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A scheme for controlling the polarization of a light wave via its interaction with an auxiliary beam in a
nonlinear optical medium is proposed. We first present the linear theory of polarization-dependent wave
mixing, where the “probe” beam, whose polarization is to be manipulated, is less intense than the auxiliary
beam. Thenwe show that a simple geometrical arrangement, where the auxiliary and probe are crossing at 90°
and the auxiliary is linearly s polarized (orthogonal to the plane of incidence), enables us to control the probe’s
polarization even when its intensity exceeds the auxiliary’s intensity. These schemes are of particular interest
when the nonlinear optical medium is a plasma, as it might enable dynamic polarization manipulations at
ultrafast timescales and far beyond the optics damage threshold of crystal-based photonics devices.
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I. INTRODUCTION

Controlling and manipulating the polarization state of
light waves is crucial for many applications in various areas
of physics and optics research and technology. This can be
achieved using passive optical elements, whose internal
microscopic structure leads to optical anisotropy and
birefringence, or with active elements, where an external
field is applied into an optical medium in order to
dynamically introduce anisotropy and birefringence.
Some well-known examples of active elements include
Faraday rotators (polarization rotation via an applied
magnetic field in a crystal) or Pockels cells (birefringence
induced by an applied electric field in a crystal) [1].
Recently, a new scheme was proposed to manipulate the

polarization of a light wave, where a plasma constitutes the
optical medium and an auxiliary laser modifies the plas-
ma’s optical properties via the nonlinear interaction of the
two waves and the plasma. The optical system constituted
by the plasma and the auxiliary laser was shown to be
anisotropic for a separate “probe” laser beam, thus enabling
new concepts of plasma polarizer and plasma wave plate
[2]. These two concepts were subsequently demonstrated in
proof-of-principle experiments [3,4]. However, in both
the theory and experimental demonstrations, polarization
mixing was kept in the “linear” regime, i.e., the probe’s
intensity was kept much smaller than the auxiliary’s

intensity, so that the auxiliary beam’s polarization state
remained unaffected during the interaction. While this
made the theory more tractable and the experiments simpler
to design, the requirement of an auxiliary beam that is more
intense than the beam that is being manipulated is a major
hurdle that would prevent the practical applications of these
concepts.
In this article, we extend the linear theory of polarization-

dependent wave mixing to arbitrary nonlinear media and
propose a simple setup that should enable the practical
application of these polarization mixing concepts in the
“nonlinear” regime, i.e., where the intensity of the probe
beam (whose polarization state is beingmanipulated) can be
greater than the intensity of the auxiliary beam (whose role is
to control the polarization state of the probe). These schemes
should be valid for any optical medium with an intensity-
dependent refractive index of the form n ¼ n0 þ n2I. We
derive linear and nonlinear analytical solutions describing
the evolution of the probe’s polarization in two dimensions
and discuss the concepts of polarizers and Pockels cells
based on polarization mixing. These concepts seem par-
ticularly attractive for a fast nonlinearity such as ionization
in a gas, as this could enable ultrafast polarization manipu-
lation, as well as for interactions in plasmas, as this could
enable the realization of plasma-based, and thus essentially
indestructible, new photonics devices.

II. GEOMETRY OF POLARIZATION-DEPENDENT
TWO-WAVE MIXING

In the following, we consider two light waves with wave
vectors and frequencies (k0, ω0) and (k1, ω1), propagating
along the directions ζ0 and ζ1 in a nonlinear medium

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW X 10, 021039 (2020)

2160-3308=20=10(2)=021039(9) 021039-1 Published by the American Physical Society

https://orcid.org/0000-0002-1831-3887
https://orcid.org/0000-0001-5566-2528
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevX.10.021039&domain=pdf&date_stamp=2020-05-19
https://doi.org/10.1103/PhysRevX.10.021039
https://doi.org/10.1103/PhysRevX.10.021039
https://doi.org/10.1103/PhysRevX.10.021039
https://doi.org/10.1103/PhysRevX.10.021039
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


characterized by an intensity-dependent index of
refraction. The total electric field of the waves is
Ẽðr; tÞ ¼ 1

2
E0ðr; tÞ exp½iψ0� þ 1

2
E1ðr; tÞ exp½iψ1� þ c:c: (the

tilde denotes quantities that vary rapidly in time), where
ψ0;1 ¼ k0;1 · r − ω0;1t. The refractive index n of the
medium has a nonlinear response to a light wave intensity
of the type n ¼ n0 þ n2I, where n0 is the linear index and
I ¼ n0chẼ2i=4π [1]. Averaging over the fast oscillations
from the beat wave gives an index modulation of the form:

n ¼ n0 þ
n0n2c
4π

�
1

2
E0 · E�

1 exp½iðψb þ ϕ2� þ c:c:

