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Hybrid functionals have proven to be of immense practical value in density-functional-theory
calculations. While they are often thought to be a heuristic construct, it has been established that this
is in fact not the case. Here, we present a rigorous and formally exact analysis of generalized Kohn-Sham
(GKS) density-functional theory of hybrid functionals, in which exact remainder exchange-correlation
potentials combine with a fraction of Fock exchange to produce the correct ground-state density. First, we
extend formal GKS theory by proving a generalized adiabatic connection theorem. We then use this
extension to derive two different definitions for a rigorous distinction between multiplicative exchange and
correlation components—one new and one previously postulated. We examine their density-scaling
behavior and discuss their similarities and differences. We then present a new algorithm for obtaining exact
GKS potentials by inversion of accurate reference electron densities and employ this algorithm to obtain
exact potentials for simple atoms and ions. We establish that an equivalent description of the many-electron
problem is indeed obtained with any arbitrary global fraction of Fock exchange, and we rationalize the
Fock-fraction dependence of the computed remainder exchange-correlation potentials in terms of the new
formal theory. Finally, we use the exact theoretical framework and numerical results to shed light on the
exchange-correlation potential used in approximate hybrid functional calculations and to assess the

consequences of different choices of fractional exchange.
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I. INTRODUCTION

Density-functional theory (DFT) [1] is an approach to
the many-electron problem, in which the fundamental
variable is the electron density, rather than the many-body
wave function. DFT has become the method of choice for
first-principles electronic structure calculations theory of
almost every conceivable property of an exceptionally wide
range of molecules and materials [2—8]. DFT is in principle
exact, but almost always approximate in practice, as the
general mapping between the wave function and density is
unknown. Early practical applications of DFT were all
based on the Kohn-Sham (KS) formalism [9], which maps
the original interacting-electron problem to a noninteract-
ing one, in the sense that the fictitious system retains the
same ground-state density as the real one. In this approach,
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the quantum properties of the original system are reflected
in the Kohn-Sham system by means of a multiplicative
potential known as the exchange-correlation (xc) potential
V,c,» which is a functional of the density.

Early approximations to V,., notably the local density
approximations (LDAs) [9] and the generalized-gradient
approximation (GGA) [10], provided approximate func-
tionals that were explicitly density dependent. In the early
1990s, Becke [11,12] showed that so-called ‘“hybrid”
functionals, in which LDA or GGA exchange is mixed
with the nonmultiplicative Fock exchange operator, offered
further and significant improvements in accuracy. Such
hybrid functionals, and many variants thereof, have since
proven to be indispensable for a great number of molecular
systems (see, e.g., Refs. [13—16]). More recently, they have
been gaining increasing popularity in condensed phase
calculations too (see, e.g., Refs. [17-20]).

Originally, the introduction of nonmultiplicative Fock
exchange was thought to be a further, uncontrolled
approximation to KS theory. Within a few years, however,
it was shown that it can also be viewed rigorously [21] in
terms of a generalized Kohn-Sham (GKS) theory [22]. In
this theory, one maps the original interacting system into a

Published by the American Physical Society


https://orcid.org/0000-0003-4517-5667
https://orcid.org/0000-0002-7191-9124
https://orcid.org/0000-0001-6791-8658
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevX.10.021040&domain=pdf&date_stamp=2020-05-20
https://doi.org/10.1103/PhysRevX.10.021040
https://doi.org/10.1103/PhysRevX.10.021040
https://doi.org/10.1103/PhysRevX.10.021040
https://doi.org/10.1103/PhysRevX.10.021040
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GARRICK, NATAN, GOULD, and KRONIK

PHYS. REV. X 10, 021040 (2020)

partially interacting system that is represented by a single
Slater determinant, again such that the ground-state density
is retained. GKS theory then provides a conceptual advan-
tage over KS theory (which itself emerges as a special case
of GKS theory) in that it allows more freedom in functional
construction. This is because while there is only one exact
KS map to the noninteracting system, there are infinitely
many partially interacting systems to which an exact GKS
map may be formed.

Just like KS theory, GKS theory is also exact in principle
but approximate in practice. In fact, seeking new approxi-
mate density functionals that offer better accuracy and/or a
reduction in computational cost is an ongoing effort [23].
In KS theory, such development has been greatly advanced
by studies of exact definitions and relations, e.g., the
adiabatic connection theorem [24] and the precise distinc-
tion between exchange and correlation [10]. Furthermore,
for KS theory there is a long and distinguished history of
aiding such an exact analysis by examining the properties
of exact potentials, obtained through the inversion of
accurate reference densities, for practical systems [25—
36]. To the best of our knowledge, neither analytical nor
numerical analysis of this kind has been performed for
GKS theory. The purpose of this article is to fill that gap.

The article is arranged as follows. In Sec. II, we present a
brief reminder of the GKS formalism, followed by proof
of a generalized adiabatic connection theorem for exact
hybrid functionals. We use the generalization to derive
rigorously two different definitions of multiplicative
exchange and correlation components—one new, one
previously postulated—and examine their differences and
similarities, also in terms of density scaling. In Sec. III, we
present a new algorithm for obtaining exact GKS potentials
by inversion of accurate reference electron densities
and employ this algorithm to obtain exact potentials for
simple atoms and ions. We then use the results to
demonstrate and assess analytical theory. In Sec. 1V, we
use the exact theoretical framework together with numeri-
cal results to shed light on the exchange-correlation
potential used in approximate hybrid functional calcula-
tions and to assess the consequences of different choices of
fractional exchange.

II. EXACT GENERALIZED KOHN-SHAM THEORY

A. A brief overview of GKS theory

The KS equation [9], which as explained in the
Introduction maps the fully interacting problem to a non-
interacting one, is given by

(_%W + VKs([n];r)> ¢i(r) = eigi(r), (1)

where ¢; and ¢;(r) are Kohn-Sham eigenvalues and
orbitals, respectively, and Vig([n];r) is a multiplicative

potential which is a functional of the electron density
n(r) at each point in space r. Vgg([n];r) is typically
expressed as the sum of the external ionic potential term
Vet (T), the classical electron-electron repulsion (Hartree)
term Vy([n];r) = [n(r')/|r — r'|dr’, and the “exchange-
correlation” term V. ([n]; r), which accounts for all many-
body quantum effects beyond classical repulsion via a
(typically unknown) functional of the density:
Vis(1]:1) = Veulr) + Va([nlir) + Vie[nix). (2)
In GKS theory [22] mapping to a partially interacting
model system that can still be represented by a single Slater
determinant is achieved in practice by defining an energy
functional of the Slater determinant S[®], or equivalently of
the orbitals that comprise it S[{¢;}], and an associated
energy density functional F5[n] obtained from the Slater
determinant that minimizes S[-] while yielding a density
n(r), ie.,

Fi[n]= min_S[{¢;}]. (3)

{#;}—n(r)

The minimizing orbitals {¢;} play a role similar to that of
KS orbitals.

According to the Hohenberg-Kohn theorem [1], the total
energy E; can be expressed as a sum of the potential
energy owing to the external potential and an energy
contribution that is a universal functional of the density
FUX[n] (defined in the next section in terms of many-
electron quantities), such that

E = mnm{ / Ve (r)n(r)dr + FHE [n]}. (4)

We can then therefore define a “remainder energy” func-
tional R%[n] by the difference between F'¥[n] and F5[n],
which naturally depends on the initial choice of S[-|. The
total energy is then trivially given by

Eo = mnln{/ Ve (r)n(r)dr + F5[n] + RS[n}}. (5)

Equation (5) can be thought of as an orbital-dependent
expression for the total energy [14]. If one chooses to treat
the orbitals as implicit density functionals and then take a
variational derivative with respect to the density, one
obtains a multiplicative KS potential. However, this
approach requires the solution of a nontrivial integro-
differential equation known for historical reasons as the
optimized effective potential (OEP) [14,37-39]. If one
instead minimizes the energy with respect to the underlying
orbitals, subject to the constraint that they integrate to the
density n(r), one directly obtains the generalized KS
equation
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(O°[{h;}] + Veu(r) + Vi (r)pi(r) = eipi(x), (6)
where

SRS [n]
on(r)

Vr(r) (7)

is a multiplicative “remainder potential,” and O%[{¢;}] is a
generally nonmultiplicative operator obtained from taking
functional derivatives with respect to the orbitals S[{¢;}].
This operator obviously depends on the choice of S[],
but does not depend on V., (r) or Vg(r). Importantly, the
GKS equation (6) is as rigorous as the KS equation (1) in
retaining the original interacting-electron ground-state
density.

