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EXPERIMENTS ON RESONANCE IN WIRELESS
TELEGRAPH CIRCUITS. PART V.'

XIII. THE ELEcTRlcAL OscILLATIQNs IN CQNNEGTED SYsTEMs

OF CIRCUI TS.

BY GEORGE W. PIERCE.

A S a contribution toward the study of the nature of the oscilla-

tion at the sending station used in wireless telegraphy, the

following account is given of a series of experiments on the wave-

lengths obtained when two condenser circuits inductively or directly
connected together are set into oscillation.

The problem here undertaken is the measurement of the wave-

length of each of two condenser circuits with each circuit standing

alone, and then a measurement of the resultant wave-lengths when

the two circuits are coupled together after the manner of the electro-
magnetically coupled and the direct coupled sending stations of
wireless telegraphy. This problem has already had ample theoret-
ical study, but I am not aware of its having been given extended
experimental examination. So the present experiments were under-

taken, in part, as a test of the applicability of the theory, and, in

part, for the benefit to be derived from an experimental study ot

specific cases.
The dimensions of the condensers and inductances were chosen

to have such values as would bring the wave-lengths within the
range ordinarily used in wireless telegraphy (zoo meters to 2,000
meters).

Eorms of Circuit Studi'ed'. —The two types of circuits in which
the osciilations were studied are shown in Fig. 49 and Fig. )0. In
the E/ectromeg neti cally Connected .Systems shown in Fig. 49 two
condensers CI and C, are connected to two coils ZI and Z, which

' The previous parts were published in the PHYsIcaL REvIEw, as follows: Part I.,
Vol. I9, p. ?96, I904; part II, , Vol. 20, p. 220, I905; part III., Vol. 2I, p. 367,
I905; part IV. , Vol. 22, p. I59, 1906.
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the ordinary wireless telegraph circuits by replacing the antenna and

ground of the wireless telegraph station by the two coatings of a
condenser respectively. The circuits were thus simplified for the

purpose of the present experiments because in the simplified form

the theoretical formulas ought to apply exactly. In a subsequent

investigation it is proposed to study also the less simple cases.
Diznensz'ons of the Inductcznces. The —coils employed in the appa-

ratus shown in Figs. 4.9 and )o had the following dimensions.

Coil.

Outer of Fig. 49
Inner of Fig. 49
Coil of Fig. 50

No. Turns.

24
51.5
51.5

Diam. Wire.

.208 cm.

.208

.208

Coil Diam.

18 cm.
13
13

Pitch.

.81 cm.

.42

.42

The inductances of various numbers of turns of these several

coils was measured on a Rayleigh's bridge, and these values are
recorded in the tables containing the wave-length measurements

given below.
1JEeaszzzeznent of LVczve Zengsh —Th-e mea.surement of wave-

length was made by a resonance method, in which an auxiliary
circuit consisting of a variable condenser in series with an induc-

tance was attuned to resonance with the oscillations to be determined.

The adjustable auxiliary circuit is called the wave-coveter circuit.

A wave measuring apparatus based on this principle was de-
scribed by Drude in I9oz in a paper entitled "Resonanz-methode
zur Bestimmung der oscillatorischen Condensatorentladung. "' In
Drude's apparatus the wave-meter circuit consisted of a condenser
connected in series with a rectangular loop of wire, whose induc-

tance could be varied by a bridge across the loop. The position of
the bridge when the wave-meter circuit was in resonance with the
oscillation to be determined gave the wave-length in the oscillation

circuit, which could be read oA on a scale attached to the wave-

meter circuit. Drude ascertained when the wave-meter circuit was

in resonance with the oscillation circuit by observing the glow in a
Geissler tube attached to one plate of the condenser. The glow is
a maximum at, resonance.

Several commercial wave-meters based on the principle of reso-

' P. Drude, Ann. d. Phys. , 9, p. 6.rl, i9oz.
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nance have been constructed, prominent among which are the wave-

meter of Doenitz and the wave-meter of Fleming.
In both of these wave-meters, as in the apparatus of Drude, the

essential parts are a condenser and inductance in series, one or both
of which may be varied in a practically continuous manner, some
means of ascertaining when the wave-meter circuit is in resonance
with the oscillations to be determined and a scale from which the
wave-length corresponding to the resonant adjustment may be read.

In the Doenitz wave-meter' the adjustment of the wave-meter
circuit is made chiefly by the variation of the capacity of the con-
denser, and the resonant condition is ascertained by observing the
deIIIection of a Riess hot-wire air thermometer.

In Fleming's apparatus, ' both the capacity and the inductance
are varied in a practically continuous manner, and the resonant con-
dition is determined by observing the glow in a Geissler tube.

On account of the feebleness of some of the maxima to be in-

vestigated in the present experiments it seemed doubtful if either
af these wave-measuring instruments is sufficiently sensitive for the
measurements required, so that an apparatus was constructed for
the purpose.

The 8'ave-3/Jete~. —One form given to the wave-metric appa-
ratus is shown in Fig. )r. Cis a variable air condenser of two

IIIIIII/JIIIIIJI/A 'IIIIIIIIII&ll~l

uurxtnnznrxsrsnnrnrxnirrsxzsxnrsstxtrrsa

sets of semi-circular plates, one of which may be rotated to vary

the capacity. The position or the movable plates is given by the

ceading of a pointer J' passing over a semi-circular scale. This

~ Doenitz, E. T. Z. , 24, pp. 920-925, I903.
~ J. A. Fleming, Phil. Mag. , 9, p. 758, I905. See also Principles of Electric WVave

Telegraphy, London, j;906.
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scale is divided in circular degrees, and is also calibrated in wave-

lengths by the method described below. In series with the vari-

able condenser is a loop of inductance L (8 turns t3. ) cm. in diam-

eter) and the high-frequency dynamometer with variable sensitive-

ness D described in Parts I. and II. The loop Z, is the "receiv-
ing" loop to be acted on inductively by the oscillations to be
measured, and the dynamometer is for the purpose of determining

when the wave-meter circuit is in resonance with the required
oscillati ons.

