rise to
divergent density of states (DOS). Under appropriate
conditions, some of these VHS exhibit power-law divergent
DOS, which are known as high-order VHS [15].

We further study interaction effects near (high-order)
VHS enhanced by the divergent DOS [16-19]. In moiré
surface states, possible interaction channels at VHS are
limited due to spin-momentum locking. Under attractive
interactions, superconductivity is favored. We find a new
analytic formula for the electron-phonon superconducting
critical temperature 7. [see Eq. (10)], which exhibits a
power-law dependence of the retarded electron-phonon
interaction A* and is thus parametrically enhanced with
respect to the exponentially small 7', in ordinary metals and
at ordinary VHS [20,21]. Importantly, the absence of moiré
band gaps and the large electron velocity away from VHS
facilitate the reduction of Coulomb repulsion through
retardation effects. We also show that the enhancement
of superconductivity is robust and persists even when the
system is perturbed away from high-order VHS.

This work is organized as follows. We first introduce and
study a model of moiré surface states as Dirac fermion in a
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FIG. 1.

(a) Dirac fermion in a C; periodic potential with superlattice constant L. (b) Left: spectrum at potential U. = 1.36v/L. The

corresponding mini BZ is shown in the center. The entire spectrum remains gapless due to the symmetry anomaly. Between the main
Dirac point I' and satellite Dirac points M (highlighted in red), we find a high-order van Hove singularity (VHS) at the K point. Right:
corresponding density of state (DOS). The high-order VHS peak stands out, with several ordinary VHS accompanied. (c) Fermi surface
at potential U = 1.0vp/L, 1.36vg/L, and 1.7vg/L from left to right. The Fermi surfaces passing through VHS are all perfect circles,
which are plotted in thick black curves. When U = 1.36wv/L, all three Fermi surfaces cross at the K point, making it a high-order VHS.

periodic scalar potential in Sec. II. Within the model,
we identify high-order VHS at the crosses of circular
Fermi surfaces. Then, we solve the gap equation for the
superconducting critical temperature 7. in the presence of
power-law divergent density of states, taking account of both
electron-phonon interaction and Coulomb repulsion within
the Anderson-Morel approximation [22] (Sec. III). Finally,
we discuss several experimental platforms to search for
moiré surface states and enhanced superconductivity.

II. DIRAC FERMION IN A PERIODIC
SCALAR POTENTIAL

In this section, we introduce and study a model of moiré
topological insulator surface states as Dirac fermion in a
periodic scalar potential. A previous density functional
theory study in Bi,Se;/MoS, [7] revealed folded Dirac
cones within the bulk gap due to the moiré superlattice.
Thus, we start with the massless Dirac fermion in two
dimensions (2D),

HO(k) = ”F(kxgy - kyax)7 (1>
where vp is the Fermi velocity, k = (k. k,) is the two-
dimensional momentum, and 6 = (¢*,6”) are the Pauli
matrices. Now we allow the continuous translation

symmetry to be broken into discrete symmetries by the
moiré superlattice, while we leave the time-reversal sym-
metry intact. Then the lowest-order perturbation can be
described by a spin-independent periodic scalar potential
U(r):

H = Hy(-id,) + U(r)o° (2)
where ¢ is the identity matrix, U(r) = U(r +L;,), and
the L , are two primitive vectors of the moiré superlattice.
A schematic diagram of this setup is shown in Fig. 1(a).
This model can apply to bulk TI crystals with top layers
twisted or the surface state in the interface between a
topological insulator and a large-gap insulator.

The density of states of the system described by Eq. (2)
generally looks like the right-hand panel in Fig. 1(b), where
positive and negative sides are qualitatively similar.
Near zero energy, DOS grows linearly. As energy increases,
VHS peaks emerge. At higher energy, new Dirac points are
formed (known as satellite Dirac points [23]), so that the
entire spectrum remains gapless. Among these VHS peaks,
there are a few prominent ones that are, in fact, high-order
VHS peaks, given appropriate parameters.

In comparison to ordinary VHS that are caused by saddle
points in the energy dispersion, such high-order VHS peaks
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are caused by high-order critical points k. in momentum
space, where the electron velocity and the Hessian matrix
determinant both vanish, VE(k.) =0, detD(k.) =0
(D;; = 0,0,E). Around these high-order VHS, the energy
dispersion is characterized by high-order polynomials of
momenta, and the DOS shows power-law divergence [24]:

C.¢ ¢>0
N = { C(-gr £<o0. G)

Here —1 < v < 0 is the power-law exponent and C; > 0
are coefficients of the electron (hole) side. E(k) denotes the
energy dispersion and £ = E — E(k,.).

