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We report a probable observation of the dc Josephson effect in mesoscopic junctions of three and four
superconductors. The devices are fabricated in a top-down fashion from a hybrid semiconductor-
superconductor InAs/ Al epitaxial heterostructure. In general, the critical current of an N-terminal junction
is an (N — 1)-dimensional hypersurface in the space of bias currents, which can be reduced to a set of
critical current contours. The geometry of critical current contours exhibits nontrivial responses to electrical
gating, magnetic field, and phase bias, and it can be reproduced by the scattering formulation of the
Josephson effect generalized to the case of N > 2. Besides establishing solid ground beneath a host of
recent theory proposals, our experiment accomplishes an important step toward creating trijunctions of
topological superconductors, essential for braiding operations.
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I. INTRODUCTION

A multiterminal Josephson junction [1] consists of
N > 2 independent superconductors (terminals) coupled
to each other through a normal scattering region [Fig. 1(a)].
In this case, the supercurrent /; in terminal j becomes a
multivariable function of all the N — 1 independent phase
differences ¢; — ¢ (the Nth terminal can be assumed
grounded). In theory, such a nonlocal coupling of super-
currents originates from the formation of Andreev bound
states (ABSs) [2], the wave functions of which are nearly
equally present in all of the terminals. Multiterminal
Josephson junctions were conceived decades ago in the
context of supercurrent transistors [3], direct-current flux
transformers [4,5], and superconducting qubits [6].

Recently, the physics of multiterminal ABSs became the
subject of numerous theoretical proposals [7-36]. The first
category of proposals explores the band topology of
multiterminal Josephson junctions [7-21]. These papers
explore the structure of the ABS energies in the (N — 1)-
dimensional Brillouin zone, where the phase differences
¢; — ¢y play a role of quasimomenta. Theoretical studies
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of such multiterminal junctions predicted band structures
with topologically protected states [9—13] and Weyl
nodes [14-17]. In the second category of theoretical
proposals, a junction of more than two topological super-
conductors is used to perform braiding operations on the
zero-energy Majorana bound states [22-36], as these
operations are essential for realization of topologically
protected quantum computation [37]. The demonstration
of coherent transport in multiterminal Josephson junctions
is an important stepping stone for bringing these numerous
theoretical proposals to fruition.

On the experimental side, although nanowire network
systems proximitized by superconductors have been inves-
tigated as a promising platform for topological quantum
computation, the experiments are still limited to measuring
two-terminal properties [38—43]. Multiterminal supercur-
rents were reported in graphene-based junctions [44],
where a heating effect of coexisting disspative currents
on supercurrent transport was mainly discussed. Other
relevant experimental developments include the observa-
tions of the out-of-equilibrium Cooper pair quartet trans-
port in superconducting bijunctions [45-47] and the
phase-controlled superconducting proximity effect in met-
allic three-terminal junctions [48]. Mesoscopic junctions
exhibiting superconducting phase coherence simultane-
ously between multiple terminals remained elusive, which
nonetheless is the key property required in both braiding
and topological band structure proposals.

The peculiarity of Josephson junctions with N > 2 can
be appreciated already while defining the key notion of the
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Multiterminal Josephson junction. (a) A junction of N superconducting terminals (blue) across a normal scattering region

(green), which is characterized by the scattering matrix S. Each terminal J=1,2,...,N has a superconducting phase ¢; and a
supercurrent /;. (b)~(e) SEM images of nanofabricated devices whose copies are used in this work. (b),(c) The N = 3 case. (d) The
N = 4 case. (e) The multi-SQUID, where terminals 3 and 4 are short-circuited by a superconductor and the loop is pierced by a magnetic
flux @. (f) Junction’s schematic cross section revealing the material stack and composition of each layer of the heterostructure (top)
along with a TEM image of the semiconductor-superconductor interface (bottom).

critical current. In the N = 2 case, the critical current is
simply the maximal current that the junction can withstand
while maintaining zero voltage. However, for N = 3, there
are two independent currents /; and /, externally supplied
to the two terminals (the third one is grounded). The current
combinations for which both terminals are at zero voltage
define a simply connected two-dimensional region in the
(I,,1,) space. Thus, the scalar two-terminal critical current
is replaced by a geometric object—the critical current
contour (CCC) surrounding the zero-voltage region. For
N >3, the zero-voltage region is surrounded by an
(N — 1)-dimensional hypersurface, whose visualization is
impractical. However, for the here important case of N = 4,
the properties of the three-dimensional surface can be
adequately reflected by its projections onto a set of two-
dimensional CCCs, obtained by imposing an external
constraint on currents /; or phases ¢; of the terminals.
In this article, we report on the nontrivial geometric
responses of the CCCs to the externally applied magnetic
field and gate voltage, which is an inherent transport
manifestation of multiterminal superconducting phase
coherence. We implemented three species of hybrid semi-
conductor-superconductor devices: a three-terminal junction
[Figs. 1(b) and 1(c)], a four-terminal junction [Fig. 1(d)],
and a multiterminal superconducting quantum interference
device, nicknamed “multi-SQUID” [Fig. 1(e)]. The multi-
SQUID is derived from a four-terminal junction by short-
circuiting terminals 3 and 4 with a superconducting wire,
and it can be viewed as a flux-controlled three-terminal
junction. Junctions with submicrometer dimensions are
fabricated in a top-down fashion from an epitaxial hetero-
structure of the III-V group materials [49,50] [Fig. 1(f)].
By properly engineering the material stack, a high-mobility