As explained in the Introduction, one important aspect
of GKS theory is that it provides a rigorous framework
for the concept of the hybrid functional, which uses the
nonmultiplicative Fock operator. This framework is
achieved by choosing [21,40,41]

S[(I)a] = <q)a|T + aW|(I)a>’ (8)

where T = —15~, V2 is the many-electron kinetic energy
operator, W =3",_ j(1/|r;=r;]) is the many-electron
Coulomb operator, 0 < a < 1 is the fraction of Coulomb
repulsion used in the choice of S[®,], and ®, is the Slater
determinant that minimizes F3[n], given by

min (@, |T + aW|®,), 9
{¢,}q,1(r>< | D) )

which is F5[n] of Eq. (3) obtained by choosing S[®,] as in
Eq. (8). Using this choice in Eq. (6) leads to

O} = —5 V2 +alr +avy(lakn).  (10)

and therefore,
(=374 Veul) + ¥+ Vi) + V() ) i)
=¢&ii(r), (11)

where V. is the Fock operator defined by

B0 )

lr—r

Vig(r) = —Z r

J

(12)

We emphasize that Eq. (11) is exact for any choice of a. We
note that the original KS equation [Eq. (1)] is obtained as a
special case of Eq. (11) when choosing a = 0. Another
special case of note is obtained for a = 1, for which 0’
becomes the sum of the kinetic energy operator and the full

Hartree-Fock operator. The exact remainder potential in
this case transforms the Hartree-Fock approximation into
an exact construct, sometimes referred to as the Hartree-
Fock-Kohn-Sham equation [2].

Finally, we note the connection between exact GKS
theory and approximate hybrid functionals. For a general
0 < a < 1, if one subsequently chooses to approximate
V4(r) as

Vi(lnlsr) = (1 = a)Vy((nlsr) + (1 =) VisL((n]sr)
+ Vesi([n];r), (13)

i.e., to introduce semilocal approximations (denoted by the
“SL” subscript) for the exchange [V g1 (r)] and correlation
[V.sL(r)] potentials, then Eq. (11) becomes the standard
equation for an approximate global hybrid functional given
by [12,14,42]

1 N
_Evz + Vext<r) + VH([H];I') + (IVF

+ (1 =a)Vysi([n]sr) + Vesi([n];r) | #i(r) = &i(r).

B. The GKS adiabatic connection theorem

An adiabatic connection formula [14,24] continuously
connects properties of a fully interacting quantum system to
properties of a reference system, with the aim of making
formal analysis and/or approximations easier. In fact, the
original introduction of fractional Fock exchange as an
ingredient in an approximate exchange-correlation energy
expression, i.e., what we now call approximate hybrid
functional theory, was motivated by adiabatic connection
considerations within KS theory [11,43].

In regular KS theory, an adiabatic connection is achieved
by defining the many-body operator A, =17+ ‘A/ext, L+ AW,
where 0 < A <1 is a parameter and \A/ext, ; 1s a A-dependent
external potential operator. \A/ext, , 1s adjusted such that
the ground-state many-electron wave function |¥;) corre-
sponding to H, integrates to the original many-electron
density n for all A.

In particular, when 4 =1 all interactions are included.

A

Vexi1 18 simply the external potential of the true many
electron, H 1 is the true many-electron Hamiltonian, and
|¥,) is the original many-electron wave function |¥).
Similarly, Vext,o and H, are the many-electron external
potential operator and Hamiltonian corresponding to the
Kohn-Sham potential, and |¥,) is the Kohn-Sham deter-
minant |®y). The advantage, then, is that mapping from |¥)
to |®g) is no longer “abrupt” but rather can be obtained

021040-3



GARRICK, NATAN, GOULD, and KRONIK

PHYS. REV. X 10, 021040 (2020)

adiabatically by slowly “turning off” the electron-electron
repulsion while retaining the overall density.
The many-electron and KS limits can be further con-
nected by defining a A-dependent universal functional,
FAn] = (¥,|T + IW|¥)). (15)
For 1 = 1, F*[n] becomes the universal Hohenberg-Kohn
functional for the fully interacting system, namely,

F'[n] = F¥%[n] = min (¥|T + W|¥). (16)

Y—n(r)

For 1 = 0, F*[n] becomes the noninteracting kinetic energy
function 7'[n] of Kohn-Sham theory, i.e.,
FOln) = T,[n] = (@|7]y). (17)

Formulating an adiabatic connection theorem within the
GKS framework is more challenging and less direct. This is
because GKS theory involves an ansatz for the partially
interacting system [Eq. (8)], which does not lend itself to
continuous switching from off to on, as done for the
interaction in Eq. (15). We must therefore define an
appropriate adiabatic connection density functional F[n]
that can accommodate the ansatz. This functional must
satisfy several criteria: (i) It must reduce to the GKS result

F5[n] [Eq. (9)] when A = 0, for all @ € [0, 1]; (ii) it must
reduce to the fully interacting result F'%[n] [Eq. (16)] when
A =1, forall @ € [0, 1]; (iii) it must reduce to the adiabatic
connection of KS theory when a = 0, for all 2 € [0, 1]. As
we explain in detail in the next subsection, in order to be
useful for defining the exchange and correlation compo-
nents, we also ask that it (iv) allow the attainment of the
Hartree-exchange energy from its right derivative with
respect to A at A =0 [35], for all « € [0, 1]. This means
that the expression should involve only Slater determinants
at A=0"%.

In keeping with the spirit of Eq. (15) as closely as
possible, we seek an expression that involves only terms
that are explicitly linear in 4, which we refer to henceforth
as a linear adiabatic connection (LAC). This expression is

Filn] = (1 = 2)(F3[n] = Fi[n]) + F*[n]
= (1 = DT + aW|®,) — (@4|T|D))
+ (WIT + AW |,). (18)
On recognizing that F3_y[n] = Fj[n] = F*='[n] = T [n]

and |¥,_o) = |Dg), it is straightforward to verify that
F% = F5 and F! = F', so that Eq. (18) satisfies conditions
(1) and (ii). Furthermore, Eq. (18) reduces to the Kohn-
Sham adiabatic connection equation (15) for @ = 0 and any
A, because |®,_() = |Dy), thereby fulfilling condition (iii).
Finally, condition (iv) is also trivially obeyed.

Importantly, the LAC of Eq. (18) is a simple adiabatic
connection, but it is not the only one possible. Another
example of an adiabatic connection, which is shown
below to be of importance, is that of a quadratic adiabatic
connection (QAC) of GKS theory defined by

FA=F}

A1 =2)[(@s|T + aW|g) — (@, |7 +aW|@,)]. (19)
The quadratic term vanishes for A = 0,1 =1, or a = 0, so
that conditions (i)—(iii), respectively, are still obeyed.
Furthermore, the quadratic term is phrased entirely in
terms of Slater determinants, so that condition (iv) is also
still obeyed.

Both definitions are equally exact. A possible advantage
of the LAC definition over the QAC one is that the linearity
in the coupling parameter A makes it more easily amenable
to Gorling-Levy perturbation theory analysis [44,45] and to
future generalization, e.g., to GKS maps beyond global
hybrid functionals and/or to degenerate ground states and
other ensemble DFT scenarios [35,46-50].

C. Exact remainder Hartree-exchange
and correlation components

In KS theory, dividing energies and potentials into
Hartree (H), exchange (x), and correlation (c) components
has historically been an important aid in interpreting and
approximating density functionals. In the absence of
degeneracies, which is the case throughout this article,
such a division is straightforward [10]. In GKS theory it is
more complicated.

The Hartree energy is an explicit and known functional of
the density. The Hartree-exchange (Hx) energy of KS DFT is

Ep[n] = (05| W|s), (20)
thereby defining its x component as the usual exchange-
energy expression of Hartree-Fock theory but evaluated using
the KS orbitals. The correlation energy is then given by
F[n] — T,[n] — Ey[n]. In hybrid functional GKS theory,
the Hartree energy is defined just as in KS theory, but breaking
down the remainder potential rigorously into Hx and c
components is no longer obvious, because some of the Hx
is necessarily incorporated into the nonmultiplicative oper-
ator O,

Gorling and Levy (GL) [21] suggested that this quandary
can be overcome by using an ansatz that defines the
remainder Hx energy in terms of the KS Hx energy, namely,

Egux[n] = (1 — a)Eyy[n], (21)
where here and throughout the bars indicate quantities
relevant to the GL definition. Using Egs. (4), (5), (9), and
(21), the remainder correlation energy is then given by
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Epc[n] = F™8[n] = Fgln] = (1 — @) Eyg[n].  (22)

The above definitions of remainder x and c are intuitive
and add up to the correct remainder xc energy by
construction. Nevertheless, with a view toward both present
analysis and future generalization, it is important to
examine whether the partition between the remainder
exchange and correlation can be derived generally and
without an ansatz. Our starting point for such an analysis is
cases where it is already known that the conventional
definition of the Hx energy of Eq. (20) breaks down,
notably where |®y) is degenerate, so that use of Eq. (20) no
longer produces a unique value—the “nonuniqueness
disaster” of Ref. [35]. Standard application of theory then
leads to spurious ‘“ghost interactions” [51] in open shells
[52] and dissociation [35]. In such cases, the right deriva-
tive with respect to A of the adiabatically connected
universal functional F* provides a more rigorous way to
define Ey, that is consistent with conventional theories
[35]. We therefore adopt this broader definition in our
analysis and apply it to exact GKS theory by defining the
remainder Hartree-exchange energy of a GKS system as

d

aFﬁ[””hw- (23)

