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Several thousand compounds from the Inorganic Crystal Structure Database have been considered as
nanograined, sintered-powder thermoelectrics with the high-throughput ab-initio AFLOW framework.
Regression analysis unveils that the power factor is positively correlated with both the electronic band
gap and the carrier effective mass, and that the probability of having large thermoelectric power factors
increases with the increasing number of atoms per primitive cell. Avenues for further investigation are
revealed by this work. These avenues include the role of experimental and theoretical databases in the

development of novel materials.
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L. INTRODUCTION

Thermoelectric materials, converting heat into electric
power, are one of the subjects of growing interest in the
field of energy conversion [1-3]. Currently, energy harvest-
ing through thermoelectrics is limited by the low efficien-
cies of present commercial solutions [2]. To tackle the
problem, several nanostructured materials have been pro-
posed since the late 1990s [4]. Among them, the sintered
powder nanocomposites stand out as cost-effective solu-
tions with improved thermoelectric efficiency [5-9]. In
these materials, the presence of grain boundaries alters
the electron- and phonon-scattering mechanisms. In par-
ticular, the shorter phonon mean free path leads to a
thermal conductivity, x, smaller than the bulk value. A
low « is a required ingredient in the recipe for a good
thermoelectric system. The conversion capability of a sys-
tem is captured by the dimensionless figure of merit, ZT =
P - T/k. Here, T is the temperature and P = ¢S? is the
power factor, with o being the electrical conductivity and S
the Seebeck coefficient. In addition to a small «, a large
P is another ingredient for efficient materials. While
experimental trial-and-error approaches are expensive
and time-consuming, theoretical investigations, especially
within the high-throughput approach [10,11], could
be both cost- and time-effective in pinpointing good
candidates.

There are two different approaches for assessing
thermoelectric properties from first principles. In the low-
throughput approach, the properties are addressed as
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accurately as possible by using a minimum possible
number of assumptions and adjustable parameters. A few
articles have been published in this direction, which solve
the Boltzmann transport equation [12], and aim at comput-
ing all the scattering rates ab initio (e.g., Ref. [13] for SiGe,
and Refs. [14,15] or [16] for mobility or « of Si, respec-
tively). The approach is accurate, but it is limited to perfect
crystals and simple alloys: it is computationally very ex-
pensive and usually difficult to transfer to other systems. In
the high-throughput (HT) approach, rather than high accu-
racy, the goal is to compute as many compounds as pos-
sible using highly automated techniques. Results are then
saved in large material databases for further processing
(e.g., the databases in Ref. [17]). The HT approach has
been used to find new materials and trends with
data-mining algorithms [10,11,18-21]. As an example,
Madsen reported an ab-initio search for thermoelectrics
containing Zn and Sb [22]. Both approaches have advan-
tages: the HT method generates more candidates than the
low-throughput one, but the tradeoff between accuracy and
speed/transferability results in occasional outliers in the
HT method, which have to be corrected manually.

The constant-relaxation-time approximation, very com-
mon in ab-initio transport calculations [22,23], is hardly
justifiable within HT frameworks, since carriers in differ-
ent materials have different relaxation times, 7,. Therefore,
many works have restricted the search to the value of the
Seebeck coefficient only, which does not depend on 7,
within the constant-relaxation-time approximation. The
Seebeck coefficient alone, however, is not enough for
comparing thermoelectrics. There is a necessary practical
rule related to S: To have ZT > 1 at room temperature, one
needs S > 156 wV/K. (This can be easily derived from the
Wiedemann-Franz law.) Although not sufficient, the
threshold can be used to reduce the size of the candidate
pool.
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For sintered powders, the situation is radically different.
For these systems, a simple and physically sound model
adequate for HT calculations can be introduced. Grain
boundaries strongly affect carrier scattering. It is reason-
able to assume that, for rough interfaces, the scattering
becomes diffusive: Carriers lose the memory about their
path, and they get scattered in all directions with equal
probability. This picture, forming the basis of the “diffuse-
mismatch model”” of phonon transport, has been employed
with success for understanding the thermal conductance of
solid-solid interfaces [24-27]. Thus, it is reasonable to
assume a similar diffusive-scattering ansatz for the limiting
effect of grain boundaries on charge transport: The carrier
mean free path (MFP), A, becomes of the order of the
grain size, L. For grains smaller than the MFP of the
bulk, one can approximate A =~ L. Contrary to the constant-
relaxation-time approximation, this assumption, called the
constant-mean-free-path approximation, is based on physi-
cal grounds. The value of A is not fitted from experimental
data, but it is concretely linked to a well-defined quantity,
the grain size. This allows for fair comparisons between
power factors so that good candidates for sintering are
possibly selected.

