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The quench dynamics of a system involving two competing orders is investigated using a Ginzburg-
Landau theory with relaxational dynamics. We consider the scenario where a pump rapidly heats the system
to a high temperature, after which the system cools down to its equilibrium temperature. We study the
evolution of the order parameter amplitude and fluctuations in the resulting time-dependent free-energy
landscape. Exponentially growing thermal fluctuations dominate the dynamics. The system typically
evolves into the phase associated with the faster-relaxing order parameter, even if it is not the global free-
energy minimum. This theory offers a natural explanation for the widespread experimental observation that
metastable states may be induced by laser-induced collapse of a dominant equilibrium order parameter.
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I. INTRODUCTION

Dynamical phase transitions [1-3], in which systems are
tuned through a phase transition by time variation of system
parameters, are a fundamental topic of long-standing
interest in many areas of science. For example, it is believed
that cosmological expansion tuned the Universe through
the electroweak symmetry breaking transition [4].
Supercooled liquids are a widely studied terrestrial exam-
ple. Spinodal decomposition [5—8] and Kibble-Zurek (KZ)
[9-12] theories have addressed important aspects of
dynamical phase transition physics for systems character-
ized by an order parameter which is tuned through a first- or
second-order transition, respectively.

Systems with multiple competing or intertwined orders
are of great current interest in condensed matter physics
[13,14]. Examples include high T, cuprates and transition
metal dicalcogenides in which superconductivity (SC) and
spin and/or charge density wave (CDW) order compete and
coexist as well as “colossal” magnetoresistance manganites
where ferromagnetic metal and charge ordered antiferro-
magnetic insulating states compete at low temperatures
[15,16]. Recent developments in “ultrafast” experimental
technique [17-27] have made it possible to dynamically
suppress one or more order parameters and study the
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subsequent evolution, raising the possibility of “steering”
the order parameters into a desired metastable state.

The purpose of this paper is to provide theoretical insight
into dynamical phase transitions in systems with multiple
order parameters and in particular to draw attention to the
crucial importance of the relative magnitudes of order
parameter relaxation rates. We consider systems in which
the relevant degrees of freedom are space-time-dependent
order parameter fields y;(r, 7) defined from a fundamental
theory by integrating out microscopic degrees of freedom
such as electrons. For notational simplicity we here deal
with a system with two real order parameters. Adding more
real order parameters or making the order parameters
complex does not alter our conclusions.

We consider two broad classes of behavior described by
the equilibrium free-energy landscapes sketched in Fig. 1(a),
strictly competing orders, where the free energy has two
local minima, such that in each minimum only one of the two
order parameters is nonzero, and Fig. 6, intertwined order
parameters, where at the global minimum both order param-
eters are nonzero, but a metastable minimum exists in which
only one of the order parameters is nonzero. When such
systems are exposed to an experimentally relevant pump
pulse they may be driven to a point in phase space near the
origin (0) as indicated by the solid line trajectory in Fig. 1(a).
We show that after the pump is turned off, the time evolution
is dominated by the exponential amplification of very long
wavelength fluctuations of the order parameters, and that
even a modest difference in relaxation rates will drive the
system to the minimum related to the faster evolving order,
even if it is not the global free-energy minimum. The
probability of trapping into this metastable state is close to
unity. The probability of going back to the equilibrium order
scales as p, ~{° where { <1 is the same Ginzburg
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FIG. 1. (a)Equilibrium free-energy landscape fortwo competing

order parameters y/; and y,. The energy is represented both as a
heightand with color, with lower energy appearing bluer. The point
labeled I is the global free-energy minimum and the point I is the
locally stable minimum. The surface labeled “Pump” is a free-
energy landscape with only one minimum, at the origin, corre-
sponding to a high-temperature state established by a pump pulse.
The pump destroys order Il as shown by the black solid trajectory. In
the subsequent cooling process, exponential growth of thermal
fluctuations leads the system into order I, as shown by the dashed
trajectory. (b) The real-space illustration of order parameter
evolution in the fast cooling limit. Gray means order I and blue
(red) means positive (negative) order I. Large domains are formed at
time ¢, with only a small volume fraction being the original order II.

parameter that controls the validity of static mean-field theory
and §is a positive number defined latter. Nucleation dynamics
operating on much longer timescales will lead eventually to
relaxation to the global minimum [1,28], but this physics is
not explicitly considered here.

Transient dynamics in systems with a single order
parameter have been extensively discussed; the literature
is too large to review here, but we note that a recent study
of a quench to the superconducting state has derived
from microscopics the model A dynamics used here
[29]. Transient dynamics in systems with competing orders
has been previously discussed in terms of deterministic
dynamics of spatially uniform order parameters [30-32].
Our paper goes beyond the previous work by studying the
formation and growth of spatial fluctuations and focusing
on the difference in order parameter time constants.

Section II describes the physical picture and defines the
formalism. Section III has the general solution to the
dynamical problem. Section IV discusses the fast cooling
limit which illustrates the essential physics. Section V
analyzes the effect of slower cooling rate. Section VI
discusses systems with intertwined orders. Section VII
contains detailed comparison to recent experiments.
Section VIII is a summary and conclusion, containing a
discussion of the assumptions made and consequences of
relaxing them. Appendixes A—K give detailed derivations
of some of the formulas in the main text.

II. PHYSICAL PICTURE AND FORMALISM

We consider a system in which the important degrees of
freedom are space-time-dependent order parameter fields

w;(r, ) obtained from a fundamental theory by integrating
out quasiparticles. We assume that the order parameter
fields evolve according to dissipative [relaxational time-
dependent-Ginzburg-Landau (TDGL) or “model A”]
dynamics [1,29,33,34] defined by a free-energy functional
F which is time dependent because of the applied pump
field:

1 1 6F(1)

Vi 8,1//,(1‘, t) - Ec 5’//1'(1" t) +’71(r7 t)' (1)
Here y; are the corresponding relaxation rates, E,. is the
condensation energy density, and # is a noise field deter-
mined by the microscopic degrees of freedom that were
integrated out to obtain the order parameter theory. The free-
energy functionals are assumed to be of the general form

Flyr.ys] = E. / Pr(fy + fa 4 £,
fi=—aw?+ (EoVy)* + v, (2)

as sketched in Fig. 1(a). Here the &;, are the bare coherence
lengths, D is the spatial dimension, and

fe=cyly3 (3)

describes the interaction between the two order parameters in
the competing order case.

In our convention, y;, a;, ¢, and f; are dimensionless,
intensive, and defined such that the quartic term in the free
energy has coefficient 1 and the ¢; are of the order of unity
at zero temperature. For cooperation (¢ < 0) or weak
competition (0 < ¢ < 2), F has a single minimum. For
¢ > 2, F has two locally stable minima if «; and a, > 0
and (2/¢) < (a;/ay) < (¢/2) (see Appendix A). We study
the ¢ > 2 (multiple minima) case in this paper. Following
usual practice, we assume that all parameters are temper-
ature independent except the a; = x;(T.; — T)/T.;, which
are positive at low temperatures, negative at high temper-
atures, vary smoothly with temperature, and vanish at the
respective critical temperatures 7 = T'.; (we assume linear
temperature dependence for simplicity). The nonequili-
brium enters the formalism as a time dependence of the «;,
determined by the time dependence of the effective temper-
ature 7'(¢) of the microscopic degrees of freedom that were
integrated out. We focus on the case @, > a4, but y,a, <
711, so minimum Il is the equilibrium free-energy minimum
but the dynamics associated with minimum I is faster.

The condensation energy density E. in combination
with &;, sets the relevant microscopic scales. An important
dimensionless measure of the thermal fluctuations is

T

Gi(T) :E—‘foD'.

(4)

The Ginzburg parameter defined in the conventional theory
of critical phenomena is G(T,)a'P~*/? with mean-field
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theory applying when the parameter is much less than
unity. For example, in the weak-coupling case of conven-
tional superconductors, G ~ (gap/Fermi energy)?~!. The
treatment that follows is formally valid in the G < 1 limit.
The stochastic Eq. (1) may be recast as a Fokker-Planck
equation for a probability functional p[{y }] that gives the
distribution of fluctuations around the mean-field value
(see, e.g., Refs. [1,35,36] and Appendix B). In the
linearized approximation used below the probability func-
tional is a direct product, p[w] = [ [, px(wx), where

1

Pe=" oDy (1)

is a Gaussian distribution for each Fourier mode y; of the
field with time-dependent variance Dy (1) = (y(t)w_ (1))
which we calculate below.

We are primarily interested in understanding experi-
ments in which a system is highly excited by a pump pulse
and the subsequent evolution is probed. We assume that the
pump does not couple directly to the order parameters;
rather, it excites microscopic degrees of freedom (e.g.,
electron quasiparticles or phonons) which thermalize very
quickly (relative to the order parameter timescales) to a
quasiequilibrium state described by an effective temper-
ature T'(¢) [37]. The effective temperature is maintained by
the pump at a high value T for some time. After the pump
is turned off, T(¢) evolves over a timescale z,, to the true
thermal equilibrium temperature 7; determined by the
bath. In most experiments, the bath is the lattice and ¢, is
just the electron-phonon thermalization timescale which is
typically of the order of picoseconds. This assumption is in
essence the two-temperature model of Rothwarf and Taylor
[38] in which one set of degrees of freedom (e.g., electrons
or a particular set of phonon modes) is excited to a high
temperature and then relaxes back to the equilibrium
temperature set by the rest of the system.

Within these assumptions, the instantaneous value of
T(t) determines the parameters «; of the free energy and the
noise. We take the noise correlators,

om0 =T s -y (6)

i*~c

e~ Wi/2Di(1) (5)

to be local in space and time and consistent with the
fluctuation-dissipation theorem. Here the Boltzmann con-
stant kp is set to unity and the average is over a probability
distribution of the noise field. For the slow dynamics we
consider here, the relevant frequency or momentum scale is
well below those of the microscopic degrees of freedom
that are integrated out, justifying the locality assumption
of Eq. (6).

