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Spontaneous parametric down-conversion (SPDC) has been a key enabling technology in exploring
quantum phenomena and their applications for decades. For instance, traditional SPDC, which splits a
high-energy pump photon into two lower-energy photons, is a common way to produce entangled photon
pairs. Since the early realizations of SPDC, researchers have thought to generalize it to higher order, e.g., to
produce entangled photon triplets. However, directly generating photon triplets through a single SPDC
process has remained elusive. Here, using a flux-pumped superconducting parametric cavity, we
demonstrate direct three-photon SPDC, with photon triplets generated in a single cavity mode or split
between multiple modes. With strong pumping, the states can be quite bright, with flux densities exceeding
60 photons per second per hertz. The observed states are strongly non-Gaussian, which has important implica-
tions for potential applications. In the single-mode case, we observe a triangular star-shaped distribution
of quadrature voltages, indicative of the long-predicted “star state.” The observed state shows strong third-
order correlations, as expected for a state generated by a cubic Hamiltonian. By pumping at the sum frequency
of multiple modes, we observe strong three-body correlations between multiple modes, strikingly, in the
absence of second-order correlations. We further analyze the third-order correlations under mode trans-
formations by the symplectic symmetry group, showing that the observed transformation properties serve to
“fingerprint” the specific cubic Hamiltonian that generates them. The observed non-Gaussian, third-
order correlations represent an important step forward in quantum optics and may have a strong impact
on quantum communication with microwave fields as well as continuous-variable quantum computation.
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I. INTRODUCTION

For over 30 years, spontaneous parametric down-con-
version (SPDC) has been a workhorse for quantum optics.
Famously known as a process which generates photons in
pairs from a single pump, it has had a crucial role in
fundamental tests of quantum theory [1–3] as well as many

applications in quantum information processing [4–6].
Spanning frequencies from optical to microwave, SPDC
has a central role, for instance, in quantum-limited ampli-
fiers [7] and sources of nonclassical light, including
squeezed states [8,9], Fock states [10], and entangled
photon pairs [11]. This broad and important set of phe-
nomena has been referred to as “two-photon quantum
optics” [12,13]. From early days, generalizations of the
standard two-photon SPDC have been explored, but this
endeavor has proven difficult both theoretically [14–23]
and experimentally [24,25].
Even the pursuit of the next-order, three-photon SPDC

which would create photon triplets, has gone on for decades
[26–29]. This process has been studied theoretically in the
context of generalized squeezing [14,16,30], where the
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quantum vacuum is shaped by the action of nonquadratic
Hamiltonians [31]. The non-Gaussian nature of these
higher-order squeezed states could make them a resource
for universal quantum computation with linear optics
[32–35]. In particular, cubic squeezing is one path to
generate the “magic” cubic-phase state of Gottesman,
Kitaev, and Preskill [36] that enables error correction in
continuous-variable quantum computing. Three-photon
SPDC has also been studied as a source of more sophis-
ticated, three-photon entangled states, such as Greenberger-
Horne-Zeilinger states [37], as well as heralded entangled
pairs [38]. These states would be useful, e.g., for novel
quantum communication protocols such as quantum secret
sharing [39]. Despite the great potential of multiphoton
down-conversion and generalized squeezing, their exper-
imental demonstration has remained elusive. The majority
of the experimental work has been done in the optical
frequency domain, where the relatively weak nonlinearities
of optical materials present significant experimental chal-
lenges. It has more recently been realized that the strong
nonlinearity of Josephson junctions facilitates a range of
experiments in the microwave domain that are very
challenging in the optical domain.
Following this theme, we report an experimental imple-

mentation of three-photon SPDC, in the microwave
domain, producing generalized squeezed states, in particu-
lar, trisqueezed states. This implementation is done using a
flux-pumped, superconducting parametric resonator. By
the choice of pump frequency, we can alternately produce
degenerate three-photon down-conversion to a single mode
or nondegenerate three-photon down-conversion to three
distinct modes. Furthermore, we can produce a hybrid
version to two modes, where two photons are degenerate
and one is nondegenerate. Our triplet source is bright,
producing a propagating photon flux with a flux density
controllable from less than 1 to greater than 60 photons per
second per hertz over a bandwidth of hundreds of kilohertz,
comparable to ordinary two-photon down-conversion
(TPDC) experiments [40,41]. The high flux allows us to
perform a detailed analysis of the novel phase-space
distributions and strongly non-Gaussian statistics of the
states. For instance, we clearly see strong three-body
correlations in the absence of normal two-body correlations
(covariance). The symmetry properties of these correlations
allow us to “fingerprint” the Hamiltonians that created
them, clearly demonstrating that states are generated by a
family of pure cubic Hamiltonians with little contamination
from typical quadratic processes. These results form the
basis of an exciting new paradigm of three-photon quantum
optics.

II. BACKGROUND

Since the first applications of SPDC were realized
with a quadratic Hamiltonian, generalizing squeezing with
higher-order Hamiltonians has been a topic of intense

research [14,16,18]. In the case of single-mode SPDC,
a generalized squeezing process can be described by the
kth-order SPDC Hamiltonian

Ĥ ¼ ℏgkðα�âk þ αâ†kÞ;

where α represents the pump (under the parametric
approximation), gk is the kth-order coupling constant,
and â is the annihilation operator of the single mode.
First discussed in the literature in the mid-1980s, early
work [14] concluded that generalized squeezing processes
were unphysical. Subsequent work [16] showed that the
issues were mainly mathematical and calculated the first
phase-space distributions of generalized states using novel
analytical continuation techniques. It was also later shown
that the apparent divergences that appeared under the
parametric approximation were removed when the pump
was quantized [18]. Despite the early theoretical chal-
lenges, continued research was motivated by the novel non-
Gaussian statistics and nonclassical properties, including
Wigner negativity [19], absent in conventional squeezed
states but predicted in the higher-order squeezed states.
These many-photon states continue to be attractive and
potentially useful in various quantum information process-
ing applications.
Meanwhile, the experimental implementation of an

elementary SPDC process capable of generating three or
more photons has remained an outstanding challenge [42].
In the optical domain, experiments using cascaded SPDC
and photon generation by a quantum dot have successfully
generated three-photon correlations [37,38,43]. However,
the triplet generation rate in these schemes is small, making
a detailed analysis of the three-photon states or the under-
lying Hamiltonian difficult. These schemes also lack
explicit control over the down-converted frequencies,
which make it difficult, for instance, to generate single-
mode photon triplets. In the microwave domain, classical
period-tripling parametric oscillations have recently been
demonstrated with a parametric superconducting cavity,
with a third-subharmonic oscillation observed when a
strong flux pump is applied [44]. There have also been
recent theoretical studies of quantum effects in period-
tripled parametric oscillators [45].
Superconducting parametric cavities and resonators,

based on superconducting quantum interference devices
(SQUIDs), are an important device family widely used for
applications requiring TPDC [40,46,47]. In these devices,
leading-order terms of the full cosine nonlinearity of the
SQUID are used to generate two-photon down-conversion.
As described below in more detail, for this work, we
modify and extend these devices to access higher-order
nonlinearities of the SQUID.
Our device is a quarter-wavelength coplanar waveguide