�
; ð1Þ

where ψb ¼ ψ0 − ψ1 ¼ kb · r − ωbt, with ωb ¼ ω0 − ω1

and kb ¼ k0 − k1.
The dephasing term ϕ2 represents the spatial offset (or

dephasing) between the beat wave’s slowly varying inten-
sity pattern and the resulting refractive index modulation
(cf. Fig. 1). Introducing this arbitrary dephasing allows us
to describe a wide variety of nonlinear optical processes in
various media such as gases, liquids, and crystals. The
phase ϕ2 will generally depend on ωb and some typical
response time of the system, and on the physical origin of
the refractive index nonlinearity. In most nonlinear media,
for ωb ¼ 0 we typically have ϕ2 ¼ 0 (mod π), which
prevents energy exchange between the two beams but
introduces a phase shift in their electric field (retardation for
beam 0 and advance for beam 1 if ϕ2 ¼ 0 and vice versa if

ϕ2 ¼ π, as we see below). On the other hand, when the two
waves have different frequencies (ωb ≠ 0), the low-fre-
quency beat wave has a finite phase velocity vb ¼ kbωb=k2b
which can often introduce an optical resonance if properly
tuned. This is, for example, the case of Brillouin scattering,
where the low-frequency wave resonantly drives an acous-
tic wave in the system (vb ≈ cs, where cs is the sound
speed) [1,5]. In this case, we typically have ϕ2 ¼ π=2
(mod π), and the waves can transfer energy to one
another—from beam 0 to beam 1 if ϕ2 ¼ π=2, or vice
versa if ϕ2 ¼ −π=2. Specific examples and expressions of
n2 and ϕ2 are given in Sec. V.
Next we proceed as in most two-wave mixing analyses,

and insert the expressions for the total electric field and the
refractive index in the wave equation, ½c2∇2 − n2∂2

t �E ¼ 0.
Looking for steady-state solutions for the envelopes [i.e.,
of the form EjðrÞ with j ¼ 0 or 1], making the usual
paraxial and slowly varying envelope approximation (i.e.,
∂2
ζj
Ej ≪ ∇2⊥jEj ≪ kj∂ζjEj) and collecting the terms oscil-

lating at ψ0 and ψ1 gives the following set of coupled
equations (cf. e.g., Ref. [1], Sec. 7.4, for more detail on the
derivation):

∂E0

∂ζ0 ðζ0; ζ1Þ ¼ i
k0c
8π

n2 exp½iϕ2�ðE0 · E�
1ÞE1; ð2Þ

∂E1

∂ζ1 ðζ0; ζ1Þ ¼ i
k0c
8π

n2 exp½−iϕ2�ðE1 · E�
0ÞE0; ð3Þ

where we have also assumed that the frequencies of the
two light waves are close to each other (ωb ≪ ω0, ω1).
However, by keeping the two separate variables ζ0 and ζ1
as well as the full dot products between the electric fields’
vectors, we allow both the crossing angle ψ and the
polarization states of the two beams to remain arbitrary.
The system of equations is nonlinear and in general two
dimensional; i.e., the spatial coordinate is decomposed into
the nonorthogonal (ζ0, ζ1) basis, where [ζ0 ¼ 0, ζ1 ¼ 0] is
defined as the beginning of the interaction region between
the two beams [cf. Fig. 1(a)].
In order to account for polarization effects, the transverse

fields are decomposed into their p and s components using
the Jones vector notation, i.e.,

jEji ¼
�
Ejp

Ejs

�

(where j ¼ 0 or 1). Here s ¼ k0 × k1=jk0 × k1j is the unit
vector perpendicular to the plane of incidence of the two
light waves (cf. Fig. 1), and pj ¼ kj × s=kj is the unit
vector in the polarization plane of beam j that is in the plane
of incidence. The “bra” denotes the conjugate transpose,
i.e., hEjj ¼ ðE�

jpE
�
jsÞ, so that hEjjEji ¼ jEjj2. The inter-

action volume between the two beams (characterized by the

(a)

(c)

(b)

