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We study in detail the properties of the quantum East model, an interacting quantum spin chain inspired
by simple kinetically constrained models of classical glasses. Through a combination of analytics, exact
diagonalization, and tensor-network methods, we show the existence of a transition, from a fast to a slow
thermalization regime, which manifests itself throughout the spectrum. On the slow side, by exploiting the
localization of the ground state and the form of the Hamiltonian, we explicitly construct a large
(exponential in size) number of nonthermal states that become exact finite-energy-density eigenstates in the
large size limit, as expected for a true phase transition. A “superspin” generalization allows us to find a
further large class of area-law states proved to display very slow relaxation. These states retain memory of
their initial conditions for extremely long times. Our numerical analysis reveals that the localization
properties are not limited to the ground state and that many eigenstates have large overlap with product
states and can be approximated well by matrix product states at arbitrary energy densities. The mechanism
that induces localization to the ground state, and hence the nonthermal behavior of the system, can be
extended to a wide range of models including a number of simple spin chains. We discuss implications of
our results for slow thermalization and nonergodicity more generally in disorder-free systems with
constraints, and we give numerical evidence that these results may be extended to two-dimensional
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I. INTRODUCTION

The dynamics and thermalization of interacting quantum
systems are extremely challenging problems that attract
considerable attention due to their fundamental and prac-
tical relevance to many areas of physical sciences, includ-
ing condensed matter, quantum information, statistical
mechanics, and beyond (see Refs. [1,2] for reviews).
Despite many advances in the last couple of decades
[1,2], even for models as simple as one-dimensional spin
chains with local interactions, it has not been possible to
reach a fully satisfactory and general understanding of
these problems, neither through the use of analytical tools
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nor through numerical methods. The main obstacles [3—7]
relate to the growth of quantum correlations, the spreading
of information, and the highly entangled nature of the
excited eigenstates that dominate the dynamical evolution.

A central focus of research in the last decade has been the
search for many-body systems with dynamics that falls
outside the general paradigm of thermalizing quantum
systems. Undoubtedly, the most prominent example of
this new class of interacting systems is that of those
undergoing many-body localization (MBL) [8,9] (see
Refs. [10-13] for reviews). Inspired by the formidable
analytical, numerical, and experimental advances in MBL
(see, e.g., Refs. [14-22,22-30]), more recently, there has
been a shift of emphasis towards the study of systems that
also display nonthermal behavior but in the absence of
quenched disorder.

The range of these systems comprises the search for
MBL-like physics in translationally invariant or disorder-
free models [31-42], slow thermalization in systems with
dynamical constraints that are either explicit [43—47] or
emergent (as in “fractons” [48-58]), the existence of
localized (almost) conserved operators (or “strong zero

Published by the American Physical Society
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modes”) in clean systems with boundaries [59-63], and the
appearance of “quantum scars” [64—71] and other non-
thermal excited eigenstates in otherwise thermalizing
systems [72-74].

Here, we address several of these questions by studying
in detail the properties of the quantum East model,
introduced in Ref. [43] as a candidate for a disorder-free
system displaying the breakdown of ergodicity at long
times, and further studied with and without disorder in the
context of MBL in Refs. [75,76]. This model is inspired by
the classical stochastic East model [77], a prototypical
kinetically constrained model (KCM) of classical glasses
(for reviews on classical KCMs and their application to the
glass transition problem, see Refs. [78,79]). The numerical
simulations of Ref. [43] suggested a possible transition in
the quantum East model from a thermalizing phase where
relaxation is fast to a phase of slow relaxation where
dynamics retains the memory of initial conditions for long
times, indicating the possible absence of ergodicity.
However, as is often the case with numerics for the small
systems accessible to exact diagonalization, it is difficult to
make convincing extrapolations from the results of
Ref. [43] for the asymptotic behavior for large system
sizes in the quantum East model.

We describe a novel mechanism that gives rise to non-
thermal behavior in a broad class of interacting quantum
systems. This mechanism is distinct from that of other
constrained models such as the PXP [64] or quantum dimers
[46,47]. For technical convenience, we consider the case of
open boundary conditions. We employ a combination of
analytical arguments, exact diagonalization, and tensor net-
work methods to show that the model displays a fast-to-slow
phase transition throughout its spectrum, by which we mean
achange from a dynamical phase where thermalization is fast
to a phase where dynamics is slow, and even nonergodic
depending on initial conditions. The transition occurs when
changing the parameter that controls the balance between
kinetic and potential energies in the Hamiltonian across a
“Rokhsar—Kivelson” (RK) point [80,81].

In particular, we demonstrate that the slow dynamical
phase is characterized by the following: (i) The ground state
is exponentially localized and can be efficiently approxi-
mated for large system sizes. (ii) There is an exponentially
large (in system size) number of nonthermal eigenstates at
finite energy density that are nonthermal, which we show
how to construct analytically for large system sizes by
exploiting the localization of the ground state and the
kinetically constrained nature of the Hamiltonian. This
construction is very simple, i.e., a tensor product of two
eigenstates of the same Hamiltonian supported on smaller
sizes. (iii) Of these eigenstates, at least a number which is
linear in size, have area-law entanglement, while the rest
have bipartite entanglement that is spatially heterogeneous.
(iv) These nonthermal eigenstates have large overlap with
product states and can be approximated well by matrix

product states (MPS) at arbitrary energy densities and large
system sizes. (v) It is possible to generalize the construction
to an even larger number of area-law states, i.e., tensor
products of localized blocks or superspins, that are guar-
anteed to display very long memory of their initial con-
ditions, exponential in the size of the block (superspin).
Accordingly, the time required to entangle a block is also
exponential in size. (vi) Extensive numerical analyses
performed with exact diagonalization and tensor networks
reveal atypical dynamical properties of the model beyond
the analytical constructions. The statistical study of several
quantities of interest confirms the singular change through-
out the spectrum and suggests that our results may be
further extended. In particular, we find that the localization
properties of the ground state—which are cornerstones of
our analytic results—are present for several excited states
as well.

Furthermore, we prove that the mechanism that induces
localization of the ground state can be extended to a large
class of models, and numerically, we show that it may also
be present in two dimensions. As most of the nonthermal
properties of the quantum East model arise from the
localization of the ground state and do not rely on the
particular form of the Hamiltonian, we can deduce that all
of these generalizations will exhibit a similar atypical
dynamical behavior.

The remarkable range of nonthermal features that we
uncover here underlines the potential richness of non-
equilibrium behavior of quantum KCMs with appropriately
tailored constraints.

The paper is organized as follows. In Sec. II, we introduce
the quantum East model and describe its basic properties.
Section III considers the localization transition in the ground
state of the model. In Sec. I'V, we propose an analytic ansatz in
the localized or slow phase, which allows us to construct an
approximation to the ground state of a larger system starting
from the exact ground state of a smaller system and which
becomes exact in the large size limit. As a generalization of
this procedure, we show how to analytically construct an
exponential number in system size of approximate non-
thermal eigenstates with finite energy density using as
ingredients eigenstates of smaller systems. These become
exact eigenstates in the large size limit. Some of these states
fulfill the area law of entanglement and hence can be
efficiently approximated by MPS for large system sizes.

In Sec. V, we construct a large class of area-law states
with small energy variance in terms of localized “super-
spins.” While these are not strict eigenstates, unitary
dynamics starting from these states is very slow, and we
provide bounds to the decay of time-correlation functions
and the growth of entropy with time. In Sec. VI, we analyze
in detail the statistical properties of the spectrum of small
systems accessible to exact diagonalization, showing that
the fast or slow transition is manifested in a change of
eigenstate characteristics—including their entanglement,
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localization, and closeness to product states—throughout
the spectrum. In Sec. VII, we summarize all our results, and
we discuss the implications to quantum constrained dynam-
ics more broadly, as well as generalizations to higher
dimensions. We further compare our findings with other
constrained dynamical models and highlight the main
differences. Finally, we enumerate in Sec. VIII some
possible new research directions.

II. QUANTUM EAST MODEL

The quantum East model was originally introduced in
Ref. [43] in order to consider slow quantum dynamics akin
to (quasi-)MBL in the absence of disorder with kinetic
constraints as the mechanism behind slow evolution. The
model is defined in terms of spin-1/2 degrees of freedom
on a one-dimensional lattice with the Hamiltonian [43]

=—on “ot, = 1), (1)

where the operator n; = (1 — 67)/2 is a projector onto the
state |1) in the local z basis, and 6¢ is the Pauli-a operator at
site i. When s = 0, the operator in Eq. (1) is (up to a sign)
the same as the continuous-time Markov generator of the
classical East model, a stochastic KCM much studied in the
context of the classical glass transition [77,82—-85]. For
s # 0, it corresponds to the “tilted” generator studied in the
context of the dynamical large deviations of the stochastic
model; see, e.g., Refs. [79,86,87]. When considered as a
quantum Hamiltonian, s =0 is a so-called RK point
[80,81], where the ground state corresponds to the equi-
librium probability of the stochastic model.

