PHYSICAL REVIEW X 10, 021037 (2020)

Featured in Physics

®

Black Holes in 4D A =4 Super-Yang-Mills Field Theory

Francesco Benini®'**" and Elisa Milan'*"
ISISSA, via Bonomea 265, 34136 Trieste, Italy
21NFN, Sezione di Trieste, via Valerio 2, 34127 Trieste, Italy
)ICTP, Strada Costiera 11, 34151 Trieste, Italy

(Received 28 November 2019; revised manuscript received 27 January 2020; accepted 6 April 2020; published 18 May 2020)

Black-hole solutions to general relativity carry a thermodynamic entropy, discovered by Bekenstein and
Hawking to be proportional to the area of the event horizon, at leading order in the semiclassical expansion.
In a theory of quantum gravity, black holes must constitute ensembles of quantum microstates whose large
number accounts for the entropy. We study this issue in the context of gravity with a negative cosmological
constant. We exploit the most basic example of the holographic description of gravity (AdS/CFT): type IIB
string theory on AdSs x S°, equivalent to maximally supersymmetric Yang-Mills theory in four
dimensions. We thus resolve a long-standing question: Does the four-dimensional N =4 SU(N)
Super-Yang-Mills theory on S3 at large N contain enough states to account for the entropy of rotating
electrically charged supersymmetric black holes in 5D anti—de Sitter space? Our answer is positive. By
reconsidering the large N limit of the superconformal index, using the so-called Bethe-ansatz formulation,
we find an exponentially large contribution which exactly reproduces the Bekenstein-Hawking entropy of
the black holes. Besides, the large N limit exhibits a complicated structure, with many competing
exponential contributions and Stokes lines, hinting at new physics. Our method opens the way toward a

quantitative study of quantum properties of black holes in anti—de Sitter space.
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I. INTRODUCTION AND RESULTS

Black holes are possibly the most simple and featureless
classical solutions to Einstein’s theory of gravitation,
according to no-hair theorems, but simultaneously the
most difficult objects to understand conceptually at the
quantum level. One of the fascinating aspects of black-hole
physics is its connection with the laws of thermodynamics.
Of particular importance is the fact that black holes carry a
macroscopic entropy [1], semiclassically determined in
terms of the area of the event horizon. In the search for
a theory of quantum gravity, explaining the microscopic
origin of black-hole thermodynamics—namely, the multi-
tude of classically indistinguishable quantum states respon-
sible for it—is a challenging but fundamental test.

String theory was proposed to be a theory that embeds
gravity in a consistent quantum system, hence it should, in
particular, explain the black-hole entropy in terms of a
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degeneracy of string states. This was beautifully shown to
be the case in the seminal paper [2] by Strominger and
Vafa, where the Bekenstein-Hawking entropy of a class of
supersymmetric asymptotically flat black holes was micro-
scopically reproduced.

In the case of asymptotically anti—de Sitter (AdS) black
holes—namely, black holes in a gravitational theory with
negative cosmological constant—the AdS/CFT or gauge-
gravity duality [3,4] constitutes a natural and wonderful
framework to study their properties at the quantum level. In
fact, the duality provides a fully consistent nonperturbative
definition of quantum gravity, in terms of a conformal field
theory (CFT) living at the boundary of AdS space. The
problem of offering a microscopic account of the black-hole
entropy is rephrased into that of counting particular states in
the dual CFT. However, despite the very favorable setup, the
problem remains challenging, for two reasons. First and
most importantly, the dual CFT is strongly coupled, and thus
performing computations is daunting. Second, the “phenom-
enologically” interesting regime of weak-curvature gravity
corresponds to a large N limit in the CFT, i.e., a limit in which
the central charge goes to infinity. Indeed, this problem in four
or more dimensions has remained unsolved for many years,
and only recently a concrete example was successfully studied
in Refs. [5,6]. There, the Bekenstein-Hawking entropy of a
class of static dyonic Bogomol'nyi-Prasad-Sommerfield
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(BPS) black holes (i.e., black holes that preserve some
supersymmetries and are thus extremal and at zero temper-
ature) in AdS,; was holographically reproduced in the dual
CFTj;, exploiting the nonperturbative computational tech-
nique known as supersymmetric localization in the CFT [7-9].
Since then, the matching has been extended to many other
classes of magnetically charged BPS black holes in various
dimensions [10-22], sometimes including the first quantum
corrections [23-28].

When moving to rotating, purely electric black holes, the
situation becomes more complicated. Famously, the micro-
state counting for BPS black holes in AdS5 has remained a
long-standing open problem, which dates back to the work
of [29,30]. The context is the first discovered, most basic
and best studied example of AdS/CFT: the gravitational
theory known as type IIB string theory on the spacetime
AdSs x S3, whose dual boundary description is in terms of
the four-dimensional Super-Yang-Mills (SYM) theory with
N = 4 supersymmetries and gauge group SU(N) [3]. In
this context, BPS black holes arise as rotating electrically
charged solutions of type IIB supergravity on AdSs x S°
[31-35]. Their holographic description is in terms of 1/16
BPS states (i.e., states that preserve one complex super-
charge) of the boundary 4D A = 4 SU(N) SYM theory on
S3. Those states can be counted (with sign) by computing
the superconformal index [30,36], i.e., a supersymmetric
grand canonical partition function of the theory with an
insertion of the fermion parity operator. One would expect
the contribution of the black-hole microstates to the index
to dominate the large N (i.e., weak-curvature) expansion.
However, the large N computation of the index performed
in Ref. [30] showed no rapid-enough growth of the number
of states, and thus it could not reproduce the entropy of the
dual black holes. Additionally, that result was followed by
several studies of BPS operators at weak coupling [37] in
which no sign of high degeneracy of states was found.

Recently, the issue received renewed attention pointing
toward a different conclusion. First, the authors of Ref. [38]
were able to analyze the thermodynamics of extremal black
holes by studying complexified solutions to the Einstein
equations, and in this way equating the Bekenstein-
Hawking entropy to the (complexified) regularized on-
shell action of the gravitational black-hole solutions. Since,
in AdS/CFT, the bulk on-shell action corresponds to the
§% x §' supersymmetric grand canonical partition function
of the boundary theory, this classical computation reinfor-
ces the expectation that the field theory index should grow
with N. Second, the authors of Refs. [39,40] analyzed the
index in a Cardy-like limit in which the fugacities are
brought to the unit circle (later developments include
Refs. [41]). The Cardy limit, which captures states with
very large charges, can be followed by a large N limit
which allowed those authors to find evidence that for very
large BPS black holes, whose size is much larger than the
AdS radius, the index does account for the entropy.

In this paper we offer a direct and conclusive resolution
of the issue by revisiting the counting of 1/16 BPS states in
the boundary N' =4 SYM theory at large N, at arbitrary
values of the charges. We approach the problem by using a
new expression for the superconformal index of the theory,
derived in Refs. [42,43] and dubbed Bethe-ansatz (BA)
formula, which allows for an easier and very precise
analysis of the large N limit, at fixed and generic complex
values of the fugacities. We find that the superconformal
index, i.e., the grand canonical partition function of 1/16
BPS states, does in fact grow very rapidly with N—as
9N _for generic complex values of the fugacities.
Although the BA formula of [43] can handle the general
case, this is technically difficult and in this paper we restrict
to states and black holes with two equal angular momenta,
as in Ref. [32].

The BA formulation reveals that the large N limit has a
rather complicated structure. There are many exponentially
large contributions to the superconformal index, that some-
how play the role of saddle points. As we vary the com-
plex fugacities, those contributions compete and in different
regions of the parameter space, different contributions domi-
nate. This gives rise to Stokes lines, separating different
domains of analyticity of the limit. The presence of Stokes
lines could also resolve the apparent tension with the com-
putation of Ref. [30], that was performed with real fugacities.
We show that when the fugacities are taken to be real, all
exponentially large contributions organize into competing
pairs that can conceivably cancel against each other.

Our main result is to identify a particular exponential
contribution, such that extracting from it the microcanonical
degeneracy of states exactly reproduces the Bekenstein-
Hawking entropy of BPS black holes in AdSs (whose
Legendre transform was obtained in Ref. [44]). Along the
way, we show that the very same Z-extremization principle
[5,6] found in AdS,, is at work in AdSs as well. The
T-extremization principle is a mechanism which guarantees
that, and explains why, the index captures the total number of
single-center BPS black-hole states (rather than the mere net
number of bosonic minus fermionic states) at leading order
in V.