FIG. 1. (a) Interaction geometry between two light waves with
wave vectors k0, k1 and transverse widths w0, w1, showing the
beat wave pattern in the interaction volume. (b) The beat wave
from Ẽ0 þ Ẽ1 leads to a time-averaged modulation in intensity
hðẼ0 þ Ẽ1Þ2i, which in turn generates a refractive index modu-
lation δn; the refractive index modulation can be spatially shifted
from the time-averaged beat wave intensity pattern, by a phase
shift ϕ2. (c) Geometry of the linear wave mixing interaction:
when I0 ≫ I1, the probe E1 experiences a different refractive
index n1k ¼ n0 þ δn1 along the direction of π0, the projection of
E0 in (p1, s1), whereas the refractive index n1⊥ along the direction
orthogonal to π0 remains unchanged.
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beat wave fringes in Fig. 1) is supposed to be fully
contained inside the nonlinear medium. We consider the
two-dimensional case only: since the interaction takes
place in the plane of incidence, results in 3D can simply
be obtained by repeating the 2D solutions along the s
direction.
Similar to Ref. [2], we multiply Eqs. (2) and (3) by (p0, s)

and (p1, s), respectively, to obtain the following coupled
equations in Jones’s vector form describing the nonlinear
interaction and polarization mixing between the two light
waves:

∂ζ0 jE0i ¼ γPjE1ihE1jPjE0i; ð4Þ

∂ζ1 jE1i ¼ −γ�PjE0ihE0jPjE1i; ð5Þ

where

P ¼
�

cosðψÞ 0

0 1

�

is the projection matrix of one beam’s electric field
onto the other’s plane of polarization [ψ is the crossing
angle between the beams, cf. Fig. 1(a)], and γ ¼
ik0cn2 exp½iϕ2�=8π.

III. LINEAR REGIME OF
POLARIZATION MIXING

In the linear regime, i.e., when one of the two waves (say,
E0) is much more intense than the other and unaffected by
the interaction, the situation reduces to a 1D problem, as the
“probe” beam jE1i will be modified in amplitude and/or
polarization state until it leaves the interaction volume after
propagating through a distance w0= sinðψÞ [cf. Fig. 1(a)].
Equation (5) can then be solved analytically, as shown in
Ref. [2]: the solution for a propagation from 0 to L can be
expressed as jE1ðLÞi ¼ exp½M0�jE1ð0Þi, where M0 ¼
−γ�PjE0ihE0jP is a 2 × 2 matrix. The matrix exponential
can easily be calculated using standard techniques, giving
the following result:

jE1ðLÞi¼Rð−θ0Þ
�
exp½−γ�jπ0j2L� 0

0 1

�
Rðθ0ÞjE1ð0Þi; ð6Þ

where

jπ0i ¼ PjE0i ¼
�
E0p cosðψÞ

E0s

�

is the projection of E0 onto the plane (p1, s1) such that
jπ0j2 ¼ hπ0jπ0i ¼ cos2ðψÞjE0pj2 þ jE0sj2, and Rðθ0Þ is
the rotation matrix by θ0, the angle between p1 and π0

[cf. Fig. 1(c)].

When E0 is linearly polarized, this result simply means
that the component of E1 aligned with π0 is multiplied by
exp½−γ�jπ0j2L�, whereas the component perpendicular to
π0 stays unaffected. This is equivalent to having a refractive
index n1k for the component of E1 aligned with π0, and a
different index n1⊥ for the component perpendicular to π0,
with

n1k ¼ n0 þ exp½−iϕ2�n2I0π; ð7Þ

n1⊥ ¼ n0; ð8Þ

where I0π ¼ cos2ðψÞI0p þ I0s and I0p;s ¼ n0cjE0p;sj2=8π
is the auxiliary beam’s intensity along p, s [cf. Fig. 1(c)].
Depending on whether ϕ2 ¼ π=2 (mod π) (i.e., the refrac-
tive index perturbation δn1 ¼ exp½−iϕ2�n2I0π is purely
imaginary) or 0 (mod π) (δn1 is real), the probe’s electric
field component E1k aligned with π0 will be modified in
amplitude (due to energy exchange with the auxiliary) or in
phase. This was the basis for the proposal [2] and
subsequent demonstration [3,4] of new concepts of polar-
izers and wave plates based on wave mixing in plasmas.
These concepts are applicable to other nonlinear media

as well. For ϕ2 ¼ 0, the presence of the auxiliary beam
transforms the nonlinear system into a tunable wave plate
(i.e., a Pockels cell), with its slow axis along π0 and a
dephasing that can be dynamically tuned by adjusting I0.
For example, a half-wave plate is obtained for a dephasing
of π, which occurs when the propagation distance reaches
Lπ ¼ λ0=ð2n2I0πÞ.
On the other hand, when ϕ2 ¼ −π=2, we have

δn1 ¼ −in2I0π , i.e., the probe’s component aligned with
π0 undergoes an exponential decay as it propagates, due to
a transfer of energy to the auxiliary. The component
perpendicular to π0 remains unaffected, so the system
effectively acts as a polarizer along the direction
perpendicular to π0, with a power extinction of exp½−2π� ≈
0.2% after each propagation through a distance Lπ ¼
λ0=ð2n2I0πÞ (since the field component decays by exp½−π�).
To summarize, if the probe propagates through an

interaction distance L, then
(i) in a medium with ϕ2 ¼ 0, the system acts as a

Pockels cell with a dephasing Δφ ¼ 2πn2I0πL=λ0
between the slow axis (aligned with π0) and the fast
axis (orthogonal to π0);

(ii) in a nonlinear medium with ϕ2 ¼ −π=2, the aux-
iliary transforms the medium into a polarizer along
the direction orthogonal to π0 with a power ex-
tinction ratio ε ¼ exp½−4πn2I0πL=λ0�.