The wave-meter circuit is also provided with a switch T, by
means of which -a second inductance L', may be thrown in or out of
the circuit. For short waves, between 200 meters and 650 meters,
L' may be thrown out, while for waves between 550 meters and

t, 800 meters, Z' may be thrown in. This gives an easy method

of extending the range of the instrument, which must, of course,
bear a double calibration giving two wave-length scales, one to be

used with L' in, the other with L' out. '.
The manner of using the apparatus is as follows: If, for example,

it was desired to determine the wave-length of the oscillation in the
circuit S, Fig. 5r, the loop L was placed in such a position that
the currents in 5 acted inductively on the loop L, and gave a deflec-

tion of the dynamometer. By observing the deflection of the

dynamometer for different adjustments of the variable capacity C,
the value of the capacity that put the wave-meter circuit in reso-
nance with the required oscillations could be determined, and from

the calibration on the scale of the capacity, the wave-length of the
required oscillation could be read oA'directly in meters.

The apparatus in this form may be extremely sensitive, or its

sensitiveness may be decreased to any degree by one of two methods:
erst, by decreasing the sensitiveness of the dynamometer by drawing

the coil of the dynamometer away from the suspended disc, or
second, by rotating the receiving loop L about-a hot'izontal axis so
that the inductive action upon it is diminished.

Only one precaution is necessary in the use of such a resonance
method of determining wave-lengths, namely, care must be taken

' D~enitz's wave-meter has a triple range, attained by replacing the loop L by loops
of higher or lower inductance.
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that the inductive coupling between the wave-meter circuit and the
discharge circuit be so "loose" that the reaction of the wave-meter

circuit on the oscillation circuit is negligible. On account of the

high sensitiveness of the present apparatus, there was never any
temptation to bring the wave-meter circuit too near to the oscilIation

circuit.
In some of the experiments described below the dynamometer of

the apparatus above described was replaced by other instruments

for detecting the resonant condition, but the description of the other
instruments is for the present deferred.

Experi~nent A lX: Calibration of the Wave 3Eeter. —Th-e wave-

meter was calibrated by an experimental method as follows: A
glass-plate condenser in series with a variable inductance and spark-

gap was set up in such a position that the spark across the spark-

gap could be photographed with the aid of a revolving mirror after

the manner of Feddersen's original experiment. The speed of revo-

lution of the mirror was kept constant by the aid of a stroboscope '

operated by a tuning fork of known period. From the speed of
revolution of the mirror and the distance apart of the impressions

on the photographic plate the time of one oscillation was deter-

mined. This time multiplied by the velocity of light gave the wave-

length of the oscillation. The wave-meter circuit was then brought

up to within 20 of 30 cm. of the oscillation circuit, adjusted to reso-
nance with it, and the resonant point of the scale of the wave-meter

was marked with the wave-length determined by the photograph. In
this way a large number of points on the wave-meter scale were deter-

mined, and from these points, with the aid of a curve, the wave-

length corresponding to any value of the wave-meter scale could be
obtained. It was found convenient to write these wave-lengths upon

the scale of the wave-meter and to make subsequent readings directly
in wave-lengths.

To show the probable accuracy of this method of calibrating
the wave-meter some of the data from the measurements of the

photographs are given in Table XVI.
In these experiments the speed of the mirror was 4.I.3 revolu-

~ G. W. Pierce, On the Cooper-Hewitt Mercury Interrupter, Proc. Am. Acad. ,
XXXIX., No. r8, Feb, , r9og.
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TABLE XVI.
Pkotograpkic Determieat'ion of leave-Lengtk. Capacity Four Boxes of Flat Plates.

No. Turns Inductance.

Inductance in zo-a
Henrys.

Distance in cm. be-
tween oscillations
on plate.

.50

.1096

.1080

.1094

.11.03

.1094

.1091

.1108

.1097

Z ~ Z2 2.20 3 43

.164

.165

.164

.160

.227

.224

.230

.238

.230

.229

.230

.301

.290

.290

.292

.292

2.5 4.5 6 5 8.5

5 o5

.340
~ 352
.343
.343
.342
.350
~ 353
.342
.346

zo,5 Z3,5

6.66

.404 .483

.402 .481

.403 .488

.404 .484
.475

Average.

Wave-Length Meters.

Mean Error per cent.

.1095

416

.163

630

1.0

.230

875

1.0

~ 293

1115

1.0

1320

1.0

1530 1835

.2 .7

.344 .403 .482

tions per second. The distance from the mirror to the sensitive

plate was r S3 cm. , so that the image of the spark travelled across
the photographic plate with a speed of 4I.3 x 47I x t 33 cm. /sec. =
.79z x to mm. /sec. Multiplying the reciprocal of this quantity by
the velocity of light in meters/sec. , we have

I mm. between oscillations = 38o meters wave-length.

In determining the distance between oscillations on the photo-
graphic plate the length of a, whole series of oscillations was
measured and divided by the number of oscillations. The table
shows that this part of the work was done with a mean error of
about I per cent.

Besides the values given in the table, the wave-lengths 463
meters and 35o meters were also determined photographically.