two-dimensional electron gas (2DEG) is confined near the
crystalline interface between InAs semiconductor and a
superconducting Al film. The superconducting terminals
are electrically isolated from each other by mesa etching
[Fig. 1(f)]. The junction’s scattering region is defined by
removing the Al layer. An important feature of our material is
that the carrier density in the exposed semiconductor can be
tuned all the way to a complete depletion using an electro-
static top gate (not shown in Fig. 1).

Our key experimental findings can be summarized as
follows. In zero magnetic field, the CCC is necessarily
smooth, inversion symmetric, and convex. Within such
constraints, electrical top gating can deform the contour in a
random fashion. A perpendicular magnetic field eliminates
the contour’s inversion symmetry and a sufficiently large
field can introduce nodes: the curvature becomes discon-
tinuous at seemingly random locations along the contour.
A similar effect was observed in our multi-SQUID on
tuning the flux through the loop toward the half-integer
value, which is generated by orders of magnitude smaller
field. However, the inversion symmetry recovers at the half-
integer flux bias ® = h/4e, where the CCC can acquire
prominent shapes of, e.g., a six-pointed star.

The observed CCC geometries of our short junctions can
be remarkably well reproduced using the scattering theory
of Josephson effect generalized to the case of N > 2.
According to such a theory, the CCC is derived from the
spectrum of the supercurrent-carrying ABS, whose energy
is given by the Beenakker’s determinant equation [51]:

det[1 — exp ( — 2i arccos(E/A))#S* 78] = 0. (1)

Here § is the junction’s normal scattering matrix, E is the
ABS energy, A is the superconducting gap in the terminals,
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and the matrix 7 = exp(i x diag[¢,, ¢,, ..., ¢y]) incorpo-
rates the superconducting phases ¢; of all the terminals.
Not knowing the junction’s microscopic details, we used

random ensembles of S matrices, constrained only by
fundamental symmetries. Indeed, the zero-field CCC fol-
lows from the maximally constrained circular orthogonal
ensemble (COE). Gating the semiconductor effectively
samples the ensemble realizations. The effect of magnetic
fields can be captured by switching to the circular unitary
ensemble (CUE), which is appropriate in the absence of
time-reversal symmetry. Finally, the multi-SQUID’s CCC
can be recreated at any flux @ by incorporating the external
constraint ¢4 — ¢p3 = @ x 2¢/h into the 7 matrix and using
a single COE S matrix.

Combining the results, our CCC collection provides a
compelling evidence for the multiterminal Josephson
effect. Our work thereby completes the first test of
Eq. (1) beyond the case of N =2, on which many recent
theory proposals are based. We expect that our measure-
ment and analysis would guide the basic characterization of
any other physical implementation of coherent multitermi-
nal Josephson junctions.

The paper is organized as follows. In Sec. II, we show the
raw transport data from three- and four-terminal junctions.
Besides extracting the CCC, we establish that multiple
Andreev reflection (MAR) is responsible for most of the
differential resistance features outside the zero-voltage
state. In Secs. III and IV, we describe the deformation of
CCC in response to magnetic field and top gating,
respectively. In Sec. V, we introduce the phase-sensitive
multi-SQUID measurements. In Sec. VI, we model the
data, and we conclude in Sec. VIIL.

II. TRANSPORT IN THREE- AND FOUR-
TERMINAL JOSEPHSON JUNCTIONS

The three- and four-terminal junctions with sub-
micrometer dimensions (Fig. 1) were fabricated using
electron beam lithography and wet etching. In the first step,
the aluminum film and quantum well layers are wet etched
through a resist mask using Transene type D for 10 sec and
H,0:Ci:H;PO,:H,0, (220:55:3:3) for 4-8 min to define
forklike and crosslike mesas, electrically isolated from each
other by the few-hundred-nanometer deep cuts. In the
second step, Al is removed from the desired junction region
again using Transene type D at 50°C. The fabrication
procedure is similar to that used for two-terminal junctions
[52]. The chips were wire bonded to a printed circuit board
with built-in discrete-element filters, which was mounted to
the copper probe of a bottom-loading dilution refrigerator.
Experiments were performed at the base temperature
between 10-20 mK. In the absence of a top gate, the
exposed 2DEG in the junction region has the following
approximate parameters, obtained through bulk transport
measurements on a similar wafer [50]: Fermi wavelength

Ap~25nm, velocity vy~ 10% m/s, mean free path
l, ~200 nm, and phase-breaking length [, 2 1 um. For
our devices with submicrometer dimensions, such param-
eters translate into the short-junction transport regime
involving between 10 and 100 channels per terminal.