IV. NONLINEAR REGIME AND POLARIZATION
CONTROL FOR I1 ≥ I0

If the probe’s intensity becomes large enough to
affect the auxiliary’s polarization, the polarization mixing
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becomes nonlinear. This is illustrated in Fig. 2, which
shows the interaction of an s-polarized auxiliary beam
with a probe linearly polarized at 45° for ϕ2 ¼ 0 (i.e.,
a “Pockels cell”). This was calculated by numerically
solving the nonlinear system of Eqs. (4) and (5) for a
small crossing angle (ψ ¼ 10°) at three different ratios of
intensity between the two beams: (a) with I1 ¼ 0.1I0,
(b) I1 ¼ 0.5I0, and (c) I1 ¼ 2I0. The coordinate z is taken
as the bisector between ζ0 and ζ1.
In the first case [Fig. 2(a)], the probe reaches a dephasing

of π at z ¼ Lπ (half-wave plate), as expected from the linear
theory, while the auxiliary remains largely unaffected by
the interaction. However, as the probe intensity becomes
close to the auxiliary’s intensity in Fig. 2(b), the auxiliary’s
polarization state begins to develop some ellipticity and the
probe does not reach a full 90° rotation of its polarization at
z ¼ Lπ . This is because the auxiliary’s component aligned
with the probe (i.e., at −45° in the plane [p1, s1])
experiences a phase delay compared to the component
perpendicular to the probe (at þ45° in [p1, s1]). Finally,
when the intensity of the probe actually exceeds the
auxiliary’s intensity [Fig. 2(c)], the higher probe intensity
leads to a phase retardation of the auxiliary by ∼π (i.e., a
π=2 polarization rotation) by z ≃ 0.4Lπ. On the other hand,
the probe has not experienced much dephasing because the
auxiliary has changed its polarization over too short of a
distance. In other words, the probe and auxiliary have
essentially swapped their roles.
While this seems to indicate that a beam’s polarization

can only be controlled via a more intense auxiliary beam,
there is in fact a simple geometrical arrangement that allows
us to control a probe’s polarization state by using a less
intense auxiliary beam. As we now demonstrate, the
solution consists in crossing the two beams at 90° and
using an s-polarized auxiliary beam, and must be treated in
the nonlinear regime of polarization mixing.

For clarity we will denote x and y the propagation
directions of the beams 1 and 0, respectively. Beam 1 is
again the probe, i.e., the beam whose polarization
state we wish to manipulate, and beam 0 is the
auxiliary (cf. Fig. 3). The fields are expressed as
Ẽ0ðx;yÞ¼ 1

2
E0ðx;yÞexp½iðk0y−ω0tÞ�þc:c: and Ẽ1ðx; yÞ ¼

1
2
E1ðx; yÞ exp½iðk1x − ω1tÞ� þ c:c: Since E0 is polarized in

(x, z) and E1 is polarized in (y, z), the Jones vectors are

jE0ðx; yÞi ¼
�
E0x

E0z

�

and

jE1ðx; yÞi ¼
�

E1y

E1z

�
:

FIG. 2. Transition from linear to nonlinear polarization mixing in 1D for the simple case of a “wave plate” with the auxiliary E0

initially s polarized and the probe linearly polarized at 45°, for ψ ¼ 10° and (a) I1 ¼ 0.1I0, (b) I1 ¼ 0.5I0, (c) I1 ¼ 2I0. The upper
(lower) plots represent the auxiliary’s (probe’s) polarization state versus z.