To be concrete, we first consider a periodic potential as
follows:

Ur) = ZUZCOS(GJ- ‘), (4)

where G; = (4z//3)L~'[-sin(2xj/3),cos(2xj/3)] are
three reciprocal vectors, and U is the potential strength.
Then there are two energy scales v;/L and U in Eq. (2),
and the low-energy physics is determined by a single
dimensionless control parameter UL/ vp.

As shown in the band structure [Fig. 1(b)], the first set of
satellite Dirac points on the positive side are found at M
points, and there are generically six saddle points per moiré
Brillouin zone (MBZ) between the main Dirac point I" and
satellite Dirac points M. Remarkably, the Fermi surfaces
passing through these saddle points are all perfect circles in
a wide range of UL /vy [Fig. 1(c)].

When U = 1.36v/L, three ordinary saddle points and
one local extremum merge into a high-order saddle point
at the K point where all three Fermi surfaces intersect
[Fig. 1(c)], and the dispersion around the K point becomes
flattened [Fig. 1(b)]. In the experiment, the potential
strength U and the Fermi velocity vy are mostly determined
by the material, but we can tune this parameter UL/ v by
tuning the twisted angle € and the resulting superlattice
constant L = a/6. Thus, we can also define a magic angle
6. =0.74Ua/vr when our system hits high-order VHS,
where a is the atomic lattice constant.

Among high-symmetry points I', M, and K, the time-
reversal invariant points I', M will always be at least doubly
degenerate, while only K point can become spin singlet.
We can thus expand the singlet dispersion Ej around the K
point,

Epix = Ex = ap® + B(p? =3p.p3) +rp* + - (5)
where p? = p2 + p§ with p, (p,) parallel (perpendicular)
to the I'K line. We then compute the Taylor coefficients a,
p, and y as functions of UL /v as shown in Fig. 2(a). When
U = 1.36v;/L, we find a vanishes, while f remains finite,
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FIG. 2. (a) Dimensionless derivatives 9"E/Op" (vyL"'n!)~!
of the moiré surface state dispersion with respect to momentum at
the K point, where a, f#, and y correspond to n = 2, 3, and 4 [see
Eq. (5) of main text]. The potential is given in Eq. (4). When
UL/vp = 1.36, a vanishes, making the K point a high-order
saddle point. (b) DOS around the high-order VHS. The log-log
plot in the inset shows that the divergence of the DOS is indeed
power law. The fitting is given by N(e) = cle — €%, where
¢ =0.76, ¢y = 2.59, and v = —0.39. v = —0.39 agrees well with
theoretical result v = —1/3 (see main text).

indicating a high-order saddle point described by a third-
order polynomial E,,x — Ex = f(p3 —3p,p3).

The density of states of a C5 saddle point diverges with
power-law exponent v = —1/3 according to the scaling
property of the dispersion [15,24]. As shown in Fig. 2(b),
the numerical power-law fitting of DOS gives v = —0.39,
which agrees well with v = —1/3.

When U = 0.15v;/L, at energy much higher than the
first set of satellite Dirac points, I" point becomes a high-
order Dirac point, where six circular Fermi surfaces
intersect together as shown in Fig. 3(a). The high-order
Dirac point also exhibits power-law divergent DOS just like
high-order VHS.

Next we consider a periodic potential with D, symmetry,

U(r) = 2U|[cos(2zx/L) + cos(2zy/L)], (6)

FIG. 3. (a) Fermi surface with a high-order Dirac point at the I'
point in Cg potential Eq. (4). (b) Fermi surface with a high-order
VHS of class A, on the high-symmetry line I'M in D, potential
Eq. (6). The Fermi surfaces passing through high-order VHS are
plotted in thick black curves, among which those in (a) are perfect
circles. The corresponding MBZ is plotted in dashed lines.
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which corresponds to a square moiré superlattice. When
U = 4.71vp/L, there are four high-order saddle points on
four I'M lines, respectively [Fig. 3(b)], where the local
dispersion becomes E,,y —Ey = aqﬁ —bg% +-+- (ab > 0).
Here V denotes the momentum of high-order saddle point,
and g (q.) is parallel (perpendicular) to the I'M line.
Such a kind of saddle point can split into at most two
critical points, one ordinary saddle point and one ordinary
extremum, and we call it a A, saddle point [24], where the
energy contour is beaklike [Fig. 3(b)]. Details of high-order
VHS A, and high-order Dirac points can be found in the
Appendix A. The numerical DOS properties of high-order
VHS agree well with theoretical predictions in Ref. [15].