Representative time histories of a(¢) are shown in Fig. 2.
There are three time regimes: (a) pump on, covering the
time interval —f,,,, <7 <0 in which the temperature
T =Ty and correspondingly the quadratic coefficient
a = ag < 0; (b) relaxation, time 0 < t < t,,, during which

a, (1)

~“pump

49371
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FIG. 2. Upper panel: Time evolution of quadratic free-energy
coefficients ;(¢) (solid lines) and mean square values of order
parameters (dashed lines). Different colors denote different
orders. The pump maintains the system at a high temperature
Ty (negative a = a;y) for the time —fp,, < 1 <0, after which
the temperature relaxes to the equilibrium one 7; (positive
a = a;;) over a time 7,,. Shown is the linear cooling profile used
to derive exact formulas in the slow cooling case. The mean-field
order parameter is suppressed during the high-temperature stage.
Order parameter fluctuation (y;(r)?) starts to grow exponentially
after t,, as shown by the dashed curves. The red dot denotes the
point of crossover to nonlinear dynamics [(y?) ~ o, (1)] at time ...
Lower panel: The local order parameter probability distributions
p(y1,w,) corresponding to the time intervals vertically above.

T evolves from Ty through T, to T; while a evolves from
ay < 0 through a = 0 to a; > 0; and (c) evolution, time
t>t,, T=T;, and a =a;. It is convenient also to
introduce the time t#y= [Ty —T.)/(Ty—T)]t,, at
which T=T, and a(t) =0 (the 7, times for order
parameters y; and y, are labeled as #; and t, in Fig. 2).

The physical picture is that for € (—fyump. fo), the free-
energy landscape has its only minimum at y = 0 [point O
in Fig. 1(a)]. Thus the high temperature produced by the
pump suppresses the mean-field order parameter to nearly
zero and the fluctuations remain bounded. After time ¢,
point O becomes unstable, the long wavelength fluctua-
tions start to grow exponentially with time, and the
correlation length grows as & ~ &,+/8y1. This process leads
to the creation of large domains where most domains are in
phase I as shown in Fig. 1(b).

III. DYNAMICS

In this section we present a general solution of Eq. (1)
with time-dependent @ and noise correlators as described
above. The initial condition is

. _ 1 _ d°k
w ()it = + Zezk Sy = + V/ (2”)D X TSy,
k

(7)
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where i is the initial order parameter, dy; represents
thermal fluctuations about the initial ordered state, and V is
the system volume. For simplicity of notation, here and
henceforth we suppress the index i labeling the different
order parameters wherever possible. In the initial state,
fluctuations are assumed small: > > (Sy(r = 0)%) =
S (Swidy_) ~ G. The pump acts to decrease ° and
increase the fluctuations. If (> remains large compared to
the mean square fluctuation amplitude, the state of the
system is determined by a straightforward deterministic
dynamics. This case is discussed briefly below, but our
main interest is in situations in which the pump drives the
initial order parameter to a value smaller than the root mean
square fluctuation amplitude and the physics is determined
by the evolution of the fluctuations.

Because Eq. (1) is first order in time it has no “memory,”
so the evolution over one time regime fixes initial con-
ditions for the next one. We first consider the evolution over
the decaying order parameter regime ¢ < f; the resulting
state of the system at ¢, is then the initial condition for the
subsequent evolution.

In the pump-on regime the system is hot (temperature
T =Tpy), so the free energy is dominated by a large
quadratic term which justifies the use of linearized dynam-
ics even when the order parameter is not small. This means
that in the pump-on regime we may study

1
;@V/k = 20 (t)wi + M (8)

where
(1) = a(t) - &k* < 0. (9)

We assume that the dynamics in the pump-on regime drives
the order parameter to a small enough value that we may
continue to use the linearized approximation throughout the
t <ty regime and for some time into the growing fluctua-
tions (¢ > t,) regime. Conditions for the validity of this
approximation will be presented below. The solution of
Eq. (8) may be written as

t
dt'n()eS") (10)

Tpump

where the first term gives the propagation forward in time
of the initial order parameter wi' = s, + dy; with
mean-field part y and small fluctuations . The second
term represents the propagation forward of fluctuations
created by the noise after —¢, The accumulated phase

S is defined as

pump*

1y
Sy(tacty) = 27 / dray (1), (11)
173

and Sy(t,,1,) has the interpretation as the signed area
enclosed by the solid lines and the time axis in Fig. 2. With
Eq. (6), the square of Eq. (10) yields the fluctuation
amplitude,

Dy (1) = Dirite2Silt—tpump) 4 E2yv/f dr'T(¢)e*Si (1),
c _tpump

(12)

defined in Eq. (5) where DIM' is the initial fluctuation
amplitude.

In the linear cooling profile approximation the initial
mean-field order parameter amplitude evolves as

ll_/(to) = e_‘aHlytOe_z‘aH‘ytpumpll_/’ (13)

where the factor e=2% ["mm gives the exponential suppres-
sion during the pump-on stage and the e~|##/7 factor gives
the additional suppression during 7 € (0,7,). We assume
that |ay|y(2tpump + o) is large enough that the mean-field
order parameter is reduced to a very small value at ¢t = ¢,
less than the mean square fluctuations. As shown in detail
in Sec. V, this assumption plus a small Ginzburg parameter
implies that at time #, the system is well prepared in a
disordered state with negligible mean-field order parameter
and small fluctuations.

We now consider the evolution of the distribution at
times after #y,, where the system has cooled below the
transition temperature [a(7) > 0], so long wavelength
modes with k < \/af;! grow exponentially with time.
As long as the fluctuation does not become too large,
the linearized equation may be used for the dynamics, so

Dy (1) = £250(1.10)=4k>E5y (110

2 t /
X (Dk(to) + Ey‘// dtle_zsk(t 't())T(t/)), (14)

)

where as before the first term represents the propagation
forward in time of the fluctuations existing at 7, while the
second term represents the additional contributions gen-
erated by the noise thereafter. A detailed analysis given in
the Appendix C shows that the second term in Eq. (14) is of
the same order as the first in the situations of interest here.

The key observation is that long wavelength modes with
482k%y (1 — t9) < 2So(t,1y) are exponentially amplified
and we are interested in long times y (¢ — #y) > 1 for which
the growth is substantial (¢2%(%) ~ G~1). The exponential
growth continues until the local mean square fluctuation
amplitude of one of the order parameters becomes large
enough that the nonlinearity becomes important to
the dynamics, i.e., until ¢ reaches the crossover time ¢,
defined by

<l//,-(l’ = 0)2>t:t(, ~a;/2 (15)
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where the average is over the probability functional p. To
compute (y;(0)?) we observe that at long times the
important momentum dependence is controlled by the
e~ &r(=10) factor. Defining the time-dependent correlation
length by

Et) = EWBy(t—1ty) + 1/a), (16)

we perform the momentum integral to obtain (up to an
unimportant overall factor) the correlation function in real
space:

dPk )
WDk(t)elkr
G/a

~ (16my(1 — 1))

wmwm»=v/

ezso(l»fo) e 2/2‘:([>2 . (17)

The details of the pump and initial cooling enter Eqs. (16)
and (17) via the a, which varies from ~aq; in the fast
cooling limit to agz in the slow cooling case (to be
discussed in Sec. V). This variation leads to corrections
that are subleading relative to the terms we consider and we
will not explicitly notate this dependence henceforth.

Equation (17) is the first key result. The exponential
factors show that the fluctuations grow exponentially in
time, and the spatial correlation is governed by the
universal correlation length growth law & ~ &,+/8y¢ which
does not depend on the equilibrium value of « or temper-
ature-time profile.

IV. FAST COOLING LIMIT

In this section we consider the fast cooling limit #,, — 0,
which illustrates the essential physics with minimal com-
plexity. In the fast cooling limit the phase for the expo-
nential amplification term in Eq. (17) is simply

2S0([, to) = 4aLyt (18)
and Eq. (15) for the crossover time 7, is

!
¢

D
4oa,yt, = In—+ Eln(4aLytc), (19)

where we have set a in Eq. (17) to a; without altering the
leading behavior, and have defined

¢ =2(4n)PRaP* G, (20)

which is in effect the usual Ginzburg parameter of the
theory of critical phenomena. We see that ¢, is logarithmi-
cally large if { is small, i.e., if mean-field theory works well
for equilibrium. At time 7, of the fast order I, the fluctuation
of the slow order II is smaller by the ratio

<W%> ayr (71)1')/2 G, |:1 <1 1 )D/2:| ayrya/aiLyi—1
MWa/ _ PIL (71 201 (2 ’
<’I/%> A1 \72 G | &1

(21)

which is much less than unity if yoa,; < yjaq; and { < 1.
At this stage of the evolution the two order parameters are
independent and the joint distribution of local amplitudes at
a position r is the product of Gaussians:

% %
exp|~ 2<V/1?> B 2<l//2§>
2m/ (wi) (w3)

e

Py (r),ya(r)) = (22)

For y,a;, < y1ap; the mean square values are very differ-
ent, leading to the highly anisotropic joint distribution
function shown in Figs. 3(a) and 3(c). The probability
distribution describing the space dependence of the fluc-
tuations is derived in Appendix H and is plotted in
Figs. 3(b) and 3(d) for order I. We see that the fluctuations
of order parameter I are highly correlated over scales out to
E(1) > & (the fluctuations of the slower order parameter II
are correlated over slightly shorter distances).