(a) (b)

FIG. 3. (a) Geometry for 90° interaction between the two
beams. (b) For an s-polarized auxiliary beam (i.e., E0 parallel
to z), the E1z component can be modified in amplitude and/or in
phase by the coupling with E0, whereas E1y remains unaffected.
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With the projection matrix P now equal to

�
0 0

0 1

�
;

the coupled equations (4) and (5) simplify to

∂yjE0i ¼
�

0

γjE1zj2E0z

�
; ð9Þ

∂xjE1i ¼
�

0

−γ�jE0zj2E1z

�
: ð10Þ

This shows that the ψ ¼ π=2 geometry prevents the p
components of the two waves, which are now orthogonal to
each other, from interacting. Therefore, if the auxiliary
beam is initially s polarized, then its p component will
remain 0 throughout the interaction (within the limit of our
infinite F=# approximation), and therefore its polarization
state will remain s.
Equations (9) and (10) are coupled via their two s (i.e., z)

components only. The system of coupled equations is

∂yE0zðx; yÞ ¼ γjE1zj2E0z; ð11Þ

∂xE1zðx; yÞ ¼ −γ�jE0zj2E1z: ð12Þ

A similar system of equations was solved previously, in
Refs. [6,7]. Following a similar procedure, we obtain the
following solutions for the intensities:

I0zðx̂; ŷÞ ¼
I0i

1þ ex̂ðeŷ − 1Þ ; ð13Þ

I1zðx̂; ŷÞ ¼
I1i

1þ e−ŷðe−x̂ − 1Þ ; ð14Þ

where I0i ¼ I0zðx̂; 0Þ and I1i ¼ I1zð0; ŷÞ are the z-compo-
nent intensities at the boundaries for the two beams (as they
enter the interaction region, cf. Fig. 3), and the normalized
spatial coordinates are defined as x̂ ¼ 4πn2I0i sinðϕ2Þx=λ0
and ŷ ¼ 4πn2I1i sinðϕ2Þy=λ0. Likewise, the following
expressions for the phases φ0, φ1 [such that
E0;1zðx; yÞ ¼ jE0;1zðx; yÞj exp½iφ0;1ðx; yÞ� ] can be obtained:

φ0ðx̂; ŷÞ ¼
1

2
cotðϕ2Þ ln ½1þ ex̂ðeŷ − 1Þ�; ð15Þ

φ1ðx̂; ŷÞ ¼ −
1

2
cotðϕ2Þ ln ½1þ e−ŷðe−x̂ − 1Þ�: ð16Þ

Combining the expressions for the amplitudes and
phases, we finally get the following expressions for the
Jones vectors at the exit boundaries of each beam (at
x ¼ w0 for beam 1 and y ¼ w1 for beam 0):

jE0ðx; w1Þi ¼
�
1 0

0 eð1−i cotϕ2Þf0ðx̂; w1Þ

�
jE0ðx; 0Þi; ð17Þ

jE1ðw0; yÞi ¼
�
1 0

0 eð1þi cotϕ2Þf1ðw0; ŷÞ

�
jE1ð0; yÞi; ð18Þ

with

f0ðx̂; ŷÞ ¼ ½1þ ex̂ðeŷ − 1Þ�−1=2; ð19Þ

f1ðx̂; ŷÞ ¼ ½1þ e−ŷðe−x̂ − 1Þ�−1=2: ð20Þ

Note that since the interaction is limited to the domain
(x ≥ 0, y ≥ 0) per our definition of the coordinate system,
and assuming the interaction volume is finite, these
expressions will not lead to singularities.
Like in the linear regime, the most interesting cases for

polarization manipulation are when ϕ2 ¼ 0 or π=2
(mod π), corresponding to dephasing without energy
exchange and vice versa. For any other value of ϕ2, both
the amplitude and phase of the electric fields are modified.
When ϕ2¼0, we get I0zðx; yÞ ¼ I0i and I1zðx;yÞ¼I1i—

i.e., the intensities remain constant throughout the inter-
action region (no energy exchange), but the fields will
experience a dephasing (modification of the real part of the
refractive index). The expressions for the phases can be
obtained either by rederiving from the coupled equa-
tions (11) and (12) or by Taylor expanding the previous
solutions in Eqs. (15) and (16) for ϕ2 → 0, giving

φ0ðx; yÞϕ2¼0 ¼ 2πn2I1iy=λ0; ð21Þ

φ1ðx; yÞϕ2¼0 ¼ 2πn2I0ix=λ0: ð22Þ

This shows an important property of the system, which is
that the phase of each beam remains constant across its
transverse direction when ϕ2 ¼ 0, and depends only on the
propagation distance (x for beam 1 and y for beam 0). In
other words, each beam experiences a different refractive
index along its z component while propagating through the
interaction volume:

n0z ¼ n0 þ n2I1i; ð23Þ

n1z ¼ n0 þ n2I0i: ð24Þ

Since the intensity of the auxiliary beam is unaffected by
the probe for ϕ2 ¼ 0, the change in refractive index caused
by the auxiliary remains uniform. On the other hand, the
index experienced along the p component of each beam
remains equal to n0. Therefore, for an auxiliary beam (beam
0 with our notations) initially s polarized, the probe beam
will experience the exact same refractive index change as
in the linear case [Eqs. (7) and (8)], with a uniform
dephasing across its transverse direction—meaning that
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the interaction will not lead to spatial variations in the
polarization of the probe across its spot, at least if the spot
profile is appropriately shaped along the z direction as well
(which we discuss in the next section). Just like in the linear
case, the auxiliary beam turns the nonlinear medium into a
half-wave plate for a propagation distance (i.e., an auxiliary
beam’s spot size w0) equal to Lπðψ ¼ π=2Þ ¼ λ0=ð2n2I0sÞ.
And more important, since the auxiliary remains s polar-
ized, the result still holds regardless of the probe intensity,
i.e., even for I1 ≥ I0. The auxiliary beam does experience a
change in refractive index as well, which would be even
larger than the one experienced by the probe when I1 ≥ I0;
however, since its polarization state remains s, this will
not affect the birefringence experienced by the probe,
which depends only on the auxiliary beam’s intensity
(not its phase).
Next, for ϕ2 ¼ −π=2 and an s-polarized auxiliary beam,

the probe will experience a decay of its s (i.e., z) component
as it propagates through the interaction volume, whereas its
p (i.e., y) component is unaffected. The system thus acts
again as a polarizer along the probe’s p direction, similar to
the linear case—except that now the 90° crossing geometry
and s-polarized auxiliary extend the polarizer concept to
the nonlinear regime where I1 ≥ I0. The two concepts of
Pockels cell and polarizer are illustrated in Fig. 4.
One difference from the linear case is that, unlike for

the ϕ2 ¼ 0 (wave plate) situation, the polarizer extinction
ratio ε does depend on the transverse direction y: indeed, at
the exit plane x ¼ w0 the extinction ratio, defined as
ε ¼ I1zðw0; yÞ=I1i, is given by (with ϕ2 ¼ −π=2)

εðyÞ ¼ exp½−y=L1�
exp½−y=L1� − 1þ exp½w0=L0�

; ð25Þ

where L0 ¼ λ0=ð4πn2I0iÞ and L1 ¼ λ0=ð4πn2I1iÞ.
However, the y dependence is not necessarily a major

problem, since that expression shows that ε will become
arbitrarily close to 0 for any y when I0i → ∞—in other
words, the extinction ratio can in theory be made arbitrarily
small as long as the “auxiliary strength,” ∝ n2I0iw0=λ0, is
large enough.

This nonlinear 2D dependence is illustrated in Fig. 5,
where we have represented the 2D evolution of the s
components of the intensities with the same geometry as in
Fig. 3, with an interaction rectangle (assuming flattop beam
profiles) of dimensions w0 ¼ 2L0 and w1 ¼ 4L1, and a
ratio of initial intensities between the two beams set to 1 for
figure clarity (this would, for example, represent the case
where the probe has twice more power than the auxiliary,
assuming the beams have the same size along z). This
illustrates the 2D geometry of the energy transfer non-
linearity: the auxiliary gains energy as it propagates along
y > 0 and primarily on its left side, which is where the
probe is coming from. On the other hand, the probe gets
depleted as it propagates toward x > 0, and primarily near
the top since this is where the auxiliary has accumulated
more spatial growth, making the coupling (and probe
depletion) stronger.

V. EXAMPLES AND DISCUSSION

In most nonlinear media (e.g., with a Kerr effect), the
refractive index modulation is aligned with the beat wave
pattern (ϕ2 ¼ 0). However, when a frequency shift ωb is
present between the two beams, a finite spatial shift can
appear if ωb becomes comparable to 1=τ, where τ is a
typical response time of the medium (e.g., in the sense of a
Debye relaxation, cf. [1]). In this case, n2 in our Eq. (1)
should be replaced by n2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðωbτÞ2

p
, and the dephasing

is simply given by ϕ2 ¼ arctanðωbτÞ. This recovers the
expression from Ref. [1], and basically shows that when the
beat frequency ωb becomes comparable to 1=τ, the dephas-
ing ϕ2 is not zero anymore, which leads to energy exchange
between the beams.
On the other hand, when the beams’ frequency differ-

ence ωb results in a phase velocity of the interference
fringes vb ¼ kbωb=k2b, which matches a characteristic
velocity of the nonlinear optical system, the dephasing

FIG. 4. Illustration of the concepts of polarization control using
nonlinear wave mixing at 90° (a) for ϕ2 ¼ 0 and 4n2I0w0=λ0 ¼ 1,
quarter-wave plate, and (b) for ψ2 ¼ −π=2, polarizer [the
extinction ratio depends on w0 and is nonuniform across the
transverse direction y—cf. Eq. (25) and Fig. 5].