When interpreted as a stochastic generator, the operator
in Eq. (1) corresponds to the “infinite-temperature”
classical East model. Note that this terminology does not
refer to the temperature of the quantum system but to the
characteristics of the equilibrium probability, i.e., the
ground state of Eq. (1) at the stochastic point s = 0. At
infinite temperature, the equilibrium probability is uniform
for all configurations, while at finite temperature, the
equilibrium state is not the equal-weight combination of
all configurations; see, e.g., Ref. [87].

The factor n; at the front of each term in the Hamiltonian
(1) is the kinetic constraint. It represents an operator valued
rate, which, in the case of H above, makes the action of the
local Hamiltonian at site 7 4 1 nontrivial only when n;
projects into the state |1). In the KCM jargon, when this
constraint is satisfied, the site i is said to “facilitate”
dynamics of its i + 1 neighbor (i.e., the one to the East,
thus the name of the model) [78,79]. In contrast to
Ref. [43], here we study the properties of the
Hamiltonian (1) with open boundary conditions. We do
this for technical convenience, as we do not expect the
physics we uncover below to be very different for the case
with periodic boundaries.

20(t) — 1

1.00 A 1
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FIG. 1. Fast vs slow dynamics in the quantum East model.

Relaxation to equilibrium of (time-averaged) density autocorre-
lator (2) starting from all possible product initial states for

= 10. For s < 0 (left panel) equilibration is fast, and memory
of the initial conditions is rapidly lost. For s > O (right panel),
relaxation is slow, and memory of initial conditions is preserved
throughout the simulation window.

The key numerical observation in Ref. [43] was the
change in the dynamical behavior when the parameter s is
changed from one side of the RK point (that is, from s < 0)
to the other side (that is, s > 0). In Fig. 1, we reproduce this
observation for the case of open boundaries: We show the
relaxation to equilibrium of the normalized two-time

density autocorrelator 20( ) — 1, defined as the time
average O(1) = (1/1) [ O(¢)dl’ of

0() = > (1) (0). ©

i

where n;(t) is the occupation operator in the Heisenberg
picture under unitary evolution generated by the
Hamiltonian in Eq. (1), and Z =) ;(n;(0)) is a normali-
zation factor for the initial occupation. The figure shows
results for initial states, which are product states in the
occupation basis (i.e., local z basis), at different initial
fillings (note that magnetization is not conserved in this
model). Notice that, for finite systems, the energy is
determined not only by the initial polarization Z but also
by the occupation of the last site. Thus, we observe two
different thermal values for the same polarization. This
effect vanishes in the thermodynamic limit.

We observe two fundamentally different behaviors of the
autocorrelator depending on the sign of s. For s <0,
dynamics is fast, and most of the information about the
initial state is quickly erased, as expected from thermal-
ization and compliance with ETH [2]. In contrast, for s > 0,
dynamics is slow, and for a large class of initial product
states, memory of the initial conditions is retained at
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arbitrarily long times. This case is indicative of a transition
in the quantum dynamics of the system.

Motivated by these results, in the following, we analyze
the structure of the eigenstates of the Hamiltonian in order
to collect information about the dynamical properties of the
model, both for finite system sizes and in the thermody-
namic limit.

A. Symmetries of the quantum East model

Since the Hamiltonian is identically zero on the empty
string |0...0), for open boundary conditions, the Hilbert
space splits into blocks that are not connected by the
dynamics. Each block is determined by the position of
the first occupied site; i.e., the kth block corresponds to the
subspace spanned by all classical configurations that start
with a string of k — 1 zeros followed by a 1.

In the following, we mostly focus on the dynamics of a
single block, with N (dynamical) sites to the right of the
first occupied one. The position of the latter naturally
introduces an edge, and the effective Hamiltonian on the N
dynamical sites to its right reads

HY = - (e ‘of — 1) ——Zn oi—1). (3)

Since [H", 6] = 0, the Hamiltonian in Eq. (3) can be further
divided into the sum of two commuting terms HY =
HY' @ I, + HY-! @ Ty, where IT* = (1 £6%)/2 are
single-site projectors onto |+) = (|0) & [1))/1/2, the eigen-
states of ¢*, and

HY' = ——(e7of - 1) -

N =
NI'—‘

N—
Z et = 1)
1

— (e = 1), 4)

In the rest of the paper, we study and discuss the properties of
the Hamiltonians in Egs. (1), (3), and (4).

B. The special case s =0

At the RK point, s = 0, the Hamiltonian (1) has an
additional symmetry. It can be written as a sum of
projectors H =), n; ® II7, |, which, in addition to the
empty string, also annihilates a string of |+) states. Thus,
the Hilbert space splits further into blocks determined by
the lengths m and n of, respectively, the leading empty
string and the trailing string of |+). Hence, the eigenstates
have the form |0)®"|1)[y"#)|—)|+)®", where Ny is the
length of the dynamical part of the (m, n) block, and [y)
is an eigenstate of the corresponding effective Hamiltonian,

Np—1
HY%) =TIy + Y m @ I + ny,. (5)
i=1

III. GROUND-STATE LOCALIZATION
PHASE TRANSITION

We now show that the ground state of the quantum East
model (4) is localized when s > 0. Namely, in the ground
state of a block of (dynamical) size N, the probability of
finding an occupied site is exponentially localized in the
neighborhood of a certain position, and the state becomes a
trivial product state further away, as depicted in Fig. 4. The
localization length £ can be extracted already at small sizes,
accessible by exact diagonalization, by analyzing the
expectation value in the ground state of the local operator
n; as a function of the position k. This case is shown in
Fig. 2 for the ground state of Hﬂ\r’, with N = 15. For s < 0,
we observe an almost homogeneous occupation, indepen-
dent of the system size and the value of s. For s > 0, in
contrast, the occupation decays fast with the distance to the
edge, with faster decay as we increase s. We find that the
results can be fitted by assuming an exponential decay,

() ~ eI (6)

and the localization length £ from the fit captures the phase
transition at s = 0. Indeed, we find that the value of &
diverges as s = 0 is approached from the positive side,
according to £ o s7¥ with v = 0.533 £ 0.006 (see inset of
Fig. 2). These results hold for the ground state of HY in
Eq. (4). We observe the same qualitative behavior for the
ground state of HY. Indeed, both Hamiltonians differ only

10—2_ ..%

10—9-
6 1 5
107161
1
2
®
®
10799 /0 oam

—-0.5 —=0.20.0 02 05

1
® s5=10 O s=03 O s=-02
© s=05 O s=01 ® s=-05
FIG. 2. Localization of the ground state for N = 15. The main

plot shows the single-site occupation (n;) as a function of the
position in the chain k. For positive values of s, the probability of
finding an occupied spin is exponentially suppressed as the
distance from the left edge increases. Inset: We fit the function (6)
and plot the inverse of the localization length £ as a function of
the control parameter s.
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FIG. 3. Superexponential localization of the ground state. We

plot the behavior of (n;) in double-log scale versus log scale. A fit
of the form log(n;) o k* (dashed lines) yields a ~ 1.3, indicating
a superexponential decay. The result from a perturbation theory
calculation at large s (crosses), without free parameters, shows
good agreement with the numerical data.

in the last site, Hﬁ — HY = —e~*ny, with the difference
decreasing fast for s > 0.

The form in Eq. (6) provides a good fit of the numerical
data for the occupation, but a more detailed look at
our numerical results suggests, in fact, a faster-than-
exponential decay, as shown in Fig. 3. Indeed, in the
Appendix B, we show that for large s, perturbation theory
provides an approximate decay of the form (n;) ~
(e75/i1)? ~ e~'lo2l)  As can be seen in Fig. 3, this result
is in good agreement with the numerical data.

In Fig. 4, we provide a cartoon picture of the ground
state, which for s > 0 is localized near the edge. The spatial
structure of the GS revealed by these studies can be
understood in light of the adiabatic theorem. Away from
the phase transition, which happens at s =0 [88], the
system is gapped, and we can apply the adiabatic theorem

10) 10) [0) 1)

jas?) 0) 10) 10)

FIG. 4. Sketch of a superspin. For positive values of s, the
ground state is exponentially localized near the first occupied
spin. The empty sites on the left of |1) are not dynamical. If we
complete the state with |0)’s on the right, we obtain a good
approximation of the ground state of the Hamiltonian (1) in the
thermodynamic limit.

to connect the ground state to the noninteracting one at
s — oo. The latter corresponds to the product state with
only the first site occupied, |10, ..., 0+). Within the gapped
region, the evolution with the adiabatically changing
Hamiltonian will dress the initial site with an exponential
tail like the one shown in our numerical results and depicted
in Fig. 4.