Expenvzesz~ XX' ' Ex~eeCzlzS l'he C'a~zbra~zon ~o ~Ezor~er 8'ave

Zengths. —With the particular apparatus at my disposal it was

difficult to photograph oscillations giving rise to wave-lengths

shorter than gSo meters, so that wave-lengths below this value
were obtained by partitioning the condenser. This was done as
follows: By the aid of the photographs the wave meter has already
been calibrated from 3 5o meters to r, 83 S meters. Using such
values of the inductance in'the discharge circuit as will bring the
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wave-length always within this range the following table (Table
XVII.) was obtained by discharging each of four condensers and

then the four together through various inductances.

Wave-Lengths mitk Diferent

Turns of Inductance.

TABLE XVII.
Condensers Separate and Together in Nisekarge CireNit.

Wave-Length in Meters Given with Condenser.

4.5
6.5
8.5

10.5
12.5
13.5

430
sss
675
790
895
950

415
533
640
750
850
895

30

450
575
700
815
905
970

4.

440
570
685
800
870
935

All Together.

875
ills
1320
1530
1780
1835

If now we divide the wave-lengths in columns marked Condenser

I, 2, 3, 4 respectively by the wave-length in the last column of
Table XVII., we obtain the ratio of the wave-lengths with the
separate condensers in the discharge circuit to the wave-length
with the four condensers together in parallel in the discharge
circuit. These relative values are compiled in Table XVIII.

TABLE XVIII.
Wave-Len~~tks m'itk Separate Condensers Relative to Wave-Lersgtk zoitk Aggregate.

Turns Inductance.

4.5
6.5
8.5

10.5
12.5
13.5

z. A~/A

.492

.492

.502

.517

.Sol

.S17

Condenser.

A, /A.
'

.474

.477

.477

.490

.477

.488

3. A. s/A

.514

.515

.521

.532

.508
~ 528

A4/A

.502

.511

.S10
~ 522
.490
.508

Mean

Mean error

.S07

2 per cent.

.480 .520

1 per cent. 1.4 per cent.

~ 507

1.4 per cent.

The ratio in each column of Table XVIII. is approximately
constant whatever the inductance in the discharge circuit. On
the assumption that these ratios are also constant when still
smaller inductances are used, as they should be from Thomson' s
formula, we can extend the calibration to the necessary shorter
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waves. For example, the four condensers discharging together
through 2. 5 turns of inductance gave wave-lengths 630 meters;
condenser I discharging through the same inductance should give

.507 X 630 = 320 meters. Condensers 2, 3 and 4 respectively give

wave-lengths 303, 327 and 320 meters, each of which was used to
determine a point on the wave-meter scale, In a similar manner

the wave-lengths 200, 2I I, 2I7, 245, 259, 266, etc. , were found

and used in the calibration of the scale of the wave-meter.

E~periment WAI. : Resonance Curves Taken z'zz Calibration of
Wave-After. —In the preceding paragraphs, it was shown how

certain standard discharge circuits were made up, and their wave-

lengths determined by revolving mirror photographs of the spark.
These standard circuits were used in the calibration of the circuit

of the wave-meter. The curves of Fig. 52 show how the standard
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Fig. 52.

wave-lengths were transferred to the wave-meter scale. Here it
should be recalled that there are two scales on the wave-meter,
one for use when the inductance Z' of Fig. 5I was thrown into
the wave-meter circuit thus lengthening the period of the wave-

meter, the other when the inductance Z' was thrown out. The
curves of Fig. 52 were taken with the lengthening coil in. For
example, with the discharge circuit arranged to give out wave-

length 625 meters, the first curve at the left was constructed by
plotting the deflections of the dynamometer against the readings of
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the circular degree scale attached to the variable condenser of the
wave-meter. It is seen that resonance is obtained when the con-
denser is set at I7 degrees of the circular scale. Since the wave-

meter circuit was at a distance suAiciently great from the discharge
circuit so that the reaction of the wave-meter on the discharge had

no appreciable effect in modifying its period, the period of the
wave-meter when set at i 7 degrees is the period corresponding to
the wave-length 625 meters. In a similar manner from the other
curves of the series the number of circular degrees corresponding to
the other known wave-lengths was obtained. It is interesting to
note that while the resonance curves widen as the wave-length is

increased the interval on the scale comprehended within a given

number of meters also widens, so that the percentage accuracy of

GAFF/AVAFIOA'

WAVE'-PIE'TE&

~~ BC'

I r
WdC

0 ~ ~ g0 ~ rm rgb rm raa rate
grg4trcAR ~CiFLE OF CA~C/TY

Fig. 53.

the settings of the wave-meter is about the same throughout the

scale. An idea of the accuracy of the settings will be had from

an examination of the results obtained in the applications that come

later in the paper.
If we plot the wave-length at the vertices of Fig. S2 against the

reasonant value in circular degrees on the scale of the condenser of
the wave-meter, the curve marked L in Fig. )3 is obtained. In like
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manner when the switch on the wave-meter is thrown so as to cut out
the lengthening coil Z', and the discharge circuit is made to produce
the known shorter waves, the curve marked 5 in Fig. 53 is ob-
tained. From these curves respectively two scales were constructed
and attached to the wave-meter condenser so that the readings

could be made directly in wave-lengths.
Experiment ~YXII.: Vsc of the W'zzzze IrIctcrin t-he Deternzinatz'on of

the Capacity of tIze Discharge Cona'enser. —Fleming has pointed

out the utility of the waver-meter in the determination of the

capacity of a condenser. His method consists of discharging the
condenser across a spark-gap through a known inductance and

measuring the wave-length by the wave-meter and calculating the

capacity from the formula
2=x zest ZC.