(a) (b) (c)

FIG. 5. Spatial nonuniformity of the nonlinear polarizer in the
90° crossing geometry. (a) Intensity of the auxiliary beam
(propagating towards y > 0), (b) intensity of the probe (propa-
gating toward x > 0), (c) extinction ratio εðyÞ ¼ I1zðw0; yÞ=I1i
[i.e., lineout of (b) at x=L0 ¼ 2].
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becomes ϕ2 ¼ π=2 (mod π); i.e., the beams can transfer
energy to one another and there is no dephasing of their
electric fields. The direction of the energy transfer depends
on the sign of the frequency shift, such that the high-
frequency beam (in the frame of the medium, in case it is
moving) will be giving its energy to the other (lower-
frequency) beam. This situation includes stimulated
Brillouin scattering (SBS) in various media, such as liquids,
gases, or plasmas. It can easily be verified that our
expression for the refractive index modulation in Eq. (1)
matches the standard SBS results by simply setting ϕ2 ¼
−π=2 and n2 ¼ 1

2
gc=ω0, where g is the SBS gain factor (in

m=W) such that I1ðzþ LÞ ¼ I1ðzÞ exp½−gI0L�.
The effect can also be achieved by using two beams of

identical frequencies in a moving medium (e.g., via a flow),
relying on the Doppler shift Δω ¼ −kb · V, where V is the
velocity of themedium in the laboratory frame.Note that our
analysis also encompasses stimulated Raman scattering
(SRS). Since SRS usually involves larger frequency shifts
than for SBS, onewould have to keep track of the frequency
ratio between the two beams in the analytical derivations.
Otherwise themain results and conclusions remain the same.
Plasmas or partially ionized gases are particularly

attractive media for these concepts since the response time
can be extremely fast (e.g., of the order of the ionization
time if working with gases near the ionization threshold,
which can be subfemtosecond [8–10]), allowing ultrafast
polarization manipulation, and because these media could
allow manipulation of light at extreme fluences without
sustaining optics damage like crystal-based systems [11].
In plasmas, the nonlinear index of refraction and the

dephasing take the following form:

n2 ¼
jFχ jk2b

4k20ncmec3
; ð26Þ

ϕ2 ¼ argðFχÞ; ð27Þ

where nc is the critical density for the laser wavelength, and
Fχ ¼ χeð1þ χiÞ=ð1þ χe þ χiÞ, where χeðωb; kbÞ and
χiðωb; kbÞ are the electron and ion susceptibilities. These
expressions recover our previous results from Ref. [2]. In
the fluid approximation and when the frequency shift is
small, ωb ≪ ω0;ω1, the susceptibilities can be approxi-
mated by χe ≈ 1=ðkbλDÞ2, where λD is the Debye length,
and χi ≈ −ω2

pi=ω
2ð1þ 2iν=ωÞ, where ωpi is the plasma ion

frequency and ν is the ion acoustic wave damping. We
finally get

Re½Fχ � ≈
ω2
piðω2

s − ω2
bÞ

ðω2
s − ω2

bÞ2 þ 4ν2ω2
s
; ð28Þ

Im½Fχ � ≈
2ω2

piωbν

ðω2
s − ω2

bÞ2 þ 4ν2ω2
s
; ð29Þ

where ωs ¼ kbcs is the frequency of a plasma ion acoustic
wave. This essentially shows that for ωb ¼ 0, Im½Fχ � ¼ 0

and ϕ2 ¼ 0 (no energy transfer), but Re½Fχ � ¼ χe ¼
1=ðkbλDÞ2 (finite dephasing). This situation can lead to a
plasma-based Pockels cell. And on the other hand, when
ωb ¼ −ωs, the moving index modulation resonantly drives
an ion acoustic wave and leads to Re½Fχ � ¼ 0 and
Im½Fχ � ¼ −ω2

pi=ðωsνÞ, with ϕ2 ¼ −π=2: this is the well-
known mechanism of “crossed-beam energy transfer” in
plasmas [12–16], which in this case is the physical origin
for our plasma-based polarizer concept. Note that when
designing experiments in plasmas, one might want to
operate in the same regime of fluid and linear interactions
that was used in Refs. [3,4], relying on long interaction
distances at moderate laser intensities to satisfy n2I0L=λ ¼
Oð1Þ while keeping δn=n ≪ 1 (i.e., small density pertur-
bation) in order to avoid nonlinear and kinetic behaviors of
the driven plasma waves.
Some practical limitations for these concepts need to be