resonator terminated by a SQUID at one end, with the other
end capacitively overcoupled (Q ≈ 7000) to a nominally
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Z0 ¼ 50 Ω line. The fundamental mode has a relatively
low frequency of around 1 GHz such that there are three
higher-order modes accessible within our 4–8 GHz meas-
urement bandwidth. Impedance engineering [41,48,49] is
used to make the mode spacing nondegenerate, yielding
mode frequencies of approximately 4, 6, and 7 GHz.
Parametric processes are driven by a microwave pump
inductively coupled to the SQUID, modulating the boun-
dary condition of the cavity. By exploiting kinetic induct-
ance (Fig. 1) and other improvements, we increase the
pump coupling by roughly 30 dB compared to previous
designs [49], a crucial element in realizing higher-order
parametric processes.
Many of the parametric cavities and resonators described

above employ a nominally symmetric SQUID, where the
two Josephson junctions that comprise the SQUID are
designed to have the same Josephson energy. This sym-
metry comes with various advantages such as maximizing
the frequency tunability of the cavities. However, it also
suppresses cubic interactions between the cavity modes due
to the even symmetry of the pure cosine nonlinearity of the
symmetric SQUID. To access cubic (odd) nonlinearities,
we must therefore break the symmetry of the SQUID. To
understand this requirement in more detail, we can write the

general sinusoidal Hamiltonian of an asymmetric SQUID,
coupling the cavity flux Φ̂cav to the external pump flux Φ̂ext
as

ĤSQ ¼ EJðΦ̂extÞ cosð2πΦ̂cav=Φ0 − αÞ; ð1Þ

EJðΦ̂extÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
J;1 þE2

J;2 þ 2E2
J;1E

2
J;2 cos

�
2π

Φ̂ext

Φ0

�s
; ð2Þ

α ¼ arctan

�
tan

�
π
Φ̂ext

Φ0

�
EJ;1 − EJ;2

EJ;1 þ EJ;2

�
: ð3Þ

EJðΦ̂extÞ is the flux-dependent Josephson energy of the
SQUID [Eq. (A5)]. EJ is tuned by the external flux
Φ̂ext ¼ Φ̂p þΦbias, composed of the ac pump flux and
dc flux bias. EJ;i are the Josephson energies of the
individual junctions. α is the effective cavity flux bias
arising from the SQUID asymmetry, which is necessary to
access the cubic nonlinearity of the SQUID. For the
experiments presented here, we choose the ratio of the
SQUID junction areas to be 1∶1.7.
We would now like to understand how the external pump

affects the cavity modes. We start by expanding EJðΦ̂extÞ to
leading order in Φ̂p around the working point Φbias.
Assuming the pump to be a large-amplitude coherent state,
we further apply the parametric approximation to the pump,
representing it by the classical amplitude βp. By now
expanding the sinusoidal potential Eq. (1) in Φ̂cav, we arrive
at the approximate SQUID Hamiltonian

ĤSQ ≈
X
k

Ĥk ¼ βp
X
k

ℏgkðâ1 þ â†1 þ â2 þ â†2 þ â3 þ â†3Þk;

ð4Þ

where the usual bosonic operators âi and â†i correspond to
the three cavity modes considered, with resonant frequen-
cies fi. The familiar quadratic interactions, which produce
TPDC, arise from keeping just the k ¼ 2 term of this
expression [50], which is the lowest nonvanishing order if
the SQUID is symmetric. For clarity here, we have omitted
Kerr terms which are stationary in the lab frame, consid-
ering them instead in the Appendix A.
This Hamiltonian obviously contains a wide variety of

quadratic, cubic, and higher-order terms. However, the
presence of the pump gives us great flexibility in selectively
enhancing the strength of certain desired terms. In the
interaction picture, the various terms of ĤSQ have distinct
time dependencies, oscillating at frequencies such as 3f1
for the term â31. With the appropriate choice of pump
frequency fp and the application of the rotating-wave
approximation, we quickly see that we can selectively
activate a desired set of parametric processes between the
cavity modes, including cubic interactions (Appendix A 3).

FIG. 1. Meandered SQUID design with improved pump cou-
pling. The narrow, meandered path is shared between the SQUID
and the ground plane of the pump line. The kinetic inductance of
the meander then directly couples the pump current in the ground
plane to the SQUID phase. The center conductor of the pump line
is narrowed to reduce its magnetic coupling to the SQUID, which
contributes with the opposite sign of the kinetic coupling.
Following microwave simulations, a mirrored structure is pat-
terned in the top ground plane, such that the ground current
divides evenly between the two ground planes. Compared to
previous designs, we find a reduction in the pump strength
required for TPDC by 3 orders of magnitude. The reduction
greatly reduces the spurious effects of strong pumping and is
critical to realizing three-photon down-conversion.
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Importantly, as is standard in the parametric approximation,
the terms with time dependencies that match the pump
frequency have their strength enhanced by the pump
amplitude; that is, they have an effective interaction strength
jgj ¼ jβpjgk. Together with cavity modes that can be easily
designed, this device gives us a rich toolbox of both
conventional and novel parametric processes, which can
be exploredwith a high degree of flexibility. In this work, we
limit our discussion to cubic Hamiltonians that produce
three-photon SPDC, generating photons in one, two, and
three modes. These Hamiltonians and their corresponding
pump frequencies are shown in Table I (see Appendix A for
derivations). We note that we observe other Hamiltonians,
such as three-photon generalizations of beam-splitter inter-
actions [51], but we do not explore them here.

III. MEASUREMENTS

A. Three-photon SPDC to a single mode

By pumping at the appropriate frequency, we experi-
mentally realize the three cubic SPDC Hamiltonians listed
in Table I. We measure the propagating output state of the
cavity by first amplifying it with a cold HEMT amplifier
and then a room-temperature amplifier chain. The system is
absolutely calibrated using a shot noise tunnel junction, as
described in detail in Ref. [41], giving calibrated values for
the system gain, the system noise temperature, and the
physical temperature of the input state. The amplified
signal is split at room temperature, and the three modes
are measured simultaneously using heterodyne detection,
giving the field quadratures for the modes. In the rest of the
paper, we denote the raw, room-temperature quadratures as
Î ¼ ffiffiffiffi

G
p ðâþ â†Þ and Q̂ ¼ −

ffiffiffiffi
G

p
iðâ − â†Þ and the cali-

brated quadratures, referred to the output of the cavity, as
x̂ ¼ âþ â† and p̂ ¼ −iðâ − â†Þ. The scaling factor G
includes the calibrated system gain. To quantify the
down-converted signal emitted by the cavity, we define
the photon flux density FðωÞ defined by hâ†ðωÞâðω0Þi ¼
FðωÞδðω − ω0Þ, which is the average number of photons per
second per hertz propagating in the transmission line.
We start by exploring three-photon SPDC to a single

cavity mode. We use the mode at approximately
f1 ¼ 4.2 GHz, by applying a pump tone at 3 times the
cavity mode frequency, i.e., fp ¼ 12.6 GHz. This process

activates the Hamiltonian Ĥ1M in Table I. The effects of this
single-mode Hamiltonian have been theoretically studied
the most among the three Hamiltonians in Table I.
Reference [19] predicts that phase-space interference
between the down-converted photon triplets leads to a
highly non-Gaussian Wigner function with the profile of a
three-pointed star, with the three arms having triangular
symmetry. Because of this distinct pattern, this single-mode
trisqueezed state is also called a star state [16].
To look for experimental evidence of the star state,