This phenomenon is not exclusive to the quantum East
model. As we discuss in Sec. VII and demonstrate in
Appendix A, there is a generic class of constrained
Hamiltonians, including Eq. (1) as particular case, for
which the ground state is exponentially localized.

IV. EIGENSTATES FOR LARGE SYSTEM SIZES

Given the localization properties of the ground state
discussed above, and the peculiar form of the Hamiltonian,
in this section, we provide an ansatz for the ground state
and some excited states of finite energy density at arbi-
trarily large system sizes. These constructions rely on a few
simple assumptions, and they are not limited to the
quantum East model. Indeed, each Hamiltonian that
belongs to the class defined in Appendix A will show
similar properties.

A. Ground state for large system sizes

Consider the normalized state
[Wo(L; N)) = |GSY) @ |0)®E-N+D), (7)

where |GSY~!) is the ground state of the Hamiltonian
HY=! (4), supported on N —1 sites, HY '|GSY!) =
E%|GSY~!). We want to show that, in the localized phase,
|¥o(L;N)) is close to the ground state of H- in Eq. (3),
supported on L sites. In Appendix C, we demonstrate that
the only contribution to the energy variance comes from the
boundary term between |GSY~!) and the string of empty
sites. By using HY~! — H¥=! = —¢=*ny_, from Eq. (4), it
can be easily seen that neither the mean value nor the
variance of the energy evaluated in |¥y(L; N)) depends on
L, taking the simple form

(HEhy, = ) + 3¢5, (8)
=25
(AHL)y, = % [5 - ;52] : 9)

where we have defined & = (GSY~!|ny_|GSY™1).
Equations (8) and (9) show that both the mean energy
and the variance of the state |¥y(L;N)) (supported on L
sites) can be estimated from the knowledge of |GSY™!)
(supported on N — 1 < L sites). For small values of 6,
namely, when the last spin of |[GSY~!) is close to |0), the
state [¥y(L; N)) is close to an eigenstate of H” for any L.
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Ascan be seen in Fig. 2, this is precisely the case when s > 0.
Equation (9) also shows that the quantity 6 fully quantifies
the energy variance of the extended state. Accordingly, as
long as the variance is smaller than the gap (which is sizable
already for small positive values of s and for all system sizes),
we expect that the state | ¥, (L; N)) approximates the ground
state of the Hamiltonian, independently of L.

Notice that the form of Eqgs. (8) and (9) is also valid [with
the £ in Eq. (8) replaced by the appropriate energy] if the
factor |GSY~!) in Eq. (7) is replaced by any other eigenstate
of Hﬂ‘[‘l. In Sec. VI, we use § as a figure of merit for
quantifying the number of eigenstates that admit an
extension like the one in Eq. (7), with small variance.
We show that, for positive values of s, the property above is
shared by several eigenstates of the model and not only by
the ground state.

B. Excited states for large system sizes

As we have shown above, by combining the ground state
of small systems and strings of empty sites, it is possible to
approximate ground states for large system sizes. The
construction utilizes two particular ingredients: the locali-
zation properties of the ground state and the fact that the
Hamiltonian annihilates a string of empty sites. In this
section, we construct an ansatz for excited states based on
similar ideas. Suppose |¢¥) is an excited state of H in
Eq. (3) supported on M sites, such that HM |pM) = EM|pM).
The state

¥ (L;N)) = |GSY™1) @ |0) ® [1) @ [¢¥)  (10)

(suchthat L = N + M + 1) exhibits similar properties as the
one defined in Eq. (7). More precisely, as in the previous case,
the only contribution to the energy variance comes from the
boundary term between the ground states and the empty site
and is given by Eq. (9). The corresponding expectation value
of the energy is E = ES + EM + ¢7%5/2.

Notice that the states in Eq. (10) can be arbitrarily close
to an eigenstate of H* in Eq. (3) as long as § is small
enough. Since the typical energy gap between two neigh-
boring eigenstates in the middle of the spectrum for a
generic Hamiltonian supported on L sites scales as 2%, in
order to provide accurate approximations, 6 needs to
decrease at least as fast. As illustrated by Fig. 3, 6 decays
superexponentially, 6 ~ exp(—N log N), which implies that
Nlog N Z L will be enough to satisfy that condition. For
very large system sizes (L — o0), this result can be
achieved if the ground state occupies a fraction of the
sites N/L approaching zero. Therefore, the fraction M/L
of sites that can be occupied by an excited state approaches
1 as we increase the system size. As M becomes larger, the
states |¢¥) can reach higher energies, leading to any finite
energy density for the states |¥.(L;N)).

For more generic models such as the ones discussed in
Appendix A, we prove that the energy variance decays

exponentially. Hence, we can construct nonthermal states
such as the ones discussed above up to some finite (albeit
not arbitrarily high) energy density.

It is worth stressing that the approximate eigenstates
|¥.(L; N)) are nonthermal and, as long as M = O(L), they
are exponentially many in system size L. More precisely,
for any given N, there are 2¢-(V+1) states of that form:
a fraction 2=(N*1) of the total number of states in
Hilbert space.

1. Exploiting the maximally excited state

The construction we just described provides an explicit
way of addressing excited states at large system sizes by
using eigenstates from smaller sizes. In general, never-
theless, states of the form (10) do not need to fulfill an area
law of entanglement, even if the leftmost N sites are always
in a product state with respect to the rightmost M + 1 sites
of the system, because a highly excited eigenstate |¢¥)
may have volume-law entanglement. Thus, the description
of |¥.(L; N)) may require exponential resources. However,
there is at least one interesting exception to this situation,
when the excited state |¢) corresponds to the maximally
excited state of the Hamiltonian HY in Eq. (3) or,
equivalently, the ground state of —H™, which also admits
a MPS approximation.

If we choose |¢¥) in Eq. (10) to be the maximally excited
state |pM,.), we obtain an area-law state |¥,.(L;N)),
with energy E = EY + EM, + ¢75/2. Since we expect
EM . ~O(M), as long as M = O(L), the resulting
|¥ max (L; N)) has finite energy density. Moreover, its energy
variance is (AH™) < §; thus, in the localized phase, it can be
made arbitrarily small by increasing N, and the construction
can provide approximate eigenstates.

From the exact diagonalization results above, we know
that even for small system sizes, § quickly reaches machine
precision, at least exponentially fast in N. This result means
that, even for modest N, its value becomes negligible in the
construction above. This case immediately suggests an
efficient numerical algorithm to construct quasiexact,
highly excited eigenstates for system sizes much larger
than the ones allowed by exact diagonalization since we can
use variational MPS methods to find the ground states of
HY and —HM for chains of several hundred sites with
extremely good precision [87].

Figure 5 illustrates the construction for a chain of size
L = 30. In particular, we show the energy variance and
occupation distribution of MPS approximations to excited
states, found numerically as described in Sec. VID. For
s >0 and small energy densities, for which the MPS
provide almost exact eigenstates, we observe that their
spatial profile indeed agrees with that of the analytical
construction presented in this section. Moreover, for s > 0,
the construction yields energy variances close to machine
precision over practically the whole range of energies,
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FIG. 5. Energy variance (left panel) and single-site occupation
expectation (right panel) of MPS approximations (D = 50) to the
excited states for L = 30 sites. (Left panel) For small values of
the energy densities and s > 0, the MPS approximations are close
to machine precision. The black edge indicates the MPS with
variance below 1073, For such states (right panel), we observe
that the spatial distribution of the single-site occupation corre-
sponds to the profile of the analytical construction in Eq. (10).

where the direct MPS search is far from reaching an exact
eigenstate.

V. SUPERSPIN PICTURE

Here, we exploit the results from previous sections to
engineer a large class of states with small variance. The
basic idea is to concatenate several blocks of N + 2 sites,
each of them in one of two mutually orthogonal states,

0)= 022, ()= ®[GSY) ®[0). (11)
We identify the subspace spanned by these two vectors with
the Hilbert space of a superspin. For a system of size L, we
can thus construct 2%/(N+2) orthogonal states |5) € {|1),
|0) }®L/(N+2) " All such states fulfill an area law and can be
approximated as a MPS insofar as |GSY) can.