At the same time, we step into many other exponentially
large contributions: We expect them to describe very
interesting new physics, that we urge to uncover. To that
purpose, we study in greater detail the case of BPS black
holes with equal charges and angular momenta [31]. We
find that while for large black holes their entropy dominates
the superconformal index, this is not so for smaller black
holes. This seems to suggest [45] that an instability and
consequently a phase transition, possibly toward hairy or
multicenter black holes, might develop as the charges are
decreased. Similar observations were made in Ref. [40]. It
would be extremely interesting if there were some con-
nections with the recent works [46], and we leave this issue
for future investigations.
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The paper is organized as follows. In Sec. II we review
the charges and entropy of BPS black holes in AdSs. In
Sec. III we present the BA formula for the superconformal
index of N' =4 SYM, and in Sec. IV we compute its large
N limit. Sections V and VI are devoted to extracting the
black-hole entropy from the index.

II. BPS BLACK HOLES IN AdS;s

In this paper we study the entropy of rotating charged
BPS black holes in AdSs [31-35] that can be embedded in
type IIB string theory on AdSs x S° [47]. In order to set the
stage, let us briefly review such gravitational solutions. The
black holes are solutions to the equations of motion of type
IIB supergravity that preserve one complex supercharge
[48], thus being 1/16 BPS. The metric interpolates between
the AdSs boundary and a fibration of AdS, on $* at the
horizon. Moreover, the black holes carry three charges
0,53 for U(1)*> c SO(6) acting on S°, that appear as
electric charges in AdSs, and two angular momenta J ,
associated to the Cartan U(1)?> C SO(4) (each Cartan
generator acts on an R? plane inside R*). Their mass is
fixed by the linear BPS constraint

M = g(lh| + 72| + Q1] + Q2| +105). (1)

where g = ¢3! is the gauge coupling, determined in terms
of the curvature radius 5 of AdSs (whereas charges are
dimensionless). It turns out that regular BPS black holes
with no closed timelike curves only exist when the five
charges satisfy certain nonlinear constraints. The first
constraint relies on the fact that one parametrizes the
solutions by four real parameters u;,3;, E [35,49]. The
second constraint is

Pria3>E—-120. (2)
Alternatively, one can have the same constraint with =

substituted by Z~' which corresponds to exchanging
J <> J,. The third constraint is

Spu € R, 3)
where the Bekenstein-Hawking entropy Sgy is defined in
Eq. (9) below.

Charges and angular momenta of the black holes are

completely determined by these four parameters y;, = with
I =1, 2, 3. Defining

V= Zﬂb 72 = Z/’llﬂja
1

I<J
the electric charges and angular momenta are

V3 = HiHaH3, (4)

_ 7 M 9 2
Q’_4GN[9+2<“ mﬂ’

T |9y J (-
J1,2:—[72+9373 +—3(di1—1)], (5)
N g

where Gy is the five-dimensional Newton constant and
J =110+ du). (6)
1

It is easy to see that one of the charges Q; can be zero or
negative [50]. There are some combinations, though, that
we can bound above zero, for instance

g 2
T [ﬂl + K

__ T (\n, 9
Q1+Q2+Q3—4GN[ + ]>0,

Q1+kam

+gu1,uK] >0 forl/#K.
(7)

In particular, at most one charge can be zero or negative.
Setting g = 1 for the sake of clarity, we also have

(T4 pg) (14 p)[(1 4+ ) B = 1] >0
(8)

for I # K # L # I. The inequality follows from Eq. (2).

The Bekenstein-Hawking entropy is proportional to the
horizon area, and can be written as a function of the black-
hole charges [51]:

T
J = ——
Or+Jix 1Gy

area r
BH = 46 T ;QIQJ 4Gng (i +J2). 9)

The constraint equation (3) requires the quantity inside the
radical to be positive. The BPS solutions have a regular
well-defined event horizon only if the angular momenta are
nonzero: In other words, there is no static limit in gauged
supergravity.

In this paper we will focus on the “self-dual” case J, =
J, =J [32]. Since, in general, 7 > 1 and = > 1, neces-
sarily 2 = 1. The constraint Eq. (2) simply becomes

;> 0. (10)

The charges are
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The entropy is

272 772
Spp=—1/(14+ ¢ -2
BH = 460 (1 +g7)r3 1
T
— 2 [3°0,0, - 2. (12)
\/1<J = 4GN93

Once again, the constraint Eq. (3) requires the quantity
inside the radical to be positive [52].

III. THE DUAL FIELD THEORY
AND ITS INDEX

A nonperturbative definition of type IIB string theory on
AdSs x 3 is in terms of its boundary dual: 4D N = 4
SYM theory with SU(N) gauge group [3], where

ats b/

N2 = = .
2Gy  2Gyg

(13)

The weak-curvature limit in gravity corresponds to the
large N limit in field theory. Up to the choice of gauge
group, SYM is the unique four-dimensional Lagrangian
CFT with maximal supersymmetry. The field content, in
N =1 notation, consists of a vector multiplet and three
chiral multiplets X, Y, Z, all in the adjoint representation of
the gauge group. Besides, there is a cubic superpotential
W = Tr X[Y, Z]. The R-symmetry is SO(6): Going to the
Cartan U(1)3, we choose a basis of generators R , 3 each
giving R-charge 2 to a single chiral multiplet and zero to the
other two, in a symmetric way.

Considering the theory in radial quantization on R x S3,
we are interested in the states that can be dual to the BPS
black holes described in Sec. II. These are 1/16 BPS states
preserving one complex supercharge Q, and characterized
by two angular momenta J;, on $3 and three R-charges
for U(1)?  SO(6)g. The angular momenta J; , are semi-
integer and each rotates an R? C R*. Indicating with J
the spins under SU(2), x SU(2)_ = SO(4), we set J,, =
J,+£J_. With respect to the N =1 superconformal
subalgebra that contains Q, we describe the R-charges in
terms of two flavor generators g, =% (R;2 — R3) com-

muting with Q, and the R-charge r =1(R; + R, + R;).
All fields in the theory have integer charges under ¢, ,. The
counting of BPS states is performed by the superconformal

index [30,36] defined by the trace

I(p’q’vl’UZ)
=Tr (_I)Fe—/f{Q,Qf}pll+r/2qJ2+r/2v5111vgz‘ (14)
Here, p, ¢, v, with a =1, 2 are complex fugacities

associated with the various quantum numbers, while the
corresponding chemical potentials z, o, £, are defined by

p= eZm’r’ q= eZm’zr’ v, = e27ia . (15)

The fermion number is defined as F = 2(J + J_) = 2J;.
The index is well defined for

Ipl.lgl <1 & Imz,Imo > 0. (16)

By standard arguments [53], Z only counts states annihi-
lated by Q and Q' and is thus independent of $.

It will be convenient to redefine the flavor chemical
potentials as

T+o0

Ay=8&+ (17)
3
and use
Ya = ¥ (18)
The index becomes [54]
I(p’ qulvyZ)
=Tr (—I)Fe—ﬁ{Q;Q"}le+R3/2qlz+R3/2y?lng_
(19)

Notice that Jy, J,, $F, 1R; are all semi-integer and
correlated according to

PR (mod 1), (20)

It is then manifest from Eq. (19) that the index is a single-
valued function of the fugacities.

The index (14) admits an exact integral representation
[30,36,55]. In order to evaluate its large N limit, though, we
find more convenient to recast it in a different form, called
Bethe-ansatz formula [42,43] (see also [56] for a 3D
analog, and [57-61] for similar Higgs branch localization
formulas). Computing the large N limit with this formula is
still challenging, and in this paper we will restrict ourselves
to the case of equal fugacities for the two angular momenta

T=0 = p=gq. (21)

Hence, let us describe the Bethe-ansatz formula with this
restriction [42,62], in the case of N' = 4 SU(N) SYM. The
superconformal index reads

I(q.yiya) =xy »_ Z(@:A7H@AD".  (22)

neBAEs

This is a finite sum over the solution set {#} to a system of
transcendental equations, dubbed Bethe-ansatz equations
(BAEs), given by
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1=0;(u;A,7) = 2R3 )

xlN—Ie o ()i + A7)0 ()i + Dos7)0 (uj; — Ay — Ags7)
O (u;j+ A3 7) 00 (uij + An; )00 (u;; — Ay — Ap;7)

(23)

fori=1,...,N and where u;; = u; —u;. We call Q; the
BA operators. The unknowns are the “complexified SU(N)
holonomies” u; subject to the identifications

ui~u; +1~u; +1, (24)

meaning that each one lives on a torus of modular
parameter 7, and constrained by

> ui=0 (mod Z+12). (25)
i=1

as well as a “Lagrange multiplier” 1. The function 6, is
defined as

(1-2z¢")(1 -z7'¢*") = (2

-

Oo(u; 7) = Deo(9/79)

>~
Il

(26)

with z = e?* and g = >, where (z; q),, is the so-called
g-Pochhammer symbol. The prefactor in Eq. (22) is

1 (AT (A . )l (A 7o)\ V!
Ky = m< f(Al + AQ;T, T) ) s (27)

defined in terms of the elliptic gamma function [63]

f(M;T, 0) — F(Z — EZ”iu;p — eZIZiT’ q= eZ/rin)
_ ﬁ 1-— pm+1qn+1/z (28)
m,n=0 - pmqnz
The function Z is
N & -
I'( Ay I'(u As;
Z( A7) H~M+ITT)( i+ A7) (20)
iy D+ Ay + Ay, o) (u WisT.T)
Finally, the Jacobian H is
1 9(0,...,
BAEs 27l a(ul,...,uN_l,/l)

when evaluated on the solutions to the BAEs. Notice that
both Q;, xy, Z, and H are invariant under integer shifts
of 7, A, and A,, implying that the superconformal index,
Eq. (22), is a single-valued function of the fugacities.