In the D, potential given in Eq. (6), U(x+ L/2,
y+ L/2) = =U(x,y); hence the system has an additional
particle-hole symmetry E; — —E;, which does not exist for
the Cg potential given in Eq. (4). This is consistent with the
experiment result in bulk Bi,Te; crystal, where particle-
hole symmetry is broken [6]. In addition, high-symmetry
points in the MBZ under the D, potential are all time-
reversal invariant, thus they cannot possess nondegenerate
high-order VHS.

Although a high-order saddle point requires tuning one
parameter, e.g., twist angle, the power-law diverging
behavior of the DOS remains present in a wide energy
range even when the band structure is not exactly at high-
order VHS [Fig. 5(a)]. Taking our system of moiré surface
states in Cy potential as an example, the high-order VHS
splits into three ordinary VHSs and a local maximum or
minimum under perturbation. Nevertheless, at temperature
higher than the energy difference between the VHS and the
local maximum or minimum, thermal broadened DOS is
indistinguishable from the case of high-order VHS. As we
show in the following section, this energy difference is
usually tiny in real materials [Fig. 5(b)].

In a more realistic model, we may include other
ingredients in this system, such as warping effect of surface
states and higher-order harmonics of the scalar potential,
which are beyond our model Eqgs. (1) and (2). In momen-
tum space, these effects will result in local perturbations to
the energy dispersion near the high-order VHS. Consider
the C; saddle point E = Eg + ap* + f(pl —3p.p3) +
yp* + - - - at K point as an example, then the perturbations
can be described by Taylor series AE = AEg + Aap? +
Ap(p3 —3p.p?) + Ayp* + --- in momentum space. The
high-order VHS of the resulting dispersion E' = F + AE is
then determined by = a + Aa = 0, and hence the critical
value of tuning parameter UL /v will be perturbed from
that in Fig. 2(a).

Such topological argument also applies to other types of
high-order VHS [24] in general superlattices. The topology
of Brillouin zone (i.e., torus) guarantees the existence of
VHS in general lattices [24,25]. In a moiré superlattice,
moreover, the band structure and hence VHS can be

manipulated and tuned continuously via mechanical, elec-
trical, and other means, such as tuning the twist angle or
the gating voltage. Hence, we expect the Hessian matrix
determinant of VHS can be tuned to zero with appropriate
parameters. As a result, during the continuous tuning of
moiré superlattices, we expect ordinary VHS could gen-
erally evolve into high-order VHS.

III. SUPERCONDUCTIVITY
NEAR HIGH-ORDER VHS

In this section, we consider the physical consequences of
high-order VHS. When the chemical potential is put at the
energy of high-order VHS, interaction induced instabilities
will be greatly enhanced due to the power-law divergent
DOS [16-19]. Unlike in cuprate superconductors where
VHS induces all kinds of competing instabilities such as
lattice Peierls instability, ferromagnetism and antiferromag-
netism, charge ordering, and nematic instability [26-30],
possible interaction channels at high-order VHS in moiré
surface states of topological insulators are limited espe-
cially when the interaction is weak. This is due to spin-
momentum locking of surface states (i.e., there only exists a
single spin-polarized state at every k point on the Fermi
surface). In this paper, we focus on attractive interactions in
the weak coupling regime that is experimentally relevant.

To be specific, at the high-order VHS in C¢ potential, the
divergent density of states occurs near two points K and K’
on the Fermi surface, where electron spins are polarized in
opposite directions. We denote operators of such states as
¢k and cgr |, respectively, and then the only relevant (in the
sense of renormalization group) electron-electron interac-
tion reads Hj, = gc}r(T c KTC}, Iar Therefore, in this low-
energy theory, the possible instability due to the attractive
interaction g < 0 is superconductivity. Note that the charge
density wave instability that usually coexists with super-
conductivity is absent due to the opposite spins at K and K’,
while the spin density wave instability (cj(T cgry) s
unfavorable under attractive interaction. The absence of
moiré band gaps and the large Fermi velocity away from
VHS also facilitate the reduction of Coulomb repulsion
through retardation effects, and thus favor electron-phonon
superconductivity.