This method was utilized in the determination of the capacity of
the several condensers used in the present experimepts. To show
the probable accuracy of the method, the following table (Table
XIX.) is given showing the results obtained for Leyden jar No. 4S
used in the later experiments. The values of the inductances were

measured on a Rayleigh's bridge.

TABLE XIX.
Determination of' Capacity by the 8 ave-cVeter. Leyden Jar ZVo. yg.

Inductance in Discharge
Circuit in Henrys.

~a~e length in Meters Capacity in Farads Computed
by Thomson's Formula.

3.10~10—5

4.90
6.61
8.35

10.0
12.0
14.05
16.1

690
865

1005
1130
1235
1345
1450
1560

.00432X 10—6

.00432

.00430

.00432

.00430

.00427

.00418

.00423

Mean .00428X10—64 1 per cent.

The mean error in the measurement of the capacity recorded in

Table XIX. is about I per cent. This is perhaps better than we

ought to expect of the method because in the calculation of the

capacity the error in the measurement of the wave-length has been

doubled.
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Turning our attention now to the main problems of the investi-
gation let us study the oscillations in, first, The Electromagnetically
Connected System of Circuits and, second, The Direct Connected
System of Circuits.

XIV. WAVE-METRICAL STUDY OF THE OSCILLATIONS IN THE

ELECTROMAGNETICALLY CONNECTED SYSTEM OF CIRCUITS.

This form of oscillation system is represented in Fig. 49. The
theory' of this system has been the subject of numerous mathe-
matical researches, so that only so much of the theory will be
given here as is necessary in order to enable us to examine the
results of the experiments in the light of the theory.

Brz'ef Sketch of the Theory of the Electroma~~zzctz cczlly Comzect'ed

ashen. —Let the secondary circuit

C,L,, Fig. 54 be closed, while the
primary circuit CyLy is charged and

allowed to discharge across a spark-
C,

gap.
+'p

Let q, be the quantity of positive
electricity on the outer plate of the

Fig. 54.
condenser C, at any time h during
the discharge; let x be the current in the primary circuit at that
time; let q, be the quantity of positive electricity on the outer coat-
ing of C„y the current in the secondary circuit: then taking the
electromotive force around each of the circuits we have

' Ck ' a'h C'

L, +Ey+3I
I 2

in which L, and E, are the self-inductance and resistance of the

r Lord Rayleigh, Theory of Sound; J. v. Geitler, Sitz. d. k. Akad. d. Wiss. z.
Wien, February and October, ?905; B. Galitzine, Petersb. Ber., May and June, 1895 ~

V. Bjerknes, W. A. , 55, p. 120, I:895; Oberbeck, Wied. Ann. , 55, p. 623 I895;
Domalip and Kolacek, W. A. , 57, p. 73I, I896; M. Wien, W. A. , 6j:, p. z5z, r897q
and D. A. , 8 p. 686, z902; Compare also Webster, Theory of Electricity and Magnet-
ism, p. 499, r897, and Fleming, The Principles of Electric Wave Telegraphy, p. 209~
I906.
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primary, L, and E, the self-inductance and resistance of. the sec-
ondary, and Scathe mutual inductance between the two circuits.

Also
dg2

Differentiating equations (r) and (2) and substituting from equa-
tion (3), we have

(4) +3Ed2+ ~ O
j

d2%
Z, 2+A, +35/, +—=O.

If we eliminate@ from these two equations we have

, de de Z, Z, d'K
(Z,Z, —W)~r, +(R,Z, +R.Z,)~s y R,R, +C+C dt

(6)

If we eliminate x we get the same equation with x replaced by@.
The equation (6) solved for period of oscillation, on the assump-

tion that the resistance terms have no effect on the period, give the
result that the current in the primary oscillates with double period-

icity, the current in the secondary also oscillates with double

periodicity, and the two periods of the primary are the same as the
two periods of the secondary.

The two periods obtained by the solution of equation (6) are

1T,'+ T,'+ v'(T, ' —T,')'+ 4r'T2T, '

in which

~T2 y T2 +(T2 7 2)2 y 4r2T27 2

2 2

Tj period of the primary when standing alone,

T, = period of the secondary when standing alone, and

3/I2
(9) r'=

Z Z.
j 2

z. is called the "coefficient of coupling. "
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If equations (7) and (8) are each multiplied by the velocity of
light, we have, remembering that vT= wave length,

(to)

(~ ')

~&
' + &

' + &(& ' —2 ')'+ 4rzil z& '
2

t& ' + zl
' —&(zl ' —zl ')' + 4r i

g I 1 2 1 2

2

In these equations

2, = the natural wave-length of the primary alone,

22 = the natural wave length of the secondary alone,
z = the coefficient of coupling, and

and it,' are the res ul tant wave lengths in both primary and sec-
ondary when the circuits are coupled together.

1VIeasureznent of Wave Leng ths P-roduced by the Electro magnetically-

Connecded System. —With the aid of the apparatus described above

the oscillations in the electromagnetically connected system, Fig. 49,
were studied, by measuring the wave-length of the primary circuit
and of the secondary circuit when each stands alone and .then the
wave-length in each circuit when they are coupled together. The
results obtained are compared with computations by the aid of the
equations (?o) and (tr). For the computations we need also to
know the self inductance of each circuit and their mutual inductance.
These quantities were measured on a Rayleigh's bridge.