Representing with AU the average electron MFP in
bulk single crystals, we define the small-grain-size (SGS)
limit of a material as the regime where L < A2 and where
the power factor P becomes proportional to the grain size,
P =A-L, where A is a material’s specific constant [9].
Outside of this regime (i.e., for large grain sizes), the power
factor tends to its bulk value. Often, the grain-size reduc-
tion affects phonon transport before it changes electron
transport. This is because bulk phonon mean free paths
Ak are often larger than bulk electron ones A2*'*. Then, in
the cases where A2k < [ < )\Bﬁ“‘, the lattice thermal con-

ductivity will be proportional to the grain size L, and ZT is
expected to increase as 1/L. When L < A2, the power
factor becomes proportional to the grain size, and therefore
ZT saturates to a maximum value when the SGS limit is
reached. This approximate argument suggests that the best
ZT of a sintered material will be achieved within the SGS
limit. Assessing the relative small-grain-size capabilities of
different materials tells us whether their power factors are
more likely to be higher or lower relative to each other in
the SGS limit (i.e., when ZT is maximized). The charac-
terization does not conclude which materials have the
highest absolute ZT, as this would require knowing the
lattice thermal conductivity. Nevertheless, a high power
factor is a crucial property for a thermoelectric material,
since the maximum power that can be generated by a
device is directly related to its power factor Py, as
W= PdeVAT2/4Ldev [1]

In this article, we develop the model for sintered pow-
ders, focusing on the ordering of the power factors within
the SGS limit. We present the results for more than
2500 compounds extracted from the online repository of

electronic-structure calculations AFLOWLIB (the first data-
base in Ref. [17]), based on compounds from the Inorganic
Crystal Structure Database (ICSD) [28,29]. We then intro-
duce regression analysis to reveal correlations between the
power factor and different physical quantities such as
carrier mass and band structures.

II. COMPUTATIONAL SCHEME FOR THE POWER
FACTOR OF SMALL-GRAINED COMPOUNDS

A. Transport-property calculations

The power factor, P = oS?, is calculated from the defi-
nitions of the electrical conductivity o and the Seebeck
coefficient, S:

2
o= [ Ffoll = fo)S(e)de, (1)

e

s= S [l = e - wiede @)
ok B T

where f, = 1/[el¢=#/kT — 1] is the Fermi-Dirac distri-
bution function, w is the chemical potential, T is the
temperature, A is the mean free path, and 3(€) is an
energy-dependent function defined below. As usual, we
find the maximum power factor by adjusting the chemical
potentials for both n- and p-doped compounds [14].

Especially at high concentrations, dopants can signifi-
cantly alter the electronic structures of the host compounds
and might invalidate the rigid-band approximation (RBA)
used in our calculations. It has been shown that the RBA
fails when the Fermi level is ~0.1 eV into the band [30].
Certainly, more accurate results of P could be obtained by
characterizing the whole electronic structure at different
doping levels. However, due to the size of the materials
library, this task is not computationally feasible within the
current HT approach. Furthermore, the optimized power
factors typically occur for the Fermi level about 0.02 eV
into the band, in a regime in which the RBA is expected to
be applicable [14,15,31,32]. Hence, we consider the RBA
to be a reasonable compromise between efficiency and
accuracy.

The function 2(e€) is related to the scattering and the
electronic structure. For small-grained compounds, bound-
ary scattering dominates. As discussed before, we assume a
constant-mean-free path A equal to the average grain size.
The lifetime for a given state of momentum k, band index
a, and velocity V. 18 7o = A/|V,4 k|- The function 2 (e)
is defined as

1 Ta,
E(E) =w2];32 /\k

1 1
= 8?2 j;gz|v—k|(v;’k)26(6 - ea/,k)dk‘ (3)

Here, v® is the electron group velocity in the transport
direction, and the integral is carried out over the first

v i) (e — €41)dk
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Brillouin zone (BZ). We have performed transport calcu-
lations in all of the three principal axes. To obtain the
power factor of the sintered powders, one needs to consider
the random distribution of the grains. Although effective-
medium theories have been developed to model random
systems, the calculation requires the direction-dependent
thermal conductivities of the grains [33]. Without this
information, the safest guess is that the power factor will
fall between the minimum and maximum values calculated
along the principal axes. (Values are listed in the supple-
mental material; see Ref. [34].)