To find an analytic formula for the superconducting
critical temperature 7., we employ the Anderson-Morel
approximation to solve the gap equation. We assume the
dimensionless interaction takes a simple form with piece-
wise constant attractive phonon interaction 4> 0 and
repulsive interaction y > 0:

9(&.&) = —A8(8. &) + . (7)
n 1 LI <ep
0(8.¢) = {0 otherwise, ®
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where £ = E — Ej is the electron energy measured from
the chemical potential Er. Note that g < 0 means attraction
and g > 0 repulsion. When we set the chemical potential
Er to be exactly at the high-order VHS, the normalized
DOS can be described by the piecewise function,

O [IATER <A
n(¢) = { 1 A<|E <w, ©)

where —1 < v < 0 is the power-law exponent of the DOS.
Four energy scales are involved in this problem: the
superconducting critical temperature 7., the high-order
VHS peak cutoff A, the Debye frequency ep, and the
bandwidth W, which satisty T. < A <ep < W.

Before we get into formal calculations, we first consider
various limits with attractive interaction A and simple
expression of DOS. The critical temperature 7. is deter-
mined by the condition Ay = 1 with the pair susceptibility
x = J" n(é)E~'dé. When DOS is constant n(€) = 1, pair
susceptibility is logarithmically divergent in temperature
x ~log(ep/T), which leads to the BCS formula 7.~
epexp(—1/1). When DOS has an ordinary VHS with
cutoff A, n(&) =1log(A/|£]), we have y~log*(A/T)
and, hence, the Labbé-Bok formula 7. ~ Aexp(—1/v/2)
[20,21]. When DOS has a high-order VHS with cutoff A
and power-law exponent v, y ~ (T/A)” and, hence, we
have the power-law formula T,~ A(1/1)"%, where
-1<v<0.

With interaction Eq. (7) and DOS Eq. (9), we find an
exact analytic formula of the critical temperature 7. which
generalizes the well-known BCS formula,

A 1 ep\ 1771/
T.=— |———log( 2] +— . (10
()7 L—u* °g<A) |u|] (10)

where p* = u/[1 + pln (W/ep)] is the screened repulsion,
Iv) =202 - 1)r'@)(), T'(v) and ¢(v) are the T
function and the Riemann ¢ function, respectively, and
we put v = —|v| to remind the reader —1 <v < 0. We
direct readers to Appendix B for detailed derivation.

In the limit v — 07, the power-law dependence of
the effective interaction strength A* = 1 — u* disappears
because the 1/v term in the bracket dominates, then
Eq. (10) reduces to the BCS formula of exponential
dependence, lim,_( 7. = 1.13¢p exp (—1/1%) (see
Appendix B). Reproducing the correct numerical prefactor
indicates that our new formula is exact.

The new formula Eq. (10) is surprisingly an analytic
function of the retarded attractive interaction strength
A* = A — p* with power-law dependence. The analytic nature
of the formula suggests a dramatic enhancement of super-
conductivity compared to ordinary metals and at ordinary
VHS when A* is small. We compare our new formula with
previous studies on various DOS in Appendix C.

(a) 20 SR (b) . :
—High—order VHS 10F — A2*=0.3 — 0.15 {2.50
8 2.00
g 6 1.50
= ! 1.00
2 0.50
0 . . 0.00

0 e 1 L
0.0 01 02 03 04

-40 -2 0 20 40

A=A - Ep (K)
FIG. 4. (a) Transition temperature 7, at different effective
interaction A* with ¢, =80 K and v = —1/3 (the chemical
potential is at the high-order VHS). The Anderson-Morel
plot refers to the original Anderson-Morel formula 7, =
1.13¢p exp(—1/4*) [22], and the high-order VHS plot refers to
Eq. (10). The solid blue line corresponds to A = ¢p and the
dashed line corresponds to A = ¢p/2; in either case, T, with a
high-order VHS is much higher than the one without, especially
when the effective interaction A* is small. (b) Transition temper-
ature 7. when the chemical potential E is not exactly at the high-
order VHS energy with A = ¢ /2. The red axis on the left and
the blue axis on the right correspond to the red and blue curve,
respectively, both of which are T, in kelvin. T, starts to drop
when E is comparable to 7.