Thus the physical picture at t = ¢, is of order parameter
domains of typical size &(7.) = \/In(1/{)+\/(2/a; )&y > &
within which the order parameters are nearly uniform and
normally distributed and with the typical value of y; much
larger than y,, as illustrated in Fig. 1(b). Moreover, the
typical value of local y is now much larger than the new

a b
@ ®)
s 0r D 3‘— s /
>
-1 -1+t
-1 0 1 -1 0 1
i w1(0)
c d
@ @
S of - < o} /
>
-1+ -1t
-1 0 1 -1 0 1
Wi w1(0)
FIG. 3. Panels (a),(c) are the density plots of the Gaussian

probability distribution p(w(r),w,(r)) computed at time ¢ =
2.0 ps for G, = G, = 107 (a) and ¢ = 1.0 ps for G, = G, =
1072 (c) in the fast cooling limit f,, = 0. Regions of higher
value of p appear redder. Panels (b),(d) show the two-point
probability p(w(0), (&) distributions for the same two cases.
The common parameters used are (ajp, o) = (1.0,1.1),
(r1,72) = (2,1) ps™!, & = &, and D = 3.
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fluctuation scale induced by the noise, so that in the
subsequent evolution the mean-field dynamics dominates
over the effect of the noise. Therefore, to study the
subsequent evolution it suffices to consider the evolution
within a domain, which is described by the uniform,
deterministic TDGL equations, written here for the com-
peting orders case:

110w = 2aqy — 4y — 2eysyy,
12'0s = 20y, — 4y — 2eyiy,, (23)

with initial conditions chosen from the joint probability
distribution p(y(0),y,(0)). The issues associated with
matching the solutions at the domain walls are a coarsening
problem discussed briefly below.

The flow defined by Eq. (23) has a simple phase space
structure with stable fixed points defined by the minima of
F, as shown in Fig. 4. Each initial condition defines a
trajectory that flows into one of the minima. For the
physically relevant case a;;, apy >0 with (2/c) <
(aj/aar) < (c/2) there are four fixed points, with basins
of attraction separated by a four-branched separatrix curve.
We may estimate the position of the separatrix by matching
the small y regime, where the exponential growth requires

yi =y (24)

-1.00 | | | |
-1.0 -0.5 0.0 0.5 1.0

W1

FIG. 4. Basins of attraction of the two orders on the contour plot
of the free-energy landscape. Lower energy appears bluer. The
arrows show the direction of order parameter dynamics. Black
solid line separates the basins. The parameters used are
(a1, ax) = (1.0,1.1), (y1,72) = (2,1) ps™!, and ¢ = 6. Black
dotted line illustrates the magnitudes of y; fluctuations at time
t=2.0ps for G, = G, = 107* and spatial dimension D = 3.
Most of the probability lies in the basin of order I, meaning most
volume of the system will be trapped into I afterward.

to the requirement that the separatrix goes through the
saddle point (y?3,y3) = (cas, =201, ca;, —2ay; )/ (c? —4).
Here A =y, /71a;, < 1 and the coefficient is fixed by
the matching condition.

By finding the relative weights of the probability dis-
tribution in the different basins of attraction we can estimate
the relative volume fractions of the different order param-
eter domains. The volume fraction p, of order Il domains is
just the probability of (yi,w,) lying in the basin of
attraction of minimum II in Fig. 4, which at time 7 = ¢,
can be estimated as

pa~4 A dyap(yy = 0.y) Ay

1 1 1 <W2> 1/2A
:*21/2A+1/2F Z(1+=1)I2 2\(1/A-1)/2 2
" 5 () (5

i (m %) e (25)

1

where 6 = (1/A—1)/2>0 and 9~ 1 can be found in
Appendix I. Thus the proportion of y, domains is sup-
pressed by a power law of the Ginzburg parameter { < 1
and is negligibly small even if the timescales are just
slightly different. Equation (25) is the second key result of
this paper.

Lifetime of the metastable state.—Each domain then
evolves to the appropriate minimum; the evolution takes a
time of the order of (1/ayy)In(1/{), after which the
physical picture is of a set of domains, most of which
have y; = ++/a;; /2 and y, ~ 0 (i.e., are in phase I) while
a small volume fraction of the sample are phase II domains,
where y, = £1/a,; /2 and y| x 0, as illustrated in Fig. 1
(b). However, long-range order is not established. The
subsequent evolution is determined by spontaneous nucle-
ation of phase II regions in the dominant phase I domains,
and by growth of the existing y, domains. The timescale
for ultimate equilibration thus depends both on nucleation
rates and on domain wall dynamics, both of which are
beyond the scope of this paper. We do, however, provide a
likely lower limit on the equilibration time by considering
the free growth of y, domains, assuming no domain wall
pinning and nucleation, which is an exponentially slow
process. The speed of domain wall motion is at the order of
v ~y&, as long as the free-energy difference of between
the two minima is order 1. Assuming the phase II domains
are evenly distributed among the phase I domains, we can
estimate the equilibration time as

1\ /D 1 1\ (1/2)(14+6) /1\ 6/D
o~ — ~—(In= - . (26
e~ () oo~ (n2) () o

If the order parameters are complex, corresponding to
U(1) symmetry breaking, as in the case of superconduc-
tivity being order I and charge density wave being order II,
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one just needs to double the degrees of freedom for each
order before nonlinear dynamics is onset. As a result,
Eq. (25) gives the offset of trapping probability as

1\ -Dé
i~ () e 2

and Eq. (26) is modified to

1 1\ 1/2+6 /1) 26/D
fire (lnz) @ ' (28)

After t., the different SC regions are characterized by
different order parameter phases which can continuously
synchronize to leave behind topological vortices. The
number density of the vortices scales as n ~ 1/&(t,)? ~
[E3(2/ay) In(1/£)]7", different from the Kibble-Zurek scal-
ing [10] since the latter applies to the slow cooling limit.

V. FINITE COOLING RATE

We now ask how the physics is modified as the cooling
time t,, is increased from zero. The essential picture derived
in the previous section of long length scale domains of one
or the other order parameter still applies, but because the
time 7, of transition from exponential decay to exponential
growth is earlier for order II than that for order I, the v,
fluctuations will have a longer period of growth than the y,
fluctuations. The longer period of growth will compensate
for the faster dynamics of y;, meaning that the condition on
the difference in relaxation rates required for the system to
evolve to minimum I becomes more stringent. A second
issue is that the crossover to nonlinear dynamics may occur
at a time ¢ < t, before the relaxation of the a to its
equilibrium value is complete, meaning that the free-energy
landscape at the point of crossing to nonlinearity differs
from the equilibrium one. For these reasons the behavior
for given ¢,, depends on the ratio of relaxation rates y,/y; in
a somewhat complicated manner. The various regimes are
shown in Fig. 5.

A. State at ¢,

We first characterize the state at ¢t = 1. If the mean-field
order parameter is reduced to a small value, then the
thermal fluctuations existing at time 7 = —f,,, [the first
term in Eq. (12)] will be reduced to a completely negligible
level so the order parameter at ¢ = t, and subsequent times
is determined entirely by the random noise. We distinguish
fast cooling (|ay|yty < 1) and slow cooling (|ay|yty > 1)
regimes according to whether the cooling to 7, after the
pump is turned off has a significant effect on the order
parameter. The linearized dynamics means that the corre-
sponding distribution function is the product of Gaussians
given in Eq. (5). Averaging the solution for v (#y) over the
noise using Eq. (6) shows that the fluctuation distribution
half-width defined in Eq. (5) is

t‘m
\ \
| t
t [ m
mc \ \\A — f1 -
Yo tnu
\
? ‘\ \
\
tms""'\\ \
e
A
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R\
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\\ ~ tmu
/vt 'y Teel
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FIG. 5. A schematic “phase” diagram delineating the behavior
on the cooling time t,, versus A = y,a,; /(y ;) plane. The
horizontal axis can be viewed as y,, while all other parameters are
fixed. In the blue region, trapping into phase I happens because
(w3)/(w?) <1 at t.. The region t,, > t,, is unexplored in this
paper and discussed in Sec. V B. The green (gray) ellipses are our
tentative guess of where the cuprates (rare-earth) tritellurides lie
on this diagram.

2 [ ,
Dy(1o) = =~ / D dr S T(p), (29)
1,

EV J_
pump

The integral in Eq. (29) may easily be evaluated numeri-
cally, and in the linear quench approximation may be
expressed exactly in terms of error functions (see
Appendix D). Here we present results in important limits
which explicate the basic physics. In the fast cooling limit
the portion of the integral from ¢ =0 — 7, makes a
negligible contribution and we find

Ty 1

D, (ty) ~ , 30
k( 0) 2ECV|(1H|+€(2)]€2 ( )

indicating that in the fast cooling limit the fluctuations at
t =ty are those of the hot thermal state created by the
pump, with distance |ay| from criticality and correlation
length &y = &y/+/|ay|- In the slow cooling regime only
times near f, are important, and we find

T, 1 [«
Dy (ty) ~ EVag o dv exp [-v? — 2&% k0]
ﬁ T,
_ {%ECV k< 1/éky (1)
1/(255k%) k> 1/ékz,

where the effective distance from criticality agy; and
corresponding correlation length &y, are given by

agz =

lay |/ (2rty), $kz = o/ Voxkz, (32)

which depend on the square root of the cooling rate,
consistent with Kibble-Zurek scaling [9,10] and the
mean-field exponents of the problem at hand.
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The correlation function in real space is given by

ke dPk
(2m)?

WO (), =V / DT, (33)

where the upper cutoff k., which we expect to be of the
order of a few times & 1 s required to make the integral
finite as r — 0. The momentum integral is dominated by
large momenta for which Dy ~ (k&)72, so the local
fluctuation amplitude is

{ %=2In(1+ k28 (D

Gostefo (1 - Letan~"k€) (D

2)
3

(W (0)),, = )

(34)

where G [Eq. (4)] is to be evaluated at temperature 7 = Ty,
T. in the fast and slow quench limits, respectively, and &
takes the value appropriate for the relevant limit.