To integrate Eq. (3), we use a uniform grid in the first BZ
and calculate energies and velocities at the various points:
{€an> Vant- We choose a mesh of at least 10000 points,
obtained by interpolating the HT ab-initio values and by
using the modified-quadratic-Shepard method [35]. The
function X (e€) reduces to the summation

Ngrid

1 1
2’(6) = VONg ; |Va’k| (Ufi,n)zga(e - ea,n)’ (4)

where g,(x) = ¢ "/’ /a /7 is a Gaussian function, Norid
is the number of grid points, and V) is the volume per atom.
An adjustable Gaussian smearing parameter a is used to
control the smoothness of 2(€). This parameter, related
to the energy spacing of the underlying grids, is optimized
to obtain acceptable integration smoothness without losing
information from the electronic-structure data: a is chosen
as the “k-points-average” energy difference between the
eigen-energies close to the gap edges (within 1 eV).

B. High-throughput ab-initio calculations
of band structures

The electronic-structure calculations of the AFLOWLIB
repository [36] are performed within the high-throughput
framework AFLOW [10,11,37-39], based on the ab-initio
VASP package [40,41]. AFLOW automatically scans the
ICSD [28,29], produces geometrical input files, sets appro-
priate parameters, runs the VASP electronic-structure cal-
culations, and upload the results in the online AFLOWLIB
database.

Density functional theory is used with augmented-wave
pseudopotentials [42,43], and with the generalized gra-
dient approximation for exchange-correlation functions
(Perdew-Burke-Ernzerhof [44]). Calculations are per-
formed without zero-point motion and at zero temperature.
All structures are fully relaxed several times. Convergence
tolerance of ~1 meV/atom is expected using dense grids
of 3000—4000 k points per reciprocal atom (KPPRA). At
the beginning of the structural relaxation, a spin-polarized
calculation is performed for all structures. If the magneti-
zation is smaller than 0.025 wg/atom, the spin degree of
freedom is further neglected to enhance speed. A much
denser grid with 10000 KPPRA is used to produce accu-
rate charge densities and density of states. In all the grid

TABLE I. Values of U parameters (in eV) for the Dudarev’s
GGA + U approach implemented in AFLOW. Data taken from
Ref. [10] and references therein.

Ti \Y% Ctr Mn Fe Co N Cu Zn Ga
44 27 35 40 46 50 51 40 75 39

Nb Mo Te¢ Ru Rh Pd Cd In
21 24 27 30 33 36 21 19

Ta W Re Os Ir Pt
20 22 24 26 28 30

La Ce Pr Gd Nd Sm Eu Tm Yb Lu
75 63 55 60 62 64 54 60 63 38

generations, the Monkhorst-Pack scheme [45,46] is used
except for face-centered cubic, hexagonal, and rhombohe-
dral systems, in which a I'-centered mesh is automatically
adopted for faster convergence. In addition, the effective
density of k points in each reciprocal direction is chosen
self-consistently so that it forms a Bravais lattice compat-
ible with the reciprocal lattice. After this step, a mesh of at
least 10000 true k points is interpolated [35] for integrat-
ing the power factor [47]. On-site Coulomb interactions of
localized electrons are corrected with the DFT + U tech-
nique [48] for 3d-orbitals in transition metals and
4f-orbitals in lanthanides. Dudarev’s [49] implementation
of DFT + U is used. It relies on Uy = U — J, the differ-
ence between the Hubbard-like Coulomb interaction U and
the screened Stoner exchange parameter J. The used values
of Uy are listed in Table I and in Ref. [10]. For all the
possible Brillouin-zone shapes, the band structures’ inte-
gration paths are taken from the AFLOW standard [11].

ITI. ANALYSIS AND DISCUSSION
OF THE RESULTS

The 20 n- and p-doped powders with the highest SGS
power factor normalized to grain size (P/L) are shown in
Fig. 1. (The properties of all compounds included in this
study are listed in the supplemental material; see
Ref. [34].) P is direction dependent. Panels 1(a) and 1(b)
show the best 20 systems with respect to the simple
direction-averaged value, (P)/L. In polycrystalline
samples, this average does not necessarily correspond to
the actual P/L; therefore, in panels 1(c)-1(f), we show the
compounds with the highest maximum [1(c) and 1(d)] and
highest minimum
[1(e) and 1(f)] P,;/L values along the principal axes i.

To estimate the magnitude of L for each material in the
SGS limit, one needs to know the value of the mean free
path which can be extracted from the experimental mobility.
Unfortunately, the mobility does not appear to have been
reported for a large number of the compounds in the list.
Usually, nonionic systems have longer carrier MFPs than
highly ionic compounds. For the latter, the classical
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FIG. 1.

by Hendry et al. [52]. In contrast, for ZnO, the use of the
simple model in Ref. [53] and the largest measured bulk
mobility available in the literature of 200 cm?/Vs [54]

yields a mean free path of 7 nm.