We start with the simpler case N = 3 [devices similar to
those shown in Figs. 1(b) and 1(c)]. Transport in three-
terminal junctions is characterized by grounding the third
terminal, and simultaneously measuring the voltage V| and
V, of terminal 1 and 2, as well as the differential resistance
dV,/dl, and dV,/dl,, as a function of the bias current /,
and /,. The data can be exhaustively summarized by three
prominent features (Fig. 2). The junction’s zero-voltage
state in the (/,,1,) plane can be graphically obtained as
the intersection of the (blue colored) regions in Figs. 2(a)
and 2(b), defined by the conditions dV/dIl, =0 (V, = 0)
and dV,/dl, =0 (V, = 0), respectively. The CCC sur-
rounds the zero-voltage region, as indicated in both
Figs. 2(a) and 2(b) by a white dashed line. The second
feature consists of the three radial directions along
which the differential resistances of both terminals are
reduced. This feature represents the special combinations
of bias currents /;, I,, such that either V, =0 or V, =0
or V;, =V,, and this is a generic property of dissipa-
tive transport in devices with multiple superconducting

I, (u)

FIG. 2. Transport in three-terminal junctions. (a),(b) Differ-
ential resistance maps of the device shown in Fig. 1(b); terminal 3
is grounded. (c),(d) Same measurement for the device shown in
Fig. 1(c). The CCC of both junctions are indicated by a dashed
white line as a guide for the eye. The radial features in the
resistance corresponding to the three conditions V; =0, V, =0,
and V| —V, =0. Some of the MAR conditions eV| =2A/n
(a),(c) and eV, =2A/n (b),(d) are shown as the black lines
obtained using independently measured voltages V| and V,
(n=1,2,...,5). The third set of MAR corresponding to
e(V, —V,) =2A/n is not marked. The induced gap A is about
180 ueV for both devices.
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terminals. The third feature is MAR resonances [53,54] at
positions in the (/;,1,) plane given by e|V,| =2A/n,
e|V,o| =2A/n, and e|V,—V,| =2A/n, respectively,
where n is an integer and A = 180 ueV. Example equi-
potential lines corresponding to n = 2, 3 [Fig. 2(a)] and
n =4, 5 [Fig. 2(b)] are plotted on top of the dV/dI data
using independently measured voltage V; and V,.
Furthermore, we carefully verified the MAR conditions
for n =2, 3, ..., 8 by plotting the resistance data as a
function of 2A/eV,, 2A/eV, (see Fig. Sl in the
Supplemental Material [55]).

The presence of high-order MAR resonances along with
the induced gap A being close to the gap of aluminum film
indicates a nearly ballistic transport in the exposed semi-
conductor region and a high-transparency superconductor-
semiconductor interface. Thus, the finite-voltage data
confirm the high quality of both the heterostructure and
the fabricated devices. Transport in the narrower leads
junction [Fig. 1(c)] has all the same features described
above [Figs. 2(c) and 2(d)]. The normal state conductance
and the size of the zero-voltage region are reduced propor-
tionally to the width of the leads. The MAR features are
notably smeared, which may be the effect of scattering at
the imperfect fabrication-defined edges. Nevertheless, a
few lowest-order resonances are resolved and they give a
similar value of the induced gap A = 180 peV.

Having understood all the transport features of the three-
terminal junctions, we move on to interpreting the more
complex resistance maps of the four-terminal junctions
(Fig. 3). Formally, the zero-voltage state of such devices
[similar to the one shown in Fig. 1(d)] should be repre-
sented by a three-dimensional manifold in the space of the
three independent bias currents (assuming one of the
terminals is grounded). Instead, we pair the four terminals
into three possible combinations [(1,2),(3,4)], [(2,3),(4,1)],
and [(1,3),(2,4)] and apply symmetric currents to each pair,
ie., Iy=—I3=1I5 and I, = —I4 = I,4, etc. Consequently,
the zero-voltage state can be characterized by three two-
dimensional CCCs defined in the planes of the currents
(I12,154), (In3,141), and (I3, I54), respectively. The latter
biasing configuration is particularly interesting, because the
two currents /3 and 7,4 are forced to flow across each other
in the central junction region. We use the differential
resistance data taken in the (Iy3,1,4) plane in order to
review the generic transport features encountered in our
four-terminal junctions (Fig. 3).