Let us add some comments on how Egs. (23) and (30)
are obtained from the general formalism in [43]. The
maximal torus of SU(N) is given by the matrices
diag(zy, ..., zn-1, 2v) With T, z; = 1 and, setting z; =
e?";  is parametrized by u,, ..., uy_,. For general gauge
group G, the BA operators Q; have an index i that runs over
the Cartan subalgebra of G. Let us denote the BA operators
of SU(N) as Q). .... Oy_;, then the BAEs are Q; = 1. The

BA operators of SU(N) can be written as 0 ;= 0;/0Qyin
terms of the BA operators Q1, ..., @y of U(N). Introducing
a “Lagrange multiplier” 1, we can set Qy = e 2" and
write the BAEs as ¢*"*Q; =1 for j=1,...,N (this

includes the definition of 1). Absorbing ¢** into Q;, we
end up with Eq. (23).
The Jacobian H for SU(N) is given by

H— dt[l aQ’} (31
i,j=1

2ri 8ul

When evaluated on the solutions to the BAEs, we have

1 9(0; - QN):|

H‘ = det |— LI TEN) = Eq.(30).
BAEs ¢ [2711' Ou; a-(30)

ij=1,....N=1

(32)
To see the last equality, one should notice that
00,/ 0Algags = 2xi.

The chemical potentials u; are defined modulo 1, and
the SU(N) condition implies that they should satisfy
> juj € Z. However, it is easy to check that the BAE:s,
Eq. (23), are invariant under shifts of one of the u;’s by the
periods of a complex torus of modular parameter z, namely
u;, — u;, + n + mr for a fixed k. Hence, the BAEs are well
defined on N — 1 copies of the torus. Consistently, both H
and Z—when evaluated on the solutions to the BAEs—are
invariant under shifts of u; by the periods of the torus (see
Ref. [43] for the general proof).

As one could suspect at this point, the BAEs, Eq. (23),
are also invariant under modular transformations of the
torus. To see that, it might be convenient to rewrite them in
terms of the function 8(u; 7) = e~ ™"*+77/5 (u; 7) that has
simpler modular properties. (See Supplemental Material,
Sec. A, at Ref. [64] for a summary of useful properties of
special functions.) When doing that, the term ) _; u;; in the
exponential in Eq. (23) disappears. One easily shows that
Q; are invariant under

1
7+ 1 T =
T:{ S: T

U u,

c:{THT (33)

u>—, U =i,
7
thus showing invariance under the full group SL(2, Z). On

the other hand, the summand xy ZH~! in Eq. (22) is not
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invariant under modular transformations of z: This is not a
symmetry of the superconformal index.

A. Exact solutions to the BAEs

When evaluating the BA formula (22), the hardest task is
to solve the BAEs, Eq. (23). The very same equations
appear in the 72 x S? topologically twisted index [7], and
one exact solution was found in Refs. [11,65]:

T, t(N—-j) _ N-1
ui,:N(J—l), uj=g+u, A=—— (34)

Here, & is a suitable constant that solves the SU(N)
constraint, Eq. (25); since all expressions depend solely
on u;;, we will not specify that constant. Notice that the

solution does not depend on the chemical potentials A ,. To
prove that it is a solution, we compute

lN—Ieo(“ji +A) _ H;;;IO'GO(ﬁk +A) x [Tk, y 0ok +A)
ol Op(u;j+4)  TINZOGhk+A) xTTd _ 00(Fk+A)
I Ok + ) x [T (—ay)
Hsz_ll 90(%" +A) x H/?:ll—i(_qk/N)’)
— (=1)N-LyN=2it1 Gi=(N+1)/2 (35)

Taking the product over A = {A|, Ay, —A; — Ay} we
precisely reproduce the inverse of the prefactor of
Eq. (23), for every i. Furthermore, notice that the shift # —
it + 1/N generates a new inequivalent solution that solves
the SU(N) constraint. Repeating the shift N times, because
of the torus periodicities, we go back to the original
solution. Therefore, Eq. (34) actually represents N inequi-
valent solutions.

Because the BAEs are modular invariant, we could
transform 7z to 7/ = (at+ b)/(ct + d), then write the
solution uj; =7'(j—i)/N, and finally go back to
7= (d7 — b)/(a — c7’). This gives, for any a, b € Z with
gcd(a, b) = 1, an SL(2, Z)-transformed solution

atr+ b
uij: N

(=19 (36)

However, one should only keep the solutions that are not
equivalent—either because of periodicities on the torus or
because of Weyl group transformations.

On the other hand, a larger class of inequivalent solutions
has been found in Ref. [65] (we do not know if this is the
full set or other solutions exist). For given N, every choice
of three nonnegative integers {m,n,r} that decompose
N = mn and with 0 < r < n leads to an exact solution

_j k r B

where 7=0,...,m —1 and k= 0,...,n—1 are an alter-
native parametrization of the index j = 0,...,N — 1. As we
show below, the first class is contained into the sec-
ond class.

The solutions (37) organize into orbits of PSL(2, Z) with
the following action:

T:{m,n,r} v {m,n,r+m}

S:{m,n,r} > {p,%,—m(r/p);gdn/p}, (38)

where p = ged(n, r), we indicated as (x);,t,, the modular

mo
inverse of x mod y (which exists whenever x, y are
coprime), and the last entry of {m,n,r} is understood
mod n. One can check that §? = (TS)* = 1. If {m,n,r}
have a common divisor, then one can see that also the
images {m’,n’, '} under T, S have that common divisor,
and since T, S are invertible, it follows that gcd(m, n, r) =
d is an invariant along PSL(2, Z) orbits.

We can prove that if {m,n,r} have gcd(m,n,r) =1,
then they are in the orbit of {1, mn, 0}, i.e., there exists a
PSL(2, Z) transformation that maps them to {1, mn,0}.
Indeed, let 7= gcd(m,r). We can perform a number
of T transformations to reach {m,n,7}. Necessarily
ged(n,7) =1, therefore an S transformation gives
{1,mn,—m(7);},,}- Now a number of 7' transformations
gives {1,mn,0}. On the other hand, we observe that if
ged(m,n,r) =d > 1, then the orbit under PSL(2,Z)
is in one-to-one correspondence with the one of
{m/d,n/d,r/d}, which is generated by {1,mn/d* 0}.
This shows that the number of orbits is equal to the number
of divisors d* of N which are also squares. Each orbit is
generated by {d, N/d, 0}, and is in one-to-one correspon-
dence with the orbit generated by {1, N/d*,0}, which we
can regard as the “canonical form.”

At this point we recognize that the set of inequivalent
solutions in the first class (36) is precisely the PSL(2, Z)
orbit with ged(m,n,r) =1 in the second class (37).
Indeed, start with a solution of type (36) for some N
and some coprime integers a, b. Let m = ged(a, N) and
n = N/m. We can write the solution as

(mod Z + 7). (39)

We can identify k = (a/m)j mod n. Since (a/m) and n
are coprime, as j runs from O to n — 1, k takes all values
in the same range once. Moreover, there exists s =

(a/m)~" mod n, such that j = sk mod n. In other words,
(a/m) is invertible mod » and its inverse s is coprime with
n. We can write

j=sk+nj (40)
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and as j runs from O to N — 1, j covers a range of length m.
Substituting the expression for j we obtain

u; = —Ej _k <T+Q> +u (mod Z+1Z). (41)

m- n m

Notice that gcd(b, m) = 1. Indeed, suppose that b and m
have a common factor, then this must also be a factor of «,
which is a contradiction. Therefore, we have the equality
of sets {bj mod m} = {j mod m}. Finally, we set r =
bs mod n and we reproduce the expression in Eq. (37). The
values {m, n, r} obtained this way have gcd(m,n,r) = 1.
Indeed, suppose they have a common factor, then this must
also be a factor of a but not of (a/m), and thus it must also
be a factor of b, which is a contradiction.