we start by simply examining phase-space histograms of
the calibrated quadratures of the cavity output at f1. The
cavity input state is near vacuum, at a calibrated temperature
of 30 mK. Figure 2 shows the results for two different
pump strengths. Figure 2(a) shows the histogram of a
strongly pumped state with F ¼ 66. For this bright state,
the triangular symmetry of the generated state is readily
apparent, even on top of the Gaussian system noise
measured atF ¼ 35, illustrating the strong cubic interaction
achieved. In Fig. 2(b), we also show data for a weakly
pumped state with F ≈ 1. In this case, the raw histogram is
dominated by the system noise. However, the triangular
symmetry of the state can still be observed whenwe subtract
the (unpumped) system noise histogram from the pumped
signal histogram.
Clearly, the phase-space distributions of our single-mode

trisqueezed states are radically different from a two-photon
Gaussian squeezed state, which we expect to lead to very
different statistics. We use these statistics to make a more
quantitative comparison between the theoretical predictions
and our experimental results. Generally, we expect higher-
order moments beyond the second-order variance and
covariance to be significant. In particular, as we expect
our interaction Hamiltonians to be cubic, three-point corre-
lators are of interest. Accordingly, we quantify the non-
Gaussian character of our measured quadratures using the
third standardized moment, also called the skewness, which

for the random variable y is given by γðyÞ ¼ ½ðy − ȳÞ3=σ3y�,
where the overbar represents the expectation value, ȳ is
the mean, and σ2y is the variance of y. (Below, we generally
assume ȳ ¼ 0.) Roughly, the skewness measures the
asymmetry of the distribution of y and is zero for
Gaussian variables. We note that, in what follows, we use
the notational convention that, e.g., x represents a classical

TABLE I. Cubic SPDC Hamiltonians explored in this work. Each row represents a distinct process and individual experiment, where
we pump the SQUID at the specified frequency, driving three-photon down-conversion to one, two, or three cavity modes. We choose
which Hamiltonian to explore simply by setting the pump frequency.

Frequency [GHz]

SPDC Combinations Pump Mode 1 Mode 2 Mode 3 Effective Hamiltonians

Single-mode fp1 ¼ 3 × f1 12.6 4.2 � � � � � � Ĥ1M ¼ ℏgðâ31 þ â†31 Þ
Two-mode fp2 ¼ 2 × f1 þ f2 14.5 4.2 6.1 � � � Ĥ2M ¼ ℏgðâ21â2 þ â†21 â†2Þ
Three-mode fp3 ¼ f1 þ f2 þ f3 17.8 4.2 6.1 7.5 Ĥ3M ¼ ℏgðâ1â2â3 þ â†1â

†
2â

†
3Þ
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measurement record associatedwith the observable operator
x̂. Furthermore, we take quantities like hx3i to represent
classical time averages of measurement records, while hx̂3i
represents the quantum correlator.
Looking at Fig. 2, it is clear that our measured quadrature

distributions are asymmetric but also that the asymmetry is
not invariant under phase rotations. That is, the skewness of
x̂ and p̂ is not generally the same. To study the trans-
formation properties of the skewness, we can define the
generalized quadrature x̂φ ¼ x̂ cosφ − p̂ sinφ. We can then
study the skewness of the measurements of x̂φ, defining for
simplicity γφ ¼ γðxφÞ. Essentially, γφ measures the asym-
metry of the quadrature distribution with respect to the
symmetry axis perpendicular to the direction of x̂φ. We can
also associate γφ with the three-point quantum correlator
hx̂3φi. Figure 2(c) shows a polar plot of γφ as a function of φ,
for the data measured with F ≈ 1. Unlike Fig. 2(b), we do
not subtract the amplifier noise before calculating γφ, as the
amplifier noise is expected to be symmetric and not
contribute. We can make a number of comments on
Fig. 2(c). First, we see that the signal-to-noise ratio in
measuring γφ is quite good, despite it being a higher-order
statistic. Second, we see that the triangular symmetry of the
underlying state is quite apparent even though, in the raw
data, it is completely obscured by the amplifier noise.
Next, we can conclude from the strong nodes near
φ ¼ ð2π=3Þðnþ 1=2Þ that the skewness of the amplifier
noise is indeed small. Finally, we can observe that the

nodes correspond to angles where the symmetry plane
aligns with a lobe of the star, while the antinodes corre-
spond to the symmetry plane being perpendicular to a lobe.
Overall, we observe that measuring γφ appears to be a
useful way to characterize the non-Gaussian character of
the single-mode trisqueezed states.

B. Three-photon SPDC to multiple modes

Now, we look at multimode trisqueezed states. As
previously mentioned, this includes two-mode states and
three-mode states. Once again, these states can be produced
by the appropriate choice of the pump frequency, naturally
given by the conservation of energy (see Table I). Similar to
the single-mode trisqueezed state, we expect significant
third-order statistics in the output states. Thus, we sta-
tistically characterize the two-mode and three-mode tris-
queezed states using the so-called coskewness of A, B, C
defined as γABC ¼ ABC=ðσAσBσCÞ, here assuming the
measurements are mean zero. Now, we can associate this
statistical measure with the three-point quantum correlators
hÂ B̂ Ĉi, where Â, B̂, and Ĉ are some quadratures of the
multimode trisqueezed states.
While pumping, the amplified output signal of the cavity

is split at room temperature and the three modes measured
simultaneously by three digitizers to obtain the multimode
field quadrature data. Motivated by standard two-photon
SPDC, we start by looking for covariance between each
pair of modes. However, we observe no covariance

(a) (b) (c)

-20

0

20

p

-20 0 20
x

12840
Counts 20

0

-20

p

-20 0 20
x

0
Subtracted counts

FIG. 2. Measured histograms of trisqueezed states in a single mode. (a) A histogram of a bright trisqueezed state with F ≈ 66. The
triangular symmetry of the histogram is apparent, clearly indicating its non-Gaussian character. The inset shows the projection of the 2D
histogram onto the x quadrature, which displays a significant amount of asymmetry (skewness), despite the system noise. (b) A
histogram of a trisqueezed state with F ≈ 1 after subtracting the system noise histogram. The triangular symmetry is still apparent
despite the low photon flux. (c) A polar plot of the skewness γφ of the generalized quadrature xφ (see the text) as a function of the phase
angle φ, showing data and theory. The small rotation of γφ is caused by a relative phase between the microwave pump and the local
oscillator of the heterodyne receiver. The theory curve is normalized to the maximum experimental value and rotated appropriately but
otherwise has no adjustable parameters. The plot is produced from the same raw data as (b) but without subtracting the system noise.
This statistic essentially measures the asymmetry of the quadrature distribution with respect to the symmetry axis perpendicular to xφ.
We see that the triangular symmetry of the underlying state is very visible even though it is completely obscured in a histogram of the
raw data, which suggests that γφ is a good way to analyze the non-Gaussian character of our trisqueezed states. This approach is
particularly effective because the skewness of the Gaussian system noise is zero (within our measurement error).
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between any pair of the modes in either the two-mode or
three-mode case, as shown in Fig. 3. Instead, we find
significant coskewness between the signals (see Figs. 3
and 4). To verify that the observed coskewness is a coherent
process related to the pump, we sweep the pump phase and
compute the covariances and coskewnesses, as shown in
Fig. 3 for both the two-mode and three-mode cases. We see
that the coskewness oscillates with the pump phase
between positive and negative extremes, while the covari-
ance remains unchanged at zero. This observation of
coskewness (three-body interactions) in the absence of
covariance (two-body interactions) is a striking and
extremal observation of non-Gaussian statistics in both
the two-mode and three-mode cases. Furthermore, in the
three-mode case, it clearly demonstrates three-photon
interference, which has only very recently been observed
in any system [37,38].
With a total of six quadratures, there are a number of