The states in this set retain long memory of their initial
conditions and stay weakly entangled under time evolution,
as we will see in the following subsections. The key
dynamical property that we exploit is their energy variance,
which can be easily computed using the same procedure as
in Sec. IVA. Since |0) blocks do not contribute to the
variance, the only contributions come from blocks in |I),
and they correspond to the value computed in Eq. (9),

(AH); = §:<AHk>lvg = M<AHN>1P3V <Ms, (12

k=1

where the index k runs over the positions of the occupied
superspins and M is the Hamming weight of |3). It is
important to stress that M is potentially unbounded in the
thermodynamic limit, in which case the variance becomes
unavoidably large.

The energy can also be easily computed,

(H); = M(E + ¢755/2). (13)

Equations (12) and (13) show that if M is chosen
appropriately, we can construct states with high energy
and exponentially small variance in N. However, notice
that, as we want states with small energy variance, we need
to introduce limitations on the values of M.

From Eq. (12), note that the variance of the superspins
cannot exceed the value SL/(N +2) <27NVoeW)f /(N +
2) < 27NL/(N + 2) since, for any given superspin, we can
accommodate at most M = L/(N + 2) occupied blocks.
Clearly, we have the freedom of choosing N at will.
However, the choice will affect the variance of the super-
spins and the dimension of the Hilbert space spanned by
them. It is illustrative to mention a few interesting cases.
() If N~logL? with > 1, then the state with M
occupied superspins can have a large variance, exponen-
tially larger than 27%: (AH); < L' /log L”. The dimen-
sion of the corresponding Hilbert space is of the order
2L/Tgl” (ij) An opposite scenario is when N ~ L/ log L. In
this case, the variance is small, (AH); < 27t/1°el]og L,
but the dimension of the Hilbert space is linear in L. (iii) An
interesting intermediate example consists in N ~ L%, with
0 < a < 1. Here, the variance is (AH); < L'=%27L°  and
the dimension of the Hilbert space scales as 2=, which is
subexponential in system size. In the following section, we
will show how the variance of an initial state can be used to
quantify its slowness. The superspin picture provides a
flexible platform where one can choose the appropriate
trade-off between the dimension of the Hilbert space and
the dynamical activity of the superspin vectors that span it.

A. Dynamical properties of the superspin states

The memory of the initial state during time evolution
admits a general bound based on the initial energy variance.
For an initial state |y,), we define the overlap [89]

a(t) = [(wolw,)|* = Tr(pop,). (14)

where |y,) is the state at time ¢ and p, = |w,)(y,| the
corresponding density matrix. Using the Cauchy-Schwarz
inequality,

\d SO o 1l e Hll1

dr?

= \J4(AH), (AH), =2(AH),.  (15)
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where ||-|| denotes the Frobenius norm. In the second
line, we used the fact that for the commutator with the
Hamiltonian, this norm does not depend on time.
Exploiting Eq. (15), we can compute the memory of the
initial state as

) -a0) = | [ [ drae

t T
<2(AH),, A A drdr, (16)

which leads to the bound

a(t) > 1 - (AH),, 2, (17)

where we used a(0) =1, (da/dt)|,_, = 0,and a(r) < a(0).
Equation (17) is a general bound on the memory of a time-
evolved state based on the energy variance of the corre-
sponding initial state.

Equation (17) can be used to bound the growth of the
entanglement entropy of an arbitrary subsystem. According
to the Fannes inequality, for any pair of density matrices
M, M,, of dimensions D x D [90],

IS(M,) — S(M>)| < 2T log(D) — 2T log(2T),  (18)

where T =3||M, M, ||, =3Tr[\/ (M, —Mp)(M, ~M,)']
is the trace distance between both matrices and S(M) =
—Tr[M log(M)] is the von Neumann entropy. We can apply
Eq. (18) to the reduced density matrix of a subsystem at the
initial time and after evolution [91]. Given some partition
H ="H, ® Hp of the Hilbert space, let us define the
(time-dependent) reduced density matrix o, = Trg(p,).
Contractivity of the trace norm ensures

1 1
Flloc=oolly <5 llpi = polly <14/ (AH),,. (19)

where, in the second inequality, we used

Sl =rolli = /1= ol = VT=al) (20

and Eq. (17). Notice that Eq. (19) sets an explicit bound on
how fast the expectation value of any local observable can
change when starting from a superspin state.

By plugging Eq. (19) into Eq. (18), we can bound the
growth of the entanglement entropy as

1S(01) — S(o0)| < 211 /(AH), log (ﬁi}%) @)

Equation (21) provides a general bound on the growth of
the entanglement entropy of a subsystem based on the

energy variance of the initial extended pure state and the
dimension D of the subsystem.

The bounds on the memory of the initial state in Eq. (17)
and the growth of the entropy in Eq. (21) can be
straightforwardly applied to the superspins |5), defined
in Sec. V. In the particular case when p, = |3) (5| (supported
on L sites), we can bound the memory of the initial
conditions by using Eq. (17) and (AH); < MS4. Namely,

|(3(1)[35(0))]* = 1 = P M. (22)

Accordingly, if we take o, to be the corresponding reduced
density matrix for a region of N < L sites, D = 2V. The
bound in Eq. (21) then reads

1S(6,) = S(o0)| < 20/ MB(N log(2) — log (2t7/M5)).
(23)

In the previous sections, we showed that in the localized
region, 0 decreases exponentially with N. As a conse-
quence, if M is sufficiently small, Eqgs. (22) and (23)
provide strong bounds on the dynamics of |5). Specifically,
in order to erase half of the memory of the initial state,
ie, |(5(r)[35(0))]> < 1/2, the dynamics needs at least
exponentially long times in N, t* > (M§/2)~"/2. At the
same time, for entangling a subregion of size N, i.e.,
2t/ M6SN ~ 1, the time evolution necessitates exponential
times of the order t* ~ (2Nv/M5)~!. We conclude that the
dynamics of the states |3), in order to entangle a subregion,
requires exponentially long times in the subsystem size.

The states |5) can then be seen as an orthonormal set of
quasiconserved area-law vectors, and any superposition of
them will result in a state whose dynamics at short times is
governed by dephasing only. The superspin picture thus
provides an effective description of a subset of the Hilbert
space in the thermodynamic limit, which evolves slowly in
time, is weakly entangled, and is efficiently simulable.

The results in Ref. [43] can be reinterpreted from a
superspin point of view. It was numerically argued there,
for the case of periodic boundary conditions, that for certain
product states, the dynamics exhibits a slow growth of the
entanglement entropy, exponential in system size. The
slowness of the state was quantified by the number of
empty sites following an occupied one. Since the previous
statements about the energy variance of |5) do not depend
on the boundary conditions and, as argued in Sec. III, the
block ground state for s > 0 is very close to the product
state [1000...), the bound in Eq. (23) gives a rigorous
interpretation of the previous numerical observations.

1. Extensions

The superspin construction described above can be made
more general in several ways. On the one hand, a larger set
of states can be constructed by allowing not only the ground
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state but also (sufficiently localized) excited states as build-
ing blocks |¢¥). In Sec. VI, we show that such excited states
do actually exist. On the other hand, by combining the
superspin picture with the excited-state construction in
Sec. IV B, we can also construct states with finite energy
density. Namely, we can construct states |S) = |3) ® [¢pM,,)
with energy (H)g = M(E + ¢7%8/2) + EM,, and energy
variance (AH)g < MS4. By increasing M, the energy density
can be increased but at the cost of reducing the dimension of

the superspin subspace to 2(L=M)/(N+2),

VI. NONTHERMAL EXCITED STATES IN SMALL
SYSTEM SIZES

In the following, we explore the properties of the whole
Hamiltonian spectrum using exact diagonalization for
small system sizes. The results indicate a substantial change
in the properties of eigenstates across the spectrum in the
region s > 0. In particular, in this region, many localized
eigenstates can be found, beyond the ground state, which
can be used in the constructions of the previous sections.

A. Entropy of the exact eigenstates

Since eigenstates of the Hamiltonian incorporate all the
information about the dynamics of the system, their
entanglement entropy is often used as an indicator of the
associated dynamical behavior. In Fig. 6, we show the
entanglement entropy in the middle of the chain of N = 14
spins from exact diagonalization, for two values of s. For
negative s, the entanglement entropy of eigenstates exhibits
behavior compatible with a thermalizing system—apart
from the extremes of the spectrum, most of the eigenstates
have large entanglement, almost saturating the upper bound
given by the system size. In contrast, for positive values of
s, a considerable number of excited eigenstates have low

—EN).

min

(BN — EX ) /(EY

FIG. 6. Entanglement entropy of the eigenstates vs energy
density, N = 14. In the two regimes of positive and negative s,
the entanglement entropy of the eigenstates in the middle of the
chain shows abrupt changes from normal eigenstates at s = —0.5
to anomalous eigenstates, where many of them have small
entropy in the middle of the spectrum at s = 0.5.

entanglement, which is an indication of nonthermal eigen-
states and reminiscent of the quantum scars found in the
PXP model [64]. However, here we observe this behavior
for a much larger number of states.