To summarize, if the initial pump and subsequent cool-
ing are strong enough to drive the initial mean-field order
parameter to a level smaller than the local root mean square
fluctuation, then at time t = ¢, the order parameter fluc-
tuations in both the rapid and slow quench cases are
described by a Gaussian (mean-field-like) probability
characterized by a temperature (7 or T,), a distance from
criticality (Jay| or agy), and the associated correlation
length 5%1,1(2 = & /ay xz. The local mean square local
fluctuation order parameters are of the order of G, justify-
ing Eq. (17) even in the slow cooling case. Using Eqs. (13)
and (34) we see the criterion for suppression of the mean-
field order parameter is roughly |ay|y(2tyump + t0) >
In(1/G). The linearized analysis used here requires that
(y*(r=0)) <a. A renormalization-group-improved
treatment will break down when Ga(t)(P~%/2 ~ 1 (the
Ginzburg criterion), which sets an upper limit on the
cooling time 1, ~ ¢~1/(1=P/4) /y = ¢, in the slow quench
regime.

It is important to remember that the 7', (and thus 7,) of
the two different order parameters are different as are the
bare correlation lengths and relaxation constants, so espe-
cially in the slow cooling limit the probability distribution
functions of the two order parameters will differ, especially
at long wavelengths, although Eq. (34) shows that the local
fluctuation amplitudes, which are determined by short
wavelength fluctuations, are not too different for the two
order parameters.

B. Trapping condition

Now we analyze the effect of finite cooling rate on the
condition for trapping into phase I. To simply the formulas,
in the main text we focus on the exponential growth and
neglect power-law prefactors, thus approximating (y?), ~
GeS(t0) Our main focus will be on establishing how small
y, must be relative to y, for the system to evolve with high
probability into the metastable minimum I. We will find

that dependence of the critical ratio A = (y a7, /71a11) is a
scaling function of the variable ¢,,/t,,,, where t,,, is the
cooling time at which the onset of nonlinearity z. coincides
with the equilibration time ?,,.

To begin the analysis we note that for z,, > O and ¢ > ¢,,,
the accumulated phase becomes (after eliminating #; in
favor of a;)

t, 2
250(1.10) = 4aw<t mM) (35)

2 ay| +

and Eq. (19) for the crossover time becomes

t, 2 1
2 lag|+a,  dya, ¢
while Eq. (21) becomes
W2) _ artl(larlan—lalar)/ (ol (k)]
<‘//1>
1\ @ara/eiyi—1
X <—> . (37)
1

The factor (1/¢,)%tr2/awn=1 is Eq. (21) with only the
leading term in ¢, retained, and the exponential factor
expresses the additional growth of y, due @, crossing zero
earlier than «;. When

g+, 11 Ty-Ty lni=t
" 2}’16@ & 2o T =T, & "
(38)

we have 7, = t,,; i.e., the onset of nonlinearity occurs at
t =t,. Thus the onset of nonlinearity occurs before
equilibration only for cooling rates very slow relative to
the basic order parameter timescales by a factor of the order
of the log of the Ginzburg parameter. Using

_ TCZ - TCl (39)
Ty—T,

layg|ong, — |aoy oy,
(laon| + ) (Jary| + ar)

we see that (yp3)/(yi) <1 provided that A=
17>/ (aipy1) is less than a critical value defined by

1 t
S mn = (;) (40)

T,
To=Tp ty

as shown in Fig. 5. In the ¢,, — 0 limit Eq. (40) reverts to
the previous result a,y, < a;y; (up to logarithmic correc-
tions), but as ¢,, increases, the constraint on y, becomes
more stringent, and when ¢,, = ¢,,,, Eq. (40) becomes
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T,-T
el Ch oo (41)
TC2_TL

A =

For ¢t,, > t,,, w; reaches nonlinearity before ¢,,, which is

the regime considered by Kibble-Zurek theory [10]. Note

that relaxational dynamics predicts a logarithmic correction

to Kibble-Zurek scaling, as described in Appendix F. In this
time regime the accumulated phase may be written as

a
28(t. 1) = 2}’t —Lto (t=10)%, (42)

and after some algebra Eq. (15) for phase I can be written as

Lo
tc:tl+(tm_tl) P (43)

m

which is obviously before t,, if ¢,, > t,,. The condition
S(t., 1) < S(t.,t;) becomes

A< Lo 4 =/, (%) , (44)

b 1= (1= o i

which reduces to our previous Eq. (41) when ¢,, = ¢, and
drops as 1/t,, for large t,,, so that as the equilibration time
becomes extremely long, the system would evolve to the
equilibrium minimum unless the relxation rate y, becomes
exceptionally small.

Even if Eq. (44) is satisfied, the system will only evolve
to the metastable minimum if a; are such that the meta-
stable minimum exists at the time order I crosses to
nonlinearity, i.e., if a,(#.) < (¢/2)a;(t.), which yields

(Ter = Ty)? <£K1Tc2 _ 1>2

" (T = Te)* \2k:T

ty <t

Lons- (45)

If 7, > t,, as denoted by “?” in Fig. 5, the following
would happen in the cooling process: at 7., the time for y,
crossing over to nonlinear dynamics, the free-energy land-
scape has not recovered enough such that order I is not yet a
local minimum. Thus trapping into the order I state will not
necessarily happen even if (y3) < (y?) at this time. We see
that typically ¢,,, cannot be too much larger than ¢,,,, unless
either T ., — T, is very small or x; > k, or ¢ > 2. The
various timescales are presented in Table 1.

Below the upper critical dimension D = 4, our “time-
dependent fluctuation around mean-field” approach fails if
at the predicted crossover time ¢,., the system is still inside
the critical regime Ga(t)P~%/2~ 1 (the Ginzburg cri-
terion) where even renormalization-group-improved treat-
ment breaks down. This imposes an ultimate upper limit,

éf—]/(l—D/4) (46)

’

Ine =

1
71

TABLE I. Physical meaning of various timescales and A.

Symbol Physical meaning

—pump When pump pulse arrives
ty When the temperature crosses 7.

t, b to for order I, IT

Ly Cooling (electron-phonon thermalization) timescale
t, The time that fluctuation becomes comparable to 1
o The cooling timescale that makes 7. = ¢,, [Eq. (38)]
s See discussion around Eq. (45)

e The cooling timescale where mean-field theory fails
A The critical ratio y,a;,/(y1011)

) (I/A=1)/2

for the cooling time; see Appendix F. This much larger
timescale is deep inside the “?” region and is also labeled
in Fig. 5.

VI. INTERTWINED ORDER

To study the intertwined case we modify Eq. (2) to shift
one of the minima away from one of the axes. One simple
choice is to add a term to f,, so

fe = cytyd + diys, (47)

and with, now, 0 <c <2 and d; >0. We assume
T., > T,, but that the difference in 7. is not too large,
and d; is not too small. In this case (see Appendix A for
details), as temperature is lowered the system first enters a
phase with only y, # 0, and then at a lower temperature the
phase withy; # 0, y, = 0 becomes locally stable although
not the global minimum. At a still lower temperature the
global minimum is gradually shifted to I+ II where a
nonzero y; component appears. If we identify y, with
density wave order and yw; with superconductivity, this
scenario may describe stripe ordered cuprates (e.g.,
La,_,Ba,CuO, around x = 1/8), the so-called pair density
wave state [14]. The free-energy analysis of the v,/
minimum has previously been discussed [14]; we have
generalized the free energy so that it also includes a
metastable phase with purely superconducting order and
will argue that this generalization is needed to describe
recent ultrafast experiments [23].

The considerations outlined in the previous sections
carry over directly to the intertwined order case, as shown
by the red line in Fig. 6. However, an additional interesting
effect may occur if we relax the assumption that the pump
heats up the bath appropriate to both order parameters. If
the two orders couple to different microscopic degrees of
freedom, then one may consider the case when only the
free-energy landscape for one order is changed. In par-
ticular, in the case of coupled superconducting and charge
orders, one may imagine that the charge order couples to
phonons much more strongly than do the electrons, so
driving the phonons would affect the CDW much more
strongly than the superconductivity. If the system starts in a
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0.5

FIG. 6. Contour plot of the free-energy landscape for inter-
twined orders. Lower energy appears bluer. The parameters used
are (a;, @) = (2.0,2.05), (yi,72)=(2,1)ps™!, ¢=1, and
d; = 4. The lines are different trajectories the system undergoes
in the pump-cooling process. Red dashed line means the process
is led by exponentially growing fluctuations. Thin black line is
the boundary of the basin of attraction of minimum I. Inset: Free-
energy landscape plotted in 3D.

minimum with both order parameters nonzero (as is the case
for intertwined orders) and only a, is driven to negative,
leaving a positive, the transient free-energy landscape will
have only one minimum (I) and the mean-field dynamics
will drive the system into it, as shown by the blue trajectory
in Fig. 6. In this process, small fluctuations of the order
parameter can be neglected and one can apply deterministic
TDGL dynamics to the mean-field order parameters. This
mechanism does not require faster relaxation for y; all that
is needed is that y, remains suppressed for long enough that
the system evolves to the I minimum. This timescale is set by
the time required for the order parameter to cross the basin
boundary, ¢, ~ (1/ay) In(y,,/yay), Where v, is the value
of y, at the original point I + II and yr, is its value at the
intersection between the blue trajectory and the basin
boundary. For shorter pump durations or for pumps that
reduce a; too much, the system would relax back to the
global minimum, as illustrated schematically by the green
trajectory in Fig. 6.