E%,Hx [I’l] =

Using the above definition with the LAC of Eq. (18)
yields

d
Eg s [n] = AF ]+ (1=2)(Faln] = Fg[n])} =0+, (24)
which yields
Ef y[n] = (@s|T + W|@g) — (@,|T + aW|®,).  (25)
with the exchange part then given by E¢[n] = E%y, [n]—
Ef[n]. Specifically, using Egs. (9), (17), and (20), we can
write
Ef nx[n] = Ts[n] + Epx[n] = F3[n]. (26)
The remainder correlation energy is then defined as
Ec[n] = F™8[n] — F3[n] — Ef y[n]. (27)
Using Eq. (25) in Eq. (27) lets us obtain
E [n] = F"™8[n] — (®s|T + W|®g) = EF.  (28)
The above LAC expressions for the remainder Hartree
exchange and correlation, namely, Eqs. (26) and (28),
respectively, provide a partitioning of the Hx and c energies
that is different from that of the GL expressions for the

same quantities given by Egs. (21) and (22). Straight-
forward algebra shows that

Eppix + Ege = Egpx + Ere = Epge — Far (29)
as required, but
Epnx[n] = Egp[n] + AF3[n], (30)
Eg[n] = Eg[n] — AF3[n], (31)
where
AF5[n] = T,[n] + aEpy[n] — F3[n] > 0 (32)

for all @ > 0. Some further and equally straightforward
algebra shows that if the remainder Hx definition of
Eq. (23) is used on the QAC of Eq. (19), rather than on
the LAC of Eq. (18), then the quantities of GL theory are
obtained. One could argue that this result is somewhat
contrived, because it is precisely the quantity AFS[n],
which distinguishes between the LAC and GL definitions,
that we choose to add as the multiplicative factor of the
A-quadratic term in the QAC expression of Eq. (19).
Nevertheless, the result does show that GL quantities
can also be reconciled with the general relation of
Eq. (23) between the Hartree-exchange remainder energy
and the adiabatic connection, if one is willing to sacrifice
the linearity of the latter.

Physically, the difference between the LAC and GL
expressions is that in the former definition the exchange
energy changes with « and the correlation is « independent,
whereas in the latter definition the opposite is true. Clearly,
this difference must be inherited by the corresponding
potentials Vg, = 6Eg yx/0n and Vg . = 6Eg ./dn, which
are the focus of this manuscript. The difference between the
two definitions is most easily rationalized by considering
the limiting case of @ = 1, i.e., Hartree-Fock with exact
correlation. From the point of view of GL theory, exact
exchange is by definition already expressed fully in the
Fock operator, and therefore, the remainder potential must
be entirely due to correlation. However, from the point of
view of LAC theory, there is in fact a remainder exchange
component given by Eq. (25), which is nonzero even for
a = 1. The physical origin of the remainder exchange is the
difference between the KS and GKS Slater determinants
|®g) = |Dy) and |D,), i.e., the fact that even when the
energy expression is the same in KS and GKS theory, the
underlying orbitals are not, owing to the use of a multi-
plicative or a nonmultiplicative potential, respectively.

D. Behavior under uniform coordinate
scaling of densities

An important property of exact density functionals is
their behavior under a uniform coordinate scaling of the
density, i.e., upon varying y in n,(r) =y’n(yr). Such
scaling arguments have been enforced as part of the
construction of important nonempirical density-functional
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approximations, notably, the Perdew-Burke-Ernzerhof
(PBE) [53] GGA functional and the strongly constrained
and appropriately normed (SCAN) [54] meta-GGA func-
tional. It is therefore of immediate interest to examine the
exact scaling behavior from the perspective of exact hybrid
GKS theory.

Under uniform coordinate scaling, the following three
exact relations in KS theory have been established for the
kinetic, Hx, and correlation terms, respectively [10,55,56],

Ty[n,] = y*T[n], (33)
EHx [ny] = }/EHX [l’l} ’ (34)
Ec[n) = yE"[n]. (35)

The first two relationships involve direct scaling of the
functional. The last relationship involves the definition

E¢[n] = F*[n] = Eyy[n] = T,[n].

_ / "W, W) — (W W) Y], (36)

namely, the correlation energy at interaction strength A
(note, E, = E!). Here, W, [n] is the wave function at scaled
Coulomb interaction W — AW, defined as

¥,[n] = arg ;nl2<T|T + AW|¥P). (37)

The direct scaling relationships for 7'y and Ey, follow from
the scaling of 7 and W, because V? — V2, and
(1/|r]) = y(1/|yr]). To derive Eq. (35), consider that under
coordinate scaling ¥, [n,] — ¥, [n] because of the relative
scaling of 7 and W in Eq. (37). The use of Eq. (36) then leads to

Edln,) =7 / {0, W) — (| W) ],
= y2E!"[n]. (38)

One y prefactor in Eq. (38) arises from the Coulomb potential.
The secondy prefactorand 1 /y limitin theintegrand of Eq. (38)
arise from the variable change (1/y — 1), which accommo-
dates ¥, [n,] = ¥, [n].

For the above GKS theory, the only additional scaling
that needs to be investigated is that of AF3[n] given in
Eq. (32), which appears as an additional ingredient in either
the exchange (LAC theory) or the correlation (GL theory)
component. By applying the same arguments used to derive
Eq. (35) to the constrained minimization over the Slater
determinants used to derive AFS, we obtain

AFS[n) = / " AR (@, ||, — (W]} }n].  (39)

where  ®,[n] = argming_,,,(®|T + AW|®) involves a
restricted minimization over the Slater determinants.
Then, because the Slater determinants are unique, we
can use the same arguments behind Eq. (38) to show that

AFS[n,] = — / 7 A3 (@, |W|,) — (@[ W]y) } 1]

=*AF;), [n]. (40)
Clearly, the scaling behavior of AF? is similar to that of KS
correlation (though not identical, except for a = 1) and
different from that of KS exchange. From the LAC point
of view, this scaling is simply another aspect of the
difference between GKS exchange and KS exchange.
From a GL theory point of view, this scaling is simply
because AF3 is already part of the correlation.

III. NUMERICAL INVESTIGATION OF EXACT
REMAINDER POTENTIALS

A. An inversion algorithm

We now wish to examine some of the theoretical concepts
of the preceding section in numerical practice. As we
mention in the Introduction, exact KS theory is often
examined by studying the behavior of exact KS potentials
obtained from the inversion of the KS equation based on
an accurate reference density. This inversion has been
achieved using many different approaches [25]. Several
iterative algorithms are based on the linear response of the
potential to the difference between the density at a given
iteration and the reference density [26,27]. Other algorithms
include in the potential a Coulomb term that enforces the
correct asymptotic decay of the density [28-30]. Yet other
approaches employ orbital-by-orbital corrections to the
potential, in the spirit of orbital shifts introduced in the
Krieger-Li-lafrate [57] approximation to OEP [31]. More
recently, Peirs et al. included correction terms that combine
the local linear response and the enforcement of the
asymptotic decay [32]. Even more recently, it has been
suggested that these seemingly different methods can be
derived from one general algorithm [33]. Inversion has also
been used to find an effective local potential from Hartree-
Fock densities and compare it to the KS potential obtained
from exact-exchange OEP calculations [34].

To the best of our knowledge, an inversion algorithm that
accounts for a nonmultiplicative operator has not been
implemented, and exact GKS remainder potentials have
been neither obtained nor investigated. As a first step, we
therefore devise an inversion algorithm shown schemati-
cally in Fig. 1 that can work within a GKS formalism.

Because of the orbital nature of the GKS problem, it
makes sense to adopt an orbital-based solution for inver-
sion. Our goal is to approach the given reference density
n(r) (to within a specified numerical precision) by iterating
on a density n,(r) = >, |¢;(r)|* determined from GKS
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orbitals. To that end, we rewrite the exact hybrid functional
equation (11) as

<_%v2+avF+x«n)¢xw-a¢xn, (41)

where V(r) is the full multiplicative potential acting on the
GKS orbitals ¢;(r). Upon an initial guess for V(r), any of
the obtained GKS orbitals can be used to calculate a current
potential V,(r) via

— . V2 i(r)_aVFfﬁi(r)
A T TC

As ny — n, it follows from uniqueness (and assumed
smoothness) that V, — V. However, when iterations are
not yet converged, ny, # n and therefore V, # V. Our
approach thus seeks to renormalize the current orbitals
¢,(r) at each iteration, so as to provide “pseudo-orbitals”

w;(r), which are guaranteed to give the correct density n(r).
That is, we define

wi(e) = ot [ (43)

such that > |w;(r)|> = n(r) by definition. This trans-
formation comes at a cost, however, as the pseudo-orbitals
are not orthogonal, nor are they solutions of Eq. (41). Two
adjustments to Eq. (42) are therefore needed in order to
iterate to the correct potential: (1) the energy &; must be
reevaluated based on y;(r); (2) as the pseudo-orbitals are
neither orthogonal nor obtained from the same multipli-
cative potential, their corresponding effective potentials
Vi(r) = & + [V2y;(r) — aVpy;(r)] /w;(r) will generally
differ and therefore must be averaged in some way.