two-mode and three-mode coskewnesses that we can

compute. Figure 4 shows several of them. In the two-mode
case, we have a degeneracy between two of the three
generated photons; that is, two photons will go to one of the
modes. Therefore, we expect that only terms such as hI21I2i,
where one mode participates twice in the coskewness, will
be nonzero. In the three-mode case, where one photon goes
to each mode, we expect that the only nonzero coskewness
terms should contain all three modes, e.g., hI1I2I3i. This
prediction is exactly what is observed.
In an attempt to impose structure on the myriad three-

body correlators, we now look to generalize the phase
rotation analysis used in Fig. 2(c). We take as transforma-
tions to study the set of symmetry operations of an N-mode
Gaussian state, which forms the symplectic group [52], and
are generated by quadratic Hamiltonians. The symplectic
group includes squeezing operationswhich create or destroy
photons, but we restrict ourselves to the passive operations
of the group. These operations form a unitary subgroup and
include phase rotations of a single mode, with generators
such as â†i âi þ âiâ

†
i , and beam-splitter rotations between

modes, with generators such as â†i âj þ âiâ
†
j . Importantly,

we expect different cubic Hamiltonians to have different
transformation properties under these operations.
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FIG. 3. Covariance and coskewness of three-photon SPDC to
(top) two modes and (bottom) three modes measured at room
temperature. In the two-mode case, we have a degeneracy
between two of the three generated photons. This degeneracy
leads to one mode participating twice in the nonzero coskewness
term. For our choice of pump phase, the only significant
coskewness terms are then hI21I2i and hQ2

1I2i. In the three-mode
case, the only nonzero coskewness term must contain all three
modes, e.g., hI1I2I3i. To show that the observed coskewness is
coherently generated by the pump, we sweep the pump phase
from −2π to 2π and observe the effect. We see a clear oscillation
in the coskewness. The oscillations are fit well by a sinusoid.
Meanwhile, all covariance terms are essentially zero throughout
the sweep, indicating that the generated states do not contain
second-order correlations.
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Three mode

FIG. 4. Measured coskewness in (top) the two-mode case and
(bottom) the three-mode case. In the two-mode case, we consider
the three quadratures Î1, Q̂1, and Î2 as a representative sample.
The pump frequency is chosen such that mode 1 is the degenerate
mode. Accordingly, we expect only hI21I2i, hQ2

1I2i, and hI1Q1I2i
to be nonzero, which is what is observed. Their relative values are
determined by the pump phase [Eq. (B5)]. In the three-mode case,
we consider the Î quadratures of all three modes. As expected, the
only nonzero term includes all three modes, i.e., hI1I2I3i.
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With three modes, we have six quadratures, implying a
6D phase space to explore. The symplectic operations can
then be represented by 6 × 6 matrices, which can be
written as transformations between the quadratures. In
order to illustrate the transformation properties with a
3D figure, we project into a three-quadrature subspace.
The transformations then become generalized rotations
between the three chosen quadratures. Collecting the
quadratures into a 3-vector, we can explore arbitrary
combinations of the quadratures by apply a series of two
rotations according to

ðÂϕθ; B̂ϕθ; ĈϕθÞt ¼ RCðϕÞ × RBðθÞ × ðÂ; B̂; ĈÞt; ð5Þ

where Ri are standard 3D rotation matrices with the rotation
axis specified by the subscript. After the rotations, we
consider the generalized quadrature

Âϕθ ¼ cosðϕÞ cosðθÞÂ − sinðϕÞB̂þ cosðϕÞ sinðθÞĈ ð6Þ
and compute its skewness γϕθ, which, in general, is a mix of
all of the possible three-point correlators of the three
quadratures. Generalizing the one-mode case, we can think
of γϕθ representing the asymmetry of the 3D distribution of
measured quadratures with respect to the symmetry plane
perpendicular to the direction of Âϕθ.
In Fig. 5, we show spherical plots of γϕθ as a function

of θ ∈ ½0; π� and ϕ ∈ ½0; 2π� for both the two-mode and

(c)

(f)

(a) (b)

(e)(d)

FIG. 5. Third-order correlation analysis of multimode trisqueezed states. Rows 1 and 2 show results for, respectively, the two-mode
and three-mode trisqueezed states, generated by Ĥ2M and Ĥ3M. The spherical plots show γϕθ, which is the skewness of the generalized
multimode quadrature Âϕθ [see Eq. (6)], which mixes the mode quadratures through symplectic symmetry operations. The 6D phase
space of the three modes is projected into a 3D space for the purposes of visualization. Generally, γϕθ combines the contributions of the
skewness and coskewness of the three modes involved in each case. (a) Experimental data for the two-mode case, with a maximum
skewness of 0.057. (b) The theoretical prediction for the two-mode cubic Hamiltonian Ĥ2M. The clear agreement shows that the
observed state is generated by that specific Hamiltonian. (c) A plane cut of the spherical plots through the plane at ϕ ¼ 0. The theory
curve is normalized to the maximum experimental value, but otherwise the theory has no adjustable parameters. There are no lobes
apparent on the right half of the plot, because γϕθ is negative for ϕ ∈ ½π=2; 3π=2�, causing these lobes to overlap those of
ϕ ∈ ½−π=2; π=2�. (d) Experimental data for the three-mode case, with a maximum skewness of 0.024. (e) The theoretical prediction for
the three-mode cubic Hamiltonian Ĥ3M. (f) A plane cut of the spherical plots through the plane at ϕ ¼ 0.61 (35°). Again, we see a clear
agreement between the observed state and the target Hamiltonian. In particular, the antinodes (lobes) of γϕθ appear only at angles where
all three modes are mixed, as expected for genuine three-mode interference.
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three-mode cases. Explicitly, for the two-mode case, we
chose A ¼ I1, B ¼ Q1, and C ¼ I2. The transformation
specified by Eq. (5) is then first a beam-splitter rotation by
θ between mode 1 and mode 2, followed by a phase rotation
of mode 1 by ϕ (which mixes I and Q). In the three-mode
case, we have A ¼ I1, B ¼ I2, andC ¼ I3, such that Eq. (5)
describes two beam-splitter rotations among the three
modes, first coupling mode 1 and mode 3 and then modes
1 and 2. Figure 5 shows the experimental results for γϕθ
along with theoretical predictions for the states produced by
the Hamiltonians Ĥ2M and Ĥ3M in Table I. We include
details of the theoretical predictions in Appendix B. We
remark that the agreement between the theory and experi-
ment is very good. We see that different processes produce
very different shapes for γϕθ, which usefully fingerprint the
underlying Hamiltonians and allow us to see in a clear,
visual way how cleanly we generate one Hamiltonian
compared to another.
As an example, we can consider the three-mode case.