VII. EXPERIMENTS

Competing orders have been reported in many materials,
and an increasing number of ultrafast experiments are
appearing, including studies of competing charge density
waves in tritellurides [25,39], ferromagnetic domain for-
mation in charge ordered manganites [16], and charge and
magnetic order in rare-earth nickelates. Much attention has
focused on reports of transient superconductivity appearing
in materials that have low-temperature nonsuperconducting

density wave states but may reasonably be expected to have
competing superconducting states [18-24,26]. The appear-
ance of long-lived superconductinglike metastable states
has been seen in cuprates [18-24] through optical pump
probe by several independent groups and in FeSe through
time-resolved ARPES (angle-resolved photoemission spec-
troscopy) [26]. This widely observed and still mysterious
phenomenon has heretofore been theoretically addressed
via explorations of models in which the nonequilibrium
drive changes the microscopic Hamiltonian, creating new
physics not existing in equilibrium [40-44] and via TDGL
analyses [30-32] with deterministic uniform dynamics. We
argue that in many cases the physical picture developed
here is more relevant.

A. Cuprates

As an example, we consider the relevant parameters for
the cuprate La; g75Eu(,S10 1,5Cu0O,4 (LESCO, jg), the first
material found to exhibit such transient phenomenon. At
10 K, where this compound is not superconducting due to
competition of charge order, Fausti et al. [18] pumped the
system with a strong infrared pulse. A metastable state
appeared within picoseconds and lived for at least nano-
seconds. Most strikingly, it exhibits superconductinglike
terahertz optical response.

In discussing the application of our theory, the first issue is
timescales. The timescales associated with gap recovery in
cuprate superconductors are typically of the order of zqc ~
1 ps [45]; similar timescales are reported in studies of
transient enhancement of the photoresponse in LESCO; 5
[18] and Y-Bi2212 [46]. Time-resolved x-ray and electron
diffraction experiments reported CDW relaxation timescales
in the wide range from 4 to 1000 ps in transition metal
dichalcogenides [47,48] where the CDW order is coupled to
the lattice. Timescales of only a few picosceonds were
reported for the charge order in cuprates [49], but the
timescale for the stripe order that strongly competes with
the superconductivity is not known, and may be long
because the stripe order couples strongly to the lattice
[18]. Assigning SC to order I and CDW to order II, we
assume that zgc/7cpw = 1/3 for LESCO;/3 and A =
Y2a1 /710 ~ 1/3 since the a;;, ~ 1 for both CDW and SC.

The next issue is the Ginzburg parameter G. The
coherence lengths are of the order of a few nanometers
and Gaussian fluctuations are observed for temperatures
within 10% of T, so G is unlikely to be as small as it is in
conventional materials. If there were no competition to
CDW, the superconducting 7. of LESCO;;3 is about
40 K, indicating a zero temperature superconducting gap
~14 meV, which is perhaps a factor of ~100 less than the
Fermi energy. We suggest that { ~ G ~ 1072 (lower panel of
Fig. 3) may be appropriate since the material is effectively
two dimensional.

The experiment of Fausti et al. [18] could then be
interpreted as destruction of both orders followed by
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growth of fluctuations described in Sec. IV. The pump
along the a axis had a fluence of 1 mJ/cm?, the penetration
depth was about 200 nm, and almost all the photon energy
was absorbed since the reflectivity at that frequency is
nearly zero. Together with the electronic specific heat of
Cq/T ~3 mJk?>mol™" [50] and the lattice constant of
a=3.8 A, c=132A [51], we estimate that the electronic
system was transiently heated up to Ty = 2000 K, much
larger than the critical temperatures of both CDW (80 K)
and SC. Thus it is reasonable to assume all orders are
destroyed by the pump. The cooling timescale [18,45]
should not be significantly larger than zgc; thus the
equations in the fast cooling limit should give reasonable
estimations. Application of Eq. (27) in 2D yields p,~
5x 107® as the volume fraction of CDW domains in
the transient state, meaning most volume is transformed
to the SC state. Equation (28) predicts the lifetime of the
metastable state to be about 1 ns. These estimations
qualitatively explain the phenomenon seen in LESCO, 3,
but note that they depend sensitively on the values of G and
A; see Fig. 7 and Egs. (27) and (28).

The cuprate La;ggsBag ;5CuO, has a density wave
transition at 7., = 53 K followed by a second transition
at T, = 13 K to a state with both density wave order and
weak superconductivity. Cremin et al. [23] recently
reported that upon moderate near-infrared (1.55 eV) pump
pulse (fluence of 0.1 mJ/cm?) along the c axis, the weak
superconducting state may be converted to a long-lived
strong superconductinglike state within picoseconds. The
key observation is that this state can be created only if the
static system is in the weakly superconducting state below
T, of bulk superconductivity. If the static temperature is
even slightly above T, the strong superconductinglike
metastable state is not created. We interpret the result as
suggesting that the equilibrium state is an intertwined state
with both superconducting and charge order, and the pump
couples more strongly to the charge order while it is not
strong enough to kill both orders. The transient phenome-
non is due to the second mechanism described in Sec. VI.
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FIG. 7. The volume fraction p; (red curve) of SC domains and
the lifetime 7}, (black curve) of the metastable state as a function
of A =y,a, /yia;; predicted by Egs. (27) and (28). The
Ginzburg parameter is { = 1072,

The transition time is ¢, ~ (1/ay) In(y>,,/y2) ~ ps if one
uses y ~ 1 ps~!. As the static temperature gets close to T,
the transition time diverges logarithmically since
approaches zero, explaining the key observation.

B. Transition metal tritellurides

Competing phases occur in nonsuperconducting con-
texts. In equilibrium, LaTe; and CeTe; exhibit long-
ranged CDW order (denoted as cCDW). However, when
these systems are driven out of equilibrium by a suffi-
ciently strong near-infrared pump, a different CDW order
(denoted as aCDW), distinguished from the equilibrium
one by the wave vector, appears [39,52]. This was
interpreted as aCDW states living in topological vortices
created in the dominant cCDW state by the Kibble-Zurek
mechanism. However, in the experiments by Kogar et al.
[39], a stronger aCDW signal was observed for a stronger
pump while the Kibble-Zurek mechanism says the num-
ber of vortices depends only on the cooling time constant
through 7., a system parameter that does not quite
depend on pump fluence. Our framework in Sec. IV is
an alternative explanation. Assume that the pump
destroys the mean-field order parameter of the cCDW
but not to zero; its recovery would suppress the growth of
fluctuations of aCDW. Therefore, a stronger pump would
suppress cCDW to a smaller value which gives more
space for aCDW fluctuations to grow. A quantitative
application of our theory requires more information on
the relaxation rates. Since both orders are CDWs in this
case, their timescales should be comparable and we place
LaTe;/CeTes close to A =1 in Fig. 5.

C. Manganites

Zhang and co-workers have reported that in charge
ordered insulating films made of La,/;;Ca;/3MnO;
[16,53], exposure to pump radiation can create domains
of ferromagnetic metallic order, which grow in size with
successive pump pulses and at low temperature, do not
revert to the ground state on measurable timescales.
Analysis of these experiments requires extension of our
theory to the case of first-order free-energy landscapes.

VIII. DISCUSSION

We presented a dynamical phase transition theory of a
pumped system with competing orders, based on a Landau
theory of nonconserved order parameters with relaxational
dynamics coupled to a quasithermal bath. We focused on
the case where an applied (“pump”) field changes the free-
energy landscape, thereby driving any mean-field order
parameters to vanishingly small values and studied in detail
the growth of fluctuations after the pump is removed. We
presented a general treatment valid for cooling rates that are
fast or slow compared to the basic order parameter time-
scales, presented a scaling theory valid in the slow cooling
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limit, and connected our results to the Kibble-Zurek theory
of systems quenched through a critical point.

We computed the probability distribution of order param-
eter fluctuations and identified the exponential growth of
long wavelength fluctuations characterized by a universal
correlation length growth &~ /8y, leading to a large
domain structure. We showed that in physically reasonable
cases, a modestly larger relaxation rate of the subdominant
order can lead the system to a metastable state of domains,
most of which are in this subdominant phase. We derived
scaling functions for the volume fraction of different domains
and the lifetime of the metastable state. Because of the
universality of the Landau theory, it applies to solid-state
systems with competing orders [18-26,39,46-49], cold
atoms [54], and even the early Universe [4].

The fluctuation theory developed here naturally explains
the key features of the observations of metastable states
[18,26]: (a) the long lifetime (>200 ps) of the super-
conductinglike state and (b) the finite frequency conduc-
tivity peaks [19,55] may be explained by the transiently
created domain structure [Fig. 1(b)] which allows coupling
of far-field radiation to plasmonic modes. A further proof of
consistency is that similar transient phenomenon are
observed for both infrared and optical pumping, suggesting
that the main effect of the pump is incoherent, related to
heating of the microscopic degrees of freedom.

Next we discuss the assumptions underlying our
approach. (a) We assume the existence of a well-defined,
time-dependent temperature 7'(¢) for the high-energy elec-
tronic degrees of freedom throughout the full time evolution.
Indeed, quasiparticle thermalization time (~10 fs) is usually
much shorter than the dynamics of the collective order
parameter (0.1-1 ps). See, e.g., Ref. [37]. Therefore, for the
slow dynamics of the order parameter we consider, it is
legitimate to assume a well-defined temperature for high-
energy degrees of freedom which acts as the bath for the
order parameters. (b) Our theory relies on a small Ginzburg
parameter G, which is the same parameter that controls the
validity of mean-field theory. Thus our theory applies
wherever mean field does, e.g., for SC and CDW where
gap/Fermi energy < 1. Although the application of mean-
field arguments to strongly correlated systems such as
cuprates may be questionable, our estimation using G ~
1072 still renders a trapping probability close to unity. (c) We
worked in the context of Ginzburg-Landau theory with
relaxational dynamics which holds close to 7. [29] or for
superconductors rendered gapless by magnetic impurities
[33]. However, relaxational dynamics is not essential to our
conclusions. If a second-order time derivative is added to
Eq. (1), it does not change the picture of exponential growth
of the long wavelength thermal fluctuations, as long as there
is substantial damping to take away the energy. Extension of
our approach to the underdamped (Hamiltonian dynamics)
case is of interest. (d) For the trapping into the metastable
order I, we need it to relax faster than the equilibrium order
II. This probably happens for competing SC and CDW

orders since the latter often couples to the lattice which is
heavy. Since the trapping probability crosses to unity
exponentially as A crosses one, order I just needs to be
moderately faster than order II, as shown by Fig. 7, where the
crossing is quick already for a relatively large G. (e) We
assumed the white noise in Eq. (6) to characterize thermal
fluctuations. The underlying assumption is that there is a
length scale separation between the long length scale physics
of the order parameter dynamics and the presumably short
length scale physics of the microscopic degrees of freedom
that are integrated out to obtain the order parameter theory. If
the microscopic degrees of freedom have a length scale
comparable to order parameter length scales, then the partial
differential equations we analyze should be replaced by
integro-differential equations. Analysis of this situation is
beyond the scope of our paper, but we believe that it would
not change our main conclusions.