Outside the zero-voltage region, there are six radial
directions of reduced differential resistance, corresponding
to zero voltage across one of the six terminal pairs
[Figs. 3(a) and 3(b)]. Additionally, in the areas satisfying
[113] = 1 uA or |I4] Z 1 pA, there are prominent features
in the differential resistance corresponding to the condi-
tions e|Vi,| = 24, e|Vy3| = 24, etc. (not marked on the
graph). Resistive transport at such high currents is likely
influenced by the heating in the device and it is of little

“"‘.‘VM
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FIG. 3. Transport in a four-terminal junction. (a),(b) Differ-
ential resistance across the terminal pair (2,4) and (1,3) in the
device shown in Fig. 1(d). (c),(d) Enlargement of the zero-voltage
region. The CCCs are marked by a white dashed line as a guide to
the eye. The six radial features represent the conditions Vi, = 0,
Vy3 =0, etc., as marked directly on the plots. The colored lines
represent some of the MAR conditions. (¢) Red, eV,, = 2A/n;
yellow, eV,3 = 2A/n; green, eV3y, = 2A/n. (d) Red, eV 3 =
2A/n; yellow, eV, = 2A/n; green, eV, =2A/n. Here A~
160 ueV and n = 5.

interest here. Similarly to the three-terminal junctions,
the zero-voltage region in the (I,3,1,4) plane satisfies
dVz/dl3 = dVo4/dl, = 0. We have checked that such
a condition is indeed sufficient to ensure that the voltage
between all the six terminal pairs is zero (see Fig. S2 in the
Supplemental Material [55]). The resulting CCC is empha-
sized by a white dashed line [Figs. 3(c) and 3(d)].

Immediately outside the CCC, there is an intricate
structure in the differential resistance [Figs. 3(c) and
3(d)]. We believe most of this structure can also be
explained by MAR involving the voltage drops across
the six possible terminal pairs. For example, using inde-
pendently measured voltages, we indicate the equipotential
lines in the (I3,1,4) plane corresponding to the (n = 5)
MAR conditions directly on top of the data in Figs. 3(c) and
3(d). Equipotentials corresponding to (n = 2—8) are shown
in Fig. S3 [55]. Notably, we found evidence for the eighth-
order MAR involving the more separated terminal pairs
(1,3) and (2,4). Such an observation confirms that every
pair of terminals in our four-terminal junction is connected
by transparent channels across the semiconductor.

III. EFFECT OF MAGNETIC FIELD ON CCC

In Fig. 4(a) we show the effect of a perpendicular
magnetic field B on transport in the same four-terminal
junction described in Sec. II. The magnetic field was
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applied using an externally mounted handmade super-
conducting coil. The differential resistance across the
terminal pairs (1,3), (1,2), and (4,1) was measured at
B =0 and up to B=2 mT as a function of the three
possible symmetric current pairs (I3, I54), (112, I34), and
(I41,153), respectively. Resistance of the complementary
pairs (2,4), (3,4), and (2,3) was also measured (see Fig. S4
in the Supplemental Material [55]). The field B =2 mT
dramatically modifies the zero-voltage region in each of the
three maps [Fig. 4(a), dark blue]. Such a field corresponds
to approximately 1/5 of the flux quantum piercing the
exposed semiconductor in the junction, although in reality
the flux is probably larger due to the flux focusing effect.
We avoided measuring at a higher field as it starts to
gradually suppress superconductivity in aluminum.

The CCCs at different B values were extracted using the
method described in Sec. II. In Fig. 4(b) we visualize each
of the three extracted CCCs by painting in colors the zero-
voltage region. The first column of Fig. 4(b) compares the
CCC at B = 0 (light blue) and B = 1.2 mT (solid blue). At
zero field, all the three contours are convex and symmetric
with respect to inversion around the origin. The field
B =1.2 mT distorts the CCCs such that they are still
convex but no longer inversion symmetric. A qualitatively

(a) (b)
omT

1.2mT (0 mT)

new feature arises on increasing the field to B~ 1.6 mT:
the local curvature changes its sign around several points of
the contour. For even stronger field B =2 mT such
features become more pronounced. As a sanity check,
we show that flipping the sign of magnetic field is
equivalent to inverting the contours around the origin
[Fig. 4(b), last column]. Note that although the contour’s
geometry in the presence of the B field is qualitatively
different, their total area reduced only by about a factor
of 2. Such dramatic sensitivity of the CCC geometry to
magnetic flux piercing the semiconductor is indicative of
the phase-coherent supercurrent flow across the multiple
terminals of the junction.

IV. EFFECT OF TOP GATING ON CCC

One advantage of our specific hybrid semiconductor-
superconductor materials platform is that the carrier density
in the junction’s scattering region can be tuned using a top
gate. This was achieved by depositing a thin dielectric layer
on top of the prefabricated four-terminal junction device
similar to that shown in Fig. 1(d) and then covering the
junction completely by a metal film electrode which is the
top gate. The gate electrode consists of a 5-nm Ti adhesion

16mT(1.2mT) 2mT (1.6 mT) -1.6mT (1.6 mT)

2mT
! 0.3
Ya¥ .
0
av.