—€p)]X

)/ (e

+1

1)/(e — €y) is close

to 1. O is typically several hundred K. (For example,
® ~ 670 K for TiO, [51].) This yields the shortest MFP
in the order of 1 nm. In the case of titanium oxide, for

(e — € +
example, the bulk MFP is indeed close to 1 nm, as reported

=(6ao//m)(e—¢€
where ® is the Debye temperature. In

ionic
e

1),

T/0O(e®/T

expression from Frohlich and Mott [50] can be used to
typical ionic materials,

estimate the MFP: A

The thermoelectric properties of micrograined poly-
crystalline titanium oxides have been measured, giving

P ~2 uwW/cmK? [55]. Using the value of A2k estimated

above, our calculations for TiO, yield P values in the same

021012-4



ASSESSING THE THERMOELECTRIC PROPERTIES OF ...

PHYS. REV. X 1, 021012 (2011)

order of magnitude. However, the Magnéli phase TisOy
stands out (Ti;7O,g, Pearson symbol aP28, ICSD #31399).
Even with a 1 nm grain size, the P values obtained for
Ti; O, (and also for B,Cs;Li,NaQg) are surprisingly large.
For example, the largest experimentally reported power
factor corresponds to FeSb,, with P~2300 uW/cmK? at
atemperature of 12 K [56], and measured values for strongly
correlated systems YbAl; (P ~ 340 uW/cmK? at 80 K
[57]) or YbAgCu, (P ~ 235 uW/cmK? at 20 K [58-60])
are regarded as exceptionally high. In addition to having
larger effective masses, Ti;(O;g has P larger than other
titanium-oxide compositions by more than an order of mag-
nitude. Even assuming that the least-optimal directions
dominated the overall P of the sintered system, this value
is surprising. Since the experimental samples were not
doped, the measured P do not correspond to the doped
optimized values, which might explain the difference.
Doping optimization may not always be simple, especially
for large-band-gaps systems. Too-large dopant concentra-
tions may also reduce mobility and affect the electronic
structure of the compound. All these precautions should be
considered when comparing our HT results to experiments.

The following considerations are relevant. First, for HT
calculations, there is no expectation of accuracy beyond the
estimate of the order of magnitude. This is sufficient
to establish trends and correlations, as the P values span 6
orders of magnitude throughout the list. Also, the properties
of a sintered powder critically depend on the fabrication
process. Different techniques, such as spark-plasma sinter-
ing or hot-isostatic pressing, result in different-quality grain
boundaries, which also depend on the particular chemical
compounds. Therefore, a high position in the list indicates
only a good potential towards high power factor, but it does
not necessarily predict a final good thermoelectric material.
Factors such as charge trapping at the interfaces may over-
shadow the good electronic-structure properties captured by
the HT-model calculations.

Directions for searching good sintered-powder thermo-
electrics are extracted from correlations between P and
other properties. Between the variables {x, y}, the Pearson
correlation [61] is defined as p,, = cov(x,y)/o,0,,
where cov(x, y) is the covariance between the variables,
and o, and o, are the standard deviations, respectively.

In Table II, we show the positive correlation between
P/L and the band gap, the charge-carrier effective masses,
and the ratios between the maximum and minimum charge-
carrier effective masses. P/L is more weakly correlated to
the hole effective mass (my,) than to the electron effective
mass (m,), and it is correlated only to the ratio of maximum
and minimum electron effective masses. For p-doping, it is
not correlated with the ratio of the masses. The reason
behind this asymmetric behavior is unclear and currently
under investigation.

We find also that compounds with a large number of
atoms per primitive cell tend to have the highest P. This

TABLE II. Calculated Pearson correlations between the nor-
malized power factor and other properties: band gap (E,),
carriers’ effective mass (m., my;,), and ratios between the maxi-
mum and minimum effective masses. Power factor is positively
correlated to most of these properties.

Pearson correlations

Eg m, my, mglax/mgqin mhmax/mhmin
log(P,/L) 025 028 0.10
log(P,/L)  0.40 0.07 0.00

trend is depicted in Fig. 2 where the median of P/L is
shown to increase with increasing atoms per primitive
cell. At room temperature, the state-of-the-art Bi, Te; com-
pound has been reported to yield power factor as high as
P* = 66.1 uW/cmK? [62]. Although most compounds in
our list have P lower than this value when L is a few nm,
there are still some with P comparable to Bi,Te;. These are
good candidates for sintering.