Our work defines directions for future research. On the
theoretical side, detailed application of our theory to specific
materials, extension to the case of conserved order param-
eters, to strongly interacting field theories (G ~ 1), and to the
case of interfaces between domains with different orders [56]
are all of interest. Similar conclusions are expected for
quenching through a quantum critical point at zero temper-
ature. Instead of thermal fluctuations, quantum fluctuations
will be exponentially amplified. Also, generalization of our
formalism to the case where the pump couples coherently to
the order parameters, as would happen for terahertz pumps,
is of interest. On the experimental side, the growing
fluctuations and the induced domain structure [Fig. 1(b)]
or the topological vortices can be ideally probed by time-
space resolved techniques, e.g., ultrafast terahertz near-field
microscopy or ultrafast scanning tunneling microscopy.
Moreover, the growing SC fluctuation and thus superfluid
density indicates increasing Drude weight in the nonequili-
brium optical conductivity, leading to novel effects on the
collective modes [57] and terahertz reflectivity.
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Note added—A very recent paper [58] uses similar
methods to study the postquench growth of order parameter
phase fluctuations.

APPENDIX A: EQUILIBRIUM FREE ENERGY
AND PHASE DIAGRAM

1. Competing orders

The phase diagram is shown in Fig. 8. We write Eq. (2)
for the spatially uniform case using Eq. (3) and writing
w? = R%*cos? 0, y, = R*sin? 6. We obtain
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- 1+¢
f:_al—;asz—al2a2R200S29+R4TZ
1=¢
+ R“Tzcos2 26. (A1)
Minimizing with respect to cos 26 gives
a —
20 = ———, A2
OV TRR ) (A2)
o)
a+a , (a—m)? S5
f=- SR (AY)
2 8(1-9) 2
and minimizing over R gives
R2 = M, (A4)
24c¢
o)
f _ _ ((11 + (12)2 _ ((11 B (13)2 (AS)
42+ ¢) 8(1-9)
and
- 2
cos2g — T ZFcC (A6)

2((11 +az)2—C.
The alternative solution is to set one of the v = 0, obtaining
2
1

a:

= -t A7
f=-1 (A7)
Thus we see that if ¢ > 2, then the mixed solution costs
energy and lower energy solutions are 26 =0 and z.

Expanding around the 6 = 0 solution, we obtain

a

c
a; = Elﬁ

Competing orders

FIG. 8.

_ _ _0‘%—0‘1062 2_0‘% _ ¢ 2
1) f(G—O)—TQ §<1 5)26 + 0¢*

(A8)

or

al (¢ a
10)-0=0) =% (5- )+ 00 (a9)

so we see that the minimum at y, = 0 is only stable if
(¢/2) > (a;/ay); expanding around the other minimum
changes the sign of the #* term and interchanges @, and «,
justifying the inequalities presented in the main text.

2. Intertwined orders

We write Eq. (2) for the spatially uniform case using
Egs. (3) and (47), now in their original form:

f=—awi —ays +yi + s+ epiys + diyiws.
(A10)

We suppose 0 < ¢ <2andd; > 0,assume T,y > T > T4,
and consider the physics as 7 is decreased below T .
Initially we have a solution with w3 = (a,/2) and y; = 0.
As the temperature is decreased, @; — ca,/2 may become
positive; if this occurs, a y; component is added to the
solution with y, # 0. This instability takes place at a
temperature lower than 7'.; if ¢ > 0 and at a temperature
higher than 7'.; if ¢ < 0. We interpret this mixed state as
having intertwined order, since both order parameters are
nonzero. As T is decreased below T, a second extremum
(saddle point) appears at y? = (a;/2), w, = 0. After a,
becomes large enough such that (c|a;|/)2 + d(a}/4) > a,
this saddle point becomes stable to variations in y, and thus
a local minimum.

d
a 0‘2=%0‘1+TI‘112 a2:§a1
o, I
[ ]
0 I,I+I
I, I+
1 c?
<, =—a-=
) =g =P
I
a1
0

Intertwined orders

Equilibrium phase diagrams on the a; versus a, plane. Black roman numeral indicates the corresponding phase is a global

minimum. Red roman numeral indicates local minimum. I 4 II means a minimum with both orders nonzero. The competing orders case
corresponds to ¢ > 2 and d; = 0. The intertwined orders case corresponds to 0 < ¢ < 2 and d; > 0. The systems are assumed to be at

the blue dots in equilibrium.
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APPENDIX B: FOKKER-PLANCK EQUATION
AND ITS APPROXIMATIONS

If one defines the probability functional p[y], the
stochastic TDGL equation (1) is equivalent to the
Fokker-Plank equation [1] for the probability functional

ply(r, 1))
1
o =52 / dryi0,,(p0y, F +T0y,p).  (B1)

where 0,, should be understood as functional derivative:
dy, = [0/0y;(r,1)]. The averages (y?) taken throughout
the paper are over the probability functional p[y (r, ¢)]. The
order parameter can be written as a uniform field plus small
fluctuations:

wi(r.1) =i(1) +opi(r.t) =y, (1) + Zl//i(k>eikr- (B2)

k#0

Our mean-field plus fluctuation theory can be viewed as an
expansion in terms of the Ginzburg parameter G, or
equivalently, the small noise term #(r, ). The uniform
background is the zeroth-order term in the random noise
n(r,t). The TDGL equation thus leads to the coupled
equations of the uniform background and the fluctuations,

1 oF
—0 _i t)=————"+—+ i\r,z
Vi Wil < Sy;(r,1) il )>0
= =0y, F +nio(t) +O(n?),
1 OF
—5‘ i k,t - ——+ i I‘,t
Yi wilk1) ( Sy (x, 1) i( >>k
:zaikWi(k)

— [y + 2y + OO ) +nalr),  (B3)
where (), mean the Fourier component with momentum &,
() means the k momentum component of the noise, and
j # 1 represents the other order different from order i.
Multiplying the second equation by y_,(¢) and taking the
average over the probability functional p, one obtains the
equation of motion for the second moment:

}at (=) = dae (s (Ko=)

1
= 2y [y 4 2cyryr;

+ OW)]i) + 2(wi(—k)nu (1))
(B4)

If one keeps only O(n?) terms, the equation for the second
moment (y;(k)y;(—k)) simplifies to

i (k) j(=k)) = =(0y, 05, F
+Zéﬁvkz)[}/w<l//ﬂ(k)l//j(_k)>
+ 7]u<1//u<k)l//l(_k)>] + 2Tv7/ijﬂ
(B5)

where

g

_ (S0 O _(rn O
”V<(1)0 520>’ yﬂb(ol }’2>’ (B6)

and repeated indices should be summed over. Note that
T,=T/(E.V) is the temperature normalized to the con-
densation energy of the whole volume. Therefore, the
fluctuation just evolves in a time-dependent quadratic
potential determined by the curvature of the local free-
energy landscape taken at y (7). In principle, one could
make a ‘“mean-field” approximation by assuming the
probability function p is always a Gaussian function and
easily take into account the fluctuation correction to
Eq. (BS). But this is out of the scope of this paper.

The linearized Fokker-Plank equation close to point O
reads

atp = 81//(1{) [_zyak(t)l//(k)p + yTi;(t)ay/(k)p]' (B7)

where a and T, are time dependent and o (f) =
a(t) — EK*. This is a diffusion equation for the probability
p(wy) in the quadratic potential —ay (k)? with diffusion
constant y7',. The exact solution to Eq. (B7) is the Gaussian
function Eq. (5) with the variance satisfying (here and
below we denote (k) as y, for simplicity)

O, (w3) = dray (1) (i) + 2T, (1)y. (B8)

The solution to Eq. (B8) is
/ ! 1
W) = (wi)pet) + 2y / di"T ,(1")e1), (BI)
t!

which could be obtained by squaring

w0 = [ @G ) 00, (B10)

where G (1,1') = O(t — ')e%"") is the Green’s function
for Eq. (8) of the main text and S (¢, ') = 2 [! dxay(x) is
the accumulated exponent.

APPENDIX C: DYNAMICS

We evaluate Eq. (29) of the main text, which together
with the initial condition term is
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Di(1) = < yi(Dy_i () > = Dy~ tupp) €5 foom)

t
+2y / dr' *$OT (1), (C1)
~Ipump
where the accumulated exponent is
t
Si(t,7) = 27// dt"la(t") — E3k? (C2)
[/

and T should be understood as the dimensionless quantity
T/(E.V) here and in the following. The integral in Eq. (12)
describes the contributions to the variance Dy (¢) from noise
fluctuations that are created at time ¢ and then propagated
forward by the equation of motion. The pump and cooling
profile determines the time dependence of D; and the
needed expressions may be straightforwardly evaluated for
any pump and cooling profile. Within the linear cooling
profile approximation of Fig. 2, S, and T are combinations
of quadratic, linear, and constant functions of time, and
analytic results can be written down in terms of error
functions, Gaussians, and exponentials. We present here
further analytical work based on the linear cooling profile
that brings insight.