On the contrary, start with a solution {m, n, r} of type
(37) with ged(m, n,r) = 1. It is easy to see, by repeating
the procedure, that it is equivalent to a solution of type (36)
with a = m and b = r (which imply s = 1).

IV. THE LARGE N LIMIT

In this section we take the large N limit of the BA
formula (22) for the superconformal index. The first part of
the section is technical, and the uninterested reader could
directly jump to Sec. IV C where the final result is presented.

In the related context of the T2 x S topologically
twisted index [7,66], it was shown in Ref. [11] that the
basic solution (34) leads to the dominant contribution in the
high temperature limit. Assuming that such a solution gives
an important contribution in our setup as well, we will start
evaluating its large N limit. We will find that it scales as
¢O™) | therefore in the following we will systematically
neglect any factor whose logarithm is subleading with
respect to O(N?). We will also find that the solution (34) is
not necessarily dominant in our setup, rather other solutions
can compete, and we will thus have to include the
contributions of some of the solutions (36).

First of all, consider the prefactor xy in Eq. (22) and the
multiplicity of the BA solutions, whose contribution does
not depend on the particular solution. Each BA solution
(37) has multiplicity N(N!), where the first factor comes
from shifts of # while the second factor from the Weyl
group action. Thus, from Eq. (27) and applying Stirling’s
approximation, we find

N(N!) ky = W), (42)
This contribution can be neglected at leading order.

A. Contribution of the basic solution

Here, we consider only the contribution of the basic
solution (34) to the sum in Eq. (22).

1. The Jacobian.—We use the expression in Eq. (30).
The derivative of Q; with respect to u; can be computed and
it gives

0log Q;(u; A, 7)

o, Z Oy i (6751 + Z a(

lk?A T
lk?A T
(43)

where the second sumis over A € {A[, Ay, —A; — A, }, we
defined the function

90(-” + A, T)

Gu; &, 7) = Oo(u+ Asz) °

(44)
and 0, uy = 6;j — 6 — iy + Sy This relation holds
because we take uq, ..., uy_; as the independent variables,
and fix uy using Eq. (25). Substituting, we get

dlogQ; Uiy A, T
e, (67 = Sin <6mN+ZZ Gl A7) >
uin; A, T) g/< U’ )
+Z< (inibor)  Gugide) P

When we evaluate this expression on u;; = 7(j — i)/N, we
notice that—for generic values of A,—the terms in the
second line are of order O(1). Indeed, the distribution of
points u;; generically does not hit any zeros or poles of G.
Retaining only the terms in the first line, the Jacobian reads

A O - 01) 1
o) A, S
H =det| . . : : (46)
o) Ay 1
—Ay  —Ay —Ay 1

where the diagonal entries are

A =3N 45— EN:Z
k

Let us estimate the behavior of A; with N. By the same
argument as above, A; contains the sum of N elements of
order O(1) and thus it scales like O(N) (or smaller). The
determinant can be computed at leading order and it gives

lk?A T)

(i BD) (47)

N N
H= Z H A; + subleading. (48)
k=1 j(h=1

This scales as O(NV), therefore log H = O(N log N) and
can be neglected.

2. Functions T .—The dominant contribution comes from
the function Z defined in Eq. (29). To evaluate it, let us
analyze YV, logD'(u;; + Asz.7) with A € {A), Ay, A +
A,} separately. We make use of a relation proven in [63],
and write
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k+14u;;+A
T

oo ("2 -1) i w ()

e—ﬂiQ(Mij+A;T,T) 00 l[/

L+ Ast.7) = ) . (49)

Here,
O(u: )_u_3 tto—-1 ,
B0 =3 20
+(T—|—O’)2+TG—3(T+G)+IM
670
(t+o—-1)(t+0—10)
50
1276 (50)

is a cubic polynomial in u. The function y is defined as

—27”'!)

1 .
w(t) =exp |tlog(l —e —TLiz(e‘z’”‘) . (51)

Tl

The branch of the logarithm is determined by the series
expansion log(1 —z) = —> %, z¥/k, whereas we have
Liy(z) = >, z/k?. The branch cut discontinuities can-
cel out so that w(7) is a meromorphic function on the
complex plane. It holds y(1)y(—1) = e~™(*=1/6),

To make progress, we perform a series expansion of
logf, and logy, evaluate this expansion on the basic
solution for u;; in Eq. (34), and perform the sum Zf\; ;- We
define the modular transformed variables

z = eZﬂiu/f’ 5) — eZm'y/‘L" — e—Zm'/‘r' (52)

R

We have

n=0 i#j J zi
© o N ~ ~
1 Zl 5N f ot n

=23 G| (Fw) ()|

=1 n=0 i#j i i

o0 [s+] 1
S L e

7=1 n=0

© | w4 vlat
=y oAt (53)

/=1 -4

where we introduced A, which denotes the following sum
over i, j:

A, = () 2xi(j—i)¢ /N

_{ 2_N for=0 modN
-N

(54)
for £ #0 mod N.

The series could be analytically resummed to the expres-
sion N log[0y(NA/7;—N/7)/0y(A/7; —1/7)], however, we
do not need that. We collect the terms into two groups:
Z 1 yf + y—f 4 2’0: 1 j}Nj + y—NjéNj
Jj=1 joor=gvo

(55)

where the second term comes from the cases £ = Nj. For
1G] < || < 1, namely for

Im<—l> > Im<é> > 0,
T T

the series converges. The second term is suppressed at
large N, whereas the first term is of order O(N) and can be
neglected.

We then perform a similar analysis of logys, using the
series expansions of the functions log and Li,. We find

k+1+u;;+A
e ()

> log ﬁ
k=0 v

(56)

i#] =

T

f~f_ y>
1 Zi
— —ff il
e }<~,>

2 S Ay (k+1+A_ .
:ZZ{_7<7 4 - )
k=0 ¢

B N o oo 1 k+1+A -
>yl <—r :
-2+

g 07 =5 00| (57)
where we used that the following sum vanishes:
N 2N 1
B, = ; it (Z) - N;(/ — i) UmIIN = 0. (58)

Once again, the expression can be resummed by breaking
the sum into two groups (corresponding to generic £ and

£ = Nj):
<k+l+A) W(w)

i —N log N
v()
(59)

+ log
k=0
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FIG. 1. In yellow is highlighted the domain, Eq. (56), in the
complex A plane. The right boundary is the line y, passing
through 0 and z. The left boundary is the line y — 1, passing
through —1 and 7—1. The dashed lines are other elements
of y +Z.

The first term (that comes from setting A, — N) is of order
O(N) and can be neglected. The second term is

2.2 {-— <’<+1%A( /5y =52 AW) g

k=0 j=1

L i <a/y>Nf>aNkf]. (60)

27ij

In the regime of convergence (56) this series goes to zero as
N — 0. We conclude that the only contribution at leading
order in N is from the polynomial Q in Eq. (50).

The limit we computed is valid as long as A satisfies
Eq. (56). That inequality has the interpretation that A
should lie inside an infinite strip, bounded on the left by the
line through —1 and 7 — 1, and on the right by the line (that
we dub y) through 0 and 7 (see Fig. 1). On the other hand,
['(u;j + A; 7, 7) is a periodic function invariant under shifts
A — A + 1. Therefore, unless A sits exactly on one image
of the line y under periodic integer shifts, there always
exists a shift that brings A inside the strip. This means that
we can use our computation to extract the limit for
all A e C\{y +Z}.

Let us define the periodic discontinuous function

nez. 1m<—1) >1m(A+"> >o}
T T
for Im<A> ¢lem<l>. (61)
T T

The function is not defined for Im(A/7) € Z x Im(1/7).
Essentially, this function is constructed in such a way that
[A], = A mod 1, and [A], satisfies Eq. (56) when it is
defined. It also satisfies

A], = {A#—n

T

[A+7], =[A + (62)

We use such a function to express the limit as

N
Alfl_r)r;o Zlogl"(uij +A;7,7)

i#] (34)
= —m’Z Q(u;; + [Al;;7,7) + O(N)
i#]
e (=0 )

372

up to terms of order N. This expression is, by construction,
invariant under integer shifts A — A + 1. The lines

Im(A/7) € Z x Im(1/7) (64)

that we have dubbed y + Z are Stokes lines: They represent
transitions between regions in the complex A plane in
which different exponential contributions dominate the
large N limit, and along which the limit is discontinuous
[67]. We do not know what is the limit along the lines,
because different contributions compete and a more precise
estimate would be necessary to evaluate their sum. We will
elaborate on Stokes lines in Sec. IV C.