Experz'znent &XIII.: EllE. C. System. L, = zg Turns of Outer

CoiL 22 = s,06o Sees'ebs. —The results obtained in this experiment

are plotted in the curves of Fig. SS. The method of taking the ob-
servations is as follows: First the condenser C,(=.oo482 m. f.) was

connected about 24 turns of the outer coil (Fig. 49) and was pro-
vided with a spark-gap. In this position, with the inner coil thrown

out of circuit by disconnecting both plates of its condenser, the wave-

length 2, was found to be r,o6o meters. Next, with the secondary

condenser disconnected, the wave-length of the primary (inner) cir-

cuit was determined with its condenser C,(=.oo432 m.f.) con-

nected about 5o turns of the inner coil. This wave-length iI, was

c,S6o meters. Next, with the primary left unaltered, the secondary

was closed by attaching its condensers without spark-gap to the

24 turns of the outer coil. This is the case of the closed secondary,
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and when the discharge was established in the primary, the wave-

lengths were found to be 2,' = 7I0 meters and 2, ' too great for the

wave-meter scale. The value 2,' = 7to was plotted against 2, =
I,S60, Fig S 5. Now decreasing the primary inductance to 4) turns,

the values 2, =—I,460 Ply I 6SO and 2,' =680 were obtained, and

the last two values were plotted against the value of )„and so forth.
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JOOO

QOO

6'OO

400

ZOO

COO 4Z 600 80O /HO /ZOO PAV /6OO

OOCX7' CRLCULRMO
A'EZZ ORSERVED

Fig. 55.

The complete record of the observed and calculated values is given

in Table XX. In the curves of Fig. )S the crosses are the observed

values and the circles are the corresponding calculated values.

When the observed and calculated values fall together the point is

indicated by a combination of cross and circle. The 4)' line between

the two curves may be looked upon as 2, plotted against itself, while

a horizontal line across the figure at t,oao meters (not shown) would

represent the graph of 2,. With this in mind it will be seen that the

two derived wave-lengths 2,' and 2,' are asymptotic toward the

origin to it, and 2, respectively. The observed and the calculated

values are in satisfactory agreement, and their departure one from

the other may be due as much to the inaccuracies of the data for
the calculated values as to the errors in wave-length measurements.

The formulas for the calculation of 2,' and il, ' are the formulas ( to)
and (t t) of page tg, which involve merely the independent periods
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TABLE XX.
E'/eetroma~~netieally Connected System.

Primary capacity .00432 microfarad.
Primary inductance varied.
Secondary capacity .00482.
Secondary inductance 24 turns outer coil, L2 =6.60~10—5 Henry.
Wave-length of secondary 22 = 1060 meters.

Turns Primary.

50
45
40
35
30
25
20
15
10
5
3

L~
Primary Inductance.

Henry.

15.85&&10—5

13.9
11.8
10.0
8.20
6.50
4.82
3.15
1.72
.69
.32

M
Henry.

6.52&10—s

6.14
5.80
5.12
4.45
3.56
2.70
1.95
1.20
.47
.23

.412

.421
,430
.397
.360
.295
.228
.183
.128
.048
.0277

Turns
Primary.

50
45
40
35
30
25
20
15
10
5
3

x
Meters.

1560
1460
1350
1230
1130
1000
870
700
510
300
210

727
712
686
680
660
685
680
595
467
292
193

Calculated.

A, '
Meters. I Meters.

1740
1670
1567
1462
1390
1273
1185
1127
1080
1060
1062

Observed.

Meters. Meters.

710
1650 685
1570 665
1480 660
1370 660
1280

,
660

1185 630
1125 565
1090 460
1040 285

. 1075 210

of the two circuits and their coefficient of coupling. The latter

quantity was obtained by the measurement on a Rayleigh's bridge

of L„L, and 3I for each setting of the oscillation circuit. The
values of these inductances and of the values of ~ calculated from

them is also included in Table XX.
The intensity of the various periods of the circuits under the

diFferent conditions of the experiment varies greatly. No attempt

was made to record these intensities, since it was found that their
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relative values depended on the position of the receiving loop of the
wave-meter circuit with respect to its relative distance from the
primary and secondary circuits. It is proposed, however, to ex-
amine these intensities in a later investigation in which the wave-

meter circuit is to be placed at a great distance from the discharge
circuit.

E~perirnent XIIV. : E.AC. Systerrr. L, = r5 Turns og Outer
Coils. ),, = 77' 3Iiters. In a similar manner an experiment was

performed with ),, constantly equal to 77$ meters, obtained by con-
necting C, about I5 turns of the outer coil. The results are
plotted in Fig. S6, from which a comparison of the observed and

/6'

G-.ately wrf
C~=.O&$4

8GP

400

$00 ~
$00 ~ 6CV 650 /DK /SM A4Z /6VO

OOOO CSCePiÃrZO-

Fig. 56.

calculated values may be had. Here also the agreement is within

the limit of error of the method. An abbreviated record of the
experiment is given in Table XXI.

Expe~iwent X&V. .. E.3ll.
'

C. System. Special Case it, = iI,. —A
case of especial interest is the case in which the primary and

secondary have the same independent periods. This is the case of
so-called "resonance" between the two circuits. It is of interest
because in this case the wave-length formulas (ro) and (r r) become
greatly simplified, as may be seen by substituting 2, = 2, in these
equations, which under this condition become
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(i 2) (il, ')'- = 2,'(t + r)
(t3) (2,')' = 2,'(r —r).

In the present experiment the two independent wave-lengths it, and

2, were made equal, and the wave-lengths produced by the com-
pound system were then measured and compared with calculations
from the formulas (r2) and (i3). To make the two wave-lengths

of the separate circuits the same, the wave-lengths obtained with the

TABLE XXI.
Electromagnetically Connected System,

Primary capacity .00432 microfarad.