A first important feature we note is that γϕθ has nodes in the
three planes defined by the pairs of axes, that is, the planes
where we alternately fix ϕ ¼ 0, ϕ ¼ π=2, and θ ¼ π=2. We
can understand the presence of these nodes by noticing that
in these planes at least one of the modes is excluded from
the generalized quadrature Âϕθ. That is, this observation
tells us that two-mode correlators such as hI21I2i and single-
mode correlators such as hI31i are zero, exactly as we would
expect for a state generated by the pure three-mode
Hamiltonian Ĥ3M. Conversely, the antinodes (lobes) cor-
respond to the angles where the contribution of the three-
mode correlator hI1I2I3i are maximized. The pattern
therefore tells us both that we have activated Ĥ3M and
that we have not activated Ĥ1M nor Ĥ2M. We note
separately that this is strong evidence that we are observing
genuine three-mode interference.
We can understand the structure of the two-mode state in

Fig. 5(a) in a similar way. First, recall that, for our specific
choice of pump frequency (see Table I), we expect that we
are creating two photons in mode 1 and one photon in mode
2. We can then consider the behavior in the ϕ ¼ 0 plane,
also highlighted in Fig. 5(c). We see clear nodes at
θ ¼ 0ðπ=2Þ, where we are calculating the single-mode
skewness of Î1ðÎ2Þ alone, in agreement with our expect-
ations. Instead, γϕθ is maximum around θ ¼ π=4 and
θ ¼ 3π=4, where Î1 and Î2 are maximally mixed, and
we get the maximum contribution from the two-mode
correlator hI21I2i. As above, this fingerprint nicely indicates
that we are, in this case, activating Ĥ2M but not Ĥ1M. We
note that the expected lobes at θ ¼ 5π=4 and θ ¼ 7π=4 are
missing at first glance, but, in fact, they overlap the lobes at
θ ¼ π=4 and θ ¼ 3π=4, because the sign of γϕθ becomes
negative. The structure in the θ ¼ π=2 plane can be
explained in a similar way, except there we are mixing
Q̂1 and Î2.

We can generate several more of these projections of the
6D phase space into 3D, but it is already clear from these
two examples that the structure of γϕθ is a useful way to
characterize the output state. In particular, with a library of
the possible forms generated by different cubic
Hamiltonians, we can quickly see which one is generating
the observed state. By observing the relative depth of nodes
compared to the antinodes, we can also appreciate how
purely we generate just a single member of the cubic
Hamiltonian family. For instance, for the three-mode data
shown in Fig. 5(d), this ratio is approximately 10−4,
indicating a high degree of purity.

C. Correlation feed-forward

In this section, we explore more deeply the striking
feature that our observed three-photon states exhibit three-
mode correlations (skewness) in the absence of two-mode
correlations (covariance), which is in strong contrast to the
conventional two-photon states and Gaussian states gen-
erally. An interesting experimental observation in this
direction is that, while the three-mode trisqueezed state
does not show covariance between any pairs of modes
when starting from a vacuum state, we observe that by
seeding one of the three modes with a weak coherent tone
the noise power emitted from the other modes is enhanced
and that it then has nonzero covariance. Similarly, in the
two-mode trisqueezed state, by seeding the mode partici-
pating only once, i.e., mode 2, we observe the emission of
squeezed noise from the other mode. These results can be
understood from the point of view of dynamical constraints
imposed by the conservation of energy. In the standard two-
photon case, signal and idler photon pairs are constrained to
have a symmetric detuning around fp=2. In the rotating
frame at fp=2, the phasors of the signal and idler photons
precess at the same frequency, but in opposite directions,
such that the axis (phase) of the sum phasor is stationary in
time and the same for all pairs. This preferred phase gives
rise to the observed covariance between the signal and idler
modes. In the three-photon case, we have three free
frequencies (energies) with no fixed relation between them
for any pair of photons, washing out the two-mode
correlations. Seeding effectively fixes one photon fre-
quency in the resulting stimulated emission, leaving a
fixed relation between the other two, which produces
correlations similar to two-photon SPDC.
This argument suggests that, by having information

about one mode, it should be possible to reveal the two-
mode correlation of the remaining modes. That is, by
conditioning our measurements of the remaining modes on
the measurement of the first “reference” mode, we should
be able recover a conditional distribution with two-mode
correlations. To validate our hypothesis, we perform the
following “correlation feed-forward” protocol. First, we
estimate the phase of the reference mode for every sample
period using the standard relation ϕref ¼ tan−1ðQref=IrefÞ.
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(Our data are sampled at 1 MHz, corresponding to an
integration time of 1 μs.) We then rotate the quadratures of
the remaining modes using ϕref , as illustrated in Fig. 6. The
action of the phase rotation can again be explained by
energy conservation: as the frequencies of the three photons
must sum to fp, a small frequency shift ðδfrefÞ from the
center in the reference mode needs to be compensated by
changes in the other two modes. In the three-mode case, we
use mode 1 as the reference and apply rotations by ϕ1=2 to
modes 2 and 3. Table II shows the resulting correlations
recovered.
We also apply the protocol to the two-mode trisqueezed

state, using mode 2 as the reference. After doing this
process, we see squeezing effects in mode 1 with a ratio in
the variance of x̂ to p̂ of 1.11, compared to 1.00 without
the feed-forward. To visualize the effect of the correlation
feed-forward protocol, in Fig. 7 we show a histogram of
the corrected quadratures after subtracting the system noise
histogram. We can clearly see a stretching of the dis-
tribution along the x̂ quadrature, indicating squeezinglike
correlations.

These results validate our hypothesis about the condi-
tional structure of two-mode and three-mode correlations in
our system. At the same time, the correlation feed-forward
demonstrations here are only proofs of principle, because
our phase measurements are strongly contaminated by the
system noise. In future work, it would be interesting to
explore the fundamental limits of this reconstruction
method.

IV. CONCLUSION

In this work, we demonstrate a device which implements
efficient three-photon SPDC in the microwave domain. The
device is highly flexible, allowing us to perform single-
mode, two-mode, and three-mode SPDC by simply select-
ing the appropriate pump frequency. We carefully compare
the observations of various features of the three-photon
SPDC states, verifying that our output signal is generated
by the chosen interaction Hamiltonian. By extending
parametric interactions to higher order, our device opens
up novel possibilities that will enable a new wave of novel
experimental and theoretical studies in microwave quantum
optics.
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APPENDIX A: ENGINEERING CUBIC
INTERACTIONS IN CIRCUIT QED

In these notes, we explore the possibility of engineering
three-photon processes in a superconducting circuit archi-
tecture. For this purpose, we exploit the asymmetry
between the two junctions of a dc SQUID as well as the
resonant selection of terms of a Hamiltonian by means of a
time-dependent bias on the SQUID. For simplicity, we drop
the hats from the quantum operators in the Appendixes.