At times t < ty, Sy < 0 for all , so fluctuations created
at a time f < t, decay as time increases to f,. At times
t > t,, long wavelength fluctuations [k*£3 < a(t)] increase
exponentially with time. Thus ¢, is a convenient reference
point and we are interested in times ¢ greater than f,.
Separating the integral into times greater and less than z,
and noting that S(z,7) = S(t, 1) + S(ty.¢) and that

S(t,7) = =S(¢, 1), we have
Dilt) = SO+ D) (C3)
with
Dl(cl) _ Dk( pump)ezsk 10.—pump)
+2y / L dr S T(1) (C4)
_tpump
and
t
D (1) =2y / dt' e 2T (1), (C5)
Iy

The first term [D(V] describes the contribution to the
variance of fluctuations created before tO and propagated
forward to #, and the second term [D®], which we have
rearranged for later convenience, describes the additional
contributions of fluctuations occurring after 7, We are
interested in the case in which the fluctuations at r = ¢, are
very small, and we wish to focus on long times such that the
growing modes have increased to an amplitude of the order
of unity. In this circumstance a general asymptotic analysis

is possible, but for ease of writing we will focus on the
linear cooling profile for which

Ty (~tpump <t <0)
T (l—i)—l-TCti (0<t<ty)
=4 " (c6)
Tct—t0+TLt—ro (tg <t<ty,)
T, (t>t,)
and
ay ( toump < 1 < 0)
ay=4 " " ()
= (tg <t <ty,)
ar, (t>t,).
We begin with DY), which we rewrite as
DY = Dy + Dyy. (C8)

where Dy describes the propagation forward in time of the
fluctuations existing before the pump was turned on and
created by the pump. Using the linear cooling profile
formulas and the definition of S,

Ty (1 — e~ (lanl+5K))
2(lan| + &K°)
T, e~ *tpmollanl+66)
2(2a; + 5%](2) )

Dy = 6—27f0(|a}1|+2‘5(2,k2) <

(C9)

The requirement that the mean-field order parameter be
completely suppressed means that e 2 |mumth) «
G/a;, so

Ty

e rllan 258
2(le| + €ok7)

Dy~ (C10)

which represents the hot thermal fluctuations created by the
pump propagated to t = .

We now turn to Dy, which represents the fluctuations
created as the system cools from ¢ = 0 to ¢ = ¢ after the
pump is turned off:

DKZ = 2]// dt/ezsk fo-t T(t) (Cll)

1
= 21y / due2rolanl =4k SGu [Ty L T (1 = u)),
0
(C12)
where in the second equality we have defined u = (1) —t) /1.

In the rapid cooling limit |ay|yty < 1, Dy is O(yty) and is
much smaller than Dy. In the slow cooling limit the integral
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(@)

a(t)/2
a2t ——— a./2 o
0/ ~ 2>

1

;o at)/2 _~7

) !

4 ' oo, ' t
0'ty, t, 0 t, tm

FIG. 9.

is dominated by small &, and we may extend the upper limit to
infinity and rescale u = v/(+/2|ay|yty) obtaining

T, [
¢ dve—vz—Zkzézkzv ,
axz Jo

Dyy = (C13)

where we have defined the important length scales and
timescales:

lag| +ay
2yt,,

(04 = @ =
KZ 2}/2‘0

Ly
tkz = 4| ————.
K 2y (lay| + ay)

We see that for k>£%, < 1, Dgy ~ (T./2axz)+/7, and for
K*EL, > 1, Dgy ~ (T./2k*E2). This is the expected behav-
ior of a critical theory with mean-field exponents and an
effective distance from criticality determined by the cooling
rate, consistent with the general analysis of Kibble and
Zurek [4,9,10].

We now present a qualitative evaluation of D?)(). We
have S;(t, 1) = So(t, tg) — 2E5k> (1 — 1), with

(r=19)?

m — Lo

t 1,
+2ay <z - %) O(t—t,). (Cl5)

(C14)

So(l, tO) =oar G(tm - t)

We are interested in growing modes, for which [Sy(z, #)/
(t—t9)] > k*E; roughly these are those for which
ap > k*E3. In the slow cooling case, a;y(t, — 1)) =
(a2 /|ay| + ap)yt, > 1. In the fast cooling limit, we
may set t,, — o = 0 and write

t
Dl(<2)(t) =2yT, / df =4 —10)(ar=55k%)

)

_ L“ (1 = e=rli-)a-gR)y o 1L
2(ay, — &5k%) 2ron,

(C16)

Tllustration of the evolution of order parameter fluctuation in (a) the fasting cooling case and (b) the slow cooling case.

Here we have neglected k dependence, which is on a
scale that is not relevant at large enough ¢. In the ultra-
slow cooling case we have for ¢ <1, and defining

u=[(t'—10)/(t, — 1)),

D@ (1) = 2¢(t,, — t,) / " due 20 (it (1=t Uk

0

x [To(1 = u) + Tpul, (C17)

with up., = [(t—19)/(t,, — ty)]. The argument of the
exponential is maximized at u = u* = (£k*/a;) (for
growing modes u,,, > 2&3k*/a;, so u* is within integra-
tion range). Defining u = u* + (v/2+/7(t,, —ty)) and
noting that #,, — ty = 1,,[(a;)/(|ay| + a;)] we have (after
integrating over v using saddle point approximation)

1
D) = ?eﬁ‘zk“ g Tell—w) +Tow]. (C18)

Note that we have kept only half of the Gaussian integral.
This is valid for the modes E3k* <[1/4y(t—1y)] <

y(t, — to)/ay], which are the only relevant ones
at long time ¢ — t;,. The exponent is also small in this limit,
so to an adequate approximation we have

T,
2aKZ ’

D)) = vz

(C19)

which is the same as the k — 0 limit of D,(cl) ~ Dgz. This is
expected since D,iz) can be interpreted as the fluctuations
created after t%and back propagated to f,. This is
symmetric to D, for k — 0 in the slow cooling limit.

APPENDIX D: EXACT SOLUTION IN
TERMS OF ERROR FUNCTIONS

The D,(:) = Dy + Dgz in Eq. (C3) has the interpretation
of the fluctuation prepared at time #,,. The exact form of Dy
is Eq. (C9). In the linear cooling profile approximation used
in this paper, the exact form of Dy is
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D:
KZ ™ 2a

c g

— (T_H_ 1> tﬂ(e2sk(t0’0> — 1)},
Tc Iy

where erf[x;, x,] = (2/1/z) [X2 e dx is the error function.

o ()

} Hak erf[2 k2, £k + /27 lagto]

(D1)

For the D,({z) term, it is simpler to neglect the time dependence of the noise, i.e., take T, = T, after which one obtains

gk([m’t)
2
D](()(l‘) = { T,

gk(tmv tm) + 2(a,—E21)

where we have defined

Ty
t,,t) =
gk( m ) \/Zza

KZ

e_zsk(rm’t())(l — e_ZSk(t*rm))

bk erf[—EL k2, —E2 K2 + t/ ).

t<t,

s (D2)

(D3)

One can take various limits of Egs. (D1) and (D2) to get the results in the previous section.

APPENDIX E: FAST COOLING LIMIT: ¢, =0

The fast and slow cooling cases are illustrated in Fig. 9. For 7,, = 0 and neglecting the initial condition at ¢ = ¢

pump>
Eq. (12) reduces to
L= 1 < TL2 > Tn > 2) el —51) _ EL“ (E1)
2 \ap — &k |ag| + &5k 2o — &k
Summing up contribution from all the Fourier modes, one obtains the real-space correlation function:
WOW) = VR P [ ke, (E2)
At long time 4ya;t > 1, D, is approximately a Gaussian function in k and the Fourier transform becomes
G(Ty) , G(Tw)\(_1 \"? ey
0 ~ daryt o=r/[26(1)*]
wow) = (G + 5o (7o) e
ar G(Ty)ay - D/2-2 1 b2 2 2
=L (1 4+ 22282 ) 44)-D/2 G(T dapyt p=r/128(1)°]
| (14 Gy om e () e
D/2
_ U (L NP2 e (E3)
2 4aLyt
where &(f) = &y+/8yt is the universal correlation growth law and
G(T _ -
¢ = (1+ 2 0mo (4m)PRap P G(T,) ~ 2(4x) e PG(T)) (E4)
G(TL)|on

is the Ginzburg parameter for critical phenomenon at
equilibrium. Thus the fluctuation (y;(0)?) grows exponen-
tially with time and y; grows faster due to a larger a;;y;.
Setting (y(0)?) = a; /2 gives the crossover time:

1 D
dapyt, = In—+ Eln(4aytc). (E5)

¢

At this time, keeping the first two terms in the In expan-
sion of t., the ratio between the fluctuations in the two
directions is

2 G D/21 1\ D/2 aara/eyyi—1
T O
<1//1> a Gy \72 ¢ ¢
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APPENDIX F: SLOW COOLING CASE IN
COMPETING ORDER SYSTEMS

The slow cooling case is characterized by a large ¢,,.
After 1, y starts to grow exponentially while y, has been
growing for a time of #; — #,. Assume both order param-
eters are in the exponential growing stage and nonlinearity
is not yet onset, they obey the equation

(wi(0)wi(r)),

\/EGi/aiKZ

[ ( )]D/2 e2rilaitlaim|) (=1 /1, =17 /25:(1)*
1677:}/1 r— ti

(F1)

The crossover of w; to nonlinearity happens at
(w;(0)?), = a;(t), which yields

1 D
PA205 oy — It —Inx;,  (F2)

1=Cx
i Cmi 4

where x; = 2y;(ay, + |aul) (1 = 1;)*/1,, and

£ = 2—7D/4+1ﬂ1/2—D/2< Yilm )_D/4+1
A + |yl

2
aLyitm

G, = 23D/Agl)2 <7
o, + |ogy|

—D/4+1
) Gl (B3)