13
A /‘ dl13 .03
-0.3

0 0.3 (kQ) -0.3

0
lg (UA)

0.3 -0.3 0.3 -0.3 0.3-0.3 0 0.3

0 0
I,o (UA) I,y (UA) Iy (UA)

-0.3 0.3 -0.3

0
1., (UA) 1., (LA)

l,, (LA)

0.3 -0.3 0
1,y (UA)

0.3 -0.3 0
1,, (LA)

0.3-0.3 0 0.3
1,, (LA)

FIG. 4. Effect of magnetic field on a four-terminal junction. (a) Differential resistance maps of a symmetrically biased four-terminal
junction measured at B = 0 (left) and B = 2 mT (right). The three rows represent the three symmetric bias current-current planes
(I3, 154), (112, I34), and (14, I53). The maps of the resistance of the complementary terminal pairs (2,4), (3,4), and (2,3) are not shown.
(b) Evolution of CCC in a magnetic field. The extracted zero-voltage regions, which the CCCs surround, are depicted by a color. Note
the comparison of data at B = 1.6 mT (transparent blue) versus B = —1.6 mT (transparent red), which is equivalent to inversion of the

CCC around the origin.
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layer and a 100-nm Au electrode layer. A 50-nm-thick
aluminium oxide film was deposited using atomic layer
deposition to couple the semiconductor to the gate elec-
trode. As a result, the application of a sufficiently large
negative voltage (around —5 V for this device) to the top
gate completely suppresses the conductance across every
terminal’s pair.

In Fig. 5, we show the evolution of CCC in a top-gated
four-terminal junction at three different gate voltages V.
We focus on the differential resistance data in the (1,3, I54)
plane as we did for the nongated device in Fig. 3. In the
absence of a magnetic field, at V, = —4.3 V, the CCC has a
similar shape to that of the device shown in Fig. 3: it obeys
the inversion symmetry but it is notably asymmetric with
respect to flipping one of the two axis. Moving to
V,=-45V deforms the CCC into nearly an oval
stretched along the /;3 axis. Moving a bit further down
in gate voltage to V, = —4.55 V, the CCC becomes nearly
a circle with a radius of about 30 nA. Such a current scale
corresponds to the critical current of a single transparent
channel. On the other hand, the product of such a current
scale with the normal resistance scale (a few kilohm) is
about 100 pV, and this is close to the value of the induced
gap A = 180 uV. Thus, we conclude that top gating can
readily bring our junctions into the regime of one or a few
scattering channels per terminal.

Interestingly, there appears to be no obvious correspon-
dence between the three applied gate voltages and the
resulting geometries of the CCC. Besides the two con-
straints of inversion symmetry and convexity, the CCC

geometry changes more or less at random with the gate
voltage. Application of magnetic fields also deforms the
three contours in a seemingly random fashion. For the
largest-area CCC at V, = —4.3 V and B = 2 mT, the field
does induce the nonconvex feature similar to that reported
in Fig. 4. The field-induced deformations of the CCC
break the inversion symmetry, and the resulting shapes at
V,=—-45Vand V, = —4.55 V appear completely unre-
lated to their zero-field versions. A detailed study of gating
of multiterminal junctions will be reported elsewhere. For
the purpose of this work, we conclude that the application
of a gate voltage is equivalent to creating a new device or
switching the device off when the magnitude of negative
bias exceeds the threshold.

V. EFFECT OF PHASE BIAS ON CCC

The ultimate manifestation of superconducting phase
coherence in the conventional Josephson effect is the flux
modulation of the supercurrent in a SQUID. A conventional
SQUID consists of two Josephson junctions in a super-
conducting loop pierced by magnetic flux. The supercur-
rents flowing in each arm can interfere constructively or
destructively depending on the magnetic flux. The super-
current interference in the multi-SQUIDs is more complex
[Fig. 1(e)]. Here the external magnetic flux @ piercing the
loop establishes the phase difference ¢y — ¢p3 = @ x 2¢/h
while the current is applied to the other two terminals 1
and 2. In case the loop is floating, the current /; flowing into
terminal 1 equals the current —/, flowing into terminal 2

(a) V;=-43V (b) V;=-45V (c) V;=-455V
3.0 4
100+ 50 50/
15 ‘ 2
<
£ o0 0 00 0j 0
S
dVig ~ . dVs
| dl dl
1004 -50 3 .50 13
100 (kQ) B=0mT (kQ)
50 0 50
3.0 4
100+ 50
15 2
—_ ’
E 0 0 0.0 0
S
dVyg d Vs
al dl
1001 50 13 13
: =2mT | (kQ) , : (kQ)
-50 50 -50 0 50

FIG. 5.

li3 (nA)

li5 (NA)

Effect of top gating on a four-terminal junction. (a)—(c) Differential resistance map in the (1,3, I54) plane taken at three values

of the top-gate voltage at B = 0 (top row) and at B =2 mT (bottom row).
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due to the current conservation, so we can define
1, = I, = —I,. In such a biasing configuration the multi-
SQUID resembles a conventional SQUID in the sense that it
is a flux-controlled two-terminal superconducting device.
However, in case the loop is grounded, the current 7, and 7,
can be set independently, and the multi-SQUID becomes a
flux-controlled three-terminal junction.