The first issue can be dealt with by applying perturbation
theory to the kinetic energy to give &, ~ & + [ drly;(r)[?
{[V?¢i(r)]/i(r) = [V?yi(r)]/w;(r)}. Formally, one

A schematic representation of the generalized Kohn-Sham inversion algorithm used in this work. See text for details.

should do the same for the nonlocal Fock operator, but
in practice, we do not find this to be necessary. The second
issue can be dealt with by taking a weighted average of the
potentials, i.e., by setting V,(r) & >, [ (r)|*/n(r)V,(r)=
i 19pi(r)]?/ny(r)V,(x), where V,(r) is the effective poten-
tial for pseudo-orbital y;(r).

Combining everything, we can thus construct a new
potential by using

Vy(r)
()] . R Viy,(r)  V2i(r) .
=2 ) < I {2wi(r> 2,(1) }d
V2y(r) Vrwi(r)
2pi(r) " () > 44)

where ¢; are the current orbital energies, and V. is the Fock
operator based on the current orbitals. In practice, we
typically mix the potential obtained from Eq. (44) with that
of the previous step to aid in convergence. Finally, based on
Eq. (11) we subtract V. (r) and aVy(r) to obtain the exact
remainder potential V(r).

B. Exact remainder potentials

The algorithm described above can in principle be
implemented in any code, albeit with varying levels of
expected success owing to different numerical issues. In
order to be confident in the accuracy of the inversion, we
wish to remove additional numerical approximations that
are almost always used in DFT, i.e., the use of a basis set
and/or pseudopotentials. To this end, we implement the
algorithm described above in DARSEC [58], an all-electron
fully numerical (i.e., basis-set-free) code. DARSEC uses
prolate spheroidal coordinates [59] to calculate atomic and
diatomic systems. It has been specifically designed to be
useful in endeavors of functional development [60] and has
already been used successfully in cases where use of
pseudopotentials or basis sets was a specific cause of
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concern [61,62]. For performing hybrid functional calcu-
lations, we implement the Fock operator in DARSEC using
the self-consistent scheme described in Ref. [63]. We note
that efficient projection approximations for the Fock
exchange operator are given Refs. [63—66], but for the
small systems studied here, use of the full (unprojected)
Fock operator is found to be sufficient.

Using these tools, we calculate the exact GKS remain-
der potentials corresponding to various fractions of exact
exchange for four systems: Li™, Li~, Be, and F~. These
systems are chosen due to their simplicity, spherical
symmetry, and the availability of high-quality reference
data. Here we use reference densities obtained by fitting
quantum Monte Carlo calculations using known exact
constraints [67]. First, we note that in the limit o« = 0, in
which an exact KS map is retrieved, the obtained V(r)
agree well with exact KS inversion results reported
previously for the same systems using the same reference
densities [67] (see Fig. S1 in the Supplemental Material
[68]). We also note that as a second test, we successfully
replicate the exact-exchange potential obtained in
Ref. [33] from an inversion of Hartree-Fock orbitals for
the Ar atom.

Vg xc(R) (Ha)

— a=1.00
-3.0 . ‘ . .
1 2 3 4 5 6
R (bohr)
1.0 .
0is (c) Be

Vlgf xc (R) (Ha)

1 2 3 4 5 6
R (bohr)

FIG. 2. Exact remainder exchange-correlation potentials V.,
exchange for (a) Li™ (b) Li~, (c) Be, and (d) F~.

With the accuracy of our method established, we now
turn to analyzing the results. We find that in all four systems
the remainder potential V(r) changes significantly with a.
However, a large component of V(r) is clearly given by
the complementary fraction of the Hartree potential which
is not included in O, namely, (1 — a)Vy(r) [cf. Eq. (13)].
The Hartree potential is necessarily identical for all choices
of @ because it is an explicit functional of the exact density,
and therefore, its inclusion scaled by (1 — @) obscures the
observation of trends with a. For this reason, we subtract
this Hartree component from the remainder potential and
define the result as the remainder exchange-correlation
potential,

Vie(r) = Vi(r) = (1 = a)Vy(r). (45)
Trends in V¢ (r) as a function of « for all four systems are
shown in Fig. 2. In the figure, spurious noise arising from
convergence difficulties at the empty focus of the DARSEC
prolate spheroidal grid is removed for clarity. For com-

pleteness, the unedited figure is given as Fig. S2 in the
Supplemental Material [68].

10 d : :
05 (b) Li— |

Vg xc (R) (Ha)

1 2 3 3 5 6
R (bohr)

Vi xc (R) (Ha)

1 2 3 4 5 6
R (bohr)

found by inversion for GKS maps with various fractions a of Fock
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Figure 2 demonstrates the logic behind obtaining differ-
ent yet equally exact GKS maps. For every choice of a,
the nonmultiplicative operator changes, but the remainder
exchange-correlation potential adjusts itself to ensure that
the same ground-state density is obtained. This observation
confirms that in exact GKS theory there is no a priori
reason to prefer one value of a over another.

C. Partition between exchange
and correlation potentials

We now turn to the partitioning of the remainder
potential into exchange and correlation potentials. In
particular, it is important to examine whether the term
AF3[n] of Eq. (32) is meaningful in practice, regardless of
whether it is viewed as contributing to exchange (LAC
theory) or to correlation (GL theory). This is because
although in general, |®g) = |®() and |®D,) need not be the
same (as they are only constrained to yield the same overall
density), in practice they can often be close, which is indeed
the case for the orbitals found by our inversion process (see
Fig. S3 in the Supplemental Material [68] for an example).

If we assume that the difference is small enough to neglect
AF5[n|, then from the perspective of LAC theory, this
assumption means that we neglect the remainder exchange
component for a = 1, i.e., approximate the a-independent
Vg by V&t which is known from inversion with a = 1.
Similarly, from the GL perspective this assumption would
mean that we neglect the a dependence of V§ . and use V'
throughoutinstead. In either case, we can then approximate the
remainder exchange potential for GKS maps with o < 1 as

V%,x ~ V%.xc - V;X?:xi (46)

Anticipating, based on Eq. (21), thatamajor contribution to the
remainder exchange potential is its scaling by 1 — a, i.e., the
fraction complementary to the one weighing the Fock
exchange in O%, we then define a scaled remainder exchange
potential:

yva Ve _ Va:l
E%,x = . _R); _ R,xlc — aR,xc ) (47)

We apply Eq. (47) to calculate 7%, from the remainder
potentials given in Fig. 2. The results are shown in Fig. 3.
Clearly, 7%, is found to be essentially independent of a;
i.e., the multiplicative exchange component of a given map
simply scales with 1 — a, which means that AF5[n] is of
negligible consequence, to within our numerical accuracy.
This nearly linear scaling relationship holds even in Li~,
where one could have expected that the weakly bound
outermost electron would be more sensitive to small
changes in the potential.

While the above examples obviously do not prove that
AF5[n] would always be negligible, the fact that it often is

can still be rationalized. To that end, we return to the
analytical form of E% y, . For a = 0, we obtain the usual KS
solution. Perturbing the @ > 0 GKS wave functions around
a = 0 yields

@) & | @) + a|ADg) + O(a?). (48)
Using Eq. (48) in Eq. (25), we obtain

E} e [n] = (@|T + W|Dg) — (DT + aW|dy)
—2aR(Dy|(T + aW)|ADy) + O(a?), (49)

= (1 = a)(®o|W|dy)
—2aR(Dp|(T 4 aW)|ADy) + O(a?).  (50)

We can further show that the second term above, involving
|Ad,), is proportional to a?. This involves recognizing that
|®y) = |®g) minimizes T, so that (®y|T|AD,) =0 for
any perturbation. Therefore, —2af (®y|(T + aW)|Ad) =
—2020R(Dy|W|AD,), and we obtain

Ef iy = (1= a)(®|W|®o) + O(a?). (51)

The above result can also be interpreted as a GKS view-
point of the proof given by Kiimmel and Perdew [69], which
showed that KS and GKS maps are identical to first order. Up
to order o, then, the only a dependence of the exact Hartree-
exchange energy is that it scales directly with 1 — a. Any
missing contributions that are linear in @, if at all, must come
from our approximation that Vg .~ V%,:xi. Clearly, this
approximation is excellent in the cases studied here.

Finally, we note that as we are unaware of attempts to
explicitly approximate AF5[n] or to set bounds on its
magnitude. The most popular global hybrid approxima-
tions, notably B3LYP [70] and PBEO [43,71,72], tacitly set
it to zero. More heavily parametrized global hybrid func-
tionals may implicitly incorporate some of it, albeit not in
an intentional manner.

IV. COMPARISON OF EXACT AND
APPROXIMATE HYBRID FUNCTIONALS

Throughout the previous sections, we emphasize that
exact GKS maps based on any choice of a map the exact
density equally well. At the same time, we know that
practical application using approximate hybrid functionals
can be very sensitive to the choice of a. For example, the
generally recommended values of « for the popular B3LYP
[70] and PBEO [43,71,72] hybrid functionals are 20%
and 25%, respectively. Furthermore, cases involving more
significant delocalization and/or self-interaction errors,
or larger static correlation contributions, may call for
larger [73-75] or smaller [76,77] values of a, respectively.
The purpose of this section is to examine whether the GKS
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FIG. 3.
exchange for (a) Lit, (b) Li~, (¢) Be, and (d) F~.

remainder potential plays a role in this optimal choice, and
to gain insight into scenarios and properties where the
transition from the KS to the GKS picture may result in
qualitative differences.