The correlation found between the power factor and
the effective mass can be qualitatively understood by con-
sidering a simple model with a parabolic dispersion.
Following Mahan and Sofo [63], we can rewrite the ther-
moelectric properties of this model as

o = oyl (5)

oS = (kg/e)ooly, (6)

with oy = e?/ha,, Bohr’s radius a, and the integrals
() et
I” = jiwms(x)x”dx. (7)

Here s(x) = hay>(u + xkzT) and the function X(E) is
given in Eq. (3). For parabolic dispersion, and under the
assumption of a constant-mean-free path A, the functions
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FIG. 2. Median of normalized power factors by grain size
versus number of atoms per primitive cell for n-doped com-
pounds (red squares) and p-doped compounds (green dots). High
P correlates with the number of atoms per cell.
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s(x) and 2(E) reduce to

m*

2
2 ay ,
S(X) = W ﬁm)\(,u, + kBT)C), (9)

with carrier effective mass m*. Then the power factor
becomes

kg\2 I3
P=os = (2o (10)
e IO
and its maximum is given by
Poae = 08 lmx = TA—B - A, (11
my

where my is the electron mass and

§ 2
(f"fy Tt x)xdx)

A = max ~4.06,
y o &
’ [_y W(y + x)dx
2 k%mo
= 32 ~ 138.086 W/m?K>. (12)

At room temperature, for A = 5 nm, the maximum power
factor is P,y = 8(’;’7:) uW /cm K2, indicating the relation-
ship between P and the carrier effective mass.

The correlations between large power factors and large
band gaps or effective masses are phenomenological rules
that have been previously understood in the terms of simple
models like the one above [64-67]. The approach in this
paper is radically different. No a priori assumptions have
been made on the electronic structures, and indeed corre-
lations between different properties are found by mathe-
matical algorithms. The validation of the known empirical
rules by the high-throughput approach corroborates the
validity of the rules. This is in spite of the complexities
of the actual band structures, which are much more intri-
cate than the simple models employed to justify these
correlations [64—67]. In turn, this also cross-validates the
power of the HT approach in discovering correlations: If
the relationships P < bandgap and P <« effective mass
had not been rediscovered, the whole HT algorithmic
apparatus might be questioned.

In addition to positively correlating with high P, a large
primitive-cell size also benefits lattice thermal conductivity.
Generally, the latter is expected to decrease when the num-
ber of symmetrically inequivalent atoms in the primitive
cell increases. This is mainly due to the fact that the optical-
phonon branches usually carry little heat. For a material
with n atoms per primitive cell, there are 3 acoustic and
3(n — 1) optical branches. The larger the n, the smaller the
fraction of phonons that can contribute efficiently to the
thermal conductivity, x. This argument was put to practice
in an insightful analysis by G. Slack [68]. He showed that
the actual dependence of k on n is k ~ n~2/3. Then high ZT
may be expected in complex primitive-cell compounds,

because of the two simultaneous effects: smaller « and
larger P. Whereas the thermal conductivity has a —2/3
exponent, we find that the power factor displays a linear
dependence, P ~ n, roughly. Therefore the power-factor
effect may become relatively more important than the
thermal-conductivity effect when n becomes very large.
HT investigations of « could describe its actual dependence
on n, and its correlations with other properties, beyond
Slack’s simple approach. We plan to undertake this compu-
tationally demanding investigation in the future.

Note that we recently became aware of the work of
Parker and Singh about the potential thermoelectric per-
formance of hole-doped Bi,Se; [69]. This material is in-
cluded in our database. (Both Bi,Se; and Bi, Te; have been
calculated with spin-orbit coupling.) Within our nanopow-
der framework, p-doped Bi,Te; has about ~2.5 times
larger averaged power factor (P,)/L than p-type Bi,Se;.
(See page 16 of the supplemental material in Ref. [34].)

IV. CONCLUSIONS

By using HT ab-initio calculations, we have calculated
the thermoelectric properties of more than 2500 sintered
compounds extracted from the online repository of
electronic-structure calculations AFLOWLIB (the first data-
base in Ref. [17]), based on compounds from the ICSD. We
have assumed (i) diffusive electron scattering at grain
boundaries, (ii) grain sizes smaller than the mean free
path of the bulk compounds, and (iii) constant-mean-free
path equal to the grain size of the compound. Taking the
same grain size for all compounds, we have calculated all
the power factors and identified the best candidates for
sintering. Guiding rules for searching for better materials
are drawn by the correlations between the power factor and
other physical properties. It is found that sintered thermo-
electric compounds with expected large power factors tend
to have large band gaps, heavy carrier effective masses,
and many atoms per primitive cell.
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