In the first test, we float the loop and measure the
differential resistance dV|,/dI, as a function of the bias
current 7}, and the flux ® through the loop [Fig. 6(a)].
During the measurement, we swept up the positive current
and swept down the negative current from zero in order to
avoid a small retrapping effect in the switching dynamics.
Flux-periodic oscillations of dV,/dI,, are clearly visible
while the critical current is notably asymmetric with respect
to positive and negative values, with the exception of the
integer and the half-integer flux. It is still symmetric under
the current and flux inversion (I - —I, ® - —®). Our
observation can be understood as a result of the super-
conducting phase-drag effect [56]: the externally set phase
difference ¢, — ¢p; induces a phase difference between
terminals 1 and 2, which periodically offsets the maximally
allowed value of supercurrent /,,. Moreover, in case of
terminals 1 and 2 also being connected by another super-
conducting loop, the phase-drag effect would result in the
magnetic flux transfer between the loops [5,6,57].

In a more elaborate multi-SQUID experiment, we
ground the loop (terminals 3 and 4), and treat the device

200

100

0

av,,

dl12
Q)

(b)

I, (LA)

as a three-terminal junction. Repeating the procedures
described in Sec. II, we measure the resistance maps of
dV,/dl, and dV,/dI, as a function of (I,I,) and ®.
While the familiar shape of the CCC at a zero flux is similar
to that of a regular three-terminal junction, the half-integer
flux introduces a dramatic modification: the CCC acquires
the shape of a skewed six-pointed star, which preserves
inversion symmetry. Note that the flux bias expectedly does
not affect the transport at nonzero voltage. The clearly
visible MAR resonances have a similar pattern to those
shown in Fig. 2, and they merely shift in the (1, I,) plane
in order to adjust to the modified geometry of the CCC
(see Fig. S5 in the Supplemental Material [55]). We
have tracked the evolution of CCC as a function of flux
[Fig. 6(c)] which results in a similar deformation to that
induced by the magnetic field described in Sec. III and
Fig. 4. Yet, the magnetic field scale in the multi-SQUID
experiment is orders of magnitude lower. We conclude that
piercing magnetic flux through the scattering region and
flux biasing the loop of a multi-SQUID leads to similar in
nature multiterminal superconducting interference effects.

VI. EXPERIMENT VERSUS THEORY

For a given scattering matrix S of a short junction, the
CCC can be obtained numerically from Eq. (1) using the
following procedure. First, the junction’s ground state
energy E, is calculated from the ABS energies according

$=0
\& ¥

-0.7 0

0.39%,

0.5%0

/ /

1 1

/ /

1 1

FIG. 6. Phase-drag effect and phase-controlled CCC in a multi-SQUID. (a) Differential resistance between terminal 1 and 2 as a
function of the flux @ through the loop in the device shown in Fig. 1(e); the loop is floating. @, = h/(2e) is the superconducting flux
quantum. (b) Differential resistance of the terminal 1 as a function of the two currents [, /,, for an integer flux (left) and a half-integer
flux (right) though the loop; the loop is grounded. (c) Evolution of the CCC as a function of flux through the loop. Note the formation of
an unusual inversion-symmetric star shape at the half-integer flux bias.
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to E, = —1/2%", E,, where E, is the nth positive solution
of Eq. (1). In the general case of an N-terminal junction, E,
is a function of N — 1 phase differences. When the junction
is driven with bias currents [, ..., Iy_;, the free energy F is
given by

¢N—l) ¢t (2)

h
F(¢l?"'ﬂ¢N—l) 2_

HMZ

- Eg(¢l’ ceey

For the junction to be in the zero-voltage state, there should
exist a stable equilibrium position of the free energy. It
requires both VF =0 and positiveness of the Hessian
eigenvalues. Then, the CCC is obtained from a boundary of
allowed bias currents [y, ..., Iy_;.

This is the (N — 1)-dimensional tilted washboard poten-
tial problem, which is used in general to describe the
current-biased Josephson junctions. Unlike calculating
the critical current of two-terminal Josephson junctions,
the second derivatives of the free energy need to be
investigated to construct the CCC in the multiterminal
Josephson junctions.