Primary inductance varied.
Second capacity .00482.
Secondary inductance 15 turns outer coil, Z, =3.53X10—Henry.
Wave-length of secondary R., =775 meters.

Turns
Primary. A~ Meters.

Calculated. Observed.

50
45
40
35
30
25
20
15
10
5
3

.295

.317

.345

.377

.396

.390

.354

.305

.252

.107

.062

1560
1460
1350
1230
1130
1000
870
700
510
300
210

1610 627
1530 612
1440 590
1337 560
1255 545
1152 522
1040 518
918 491
830 410
780 281
774 206

1650
1540
1460
1345
1240
1150
1050
900
800
760
775

600
580
560
550
525
510
490
465
410
300
210

T~ =- was obtained by measurements of Ly L2 and 32K

1 2

capacity C, discharging through various turns of the inner coil

were measured, with the secondary removed, and the curve of wave-

length against turns was plotted. In a similar manner the curve of
wave-length against turns was obtained for the outer coil with the

inner coil disconnected from C,. From these two wave-length

curves, the number of turns of the inner coil that with its condenser

acting alone gave the same wave-length as a given number of
turns of the outer coil with its condenser acting alone could be
selected. The two circuits were now allowed to oscillate together.
That is, the primary condenser C, was allowed to discharge
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through L,, and the spark gap, while the gap in the secondary
circuit was closed, so that oscillations were also set up in the secon-
dary. Two wave-lengths 2,' and 2,' were obtained, The results
are recorded in Table XXII., and plotted in the curves of Fig. )7.
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Fig. 57.

TABLE XXII~

Electr pmag neti cally Connecter' System. Special Case ~~ =&~.

Calculated.Observed.Turns Inner
Coil.

A,—A~
Meters.Turns Outer.

1060
900
810
690
570
487
395
290
252

27
19.2
18
14.9
ll. 5
9.5
7.3
4.9
3.6

A,'

24 1290 655 1335 680
19 1095 555 1150 555
16 1025 503 1032 507
13 860 I 450 870 440
10 700 380 714

I

3'74

8 600 330 609 322
6 480 280 485 278
4 345 224 352 210
3 275 204 294 174

The values of the inductances, used in computations, were

L, Henry.

6.70x10—&

4.90
3.87
2.87
1.95
1.40
.92
.45
.21

L,, Henry

6.95x10—'
4.45
4.10
3.00
2.00
1.55
1.10
.64
.40

3EHenry.

4.02xl0—~

2.90
2.30
1.72
l.14
.83
.50
.257
.14

.348

.386

.374

.343

.323

.316

.253

.227

.230
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In this case also the agreement is satisfactory with the exception
mf the two largest values of 2,'. No significance is attributed to
the departure of these two observations from the theoretical values,
as no tendency to a departure of this character was noted in the
more general cases described above. It may be that errors were

made in reading the wave-meter for these values or, as is more

probable, the selection of the turns to make 2, and il, equal was

erroneous.
The two curves of Fig. S7 are approximately straight lines,

which do not pass through the origin. This is due to the partic-
ular manner in which ~ happens to vary. Constant r would make
the lines pass through the origin.

From Experiments XXIII., XXIV., XXV., with this system .of
, circuits, it is seen that the theoretical formulas give accurately
values of the wave-lengths in the electromagnetically connected

system, and that the values of the coefficient of coupling required
in the equations are accurately enough given by measurements of
self and mutual inductance with the comparatively slow frequen-
cies (goo to I, 2oo per second} used with an ordinary induction

bridge. The theoretical and experimental investigations given be-
low show that the same formulas apply also to the Direct Con-
mected System of circuits.

XV. VLTAVEMETRICAL STUDY OF THE OSCILLATION IN THE DIRECT

CONNECTED SYSTEM OF CIRCUITS.

This form of oscillation system is represented in Fig. )o and in

diagram in Fig. 58. The experiments given below show that so
far as concerns the wave-length of oscillations exactly the same
formulas apply as have been found to be applicable to the electro-
magnetically connected system. The following sketch of the the-

ory of this system of circuits leads also to this result.
Sketch of the Theory of' the Direct Coupled System of Circuits. —

In Fig. S8, let the circuit C,Z, be looked upon as the discharge
circuit, and the circuit C,L, be looked upon as a secondary
circuit.

At any time 8, let the charge on the outer plate of the con-
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denser C, be q„ let the current flowing from this plate at this time
be i, and let the current in the coil Z, be x. Let q, be the charge
on the outer plate of C„and y the current flowing towards this
plate: then

(~4)

(»)

2 =x+y,
q'I = — idl',

= —g (~ yy)Zr,

(r 6) q, =fyCh.

+v I Let Z, be the self-inductance of
Fig. 58. the discharge circuit, Z, the self-

inductance of the secondary circuit,
and Z' the self-inductance in that part of Z, that is not common to
Z„and let SI' be the mutual inductance between Z, and Z'.

Let us suppose that the inductances are localized in the coils,
and the capacities localized in the condensers.

If we neglect the resistances of the two circuits, which have but
small influence on the period of the circuits, and take the electromo-
tive force around the circuits C, Z, and C, Z, we have

(t7) z ——m' ———'=o,dh' dig
' Ch dt C

(t8)
dh dh' dy, dy q,+Sf'' dt dt dt dt C,

Replacing g, and g, by their values from (r g) and (t6), we have

(tg)
dx, dy r

Z ——1lP +.— (x + y)dr = o,I dt dg

(2c)
d'p I

(PIP y L,) ——(L' i 1')—— ya's = o.
dd dt C~

In order to eliminate x from these two equations let us take (3/I"

+ Z,) x equation (t9) and add it to (—L,) x equation (2o), giving

,, dy 3I'+Z, $1'+Z, Z,
(2t) (L'Z, —cV' ) y ' ~dr + ' y —' ydg=o.