The term with A =0 requires a special treatment,
because it does not satisfy Eq. (56). We can still use the
expansion Eq. (49). The term log 6, is evaluated as

Zlogeo <— —l>

i#]

—Zlog (1——> +2ZZlog< _4y )

i#] i#j k
= NlogN + 2Nlogw (65)
(48w

To calculate the first term in the second line, we notice
that x\' — 1 = [T, (x — ¢*/N). Factoring (x — 1) on both
+x+1 =] (x = e¥/V), and
[T (1 = e/N). At this
point we can shift j by k and multiply over k:

N
N =T]
k=1

=l

sides we get xV~1 4 ...
substituting x = 1 we get N =

N
H (1- e27ili= )/N) (66)
(#k)

To compute the second term we use the series expansion as
before. We see that log 6, contributes at order O(N log N)
and can be neglected. The product of terms logy gives

N - (k+1+u,,>
Sto [0 == gy ()
7 k0 l//( "”) Py
N T 2 ]
_ > ”i<(]Nzl) _8>
:%(N—l). (67)
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In the first equality we changed sign to u;; because it is
summed over i, j. This term is of order O(N) and can be
neglected. We conclude that

N |
. ~ i . 27(1_5)(7_1)
1\;1—1}010 l;] logr(uij,r, T) (34) = niN T
+ O(NlogN). (68)

the large N limit of log Z in Eq. (29) evaluated on the
solution Eq. (34). It is also useful to define the primed
bracket

/ [A]; !
AL=[A],+1 = 0>Im(—=) >Im(—-). (69)

T T
The primed bracket selects the image of A, under integer
shifts, that sits inside the strip on the right of the line y
through zero and 7, as opposed to the strip on the left.

3. Total contribution from the basic solution—At this ~ The expression of log Z depends on [A],, [A,],, and
point we can collect the various contributions and obtain ~ [A; 4+ A,],. We notice the following relation:
|
1 A A
[A], + [As], if Im <— —> > Im <M> >0, first case
T T
[Al + A2]1 = (70)
: 2 [AI]T + [AZ]T 1
[A], +[As], +1 if Im{—=) >Im|{———=%) >Im{——, second case.
T T T
The second case can also be rewritten as
AL+ (A 1
A+ Ay, = [A]L+ Ay, =1 if 0> Im (M> > Im <—> (71)
T T
The large N limit of the summand is then
. A2 .
1\}1_{130 log Z oy miN*O(A, Ay 1), (72)
where we have introduced the following function for compactness:
AL A], (27 =1 = [A], = [As],). )
[ 1}1’[ 2]1( T 5 [ 1]1’ { 2]1) first case
O(A, Ay 1) = ‘ (73)

[Afe[A0]; (27 + 1 = [A]; = [Ar]7)

T2

The two cases were defined in Egs. (70) and (71).

We can rewrite the function ® in a way that will be useful
in Sec. VI. Define an auxiliary chemical potential Aj,
modulo 1, such that

A1+A2+A3—2'Z’€Z. (74)
It follows that [As], =27 — [A| + A,], — 1. Hence,
Al [A,][A
[ 1]1[ i]r[ 3]1 , first case
O(A, A7) = !
A I ! !
M — 1, second case.
T
(75)

Irrespective of the integer appearing in Eq. (74), the
bracketed potentials satisfy the following constraints:

[A], + [As], + [A3], =2t +1 =0, first case

AL+ [As). + [A3].—27—1=0, second case. (76)

Such constraints have already appeared in Refs. [38,39,44].

— 1, second case.

B. Contribution of SL (2,Z)-transformed solutions

As discussed in Sec. Il A, Eq. (34) is not the only
solution to the BAEs: Each inequivalent SL(2, Z) trans-
formation of it, given in Eq. (36), is another solution—and
even more generally there are the {m, n, r} solutions (37)
found in [65]. Some of those solutions might contribute at
the same leading order in N.

A class of inequivalent solutions—particularly simple to
study—that contribute at leading order in N is obtained
through 7 transformations:

T+7r
u..:

i =Ty (j—i) forr=0,...N—1.

(77)
These are the solutions {1,N,r} in the notation of
Sec. Il A. To evaluate their contribution, simply notice
that both Z in Eq. (29) and H are invariant underz — 7 + r,
thus the contribution of Eq. (77) is the same as in Eq. (72)
but with 7 — 7 + r. In the large N limit, r runs over Z.
We have not evaluated the contribution of all other
{m, n, r} solutions, which is a difficult task. However, in
order to have an idea of what their contribution could be,
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let us estimate the contribution from the S-transformed
solution

uij = . (78)

which is {N, 1,0} in the notation of Eq. (37). The large N
limit of xy does not depend on the solution, and is
subleading. The large N limit of log H is computed in
the same way as in Sec. IVA, and it gives O(N log N) or
smaller. Let us then analyze Z. In the regime |¢|> < |y| < 1
we can directly expand log I in its plethystic form:

N
Z IOg f(uij + A, T, T)
i#]

If |y| is outside the range of convergence of the plethystic
expansion, either above or below, we can simply shift
A — A + 7. This gives a shift by [68]

N

£ logOy(u;; + Ast) = O(N), (80)
i#]

which can be treated in a similar way. This allows us to use

the estimate above also when the A’s are outside the

original regime of convergence. The case A = 0 requires a

special treatment. We have

lo Fu,rr
Z gl (uy;

i#]

:i[ tog(1 ——)+2Z( ) M]

i#] Z.m=1
_ (De
= —NlogN + 2Nlogﬁ = O(NlogN). (81)
9 )

Thus, there is no contribution from log Z at leading order
in N.

In the following, we will assume that the only solutions
contributing at leading order, namely O(N?), are the
T-transformed solutions.

C. Final result and Stokes lines

Since we end up with competing exponentials, the one
with the largest real part dominates the large N limit.
Assuming that solutions other than the 7-transformed ones

are of subleading order in N, we find the final formula
A%im logZ(q, y1.y2) = @[—”UW@(AI,Az;T + )]
—00 re

=logZ. (82)

The function O is defined in Egs. (73) or (75). The meaning
of max is that we should choose the value of r € Z such
that the real part of the argument is maximized. One of the
good features of Eq. (82) is that it is periodic under integer
shifts of 7, A;, A,. We already observed that © is periodic
in A|, because the functions [A;,], are. Taking the max
over T — 7 + r gives periodicity in 7 as well. This implies
that the right hand side of Eq. (82) is actually a single-
valued function of the fugacities ¢, y;, y,. This is a property
of the index at finite N, as manifest in Egs. (19) and (22),
and it is reassuring that the large N expression we found
respects the same property.

The function Z has a complicated structure. The full
range of allowed fugacities ¢, y;, y, gets divided into
multiple domains of analyticity, separated by Stokes lines.
In each domain of analyticity, only one exponential con-
tribution (for some value of r) dominates the large N limit:
The function logZ,, takes the form of a simple rational
function given by ®(A, Ay;7 + r). The Stokes lines are
real-codimension-one surfaces, in the space of fugacities,
that separate the different domains. When crossing a Stokes
line, a different exponential contribution dominates, and
logZ ., takes the form of a different rational function. In
particular, on top of a Stokes line there are two (or more)
exponential contributions that compete: Their exponents
have equal real part. This characterizes the locations of
Stokes lines. In terms of the function ©:

ImO(A, Ay + 1) =ImO(A;, Ay;t+ 1) (83)
for some ry, € Z.

In fact, also the values of A; and A, such that
O(A;, Ay; 7+ r) is discontinuous (for the value of r picked
up by max) should be regarded as forming a Stokes line. In
this case, the two competing exponents correspond to the
values of ® on the two sides of the discontinuity. There
are two possible sources of discontinuity. First, one of the
bracket functions, say [A],, could be discontinuous. This
happens when Im(A;/7) € Z x Im(1/7), namely when
a = lim,_o+[A| — €],/ € R. Taking into account that on
the left of the discontinuity we are in the first case, while on
the right we are in the second case—in the terminology of
Eq. (70)—and assuming that A, is generic, we find

lim [O(A| — €, Ay;7)

e—0"

—0O(A| +6, A7) = (a—1)? €R,

(84)

where the limit is taken with e real positive. Second, we
could pass from the first to the second case of the definition
(73). This happens when [A,], + [A;], + 1 = ar for some
a € R. Assuming that A, , are otherwise generic, we find

A® = (a— 12 €R. (85)
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In both cases we confirm that the codimension-one surface
of discontinuity is a Stokes line, because Im © is equal on
the two sides.