We plot the transition temperature 7. as a function of
effective interaction A* in Fig. 4(a) with parameters
relevant to topological insulators. We find that the
transition temperature 7. is enhanced enormously by
the high-order VHS compared to the original Anderson-
Morel result due to the power-law nature of the expres-
sion. This enhancement is robust as long as A and ¢p, are
at the same order.

Numerical evidence also shows that the high-order VHS
has a robust enhancement effect on superconductivity even
when the chemical potential is not exactly at the VHS
energy Er # 0 [Fig. 4(b)]. We find that T'. starts to drop
when E is comparable to 7. and stays more than half of
the original T, even when E is 5 times of 7'... This plot can
be compared to future experimental data of 7, when
varying the filling Ep.

Now we come back to the moiré surface states in Cg
potential to discuss the effect of perturbing the band
structure away from high-order VHS. In fact, the DOS
has a sharp high-order-VHS-like peak in a wide range of U
[Fig. 5(a)], which suggests a significant enhancement of
superconductivity even when the band structure is not
exactly at high-order VHS. We solve the gap equation
numerically with the chemical potential held exactly at the
VHS. As shown in Fig. 5(b), T is enhanced in a wide range
of U, and the window of U within which 7. is enhanced
can be especially wide when A* is large. This also means the
energy difference between the VHS and the local maximum
or minimum is at the order of subkelvin even when the
potential is perturbed tens of meV away from the high-
order VHS.
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FIG. 5. (a) DOS of moiré surface states under the Cg potential
in Eq. (4) with various U, which has a sharp high-order VHS-like
peak in a wide range of U. Only DOS close to the peak is plotted
for presentation. (b) Transition temperature 7', at different U (the
chemical potential is held exactly at the VHS) with ¢, = 80 K
and vp/L = 435 K. The red axis on the left and the blue axis on
the right correspond to the red and blue curve, respectively, both
of which are 7. in kelvin. T, shows a wide peak around the
potential that corresponds to high-order VHS.

Finally, we discuss several possible systems to realize
our model of Dirac fermion in a periodic potential and the
phonon induced superconductivity within. A prototypical
system is the moiré topological insulator surface states,
where the effective potential can be comparable to the
kinetic energy at scale vy /L. In real Tls, the Dirac velocity
vy can be a few eV A [31-33], and the moiré supercell
constant L can be several or even tens of nanometers
depending on the lattice mismatch [5-9], then the energy
scale vy /L is at order of tens of meV, which is comparable
to the effective potential at moiré scale [34-36].
Furthermore, Bi,Se; is believed to have strong electron-
phonon interaction [37,38]. Great effort has been put into
extracting the electron-phonon coupling strength A of
Bi,Se; both theoretically and experimentally, and most
studies fall into the range from 4 = 0.2 to 0.5 (Fig. 4)
[39-42]. Bi,Se; also has a relatively large dielectric constant
€ > 50 [37,38], and the bandwidth of topological surface
bands reaches at least 800 meV [43], so the renormalized
Coulomb repulsion p* is negligible, i.e., A* ~ 1. With the
numbers given, we anticipate that superconductivity can
occur on moiré surface states of topological insulators with
transition temperature up to 7, ~ 10 K.

IV. CONCLUSION

In this work, we study the moiré topological insulator
surface states using a continuum model of Dirac electrons
moving in periodic potentials at moiré scale. Within the
continuum model, we identify various types of high-order
VHS. We further compute the superconducting transition
temperature 7, when the chemical potential is close to
the high-order VHS. When exactly at the high-order
VHS, we give an analytic formula of T, showing a power
law instead of exponential dependence of the retarded

electron-phonon interaction strength. This result suggests a
significantly enhanced superconductivity at high-order
VHS, especially when the electron-phonon interaction is
weak. In the end, we discuss several real materials that can
demonstrate the enhancement of superconductivity due to
high-order VHS. The topological nature of superconduct-
ing moiré surface states leads to Majorana zero mode in the
vortex core [44], which will be studied in a future work.
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APPENDIX A: HIGH-ORDER DIRAC POINT AND
HIGH-ORDER VHS OF TYPE A,

In this Appendix, we describe the high-order Dirac point
and high-order VHS of class A, introduced in the main text
in more detail. Under Cg potential, the high-order Dirac
point is identified at the I" point at energy much higher than
the first set of satellite Dirac points. Three secondary Dirac
cones in this system are lifted by the Cy potential, and the
middle one is in general flattened [Fig. 7(a)]. When
U = 0.15v;/L, the T" point becomes a high-order Dirac
point, which also exhibits power-law divergent DOS with
v = —1/3 [Fig. 6(a)].