A. Remainder exchange-correlation potentials

We choose to focus our comparisons on the PBEO hybrid
functional, which is based on nonempirical semilocal
exchange and correlation components. In Fig. 4, we
compare the exact, inversion-based V§ . with the corre-
sponding approximate V% . from a self-consistent PBEO-
based calculation with the same value of a (which we
denote as PBEQ,). We use Be as an example, with similar
trends observed for all other systems; see Figs. S4-S6 of
the Supplemental Material [68].

We focus first on the case of a=1 [Fig. 4(e)].
Neglecting the small difference between the correlation
in the Hartree-Fock sense and in GKS sense, as in the
previous section, we can compare the remainder exchange-
correlation potential in this case directly to the PBEO
correlation potential. Clearly, the two are very different
and in fact disagree even in the sign of the potential. This is

0.0 (b) Li-

xc (R) (Ha)

R

-25 — a=0.50 |{
— a=0.75

1 2 3 3 5 6
R (bohr)

xc (R) (Ha)

S0
VR

1 2 3 4 5 6
R (bohr)

Scaled remainder exchange potentials ¥% , approximated using Eq. (47), found to coincide for various fractions a of Fock

to be expected. It is well known that semilocal correlation is
fundamentally incompatible with exact exchange, because
the exact-exchange hole is delocalized, whereas the semi-
local hole is localized, resulting in an overall nonphysical
delocalized exchange-correlation hole [14,78]. The present
results demonstrate just how severe this incompatibility is.

For the opposite extreme fraction of Fock exchange
a = 0, PBEQ, reduces to the PBE functional. It has been
noted previously [79,80] that PBE often provides for
reasonably accurate results even when PBE correlation is
opposite in sign. This is confirmed in Fig. 4(a), where the
PBE exchange-correlation potential is a much better
approximation of the exact one than the PBE exchange or
correlation potentials individually. Clearly, some differences
between the PBE and exact potential remain, notably a small
spurious peak, as well as quantitative differences.

The above analysis therefore suggests that some finite
fraction of @ may be best in balancing error cancellation
between semilocal exchange and semilocal correlation
while enjoying some of the benefits of exact exchange,
e.g., reduction of self-interaction errors. Figures 4(b)—4(d)
suggest that this improved balance is likely the case, but
the differences in the remainder exchange-correlation
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(a)—(e) Exact (inversion-based) and approximate (PBEQ,) remainder exchange-correlation potentials V% ;. obtained for the Be

atom from various choices of the fraction of Fock exchange a. Also shown is the error in the PBEO, potential.

potentials for various choices of a, in the absence of energy
considerations, do not establish an optimal value of «a
unequivocally. In particular, the results shown in the figure
do establish that the use of the default value of @ = 0.25 is
superior to the use of @ = 0, i.e., PBE, but they do not
identify this fraction as optimal in mimicking the exact
potential. Rather, it emerges as one useful value out of a
fairly broad range of possible Fock exchange fractions.
To understand this behavior, we note that the overall
difference between the self-consistent PBEQ,, and the exact
potential is given by
Avlot(r) = VPBEO(, [nPBEOK, (r)] (l‘) - Vexact[nexacl(r)] (l‘) (52)
Kim et al. suggested that this difference can be decomposed
into a functional-driven (FD) and a density-driven (DD)
component, AV (r) = AVpp(r) + AVep(r) [81], where
the FD difference is given by

AVFD (r) = VPBEO(, [nexact(r)] (r) - Vexact [nexact(r)} (I‘), (53)

while the DD difference is

AVpp(r) = VpBEO, [”PBEO,, (r)](r) - VpBEO, [Mexact (F)] (7).

(54)

where 7y, (r) is the exact density and npgg (r) is
the self-consistent PBEOa density. The results of this

decomposition, for the calculations presented in Fig. 4,
are given in Fig. S7 of the Supplemental Material [68].
We find that for all systems studied in this work, the dif-
ferences are overwhelmingly dominated by the functional-
driven component. Therefore, in the systems studied the
choice of an optimal fraction is strongly driven by
exchange-correlation energy, rather than potential.

B. Steps in remainder exchange potentials

Given the conclusions of the preceding subsection, which
do not reveal strong trends with a, one may think that using a
GKS approach over a KS is merely a computational
convenience. However, one issue where the potential itself
plays a clear role is the step structure at electronic shell
closings. Within the KS picture, it has long been known that
this step is related to orbital-dependent terms in the opti-
mized effective potential equation and therefore difficult to
mimic with semilocal functionals [82,83].

To examine the step structure, we return to the Be atom
and consider the difference between the remainder
exchange potential and the appropriately scaled Slater
potential [14] given by

Ve (r) = sz’k(") SE {4}

T n(r)

() (53)

using orbitals from @ = 1 (varying « leads to differences of
less than 1 mHa; see Fig. S3 in the Supplemental
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FIG. 5. Exact (inversion-based) and approximate (PBEO,) step
potentials V% — (I —a)Vg obtained for the Be atom from
various choices of the fraction of Fock exchange a.

Material [68], which is indistinguishable from noise in the
remainder potential). We adopt this approach because the
Slater potential is known to serve as a rough approximation

for the KS exchange potential corresponding to
-1.6
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Hartree-Fock theory, and the step structure has been traced
back to terms beyond the Slater potential [14,82,83].

The result is given in Fig. 5. For a =0, i.e., KS
theory, as expected the step is vital. Furthermore, PBE
calculations can mimic some rough features of the needed
step (and certainly do a better job at that than calculations
based on LDA, in which the “step” is not as sharp and
attains a higher maximum). Still, PBE calculations
struggle to capture essential features of the step, such
as its abruptness and its overall height. As one increases
a, i.e., uses GKS, the step diminishes due to scaling, and
so the error is less significant (compare the PBEO result to
the exact result with & = 0.25). In the limit of & = 1, the
nonlocal features of the Fock operator make this step
unimportant.

Using increasing values of a require more sophisticated
approximate correlation expressions that limit their use.
However, the above observations are still important,
because a similar step structure in the exchange potential
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FIG. 6. Difference of orbital energy from that of the highest occupied orbital, from exact and PBEO, GKS maps, as a function of a.

(a) Li~ 1s, (b) Be 1s, (c) F~ 1s, (d) F~ 2s.
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has long been known to arise between dissociating atoms
[84,85]. We do not pursue the issue numerically here for
lack of suitable exact reference densities. However, we note
that the fact that this step need not be mimicked fora = 1 is
surely a major factor in the success of asymptotically
correct functionals at treating charge-transfer scenarios,
which are very difficult to handle with KS theory (see, e.g.,
Ref. [40] and references therein).

Finally, we note that in the presence of strong correlation
one may also observe abrupt correlation features in the
spin-dependent KS potential [86]. These features are not
captured in the spin-restricted formalism employed
throughout this article, but the elimination or at least
mitigation of the exchange step is already a major step
forward.

C. Orbital energies

An even greater difference between different (exact or
approximate) GKS maps has to do with orbital energies.
Throughout our discussion, we emphasize the density
equivalence of all exact GKS maps. However, the
orbital energies, i.e., the GKS eigenvalues obtained from
different exact maps, may still change without violating this
equivalence.

Strictly speaking, the above formalism does not attach
physical meaning to individual GKS orbitals and orbital
energies, except inasmuch as that they conspire to produce
the correct density. The only exception to this statement is
for the energy of the highest occupied orbital, for which
the ionization potential theorem, originally proven for exact
KS theory [87,88] but also valid for exact GKS theory
[40,89,90], establishes that it is equal and opposite to the
ionization energy. Understanding orbital energy trends is
still interesting because, although they do not correspond
exactly to quasiparticle excitation energies [91], they are
often used as useful approximations thereof [92,93].

Differences between the energy of the highest occupied
orbital and the lower occupied orbital(s) for Be, Li~, and F~
obtained from both the exact and the PBEQ, hybrid
functional, as a function of @, are given in Fig. 6.
Interestingly, the orbital energies obtained from both exact
and approximate calculations change significantly and
mostly linearly with a, albeit not necessarily with the same
slope, despite the fact that (as discussed in the previous
section) the orbitals themselves change very little through-
out. This finding shows that even in exact hybrid theory the
a scaling of the exchange components in the GKS
Hamiltonian is clearly manifested in the eigenvalues, in
agreement with past results from approximate hybrid
functionals [93].

Finally, the strong a dependence of the orbital energies
obtained even in exact GKS theory raises an interesting
question for further research: how to choose, from other-
wise equivalent maps, the one best suited for approximating
quasiparticle excitation energies.

V. CONCLUSIONS

In conclusion, we present a rigorous and formally exact
GKS density-functional theory of hybrid functionals. First,
we provide a brief overview of how GKS theory defines an
exact remainder potential that combines with a fraction of
Fock exchange to produce the correct ground-state density.
We then generalize the adiabatic connection theorem to the
case of exact hybrid functional theory and show that this
can be done in different ways. We use this to derive two
different yet equally rigorous distinctions between remain-
der (multiplicative) exchange and correlation components,
one of which has been previously given as an ansatz, which
we compare and contrast.