To leading order in the In expansion we have for order I:

( tw | 1 >1/2 (F4)
. —hHh R |—0—————In—- .
o 2oy + o)y Cm

At time t., the correlation length of the fluctua-
tions is &~ 2v2{[rt,/2(a1L + |aiu])] In(1/0)}/4E ~
[yt In(1/8)]/4&,, which predicts a logarithmic correction
to the &~ t,ln/ * Kibble-Zurek scaling [10]. Note that the
logarithmic correction could be numerically large for very
small £. In 2D, the number density of topological vortices
created is thus n ~ 1/&(t.)* ~ [rt,, In(1/¢)]7/2&;2. For the
mean-field plus fluctuation theory to be valid, we also
require Ga(t)P/>7? < 1 at the predicted . for D < 4; in
other words,

< 1 )1/2au+|am|>> (1)”“’/2‘2{
2(ay, + )y S Ly G

(F5)

which yields

1)—1/(1)/4—1) ay + oyl 1 (1 1/(1=D/4)
—_— ; .

t <L | = In— ~
ml1 (G 2 nle

(F6)
Trapping into the metastable minimum requires that

(y»(0)%) < (y;(0)?) at t,,. Simply comparing the expo-
nents yields

Gatm) - Gatm) T
V2 dap—doy Vi diL—aiy lni (F7)

t, < s
215 le

where A, = (t, — t,)/1,,- This imposes the criterion

-2
1 22
A < (\/ d(allL 41' |0!1H|)y1tm i 1)
1lléml

1 2% (ay; + |a -
z;<\/CI(IL—llHDJ/lfm‘i‘l) = fo(ritm)-

1
In z

(F8)

By assuming ¢ =107, y, =2ps7!, (. ay) =
(1,1.1), and (ay;, az,) = (—1,-0.9), one obtains ¢, ~
4.6 ps and t,,, =~ 460 ps. Since the typical cooling time due
to electron phonon thermalization ranges from 1 to 100 ps,
most ultrafast experiments are in the regime analyzed in
this paper (Fig. 5).

APPENDIX G: Pumping process

The pump brings a;; to a;; < 0 as shown in Fig. 2,
which induces the order parameter dynamics from point II
to O in Fig. 1(a). At mean-field level, this nonlinear
dynamics is described by Eq. (B3) and the uniform
component obeys the exact solution:

—ap/2
(1 - (XZH/azL)e_4a2H72(t+tpump) — 1 ’

p3(1) = (G1)

The longtime asymptotic form is 3 = {[—ayy/2]/
[(1 = oy /)] Je@nr2(Htume) - which  means
approaches zero exponentially but never reaches it during
finite amount of time. At time zero, the pump is removed
and y, reaches a small value:

) /2

4a t
l// — e 2HY 2 pump .
(1 - agu/anr)

(G2)

We first consider the fast cooling limit #,, = 0. After time
zero, , goes back toward minimum II following the
dynamics

021028-18



TRANSIENT TRAPPING INTO METASTABLE STATES IN ...

PHYS. REV. X 10, 021028 (2020)

/2
— 1)6_40’2L72t +1

_ ~ T2 Lha t
— (aZL ~ ‘/fzoe 2172 ,
23,
79
-2
2yry

for day; 7ot < ln( ) and 3, < ay /2.

(G3)

Thus at time 7. when wy; fluctuation crosses over to
nonlinearity, ¥, has recovered by an exponential factor.
The more accurate picture for the probability distribution is
that of Fig. 3(a) but shifted in the y, direction by the
amount of 73(t, ). For the probability of trapping into phase
I to still be close to one, we require that

_2/A

gy (1) <y, (G4)

which yields

a
W%(/)A < %‘:1(401L71lc)_D/2 (Gs)
and further leads to the criterion
A 1
toump > ————In— =1 G6
pump Haoulr, ¢ 4 (G6)

for the pump pulse in the leading order. Despite the
logarithmic factor, this timescale can be made small with
a larger |ayy|; i.e., a stronger pump will prepare the 7y
with a smaller value at time zero.

If the cooling rate is finite, it is simpler to consider the
case t,, > t,,, such that the crossover happens at 7. before
t,,- The pumping time is effectively longer than 7, in this
case since the suppression process of y, lasts until #,, when
a,(t) crosses zero. Applying Eq. (G4) to this case yields

(oo + o))t 1 1 oy
1 > In—4+ ———
pump 2o 271 (ayp + gt & o + oyl

1
X 1
27 (o, + |ogg|)ty

to leading order. For sufficiently large |a;y|, the right-hand
side of Eq. (G7) becomes negative and thus the criterion is
satisfied by any 7, > 0. This is because in the cooling
process before 1,, the high-temperature stage already
suppresses y, well enough.

In a realistic situation, the pump might not be strong
enough and the proportion of phase I domains created p;
can be calculated as a function of pump fluence or duration.
|

PAB) = [ Duresp |=S-05 i t00) = M) ) - ),
k

where

1
Dk — e4akyt_
A

—+

EV - 20w,

1 |0‘1H|

2 [04
Cl ar |a1H| L, |a2H|

It should cross over sharply from O to 1 at the boundary of
Eq. (G6) or Eq. (G7) depending on which regime the
cooling rate is in.

APPENDIX H: JOINT PROBABILITY FUNCTION
The probability that y(0) = A and w(r) = B is

(H1)

! (H2)

and V is the normalization of the functional integral and & is a functional delta function. Representing the delta functions by

integrals gives

PAB) = [ dina [ Dwexp | =30 v+ i (0) = 4) + i) - )
k

or, Fourier transforming the real space vy,

P(A,B) =N / dA,d, / Dy exp [—ZD;lyjkw_k+i(/ll + % )y — illlA—i/lzB].
k

(H3)
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We can now perform the integral over the y, and arrive at

D
P(A,B) = N’ / dA,d2, exp [—Z Tk (22 4+ 23 +2cos(k - r) A n) — i A — id,B]. (H5)
k

The sum over k results in
PAE) = N [ dhidisexp =G o). 1) = i1 + B (H)

where

"= % < <W<‘(/Z)()?;2)> <W<f/?()g;g;)>> - %% <16jryt> e < g—rZ/lzat)z : 2/126(02 )

al 1 e—r2/25(1c>2
4 <e—r2/2§(tc)2 1 > (H7)

at t = t.. We finally perform the A integrals, getting

, V3 1 N
P(A,B) =N mexp [—Z(A,B)M 1(A,B)T}

1 1/(1 l/a 1 _e_rz/zf(fc)z A
= exp|-——5 (A B ' H8
PSR [ 1 — e r/Ew) ( > <_e—r2/25<ru>2 1 B (H)

APPENDIX I: COEFFICIENT 4 AND 9

The coefficients are

2= (2 —4)/a-n/2 _ Paiteam 1/2, (11)
(=2a, + cap)V/A
and
1/2A)(1-D/2 D/(2A
9 =20 (14 1/a)|aVa02p-psen) (B WRRIERI) (610 P (12)
n 2 : a &20

Note that a; should be interpreted as «;; in the fast cooling limit.

aZ 1

(ap, az1)
[ ]
o I,I+0
CDW
I,I+0I
%
S, o
(@mam) I 3
0 '
v
(@1 2n)
1 2 1 2
Competing orders Intertwined orders

FIG. 10. Nonequilibrium phase diagram for the pumped parameter «;y. If ;5 lies in the colored regions, as illustrated by the red dots,
the system can be trapped into the metastable SC sate. Dashed line is the trajectory of «;(¢) in the cooling process.
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APPENDIX J: NONEQUILIBRIUM PHASE
DIAGRAMS

“Nonequilibrium” phase diagrams Fig. 10 can be drawn
for a;y. The system is originally at the blue dot «;; . If the
pump brings the o, to any of the colored regions, metastable
trapping into the SC (I) state could happen. However,
different regions have different stories as described in the
main text. For example, it ;, is in region 1 and ¢, + 9/2
is much larger than 1, = (A/4|ayy|y2) In(1/¢;), the system
can be brought to disordered state by the pump. The
subsequent dynamics of fluctuation will lead the system
into the metastable SC state if the relaxation in the SC
direction is substantially faster.

APPENDIX K: NANOGRANULES

If the system is a nanogranule whose size is smaller than
a coherence length, one can neglect the spatial fluctuation
and treat the order parameter as uniform; i.e., one could
keep the k =0 mode only. The initial dynamics is an
expansion of the Gaussian probability due to thermal noise,
regardless of the flow direction due to the potential. After
the time 4ayt ~ 1, the dynamics starts to be dominated by
the flow. At this time, y? ~ T, /a; and is much smaller than
a; if the system volume V is not too small. Thus non-
linearity is not yet onset. After passing the crossover point
w? ~T,/a; to flow dynamics, the order parameter in each
basin will be finally attracted to the corresponding minima,
as shown in Fig. 4. One immediately observes that if y;
distribution is still tiny at the crossover point, most of the y
lies inside basin I due to the nearly vertical shape of the
basin boundary close to the origin.

To estimate the probability of trapping into phase I, one
can draw a rectangle centered at O with half-lengths of

L; = \/{w?). The length of its edge embedded in basin Il is

I, = 4L}/ 2%) while the total length is [ = 4L, + 4L,.
Therefore, the probability of trapping into phase I is
roughly

pi~1=05/l=1-«T3, (K1)
where 5 =1 [y a;/(y2a,) — 1] > 0 and « is order 1. Since
T, is a very small number, this probability is almost unity.
After trapped into it, the lifetime of this metastable state is
exponentially large: Ty ~ (1/7)eV/Tr, where U is the
dimensionless energy barrier between the global and

metastable minima. The detailed calculation for the lifetime
is described by the Kramers theory [35,59].
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