Under D, potential, the high-order VHS of class A, is
identified on the high-symmetry line I'M in the primary
Dirac cone at U = 4.71vp/L [Fig. 7(b)]. In this case,
the divergence is in perfect agree with the theoretical
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FIG. 6. (a) DOS of the relevant bands around the high-order
Dirac point. The fitting is given by N(¢) = cle — €|* + n, where
¢ =0.047, ¢y =7.25, v = —0.33, and n = 0.89. (b) DOS of the
relevant band around the high-order VHS of class A,. The fitting
is given by N(e) = C|e — ¢y|* [see Eq. (3) for definition] with
C_=035 C,. =1.82C_, ¢y =0.152, and v = —0.20. Both v
and C, /C_ agree well with the theoretical prediction.
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(a) Spectrum and DOS of Dirac fermion in a C¢ potential with U = 0.15v;/L. The high-order Dirac point has been identified

at the I" point at energy much higher than the first set of satellite Dirac points (highlighted in red). (b) Spectrum and DOS of Dirac
fermion in a D, potential with U = 4.71v /L. The high-order VHS of class A, has been identified on the high-symmetry line I'M in the

primary Dirac cone (highlighted in red).

prediction v = —1/6 and the asymmetry ratio between the

high-energy and low-energy side is close to /3, as
predicted in Ref. [15] [Fig. 6(b)].

APPENDIX B: SOLUTION TO THE BCS GAP
EQUATION AT HIGH-ORDER VHS

In this Appendix, we solve the BCS gap equation at
high-order VHS within the Anderson-Morel approximation
[46,47],

where A, is the superconducting gap, and E; = /& + A?

is the quasiparticle energy. Because of the complexity of
the gap equation, now we proceed within the Anderson-
Morel approximation [22], in which both the interaction
strength and the gap are assumed to be piecewise constant.
We consider four energy scales: the superconducting
gap A~T,, the high-order VHS peak cutoff A, the
Debye frequency €p, and the bandwidth W, with
T.< A <ep < W. Now we assume that the dimension-
less interaction takes a simple form: piecewise constant
attractive phonon interaction A and a repulsive Coloumb
interaction y,

A,

<A1> _ ((l—ﬂ){l(y)(%)v—f—log(%) +1} —ulog(W/eD)> <A1>
S I)EY +log(@) +1} —ulog (Wep) ) \as )’

9(&.&) = —A8(8. &) + . (B2)
L < e
0(8.¢) = {0 otherwise, (B3)

which is normalized with the constant DOS N away from
the van Hove singularity, V:» = g(&,&')/N,. The normal-
ized density of state n(&) = N(&)/Ny, however, is modified
from the original Anderson-Morel model to account for the
high-order VHS. For now, we set the chemical potential Ep
to be exactly at the high-order van Hove singularity,

= { R <

1 A<|é<W, (B4)

where —1 < v < 0 is the power-law exponent of the DOS.
The continuity condition enforced that C = |A|™. Within
the Anderson-Morel approximation, the gap also takes a
simple form:

Ay ¢ <wp

(B5)
A2 wp < |€| < W.

M@z{

Plugging in N(&') and V(¢&, &), the gap equation becomes

(B6)

where I(v) = 2(2'= = 1)['(v)¢(v), and T'(v) and ¢(v) are the y function and the Riemann ¢ function, respectively. Here we

use an important integral,

A ° dén(é) tanh (f¢/2) (55/2) = C;)U <I (v) = /ﬂ :o dxx*!

peo d ®
)+ / N O / dxxt™! tanh(x>, (B7)
N X 0 2
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where we used 7. < A. Solving the consistency equation
gives the critical temperature:

A 1 ep) 171
T, = | _jog(2) 4| . (BS
‘ 1(V)“”[/1-ﬂ* °g<A>+|vJ (B8)

APPENDIX C: COMPARISON OF THE T,
FORMULA WITH PREVIOUS WORKS

In this Appendix, we compare our result with previous
works with various DOS [Fig. 8(a)]. In the original work
of Anderson and Morel, the transition temperature 7', is
derived at constant density of states n(&) = 1 [Fig. 8(a)],
T.=1.13epexp[—(1/4—u*)] [22]. To show how our
result reduces to this Anderson-Morel formula in the
limit || — 0, we first use the asymptotic form of the I'
function and the Riemann ¢ function at [v| — 0 to find
I(v) ~—(1/v) +y +1log(2/x), where y is Euler’s con-
stant. Then we plug in to find 7',

log(2 n
TC~A<"+7’1+ og( /;))
n+ s log(“?)