In order to collect detailed information about the dis-
tribution of the entanglement along the spin chain, we
compute, for each eigenstate, the entanglement entropy
with respect to all possible cuts of the chain, S; = S(p;),
where p; is the reduced density matrix obtained when
tracing out all but the leftmost i spins. In Fig. 7, we plot the
entanglement entropy S, and single-site occupation (n;) as
a function of the position of the cut (respectively, the site) i
for all eigenstates in the case s = 0.5 and N = 15. The
figure suggests a peculiar heterogeneous entanglement
structure of a significant number of eigenstates, for which
both quantities decay exponentially as the cut moves to the
right. In other words, for many eigenstates, the spins far
from the left edge are almost in a product state with the rest
of the system, and the corresponding sites are almost
empty. These results are qualitatively similar to the ones
discussed in Sec. III, where we analyzed the localization
properties of the ground state.

B. Small-6 eigenstates

We diagonalize the Hamiltonian HY in Eq. (4) for
different system sizes N and values of s. Given the set
of eigenvectors, we consider the probability distribution of
the last site occupation § = (ny), the parameter that, as
discussed in Sec. IVA, quantifies the variance of the
extended states |¢Y) ® |0...0). Figure 8 shows the histo-
gram of the corresponding probability density function
PDF(5). Notice that, for positive values of s, many

eigenstates exhibit surprisingly small values of .
101 ] 101
1071 L10—4

=y i
10 N _10—9
-5 |
0 N0RE
10—7 J
.10—19
10—9 J

135791113 135791113
? l

FIG. 7. Entanglement entropy and local occupation as a
function of the position on the chain. For several eigenstates,
both quantities decay exponentially with the distance to the left
edge. The labels in the entropy plot indicate the indices of (some
of) the eigenvectors ordered by increasing energy. Colors indicate
the energy of the eigenstates from purple (low energy) to red
(high energy). The figures show data for s = 0.5 and N = 15.
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PDF (5)
N =12

FIG. 8. Probability density function of 8, log-log scale. For any
given eigenstate, we compute the expectation value of the
projector onto occupied site ny. As in the previous cases, the
distribution is strongly peaked for negative values of s, and it
develops very long tails for positive values.

Namely, there are several eigenstates |¢Y) such that the
energy variance of the state |¢Y) ® |0...0) can be bounded
by extremely small values.

In order to quantify the number of eigenstates with small
0, in Figs. 9 and 10, we consider the cumulative distribution
function CDF(§5). In particular, in Fig. 9, we observe an
abrupt change from negative values of s, where most of the

CDF (5)
F1of
.1071
.1072
_1073
.1074
0.0 0.5 1.0 1071 1076 107!
o s=20 s=0.5 s=—0.2
o s=1.0 s=0.3 o s5s=-0.5

FIG. 9. Cumulative distribution function of 6. We use the same
data as in Fig. 8. The CDF shows a steep curve for negative values
of s, where most of the eigenstates have large values of (ny).
When s is positive, the CDF shows fat tails extending to values
close to machine precision. For large enough values of s,
the fraction of eigenstates with small (ny) seems to be size
independent.

CDF (4)

100.
10—1-
10—2-
107344

100.
1071.
1072.
1073.

T T m : T
10-t 107t 107
FIG. 10. Energy-resolved cumulative distribution function of o.
We split the eigenstates in four equal-size energy intervals,
ordered by growing energy. Most of the eigenstates with small
o0 are concentrated at low energy. For the largest s = 2, the count
for eigenstates with small § increases at all energies.

eigenstates have large values of § to positive s, where more
and more eigenstates have very small values. For the sizes
accessible by exact diagonalization, the fraction of eigen-
states with small 6 does not seem to depend on the size of
the system. In Fig. 10, we show the energy-resolved CDF.
In particular, we divide the spectrum in four intervals of
equal energy width, which we number in order of increas-
ing energy. The figure shows that most of the small-6
eigenstates are concentrated in the lower part of the
spectrum, in agreement with the results in Fig. 7. As s
increases, we observe that the number of eigenstates with
small 6 values grows for all energy regions, as we indeed
expect from the discussion in the previous sections and the
smaller localization length.

C. Geometric entanglement

The geometric entanglement of a state, defined as its
minimum distance to a product state, also provides inter-
esting insights about the properties of the eigenstates.
Given a pure state, the geometric entanglement can be
found by maximizing its overlap with a product state.
Although it is possible to solve this optimization problem
with exact or approximate numerical algorithms, in our case
this is unpractical since we need to repeat the calculation for
each eigenstate. Instead, we apply a simpler one-sweep
truncation strategy to construct an approximation to the
closest product state. Namely, for each eigenstate, we
sequentially perform a singular value decomposition with
respect to each cut of the chain and keep only the largest
singular value for each of them. The resulting product state,
once normalized, provides a lower bound to the maximum
overlap.

In Fig. 11, we plot the probability density function (over
all energy eigenstates) of this estimate for the maximum
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FIG. 11. Probability density function of the estimated maximal

overlap with a product state. For negative values of s, most of the
eigenstates have a small overlap with product states. For positive
values of s, the distribution develops long tails: Many eigenstates
have considerably large overlap with product states. Data are
shown for N = 15.

overlap. For negative values of s, most of the eigenstates
have a small overlap with product states (as expected for an
ergodic system). For positive values of s, the distributions
develop a fat tail towards small values of ¢, indicating that
many eigenstates have a large overlap with product states.

An alternative view of this feature is demonstrated in
Fig. 12, which shows the value of the overlap for each
eigenstate, as a function of the corresponding o (left panel)
or energy density (right panel). Small values of & are
strongly correlated with large—order O(1)—overlaps with

[{¥plt)e)
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107!
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FIG. 12. Scatter plot of the overlap with product states vs & (left

panel) and energy density (right panel). The states with large
overlaps are mostly concentrated at small energy densities,
although large values can be found everywhere along the
spectrum. We show data for N = 15. In the right panel, only
data points for s = 0.5 are shown.

product states. They are mostly concentrated at small energy
densities, but Fig. 12 shows that large overlaps can actually
be found at arbitrary energy densities.

D. Numerical approximation of nonthermal excited
states for large sizes

The discussion in Sec. IV B indicates the existence of
highly excited states with small entanglement, which can
be written as MPS. We can thus try to find them with
numerical methods. There are several possible variations of
DMRG to try and target excited states [92]. The simplest
one attempts to find the MPS that minimizes the expect-
ation value of the operator W = (H — 1)?, where 1 is the
target energy of the desired states. Since H is a matrix
product operator, W also has that form, and the minimi-
zation can be run efficiently with standard MPS algorithms.
We use this tool to probe the whole energy spectrum for
eigenstates that can be approximated by MPS.

In the numerical study, we fix the system size to L = 30
and the bond dimension to D = 50. For several values of s,
we then collect 300 data points, uniformly distributed in
energy (excluding the edges of the spectrum). In Fig. 5 (left
panel), we show the energy variance as a function of the
energy density. We observe that, for s > 0 and low energy,
the algorithm produces MPS with variance close to
machine precision. Figure 5 (right panel) shows the profile
of the expectation value of the single-site occupation
number (n;) as a function of the site i. At low energy
densities, and positive s, the optimization finds states with a
structure that resembles |¥,..), with exponentially
decreasing occupation from the left edge to the right until
a certain site, where the occupation abruptly increases to
stay close to 1 until the right edge. In Fig. 5, we mark with a
black circle the states with energy variance smaller than
1078, We find that all the states with small energy variance
have an exponential tail that starts from the left edge.
According to our analytical construction in Sec. IV, the
position of the jump should correspond to the energy of the
state. For large energies, such construction becomes harder
to capture, and the optimization is forced to search for a
trade-off between accurate target energy or small energy
variance. Notice that our optimization is not tailored to
search for this specific construction, as each run starts from
a random initial MPS.