When we sit exactly on a Stokes line, two (or more)
exponential contributions compete, and in order to compute
the large N limit we should sum them. However, we do not
know the relative phases, because they are affected by all
subleading terms and a more accurate analysis would be
required. Therefore, we cannot determine the large N limit
of the index along Stokes lines.

It turns out that a value of r that maximizes the real
part of the argument of max may or may not exist. We
can estimate the behavior of the real part at large r by
noticing that

A ImA
@ - mi (86)
rotco T+ 1 Imz

This implies that

lim Im@(Al, Az,T-'- I")

r—+oo
. Im A]Im Azlm(z’l' — Al — A2>
B (Im7)? '

(87)

Thus, the real part of the argument of max approaches a
constant value. If there is no maximum but rather the
constant value is a supremum, then our computation is
not finished: All contributions from the T7-transformed
solutions should be summed, however, for large |r| they
form an infinite number of competing exponentials,
whose sum crucially depends on how they interfere. In
order to determine such a sum we would need more
accurate information.

We conclude by stressing that—even though only the
dominant exponential determines the large N limit of
the index—we expect that all exponential contributions,
including the subdominant ones, have some physical
meaning. Each of them plays the role of a “saddle point,”
although our treatment is not the standard saddle-point
approximation. We will make this comment more concrete
in Sec. VI, when comparing the large N limit of the index
with BPS black-hole solutions in supergravity.

D. Comparison with previous literature

The large N limit of the superconformal index of N = 4
SYM was already computed in [30]. There, it was found
that the large N limit does not depend on N, and therefore it
does not show a rapid enough growth of the number of
states to reproduce the black-hole entropy. In this section,
we would like to explain how the results here and there can
be compatible.

The authors of Ref. [30] took the large N limit of the
index, for real fugacities. Their result, in our notation and
restricted to the case p = g, is

Jim Z(q.y.y,) H (88)

f(q" y17y2>

with

(1=y)(1=y2)(1 = q*/y1y2)
(1-gq)? '

In particular, logZ is of order O(1). On the contrary, we
computed the large N limit for generic complex fugacities,
and found that log Z is of order O(N?).

The resolution we propose relies on the fact that, for
complex fugacities, the limit shows Stokes lines. As we
described, along those codimension-one surfaces multiple
exponentials compete. In order to know what the limit
is there, we would need to sum those competing expo-
nentials, but this requires a more accurate knowledge of the
subleading terms.

What we notice, though, is that the codimension-three
subspace of real fugacities is precisely within a Stokes line.
Therefore, although we cannot prove it, it is conceivable
that the competing terms cancel exactly, leaving the O(1)
result, Eq. (88). Indeed, in the Supplemental Material,
Sec. B in Ref. [64], we prove the following result, which is
stronger than the statement that we sit on a Stokes line.
Take the angular fugacity ¢ to be real positive, namely 0 <
q < land set 7 € iR for concreteness, and take the flavor
fugacities y;, to be real. Then ®(A;, A,;7) is along a
Stokes line and is not defined, while

1= f(q.y1.y2) = (89)

@(AI,Az;T—I’):—®(A1,A2;T+r>—1 (90)

for r > 0. On the other hand, take the angular fugacity real
negative, namely —1 < g < 0 and set 7 € —%+ iR, and
take again the flavor fugacities to be real. Then

O(A, Ayt —71) =-O(A, At +r+1)—1  (91)
for r > 0. Therefore, among the various contributions from
T-transformed solutions parametrized by r € Z, there is an
exact pairing of all well-defined terms where, in each pair,
two terms have the same real part and can conceivably
cancel. In other words, not only the term with maximal real
part can cancel, but also all other terms we computed at
order O(N?). This scenario is a strong check of our result,
that possibly makes it compatible with [30].

V. STATISTICAL INTERPRETATION
AND Z-EXTREMIZATION

We wish to extract the number of BPS states, for given
electric charges and angular momenta, from the large N
limit of the exact expression Eq. (22) of the superconformal
index. Since the latter counts states weighted by the
fermion number (—1)F, one may worry that strong cancel-
ations take place and that the total number of states is not
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accessible. However, one can argue [5,6] that the index (14)
or (19) is equal to

I(l)7 q’ yl s y2) — Tr ei”R&rial(T~6vAl~A2)e_ﬂ{ QQ*}
x @~2AIm[rCi+0Cy+A C3+AsCy] (92)

where the trace is taken in the IR N/ = 2 super quantum
mechanics (QM) obtained by reducing the 4D theory on S°,
Ryia 1s a trial R-symmetry, and C;,34 are the charges
appearing in Eq. (19):

1
Cr=Ji+5Rs, G =q,
1
G =7 +§R3, Cy=q». (93)

Indeed, because of the relations (20), we can represent the
fermion number as (—1)F = ¢™®s. Substituting in Eq. (19)
and separating the chemical potentials into real and
imaginary part, we obtain the expression (92) with

Rtrial(@ O, Al, Az) = R3 + 2(Re T)Cl + Z(Re G)Cz
+2(R6A])C3 +2(R6A2)C4 (94)

From the point of view of the super QM, R; is an
R-symmetry while the other four operators are flavor
charges, hence R, is an R-symmetry. We see in
Eq. (92) that only the first exponential can produce possibly
dangerous phases, while the other two are real positive.

Now, for a single-center black hole in the microcanonical
ensemble, the near-horizon AdS, region is dual to an
N =2 superconformal QM. The black-hole states are
vacua of the 38u(l,1/1) 1D superconformal algebra.
Since we are in the microcanonical ensemble, each of
those states is invariant under the global conformal algebra
3u(1,1) = 80(2, 1) (because AdS; is) as well as under the
fermionic generators (because the black hole is super-
symmetric). This necessarily implies that those states are
invariant under the exact superconformal R-symmetry
u(l), € 3u(l,1|1), ie., that they have vanishing IR
superconformal R-charge Ry. Thus, when Ry, is tuned
to R, the index counts the black-hole states with no extra
signs or phases (this is similar to Refs. [69]). Of course, in a
given charge sector there will be more BPS states than just
the single-center black hole, but assuming that the single-
center black hole dominates, the index captures its entropy.
It remains to understand how to identify R.. Atlarge N, the
entropy is extracted from the index with a Legendre
transform, and this operation can be argued to effectively
select Ry, among the R;,’s (this large N principle was
dubbed 7Z-extremization in Refs. [5,6]).

Let us elaborate on this point. The index is the grand
canonical partition function of BPS states. Introducing an
auxiliary variable A5 and the corresponding fugacity y; =
e?%s such that A} + Ay + Ay —7—06+ 1 €27, we can
rewrite Eq. (92) as

Z(p. g, y1,v2) = Trpsp”1 gy y$y$ . (95)

Here, the trace is over states with {Q, 9} =0, and we
have identified Q; = R, /2 (for I = 1,2, 3) with the electric
charges in supergravity. We recognize that the black-hole
angular momenta J;, are associated with the chemical
potentials z, ¢ and the charges Q,; with A;,;. The
microcanonical degeneracies at fixed quantum numbers are
extracted by computing the Fourier transform of Eq. (95).
However, since A5 is not an independent variable, what we
obtain are the degeneracies for fixed values of the four
charge operators appearing in Eq. (93), summed over Q;.
Using the supergravity notation, those four fixed charge
operators are

C,=J,+0s,
G, =J,+ 03,

C; =0, - 05,
Cy =0, - 0s. (96)

Thus, what we can compute is

>d(.0)|
Qs

Cia34

3
_ /deO'dAldAQI(P’Cb)’p}’z)P_J‘CI_JZHyI_QI,
=1

97)

where d(J, Q) are the (weighted) degeneracies with all
charges J;, and Q) , 3 fixed.

Nevertheless, we can take advantage of the fact,
reviewed in Sec. II, that the charges of BPS back holes
are constrained, and for fixed C; ;34 there is at most one
black hole—for a certain value of the fifth charge Q5. We
can then use Eq. (97) to extract its degeneracy d(J, Q) =
exp Sgu(J/, Q) at leading order because the latter will
dominate the sum over Q5.