emphasized. First, we neglected the “self-action” proc-
esses; i.e., we ignored the terms jE0j2 and jE1j2 from the
right-hand side of Eq. (1). For SBS in plasmas or induced
by electrostriction, these should not significantly contribute
since the force at the origin of the index modulation
(electrostrictive or ponderomotive) is proportional to the
gradient of the intensity, ∝ ∇hẼ2i. However, if the inten-
sities are too high and/or the pulse duration too short, this
could still lead to an overall variation of the index and
trigger filamentation of the beams and other nonlinear
effects, depending on the phase front qualities of the beams.
The other aspect that will constrain the design of

experiments is the fact that our analysis is 2D, in the plane
of incidence. The results presented here can easily be
generalized to 3D; however, this would require either that
the auxiliary has a “square” spot profile, so that the results
presented here remain identical for any z within the
auxiliary’s envelope, or that the probe’s spot size is smaller
than the auxiliary’s, so that variations of the auxiliary
intensity along z are negligible across the probe’s spot
profile. The latter case could go against the main benefit of
this geometry, which is to allow manipulation of a probe
using a less intense auxiliary beam—unless the probe-to-
auxiliary intensity ratio is larger than the auxiliary-to-probe
spot size ratio, such that the probe power still exceeds the
auxiliary’s. On the other hand, this type of polarization
mixing might offer yet new opportunities if one uses less
conventional optical structures for the light waves, such as
Bessel beams, orbital angular momentum, etc.
Finally, we propose a few examples for practical real-

izations of these concepts. First, a polarizer can be designed
by using a high-SBS gain medium such as an FC-40 liquid,
which has been used in recent SBS amplification experi-
ments [17,18]. The measured SBS gain is ∼2 cm=GW for
1053 nm light, for a ≃1.5 GHz frequency shift between the
auxiliary and probe. Therefore, in the absence of 2D
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(or 3D) effects, using an auxiliary beam at 2 GW=cm2

frequency shifted to the Stokes frequency to allow energy
transfer from the probe to the auxiliary along the z direction
(cf. Fig. 4) over a 1 cm interaction length should lead to an
extinction of exp½−4� ≃ 1.8%. For a 90° crossing geometry,
this could, for example, be realized using a 2 GW auxiliary
beam with a cross section of 1 cm2.
Next, we give the example of a plasma wave plate in

high-energy density environments such as those encoun-
tered in experiments at the National Ignition Facility (NIF)
[19,20]. Assuming typical electron and ion plasma temper-
atures of 3 and 1 keV, an electron density of 1021 cm−3 (i.e.,
∼10% of critical at 351 nm), and a helium plasma, a
quarter-wave plate can be achieved for an auxiliary beam
intensity of 3 × 1014 W=cm2 if the interaction length is
1.5 mm. These parameters are very typical of NIF experi-
ments, where the beams are typically in the mid-
1014 W=cm2 intensity range and the laser spot sizes are
between 0.7 and 1.8 mm. Furthermore, having 192 beams
means 18,336 possible pairs, of which we calculated that
280 individual pairs of beams are crossing at 90°� 1°,
meaning that a plasma wave plate with a perpendicular
crossing arrangement like in Fig. 4 should be readily
accessible within the current experimental conditions at
the NIF.

VI. SUMMARY AND CONCLUSION

In conclusion, we have presented the theory of two-wave
mixing in an arbitrary medium with optical nonlinearity.
This extends the concepts of polarization control in the
linear regime, which we already demonstrated in plasmas
[2], to a very wide variety of nonlinear optical media such
as gases or fluids.
While the linear theory describes the dynamic manipu-

lation of a probe’s polarization using a more intense
auxiliary beam, here we investigated the nonlinear regime
of polarization mixing, where the probe is intense enough
to alter the polarization of the auxiliary. We have derived a
fully analytical solution of the polarization mixing for a 90°
crossing geometry, and showed that this geometry, com-
bined with an s-polarized auxiliary, allows full polarization
control of a probe of arbitrary intensity—even exceeding
the auxiliary’s intensity. This can lead to a Pockels cell
concept, where the amount of birefringence can be con-
trolled dynamically by adjusting the intensity of the
auxiliary, or a polarizer, where the extinction ratio is also
controlled dynamically via the auxiliary’s intensity.
Achieving these effects requires the product of the non-
linear index perturbation and the interaction distance
(normalized to the laser wavelength) to be of order 1,
i.e., n2I0Lint=λ0 ∼Oð1Þ, where the interaction length will
typically be related to the auxiliary’s spot size and crossing
angle, Lint ¼ w0= sinðψÞ (with ψ ¼ π=2 for a nonlinear
interaction allowing I1 ≥ I0, or ψ ≪ 1 for operation in the
linear regime). These concepts could lead to ultrafast

polarization manipulation schemes if the medium’s
response time is fast enough (e.g., via ionization in a gas,
cf. Refs. [8–10]), or to plasma-based optics with essentially
unlimited tolerance to optics damage [11,21–23].
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