VII. DISCUSSION AND GENERALIZATIONS

From the detailed study of the quantum East model, we
have shown that for a broad class of constrained quantum
Hamiltonians, there is a phase in which the (occupation of
the) ground state is localized, and correspondingly slow
dynamics arises. The quantum East model, specifically, is
known [86,87] to have a first-order quantum phase tran-
sition at the critical point s = 0. Here, we showed that, in
correspondence to the phase transition point, the ground
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state undergoes a localization transition from completely
delocalized to superexponentially localized (s > 0). We
showed how this ground-state transition leads to a sharp
change throughout the spectrum from a fast dynamical
phase at s <0, where ergodicity is established quickly
under unitary evolution, to a slow dynamical phase at
s > 0, where thermalization is impeded. We provided
rigorous results about the dynamical consequences of this
transition, focusing on the behavior in the slow nontherm-
alizing side.

A. Summary of the results

In the following paragraphs, we explicitly compile the
main results of our work, as well as their connections to
other models and possible generalizations. By combining
analytical arguments, exact diagonalization, and tensor
network methods, we found the following.

(1) For a broad class of constrained models, we proved
that the ground state is exponentially localized. In
this class, the quantum East model is the simplest
example. The localized nature of the finite-size
ground state for s > 0 allows for a systematic
construction of the ground state for arbitrary system
sizes. This construct is very simple—that of a tensor
product of the ground state of a small system with a
completely empty state. Since the second factor is
annihilated due to the constraints, all cost is con-
centrated at the juncture, which the localization in
the first factor makes vanishingly small in the large
size limit.

(i) This procedure can be extended to obtain exact
large-size eigenstates of finite energy density. By
replacing the right factor by an excited state, one can
systematically construct an exponential number of
nonthermal excited states. If the right factor is that of
the eigenstate of maximal energy, the ensuing large-
size eigenstate has area-law entanglement, which
means that there are (at least) polynomially (in
system size) many area-law eigenstates of finite
energy density.

(iii) By generalizing the tensor product construction to
many junctions, we can define an even larger class of
nonthermal states in terms of what we call super-
spins. A state composed of superspins is the tensor
product of several ground states for a finite system of
a fixed size, possibly separated by empty blocks of
the same size; thus, it corresponds to a dressed
occupied spin localized at each occupied juncture.
From the arguments above, if the number of super-
spins scales subextensively with system size, and the
distance between junctions is large enough, such
states become area-law eigenstates in the large size
limit. In contrast, states with an extensive number of
superspins, while they may still have small energy
variance, are not guaranteed to be eigenstates. These

states are still provably slow since the evolution of
all the correlations, observables, and entanglement
entropy starting from them can be bounded by the
magnitude of their energy variance.

Even if a generic state may still thermalize (i.e.,
we cannot claim nonergodicity of the system in the
thermodynamic limit), we proved that there exists
an exponentially large family of product states—
experimentally easy to prepare—which retain long
memory of initial conditions. They take exponen-
tially long times to entangle a small subregion, and
in some cases, they do not thermalize at all. These
are the states that underpin the slow dynamics of
the model.

(iv) We performed extensive numerical results for small
systems obtained with exact diagonalization, as well
as for large systems using tensor networks. In
particular, we considered several quantities of inter-
est, such as the entanglement entropy of the eigen-
states and the distributions of their last site
occupation and of their maximal overlap with a
product state. The statistical analysis shows that
many eigenstates exhibit atypical behavior, signal-
ing the presence of nonthermal dynamical properties
that go far beyond our analytical constructions.
These properties confirm, for small sizes, the sin-
gular change throughout the whole spectrum as one
varies the parameter s from negative to positive.
Although all of our analytical constructions rely
solely on the localization of the ground state, our
numerical studies indicate that many other eigen-
states have similar localization properties. This
result suggests that the classes of nonthermal eigen-
states and superspin states that we discussed above
may be further extended by making use of localized
excited states from small system sizes.

B. Generality of the mechanism

By the term “localization,” we mean that the density of
occupied sites is localized in the neighborhood of a certain
position. What we uncover here is not limited to the
quantum East model. Our findings reveal a general mecha-
nism for a broad class of models that induces exponential
localization to their ground state and, consequently, non-
thermal dynamical features in the thermodynamic limit.
In particular, in Appendix A, we proved exponential
localization of ground states belonging to a class of models
that includes textbook examples such as simple spin
Hamiltonians with nearest-neighbor interactions of the
form H =3, J,.0i07, + Joi07,, + J.07 + J.07.

C. Extension to higher dimensions

From classical KCMs [79], we know that qualitative
features are not very dependent on dimensionality. It is
natural to study the quantum generalizations of KCMs in
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FIG. 13. Single-site occupation of the quantum North-or-East
model ground state with s = 0.01 on a 10 x 10 lattice. The low-
entanglement structure allows us to perform accurate DMRG
calculations [94]. Even for small values of s, the ground state
exhibits strong localization.

higher dimensions, e.g., the quantum North-or-East model
(see, e.g., Ref. [7]), which extends the East model con-
straint to two dimensions. Our DMRG calculation for the
quantum North-or-East model [93] on a 10 x 10 lattice
shows that the ground state remains localized even for
small positive values of s (see Fig. 13). This result suggests
that these two-dimensional KCMs should also display slow
dynamics and a prominence of nonthermal states like the
ones uncovered here for the quantum East model, therefore
being candidates for disorder-free quantum systems exhib-
iting nonthermalization in higher dimensions.

D. Comparison with other constrained models

It is natural to compare the particular dynamical features
we have discovered to those of other constrained models
studied in the literature. First of all, the PXP model [95,96],
a constrained system known to thermalize [97] for typical
states, exhibits a number of quantum scars—excited states
that fulfill the area law of entanglement. The PXP con-
straint allows spin-flips only when two nearest neighbors
are in the down state, in contrast to the “one-spin facili-
tation” (albeit directional) of the quantum East model. The
PXP constraint is thus stronger than that of the East model,
and as a consequence, in one dimension the state space
breaks into exponentially many dynamically disconnected
subspaces. On the other hand, as we explained above, in the
East model (with appropriate boundary conditions), all
states are connected. Thus, a weaker constraint in the
quantum East model gives rise to stronger dynamical
features, associated with the fact that regions devoid of
occupied spins are locally frozen—yet still dynamically
connected—a feature we exploited in the construction of

nonthermal states. Notice also that the localization of the
ground state that we have identified as a crucial ingredient
for the nonthermal features in the quantum East model is
not present in the scar states that inhibit thermalization [64]
in the PXP model. As we showed above, it is in fact such
localization that induces the presence an exponential
number of scarred states in the system size and even the
broader family of superspin states.

A second class of models worth mentioning are those
with fracton excitations, e.g., Refs. [48-58]. In fact, this
field of research started with Ref. [48], which generalized,
to the quantum realm, preexisting plaquette spin models of
glasses [83,98,99], just like the quantum KCMs we study
here are quantum generalizations of classical glassy KCMs.
As in the classical case, while there are connections
between fracton models and quantum KCMs, there are
some important differences. The models we consider have
explicit kinetic constraints, while for fractons [48-51]
constraints are effective. This difference has significant
consequences. Effective constraints are “soft” in the sense
that they only partially prevent certain transitions, in
contrast with the explicit “hard” constraints of the East
model and its generalizations, which cannot be broken. For
example, these differences change the nature of the phase
transition of their ground states (which for some fracton
models [100] can be inferred from the study of large
deviations in the classical stochastic setting [101]).
Nevertheless, fracton models such as the Haah code
(i.e., so-called type II [53,58]) may display similar physics
to that of the quantum East model. For example, the
heuristic arguments used in Refs. [50,52] to suggest
super-Arrhenius relaxation at finite temperature in those
models may also apply to the quantum East since they posit
a mechanism for relaxation that is the same as in the
classical models. What would be more interesting is to
explore whether the exact (in the thermodynamic limit) and
fully quantum construction of excited states we present
here can be translated in some manner to those models.

More generally, it is important to distinguish the
mechanisms for the emergence of nonthermal excited
states—and concomitant slow dynamics and potential
nonergodicity—that we have uncovered here from those
based on what recently has been dubbed “shattering of
Hilbert space” [52-57]. For the quantum East model and
the boundary conditions we considered (see Sec. II), the
dynamics connects all the states in Hilbert space.
Furthermore, the nonthermal excited states that we find
become exact only in the limit N — 0. In other words, the
change throughout the spectrum from s < 0 to s > 0 has
the character of a true phase transition, not occurring at
finite N but in the thermodynamic limit.