In the large N limit, the integral (97) reduces by saddle-
point approximation to a Legendre transform with respect
to the independent variables {z,0, Aj, A, }:

Seu(J, Q)
~ ~ 3 ~
— logZ(%,6,A,, Ay) — 27i (%Jl teh+ Y A,Q,)
=1

=logZ — 27i(3C, + 6C, + A, C5 + A, C,) 4 27i Q5
(98)

where hatted variables denote the critical point. In this
approach, Q3 can be determined as the unique value that
makes the entropy Sgy(/, Q) real [5,6].

In the particular case of 4D N =4 SYM, the large N
limit of the index is a function with multiple domains of
analyticity, separated by Stokes lines. This makes things
more interesting. In each domain we should perform the
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Legendre transform, and whenever the critical point falls
inside the domain itself, we obtain a self-consistent con-
tribution to the total entropy. Even more generally, we have
written the index as a sum of competing exponentials (one
for each Bethe-ansatz solution) and we can compute the
Legendre transform of each of those exponentials—
irrespective of which one dominates. We expect each
contribution to represent the entropy of some classical
solution—very similarly to a standard saddle point—even
when the entropy is smaller than that of the dominant
solution.

VI. BLACK-HOLE ENTROPY FROM THE INDEX

In this section we show that the contribution of the basic
solution Eq. (34) to the superconformal index at large N, in
the domain of analyticity that we called “first case” in
Eq. (70), given by

— 7iN0(A), Ayi7)|
[A],[A,], (27 - 12— [Ay], = [Ad],) (99)

T

= —7iN?

precisely reproduces the Bekenstein-Hawking entropy (12)
of single-center black holes in AdSs (this is in line with
the result of [39] in a double-scaling Cardy-like limit). It
amounts to show that the Legendre transform of Eq. (99) is
the black-hole entropy (this will be reviewed below), and
that the critical point involved in the Legendre transform
consistently lies within the domain of analyticity in which
Eq. (99) holds.

Recall that the contribution of the basic solution corre-
sponds to the r = 0 sector in Eq. (82). For black holes with
large charges, i.e., for black holes that are large compared
with the AdSs scale, that is indeed the dominant contri-
bution to the index. However, intriguingly enough, as we
reduce the charges the contribution of the single-center
black hole may cease to dominate. We will highlight this
phenomenon in Sec. VI A in the very special case of black
holes with equal charges. This seems to suggest that, below
a certain threshold, the BPS black holes may develop
instabilities, possibly toward hairy or multicenter black
holes. Indications that this is the case have also been given
in Refs. [39,40]. It would be nice if there were a connection
between this observation and recently constructed hairy
black holes in AdS5 [46].

a. The entropy function.—The Legendre transform of the
black-hole entropy (9) in the general case, also called
entropy function, was obtained in Ref. [44]. Let us review
it, following the detailed discussion in Appendix B of
Ref. [38]. The entropy function is

X]X2X3 . N2 T

th =—=
® W, Wil rES 4Gy g

S = 2xiv

(100)

and with the constraint

(101)

Y X,= D) w+1=0.

a=123 i=12

Because of the constraint, S is really a function of four
variables. The entropy Sgy is the Legendre transform of &
with its constraint. We can compute it as the critical point of

S=8-2ni <Z 0.X, + ZJ,-a),»)
—27n'A<ZXa = o+ 1)

in which the constraint is imposed with a Lagrange
multiplier A. The equations for the critical point are

(102)

1 98 1 98
- — 2 Ji—A=——>, (103
Qut 27i X, 27i Ow; (103)
and the constraint Eq. (101). In detail,
X, X X X>,X
[T 0)10)2
X X X X,X
O+ A=—v=20 J— A=y R
w1y 601602
X X
03 +A=-—-122 (104)
(1)
It follows that
0=(01 +A) Q2 +A)(Q3+A)+uv(J, =A)(J, = A)
= A? + p,A? + pi A+ po, (105)
with
Pr=01+0,+03+v,
P1=010:+ 0105+ 0,05 —v(Jy + J5),
Po = 010,03 +vJJs. (106)

It turns out that we can find the value of S at the critical
point without knowing the exact solution for the critical
point. We use the fact that S is homogeneous of degree 1 (it
is a monomial), and thus

X 107
IR P (10
Substituting into Eq. (102) we find

Spn = Sley = —27iA. (108)

Since A is the solution to the cubic equation (105), it
looks like there are three possible values for the entropy.
However, since for real charges the cubic equation has real
coefficients, we either find three real roots or one real and
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two complex conjugate roots for A. Imposing that the
entropy be real positive, we require that there is one real
and two imaginary conjugate roots, then only one of
them—the one along the positive imaginary axis—
leads to an acceptable value for the entropy. Since
(A =P)(A—ia)(A+ia) = A* = BA*> + A — pa’®,  we
obtain the following constraint on the charges:

po=pip2 and p;>0. (109)

One can check that the parametrization (5) automatically
solves the first equation. Then the roots of Eq. (105) are
A € {—p,, £i\/p1}. The physical solution is

A=1iy/p1 = Spu=27/p1,

which is precisely Eq. (9). We stress that the conditions
Eq. (109) are necessary, but not sufficient, to guarantee that
the supergravity solution is well-defined [70].

It is not difficult to write the values of the chemical
potentials at the critical point. To simplify the notation, let
us define

(110)

(111)

and use an index A = 1, ..., 5. Equations (104) imply that

®,P, areall equal for A=1,...,5. (112)
Implementing the constraint (101), the solution is
1S\
¢A:—P—A<;P—B> : (113)

Since, even for real charges, the P,’s are complex, the
solutions @, are in general complex.

b. Equal angular momenta.—Let us specialize the
formulas to the case J; = J, =J, and determine useful
inequalities satisfied by the chemical potentials at the
critical point. First of all, from the constraint (101) it
immediately follows

1 X, X, X;

-— — 4+ —==2. (114)
0w 0 0w
At the critical point (113) one finds
X, J—A X, 0,+J
—_— = -, Im — = >O
© Q. tA (w) Vo
(115)

To obtain the last inequality we used that Q,+J >0
for the BPS black holes, as we showed in Eq. (8). This
implies that

1 X
Im<——> >Im<—a> >0 fora=1,2,3. (116)

[0 ()

Using the explicit parametrization (11) presented in Sec. II
(and setting g = 1 for the sake of clarity), one can also
show that

(117)

where p; = 12((1 +7,)y3 —173). In particular, the first
equation shows that

O<Re(a))<%. (118)

c. Entropy from the index.—Finally, we compare the
contribution to the index from the basic solution in the first
case, given in Eq. (99), with the entropy function S in
Eq. (100). The latter, after eliminating X5 with the con-
straint (101) and restricting to equal angular fugacities,
reads

X]X2(2w— 1 —X] —Xz)

0)2

S = —riN?

(119)

We see that it is exactly equal to Eq. (99), as long as we can
identify

t=w, [A], =X, fora=1,273. (120)
This is not obvious, but we can check that it is indeed
possible. First of all, X; and X, should satisty the strip
inequalities that [-], does, at least in a neighborhood of the
critical point. This is precisely what we proved in Eq. (116).
Second, the fugacities at the critical point should also
satisfy the inequalities Eq. (70) that define the first case.
Because of the constraint, this is the same as requiring
that also X5 satisfies Eq. (116), which is true. Thus, this
concludes our proof. Let us stress that, in our approach, the
constraint Eq. (101) with the correct constant term simply
comes out of the large N limit.

One could wonder what is the physics described by the
domain of analyticity named second case in Eq. (73). It
appears that it reproduces the very same black-hole entropy
as the first case. Indeed, as is apparent from Eq. (75), in the
two cases O takes almost the same form, the only difference
being that [-], and [-]. satisfy opposite strip inequalities and
a constraint with an opposite constant term. It was already
observed in Ref. [38] that the entropy function S repro-
duces the black-hole entropy with either one of the two
constraints imposed. We leave for future work to under-
stand what is the role of such a twin contribution.
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A. Example: Equal charges and angular momenta

In order to make some of the previous statements more
concrete, we now study in detail a very special case in
which the index counts states with equal charges Q, = Q
and angular momenta J; = J. This will be instructive to
elucidate the structure of Stokes lines.