I I 2

The second derivative of (2t) with respect to r, added to —t/C„
x equation (2o), gives
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(zz)(L'Z, —31")—,y ~'y C
' '

~ yC C
yCk= o,

which differentiated again gives

Z, = Z, + Z' + ~PI'.

From these equations it follows that

(z6)
and

(27) L L) —3P = L~(L2 + Z) —235) —(2lE —Z,)'= L,L, —3P.

Z' = Z, —Z, —z3P = Z, + Z, —z3l/,

Equations (z)) and (z7) substituted in equation (z3) gives

This equation may be somewhat simplified by introducing the
total inductance of the secondary, Z„and by expressing the mutual

induction in terms of the total mutual inductance between Z, and Z,
instead of in terms of SP which is the mutual inductance between

Z, and Z'. Let the mutual inductance between Z, and Z, be Sf,
then by reference to the diagram, Fig. 58, it may be seen that

(z4) 3$= 3P + Z,
and

(z8) , d'y rZ, L, i d'y y

In like manner, if instead of eliminating w from equations (t9)
and (zo), we eliminate@, we get

&z9)
, d'x' - I-i Z2 d'x x
) Ch' C, C, A' C, C,

This equation is identical with the equation used for the deter-

mination of the period of oscillation with the electromagnetically
connected system; namely equation (6) with the resistances pu-

equal to zero. Whence it follows that the formulas for determining

the wave-lengths of the direct coupled system are identical with

those for the electro-magnetically coupled system, which are given

as equations (io) and (t t) on page t9. These formulas are found

to apply to the experimental cases that follow.
I
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Experivsents saith the Direct Coupled System. —Several experi-
ments were made with the direct connected system of circuits. Io
all these experiments the primary capacity was kept the same,

C~ = .00432 m. f. Two different values of the secondary capacity
were used, C, = .00 j:78 m. f. and C, = .0044) m. f. In each exper--
iment the secondary inductance was set at some fixed value Z„ thus
making ), constant, and the primary inductance L, was varied from

)0 turns to 3 turns, so that the two wave-lengths 2,' and 2,' derived

when the secondary circuit is closed are functions of the variable pri--

mary wave-length 2,.
Experiment XXVJ;: D. C., C, = .Oos78, Z, = yo.y Turns,

2, = z, ohio 3Ieters. —The apparatus for the experiments with the.
direct circuit is shown in Fig. So. The steps of the experiment

ZQK

J6gO

/400

/OOO

s'

BOO

600

gcv ~ ex? 8cv /cM itoo l&v tm
M'TEES QOoO CRlCUlA7EO

Fig. 59.

are similar to those with the other system of circuits. Table
XXIII. contains a record of this experiment. The observed and
calculated values of the wave-lengths in the compound oscillating
system are plotted in Fig. S9. The formulas of calculation are the
formulas (to) and (t t), and the only difference between the calcu-
lations in the present case and those of the former case is in the
method of obtaining SL In the previous case 3EEhad to be meas-
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TABLE XXlII.
Direct Coupled System.

Primary capacity .00432 microfarad.
Primary inductance varied.
Secondary capacity-. QQ178 microfarad.
Secondary inductance 50.5 turns of coil =16.0X10—5 Henrys.
Wave-length of secondary 101Q meters.

Turns
Primary.

50
45
40
35
30
2S
20
15
12
8
7
6
5

10

L,
Primary Inductance.

Henry.

15.85x 1Q—"
13.9
11.8
10.0
8.20
6.50
4.82
3.15
2.30
1.30
1.05
.88
.69
.50

1.72

.OSX10—5

.78
1.8S
3.30
5.00
6.66
8.40

10.20
11.30
12,80
13.25
13.63
14.00
14.40
12.00

15.90X10—~

14.56
12.97
11.35
9.60
7.92
6.21
4.47
3.50
2.22
1.89
1.62
1.35
1.05
2.86

1.00
.9S
.89
.805
.702
.601
.498
.396
.332
.237
.212
.113
.145
.13&

.296

Turns
Primary. Meters.

Meters.
A2'

Meters.

Calculated.

A~'
Meters.

A~'
Meters.

Observed.

50
45
40
35
30
25
20
15
12
8
7
6
5
4

10

1870
1450 1770
1325 1665
123S 1563
1125 1450
1020 1350
880 1240
695 1125
585 1072
42S - 1030
375 1025
340 1018
290 1018
250 101S
soo l ioso

175
272
355
427
477
500
485
450
368
330
317
270
234
40S

i650
1540
1435
1325
1200
1100
1050
1000

265
342
415
465
485
485
450
360
335
300
270
235
415

ured on an inductance bridge for every setting of the inductances in

the experiments. With the direct coupled system the determina-
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tion of 2V' is somewhat simpler. It maybe had by calculation from

the calibration curve of the inductance coil used, for by equation

(26) on page g3 we have
Z, + Z, —Z'

2

In this equation Z, is the inductance of the primary, which may
be obtained from the calibration curve of the coil and the number

of turns of the primary; Z, is the inductance of the secondary, had

from the number of turns of the secondary; and Z', see Fig. 58,
is the inductance of that part of Z, which is not common to Z, .
This Z' may be obtained as the inductance on the calibration curve

belonging to the difference between the number of turns on Z, and

the number on Z, .
The value of 3fby the use of equation (3o) found for each setting

of the primary inductance is recorded in the fourth column of Table
XXIII. From this value and the corresponding values of 1, and