We examine the formal theory numerically by develop-
ing a novel algorithm for inverting accurate reference
electron densities to obtain exact remainder potentials.
We use this algorithm for selected atoms and ions to
demonstrate how an equivalent description of the many-
electron problem is obtained with an arbitrary fraction of
Fock exchange. We further find that, at least for the systems
studied, the formal component that sets apart the above two
definitions for the partition of exchange and correlation is
negligibly small, and rationalize this behavior using per-
turbation theory arguments.

We then compare the behavior of exact GKS calculations
to those obtained from approximate ones based on the
PBEO, functional. We show that the normally recom-
mended value of @ = 0.25 is governed by energetics rather
than by potential. We establish that the choice of @ may
play a far greater role when there is a need to approximate
accurately a step structure. Finally, we show that different,
equally exact GKS maps can feature significantly different
eigenvalue spectra and discuss how this may affect the
approximate interpretation of eigenvalues as quasiparticle
excitation energies.

We sincerely hope that the general theory provided in
this article will be used to guide further development efforts
of hybrid density functionals and that the generalized
Kohn-Sham inversion procedures and analysis given here
may be used in the future to understand and overcome
limitations of existing state-of-the-art approximate hybrid
density functionals.

ACKNOWLEDGMENTS

We thank Dr. Ariel Biller for kind assistance with code
implementation. R. G. and L. K. acknowledge support by
the Israel Science Foundation.

[1] P. Hohenberg and W. Kohn, Inhomogeneous Electron Gas,
Phys. Rev. 136, B864 (1964).

[2] R. G. Parr and W. Yang, Density Functional Theory of Atoms
and Molecules (Oxford University Press, New York, 1989).

021040-13


https://doi.org/10.1103/PhysRev.136.B864

GARRICK, NATAN, GOULD, and KRONIK

PHYS. REV. X 10, 021040 (2020)

[3] E.K.U. Gross and R.M. Dreizler, Density Functional
Theory (Plenum Press, New York, 1990).

[4] W. Koch and M. C. Holthausen, A Chemist’s Guide to
Density Functional Theory (Wiley-VCH, Weinheim, 2001).

[5] Density Functional Theory: A Practical Introduction, edited
by D. Sholl and J. A. Steckel (Wiley-VCH, Weinheim,
2009).

[6] Density Functionals for Non-Relativistic Coulomb Systems
in the New Century, edited by C. Fiolhais, F. Nogueira, and
M. A. L. Marques (Springer, Berlin, 2003).

[7]1 Electronic Structure: Basic Theory and Practical Methods,
edited by R.M. Martin (Cambridge University Press,
Cambridge, England, 2004).

[8] T. Tsuneda, Density Functional Theory in Quantum
Chemistry (Springer, Berlin, 2014).

[9] W. Kohn and L. J. Sham, Self-Consistent Equations Includ-
ing Exchange and Correlation Effects, Phys. Rev. 140,
A1133 (1965).

[10] J. P. Perdew and S. Kurth, in A Primer in Density Functional
Theory, edited by C. Fiolhais, F. Nogueira, and M. A. L.
Marques (Springer, Berlin, 2003), Chap. 1, pp. 1-55.

[11] A.D. Becke, A New Mixing of Hartree-Fock and Local
Density-Functional Theories, J. Chem. Phys. 98, 1372
(1993).

[12] A.D. Becke, Density-Functional Thermochemistry. IIl. The
Role of Exact Exchange, J. Chem. Phys. 98, 5648 (1993).

[13] A.J. Cohen and N.C. Handy, Assessment of Exchange
Correlation Functionals, Chem. Phys. Lett. 316, 160
(2000).

[14] S. Kiimmel and L. Kronik, Orbital-Dependent Density
Functionals: Theory and Applications, Rev. Mod. Phys.
80, 3 (2008).

[15] C.J. Cramer and D. G. Truhlar, Density Functional Theory
for Transition Metals and Transition Metal Chemistry,
Phys. Chem. Chem. Phys. 11, 10757 (2009).

[16] G.1. Csonka, J.P. Perdew, and A. Ruzsinszky, Global
Hybrid Functionals: A Look at the Engine under the Hood,
J. Chem. Theory Comput. 6, 3688 (2010).

[17] E. Cora, M. Alfredsson, G. Mallia, D.S. Middlemiss,
W. C. Mackrodt, R. Dovesi, and R. Orlando, in Principles
and Applications of Density Functional Theory in Inorganic
Chemistry II (Springer, New York, 2004), pp. 171-232.

[18] M. Marsman, J. Paier, A. Stroppa, and G. Kresse, Hybrid
Functionals Applied to Extended Systems, J. Phys. Condens.
Matter 20, 064201 (2008).

[19] C. Franchini, Hybrid Functionals Applied to Perovskites,
J. Phys. Condens. Matter 26, 253202 (2014).

[20] R. A. DiStasio, Jr., B. Santra, Z. Li, X. Wu, and R. Car, The
Individual and Collective Effects of Exact Exchange and
Dispersion Interactions on the Ab Initio Structure of Liquid
Water, J. Chem. Phys. 141, 084502 (2014).

[21] A. Gorling and M. Levy, Hybrid Schemes Combining the
Hartree-Fock Method and Density-Functional Theory:
Underlying Formalism and Properties of Correlation Func-
tionals, J. Chem. Phys. 106, 2675 (1997).

[22] A. Seidl, A. Gorling, P. Vogl, J. A. Majewski, and M. Levy,
Generalized Kohn-Sham Schemes and the Band-Gap Prob-
lem, Phys. Rev. B 53, 3764 (1996).

[23] J.P. Perdew and K. Schmidt, Jacob’s Ladder of Density
Functional Approximations for the Exchange-Correlation
Energy, AIP Conf. Proc. 577, 1 (2001).

[24] J. Harris and R. Jones, The Surface Energy of a Bounded
Electron Gas, J. Phys. F 4, 1170 (1974).

[25] D.S. Jensen and A. Wasserman, Numerical Methods for the
Inverse Problem of Density Functional Theory, Int. J.
Quantum Chem. 118, e25425 (2018).

[26] A. Gorling, Kohn-Sham Potentials and Wave Functions
from Electron Densities, Phys. Rev. A 46, 3753 (1992).

[27] Y. Wang and R. G. Parr, Construction of Exact Kohn-Sham
Orbitals from a Given Electron Density, Phys. Rev. A 47,
R1591 (1993).

[28] Q. Zhao, R. C. Morrison, and R. G. Parr, From Electron
Densities to Kohn-Sham Kinetic Energies, Orbital
Energies, Exchange-Correlation Potentials, and Exchange-
Correlation Energies, Phys. Rev. A 50, 2138 (1994).

[29] Q. Wu and W. Yang, A Direct Optimization Method for
Calculating Density Functionals and Exchange-Correlation
Potentials from Electron Densities, J. Chem. Phys. 118,
2498 (2003).

[30] R. van Leeuwen and E. J. Baerends, Exchange-Correlation
Potential with Correct Asymptotic Behavior, Phys. Rev. A
49, 2421 (1994).

[31] P.R. T. Schipper, O. V. Gritsenko, and E. J. Baerends, Kohn-
Sham Potentials Corresponding to Slater and Gaussian
Basis Set Densities, Theor. Chem. Acc. 98, 16 (1997).

[32] K. Peirs, D. Van Neck, and M. Waroquier, Algorithm to
Derive Exact Exchange-Correlation Potentials  from
Correlated Densities in Atoms, Phys. Rev. A 67, 012505
(2003).

[33] A. Kumar, R. Singh, and M. K. Harbola, Universal Nature
of Different Methods of Obtaining the Exact Kohn-Sham
Exchange-Correlation Potential for a Given Density, J.
Phys. B 52, 075007 (2019).

[34] A. A.Kananenka, S. V. Kohut, A. P. Gaiduk, I. G. Ryabinkin,
and V. N. Staroverov, Efficient Construction of Exchange
and Correlation Potentials by Inverting the Kohn-Sham
Equations, J. Chem. Phys. 139, 074112 (2013).

[35] T. Gould and S. Pittalis, Hartree and Exchange in Ensemble
Density Functional Theory: Avoiding the Nonuniqueness
Disaster, Phys. Rev. Lett. 119, 243001 (2017).

[36] B. Kanungo, P.M. Zimmerman, and V. Gavini, Exact
Exchange-Correlation Potentials from Ground-State Elec-
tron Densities, Nat. Commun. 10, 4497 (2019).

[37] V. Sahni, J. Gruenebaum, and J.P. Perdew, Study of the
Density-Gradient Expansion for the Exchange Energy,
Phys. Rev. B 26, 4371 (1982).

[38] T. Grabo, T. Kreibich, and E.K.U. Gross, Optimized
Effective Potential for Atoms and Molecules, Molecular
engineering 7, 27 (1997).

[39] E. Engel, in A Primer in Density Functional Theory,
edited by C. Fiolhais, F. Nogueira, and M. A. L. Marques
(Springer, Berlin, 2003), Chap. 2, pp. 56-122.