Within the framework of Eq. (1), the microscopic
junction details are conveniently hidden inside the scatter-
ing matrix S. Such an approach is relevant for our “short”
junctions, where the scattering phases change slowly with
energy. In the simplest case of a two-terminal junction with
one or two transport channels, the corresponding trans-
mission coefficients can be used as adjustable parameters to
fit the experimental data. However, having four terminals
with each containing at least a few channels, the size of
the scattering matrix becomes too large to consider its
elements individually. In the spirit of mesoscopic physics,

we consider random S matrices, restricting their structure
only by fundamental symmetries. There are two choices of
random matrix ensembles appropriate to describe our
system: the circular orthogonal ensemble, relevant in the
presence of both time-reversal and spin-rotation sym-
metries, and the circular unitary ensemble, relevant in
the absence of time-reversal symmetry. The third circular
symplectic ensemble (CSE) has time-reversal symmetry
but lacks spin-rotational symmetry. It turns out that within
the framework of Eq. (1), the CSE and COE ensembles are
indistinguishable in their effect on the CCC geometry.
The simulated CCCs using a random scattering matrix
are presented in Fig. 7. The zero-field data of Fig. 4, i.e., all
the three CCC of a symmetrically biased four-terminal
junction, can be readily recreated using a single COE
scattering matrix. Likewise, it was also straightforward to
find COE § matrices reproducing the contour deformations
induced by the top-gate voltage in Fig. 5. In fact, absence of
nodes and inversion symmetry of the contours is directly
related to the orthogonality constraint on the matrix
elements, and the CCC remains smooth even in the case
of a single scattering channel. Eliminating the orthogon-
ality constraint in the CUE matrices immediately introdu-
ces the kind of nonconvex contours with nodes [Fig. 7(b)]
that we observed in the presence of a sufficiently large
perpendicular magnetic field (as shown in Fig. 4).
Moreover, the relative reduction of the area enclosed by
the CCC upon switching from COE to CUE approximately
matches the data as well. Even more confidence in our
model comes from matching the CCC of a multi-SQUID
at various flux-bias values using a single COE matrix
[Figs. 7(c) and 6(c)]. The magnetic field in the junction
region is essentially zero in this case, but the flux ® through

(@) COE (b) CUE
l24 I34 I23 l24 l34 l23
0 0 0 0 O 0 Q 0 Q
/13 I12 l41 /13 /12 l41
0 0 0 0 0 0
©) 3 =0%, $=0.39% $=0.5% $=0.61% $=0.84%,
l2 I2 I2 l2 IZ
COE
& 0 0 0 0
bs- s = 21D/ B
I1 l1 l1 I1 I1
0 0 0 0 0

FIG.7. Numerical modeling of CCC. (a) The CCC of a symmetrically biased four-terminal junction using a single COE § matrix. Note
the similarity with the measured contours in Fig. 4. (b) Same as (a) produced using a CUE matrix. In both (a) and (b) plots the scattering
matrices have the same size and the current scale is kept the same. (c) Evolution of the CCC of a multi-SQUID as a function of flux ®

through the loop produced using a single COE S matrix.
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the loop sets a phase difference ¢; — ¢4 = ® x 2¢/h. Such
a constraint can be directly incorporated into the 7 matrix of
Eq. (1), which makes the ABS spectrum and hence the
CCC flux-dependent.

The emergence of nodes along the CCC in the presence
of magnetic field [Fig. 7(b)] and phase bias [Fig. 7(c)] can
be more deeply understood by mapping the contours back
to the space of the phase differences (Fig. 8). For simplicity,
we restrict the discussion to three-terminal junctions,
assuming terminal 3 is grounded. The CCC in the
(I, I,) plane is equivalent to the steepest gradients of
E,(¢) in each gradient direction of ¢ = (¢;.¢,) in the
region of the two Hessian eigenvalues being positive. Since
E(¢) is a periodic continuous function, there is at least one
local minimum within the Brillouin zone [0, 2z] x [0, 27].
In the absence of a magnetic field, E, always has a local
minimum at zero phases, ¢, =0, surrounded by the
points that give steepest gradients in each gradient direction
and two positive Hessian eigenvalues. In this case, the CCC
is inversion symmetric and convex [see Fig. 8(a)].

When the magnetic flux penetrates the junction, an
additional phase adds up in the wave function of electrons
and holes propagating through the junction. As a result,
¢1, =0 is not a special point and E, can have multiple
local minima; see Fig. 8(b). In this case, the steepest
gradients around each minima in the region of positive
Hessian eigenvalues would still form a single close loop,

(a) 3T-COE

(b) 3T-CUE

(c) 4T-COE
(®=0)

but the critical current is determined by the maximal values
among these loops for a specific direction of the current in
the (/;, I,) plane. Such maximal values may switch from
one loop around minima to another loop. This switching
between different loops in the space of phase differences
[Fig. 8(b), top] gives rise to nodes in the corresponding
CCC [Fig. 8(b), bottom]. Because of smoothing of both
experimental and numerical data, the nodes appear as
sharper features of the contour with local curvature chang-
ing its sign.