L, a value of r~=3II'/L, L, is obtained, and recorded in the fifth

column. 2, was measured by the wave-meter for several values of
the primary inductance. 2, was measured and left constant through-
out the experiment. From this value of 2, and the several values

of 2, and z', the values of ),' and 2,' were computed by the formulas

(to) and (t t). The corresponding values of 2,' and 2,' were also
observed directly with the wave-meter. The observed values are

represented by crosses in Fig. 59, and the calculated values by
cia cles,

The agreement between the observed and calculated values is

within the limit of accuracy of the measurement of the wave-

lengths.
Experiment AXVIl. : Same as EXVl; Except that C, =.oops

mf. , and il, = r,gyes 1VEefers. —The capacity about the secondary
was replaced by a larger jar giving a longer secondary wave-length

of I,575 meters and observations like those of the preceding experi-
ment were made. The results are plotted in Fig. 6o. The curves
in this case bear a marked resemblance to those of Fig. 59. The
chief differences are that in the latter case with the longer secondary
wave-length, il, ' begins higher up, tangential to I, 575 meters instead
of to j:,ohio meters as in the preceding case; and the arch of the
curve 2, is a little higher than in Fig. 59.
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In both experiments the curve it, ' comes down to the horizontal
axis in the neighborhood of 2, equal r, S75 meters. This point,
which was calculated since the wave-meter scale does not extend
below zoo meters, is the point of perfect coupling indicated by the
theory. This value occurred in the experiments when the primary
and secondary condensers were both connected about the survein-
duc/ance, So.) turns of the coil, so that from the standpoint of the
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C' *.ddffW
P~ = t&/Wrrt, .
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Fig. 60.

experiment the two condensers may be looked upon as discharging
in parallel through the same inductance, and producing, therefore,
only one wave of wave-length

2,' = zn r &L,(C, + C,) = &2,'+ &,'.
'I

This result is also obtainable from the theoretical equations (io)
and (r r)

lk,
' + 2 ' +&(2 ' —2 ')' + 4r'I. '2

1

,
2,
' ~ 2,' —&(2,' —2,')'+ 4r'P, l,'

2
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For when the primary and secondary condensers are connected

about the same inductance

Z, = Z, = 3E, therefore

3I'2==ZZ = I.
I 2

When r is equal to unity the coupling is said io be perfect and the

equations given above for the derived wave-lengths become

il.,' = &2', + 2', ; and

That is to say, the oscillation becomes single valued.

The case of perfect coupling was not observed in the experiments
with the elecfroniag neticaEly coupled'system, because for perfect coup-
ling the primary and secondary coils must have the same number of
windings and the two coils must be so close together as to be prac-
tically coincident, conditions that could not be realized with the

apparatus used in the experiments with the electromagnetic coupling
Other experiments made with the Direct Coupled System of

circuits may be epitomized as follows.

Secondary at
Secondary inductance L2
Secondary wave-length A,

Secondary capacity C~

Primary capacity C~

Primary inductance L~
Carves.

Experiment XXVIII.

25.5 turns.

6.7 X I—5 Henry.
645 meters.

.00178 m. f.

.00432 m. f.
varied.

»g. 61

15.5 turns.

3.33 && 10—5 Henry.
735 meters.
.00445 m. f.
.00432 m. f.

varied.

Fig. 63

25.5 turns.

6.7 & 10—5 Henry.
1020 meters.
.00445 m. f.
.00432 m. f.

varied.

Fig. 62

Experiment XXIX. Experiment XKK.

In all of these experiments the agreement between the observed
and calculated values is satisfactory. In the experiments that gave
Fig. 6t and Fig. 62 the point ofperfect coupling occurs at the same
value of primary wave-length, about r, ohio meters. This is because
the secondaries had the same number of turns in both cases. In
Fig. 63 the point of perfect coupling occurs nearer the origin at
wave-length 2, = 6)o meters. In each of the figures, the curve
of it, after passing the zero point again rises toward the right giving
again the two periods of oscillation. Lengthy comment on these



No. 2.j RESONANCE IVV 8'IRELI SS TELEGRAPH CIRC&ITS. f 79

curves is unnecessary, since on account of the- agreement of the
observations with the theory the complete trend of the curves can

be obtained from the theoretical equations.
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&experiment X'XXI. : Special Case 'of' the Direct Coupled System,

ized zehich the Privsary and Secondary are Adjusted SePa~ate'ly to the

same period; ), = A, .—The observed and calculated values in this
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case are given in Fig. 64.. The figure resembles the corresponding
case with the electromagnetic connected system.

In conclusion it should be remarked that the experimental values

of the wave-lengths for the entire set of experiments were taken

before the calculations were made, and in no case were any of the

experimental values redetermined. Each measurement of wave-

length was made hastily and with a single setting of the wave-meter

No effort was made to obtain high accuracy in the results, as might

have been done by averaging several settings of the wave-meter.

The results show that the theoretical formulas given above are suf-
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ficiently accurate to be used for computing the wave-lengths of the

oscillation occurring in connected systems of condenser circuits.

Also, on the other hand, the agreement between observed and cal-

culated values show' that the wave-meter used is correctly calibrated

and is serviceable for the range of wave-lengths between zoo meters

and r, Soo meters. It is proposed to utilize the apparatus in direct
measurements with wireless telegraph circuits instead of the simpler

condenser circuits of the present research.
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