1. Asymmetric SQUID

Consider the circuit depicted in Fig. 8. The Lagrangian
describing it is

LSQUID ¼
X2
j¼1

�
CJ;j

2
_Φ2
j þ EJ;j cos

�
2π

Φj

Φ0

��
; ðA1Þ

with EJ;1 ≠ EJ;2, CJ;1 ≠ CJ;2, and Φ0 ¼ h=2e the flux
quantum. One of the flux variables can be eliminated by
means of the fluxoid quantization condition:

Φext ¼ Φ2 −Φ1:

We now introduce the change of variables

Φ1 ¼ Φ −
Φext

2
; ðA2Þ

Φ2 ¼ ΦþΦext

2
: ðA3Þ

Rewriting Eq. (A1) in terms of Eqs. (A2) and (A3), we
arrive to

LSQUID ¼ CT

2
_Φ2 þ EJðΦextÞ cos

�
2π

Φ
Φ0

− α

�
; ðA4Þ

with CT ¼ CJ;1 þ CJ;2,

EJðΦextÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
J;1þE2

J;2þ2EJ;1EJ;2cos

�
2π

Φext

Φ0

�s
; ðA5Þ

and

α ¼ arctan

�
tan

�
π
Φext

Φ0

�
EJ;1 − EJ;2

EJ;1 þ EJ;2

�
: ðA6Þ

We can find a simplified, approximate form for EJ by
first defining EJ;1 ¼ E and EJ;2 ¼ Eþ δ along with
Δ ¼ δ=2E. To first order in Δ, we find

EJ;1 − EJ;2

EJ;1 þ EJ;2
¼ ΔþOðΔ2Þ;

EJðΦextÞ� ≃ 2E
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Δ

p ���� cos
�
Φext

2φ0

�����; ðA7Þ

which has a form similar to a symmetric SQUID. For
Φext=φ0 around π=4, moderate asymmetries ofΔ ≃ 0.2 give
errors smaller than 3%.

2. Transmission line resonator+SQUID Lagrangian

From Eq. (A4), the Lagrangian for a transmission line
resonator of length d terminated by a SQUID placed at
x ¼ d (see Fig. 9) is

FIG. 8. Lumped-element description of a dc SQUID.
FIG. 9. Lumped-element description of a transmission line
resonator terminated by a SQUID (adapted from Ref. [50]).
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L ¼ 1

2

Z
d

0

dxfc½ _Φðx; tÞ�2 − l−1½∂xΦðx; tÞ�2g

þ EJ½ΦextðtÞ� cos
�
Φðd; tÞ
φ0

− αðtÞ
�

with c and l the capacitance and inductance per unit length
of the resonator, respectively. In general, the external flux
Φext threading the SQUID does not need to be static.
Following Eq. (A6), a time-dependent external signal
renders the phase α time dependent as well.
Notice that if α ¼ const, we can redefine the field as

Φðx; tÞ → Φðx; tÞ þ φ0α in order to get rid of the shift in
the cosine potential. This transformation leaves the reso-
nator Lagrangian invariant.
Now, consider the following time-dependent functions:

ΦextðtÞ ¼ Φ0
ext þ δΦextðtÞ; ðA8Þ

αðtÞ ¼ α0 þ δαðtÞ: ðA9Þ

In both cases, jδΦextðtÞj=Φ0
ext; jδαðtÞj=α0 ≪ 1. Once again,

we can redefine the field as Φðx; tÞ → Φðx; tÞ þ φ0α
0, i.e.,

shift it around the constant offset α0. Nevertheless, this time
we are left with the small (time-dependent) fluctuations
δαðtÞ around α0: cos½Φðd; tÞ=φ0 − δαðtÞ�.
Following our discussion in the previous section, we can

approximate the Josephson energy by Eq. (A7). In addition,
from Eq. (A8) we can write

ΦextðtÞ
2φ0

¼ φ̄þ λgðtÞ; ðA10Þ

with λ assumed to be small.
Thus, up to first order in λ we have

cos
�
ΦextðtÞ
2φ0

�
≃ cosðφ̄Þ − λ sinðφ̄ÞgðtÞ;

and

EJ½ΦextðtÞ� ≃ Ē½1 − λ tan φ̄gðtÞ�;

where we define Ē ¼ 2E
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Δ

p
cos φ̄.

Similarly, from Eqs. (A6) and (A10),

αðtÞ ≃ arctan ½tanðφ̄ÞΔ� þ λ
sec2 φ̄Δ

1þ ½tanðφ̄ÞΔ�2 gðtÞ: ðA11Þ

We identify the second term on the right-hand side of
Eq. (A11) with δαðtÞ:

δαðtÞ ¼ λ
sec2 φ̄Δ

1þ ½tanðφ̄ÞΔ�2 gðtÞ:

From now on, we write the latter as δαðtÞ ¼ λδᾱgðtÞ. For
our experimental SQUID asymmetry ofΔ ¼ 0.26, a typical
working point of φ̄ ¼ 0.045π gives δᾱ ¼ 0.26.
So far, we have considered a perturbative expansion in

small oscillations of the external flux threading the SQUID
loop. Now, we expand in terms of small oscillations of the
resonator flux at the SQUID position Φðd; tÞ≡ΦJ:
ΦJ=φ0 ≪ 1. Expanding the cosine potential as

cos

�
ΦJ

φ0

−δα

�

¼ 1−
1

2!

�
ΦJ

φ0

−δα

�
2

þ 1

4!

�
ΦJ

φ0

−δα

�
4

þO

�
ΦJ

φ0

−δα

�
6

≃1−
1

2!

�
ΦJ

φ0

�
2

þδα

�
ΦJ

φ0

�
þ 1

24

�
ΦJ

φ0

�
4

þ1

6
δα

�
ΦJ

φ0

�
3

;

where we neglect terms of the order of Oðλ2Þ and
O½ðΦJ=φ0Þ5�. In this way, we get the total Lagrangian in
the small fluctuations and amplitude approximation

L ¼ L0 þ L1;

with L0 the linear part

L0 ¼
1

2

Z
d

0

dxfc½ _Φðx; tÞ�2 − l−1½∂xΦðx; tÞ�2g

þ λĒðδᾱÞgðtÞ
�
ΦJ

φ0

�
−
1

2
Ē½1 − λ tan φ̄gðtÞ�

�
ΦJ

φ0

�
2

ðA12Þ
and L1 the nonlinear or interacting part

L1 ¼
1

6
λĒðδᾱÞgðtÞ

�
ΦJ

φ0

�
3

þ 1

24
Ē½1 − λ tan φ̄gðtÞ�

�
ΦJ

φ0

�
4

:

ðA13Þ
Following the standard procedure [53], we first diagonalize
Eq. (A12). We then reintroduce the linear normal mode
decomposition into L1. This last step is valid only when-
ever the energy of the nonlinear terms is much smaller than
the normal modes’ frequencies.

a. Linear Lagrangian

Up to second order in the flux amplitude, the resonator
terminated by a SQUID is described by the Lagrangian L0.
The SQUID contributes with both a linear and a quadratic
term. The quadratic term can be understood as an inductive
contribution. The linear term corresponds to a classical
drive. This correspondence is an undesirable consequence
of breaking the SQUID symmetry; however, this term can
safely be neglected in the operation regimes explored
here (because the pump frequency is off resonant with
the resonator modes).
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As a first approximation, we consider the normal modes
of the system in the absence of a modulation, i.e., λ ¼ 0. In
this regime, the field in the resonator satisfies the wave
equation, which, in turn, can be solved using a separation of
variables ansatz:

Φðx; tÞ ¼
X∞
n¼1

ϕnðtÞ cosðknxÞ: ðA14Þ

The boundary condition (current conservation) at the
position of the SQUID (x ¼ d),

1

l
∂xΦðd; tÞ þ Ē

φ2
0

Φðd; tÞ ¼ 0;

determines the normal modes kn via the condition

ðkndÞ tanðkndÞ ¼ ld
Ē
φ2
0

: ðA15Þ

Using Eqs. (A14) and (A15) in Eq. (A12), we get

L0 ¼
1

2

X∞
n¼1

fcn _ϕ2
n − l−1n ϕ2

ng þ λgðtÞ
X∞
n¼1

Mð1Þ
n ϕnðtÞ

þ λgðtÞ tan φ̄
X
n;m

Mð2Þ
nmϕnðtÞϕmðtÞ; ðA16Þ

with

cn ¼
cd
2

�
1þ sinð2kndÞ

2knd

�
;

l−1n ¼ ðkndÞ2
2ld

�
1 −

sinð2kndÞ
2knd

�

and

Mð1Þ
n ¼ ðδᾱÞ Ē

φ0

cosðkndÞ;

Mð2Þ
n ¼ 1

2
Ēφ−2

0 cosðkndÞ cosðkmdÞ:

b. Nonlinear terms and the Hamiltonian

Using the normal mode decomposition [Eqs. (A14) and
(A15)], we can rewrite Eq. (A13) as

L1 ¼ λgðtÞ
X
n;m;l

Mð3Þ
nmlϕnϕmϕl þ ½1 − λ tanðφ̄ÞgðtÞ�

×
X

n;m;l;p

Mð4Þ
nmlpϕnϕmϕlϕp; ðA17Þ

with the coefficients

Mð3Þ
nml ¼

1

6
Ēφ−3

0 ðδᾱÞ cosðkndÞ cosðkmdÞ cosðkldÞ;

Mð4Þ
nmlp ¼ 1

24
Ēφ−4

0 cosðkndÞ cosðkmdÞ cosðkldÞ cosðkpdÞ:

From Eqs. (A16) and (A17), we derive the Hamiltonian
by means of a Legendre transformation and by introducing
the conjugate variables qn ¼ ∂L=∂ _ϕn ¼ cn _ϕn with
L ¼ L0 þ L1:

H ¼ 1

2

X∞
n¼1

fc−1n q2n þ l−1n ϕ2
ng − λgðtÞ

X∞
n¼1

Mð1Þ
n ϕn

− λgðtÞ tan φ̄
X
n;m

Mð2Þ
nmϕnϕm − λgðtÞ

X
n;m;l

Mð3Þ
nmlϕnϕmϕl

− ½1 − λ tanðφ̄ÞgðtÞ�
X

n;m;l;p

Mð4Þ
nmlpϕnϕmϕlϕp:

Finally, we arrive to the quantum Hamiltonian by promot-
ing the conjugate fields ϕn and qn to operators satisfying
the bosonic commutation relation ½ϕn; qm� ¼ iδnm.
Our next step is to rewrite the Hamiltonian in terms of the

normal modes’ creation and annihilation operators ϕn ¼
κnða†n þ anÞ and qn ¼ iθnða†n − anÞ, with κn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2ωncn

p
and θn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωncn=2

p
. In this way, we obtain our desired

result

H ¼
X∞
n¼1

ωna
†
nan − λgðtÞ

X∞
n¼1

M̄ð1Þ
n ða†n þ anÞ

− λgðtÞ tan φ̄
X
n;m

M̄ð2Þ
nmða†n þ anÞða†m þ amÞ

− λgðtÞ
X
n;m;l

M̄ð3Þ
nmlða†n þ anÞða†m þ amÞða†l þ alÞ

− ½1 − λ tanðφ̄ÞgðtÞ�
X

n;m;l;p

M̄ð4Þ
nmlpða†n þ anÞ

× ða†m þ amÞða†l þ alÞða†p þ apÞ; ðA18Þ

with M̄ð1Þ
n ¼κnM

ð1Þ
n , M̄ð2Þ

nm¼κnκmM
ð2Þ
n , M̄ð3Þ

nml¼κnκmκlM
ð3Þ
nml,

and M̄ð4Þ
nmlp ¼ κnκmκlκpM

ð4Þ
nmlp.

3. Three-photon processes

Now we want to select certain third-order processes by
means of the external modulation gðtÞ.

a. Single-mode spontaneous parametric
down-conversion

The Hamiltonian we aim to engineer is of the form

H1M ∼ a†3 þ a3: ðA19Þ
Restricting to a single normal mode a≡ a1, in the
interaction picture with respect to ωa†a, the Hamiltonian
(A18) is
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HIðtÞ ¼ −λgðtÞM̄ð1Þ½a†ðtÞ þ aðtÞ� − λgðtÞM̄ð3Þ½a†ðtÞ
þ aðtÞ�3 − ½1 − λ tanðφ̄ÞgðtÞ�M̄ð4Þ½a†ðtÞ þ aðtÞ�4;

with aðtÞ ¼ a expð−iωtÞ. In Hamiltonian (A19), we have
terms rotating with �3ω. We choose the driving gðtÞ to be
of the form

gðtÞ ¼ cosð3ωtÞ:
Upon this choice, we are left with the following non-
rotating terms:

H1M ≃ −λM̄ð3Þða†3 þ a3Þ; ðA20Þ
which is the single-mode interaction Hamiltonian from the
main text. The total effective Hamiltonian in the rotating-
wave approximation (RWA) is

Heff ¼ −6M̄ð4Þa†2a2 − λM̄ð3Þða†3 þ a3Þ; ðA21Þ
where the Kerr interaction is due to the static part of the
SQUID potential.

b. Three-mode spontaneous parametric
down-conversion

The Hamiltonian we wish to engineer is

H3M ∼ a1a2a3 þ a†1a
†
2a

†
3: ðA22Þ

In the latter, we have terms rotating with�ðω1 þ ω2 þ ω3Þ.
Therefore, we choose the driving gðtÞ to be of the form

gðtÞ ¼ cos½ðω1 þ ω2 þ ω3Þt�:
Upon this choice, we are left with the following non-
rotating terms:

H3M ≃ −λM̄ð3Þ
123ða1a2a3 þ a†1a

†
2a

†
3Þ; ðA23Þ

which is the three-mode interaction Hamiltonian from the
main text. The total effective Hamiltonian in the RWA is

Heff ¼ −6
X
i

M̄ð4Þ
i a†2i a2i − 4

X
ij

M̄ð4Þ
ij ða†i aiÞða†jajÞ

− λM̄ð3Þ
123ða1a2a3 þ a†1a

†
2a

†
3Þ: ðA24Þ

Similar to the previous case, the Kerr interactions are due to
the static part of the SQUID potential.

c. Effects of the Kerr interactions

Similar to the case of standard two-photon SPDC, the
Kerr terms in Eqs. (21) and (24) help to stabilize the cavity
amplitude under steady-state pumping conditions through
an autonomous feedback mechanism [54]. That is, as the
cavity amplitude increases, the Kerr terms induce fre-
quency shifts that move the modes out of resonance with
the pump. At higher powers, we also expect that the Kerr
terms may limit the degree of third-order correlation that
can be achieved, in much the same that they limit conven-
tional squeezing in two-photon SPDC.