[40] L. Kronik, T. Stein, S. Refaely-Abramson, and R. Baer,
Excitation Gaps of Finite-Sized Systems from Optimally
Tuned Range-Separated Hybrid Functionals, J. Chem.
Theory Comput. 8, 1515 (2012).

[41] R. Baer and L. Kronik, 7ime-Dependent Generalized
Kohn-Sham Theory, Eur. Phys. J. B 91, 170 (2018).

021040-14


https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1063/1.464304
https://doi.org/10.1063/1.464304
https://doi.org/10.1063/1.464913
https://doi.org/10.1016/S0009-2614(99)01273-7
https://doi.org/10.1016/S0009-2614(99)01273-7
https://doi.org/10.1103/RevModPhys.80.3
https://doi.org/10.1103/RevModPhys.80.3
https://doi.org/10.1039/b907148b
https://doi.org/10.1021/ct100488v
https://doi.org/10.1088/0953-8984/20/6/064201
https://doi.org/10.1088/0953-8984/20/6/064201
https://doi.org/10.1088/0953-8984/26/25/253202
https://doi.org/10.1063/1.4893377
https://doi.org/10.1063/1.473369
https://doi.org/10.1103/PhysRevB.53.3764
https://doi.org/10.1063/1.1390175
https://doi.org/10.1088/0305-4608/4/8/013
https://doi.org/10.1002/qua.25425
https://doi.org/10.1002/qua.25425
https://doi.org/10.1103/PhysRevA.46.3753
https://doi.org/10.1103/PhysRevA.47.R1591
https://doi.org/10.1103/PhysRevA.47.R1591
https://doi.org/10.1103/PhysRevA.50.2138
https://doi.org/10.1063/1.1535422
https://doi.org/10.1063/1.1535422
https://doi.org/10.1103/PhysRevA.49.2421
https://doi.org/10.1103/PhysRevA.49.2421
https://doi.org/10.1007/s002140050273
https://doi.org/10.1103/PhysRevA.67.012505
https://doi.org/10.1103/PhysRevA.67.012505
https://doi.org/10.1088/1361-6455/ab04e8
https://doi.org/10.1088/1361-6455/ab04e8
https://doi.org/10.1063/1.4817942
https://doi.org/10.1103/PhysRevLett.119.243001
https://doi.org/10.1038/s41467-019-12467-0
https://doi.org/10.1103/PhysRevB.26.4371
https://doi.org/10.1023/A:1008218128189
https://doi.org/10.1023/A:1008218128189
https://doi.org/10.1021/ct2009363
https://doi.org/10.1021/ct2009363
https://doi.org/10.1140/epjb/e2018-90103-0

EXACT GENERALIZED KOHN-SHAM THEORY FOR HYBRID ...

PHYS. REV. X 10, 021040 (2020)

[42] A. Savin, Recent Advances in Density Functional Methods
(World Scientific, Singapore, 1995), pp. 129-153.

[43] J.P. Perdew, M. Ernzerhof, and K. Burke, Rationale for
Mixing Exact Exchange with Density Functional Approx-
imations, J. Chem. Phys. 105, 9982 (1996).

[44] A. Gorling and M. Levy, Correlation-Energy Functional
and Its High-Density Limit Obtained from a Coupling-
Constant Perturbation Expansion, Phys. Rev. B 47, 13105
(1993).

[45] A. Gorling and M. Levy, Exact Kohn-Sham Scheme Based
on Perturbation Theory, Phys. Rev. A 50, 196 (1994).

[46] E. K. U. Gross, L. N. Oliveira, and W. Kohn, Rayleigh-Ritz
Variational Principle for Ensembles of Fractionally Occu-
pied States, Phys. Rev. A 37, 2805 (1988).

[47] E.K.U. Gross, L.N. Oliveira, and W. Kohn, Density-
Functional Theory for Ensembles of Fractionally Occupied
States. 1. Basic Formalism, Phys. Rev. A 37, 2809 (1988).

[48] L.N. Oliveira, E.K.U. Gross, and W. Kohn, Density-
Functional Theory for Ensembles of Fractionally Occupied
States. II. Application to the He Atom, Phys. Rev. A 37,
2821 (1988).

[49] E. Kraisler and L. Kronik, Piecewise Linearity of Approxi-
mate Density Functionals Revisited: Implications for Fron-
tier Orbital Energies, Phys. Rev. Lett. 110, 126403 (2013).

[50] T. Gould, L. Kronik, and S. Pittalis, Charge Transfer
Excitations from Exact and Approximate Ensemble Kohn-
Sham Theory, J. Chem. Phys. 148, 174101 (2018).

[51] N.I. Gidopoulos, P.G. Papaconstantinou, and E.K.U.
Gross, Spurious Interactions, and Their Correction, in
the Ensemble-Kohn-Sham Scheme for Excited States, Phys.
Rev. Lett. 88, 033003 (2002).

[52] T. Gould and J. E. Dobson, The Flexible Nature of Exchange,
Correlation, and Hartree Physics: Resolving “Delocaliza-
tion” Errors in a “Correlation Free” Density Functional,
J. Chem. Phys. 138, 014103 (2013).

[53] J.P. Perdew, K. Burke, and M. Ernzerhof, Generalized
Gradient Approximation Made Simple, Phys. Rev. Lett. 77,
3865 (1996).

[54] J. Sun, A. Ruzsinszky, and J. Perdew, Strongly Constrained
and Appropriately Normed Semilocal Density Functional,
Phys. Rev. Lett. 115, 036402 (2015).

[55] M. Levy and J. P. Perdew, Hellmann-Feynman, Virial, and
Scaling Requisites for the Exact Universal Density Func-
tionals. Shape of the Correlation Potential and Diamag-
netic Susceptibility for Atoms, Phys. Rev. A 32, 2010
(1985).

[56] M. Levy, Density-Functional Exchange Correlation
through Coordinate Scaling in Adiabatic Connection and
Correlation Hole, Phys. Rev. A 43, 4637 (1991).

[57] J.B. Krieger, Y. Li, and G.J. lafrate, Systematic Approx-
imations to the Optimized Effective Potential: Application to
Orbital-Density-Functional Theory, Phys. Rev. A 46, 5453
(1992).

[58] A. Makmal, S. Kiimmel, and L. Kronik, Fully Numerical
All-Electron Solutions of the Optimized Effective Potential
Equation for Diatomic Molecules, J. Chem. Theory Com-
put. 5, 1731 (2009).

[59] A.D. Becke, Numerical Hartree-Fock-Slater Calculations
on Diatomic Molecules, J. Chem. Phys. 76, 6037 (1982).

[60] T. Schmidt, E. Kraisler, A. Makmal, S. Kiimmel, and L.
Kronik, A Self-Interaction Free Local Hybrid Functional:
Accurate Binding Energies vis-a-vis Accurate lonization
Potentials from Kohn-Sham Eigenvalues, J. Chem. Phys.
140, 18A510 (2014).

[61] A. Makmal, R. Armiento, E. Engel, L. Kronik, and S.
Kimmel, Examining the Role of Pseudopotentials in
Exact-Exchange-Based Kohn-Sham Gaps, Phys. Rev. B
80, 161204(R) (2009).

[62] A. Makmal, S. Kiimmel, and L. Kronik, Dissociation
of Diatomic Molecules and the Exact-Exchange Kohn-
Sham Potential: The Case of LiF, Phys. Rev. A 83,
062512 (2011).

[63] N. M. Boffi, M. Jain, and A. Natan, Efficient Computation
of the Hartree-Fock Exchange in Real-Space with Projec-
tion Operators, J. Chem. Theory Comput. 12, 3614 (2016).

[64] I. Duchemin and F. Gygi, A Scalable and Accurate
Algorithm for the Computation of Hartree-Fock Exchange,
Comput. Phys. Commun. 181, 855 (2010).

[65] L. Lin, Adaptively Compressed Exchange Operator, J.
Chem. Theory Comput. 12, 2242 (2016).

[66] D. Gabay, X. Wang, V. Lomakin, A. Boag, M. Jain, and A.
Natan, Size Dependent Electronic Properties of Silicon
Quantum Dots—An Analysis with Hybrid, Screened Hybrid
and Local Density Functional Theory, Comput. Phys.
Commun. 221, 95 (2017).

[67] T. Gould and J. Toulouse, Kohn-Sham Potentials in Exact
Density-Functional Theory at Noninteger Electron Num-
bers, Phys. Rev. A 90, 050502(R) (2014).

[68] See  Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevX.10.021040 for compari-
son of inverted KS potentials with previous results, data
for the removal of noise from inverted potentials, differences
in exact GKS orbitals obtained from different fractions of
Fock exchange, comparison of exact and approximate GKS
potentials (for Li*, Li~, and F), and decomposition of
differences in Vg ..

[69] S. Kiimmel and J. P. Perdew, Optimized Effective Potential
Made Simple: Orbital Functionals, Orbital Shifts, and the
Exact Kohn-Sham Exchange Potential, Phys. Rev. B 68,
035103 (2003).

[70] P. Stephens, F. Devlin, F. Chabalowski, and M. Frisch,
Ab Initio Calculation of Vibrational Absorption and Cir-
cular Dichroism Spectra Using Density Functional Force
Fields, J. Phys. Chem. 98, 11623 (1994).