In the case of a multi-SQUID, E is also a function of only
two phases, ¢ = (¢, ¢,). The externally set phase ¢; (we
set¢p, = 0) plays qualitatively the same role as switching the
matrix ensemble from COE to CUE. At ¢p; = O (integer flux
bias), the landscape of E; is similar to that of a three-terminal
junction, with a single minimum at ¢; , = 0, which gives a
convex CCC [Fig. 8(c)]. However, ¢; # 0 deforms the
ground state energy landscape, producing additional minima
[Fig. 8(d)]. Consequently, the CCC breaks into separate
disconnected pieces in the phase space and develops cusps in
the current space. The half-flux quantum bias is special
because then ¢3 = 7z and the exponent exp(i¢ps) = —1 in
Eq. (1) is real. In this case, E, acquires two symmetric
minima in the Brillouin zone [Fig. 8(e)] which break up the
CCC in the phase space in a symmetric manner, leading to
the prominent time-reversal-symmetric CCC in the shape of
a six-pointed star.

(d) 4T-COE (e) 4T-COE

(©=0.50,)

n High

0 0
Iy Iy

FIG. 8.

0 0 0
I I I

Partitioning of CCC in the phase space. (Top) Contour map of the ground state energy and (bottom) the corresponding CCC of

the three-terminal junctions without a loop and four-terminal junctions with a loop. (a) Three-terminal (3T), no B field, (b) Three-
terminal (3T), nonzero B field, (c) Four-terminal (4T) with a loop ® = 0, (d) ® = 0.45®,, (e) ® = 0.5®,. The CCC is a boundary of all
possible configurations of (/;, 1,). Each configuration (1, I,) of color on the CCC is given by the phase values (¢, ¢,) of the same color
in the corresponding energy contour map. The shaded area is where the two Hessian eigenvalues are positive.
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Finally, let us stress that one does not expect coherent
multiterminal scattering to occur in junctions with too wide
leads. In that case, the scattering matrix in Eq. (1) loses its
multiterminal structure and breaks into blocks representing
two-terminal scattering. As a consequence, the CCC would
lose the geometric properties summarized in Fig. 7. We
have fabricated intentionally wide four-terminal junctions
(width of 3 um) and we used the gate voltage to reduce the
normal conductance scale to that of our small coherent
junction devices. Indeed, the CCCs of such wide junctions
are dramatically different from those reported here
(Fig. S6 [55]), but they bear similarities to those reported
in two recent experiments [44,58]. The contours are no
longer convex in zero field and they shrink on increasing
the field while keeping their inversion symmetry. In this
case, supercurrent transport can be modeled using a
network of two-terminal Josephson junctions, which is
equivalent to the Beenakker’s scattering matrix approach
with block-diagonal scattering matrices coupling different
pairs of terminals. Thus, we observe a good agreement
between theoretical and experimental CCC for a very
diverse set of device geometries.

VII. SUMMARY AND OUTLOOK

We introduced a new concept of the critical current
contour—the key ground state characteristic of a multi-
terminal Josephson junction. Such a geometric object is
readily available from an elementary transport measure-
ment, yet it remained overlooked in previous theoretical
and experimental studies. To test the new concept, we
created a variety of novel junction devices, including the
very first demonstration of the multi-SQUID. The CCC
undergoes nontrivial deformations in response to electro-
static gating, magnetic field, and phase bias, which are the
three external stimuli usually used to probe the Josephson
effect in two-terminal junctions. Yet, all our observations
are reproduced remarkably well by the scattering theory of
multiterminal Andreev bound states, which makes no
assumptions about the junction’s microscopic details. It
is thus probable that our data represent a generic manifes-
tation of the Josephson effect in mesoscopic junctions of
more than two superconductors.

Our experiment was made possible by the favorable
properties of the epitaxial InAs/Al heterostructure:
transparent semiconductor-superconductor interface, high
mobility of the exposed surface 2DEG, and an overall
robustness with respect to the device fabrication procedures.
Even more intriguing developments are expected with such a
materials platform in the context of recently proposed
experiments on multiterminal Josephson junctions. As
already noted here, gating the carrier density in the semi-
conductor allows depleting the transport into the single
channel regime. In this case the junction’s ABS energies as a
function of multiple phase differences can be individually
resolved in a tunneling experiment [59]. Such a

measurement would test, e.g., predictions of the Weyl nodes
physics in four-terminal junctions [9]. Moreover, our material
was also shown to have a strong spin-orbit coupling, resulting
in arecently reported evidence of the induced p-wave order in
the presence of an in-plane magnetic field [60]. With our
work all components are now in place to explore trijunctions
of topological superconductors, required for braiding of
Majorana fermions [22,23,61]. Finally, gated three- and
four-terminal junctions can act as superconducting digital
devices [62], tunable superconducting transformers, and
nonlinear elements, which can be useful for controlling
superconducting quantum bits [63] and creating quantum-
limited sensors and amplifiers [64]. In particular, replacing
certain multijunction elements, such as Josephson ring
modulators [65] and Josephson rhombus chains [66] by
multiterminal Josephson junctions introduces a potentially
useful resource to the quantum circuits toolbox.
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