APPENDIX B: THIRD-ORDER CORRELATION
ANALYSIS OF TRISQUEEZED STATES

1. Three-mode SPDC

In this section, we analyze the predicted transformation
properties of the correlators considered in the paper. As a
first example, we take the three-mode case governed by
H3M as an example, analyzing the skewness of the gene-
ralized quadrature Iϕθ ¼ I1 cosðϕÞ cosðθÞ − I2 sinðϕÞþ
I3 cosðϕÞ sinðθÞ. As in the text, we use the convention
Ik ¼ ak þ a†k.
To predict the form of hI3ϕθi, we consider our system

evolving from the vacuum state under the action of

H3M ≃ −λM̄ð3Þ
123ða1a2a3eiη þ a†1a

†
2a

†
3e

−iηÞ; ðB1Þ

where we slightly generalize Eq. (A23) to include the pump
phase η. We then note that we can estimate the expectation
value of any observable O using perturbation theory as

hOi ¼ h0jOj0i − ith0jOH3Mj0i þ ith0jH3MOj0i þOðλ2Þ:
ðB2Þ

Now expanding I3ϕθ and noting that quadrature operators of
different modes commute, the skewness is

hI3ϕθi ¼ h½cosðϕÞ cosðθÞI1 − sinðϕÞI2 þ cosðϕÞ sinðθÞI3�3i
¼ 1hI1I1I1i cos3ðϕÞ cos3ðθÞ − 1hI2I2I2i sin3ðϕÞ þ 1hI3I3I3i cos3ðϕÞ sin3ðθÞ − 3hI1I1I2i cos2ðϕÞ cos2ðθÞ sinðϕÞ
þ 3hI1I1I3i cos3ðϕÞ cos2ðθÞ sinðθÞ þ 3hI1I2I2i cosðϕÞ cosðθÞ sin2ðϕÞ − 6hI1I2I3i cos2ðϕÞ cosðθÞ sinðϕÞ sinðθÞ
þ 3hI1I3I3i cos3ðϕÞ cosðθÞ sin2ðθÞ þ 3hI2I2I3i sin2ðϕÞ cosðϕÞ sinðθÞ − 3hI2I3I3i sinðϕÞ cos2ðϕÞ sin2ðθÞ:

Importantly, we note that each correlator contributes a different geometric form factor to hI3ϕθi allowing us to identify the
correlations present from the shape of hI3ϕθi.
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To find an explicit form generated by our Hamiltonian,
we observe that

h0jI3ϕθj0i ¼ 0;

as the vacuum is a Gaussian state. In h0jI3ϕθH3Mj0i and
h0jH3MI3ϕθj0i, the only nonzero expectation values come
from the quadrature products containing all three modes,
i.e., I1I2I3. In particular,

h0jI3ϕθH3Mj0i ¼ 6λM̄ð3Þ
123cos

2ðϕÞ cosðθÞ

× sinðϕÞ sinðθÞe−iηh0ja1a2a3a†1a†2a†3j0i
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{¼1

;

h0jH3MI3ϕθj0i ¼ 6λM̄ð3Þ
123cos

2ðϕÞ cosðθÞ

× sinðϕÞ sinðθÞeiηh0ja1a2a3a†1a†2a†3j0i
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{¼1

:

Putting the above together, we find

hI3ϕθi ≈ itðh0jH3MI3ϕθj0i − h0jI3ϕθH3Mj0iÞ
¼ −12λtM̄ð3Þ

123 cos
2ðϕÞ cosðθÞ sinðϕÞ sinðθÞ sinðηÞ:

ðB3Þ

Similarly, we can compute hQ3
ϕθi where Ik is now replaced

by Qk ¼ −iðak − a†kÞ. With the same approach, we obtain

hQ3
ϕθi ≈ −12λtM̄ð3Þ

123 cos
2ðϕÞ cosðθÞ sinðϕÞ sinðθÞ cosðηÞ:

ðB4Þ

Regarding the role of the pump phase η, we observe that the
choice of η simply rotates correlations between the I and Q
quadratures. The normalized version of Eq. (B1) with
η ¼ π=2 gives the theory plot in Fig. 5 of the main text.
As this particular form factor is contributed only by the
three-mode coskewness hI1I2I3i, this shape is a distinctive
fingerprint of H3M. Its match with the experimental data is
therefore a strong indication of the purity of the down-
conversion process.

2. Two-mode SPDC

For two-mode SPDC, we consider the Hamiltonian

H2M ≃ −λM̄ð3Þ
112ða1a1a2eiη þ a†1a

†
1a

†
2e

−iηÞ:

Following the main text, we consider the skewness of the
generalized two-mode quadrature Iϕθ ¼ I1 cosðϕÞ cosðθÞ−
Q1 sinðϕÞ þ I2 cosðϕÞ sinðθÞ. With a similar expansion as
above, we observe that, under the action of H2M, the only
nonzero skewness terms are those involving mode 1 twice

and mode 2 once, i.e., hI1I1I2i, hI1Q1I2i, and hQ1Q1I2i.
Accordingly, we find

hI3ϕθi ≈ itðh0jH2MI3φj0i − h0jI3φH2Mj0iÞ
¼ 12λM̄ð3Þ

112t½cos3ðϕÞ cos2ðθÞ sinðθÞ
− sin2ðϕÞ cosðϕÞ sinðθÞ� sinðηÞ
− 24λM̄ð3Þ

112t½cos2ðϕÞ cosðθÞ sinðϕÞ sinðθÞ� cosðηÞ:
ðB5Þ

The terms proportional to sinðηÞ are contributed by hI1I1I2i
and hQ1Q1I2i, while the term proportional to cosðηÞ is
contributed by hI1Q1I2i. A slight offset from η ¼ π=2
therefore explains the residual value of hI1Q1I2i in Fig. 4 of
the main text. For the theory plot in Fig. 5(b), we use
exactly η ¼ π=2.

3. Single-mode SPDC

With the same approach, we can also predict the skew-
ness of the generalized quadrature Iφ ¼ I cosðφÞþ
Q sinðφÞ, for different φ under the interaction given by
H1M [see Eq. (A20)]. Using our definition of I and Q, we
can expand I3φ as

I3φ ¼ a3e−i3φ þ a†3ei3φ þ a2a†e−iφ þ aa†ae−iφ þ aa†a†eiφ

þ a†aae−iφ þ a†aa†eiφ þ a†a†aeiφ: ðB6Þ

Following the same approach as above, we find

h0jH1MI3φj0i ¼ −λM̄ð3Þh0ja3eiηei3φa†3j0i
¼ −6λM̄ð3Þeiðηþ3φÞ

and

h0jI3φH1Mj0i ¼ −λM̄ð3Þh0ja3e−iηe−i3φa†3j0i
¼ −6λM̄ð3Þe−iðηþ3φÞ;

finally giving

hI3φi ≈ itðh0jH1MI3φj0i − h0jI3φH1Mj0iÞ
¼ 12tλM̄ð3Þ sinð3φþ ηÞ: ðB7Þ
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