Classically, the issue of fragmentation of configuration
space for Markov generators of stochastic dynamics with
constraints is well understood [78]. Before establishing
whether or not a KCM dynamics is ergodic, it is necessary
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to understand if the constraints make the generator reduc-
ible—namely, whether there are regions of configuration
space that are disconnected by the dynamics at any finite
system size. When a dynamical generator is reducible, there
can be an apparent breakdown of ergodicity simply by
starting with an initial condition that has weight on
disconnected sectors. However, reducibility should not
be confused with nonergodicity, which deals with diverging
relaxation times within a single connected irreducible
sector and which occurs in the large size limit only. For
the quantum case, similar considerations may apply. Our
results for the quantum East model show the emergence of
a nonthermal behavior, which becomes exact in the large
size limit, within an irreducible sector. (For further dis-
cussion on these issues, see also Refs. [102,103]).

VIII. FUTURE DIRECTIONS

The slow dynamics of the East model is a first-order
phenomenon—cf. the transition in the ground state. It is a
consequence of having spatial coexistence of two very
different kinds of dynamics. In other words, since a region
with no occupied spins is locally stable, it can only be
relaxed starting from the interface with an active region.
While here we explicitly studied the spectral properties of
the East model with open boundaries, we expect to find
similar slow characteristics in the case of periodic boun-
daries and for other one-dimensional models with similar
constraints, such as the quantum “two-spin facilitated”
Fredrickson-Andersen model (FA) [44,78] (a one-spin
facilitated model but with a symmetric constraint).

Finding new and broader classes of nonthermal states
might give insightful information about the emergent slow
dynamics we observe for small system sizes and, more
importantly, could address the question of ergodicity break-
ing. Along the lines of our constructions, one possible
direction includes the characterization of excited states for
smaller sizes in order to promote them to fundamental
building blocks for eigenstates at larger sizes in other
systems. Their characterization may also contribute to the
understanding of the dynamical properties of their classical
counterparts. The generalizations discussed above open a
number of possible directions of investigation, which include
the following: (i) breakdown of ergodicity due to kinetic
constraints for disorder-free models in one and higher
dimensions, (ii) exploration of the corresponding dynamical
transition and the concomitant singularity in the eigenstates,
(iii) finding physical implementations where these phenom-
ena can be observed, and (iv) extension of the results in
Appendix A about the localization of ground states to higher
dimensions and to models with different types of constraints.
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APPENDIX A: LOCALIZATION OF THE
GROUND STATE FOR GENERALIZED
EAST MODELS

In this Appendix, we present 1D models that possess
localized eigenstates. We consider a chain of qubits, with
Hamiltonian

H= ni(0; + eX;), (A1)

-

i=—N

where n; = |1)(1], acting at position i, and Q; and X; act at
positions i+ 1,...,1 + L,y respectively, and fulfill the
following conditions: (i) Q; is classical, in the sense that it
commutes with all n; and has [0)®" as a ground state
(possibly degenerate) with energy E;; (i) X; is Hermitian
and bounded (i.e., ||X;[|,, < ¢ for some ¢), and its minimal
eigenvalue is x; > —E;. We show that there exists some
€0 > 0so that if e < €, then H has localized eigenstates in
the thermodynamic limit N — oco. The set of Hamiltonians
fulfilling those conditions include translationally invariant
ones, where we can take Q; and X; to be independent of i.
Also, we have restricted this discussion to qubits, but the
extension to higher-dimensional systems is straightforward.

Without loss of generality, let us first simplify the notation.
We can take L = max(L,, L,) and consider that both Q; and
X, act on L sites. We can also define X; = X; — x;1 and
Q; = O, + ex;. With these definitions, X; > 0 and the lowest
eigenvalue of Q; is E; = E; 4+ ex; > E;y > 0, where

Einf = inf Ei > 0. (AZ)
Also, we can consider [|X;|[,, <1 by defining ¢ — ¢/c.
From now on, we consider € < E;.

Notice that the class of Hamiltonians in Eq. (A1) includes
simple nearest-neighbor spin systems by defining Q; =
al + bot and X; = c1 + do}. The quantum East model
as described in the paper is one particular instance of this,
witha=(1—-e*)/2,b=0,c=1/2,and d = —1/2.

The ground state of H is the one with all qubits in |0),
and it has zero energy. Note that H > 0 and that whenever
the ith qubit is in state |1), it will add an energy of at least
Eiy > 0. As in the case of the quantum East model
analyzed in the main text, a leading substring of
|0)®V|1), is preserved by the Hamiltonian, so we can
focus on eigenstates of the form
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027 @ [1)o & |y). (A3)
where |y) € H is a vector in the Hilbert space correspond-
ing to the qubits 1, ..., N. In the following, we restrict our
discussion to this Hilbert space, and we are ultimately
interested in the limit N — co. We now define subspaces
So=10)®" and S,=(C)"!'®]|1),®|0)®V 7", ie.,
those that have a 1 at the nth position and zeros to its
right. Obviously, H = @&"_,S,. We also define P, as the
projectors onto S,,.

We say that a state € H is exponentially localized if
there exists some A > 0 such that

1Palp)|? < 7. (A4)
Note that this automatically implies that
D P2 < ke, (A5)

n=ny

where k = (1 —e™)71.
Now, we take the part of H acting on the restricted space
and define

H=H,+eV, (A6)
where
N
Hy = (QO_EO)+ZniQia (A7)
i1
N
V=Xo+ ) nX;. (A8)

i=1

Here, we have separated the term at i = 0, taking into
account that the state of the qubit at that position is |1),. We
have also subtracted the energy E(. Thus, the ground state
of Hy is |0)®" and has energy E = 0. In addition, H has a
gap A = E;y > 0, which corresponds to a state with just
one qubit in |1). Furthermore, according to the discussion
above,
0<X; <1 (A9)
We consider the ground state of H, fulfilling the
eigenvalue equation

H|p) = Elgp). (A10)

We now show that
Ay=A-E>0 (A11)

and that |¢) is exponentially localized. The first statement
is rather obvious since H >0, and we can just use the
variational principle

E < (WolH[Wy) = e(Wo|Xo|Wo) <€ < Eig = A, (Al2)
where |¥;) = |0)®", and we have used that (¥o|H|¥,) =
<lP0|Xl|lP0> =0 fori> 0.

In order to show that |¢) is localized, let us take the limit
N — oo and project Eq. (A10) onto S,,, with n > L,

H,P,lp) =—€ Y _ P,VP,lp).
n#m=0

(A13)

where H,, = P,HP, — E. Note that the rhs vanishes unless
n— L <m < n+ L since otherwise V does not connect the
subspace S,, with §,. Furthermore, as X; > 0,

H,>P,HyP, > AyP, (A14)
since H( has a gap, A, and n > 0, so that P, projects onto

a subspace that is orthogonal to the ground state S;,. Thus,
we can invert H, on S,

1 n+L
Pilo) ==z D> PuVPylo).

n n#Em=n—-L

(A15)

Taking the norm of both sides, denoting r,, = ||P,|¢)||, and
taking into account Egs. (A14) and (A9), we obtain

n+L
In S € T (A16)
n#Em=n—L
with ¢, = eL/A,. Now, defining
L-1
Ry = riein (A17)
n=0

fork = 0,1, ..., it is straightforward to show that for k > 0,

Ry < ex(Riy + Riyy) (A18)

where ¢, = ¢;L/(1 —¢L).

Now, we show that R, < uR,_;, with u=2¢/
(14 /1 —4€3) < 1, so that R; < p* since Ry <1 as the
state ¢ is normalized; thus,

ry < 't (A19)

We use (A18) recursively to obtain

t 1

Ry < Ry Z 3"C, + &' Z Risomi1dy  (A20)
m=0 m=0

for any value of # > 0. Here, C,, = -1 (*") are the Catalan

m+1\'m
numbers, which count the number of possible paths in which

a walk that starts on position £ =1 and increases or
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FIG. 14. Examples of other localized models. As in Fig. 7 (right panel), we plot the expectation value of the occupation as a function of
the support for two constrained Ising models. Both exhibit an exponential localization for positive values of s and no localization for
negative values (N = 12). In the localized phase, there are several other localized excited states.

decreases £ by one unit atevery step can reach position £ = 0
after exactly 2m + 1 steps (without having visited # = 0 in
between). Analogously, d,, is the number of paths that start at
=1 and end at £ =2m + 1 in exactly 2m + 1 steps
without visiting £ = 0. We can bound d,, by the binomial
number, which would count the number of paths without
the restriction of not visiting £ = 0. Thus, d,, < (22”[1 ) <
(%) <2%. For €, < 1/2, the second term in Eq. (A20)
vanishes in the limit # — oo, while the first one gives us
the desired bound.

As a demonstration, in Fig. 14, we show the decay of the
occupation for two constrained Ising models. For positive
values of s, both models exhibit exponential localization as
predicted by our analytical treatment. However, for neg-
ative values, all the eigenstates have a homogeneous
occupation. As in the case of the quantum East model in
the localized phase, there are additional localized states
above the ground state.