2 1 1"
NA{I + log {—H%Dexp (—/1 *)] —} , (C2)
n — U n

where n = 1/|v/|. Finally, the definition of Euler’s number e
simplifies the formula,

(C1)

(C3)

where 2¢”/m = 1.13 recovers the correct numerical pre-
factor in the BCS formula, indicating that our new formula
is exact.

Tang and Fu generalized the result of Anderson and
Morel to the enhanced DOS scenario in the context

of topological crystalline insulator interface superconduc-
tivity, where n(£) = a within the flatband width A
[Fig. 8(a)] [4,48]:

T, = 1.13/\(%) " exp (— m> (C4)

The VHS plot refers to the work of Labbé and Bok in the
context of cuprate superconductors in the limit A > ¢p,
where n(&) = nylog(A/€) + ny within the VHS peak
cutoff A [20,21],

A 1
Tczzexp <0.819+—\/F), (C5)
n

where  F = [(1/n) + 0.819]> + [log(ep/A)]* — 2—
% [log(2.28¢p/A) — (1/4 — u*)]. Here u* is renormal-
ized slightly differently from the usual Anderson-Morel
screening. We refer the reader to Ref. [21] for a more
detailed discussion.

Heikkild and co-workers also considered a scenario with
power-law divergent DOS N(&) = £&/AY in the context of
the multiple Dirac point [49-51]. Unlike us, they work in
the limit A > €p. In our language, their formula can be
rewritten as

T, - [2(;1 (+y)11)/]:/” A (%)wl_l G)My’ <5)

where J(v) =T(-v/2)I'((3+v)/2)/ /7.

Now we compare the transition temperature 7. among
these various DOS setups. It is important to normalize the
number of states to make a fair comparison. If we normalize
the number of states within the bandwidth W, the difference
among various DOS setups is negligible since W > A. If
we instead normalize the number of states within the
bandwidth A, we find a =1/(v+ 1) in the enhanced

@, T OgFTRs T T © 150 " Trs
5| — Enhanced DOS - = Cuprate Expt
2.0} 4| — High-order VHS 100
st £ °f--TBLG Expt %)
= : © E ©
1/ LN . &~ 3 &~
LOF==558 ] ot /] 50}
0.5 F = Enhanced DOS 1t
0.0 High—order VHS 0k . 0 . .
-2 -1 0 1 2 0. 0.05 0.1 0.15 0.0 0.1 0.2 03 04 05
EIN A =A—u* AF=A—u*

FIG. 8.

(a) Schematic plot of the DOS in different scenarios (v = —1/3 for the high-order VHS scenario). The rescaled DOS in the

BCS scenario is plotted with a red dashed line with ¢, = 10A (see text for definition). (b),(c) Transition temperature 7', at different
retarded interaction 1* = 1 — u* with parameters relevant to (b) twisted bilayer graphene (TBLG) and (c) cuprate superconductor. The
red dashed line represents using rescaled DOS in the BCS scenario. Detailed description for each line is in the text. In (b), we pick
e€p =230 meV, A =5 meV, v=—1/3. In (c), we pick €5, =50 meV, A =50 meV, v = —1/4.
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DOS scenario and n; =-141/(v+1) in the VHS
scenario. We also include a rescaled DOS for the BCS
scenario by normalizing the number of states within Debye
frequency ep, [Fig. 8(a)]. We plot T, as a function of the
retarded interaction A* = A — u* in Figs. 8(b) and 8(c), with
parameters relevant for twisted bilayer graphene (TBLG) in
Fig. 8(b), and those for cuprates in Fig. 8(c). In particular,
we pick v = —1/3 for TBLG and v = —1/4 for cuprates,
which corresponds to the leading-order high-order VHS for
systems with C; symmetry and D, symmetry, respectively.
The TBLG plot is not compatible with the VHS result since
Labbé and Bok assume that the flatband range A is much

larger compared to the Debye frequency €p, which does not
hold in TBLG.
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