[71] C. Adamo and V. Barone, Toward Reliable Density Func-
tional Methods without Adjustable Parameters: The PBEQ
Model, J. Chem. Phys. 110, 6158 (1999).

[72] M. Ernzerhof and G. E. Scuseria, Assessment of the Perdew-
Burke-Ernzerhof Exchange-Correlation Functional, .
Chem. Phys. 110, 5029 (1999).

[73] J. Sancho-Garcia, J. Brédas, and J. Cornil, Assessment of the
Reliability of the Perdew-Burke-Ernzerhof Functionals in
the Determination of Torsional Potentials in n-Conjugated
Molecules, Chem. Phys. Lett. 377, 63 (2003).

[74] J.L. Gavartin, P. V. Sushko, and A.L. Shluger, Modeling
Charge Self-Trapping in Wide-Gap Dielectrics: Localiza-
tion Problem in Local Density Functionals, Phys. Rev. B 67,
035108 (2003).

021040-15


https://doi.org/10.1063/1.472933
https://doi.org/10.1103/PhysRevB.47.13105
https://doi.org/10.1103/PhysRevB.47.13105
https://doi.org/10.1103/PhysRevA.50.196
https://doi.org/10.1103/PhysRevA.37.2805
https://doi.org/10.1103/PhysRevA.37.2809
https://doi.org/10.1103/PhysRevA.37.2821
https://doi.org/10.1103/PhysRevA.37.2821
https://doi.org/10.1103/PhysRevLett.110.126403
https://doi.org/10.1063/1.5022832
https://doi.org/10.1103/PhysRevLett.88.033003
https://doi.org/10.1103/PhysRevLett.88.033003
https://doi.org/10.1063/1.4773284
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1103/PhysRevLett.115.036402
https://doi.org/10.1103/PhysRevA.32.2010
https://doi.org/10.1103/PhysRevA.32.2010
https://doi.org/10.1103/PhysRevA.43.4637
https://doi.org/10.1103/PhysRevA.46.5453
https://doi.org/10.1103/PhysRevA.46.5453
https://doi.org/10.1021/ct800485v
https://doi.org/10.1021/ct800485v
https://doi.org/10.1063/1.442958
https://doi.org/10.1063/1.4865942
https://doi.org/10.1063/1.4865942
https://doi.org/10.1103/PhysRevB.80.161204
https://doi.org/10.1103/PhysRevB.80.161204
https://doi.org/10.1103/PhysRevA.83.062512
https://doi.org/10.1103/PhysRevA.83.062512
https://doi.org/10.1021/acs.jctc.6b00376
https://doi.org/10.1016/j.cpc.2009.12.021
https://doi.org/10.1021/acs.jctc.6b00092
https://doi.org/10.1021/acs.jctc.6b00092
https://doi.org/10.1016/j.cpc.2017.08.005
https://doi.org/10.1016/j.cpc.2017.08.005
https://doi.org/10.1103/PhysRevA.90.050502
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
http://link.aps.org/supplemental/10.1103/PhysRevX.10.021040
https://doi.org/10.1103/PhysRevB.68.035103
https://doi.org/10.1103/PhysRevB.68.035103
https://doi.org/10.1021/j100096a001
https://doi.org/10.1063/1.478522
https://doi.org/10.1063/1.478401
https://doi.org/10.1063/1.478401
https://doi.org/10.1016/S0009-2614(03)01086-8
https://doi.org/10.1103/PhysRevB.67.035108
https://doi.org/10.1103/PhysRevB.67.035108

GARRICK, NATAN, GOULD, and KRONIK

PHYS. REV. X 10, 021040 (2020)

[75] B.J. Lynch, P.L. Fast, M. Harris, and D.G. Truhlar,
Adiabatic Connection for Kinetics, J. Phys. Chem. A
104, 4811 (2000).

[76] M. Reiher, Theoretical Study of the Fe(phen),(NCS), Spin-
Crossover Complex with Reparametrized Density Func-
tionals, Inorg. Chem. 41, 6928 (2002).

[77] B. Shi, S. Weissman, F. Bruneval, L. Kronik, and S. Ogiit,
Photoelectron Spectra of Copper Oxide Cluster Anions
from First Principles Methods, J. Chem. Phys. 149, 064306
(2018).

[78] N.C. Handy and A.J. Cohen, Left-Right Correlation En-
ergy, Mol. Phys. 99, 403 (2001).

[79] E. G. Cruz, K.-C. Lam, and K. Burke, Exchange-Correlation
Energy Density from Virial Theorem, J. Phys. Chem. A 102,
4911 (1998).

[80] K.-C. Lam, F. G. Cruz, and K. Burke, Virial Exchange-
Correlation Energy Density in Hooke’s Atom, Int. J.
Quantum Chem. 69, 533 (1998).

[81] M.-C. Kim, E. Sim, and K. Burke, Understanding and
Reducing Errors in Density Functional Calculations,
Phys. Rev. Lett. 111, 073003 (2013).

[82] O. V.Gritsenko,R.vanLeeuwen, and E. J. Baerends, Analysis
of Electron Interaction and Atomic Shell Structure in Terms of
Local Potentials, J. Chem. Phys. 101, 8955 (1994).

[83] R. van Leeuwen, O. V. Gritsenko, and E. J. Baerends, Step
Structure in the Atomic Kohn-Sham Potential, 7. Phys. D
33, 229 (1995).

[84] J. P. Perdew, in Density Functional Methods in Physics,
edited by R.M. Dreizler and J. da Providencia (Plenum
Press, New York, 1985), pp. 265-308.

[85] N.T. Maitra, Analysis of Electron Interaction and Atomic
Shell Structure in Terms of Local Potentials,J. Chem. Phys.
122, 234104 (2005).

[86] J.I. Fuks, A. Rubio, and N.T. Maitra, Charge Transfer
in Time-Dependent Density-Functional Theory via
Spin-Symmetry Breaking, Phys. Rev. A 83, 042501
(2011).

[87] J. P. Perdew, R. G. Parr, M. Levy, and J. L. Balduz, Density-
Functional Theory for Fractional Particle Number: Deriva-
tive Discontinuities of the Energy, Phys. Rev. Lett. 49, 1691
(1982).

[88] C.-O. Almbladh and U. von Barth, Exact Results for the
Charge and Spin Densities, Exchange-Correlation Poten-
tials, and Density-Functional Eigenvalues, Phys. Rev. B 31,
3231 (1985).

[89] A.J. Cohen, P. Mori-Sanchez, and W. Yang, Fractional
Charge Perspective on the Band Gap in Density-Functional
Theory, Phys. Rev. B 77, 115123 (2008).

[90] R. Baer, E. Livshits, and U. Salzner, Tuned Range-
Separated Hybrids in Density Functional Theory, Annu.
Rev. Phys. Chem. 61, 85 (2010).

[91] L.J. Sham and W. Kohn, One-Particle Properties of an
Inhomogeneous Interacting Electron Gas, Phys. Rev. 145,
561 (1966).

[92] R.O. Jones and O. Gunnarsson, The Density Functional
Formalism, Its Applications and Prospects, Rev. Mod.
Phys. 61, 689 (1989).

[93] L. Kronik and S. Kiimmel, Gas-Phase Valence-Electron
Photoemission Spectroscopy Using Density Functional
Theory, Top. Curr. Chem. 347, 137 (2014).

021040-16


https://doi.org/10.1021/jp000497z
https://doi.org/10.1021/jp000497z
https://doi.org/10.1021/ic025891l
https://doi.org/10.1063/1.5038744
https://doi.org/10.1063/1.5038744
https://doi.org/10.1080/00268970010018431
https://doi.org/10.1021/jp980950v
https://doi.org/10.1021/jp980950v
https://doi.org/10.1002/(SICI)1097-461X(1998)69:4%3C533::AID-QUA10%3E3.0.CO;2-0
https://doi.org/10.1002/(SICI)1097-461X(1998)69:4%3C533::AID-QUA10%3E3.0.CO;2-0
https://doi.org/10.1103/PhysRevLett.111.073003
https://doi.org/10.1063/1.468024
https://doi.org/10.1007/BF01437503
https://doi.org/10.1007/BF01437503
https://doi.org/10.1063/1.1924599
https://doi.org/10.1063/1.1924599
https://doi.org/10.1103/PhysRevA.83.042501
https://doi.org/10.1103/PhysRevA.83.042501
https://doi.org/10.1103/PhysRevLett.49.1691
https://doi.org/10.1103/PhysRevLett.49.1691
https://doi.org/10.1103/PhysRevB.31.3231
https://doi.org/10.1103/PhysRevB.31.3231
https://doi.org/10.1103/PhysRevB.77.115123
https://doi.org/10.1146/annurev.physchem.012809.103321
https://doi.org/10.1146/annurev.physchem.012809.103321
https://doi.org/10.1103/PhysRev.145.561
https://doi.org/10.1103/PhysRev.145.561
https://doi.org/10.1103/RevModPhys.61.689
https://doi.org/10.1103/RevModPhys.61.689
https://doi.org/10.1007/978-3-642-55068-3