APPENDIX B: SUPEREXPONENTIAL DECAY
IN THE QUANTUM EAST MODEL

We split Eq. (4) into a bare Hamiltonian and an
interaction term,

1
HQZ:E(HOJFEVQ, (B1)
where
N-1
Hy=) .
i=1
N—-1
Vi=—-ci=> mol, +(1Fe?)ny. (B2
i=1

We treat € = e as a small parameter, so we can look at
the first-order corrections in € of the ground state deep in

the localized phase, i.e., s — co. In the following, we
consider only the perturbation V =V since the following
calculations are the same for the other case. The bare
Hamiltonian H is diagonal in the computational basis and
has a unique ground state [y{®)) = |000...) with a unit gap
above it. The excited states are labeled by |k,), where k =
1,..., N counts the number of occupied sites and a labels
the degeneracy: Hylk,) = kl|k,).

Using the notation in Ref. [104], we can express the
corrections to the ground state as a Taylor expansion in the
parameter &,

HY|y) = Eoly).
) = L) + elyV) + e2)..,
1
Ey=5 (EO +eEM 4 2E® +..).  (B3)
By defining the resolvent matrix
[Ka) (Kal
R=-» —/——, B4
the nth order terms can be computed as
™) = (RV)" %),
En) — (;((0)|V|Z(n—1)>_ (B5)

From a more physical point of view, the perturbation
should be seen as the introduction of a local impurity that
has an effect that is localized at the boundary, rather than a
global perturbation giving an extensive energy contribu-
tion. This case can be seen by looking explicitly at the first
orders in Eq. (BS):
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FIG. 15. Transition graph of states in perturbation theory. The
states contained in the first seven orders of perturbation theory are
illustrated as a graph, where each node groups states with the
same k (the number of occupied sites) and £ (the position of the
rightmost occupied site). The number of states for fixed (k, £) is
indicated on each node. The thickness of each edge represents the
number of transitions between states contained in the nodes via
an application of RV. We notice that the graph has the structure of
a Pascal triangle, where its shallow diagonals are highlighted with
a dashed line. Notice that with an even (odd) number of hops
along the edges from the topmost node [1000...), we end up with
an even (odd) shallow diagonal, colored in yellow (red).

ly™M) = 1000...),

1
@) :§|1100...>,

1 1
@) = 3 <|1000...> +10100...) + 3 |111o...>>. (B6)
The corresponding energy is straightforward to compute:

(B7)

We now comment on the convergence radius of the
perturbation expansion. First, we notice that in Banach
space, if the series >_,_o |€"||lx"|| converges, then the
series for |y) converges, too. We now prove that the norm
" ||*> grows as the nth power of the golden ratio ¢. In
order to understand the structure of each perturbation
theory order, it is instructive to construct a graph of
transition between the states, as shown in Fig. 15. The
states are grouped in a cluster labeled by the number k of
occupied sites and the length £ of the nontrivial string. Each
cluster contains (kf ,) states, and applying RV to a state
|k,Z) generates up to k + 1 states in at most four distinct
ways: |k £ 1,£) or |k £ 1,7 £ 1). Then, the nth perturba-
tion term can contain, at most, the first [n 4+ 1/2] even or
odd “shallow” diagonals, depending on whether 7 is even

or odd. In other words, the number of states generated by
applying RV to the nth perturbation order is equal to the
number of states in the order (n — 1) plus the number of
states in the nth shallow diagonal, which is the correspond-

ing Fibonacci number F,, since Z.,LZ)I/ 2 (”‘«jf‘l) =F,.

Hence, the total number of states #) in the nth order is

W, =F dd
4n) _ {Z,:o 2j+1 ntl 1O (BS)

Z;’ﬁ) Fy;=F,; —1 neven,
which asymptotically tends to ¢"*!. The amplitude of each
state will be the sum of all the paths of length (n —1)
leading to it from |1000...), weighted by [, 1/k of all the
visited states |k,) along the path. The weighted sum cannot
exceed (1/2)L("=1)/2) since this is the path connecting |("))
and |y®). Furthermore, the number of distinct paths cannot
exceed 4"! since, in principle, we can move in the four
directions for (n — 1) moves, as shown in Fig. 15. While
these estimates are not particularly tight, they are sufficient
to bound the norm of |y() as

(n)1]2 A S
WP < (S ) 0 ~ @, (B9)

Thus, the perturbation series in Eq. (B3) is at least
convergent in the radius

1
%0278
£ 2\/2¢

or equivalently s 2 1.28. While this result is used to prove a
positive radius of convergence, in practice we can monitor
the rate of convergence of the norm of each order to have
confidence in the method. Indeed, numerically, we observe
a rapidly converging norm in the regime s = 0.9.

The perturbation theory picture not only gives us a
method to compute the first-order corrections to the ground
state but also an understanding of its structure. Indeed,
looking at the first terms in the expansion, we notice that
the terms remain localized close to the left boundary. As we
apply powers of V, higher-order terms in Eq. (B5) become
progressively delocalized, but these contributions get
damped at least by a factor £".

Let us define the domain-wall state |0@,,) =
|1)®7]000...). From Eq. (B6), we notice that (®,[y") =
1/n! and that (®,,.,[y") = 0. At each order n, there is a
contribution |@®,) coming from |®,,_;) in the previous order.
In Fig. 15, these states correspond to the rightmost diagonal,
i.e., k = n. One can think of this term as the fastest possible
“excitation” created by applying V repeatedly. Since all other
terms in [y")) have a smaller support, clearly n,,|y") =
1/m!, and more generally, at the first order,

(B10)
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FIG. 16. Perturbation theory results for the occupation profile.
The results for the occupation obtained using finite-order
perturbation theory and the extracted leading-order contribution
are illustrated for different values of the perturbation. We notice
that, in the limit of weak perturbation, the two methods give
similar results. Close to the boundary of the convergence radius,
higher-order contributions become relevant, giving corrections
only at larger distances.

_ :i—;|®,>+.... (B11)

We can then conclude that

r

(n,y = ey <‘9—>2 + O, (B12)

() r!

We have dropped the normalization factor since (y|y) =
1 + O(€?) leads to subleading corrections. Checking with
finite-order expansions, Eq. (B12) gives a qualitatively
accurate prediction of the decay of the occupation
number, as shown in Fig. 16. Using Stirling’s formula, the
asymptotic behavior of Eq. (B12) at large distances is (n,.) ~
exp[—2rlogr+ 2r(1 — s)]. Therefore, in the perturbative
regime, the ground state exhibits superexponential localiza-
tion around the first site.

These perturbation calculations can equivalently be
connected to the adiabatic theorem [105]. By introducing
a time-dependent coupling &(7), the different perturbation
orders correspond to the expansion of the evolution
operator. Similar perturbation calculations were performed
on the quantum East model in the case of periodic boundary
conditions [75], in order to derive an effective Hamiltonian
describing the hopping of the domain wall in a given
magnetization sector.

APPENDIX C: COMPUTATION OF THE
VARIANCE

Consider the Hamiltonian defined in Eq. (1) on a one-
dimensional lattice of N sites and the eigenstates

|q)¢> = |¢i(N_ 1)> ® |i>

HN|®,) = HY' @ I |p, (N - 1)) ® |+) = EL|D,).
(C1)

We consider the normalized state

¥.) = |p.(N=1)) @ [0)®L-N+1)

— VI [0,) @ |0)®LN), (€2)

in the |+) sector, and similar considerations hold in the |—)

sector. The state |¥, ) admits a simple computation of its

energy expectation and its variance. In order to compute the

variance, we need two ingredients: (1) the expectation value

of the energy,

(P, [H P, ) = (P |[HY T + HY T, ),
(C3)

which can be computed from

1
(P (7 @I P, ) = §E+’

1 ,
(P HY' @TL|Y,) = B (B, + 3_“<nN—1>¢+) (C4)
and takes the form

(C5)

b

1
<HL> = <\P+‘HL|IP+> =E, +§e_s<"N—1>

and (2) the expectation value of the square of the
Hamiltonian, which is

(H'HY) = (HY')? @ Iy ) + (HY')? @ I1L),  (C6)
where we can explicitly calculate
1
(HY')Y eIy) = EE%-’
1 .
(HY')»? ®IL) = 3 (EZ + e > (ny_1)y,)
+ E+€_S<nN_1>¢+. (C7)

We now have all the ingredients to compute the variance,

—2s 1
3 <”N—1>¢i_§<”1v—1>§;i- (C8)

(HEHY) = (HE) =
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