Let us first quickly summarize the properties of black
holes and their entropy in this case [31]. We set v = 1 (all
charges are in “units” of v) so that
po=0Q+J2,

p1=30°-2J, p,=30+1, (121)

and the charge constraint is

PiP2—Po=80°+30>-230+1)J-J>=0. (122)
This is quadratic in J and potentially leads to two branches
of solutions. However, only one of them satisfies Eq. (2)
when parametrized in terms of u (we also set g = 1):

1 .
Q:l’l+§ﬂ2’ A:l\/pv S:2ﬂvp’

J:(2Q+1)3/2—3Q—1:%u2+u3,

3
pr=30"+60 +2-2(20+ 1)¥? = p* + 24t (123)
The entropy is positive for Q > 0, and in this range J > 0.
The extremization problem (102) simplifies because we
have only two chemical potentials, X = X, , 3 and w, with
the constraint (101). The critical point is

xeoJ=A (124)
20 +3J+A

oo 2tA
2043/ -A

Let us mention that in the alternative extremization problem
in which the constraint Eq. (101) is modified by changing
+1 into —1, the critical values of X and w are given by the
same expressions, however, the critical value of the
Lagrange multiplier becomes A = —i,/py.

We now turn to the index. Given the identifications
X, =[A,], and @ = 7, we can restrict to chemical poten-
tials such that [A,], = [A,], = [A3], = [A],, where A; is
defined through the general constraint equation (74). Up to
integer shifts, this amounts to

2r—1
A=Ay =A;=A= T3 .

(125)
The critical points, Eq. (124), indeed satisfy this relation.

We have thus reduced to a single independent chemical
potential z. Notice that the function

I(A(T);f) :I<2T3_ ! ;T>

(126)

is periodic under 7 — 7+ 3, therefore we will restrict
to 0 <Rer < 3.

We study the large N formula (82) for the index, in
particular we want to determine the structure of the leading
contributions as 7 is varied, and where the Stokes lines are.
To do so, we need the values of the bracketed potentials
[A],,, for r € Z. We find

a1 A+ % if r=0 mod3

Al = [T;] = ¢ undefined if r=1 mod 3
oA+ ifr=2 mod 3.
(127)

In the second case the bracket is not defined because
Im[A/(z+r)] € ZxIm[l/(r + r)], i.e., because A sits
exactly on the boundary of a strip defined by 7 4 r. We
can, however, consider [A]_,, for values of A that are a bit
off the boundary of the strip in the real direction. We
consider the values A1) = A =+ ¢ with infinitesimal € > 0
and find

A, —A+252

if r=1mod3.  (128)

[A(—)]T+r :)) A+ %
Using these formulas, the values of (A, 7 + r) are easily
computed [71]. In particular, the imaginary parts of ®
computed on A4 are the same.

The dominant contribution to the index is found by com-
paring the absolute values of exp[—ziN>@(A; 7 + r)]—or
equivalently the imaginary parts of ®—as we vary . When
there is a particular value 7 for which Imn®(A; 7 + 7) is
maximum, there is one dominant contribution which leads
to a concrete estimate of the leading behavior of the index.
When, instead, there is no maximum, we are left with an
infinite number of competing contributions and more
detailed information would be needed to resum them.
We obtain the following values for the imaginary part of ©:

ImO(A;7+ )
2Im~t Rez+r 3
2lmz [, _ . if r =0 mod 3
27 ( + |t + r[* |T+r|2> nr mo
I
_ ] 8lmz if r=1 mod 3
27
2Im~t Rezt +r 3
4 _ . if =2 mod 3.
27 ( |t + r[* |T—|—r|2> nr mo

(129)

Notice that the limiting value for large |r| (equal to the
value for r = 1 mod 3) is as in Eq. (87). If there is a value
of r that maximizes Im ®, it must come from the first or
third case. In particular, there exists 7 with # = 0 mod 3 if z
satisfies the following relation:
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FIG. 2. The upper-left plot shows the values of Im ®(A; 7 + r) as a function of r, for a sample value of 7 inside the semicircle (130).
The red dot corresponds to = 0, which is the dominant contribution in this case. The upper-right plot shows Im ©(A; 7 + r) for 7 inside
the semicircle (131). The green dot corresponds to » = —1, which is the dominant contribution in this case. The lower plot shows the
values of Im®(A;7 + r) for 7 outside the two semicircles, where there is no dominant contribution.

Rez+ 7> 3|t +#? with #=0 mod 3. (130)
This corresponds to the interior of a semicircle in the upper
half 7z plane, centered at the boundary point 7 = 1/6 — 7
and with radius 1/6. Similarly, there exists 7 with 7 =
2 mod 3 if 7 satisfies

with 7 =2 mod 3.

—Retr— 7> 3|t + 72 (131)

This corresponds to the interior of another semicircle of

radius 1/6, centered at 7 = —1/6 — 7. The two inequalities
(130) and (131) define two semicircles in the fundamental
range 0 < Rer < 3, for 77 = 0 and 7 = —1 respectively, as

well as all their images under the periodicity 7 — 7 + 3.
On the other hand, outside the two regions there is no
dominant contribution because, for all values of r, Im® is
smaller than the limiting value. In Fig. 2 we provide plots of
ImO(A; 7+ r) as r is varied, both for 7 inside the semi-
circle (130), inside the semicircle (131), and outside
those two.

In Fig. 3 we represent the fundamental domain with
range 0 < Re7 < 3 in the upper half 7 plane, dividing it
into regions according to the dominant contribution. In
Fig. 4 we represent the same information in the ¢ plane,

using ¢'/? as the variable. The red semicircle (130)
corresponds to the values of 7z in which 7 = 0, while the
green semicircle (131) corresponds to 7 = —1. These are
two different domains of analyticity. The remaining
“Max?” region, in blue, corresponds to values of z for
which there is no dominant contribution within the ones we
studied in this paper. The three regions are separated by
Stokes lines (in black).

Inside the red semicircle (130) the large N limit of the
superconformal index is

logZ(A;7) = —7iN?©(A; 7)
A

2

(2r—-1)*

—miN? - —— .
m 2772

= —7iN? (132)
This expression exactly matches the entropy function (100)
of black holes with equal charges Q and angular momenta
J, and its Legendre transform selects the critical points
(124). We represent the line of critical points, as y > 0 is
varied, by a blue solid line in Figs. 3 and 4. As we see from
there, for y > u, the blue line lies inside the red semicircle,
meaning that the entropy of the single-center black hole is
the dominant contribution to the index. This seems to
confirm that “large” BPS black holes, with Q > Q, or
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Stokes lines in the 7 plane. The red semicircle corresponds to the domain of analyticity where the r = O contribution dominates

the index. The green semicircle instead corresponds to the domain where the r = —1 contribution dominates. In the remaining region we
do not have a dominant contribution. The blue and orange lines are the critical points of the entropy function for BPS black holes, in the

two possible formulations.

equivalently J > J,, are stable. On the contrary, for
0 < p < p, the blue line plunges into the “Max?” region.
We can still identify the black-hole entropy with the
contribution of the basic solution Eq. (34) to the index,
however, such a contribution is no longer dominant. This
suggests that “small” BPS black holes with O < Q. might
be unstable toward other supergravity configurations. We
find the following values at the transition point:

2 1+i 8 26 4
== * — ) x o J*:79 S*:ia
Bez30 7 6 0. =5 27 3
(133)

where Q, J, S are in units of v. It would be nice to derive
these values from supergravity.

The green circle in Figs. 3 and 4 corresponds to values
of 7 for which the » = —1 contribution dominates. In this
domain we find

FIG. 4. Stokes lines in the g plane, where the variable is ¢'/3.
The notation is the same as in Fig. 3. The dashed line indicates the
subspace where both fugacities ¢ and y are real and the
computation of Ref. [30], which reproduced the index of multi-
graviton states, applies.

logZo(A;7) = —7iN*O(A; 71— 1)

27— 1)3
= —7iN? (—2(7(7 — 1))2 - 1). (134)

This also reproduces the entropy of single-center black
holes: This expression matches the entropy function (100)
with the alternative constraint among the chemical poten-
tials, given by Eq. (101) with +1 substituted with —1. In the
figures we have indicated with a solid orange line the
critical points obtained with the alternative extremization
principle.

It is interesting to draw the subspace where both fugaci-
ties g and y are real and the computation of Ref. [30],
which reproduced the index of multigraviton states in
AdSs, applies. We include this subspace both in Fig. 3
and, in terms of ¢'/3, in Fig. 4. We see that the real subspace
does not intercept the black-hole lines: It only asymptoti-
cally reaches them, at the tail that describes black holes
much smaller than the AdS radius.
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We find that Eq. (109) is solved by J=-30-1=% well-defined supergravity solutions, while the branch with

(2Q + 1)3/2, and both branches are covered by the para- the lower sign does not.

metrization, Eq. (5),as Q = pu + p?/2 and J = 3% /2 + 1. [71] For r = 0 mod 3 one has to use the first case of ®, while for
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